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Abstract Adjustable Robust Optimization (ARO) yields, in general, better
worst-case solutions than static Robust Optimization (RO). However, ARO
is computationally more difficult than RO. In this paper, we derive condi-
tions under which the worst-case objective values of ARO and RO problems
are equal. We prove that if the uncertainty is constraint-wise and the uncer-
tainty set is compact, then under one of the following sets of conditions robust
solutions are optimal for the corresponding ARO problem: (i) the problem
is fixed recourse, (ii) the problem is convex with respect to the adjustable
variables and concave with respect to the parameters defining constraint-wise
uncertainty, the adjustable variables lie in a convex and compact set and the
uncertainty set is convex. Furthermore, if we have both constraint-wise and
non-constraint-wise uncertainty, under similar sets of assumptions we prove
that there is an optimal decision rule for the ARO problem that does not
depend on the parameters defining constraint-wise uncertainty. Also, we show
that for a class of problems, using affine decision rules that depend on both
types of uncertain parameters yields the same optimal objective value as ones
depending solely on the non-constraint-wise uncertain parameter. Addition-
ally, we illustrate the usefulness of these results by applying them to several
classes of problems, including facility location, inventory system, specific two-
stage linear optimization, convex quadratic and conic quadratic problems.
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1 Introduction (rewritten)

Many of the real life optimization problems have parameters that are not exact.
One way to deal with parameter uncertainty is Robust Optimization (RO),
which enforces the constraints to hold for all uncertain parameter values in a
user specified uncertainty region. All decision variables in RO represent “here
and now” decisions, which means they should get specific numerical values
as a result of solving the problem and before the actual uncertain parameter
values “reveal themselves”.

Ben-Tal et al. [5] introduce Adjustable Robust Optimization (ARO) as an-
other approach dealing with uncertainties. In ARO, only part of the decision
variables are “here and now” ones, while the remaining variables represent
“wait and see” decisions. These last mentioned decisions are assigned numer-
ical values when a part of the uncertain parameters have become known.

The advantage of using ARO lies in the fact that its worst-case objec-
tive value is not worse and most of the time better than the corresponding
static RO. However, solving an ARO problem can be NP-hard even for linear
cases [11]. Hence, many methods have been introduced in order to find a good
approximation for an ARO problem. Ben-Tal et al. [5] mention that if the
uncertainty is constraint-wise, under a few assumptions, RO and ARO have
the same optimal objective values for linear problems with linear uncertainty
and convex uncertainty set. Bertsimas et al. [9] show that even for specific
non-constraint-wise uncertainty, the same result holds.

Bertsimas and Goyal [8] and Bertsimas et al. [9] show for some classes of
problems how much conservative the RO solutions are for the ARO problem. In
this paper, we determine some classes of problems for which the RO solutions
are also optimal for the ARO problem.

Using affine decision rules [5] for “wait and see” variables appears to be
very effective for many ARO problems. For fixed recourse linear ARO prob-
lems, using affine decision rules leads to a robust linear problem that is com-
putationally tractable for many types of uncertainty sets, which is not the case
for non-fixed recourse problems.

Bertsimas and Goyal [7] prove that for a linear ARO problem with right-
hand side uncertainty and simplex uncertainty set, affine decision rules are
optimal for the ARO problem. Also, in [10] the authors prove that affine deci-
sion rules are optimal for ARO problems with a specific objective function that
is convex in the uncertain parameters and adjustable variables, box constraints
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for the variables, and box uncertainty set. Furthermore, Iancu et al. [16] prove
that affine decision rules are optimal for an unconstrained multi-stage ARO
problem under some structural assumptions on the uncertainty set and objec-
tive function. Bertsimas and Bidkhori [6] derive a bound for the gap between
the objective value of the problem resulting from using affine decision rules
and that of the ARO problem. Although substituting “wait and see” decision
variables with affine functions seems to be really effective, this method needs
adding many new variables. This is because for a problem with n adjustable
variables and m uncertain parameters, using affine decision rules needs to sub-
stitute n adjustable variables with n(m + 1) non-adjustable variables, as the
coefficient of the uncertain parameters and the constant vector.

The contribution of our paper is threefold:

1. We study fixed recourse constraint-wise problems with compact uncertainty
set and show that the optimal value of ARO and RO problems are the same.
This result extends the result in [5, Theorem 2.1], which is for problems that
are linear in the variables and uncertain parameters, to nonlinear (possibly
non-convex) cases with nonlinear uncertainty when the problems are fixed
recourse. For our result we do not need any convexity assumption, neither
for the feasible and uncertainty set, nor for the objective and constraint
functions.

2. We study non-fixed recourse constraint-wise problems and prove that equal-
ity of ARO and RO optimal objective values is reached for some sets of
conditions.

3. We study uncertain nonlinear problems containing both constraint-wise and
non-constraint-wise uncertainties. In particular, we prove that for an ARO
problem, under sets of conditions similar to the pure constraint-wise cases,
there exists an optimal decision rule that depends only on non-constraint-
wise uncertain parameters. Moreover, we show that for a specific class of
problems there exists an affine decision rule that is only a function of the
non-constraint-wise uncertain parameters and yields the same objective
value as using an affine decision rule that is a function of all uncertain
parameters.

The first two contributions mean that for such problems, there is no need
to solve ARO ones. This has two outstanding merits: First, solving an RO
problem is computationally much easier than solving an ARO one. Second,
since ARO is an online approach, parts of the solution can only be imple-
mented after knowing the values of the uncertain parameters. However, the
RO approach is an offline one, and all preparations for implementing the solu-
tion can start promptly after solving the RO problem (for further discussion
about online and offline approach see [18]).

The merit of the third contribution is that it reduces the number of vari-
ables in the problem using affine decision rules, because we know beforehand
that the coefficients of the constraint-wise uncertain parameters are zero.

In the last part of the paper, we apply our theoretical results to some im-
portant classes of problems. We show that the second and third contributions
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are applicable to convex quadratic and/or conic quadratic problems, which
can arise in e.g. multi-stage portfolio optimization. Moreover, for the facil-
ity location problem, we discuss two formulations that are equivalent in the
deterministic case, and show, by using the first contribution, that the robust
optimal value of one is better than the other. Also, we show that the third con-
tribution results in a reduction in the complexity and the number of variables
for inventory system problems with demand and cost uncertainty. Besides,
for a specific class of two-stage linear optimization problems it is shown that
a part of the results in [9, Section 4] can be derived easily using the third
contribution of this paper.

We emphasize that the results obtained in this paper are with respect to
the worst-case objective value of an ARO problem. We provide conditions
under which the optimal RO solutions are also optimal for the ARO problem.
However, in such cases another ARO optimal solution may yield a better
average-case objective value [17].

The rest of the paper is organized as follows: Section 2 contains our main
results. We derive some sets of conditions under which constraint-wise RO and
ARO problems have the same optimal objective values. Moreover, for problems
with both constraint-wise and non-constraint-wise uncertain parameters, we
show that under similar sets of conditions, there exists an optimal decision
rule that is independent of the constraint-wise uncertain parameters. Section
3 contains the application of our results to facility location problem, inventory
system problem, a specific class of two-stage linear optimization problems that
is also studied in [9], convex quadratic, and conic quadratic problems.

2 Main results

In this section, we derive the main results of the paper. The section starts with
some definitions and preliminaries in Section 2.1. In Section 2.2 we derive sets
of conditions for problems with constraint-wise uncertainty under which ad-
justable and static robust problems have the same optimal values. In Section
2.3 we study problems with both constraint-wise and non-constraint-wise un-
certainties.

2.1 Preliminaries

Consider the following uncertain nonlinear optimization problem

inf
x∈X

inf
y∈Y(x)

f(ζ, x, y)

s.t. gi(ζ, x, y) ≤ 0, i = 1, ...,m,
(1)

where ζ ∈ Z ⊆ Rl is an uncertain parameter and Z is a nonempty uncertainty
set, x ∈ X ⊆ Rr is a non-adjustable variable and X is a nonempty set defined
by constraints depending only on x, y ∈ Y(x) ⊆ Rn is an adjustable variable
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and Y(x) is defined by constraints independent of ζ. Also, we assume that
f(ζ, x, y) and gi(ζ, x, y), i = 1, ...,m, are continuous.

Corresponding to uncertain problem (1), we can define static and ad-
justable robust optimization problems.

