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Abstract

We focus on a class of nonconvex cooperative optimization problems that involve multiple
participants. We study the duality framework and provide geometric and analytic character-
izations of the duality gap. The dual problem is related to a market setting in which each
participant pursues self-interests at a given price of common goods. The duality gap is a form
of price of anarchy. We prove that the nonconvex problem becomes increasingly convex as the
problem scales up in dimension. In other words, the price of anarchy diminishes to zero as the
number of participants grows. We prove the existence of a solution to the dual problem that
is an approximate global optimum and achieves the minimal price of anarchy. We develop a
coordination procedure to identify the solution from the set of all participants’ best responses.
Furthermore, we propose a globally convergent duality-based algorithm that relies on individual
best responses to achieve the approximate social optimum. Convergence and rate of convergence
analysis as well as numerical results are provided.

Keywords: nonconvex optimization, duality gap, price of anarchy, cooperative optimization,
cutting plane method.

1 Introduction

Real-world social and engineering systems often involve a large number of participants with self-
interests. The participants interact with one another by contributing to some common societal
factors. For example, market participants make individual decisions on their consumption or
production of common goods, which aggregate to the overall demand and supply in the market.
As another example, factory owners make decisions about carbon emission, which aggregately
influence the air quality of a city. The city as a whole pays a price for the carbon emissions
generated by individuals. The overall social welfare is the aggregation of individual interests, as
well as the utility or cost associated with the common factors. In this work, we study the social
welfare optimization problem where the individual preferences are not necessarily convex.
Consider the optimization problem:

N N
minimize {F(x) = ZPz(%) +f <Z gi(xi)> } , )
i=1 i=1 (1)
subject to x; € A}, 1=1,...,N,

where p; : R — R, ¢; : R" — RM are functions that describe individual preferences and
impacts on the common goods, f : R — R is the social cost function of the common goods,
X; is a compact subset of ™, and n = vazl n; is the dimension of all decisions. Here IV is the



number of participants, and M is the number of common factors. We focus on the case where
N > M. Throughout this paper, we assume that the social cost function f is convex, p;, g; are
arbitrary continuous functions, and X; are arbitrary compact sets.

Type (1) problems are very common in cooperative optimization for multi-agent intelligence
systems. Cooperative optimization is a critical challenge in practical decentralized systems,
for example, aircraft or vehicle coordination [1,30,32], robot navigation [5,18,22], smart grid
control [3,31], communication and sensor networks [34,35,36]. Such a distributed system often
involves a large number of agents that can communicate with one another subject to network
communication constraints. These agents attempt to collaborate and to reach a global consensus
or maximize a common objective. Meanwhile, each agent is likely to possess a private task
or self-interests. Nonconvexity is inevitable in a majority of these applications. Due to the
nonconvexity, it remains an open question whether the problem is tractable, let alone how to
design efficient algorithms to achieve global coordination.

An important special case of problem (1) is the constrained problem:

N N
minimize Zpi(xi), subject to Zgl(z‘) eA, =zeX, i=1,...,N. (2)

i=1 1=1

It is a special case of problem (1) where f(z) =0if z € A, and f(z) = +oo if x ¢ A. Type (2)
constrained problems find wide applications in resource allocation, where there is a budget on
the total resources.

Let us consider a market setting. Suppose that each participant is charged at a price for
making a negative impact on the public goods. Let u € RM be the price vector. Each participant
selfishly solves its own problem:

x;(p) € argmin {p;(z;) + p"gi(z:) |z € X}, i=1,...,N.

We ask the question:

Is there a fair price vector u* such that the individual best responses (z1(u*),...,zn(p*))
automatically achieve a social optimum, i.e., a global optimum of problem (1)?

In the case where problem (1) is convex, the answer is largely known to be yes. However, there
is no simple answer in the lack of convexity. One may wonder why we care about the nonconvex
case at all. In practical markets, each participant may face multiple alternative actions (discrete
or continuous) to choose from. However, it is likely that the convex combination of two actions
is either infeasible or suboptimal all the time. For example, a manufacturer seeks to reduce
carbon emission by either installing a high-efficiency device or a low-efficiency one. It is likely
that the convex combination of both is always suboptimal, because it requires two lump-sum
payments. Indeed, nonconvexity is ubiquitous.