Definition 1 (Static Robust Optimization) For problem (1), the static
robust counterpart (RC) is defined by

(RC) inf
x∈X

inf
y∈Y(x), t

t

s.t. f(ζ, x, y) ≤ t ∀ζ ∈ Z,
gi(ζ, x, y) ≤ 0, ∀ζ ∈ Z, i = 1, ...,m. ut

Definition 2 (Adjustable Robust Optimization) For problem (1), there
are two different definitions for the adjustable robust counterpart (ARC):

inf

{
t ∃x ∈ X ∀ζ ∈ Z ∃y ∈ Y(x) :

f(ζ, x, y) ≤ t,
gi(ζ, x, y) ≤ 0, i = 1, ...,m

}
(2)

and,

(ARC) inf
x∈X

sup
ζ∈Z

inf
y(ζ) ∈ Y(x)

t(ζ)

t(ζ)

s.t. f(ζ, x, y(ζ)) ≤ t(ζ)

gi(ζ, x, y(ζ)) ≤ 0, i = 1, ...,m. ut

Takeda et al. [20] prove equivalency of problems (2) and (ARC). In this paper,
we denote by Opt(RC) and Opt(ARC) the objective values of problems (RC)
and (ARC), respectively.

We extend the definition of fixed recourse (ARC) for a linear problem
with linear uncertainty in [5] to the nonlinear case (nonlinear problem with
nonlinear uncertainty) in the following definition.

Definition 3 (Fixed Recourse Problem) (ARC) is called fixed recourse,
whenever there are continuous functions f̃ , g̃i : Rn+r → R, f̄ , ḡi : Rl+r → R,
for i = 1, ...,m, such that for all ζ ∈ Z ⊂ Rl, x ∈ X ⊂ Rr and y ∈ Y(x) ⊂ Rn,

f(ζ, x, y) = f̃(x, y) + f̄(ζ, x),

gi(ζ, x, y) = g̃i(x, y) + ḡi(ζ, x), i = 1, ...,m. ut

In this paper, we mainly work with constraint-wise uncertainty, which is de-
fined as follows.

Definition 4 (Constraint-wise Uncertainty)[5] For problem (1), the un-
certainty is constraint-wise when each uncertain parameter ζ can be split into
blocks ζ = [ζ0, ..., ζm] such that the data of the objective depends only on ζ0,
the data of the i-th constraint depends solely on ζi, and the uncertainty set
Z = Z0 × Z1 × ... × Zm, where Zj⊆ Rlj is the uncertainty region of ζj , for
some integers lj , j = 0, ...,m. ut
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Notice that problem (1) does not contain any equality constraint that de-
pends on ζ. The usual way of dealing with such uncertain equalities in (ARC)
is elimination of adjustable variables [14, Section 7]. This means that implic-
itly we force the adjustable variables that are eliminated, to obey specific
decision rules. This is not allowed in (RC). We illustrate this issue in Example
4 Appendix D.

Intending to express conditions under which Opt(RC) = Opt(ARC), we
mention a collection of assumptions here and we use a subset of this collection
in each theorem.

Assumptions.(rewritten)
All the assumptions are with respect to problem (1).
Throughout, we assume that

• there is no equality constraint in problem (1) that depends on ζ.
• the uncertainty set Z is compact.

In the theorems and corollaries we will use subsets of the following assump-
tions:

(i) Constraint-wise uncertainty: The uncertainty is constraint-wise (Def-
inition 4).

(ii) Convex uncertainty set: The uncertainty set Z ⊂ Rl is convex.
(iii) Convex adjustable set: Y(x) is a convex set, for each x ∈ X .
(iv) Compact adjustable set: Y(x) is a compact set, for each x ∈ X .
(v) Fixed recourse: (ARC) is fixed recourse (Definition 3).

(vi) Concavity of functions in ζ: f(., x, y) and gi(., x, y) are concave for
each x ∈ X , y ∈ Y(x), and i = 1, ...,m.

(vii) Convexity of functions in y: f(ζ0, x, .) and gi(ζi, x, .) are convex for
each x ∈ X , ζ ∈ Z = Z0 × ...×Zm, and i = 1, ...,m.

With respect to Assumption (ii), for some of the results obtained in this paper,
we do not assume that the uncertainty set is convex. This is useful since there
are several cases in which the uncertainty set Z is not convex. For instance,
consider the following constraint:

l∑
i=1

ζif(zi, x, y) ≤ b, ∀(ζ1, ..., ζl) ∈

ζ ∈ Rl :

∑l
i=1 ziζ

2
i −

(∑l
i=1 ziζi

)2

≤ σ2∑l
i=1 ζi = 1, ζ ≥ 0

 ,

where σ and zi, i = 1, ..., l, are given. One can interpret this as an upper bound
on the expectation of f(z, x, y) for all possible probability distributions with
variance at most σ2, where z is a discrete random variable with the support
{z1, ..., zm}. These types of constraints may arise in Distributionally Robust
Optimization [12].

2.2 Constraint-wise uncertainty
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In this subsection, we study problems with constraint-wise uncertainty and
provide some sets of conditions, under which Opt(RC) and Opt(ARC) are
equal.

2.2.1 Fixed recourse problems

The following theorem states that if the uncertainty is constraint-wise, then
static and adjustable problems are equivalent, when (ARC) is fixed recourse.
This theorem extends the result in [5, Theorem 2.1] even for linear problems
with linear uncertainty.

Theorem 1 If Assumptions (i)“Constraint-wise uncertainty” and (v)“Fixed
recourse” hold, then Opt(RC) = Opt(ARC).

Proof (rewritten) First we suppose problem (1) does not contain any non-
adjustable variable. According to the definitions of (RC) and (ARC), we have
Opt(ARC) ≤ Opt(RC). It means that if (RC) is unbounded, then Opt(RC) =
Opt(ARC) = −∞. Now, if (RC) is not unbounded, we show that Opt(ARC) ≥
Opt(RC).

Since (ARC) is fixed recourse, we can simplify (RC) to the following prob-
lem:

infy∈Y, t t

s.t. f̃(y) + supζ0∈Z0
f̄(ζ0) ≤ t

g̃i(y) + supζi∈Zi ḡi(ζi) ≤ 0, i = 1, ...,m.

(3)

Because uncertainty is constraint-wise, Z is non-empty and compact and con-
tinuity of f̄ and ḡi, i = 1, ...,m, there is a point ζ̄ = [ζ̄0, ..., ζ̄m] ∈ Z where
ζ̄0 is an optimal solution of supζ0∈Z0

f̄(ζ0), and ζ̄i is an optimal solution of
supζi∈Zi ḡi(ζi), for all i = 1, ...,m. By (ARC) definition, Opt(ARC) ≥ q, where

q := infy(ζ̄) ∈ Y
t(ζ̄)

t(ζ̄)

f̃(y(ζ̄)) + f̄(ζ̄0) ≤ t(ζ̄)

g̃i(y(ζ̄)) + ḡi(ζ̄i) ≤ 0, i = 1, ...,m,

(4)

which is equivalent to (3). This implies that if (RC) is infeasible, so is (4),
and therefore Opt(ARC) = Opt(RC) = +∞ . On the other hand, if (RC)
is feasible, then Opt(RC) = q ≤ Opt(ARC). So, the equality of the optimal
objective values of (ARC) and (RC) is proved.

Now, for the general case that (ARC) contains a non-adjustable variable
x, we have to solve:

inf
x∈X

sup
ζ∈Z

inf
y(ζ)∈Y(x)

f(ζ, x, y(ζ))

gi(ζ, x, y(ζ)) ≤ 0, i = 1, ...,m.
(5)

According to the first part of the proof, for each x ∈ X , the objective value of
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supζ∈Z infy(ζ)∈Y(x) f(ζ, x, y(ζ))
s.t. gi(ζ, x, y(ζ)) ≤ 0, i = 1, ...,m,

(6)

is equal to the objective value of

infy∈Y(x) supζ∈Z f(ζ0, x, y)
s.t. gi(ζi, x, y) ≤ 0, ∀ζi ∈ Zi, i = 1, ...,m.

(7)

It follows that the optimal objective value of problem (5) equals that of

infx∈X ,y∈Y(x) supζ∈Z f(ζ0, x, y)
s.t. gi(ζi, x, y) ≤ 0, ∀ζi ∈ Zi, i = 1, ...,m.

(8)

Therefore, Opt(ARC) = Opt(RC). ut

In Theorem 1, there is no convexity assumption. Therefore, it works for a huge
class of problems containing Mixed Integer Nonlinear Programing problems.

In Appendix D, we provide several examples illustrating that if Assumption
(v)“Fixed recourse” is removed, even if the other assumptions are satisfied,
Opt(ARC) and Opt(RC) are not necessarily equal.

Remark 1 We point out that if the uncertainty set is not compact and (RC)
is feasible, one can prove by Sion’s minimax theorem [19] that Opt(RC) =
Opt(ARC) under the following conditions: Assumptions (i)“Constraint-wise
uncertainty”, (iii)“Convex adjustable set”, (iv)“Compact adjustable set”, (v)
“Fixed recourse”, and (vii)“Convexity of function in y”.

2.2.2 Non-fixed recourse problems

The following theorem shows that Opt(ARC) = Opt(RC) under another set
of conditions that does not include Assumption (v)“Fixed recourse”.

Theorem 2 If Assumptions (i)“Constraint-wise uncertainty”, (ii)“Convex un-
certainty set”, (iii)“Convex adjustable set”, (iv) “Compact adjustable set”,
(vi)“Concavity of functions in ζ”, and (vii)“Convexity of functions in y” hold,
then Opt(RC) = Opt(ARC).

Proof The line of reasoning is the same as in [5, Theorem 2.1].

Case I: Suppose that (ARC) does not have any non-adjustable variable.
First, we assume that (RC) is feasible. So, it is sufficient to show that
whenever t̄ ≥ Opt(ARC) then t̄ ≥ Opt(RC) (feasibility of (RC) implies
Opt(ARC) <∞). According to the definitions, we have:

Opt(ARC) = (9)

inf

{
t ∀ζ ∈ Z = Z0 × ...×Zm ∃y ∈ Y :

f(ζ0, y) ≤ t,
gi(ζi, y) ≤ 0, i = 1, ...,m

}
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and,

Opt(RC) = (10)

inf

{
t ∃y ∈ Y ∀ζ ∈ Z = Z0 × ...×Zm :

f(ζ0, y) ≤ t,
gi(ζi, y) ≤ 0, i = 1, ...,m

}
.

If Y = ∅, it is clear that Opt(ARC) = Opt(RC) = +∞. Now assume
that Y 6= ∅. By contradiction, suppose that there is a scalar t̄ such that
t̄ ≥ Opt(ARC) and t̄ < Opt(RC). By (10), Assumption (i)“Constraint-
wise uncertainty” and setting β = (1, 0, 0, ..., 0)T , G0(ζ0, y) = f(ζ0, y) and
Gi(ζi, y) = gi(ζi, y), for i = 1, ...,m, it follows that

∀y ∈ Y ∃ζy ∈ Z ∃iy ∈ {0, ...,m} : Giy (ζyiy , y)− βiy t̄ > 0.

Also, continuity implies

∀y ∈ Y ∃εy > 0 ∃Uy ∀z ∈ Uy : Giy (ζyiy , z)− βiy t̄ > εy, (11)

where Uy is the intersection of a 2-norm open ball with a strictly positive
radius centered at y with Y. Since Y is compact, there are yk ∈ Y, k =
1, ..., N such that Y = ∪Nk=1Uyk . So,

∀k = 1, ..., N, ∀z ∈ Y max
k

Gi
yk

(ζy
k

i
yk
, z)− βi

yk
t̄ > ε, (12)

where ε = mink ε
yk . As a simplification, we set ζk = ζy

k

i
yk

, ik = iyk and

fk(z) = Gik(ζk, z)− βik t̄ ∀z ∈ Y.

Since Y is convex and all fk(z) are convex and continuous on Y due to
Assumption (vii)“Convexity of functions in y”, and because maxk fk(z) ≥ ε
for each z ∈ Y, there are nonnegative weights λk with

∑
k λk = 1 such that:

f(z) :=
∑
k

λkfk(z) ≥ ε ∀z ∈ Y. (13)

We define

wi =
∑
k:ik=i

λk i = 0, ...,m

ζ̄i =

{ ∑
k:ik=i

λk
wi
ζk, wi 6= 0

an arbitrary point in Zi, wi = 0

ζ̄ =
[
ζ̄0, ..., ζ̄m

]
. (14)

It is clear by convexity of Z that ζ̄ ∈ Z. Additionally, due to t̄ ≥ Opt(ARC),
we have:

∃t ≤ t̄ : ∀ζ ∈ Z ∃y ∈ Y, f(ζ0, y) ≤ t,
gi(ζi, y) ≤ 0, i = 1, ...,m,

(15)
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which means

∃ȳ ∈ Y : Gi(ζ̄i, ȳ)− βit̄ ≤ 0, i = 0, ...,m. (16)

Also, we know that for each i = 0, ...,m, the functions Gi(ζi, ȳ) are concave
in ζi due to Assumption (vi)“Concavity of functions in ζ”. Hence, for all
i = 0, ...,m, and wi > 0

Gi(ζ̄i, ȳ)− βit̄ = Gi

( ∑
k:ik=i

λk
wi
ζk, ȳ

)
− βit̄

≥
∑
k:ik=i

λk
wi
Gi(ζ

k, ȳ)− βit̄ =
∑
k:ik=i

λk
wi
fk(ȳ).

Summing over the indices results in

m∑
i=1
wi 6=0

wi
(
Gi(ζ̄i, ȳ)− βit̄

)
≥

N∑
k=1

λkfk(ȳ). (17)

By applying (13) and (16), the above inequality contradicts ε > 0.
Now, we consider the case where (RC) is not feasible, which meansOpt(RC) =
+∞. To prove equality of (RC) and (ARC) with respect to the worst-case
objective value, it is sufficient to show that there is no t̄ ∈ R such that
t̄ ≥ Opt(ARC). So, the same argument used in the previous part implies
that Opt(ARC) = +∞.

Case II: Now, we consider a general case, where (ARC) contains non-
adjustable variable x. As it is proved in Case I, for any x ∈ X ,

supζ∈Z infy(ζ)∈Y(x) f(ζ, x, y(ζ))
s.t. gi(ζ, x, y(ζ)) ≤ 0, i = 1, ...,m,

(18)

and

infy∈Y(x) supζ∈Z f(ζ0, x, y)
s.t. gi(ζi, x, y(ζ0, ..., ζm)) ≤ 0, ∀ζi ∈ Zi, i = 1, ...,m,

(19)

have the same optimal value. Therefore, taking the infimum over all x ∈ X
results in Opt(RC) = Opt(ARC). ut

Theorem 2 extends the results for linear problems, obtained by Ben-Tal et
al. [5, Theorem 2.1], to nonlinear ones. In Appendix A, we replace Assumption
(iv)“Compact adjustable set” in Theorem 2 with two assumptions in order to
derive another set of conditions under which Opt(RC) = Opt(ARC).
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2.3 Non-constraint-wise uncertainty

Section 2.2 focuses on constraint-wise uncertainty. The question is what can be
concluded when we have two different types of uncertainties (constraint-wise
and non-constraint-wise). Consider the following problem:

(HRC) inf
x∈X

inf
y∈Y(x), t

t

s.t. f(ζ0, α, x, y) ≤ t ∀α ∈ A, ζ0 ∈ Z0,

gi(ζi, α, x, y) ≤ 0, i = 1, ...,m, ∀α ∈ A, ζi ∈ Zi,

where ζ = (ζ0, ..., ζm) ∈ Z = Z0 × ...× Zm and α ∈ A⊆ Rd are uncertain pa-
rameters (ζ is constraint-wise and α is non-constraint-wise). This problem has
a hybrid uncertainty, so we cannot use the aforementioned results to deduce
equality of the optimal values of the hybrid robust counterpart (HRC) and
the corresponding hybrid adjustable robust counterpart (HARC). However,
the following corollary states that if in such a case the same sets of conditions
as in Theorems 1 or 2 hold with respect to the constraint-wise uncertain pa-
rameters, then there exists an optimal decision rule that is a function of only
the non-constraint-wise uncertain parameters. In other words, the following
two problems:

(HARC) inf
x∈X

sup
ζ∈Z
α∈A

inf
y(ζ, α) ∈ Y(x)

t(ζ, α)

t(ζ, α)

s.t. f (ζ0, α, x, y(ζ, α)) ≤ t(ζ, α),

gi(ζi, α, x, y(ζ, α)) ≤ 0, i = 1, ...,m,

and,

(HARCα) inf
x∈X

sup
α∈A

inf
y(α) ∈ Y(x)

t(α)

t(α)

s.t. f(ζ0, α, x, y(α)) ≤ t(α) ∀ζ0 ∈ Z0,

gi(ζi, α, x, y(α)) ≤ 0, i = 1, ...,m, ∀ζi ∈ Zi,

have the same optimal objective values. We denote byOpt(HARC) andOpt(HARCα)
the optimal objective value of (HARC) and (HARCα), respectively.

Corollary 1 Suppose that for all α ∈ A the assumptions of Theorems 1 or 2
hold with respect to ζ, x, y. Then, Opt(HARC) = Opt(HARCα).

Proof By fixing α ∈ A, x ∈ X and applying Theorems 1 or 2, the optimal
objective value of

sup
ζ∈Z

inf
y(ζ, α) ∈ Y(x)

t(ζ, α)

t(ζ, α)

s.t. f (ζ0, α, x, y(ζ, α)) ≤ t(ζ, α),

gi(ζi, α, x, y(ζ, α)) ≤ 0, i = 1, ...,m,
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and

inf
y(α) ∈ Y(x)

t(α)

t(α)

s.t. f(ζ0, α, x, y(α)) ≤ t(α) ∀ζ0 ∈ Z0,

gi(ζi, α, x, y(α)) ≤ 0, i = 1, ...,m, ∀ζi ∈ Zi,

are equal. By taking the supremum over α ∈ A and infimum over x ∈ X , the
result follows. ut

Corollary 1 may be used to reduce the complexity of solving adjustable
robust optimization problems. Because, in order to solve (HARC), one needs
to find an optimal decision rule with respect to both α and ζ, but by apply-
ing this corollary, we are ensured about the existence of an optimal decision
rule that only depends on α. In Section 3.2, an application of Corollary 1 on
inventory system problems is described.