The price vector is naturally related to the multiplier of an appropriate dual problem. In the
nonconvex case, strong duality fails to hold. There is a positive duality gap between the primal
and dual problems. As a result, there is no guarantee that there exists a fair price at which
social optimum can be automatically achieved via individual best responses. It is possible that,
regardless of the price, the overall welfare is far from the optimal value due to lack of coordination
among participants. We refer to this loss of efficiency as the price of anarchy. Indeed, we will
illustrate with examples that a high price of anarchy is inevitable with neither convexity nor
coordination.

In what follows, we aim to provide an answer to this question by analyzing the nonconvex
duality of problem (1). We will show that the price of anarchy can be bounded by a form of
duality gap between problem (1) and a suitable Fenchel dual problem. In order to quantify the
duality gap, we study the dual geometry of problem (1). We discover that problem (1) exhibits
a curious convexification effect, i.e., the problem becomes increasingly convex as the number of



participants increases. This means that the duality gap can be made arbitrarily small when
the number of participants becomes large. It also suggests that the highly nonconvex problem
(1) can be approximately solved using an efficient duality-based approach. Under reasonable
scaling of the problem, the price of anarchy vanishes to zero.

The convexification effect is due to an intuitive fact from convex geometry: the sum of a
large number of nonconver sets tends to be conver. The first result is the Shapley-Folkman
Lemma, established by the Nobel prize-winning economist Lloyd Shapley [37]. It is used to
derive an upper bound on the distance between the sum of many sets and its convex hull, and
can be viewed as a discrete counterpart to the Lyapunov theorem on non-atomic measures [19].
Many others have looked into the convexification result from the analytical, geometric, and
probabilistic perspective; see [2,13,14, 15,29, 38, 49] for examples. The convexification effect
has been widely studied in mathematical economy and game theory. It is used to show that
central results of convex economic theory are good approximations to large economies with
nonconvexities; see [11,12,17,20, 37, 39, 46] for a selected few of these works. Most of the
existing research focuses on proving the existence of quasi-equilibria in a variety of multi-person
games and analyzing the economic impact.

In contrast to the economic literature, there exist only a handful of works that study the
convexification effect from the optimization perspective. The pioneer work by Ekeland [16]
studied a separable optimization problem:

N N
minimize Zpi(xi), subject to Z gi(xz;) < B, (3)
i=1

i=1

and estimated an upper bound of the Langrangian duality gap. Later, Aubin and Ekeland [4],
Bertsekas [9,10], and Pappalardo [28] considered the same problem and proved sharper bounds
on the duality gap. This idea of small duality gap has been used in spectral management in
signal processing [24,47], as well as in supply chain management [44]. Some earlier works have
an emphasis on integer linear programming with special structures, e.g., [6,43]. In addition,
Lemaréchal and Renaud [23], Bertsekas [8], and Nedi¢h and Asuman [27] have studied the Lan-
grangian duality gap of generic nonconvex optimization from a geometric perspective. A recent
work by Udell and Boyd [41] considers a separable problem with linear equality and inequality
constraint. It proposes a randomized approximation method that minimizes the convex enve-
lope of nonconvex cost functions. Another recent work by Fang et al. [45] in statistical learning
proposes to estimate large sparse graphical models by solving an {y-constrained optimization
problem. It is shown that the duality gap is sufficiently smaller than the statistical error with
high probability.

We note that the nonconvex problem (1) is closely related to integer programming. In fact,
many integer linear programming problems can be seen as special cases of problem (1). An
example is the Knapsack problem given by

min ¢!z, subject to Az <b, x; ={0,1}, i=1,...,n,

where ¢ € R*, A € ™" and b € ™. This can be seen to take the form (1) if we let p;, g;
be linear functions and let X; be sets of discrete values. Although discrete constraint is not our
focus in the current work, we keep in mind that our duality results do apply to these special
cases. In contrast to the integer programming literature, our focus is to find an approximate
solution by leveraging the duality. We are interested in developing algorithms that can be
applied in multi-agent settings.