It is important to note that if we restrict ourselves to a class of decision
rules, e.g., affine decision rules, as is usually done, then Corollary 1 does not
necessarily guarantee that there exists an optimal decision rule that only de-
pends on α. The following theorem states, however, that if the problem is fixed
recourse with respect to the constraint-wise uncertain parameter and we use
a specific class of decision rules that are separable with respect to ζ and α,
then the optimal one depends only on α.

Let us denote by ȳω(α) a function of α that belongs to a specific class
parametrized by ω. One of the examples for ȳω (α) is a polynomial. In this
case, ω could be the vector of coefficients for the monomials.

Theorem 3 Assume that (HARC) is fixed recourse with respect to the constraint-
wise uncertain parameter, i.e.,

gi(ζi, α, x, y) = g̃i(ζi, x) + ḡi(α, x, y), i = 0, ...,m,

where g0(ζ0, α, x, y) = f(ζ0, α, x, y), and g̃i(ζi, x) and ḡi(α, x, y) are continu-
ous, for i = 0, ...,m. Also, assume that we restrict the decision rules to be in
the form of y (ζ) + ȳω (α) , where y : Rl −→ Rn. Then the optimal objective
value of (HRC) when using this decision rule is equal to that of using decision
rule y + ȳω (α).

Proof Consider the following problem

inf
x∈X ,ω

sup
ζ∈Z

inf
y(ζ), t(ζ)

t (ζ) (20)

s.t. g̃0 (ζ0, x) + ḡ0 (α, x, y (ζ) + ȳω (α)) ≤ t (ζ), ∀α ∈ A,
g̃i (ζi, x) + ḡi (α, x, y (ζ) + ȳω (α)) ≤ 0, ∀α ∈ A, i = 1, ...,m,

y (ζ) + ȳω (α) ∈ Y (x) , ∀α ∈ A.
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By defining Ȳ (x, ω) = ∩α∈A [Y (x)− ȳω (α)] and

ĝi (x, ω, y (ζ)) = sup
α∈A

ḡi (α, x, y (ζ) + ȳω (α)) , i = 0, ...,m,

the optimal objective value of (20) is equal to the optimal objective value of

inf
x∈X ,ω

sup
ζ∈Z

inf
y(ζ)∈Ȳ(x,ω),

t(ζ)

t (ζ)

s.t. g̃0 (ζ0, x) + ĝ0 (x, ω, y (ζ)) ≤ t (ζ),

g̃i (ζi, x) + ĝi (x, ω, y (ζ)) ≤ 0, i = 1, ...,m,

(21)

which is the adjustable robust counterpart related to the following robust
problem:

inf
x∈X ,ω

inf
y∈Ȳ(x,ω), t

t

s.t. g̃0 (ζ0, x) + ĝ0 (x, ω, y) ≤ t, ∀ζ0 ∈ Z0,

g̃i (ζi, x) + ĝi (x, ω, y) ≤ 0, ∀ζi ∈ Zi, i = 1, ...,m.

(22)

Now, because the assumptions of Theorem 1 hold, (21) and (22) have the
same optimal objective value. Using the definitions of Ȳ (x, ω) and ĝi(x, ω, y),
i = 0, ...,m, we can easily see that the optimal objective value of (22) is equal
to the optimal objective value of

inf
x∈X ,ω

inf
y, t

t (23)

s.t. g̃0 (ζ0, x) + ḡ0 (α, x, y + ȳω (α)) ≤ t, ∀α ∈ A, ∀ζ0 ∈ Z0,

g̃i (ζi, x) + ḡi (α, x, y + ȳω (α)) ≤ 0, ∀α ∈ A, ∀ζi ∈ Zi, i = 1, ...,m,

y + ȳω (α) ∈ Y (x) , ∀α ∈ A.

So, we proved that the optimal objective value of (20) and (23) are the same.
It means that using y (ζ)+ ȳω (α) , and y+ ȳω (α), as the form of decision rules,
yields the same approximation of the optimal objective values. ut

In Theorem 3, y(ζ) is a general function. For instance, if we assume that
ȳω (α) lies in the class of affine functions, even for a general y(ζ), the optimal
objective value is independent from ζ. The other example is when both y(ζ)
and ȳω (α) are affine, which means that the decision rule is affine. We consider
this case in the next corollary.

Corollary 2 Suppose that problem (HARC) is fixed recourse with respect to
constraint-wise uncertain parameter ζ. Then using an affine decision rule,
y(α) = u + Wα or y(ζ, α) = u + V ζ + Wα yields the same approximate
optimal value, where u ∈ Rn, V ∈ Rn×l, and W ∈ Rn×d. ut
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In Corollary 2, two different problems are mentioned to approximate (HARC),
one is considering y(α) = u + Wα as the form of decision rule and the other
is considering y(ζ, α) = u + V ζ + Wα. We denote by Opt(AARCα) and
Opt(AARCζ,α) the optimal objective values of the former affinely adjustable
robust counterparts, respectively. Then, in general for problem (HRC), we
have

Opt(HARC) ≤ Opt(AARCζ,α) ≤ Opt(AARCα) ≤ Opt(HRC). (24)

In this section, we discussed different conditions that turn inequalities in (24)
into equalities. Theorems 1 and 2 provide sets of conditions under which all
of the inequalities can be replaced by equalities. Besides, under similar sets of
conditions to these theorems, Corollary 2 ensures us that the middle inequality
in (24) turns into equality. Other sets of conditions for which Opt(HARC) =
Opt(AARCζ,α) are proposed in [7,10,16]. In Appendix D, we provide some
examples to show that these inequalities can be strict.

3 Applications (new)

In this section, we present some applications of the results obtained in Section
2. In Section 3.1 we show by using Theorem 1 that between two deterministic
equivalent formulations of facility location problems with binary adjustable
variables, one is better than the other with respect to the robust optimal
value. In Section 3.2 we use Corollary 1 to reduce the complexity and the size
of the affinely adjustable robust counterpart. In Section 3.3 we show that for a
class of two-stage linear optimization problems, a part of the results in [9] is a
direct consequence of Corollary 1. Finally, for problems with uncertain convex
quadratic and conic quadratic constraints, we use Theorem 2 and Corollary
1 to show that if the uncertainty in the quadratic constraints is constraint-
wise, then there exist optimal solutions for the adjustable variables that are
independent of the constraint-wise uncertain parameters.

3.1 Facility location problem with uncertain demands (new)

In this subsection, we briefly recall the result in [1, Theorem 1] and show that
this result also holds when parts of the adjustable variables are binary.

Assume that in a horizon with T periods, a facility should be assigned to
some candidate locations in order to satisfy demands in different customers’
locations. The goal is to find the best allocation that satisfies the demands and
maximizes the profit. Ardestani-Jaafari and Delage [1] study two equivalent
formulations of this problem and show by using [5, Theorem 2.1] that if the
demands are uncertain and the uncertainty set is a box, then the optimal value
of the robust counterpart of one of the formulations is better than the other
(the full description of the facility location problem with both formulations
are in Appendix B).
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In both formulations a binary decision variable Iiτ denotes whether the
facility should be open or closed in the ith candidate location for period τ .
Contrary to [1] , we assume that Iiτ is an adjustable variable. Even though in
this case we cannot use [5, Theorem 2.1] anymore to prove which formulation
is better with respect to the robust optimal value, by using Theorem 1 in
Section 2.2 one can prove this. We postpone the proof to Appendix B.

3.2 Inventory system problem with demand and cost uncertainty (new)

We now apply the result of Section 2 to the inventory system problem in [5,
Section 5], in which the authors only consider uncertainty in the demand and
propose an affine decision rule to approximate the adjustable robust counter-
part. If the cost is uncertain in addition to the demand, then the problem is not
fixed recourse anymore and using an affine decision rule leads to a non-concave
robust problem in the uncertain parameters. In this subsection, we show that
by using Corollary 1, the affinely adjustable robust counterpart of the inven-
tory system problem with demand and cost uncertainty can be reformulated
to a linear optimization problem.

To describe the inventory system problem in [5, Section 5], let I, T ∈ N be
the number of producers and the length of the horizon, respectively. Assume
that during the time period τ , the i-th producer produces piτ units with per-
unit cost ciτ ∈ R+. Producer i has a production capacity Piτ ∈ R+ in period
τ and overall capacity Qi ∈ R+. Let v be the amount of the product in the
warehouse at the beginning. Besides, assume that at period τ , the demand is
dτ ∈ R+ and inventory has a minimal and maximal restriction of vmin ∈ R+

and vmax ∈ R+, respectively. The goal is to minimize the total cost. The
problem described in Ben-Tal et al. [5] is as follows:

min
p∈RI×T

T∑
τ=1

I∑
i=1

ciτpiτ

s.t. 0 ≤ piτ ≤ Piτ ,
T∑
τ=1

piτ ≤ Qi, i = 1, ..., I, τ = 1, ..., T,

vmin ≤ v +

τ∑
s=1

I∑
i=1

pis −
τ∑
s=1

ds ≤ vmax, τ = 1, ..., T.

(25)

Consider c and d as the uncertain parameters with box uncertainty for both
parameters. The uncertainty set for d and ciτ is denoted as D and [ciτ , ciτ ],
i = 1, ..., I, τ = 1, ..., T , respectively. Because (25) is not fixed recourse, using
affine decision rules in c and d for the adjustable variable piτ , leads to an
optimization problem with a non-concave quadratic objective function in the
uncertain parameter c.

Because c appears only in the objective function and for each realization
of d in D, the problem is linear with the compact feasible and uncertainty
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set, so the assumptions of Corollary 1 hold. Therefore, the adjustable robust
counterpart of (25) equals

max
d∈D

min
p(d)∈RI×T

max
ciτ ≤ ciτ ≤ ciτ

T∑
τ=1

I∑
i=1

ciτpiτ (d)

s.t. 0 ≤ piτ (d) ≤ Piτ ,
T∑
τ=1

piτ (d) ≤ Qi, i = 1, ..., I, τ = 1, ..., T,

vmin ≤ v +

τ∑
s=1

I∑
i=1

pis(d)−
τ∑
s=1

ds ≤ vmax, τ = 1, ..., T,

in which the objective function is equivalent to
∑T
τ=1

∑I
i=1 ciτpiτ (d). So,

we can approximate the above problem using affine decision rules only in d.
This reduces the complexity and the number of variables compared to the
problem acquired by using affine decision rules in c and d.

3.3 Two-stage linear optimization problems

Another application of Corollary 1 is for specific two-stage linear optimization
problems with uncertainty in both the constraints and the objective. In [9] a
bound is derived for this class of problems and the authors show that if the
uncertainty in the objective is independent of that in the constraints then this
bound does not depend on the objective uncertainty. In this subsection, we
show that this result is a direct consequence of Corollary 1. As in [9], we con-
sider the adjustable robust counterpart corresponding to a linear optimization
problem (ARCLP )

(ARCLP ) min cTx+ max
(B,d)∈Z

min
y(B,d)

dT y(B, d)

s.t. Ax+By(B, d) ≤ h,
x ∈ Rr+,
y(B, d) ∈ Y(x),

where A ∈ Rm×r, c ∈ Rr+, h ∈ Rm, Y(x) ⊂ Rn+ is a polytope, B is an uncer-
tain second-stage constraint matrix, and d is an uncertain objective coefficient
vector. Also, let Z = ZB×Zd ⊆ Rm×n+ ×Rn+ be a convex compact uncertainty
set. In addition, we suppose that Zd is a polytope, as well. In [9], for problems
with deterministic objective coefficient d, it is shown that

Opt(ARCLP ) ≥ ρ(Z)Opt(RCLP ), (26)

where

ρ(Z) = max {κ (T (Z, h)) h > 0} ,

T (Z, h) =
{
BTµ hTµ = 1, B ∈ Z, µ ≥ 0

}
,
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κ (T (Z, h)) = min {α conv(T (Z, h)) ⊆ αT (Z, h)} ,
and (RCLP ) is the robust counterpart corresponding to (ARCLP ). Then, the
authors in [9] show separately that for problem (ARCLP ), which has uncer-
tainty on objective coefficient d and second-stage matrix coefficient B, the
lower bound is independent of the objective uncertainty, i.e., they show that
Opt(ARCLP ) ≥ ρ(ZB)Opt(RCLP ).

Here, we show that the latter result is a direct consequence of Corollary 1
and (26). To see that, consider the following problem

min cTx+ max
B∈ZB

min
y(B), t(B)

t(B)

s.t. max
d∈Zd

dT y(B) ≤ t(B),

Ax+By(B) ≤ h,
x ∈ Rr+,
y(B) ∈ Y(x).

(27)

It is clear that all assumptions of Corollary 1 hold. So, applying this corollary
to (ARCLP ) implies that (ARCLP ) and (27) have the same optimal objective
values. Now, assume that dj ∈ Zd, for j = 1, ...,K, are the extreme points of
the polytope Zd. Then, the optimal objective value of (27) is equal to that of

min
x
cTx+ max

B∈ZB
min

y(B), t(B)
t(B)

s.t. dj
T
y(B) ≤ t(B), j = 1, ...,K,

Ax+By(B) ≤ h,
x ∈ Rr+,
y(B) ∈ Y(x).

(28)

Defining

B̄ =


d1T

...

dK
T

B

 , Ā =


0
...
0
A

 , h̄ =


0
...
0
h

 , β =


1
...
1
0

 ,

we rewrite (28) as

(ARCLP ) min
x
cTx+ max

B̄∈Z̄
min

y(B̄), t(B̄)
t(B̄)

s.t. Āx− βt(B̄) + B̄y(B̄) ≤ h̄,
x ∈ Rr+,
y(B̄) ∈ Y(x),

where Z̄ = [d1T , ..., dK
T

]T ×ZB . Consequently, we get

Opt(ARCLP ) = Opt(ARCLP ) ≥ ρ(ZB)Opt(RCLP )
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by applying (26) and the fact that ρ(Z̄) = ρ(ZB).
It is worth mentioning that if the uncertainty set ZB in (ARCLP ) is a

Cartesian product of the uncertainty region of Bj with another set, where Bj

is the j-th row of B, then it can be proved analogously that the bound is
independent of the uncertainty in Bj . Even though this is not an extension of
the results in [9], it gives an intuition behind why the bound is independent
of constraint-wise uncertainty.

We emphasize that the proofs in [9] are for polytopal uncertainty sets.
However, the authors provide us additional proofs for general uncertainty sets
(private communications).

3.4 Uncertain problems containing convex quadratic and/or conic quadratic
constraints (new)

One application of the results derived in Section 2 is for the following problem:

inf
x∈X

inf
y∈Y(x)

f(x, y)

s.t. gj(α, x, y) ≤ 0, ∀α ∈ A, j = 1, ...,m,

hi(ζi, x, y) ≤ 0, ∀ζi ∈ Zi, i = 1, ..., I,

pk(θk, x, y) ≤ 0, θk ∈ Tk, k = 1, ...,K,

where gj(α, x, y) is a continuous function, j = 1, ...,m, the convex quadratic
function hi is defined as

hi(ζi, x, y) =

(
x

y

)T
Ai(ζi)

(
x

y

)
+ bi(ζi)

T

(
x

y

)
+ ci(ζi),

and the conic quadratic function pk is defined as

pk(θk, x, y) =

√(
x

y

)T
Bk(θk)

(
x

y

)
+ dk(θk)T

(
x

y

)
+ ek(θk),

where α ∈ Rl, ζi ∈ Rli , and θk ∈ RlI+k are the uncertain parameters, for
some integers l, li+k, i = 1, ..., I, k = 1, ...,K, x and y are non-adjustable and
adjustable variables, respectively. We assume that the matrices Ai(ζi) and
Bk(θk) are positive semi-definite, for all ζi ∈ Zi and θk ∈ Tk, i = 1, ..., I,
k = 1, ...,K. Also, we assume that Ai(ζi), bi(ζi), ci(ζi), Bk(θk), dk(θk) and
ek(θk) are affine in ζi and θk, i = 1, ..., I, k = 1, ...,K, respectively.

This type of problem arises for example when a part of the problem is
related to multi-stage mean-variance portfolio optimization [15], in which the
asset return mean and covariance matrix are uncertain and these uncertainties
only occur in the objective function (hence the problem has constraint-wise
uncertainty).

If the uncertainty over α is constraint-wise and gj(α, x, y) is concave in α
and convex in y, j = 1, ...,m, A, Zi and Tk are convex, i = 1, ..., I, k = 1, ...,K,
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and Y(x) is compact and convex for all x ∈ X , then by Theorem 2 the optimal
values of the corresponding static and adjustable robust problems are equal,
because hi and pk are convex in y and concave in ζi and θk, i = 1, ..., I,
k = 1, ...,K, respectively. Moreover, if the uncertainty over α is not constraint-
wise, then by Corollary 1, there exists an optimal y for the corresponding
adjustable robust counterpart that is independent of ζi and θk, i = 1, ..., I,
k = 1, ...,K.