The main objective of this paper is to study the nonconvex duality of problem (1) from both
the theoretical and algorithmic perspectives. By exploiting the convexification phenomenon of
sums of nonconvex sets, we provide a mathematical characterization of the duality gap between
the nonconvex problem (1) and its dual problem. We show that there exists a solution to



the dual problem that is nearly primal optimal and attains the duality gap. In other words,
there indeed exists a nearly fair price, which is the multiplier, such that the price of anarchy
vanishes to 0 as the market size increases to infinity (assuming that the participants are willing
to cooperate).

From an algorithmic perspective, we propose a coordinative algorithm that dynamically
converges to an approximate global optimum. The algorithm relies on best responses from
individual participants, who are required to optimize their own objective functions given a
price vector/multiplier. The algorithm is based on a dual cutting-plane method and can be
applied in a distributed multi-agent setting. Under mild conditions, it converges to the optimal
multiplier at a rate of O(1/t) even if the dual function is nonsmooth. A key contribution
is the algorithm’s ability in identifying a near-optimal solution by coordinating individuals’
alternative best responses. The coordination is cast into an approximate projection problem,
which is related to finding the extreme point to a particular linear feasibility problem. We
emphasize that coordination is the key to achieving approximate global optimum in nonconvex
optimization. Without coordination, we find examples to show that the price of anarchy can be
disastrously high.

To the best knowledge of the author, this is the first work that identifies the class of nonconvex
problems (1) that bear a diminishing Fenchel duality gap (as the dimension of decision variable
increases). This is also the first work that provides a tractable algorithmic solution to achieve
the diminishing duality gap. It points out the necessity of enforcing coordination in multi-agent
nonconvex optimization. The rest of the paper is summarized as follows:

Outline In Section 2, we introduce the duality framework of the nonconvex problem (1) and
illustrate the geometry of the duality gap. In Section 3, we characterize the duality gap and show
that it can be achieved by a particular solution to the dual problem. In Section 4, we study
how to coordinate multiple best responses from the participants to achieve the approximate
optimum, and we show by counter examples that the lack of coordination may result in an
arbitrary high price of anarchy. In Section 5, we propose a coordinative algorithm that is based
on individual best responses and show that it converges to the approximate global optimum at
a favorable rate. In Section 6, we conduct numerical experiments, and in Section 7, we draw
conclusions.

Notation All vectors are considered as column vectors. For a vector z € R", we denote by
27 its transpose, and denote by ||z|| = V&7 its Euclidean norm. For two sequences {ay}, {bx},
we denote by ap, = O(by) if there exists ¢ > 0 such that ||ax|| < c||bg]| for all k, and we denote
by ar — a if limg_, o ar = a. For a function f(z), we denote by V f(z) its gradient at x if
f is differentiable, and denote by Jf(z) its subdifferential (the set of subgradients) at = if f
is nondifferentiable. For convenience, we denote by Vf () a particular subgradient of f at z,
which will be specified in the context. For a set A, we denote by conv(.A) its convex hull, i.e.,
the set of all convex combinations of points in A, and we denote by |A| its cardinality. For two
sets A and B, we denote by A/B the set of their difference A/B = AN B¢, and we denote by
A + B their Minkowski sum (also known as vector sum), i.e., A+ B ={a+b|a€ Abe B}.
We denote by X the Cartesian product X = &; x -+ X X, so the constraint of problem (1)
can be written compactly as x € X.