4 Conclusion

In this paper, we show that for some classes of constraint-wise uncertain opti-
mization problems with compact uncertainty set, the robust optimal solution
is also optimal for the adjustable robust problem. These classes include: i)
Fixed recourse problems, ii) Problems that are convex with respect to the ad-
justable variables and concave with respect to the uncertain parameters, and
that have a convex uncertainty set and adjustable variables lie in a convex
compact set.

These results do not hold when a problem has both constraint-wise and
non-constraint-wise uncertainties, but under sets of assumptions similar to the
pure constraint-wise cases, we can prove that there exists an optimal decision
rule that does not depend on the constraint-wise uncertain parameters. Also,
we show that for a class of problems, restricting decision rules to be affine
and independent of the constraint-wise uncertain parameters, yields the same
optimal objective value as the case in which the decision rules are affine and
depending on both the constraint-wise and non-constraint-wise uncertain pa-
rameters.

Lastly, we apply our results to several classes of problems, such as facility
location, inventory system, specific two-stage linear optimization and convex
quadratic and/or conic quadratic problems. We prove that using our results
for the facility location problems with box uncertainty, one can generalize a
part of the result in [1] to the case where a part of the adjustable variables
is binary. Besides, we show that when affine decision rules are used in an
inventory system problem with cost and demand uncertainty, using the re-
sults in this paper reduces not only the complexity of the problem but also
the number of variables. For a specific class of two-stage linear optimization
problem that is studied in [9], we show that part of the results in [9] is a di-
rect consequence of one of the results derived in this paper. Furthermore, we
prove that for adjustable robust optimization problems with convex quadratic
and/or conic quadratic constraints, if the uncertainty in the quadratic con-
straints is constraint-wise, then there exists optimal adjustable variables that
are independent of the constraint-wise uncertain parameters.
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2014.

2. Opher Baron, Joseph Milner, and Hussein Naseraldin. Facility location: A robust opti-
mization approach. Production and Operations Management, 20(5):772–785, 2011.

3. Mokhtar S. Bazaraa, Hanif D. Sherali, and Chitharanjan Marakada Shetty. Nonlinear
programming: theory and algorithms. John Wiley & Sons, 2013.

4. Aharon Ben-Tal, Dick den Hertog, and Jean-Philippe Vial. Deriving robust counterparts
of nonlinear uncertain inequalities. Mathematical Programming, 149(1-2):265–299, 2015.

5. Aharon Ben-Tal, Alexander Goryashko, Elana Guslitzer, and Arkadi Nemirovski. Ad-
justable robust solutions of uncertain linear programs. Mathematical Programming,
99(2):351–376, 2004.

6. Dimitris Bertsimas and Hoda Bidkhori. On the performance of affine policies for
two-stage adaptive optimization: a geometric perspective. Mathematical Programming,
153(2):577–594, 2015.

7. Dimitris Bertsimas and Vineet Goyal. On the power and limitations of affine policies
in two-stage adaptive optimization. Mathematical Programming, 134(2):491–531, 2012.

8. Dimitris Bertsimas and Vineet Goyal. On the approximability of adjustable robust
convex optimization under uncertainty. Mathematical Methods of Operations Research,
77(3):323–343, 2013.

9. Dimitris Bertsimas, Vineet Goyal, and Brian Y. Lu. A tight characterization of the per-
formance of static solutions in two-stage adjustable robust linear optimization. Mathe-
matical Programming, 150(2):281–319, 2015.

10. Dimitris Bertsimas, Dan A. Iancu, and Pablo A. Parrilo. Optimality of affine policies in
multistage robust optimization. Mathematics of Operations Research, 35(2):363–394,
2010.

11. Uriel Feige, Kamal Jain, Mohammad Mahdian, and Vahab Mirrokni. Robust combi-
natorial optimization with exponential scenarios. In Matteo Fischetti and David P.
Williamson, editors, Integer Programming and Combinatorial Optimization, volume
4513 of Lecture Notes in Computer Science, pages 439–453. Springer Berlin Heidelberg,
2007.

12. Joel Goh and Melvyn Sim. Distributionally robust optimization and its tractable ap-
proximations. Operations research, 58(4-part-1):902–917, 2010.

13. Bram L. Gorissen and Dick den Hertog. Robust nonlinear optimization via the dual.
Optimization Online, 2015.
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Appendices
The appendix is divided into four parts. In the first part, we provide a set
of conditions under which Opt(ARC) = Opt(RC). In the second part, we
describe the two formulations of the facility location problem studied in [1]
and use Theorem 1 to prove that the robust optimal value of one is better than
the other even when parts of the adjustable variables are binary. In the third
part, we provide some examples that are illustrating the results from Section
2. The fourth part includes several examples to show that the assumptions in
Theorems 1 and 2 are essential.

A Another case under which Opt(ARC) = Opt(RC)

In this section, we prove that under a set of condition different than those pro-
vided in Theorems 1 and 2, Opt(ARC) = Opt(RC). In this theorem, without
loss of generality, we assume that (RC) is:

inf
x∈X

inf
y∈Y(x)

cT y

s.t. gi(ζi, x, y) ≤ 0, i = 0, ...,m, ∀ζi ∈ Zi,
(29)

where c ∈ Rr is certain and for i = 0, ...,m,

Zi = {ζi : hik(ζi) ≤ 0, k = 1, ...,Ki}.

In what follows, the relative interior of a set S and domain of a function f(.)
are denoted by relint(S) and dom(f(.)), respectively.

Theorem 4 Assume that for problem (29) the following assumptions hold:

(a) hik(.) is convex, i = 0, ...,m, k = 1, ...,Ki,
(b) there exists (ζ0, ..., ζm) such that hik(ζi) < 0, for all i = 0, ...,m, k =

1, ...,Ki,
(c) for each x ∈ X and ζ ∈ Z,

m⋂
i=1

relint (dom (gi(ζi, x, .)))
⋂

relint(Y(x)) 6= ∅.

Additionally, if Assumptions (iii)“Convex adjustable set”, (vi)“Concavity of
functions in ζ”, (vii)“Convexity of functions in y” hold, then Opt(ARC) =
Opt(RC).
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Proof (rewritten) Consider the (ARC) corresponding to (29):

inf
x∈X

sup
[ζ0,...,ζm]∈Z

inf
y(ζ)∈Y(x)

cT y(ζ)

s.t. gi(ζi, x, y(ζ)) ≤ 0, i = 0, ...,m.
(30)

By [4, Lemma 9] (because of Assumptions (iii)“Convex adjustable set”, (vii)
“Convexity of functions in y”, and assumption (c)), the optimal value of (30)
is equal to

inf
x∈X

sup
u ∈ Rm+1

≤
{vi}, vm+1

sup
ζ=[ζ0,...,ζm]

m∑
i=0

uig
∗
i

(
ζi, x,

vi

ui

)
+ um+1δ

∗
Y(x)

(
vm+1

um+1

)

s.t.

m+1∑
i=0

vi = c,

hik(ζi) ≤ 0, i = 0, ...,m, k = 1, ...,Ki,

(31)

where δ∗Y(x)

(
vm+1

um+1

)
= supy∈Y(x)

yT vm+1

um+1
, and

g∗i

(
ζi, x,

vi

ui

)
= sup
y∈dom(gi(ζi,x,.))

{
yT vi

ui
− gi (ζi, x, y)

}
.

Problem (31) has the same optimal objective value as

inf
x∈X

sup
u ∈ Rm+1

≤
{vi}, vm+1

sup
wi

m∑
i=0

uig
∗
i

(
wi

ui
, x,

vi

ui

)
+ um+1δ

∗
Y(x)

(
vm+1

um+1

)

s.t.

m+1∑
i=0

vi = c,

− uihik(
wi
ui

) ≤ 0, i = 0, ...,m, k = 1, ...,Ki,

which is the dual of (29) with the same optimal objective values according to
[13, Theorem 1] (because the uncertainty is constraint-wise and assumptions
(a), (b), Assumptions (vi)“Concavity of functions in ζ”, (vii)“Convexity of
functions in y” hold). So, Opt(ARC) = Opt(RC). ut

B Facility location problem with demand uncertainty(new)

In this part, we describe two formulations of a facility location problem that
are studied in [1] and also [2], which are equivalent in the deterministic case.

In order to describe the two formulations, we follow the description and
notations from [2]. Let T, L,N ∈ N, be the length of the horizon, the number
of candidate locations to which a facility can be assigned, and the number of
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locations that have a demand for the facility, respectively. Let η ∈ R+ be the
unit price of goods, and ci, Ci,Ki ∈ R+ be the cost per unit of production,
the cost per unit of capacity, and the cost of the opening a facility at location
i, respectively, for i = 1, ..., L. Moreover, let dij ∈ R+ be the cost of shipping
units from location i to j, and Djτ ∈ R+ be the demand in period τ at location
j, i = 1, ..., L, j = 1, ..., N , τ = 1, ..., T . Decision variable Xijτ represents the
proportion of the demand at location j in period τ that is satisfied by facility
i, and Piτ represents the amount of good that is produced at facility i during
the period τ . For each facility i, the decision variable Iiτ denotes whether the
facility in location i is open or closed in period τ by taking 1 or 0 respectively,
and Ziτ denotes the capacity of the facility in this location and period in case
it is open. Using these notations, a deterministic facility location problem is
described by the following mixed integer linear optimization [2]:

max
X ∈ RL×N×T

I, Z, P ∈ RL×T

T∑
τ=1

L∑
i=1

N∑
j=1

(η − dij)XijτDjτ −
T∑
τ=1

L∑
i=1

(ciPiτ + CiZiτ +KiIiτ )

s.t.

L∑
i=1

Xijτ ≤ 1, j = 1, ..., N, τ = 1, ..., T,

N∑
j=1

XijτDjτ ≤ Piτ , i = 1, ..., L, τ = 1, ..., T,

Xijτ ≥ 0, i = 1, ..., L, j = 1, ..., N, τ = 1, ..., T,

Piτ ≤ Ziτ , Ziτ ≤MIiτ , i = 1, ..., L, τ = 1, ..., T,

I ∈ {0, 1}L×T ,

where,M is a large enough constant. We call the above formulation, proportion-
shipping formulation.

In [1] another equivalent formulation for the facility problem is studied, in
which XijτDjτ is replaced with Yijτ for all i, j and τ , where Yijτ represents
how much good is shipped in the period τ from location i to j. We call the
model with Yijτ total-shipping formulation.

Let the demands Djτ , j = 1, ..., N , τ = 1, ..., T , be the uncertain pa-
rameters with interval uncertainty sets. In [1] the authors assume that I, Z
are non-adjustable variables, whereas X, P in the proportion-shipping formu-
lation, and Y, P in the total-shipping formulation are adjustable variables.
However, we assume here that parts of I, Z are non-adjustable and the rest
are adjustable variables.

Let us denote the optimal values of the robust counterpart of proportion-
shipping, total-shipping formulations and their adjustable robust counterparts
byOpt(RCproportion),Opt(RCtotal),Opt(ARCproportion) andOpt(ARCtotal),
respectively.

We show that the robust counterpart of the total-shipping formulation is
better than the robust counterpart of the proportion-shipping i.e.,Opt(RCtotal) ≥
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Opt(RCproportion). It is clear that the proportion-shipping and total-shipping
formulations are equivalent for each realization of the demand. Therefore,
the corresponding adjustable robust counterparts are equivalent as well, so
Opt(ARCtotal) = Opt(ARCproportion).

The uncertainty in the total-shipping formulation is constraint-wise, be-
cause the uncertain parameters appear only in

∑L
i=1 Yijτ ≤ Djτ , which is

constructed from the first constraint in proportion-shipping formulation after
the replacement XijτDjτ = Yijτ , for each i = 1, ..., L, j = 1, ..., N , τ = 1, ..., T .
Therefore, Opt(RCtotal) = Opt(ARCtotal), by Theorem 1. So, we have shown
that

Opt(RCtotal) = Opt(ARCtotal) = Opt(ARCproportion) ≥ Opt(RCproportion),

where the right inequality holds because the problem is a maximization one
and the optimal objective value of the adjustable robust counterpart is not less
than the optimal objective value of the robust counterpart. Hence,Opt(RCtotal) ≥
Opt(RCproportion).

In [1], the authors show that Opt(RCtotal) ≥ Opt(RCproportion) in [1,
Theorem 1] for the case in which I, Z are non-adjustable variable. As ob-
served in [1], the proportion-shipping formulation can be obtained from the
total-shipping formulation by using a special decision rule Yijτ = XijτDjτ ,
i = 1, ..., L, j = 1, ..., N and τ = 1, ..., T . One might think therefore that
Opt(RCtotal) ≤ Opt(RCproportion). However, the contrary is true. This is
caused by the fact that the decision rule does not have any constant term.

C Illustrative examples

Example 1 (Illustrating Theorem 1) Consider the uncertain problem

min y2 + x3

s.t. y3 + ζ3x ≤ 0,

y2 + x2 ≤ 8,

|x| ≤ 1,

where ζ ∈ Z = [−2, 2] is an uncertain parameter, y is an adjustable and x is
a non-adjustable variable. For this problem,

X = [−1, 1], Y(x) =
{
y y2 + x2 ≤ 8

}
, ∀x ∈ X .

First, we use Theorem 1 to calculate Opt(ARC) because its assumptions
hold for this problem. According to this theorem, Opt(ARC) = Opt(RC).
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Since ζ3 is an increasing function, (RC) is equivalent to

min y2 + x3

s.t. y3 + 8x ≤ 0,

y3 − 8x ≤ 0,

y2 + x2 ≤ 8,

|x| ≤ 1.

It is easy to verify that Opt(RC) = 0. Now, we solve the (ARC) problem
directly:

min
x∈X

max
ζ∈Z

min
y(ζ)

y(ζ)2 + x3

s.t. y(ζ)3 + ζ3x ≤ 0,

y(ζ)2 + x2 ≤ 8.

First, we solve

z∗(ζ, x) := min
y(ζ)

y(ζ)2

s.t. y(ζ)3 + ζ3x ≤ 0,

y(ζ)2 + x2 ≤ 8,

for each ζ ∈ Z and x ∈ X . It is clear that

z∗(ζ, x) =

{(
3
√
−ζ3x

)2

, ζx ≥ 0,

0, o.w.

Hence, Opt(ARC) = minx∈X x
3 + maxζ∈Z z

∗(ζ, x). Therefore, we need the
optimal objective value of maxζ∈[−2,2] z

∗(ζ, x), for each x ∈ X . By checking

the different values of x, we find 4
3
√
x2 as its optimal objective value. Hence,

Opt(ARC) = minx∈[−1,1]x
3 + 4

3
√
x2 = 0. ut

After considering a fixed recourse (ARC), we are considering a convex opti-
mization problem.

Example 2 (Illustrating Theorem 2)(rewritten) Consider the following prob-
lem:

min y1 + y2

s.t. ln(ζ)y2
1 + y2

2 ≤ 3,

y2
1 + y2

2 ≤ 4,

where ζ ∈ Z = [1, 4] is an uncertain parameter, and y = (y1, y2) is an ad-
justable variable.

For this example, Opt(RC) = Opt(ARC) because by defining

Y =
{
y y2

1 + y2
2 ≤ 4

}
,
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the assumptions of Theorem 2 hold for this problem. Since ln(ζ) is an increas-
ing function, (RC) is as follows:

min y1 + y2

s.t. ln(4)y2
1 + y2

2 ≤ 3,

y2
1 + y2

2 ≤ 4,

with the optimal value of −
√

3 ln(4)
1+ln(4)

(
1

ln(4) + 1
)

.

Even though Opt(RC) = Opt(ARC), by using the symmetry bound intro-
duced in [8], which is (1 + ρ)Opt(RC) ≤ Opt(ARC) ≤ Opt(RC), where

ρ = min

{
α ≥ 0 Z − (1− α)

5

2
⊂ R+

}
=

3

5
,

one gets,
(

8
5

)
Opt(RC) ≤ Opt(ARC) ≤ Opt(RC).

This example shows that the symmetry bound is not tight in the presence of
constraint-wise uncertainty, even when there is only one uncertain parameter
in the problem. ut
Hitherto, we studied examples regarding constraint-wise uncertainty. Now, we
consider an example possessing both constraint-wise and non-constraint-wise
uncertainties.

Example 3 (Hybrid uncertainty) Consider the following uncertain problem,

min
y,x
− x

s.t. (1− 2α)x+ y ≥ ζ,
αx− y ≥ 0,

x ≤ 1,

(32)

where α ∈ [0, 1] is a non-constraint-wise and ζ ∈ [−1, 0] a constraint-wise
uncertain parameter, y is an adjustable and x is a non-adjustable variable.

Corollary 1 shows that there exists an optimal decision rule for (HARC)
that is independent of ζ. In this example, we check the inequalities in (24).
First, we find the optimal objective values of the static and adjustable robust
counterparts corresponding to (32), and after that we discuss the dependency
of the optimal decision rules on the uncertain parameters in the adjustable
robust optimization problem.

To calculate the optimal value of the robust counterpart corresponding to
(32), it is sufficient to solve the following problem,

q∗RC = min
y,x
− x

s.t. x+ y ≥ 0,

− x+ y ≥ 0,

− y ≥ 0,

x− y ≥ 0,

x ≤ 1,
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because the constraints in (3) are linear with respect to the uncertain param-
eters α and ζ. It means that (0, 0) is the only robust feasible solution of (32).
Hence, q∗RC = 0.