2 Primal and Dual Problems

In this section, we introduce the duality framework for the nonconvex optimization problem (1).
We also illustrate the geometric intuition of our analysis. Let f* be the convex conjugate of the



function f, which is defined as f*(u) = sup,cpm uTy — f(y). By using the convexity of f, we

also have f(y) = sup,cqpum wly — ().
In order to leverage the separability with respect to z1,. .., 2y, we rewrite problem (1) using
the Fenchel representation as

N N
min{Zm-(xi) + sup {—f*(u) +uTZgz-<rfi>}}~ (P)
TEX | T peERM i—
=1 i=1
which we refer to as the primal problem. We define the dual problem as the problem obtained
by exchanging the “min” and “sup”:
N
sup § —f* () + > min {pTgi(z) + pi(z; . D)
peERM { ( ) ;zGX{ )} (

We let L(z, ) be the Lagrangian function

N N
L, ) = =f* () + 1"y giw:) + Y pilaa),
i=1 i=1

which is decomposable with respect to 1, ..., xy. The primal function F(z) can be represented
using the Lagrangian function as

N N
F(z) = sup L(z,p) = sup —f*(u) +p" Y gi(w:) + > pi(x:).
HERM nERM i=1 i=1

Similarly, we define the dual function as
N
— 3 — __f* ] T . . . .
Qu) = min Lz, p) = —f*(n) + ;xﬁlelg {u" gi(z:) + pi(a;) } .

We denote by F* and Q* the optimal values of problems (P) and (D), respectively. They satisfy

A e e

By using the weak duality (see [33]), we have
F* > Q"

In earlier literatures, the nonnegative difference F* — Q* is often referred to as the duality gap
of problem (1); see [7] for an example. We argue that this notion of duality gap is not useful
enough. The difference between two optimal values does not quantify how the optimal solution
to the dual problem performs in the primal problem.

We need a different notion of duality gap. Let us consider an optimal multiplier p* to the
dual problem, which satisfies p* € argmax Q(u). We let & = (&1,...,%Zx) be a corresponding
optimal solution to the dual problem. It consists of individual best responses to the multiplier
wie, fori=1,... N,

#; € argmin {p;(z;) + " gi(z:) | 25 € X}

In lack of convexity, the dual solution & is often a suboptimal solution to the primal problem.
We are interested in the positive difference F(%)— F*, which is exactly the loss of total efficiency



by applying & to the primal objective. Note that even if the optimal multiplier p* is unique,
there may exist multiple choices of &; that are best responses to u* for the i-th participant.
Due to the nonconvex nature of p; and g;, the set of such best responses is also nonconvex. We
define the duality gap to be the minimal loss of efficiency given by

minimize F (&) — F*
subject to &; € argmin {pi(xi) + 1 T gi(z) |z e X} , (4)
i=1,...,N.

F(z) - F*
If we interpret pu* as the price vector of common goods, the normalized duality gap %
can be viewed as the minimal price of anarchy under price p*.

Let us try to understand the nonconvexity of problem (1) and its duality gap from a geometric
point of view. Related earlier works include [8,23,27], which have focused on the Lagrangian

duality. We define W; ¢ RM*! i =1,..., N, to be the set
Wi ={(z,9) | F2; € X2 2 > pilwi), y = g(@:)}-

If p;, X; are convex and g; is linear, the set W; is convex; otherwise W; is not necessarily convex.
The set W; provides a joint characterization of the functions (p;, g;) and the set X;. Moreover,
the set W; provides an invariant representation of the ith participant’s interest under change of
variables. In subsequent analyses, we will use the convexity gap of Wy, ..., Wx as a metric of
the lack of convexity of problem (1).

We define W to be the Minkowski sum of the sets Wy, ..., Wy given by

N
W:W1+~-~+WN:{ZwZ-

i=1

w¢€Wi7i:1,...,N}.

Equivalently, we have

N N
W= {(Zay) ‘ 3336XﬁZZZpi(xi)’yzzgi(xi)’iz17~-~,N}~
i=1 i=1

Since X is compact and p;, g; are continuous, we can verify that Wy, ..., Wy, W are nonempty
and compact.