The adjustable robust counterpart corresponding to (32) is as follows:

q∗ARC = min
x

max
(α,ζ)∈Z

min
y(α,ζ)

− x

s.t. (1− 2α)x+ y(α, ζ) ≥ ζ,
αx− y(α, ζ) ≥ 0,

x ≤ 1,

(33)

where (α, ζ) is the uncertain parameter and Z = [0, 1] × [−1, 0] is the uncer-
tainty set. According to the last constraint, q∗ARC ≥ −1. Fixing x = 1, we
have

ζ + 2α− 1 ≤ y(α, ζ) ≤ α, (34)

which means that q∗ARC = −1 by choosing y∗(α, ζ) = ζ + 2α − 1 as the
optimal decision rule, which depends on both α and ζ. However, y∗∗(α, ζ) = α
is another optimal decision rule for (33), which is independent of ζ. By this
discussion, we showed that for (32) there is only one strict inequality in (24):

−1 = Opt(HARC) = Opt(AARCζ,α) = Opt(AARCα) < Opt(HRC) = 0. ut

D Counterexamples when one of the conditions is not satisfied

In this section, we consider examples in which all of the assumptions of Theo-
rem 1 or 2 are satisfied except one. We name each example to the assumption
that is not satisfied.

Example 4 (Problem without equality constraints)(rewritten) One of
the assumptions we use in this paper is having no equality constraint that
is dependent on ζ. Consider the following problem, which has an equality
constraint,

min −y1

s.t. ζy1 + y2 = 1,
0 ≤ y1, y2 ≤ 10,

(35)

where ζ ∈ [1, 2]. It is clear that Opt(RC) = 0, since (0, 1) is the only robust
feasible solution.

To calculate the optimal value of the corresponding (ARC), we eliminate
the equality constraint in (35) and reach to the following adjustable robust
problem:

max
ζ∈Z

min
y1(ζ)

− y1(ζ)

s.t. 0 ≤ y1(ζ) ≤ 1

ζ
.

(36)

It is clear that the optimal value of (36) is maxζ∈[1,2]− 1
ζ = − 1

2 . Hence,

Opt(ARC) < Opt(RC). These optimal values are different because in the
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elimination we use the decision rule y2 = 1− ζy1, which is not allowed in the
corresponding (RC). ut

Example 5 (Compact uncertainty set) In this paper, we assume that the
uncertainty set is compact. Consider the following problem

min − y2

s.t. y ≤ ζ,
(37)

where ζ ≤ 0. It is clear that Opt(RC) = +∞ because (RC) is infeasible.
However, (ARC) is feasible and Opt(ARC) = −∞. ut

Example 6 (“Constraint-wise uncertainty” in Theorem 1) Ben-Tal et
al. [5] consider the following uncertain problem:

min − x
s.t. (1− 2ζ)x+ y ≥ 0,

ζx− y ≥ 0,

0 ≤ x ≤ 1,

|y| ≤ 2,

where ζ ∈ [0, 1] is an uncertain parameter, y is an adjustable variable and x is
a non-adjustable variable. It is easy to check that all assumptions hold except
“Constraint-wise uncertainty” . The corresponding (RC) can be reformulated
as

min − x
s.t. x+ y ≥ 0,

x− y ≥ 0,

− x+ y ≥ 0,

− y ≥ 0,

0 ≤ x ≤ 1,

|y| ≤ 2.

It can easily be checked that Opt(RC) = 0. The corresponding (ARC) is as
follows:

min
x

max
ζ

min
y(ζ)

− x

s.t. (1− 2ζ)x+ y(ζ) ≥ 0,

ζx− y(ζ) ≥ 0,

0 ≤ x ≤ 1,

|y(ζ)| ≤ 2.

(38)

Similar to the discussion in Example 3, we can verify that Opt(ARC) = −1,
which means Opt(ARC) < Opt(RC). ut

We emphasize that for the next examples, Assumption (v)“Fixed recourse”
does not hold.
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Example 7 (“Convex uncertainty set” in Theorem 2 ) Consider the
problem miny∈Y ζy, where ζ ∈ Z is the uncertain parameter, Z = {−1, 2}
is the uncertainty set, and Y = [−1, 1]. It is clear that all the assumptions of
Theorem 2 hold except (ii)“Convex uncertainty set”. It is straightforward that

Opt(RC) = min
y∈Y

max
ζ∈Z

ζy = min{ min
y∈[0,1]

max
ζ∈Z

ζy, min
y∈[−1,0]

max
ζ∈Z

ζy}

= min{ min
y∈[0,1]

2y, min
y∈[−1,0]

−y}

= 0,

and

Opt(ARC) = max
ζ∈Z

min
y(ζ)∈X

ζy(ζ) = max{min
y∈X

−y,min
y∈X

2y} = max{−1,−2} = −1.

So, Opt(ARC) < Opt(RC). However, if we replace Z with Conv(Z) then
Opt(RC) remains the same but Opt(ARC) becomes zero, which shows that
convexity of Z is crucial to get Opt(ARC) = Opt(RC). ut

Example 8 (“Convex adjustable set” in Theorem 2 ) As a counterexam-
ple for the case that Assumption (iii)“Convex adjustable set” is not satisfied,
we can use the problem in Example 7 with Z = [−1, 2] and Y = {−1, 1}.
Then, Opt(ARC) = 0 < Opt(RC) = 1. ut

Example 9 (“Concavity of functions in ζ” in Theorem 2) Consider the
problem

min − y1 − y2

s.t. ζ2 + (1− ζ)y1 + (1 + ζ)y2 ≤ 3,

|yi| ≤ 3, i = 1, 2,

(39)

where ζ ∈ [−1, 1] is an uncertain parameter, y = (y1, y2) is an adjustable
variable. It is clear that (39) is not concave in ζ, but convex in y1 and y2.
Also, Z = [−1, 1] and Y = {(y1, y2) : |yi| ≤ 3, i = 1, 2} are compact and
convex, and the uncertainty is constraint-wise. The (RC) corresponding to
(39) is as follows:

min − y1 − y2

s.t. max
ζ∈[−1,1]

[
ζ2 + (1− ζ)y1 + (1 + ζ)y2

]
≤ 3,

|yi| ≤ 3 i = 1, 2.

Due to the fact that the maximum value of a convex function over a convex set
is attained at one of the extreme points [3, Theorem 3.4.7], (RC) is equivalent
to the following problem whose optimal objective value is −2,

min − y1 − y2

s.t. y1 ≤ 1,

y2 ≤ 1,

|yi| ≤ 3, i = 1, 2.
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To get an upper bound for Opt(ARC), we choose y1(ζ) = 3
2 (1+ζ) and y2(ζ) =

3
2 (1 − ζ) as a decision rule and it is easy to check feasibility of (y1(ζ), y2(ζ)).
Hence, an upper bound for Opt(ARC) is

max
ζ∈[−1,1]

−y1(ζ)− y2(ζ) = max
ζ∈[−1,1]

−3 = −3.

So, Opt(ARC) ≤ −3 < −2 = Opt(RC). ut

Example 10 (“Convexity of functions in y” in Theorem 2) Consider the
problem

min t

s.t. |y1| ≤ t,
|y2| ≤ t,
− (y1 − ζ1)2 − (y2 − ζ1)2 ≤ −4− 2ζ2

1 ,

− (y1 − ζ2)2 − (y2 − ζ2)2 ≤ −4− 2ζ2
2 ,

|yi| ≤ 5, i = 1, 2,

(40)

where ζ1 ∈ [−1, 2] and ζ2 ∈ [−2, 1] are the uncertain parameters, and y =
(y1, y2) is an adjustable variable. It is easy to check that (40) is concave (and
more precisely it is linear) in the uncertain parameter ζ, and the uncertainty
is constraint-wise. Also, Z = [−1, 2] × [−2, 1] and Y = [−5, 5] × [−5, 5] are
convex and compact. However, the problem is not convex in the adjustable
variable y = (y1, y2). The (RC) corresponding to (40) is equivalent to

min ‖y‖∞
s.t. (y1 + 1)2 + (y2 + 1)2 ≥ 6,

(y1 − 2)2 + (y2 − 2)2 ≥ 12,

(y1 − 2)2 + (y2 + 2)2 ≥ 12,

(y1 + 1)2 + (y2 − 1)2 ≥ 6,

|yi| ≤ 5, i = 1, 2.

(41)

It is easy to verify that the optimal solution is y1 = − 2+
√

14
5 ≈ −1.15 and

y2 = 5+
√

127+6
√

14
5 ≈ 3.44 with the approximated objective value 3.44 for the

problem. We choose

y1(ζ) =

{
−1.7, ζ2 ≤ 0.3
1.6, o.w.

, y2(ζ) =

{
2.2, ζ2 ≤ 0.3
−1.6, o.w.

as a decision rule to find an upper bound for Opt(ARC). The feasibility of
the decision rule can easily be checked and it implies that Opt(ARC) ≤ 2.2 <
3.44 ≈ Opt(RC). ut