Next we show that the primal problem (P) and the dual problem (D) can be represented
using the set W and its convex hull conv(W), respectively. By using the definition of W, we see
that the primal problem (P) is equivalent to

F* = mi LT w — f* (). 5
3&%;‘;‘}4[’“]” f(w) (5)

Similarly, we can rewrite the dual problem (D) as

* : 1’ T ok .
Q ,f;;&fé%[ ptlw = f*(p)

Note that minimizing a linear function over a closed set is equivalent to minimizing over the
convex hull. Therefore, we can replace W with its convex hull and apply the minimax theorem
to obtain

Q"= sup min [1,uTw— f* ()
peERM weconv(W)

(6)
= min sup [1, pFw — f*(p).
weconv(W) UERM [ ’ ] f (,U)

6



Now let us compare Eq. (5) and Eq. (6). Clearly, the dual problem can be viewed as a convexified
version of the primal problem. It is the set W that is convexified in the dual problem, instead of
the nonconvex function p;, g; and sets X;. We emphasize that the dual problem is not obtained
by replacing nonconvex functions in problem (1) with their convex envelops.

’
1
1
1
!
1
|

Figure 1: Ilustration of the sums of nonconvex sets. On the left side, we plot four 2-point sets Wy, ..., Wiy,
their sum W; + --- + Wy, and the convex hulls of them. On the right side, we plot nine 2-point sets
Wi, ..., Wy, their sum W; + --- + Wy, and the convex hulls of them. The convexity gap reduces as the
number of sets increases.

The nonconvexity of the primal problem comes from the nonconvexity of the set W. This
implies that the duality gap between problems (P) and (D) can be estimated using the noncon-
vexity of W. An important observation is that Y is the sum of many sets W = Wy +-- -+ Wh.
So the convexification phenomenon occurs (see Figure 1 for an illustration). When N is a large
number, we can show that the set W does not differ much from its convex hull conv(W). This is
the geometric motivation for our analysis on duality gap. In the rest of paper, we will leverage
the duality framework and quantify the convexity gap of WW. Then we will be able to provide
a complete mathematical characterization of the duality gap, and to show that the duality gap
reduces to zero as the nonconvex problem scales up.

3 Bounding the Price of Anarchy by Duality Gap

We develop our main theoretical results in this section. First, we review some preliminaries
about the convexity gap and the convexification of sums of sets. Second, we show that the
primal optimality condition can be approximately satisfied by a solution to the dual problem.
Then we derive upper bounds of the duality gap in two cases: the case with smooth penalty and
the case with hard constraint. The minimal duality gap is achieved by a particular solution to
the dual problem. Lastly, we study the asymptotic price of anarchy of the nonconvex problem
under various scaling schemes.

3.1 Preliminaries

We state the Shapley-Folkman lemma which was first proved in [37]. It implies that the sum of
many nonconvex sets does not differ much from its convex hull. To illustrate the key idea, we
provide a simplified proof based on linear programming.

Lemma 1 (Shapley-Folkman lemma) Let Sy,...,S, C R™, and let © € conv(Sy + -+ + Sp).
There exists x1,..,xn and T C {1,...,n} such that x = x1 + -+ x,, and |Z| < m with

TS Veonv(Xy) /X, ifi e T



Proof. We start with the case where &1 + - -+ + &, is a finite set, which implies that each S; is
also a finite set.
We let A® be the matrix whose columns are equal to vectors in S;, and let e(? be the unit

vector whose dimension is equal to the column dimension of A, where i = 1,...,n. Consider
the following linear feasibility problem for variables z(9) i =1,...,n,
ZA(”Z(” =z, D:0=1 :D>0 i=1,...n (7)
=1

We see that (7) takes the standard form of linear programming and has m + n equalities (m
from the row dimension of A(%)). We claim that there exists at least one feasible solution. Since
x € conv(Sy + -+ -+ 8y,), there exists A1, ..., A\, such that

m

n
T = Z Aj (Z xij> , where x;; € S;,
j=1 i=1

and Z;nzl Aj=1LX >0, foralli=1,...,n,5 =1,...,m. We let 2(") be the vector whose
entry takes value A; when the corresponding column in AW is equal to x;; and takes value zero
otherwise. We can verify that the constructed solution (z1),..., 2(") is a feasible solution to

(7).

Because (7) is feasible and has m+n equality constraints, there exists a basic feasible solution

z = (zM,...,20) to (7) with at most m + n nonzero elements (see [42]). According to the
constraint e(?z() = 1,200 > 0, each 2" has at least one nonzero element. This implies that
z = (z(l), .. .,z(")) has at most m components z(*) with more than one nonzero entries. We

take z; = AW 2 for each i, and Z = {i | ||2?|o > 1}. Clearly, we have x; € X; if i ¢ Z and
x; € conv(X;)/X; if i € Z. Moreover, the cardinality of the set Z is at most m.

Finally, we consider the general case where §1+---+&,, is an infinite set. By Carathéodory’s
theorem, any point z € conv(S; + -+ + S,,) can be represented by the convex combination of
at most m points in §; + - -+ +S,,. Then it is sufficient to focus on the remaining m points and
apply the preceding analysis. |

The Shapley-Folkman lemma implies that any point in conv(S; + -+ -+ S,,) can be approxi-
mated by a point in S; 4 -+ 5,. In order to quantify the precision of approximation, we need
a notion of convexity gap for sets. Let S be an arbitrary set. A notion convexity gap of S is
defined as

p(S) = sup{llz =yl | Az + (1= )y € conv(8)/S, YA € [0, 1]},

which is the length of the longest line segment that lies in conv(S)/S.

Let us focus on the optimization problem (1). In order to prove tight duality gap results, we
need to customize the notion of convexity gap to our problem. Let

pp(Wi) = sup{|lz1 — zaf| | A(21,91) + (1 — A)(22,92) € conv(W;)/W;,V X € [0,1]},
and
pgWi) = sup{lly1 — y2|l | A(z1,91) + (1 — A)(22, y2) € conv(WV;)/W;, ¥ A € [0,1]}.

They can be viewed as partial convexity gaps of set W; with respect to the preference and impact
functions p; and g;, respectively. We easily see that p,(W;) < p(W;) and py(W;) < p(W;) for
alli=1,..., N. We further define

0g = max p,(Wi),  0p= max pp(Wi).



They are the maximal nonconvex gaps of sets Wi, ..., Wy, with respect to the impact and
preference, respectively. They will be used frequently in subsequent analyses.

We say a convex function f is S-strongly smooth if it is continuously differentiable and
satisfies for all z,y that

p
fly) < fla) + V@) (y— o)+ Sly = x|
We say [ is o-strongly convez if for all 2,y and ~ € [0, 1] that

VF@) + (L= f(y) > FOe + 1 =7)y) + 371 = )lly - 2l

and if in addition f is differentiable, we have for all x,y that
o
F) = f(2) + V@) (v = 2) + Slly — =l
The next lemma states the duality between strong convexity and strong smoothness, which has

been proved in [21] (see Theorem 6).

Lemma 2 Assume that f is a closed and convex function. Then f is B-strongly smooth if and
only if its convexr conjugate f* is 1/B-strongly convex.

In addition, we need the following lemma that characterizes the subdifferential of the dual
function.

Lemma 3 The subdifferential of the dual function is

N
9Q(p) = conv { > gi(zi) —y ‘ x e X*(n)y € 8f*(u)} :
=1

where

N N
X" (1) = argmin {W (me) ~ P+ Y o) | w e X} .

Proof. We have Q) = —f*() + mingex {n7 S, gilws) + I, palw) p. Since Q) is
the pointwise maximum of multiple convex functions, its subdifferential is the convex hull of all

subgradients of functions that are currently active. |

3.2 Main Results on Duality Gap

Our first main result establishes the existence of a “reasonable” solution to the dual problem.
We show that one can construct a solution & to the dual problem such that the strong duality
condition is approximately achieved, i.e.,

& € argmin L(x, u*), @ML(Q':,M*) ~ 0.
This implies that Z is an approximate saddle point of the Lagrangian function.

Theorem 1 (Near-Optimality Condition) Suppose there exists an optimal dual multiplier
p* to problem (D). Then there exists a solution & to the dual problem (D) and a subgradient
VI (p*) € 0f*(1*) such that

N
HN@f*(M*) =Y gi(d)

i=1

< Mo, ()T (N@f*w*) - ngom) <Ms,. (8



Proof. Let i* be an optimal multiplier to the dual problem (D), i.e., u* € argmax Q(u). Define
X* to be the set of optimal solutions to the dual problem given by

§ N N
A" = argmin {(u*)T <Zgi(wi)> =)+ Zpi(xi)}
i=1 i=1

reX

Since the Langrangian function is decomposable with respect to 1, ..., zy, we can rewrite X'*
as the Cartesian product of many simpler sets, X'* = vazl X/, where we define

;= argmin {(u)g:(w:) + pi(a:)}

Since &; is compact and g;, p; are continuous functions, the set /’\V,’Z-* is nonempty and compact
(but not necessarily convex).

By using the definition of p* and the concavity of Q(u), we have 0 € 9Q(u*). Then, by
applying Lemma 3, we obtain

N
0 € 0Q(u*) = conv { > gilzi) —y ] zeX*ye Bf*(u*)} :
i=1
Since Of* is convex, it follows that there exists a subgradient V f*(u*) € 8f*(u*) such that
) N
NV f*(pu*) € conv {ZQz(%) ‘ x € )E*}
i=1

N
= conv{Zgi(xi) ) x; € X i = 1,...,N}
i=1
=conv{Gi +---+Gn},
where we define .
Gi={gi(wi) |z € X7}, i=1,...,N.
By using the Shapley-Folkman Lemma 1, there exists y1,...,yn such that

NV (i) =y + - +yw,

where among y1,...,yn, at most M out of them satisfy y; € conv(G;)/G; and the rest satisfy
Yi € Gi. §
Now let us construct a solution & € X* that satisfies Eq. (8). The construction is index by
index. There are two cases:
e Consider an index i € {1,..., N} such that y; € G;, we take &; € X and z; € R to be
such that
Yi = 9i(4), zi = pi(Zi).
This case happens at least N — M times.

e Consider an index i € {1,..., N} such that y; € conv(G;)/G;. We let 2; be such that
(zi,yi) € convW;) /Wi, where W; = {(p;(z), g;(x)) | © € X}. Then we take &; to be

Z; € argmin |ly; — gi(mi)||2, 9)
ﬂfie/?i*

so g;(#;) and y; form a line segment in conv(G;)/G;. Such Z; exists because )E; is
nonempty and compact and g¢;, p; are continuous. We see that the two points (z;,y;) and

10



(9i(%:),pi(2;)) form a line segment in conv(W;)/W;. We claim that these two points also
form a line segment in conv(W;)/W;. If it is not true, there would exist another Z; € X;
such that (p;(£;),9:(2;)) lies on the line segment between (z;,y;) and (g;(&;), pi(Z:)).
Such a point &; is also a minimizer of (u*)”g;(2;) + pi(x;). So we have &; € X and
(pi(2:), 9i(2:)) € Wi, which conflicts with the fact that ((z;, ), (g:(2:), pi(2:))) is a line
segment outside W;. Therefore, the two points (z;,y;) and (g;(%;), pi(#;)) form a line
segment in conv(W;)/W;. By using the definition of convexity gap, we have

lyi = g(Z)l < pgWi), Nz = pi(@)[| < pp(Wi).-
This case happens at most M times.
So far we have constructed a solution # € X* to the dual problem (D). We can show that

N

N
INVF* () =D gi@)ll = llya + - +yn — Zgi(ii)ll

i=1
<y —g@)I+ -+ llyy — g(@n)]l
<M ;
R Ps(W:)

= M5,

By using the definition of X;* and Wi = {(gi(x),pi(2)) | = € ?E’i*}v, we see that w T g(ax) + p(y)
takes constant value for all z; € X*. Since (z;,y;) € conv(W;)/W; and &; € X}*, we have

We use the preceding equality and obtain that

N
()" (N@f*m*) - Zgi@))

I
=,
e

N
‘MZ
<

|
M=
N
e

~

Theorem 1 shows that the near-optimality condition (8) can be achieved by constructing a
particular solution Z to the dual problem. We remark that the construction can be simplified to
achieve a slightly relaxed error bound. For ¢ € {1,..., N} such that z; € conv(G;)/G;, we may
omit the nonconvex projection step (9) and choose an arbitrary best response &; € )Ei* instead.
As a result, we obtain a slightly relaxed near-optimality condition:

N

< Myg, ()" (N@f*(u*) - Zm(h)) < My, (10)

i=1

N
HN€f*(M*) - Zgi(i‘i)

where 7, and ~, are the maximum radiuses of the sets {g;(z) | z € &;} and {p;(z) | = € A;},
respectively. The relaxed bound uses the maximum radiuses of the sets Wy, ..., Wy rather
than the maximum convexity gap. In the case where p;, g;, X; are uniformly bounded across all
participants, the relaxed condition (10) has a similar asymptotic property as the one given in
Theorem 1. If we normalize the error bounds by 1/F* = O(1/N), both error bounds diminish
to zero as N/M — oo.
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By leveraging the convexification phenomenon, Theorem 1 states that although there does
not exist x € AX* such that @HL(QU,M*) = 0, there exists a solution # € X* such that
@NL(f,,u*) ~ 0. In other words, it is possible to find some % such that strong duality is
“nearly” satisfied. In what follows, we will use this fact to show that & is indeed an approximate
optimum to the primal problem. Our first duality gap result concerns the case where the penalty
function f is sufficiently smooth.

Theorem 2 (Duality Gap of Smooth Penalized Problems) Let f be 5-strongly smooth.
Then there exists a solution & to problem (D) that is a nearly optimal solution to problem (1)
such that

F* < F(&) < F* + 28 (M3,)*.

Proof. Given that f is 8-strongly smooth, we use the duality between conjugate functions and
obtain that f* is %-strongly convex (see Lemma 2). The dual function Q(g) is the infimum of

multiple %—strongly concave functions, therefore it is also %—strongly concave. It follows that
there exists at least one optimal multiplier u* € argmin Q(u). We apply Theorem 1 and obtain

that there exists a solution & to problem (D) such that HN@f*(ﬂ*) . Zfil 9i(Z5)

where Vf*(u*) is a subgradient of f* at p*.
In what follows, we show that & satisfies the duality gap stated in the theorem. We apply &
to the primal problem (1) and obtain

Fi:ipzxz—i—sup{ (Zm%) *)}

=1 peERM

< Ms,,

We also apply & to the dual problem (D) and obtain

Q"= pil@) + (u (ng> F ().

Next, we compare the values of F (&) and Q*.
Let us define the function A(-) and its maximizer fi to be

N
g (Z%(@)) — (), ft = argmax h(p).

UERM

We can see that F(z) — Q* = h(t) — h(p*) and Z v 9i(#) = VF*(u*) € dh(u*). On one hand,
by using the concavity of h, we have

N T
(i) = h(p") < <Zgi(3‘:i) - @f*(u*)> (i —

By applying Theorem 1, we obtain that h(f) — h(p*) < Myl — p*||. On the other hand, by
using the 1/8-strong convexity of f* and —h and using the optimality of ji, we further obtain
h(ix) — h(u*) > ﬁH/} — p*||?. Combining the preceding two relations, we obtain || — pu*|| <
28Mdg4. As a result, we have

(&) = V()| A= p]-

F(&) — Q" = h(f) — h(y*) < Mdy||i — p*|| < 28(Ms,)*.

Finally, by using the weak duality, we have F(&) — F* < F(&) — Q* < 2 (M(Sg)2 . [ |

12



Next, we focus on the constrained version of problem (1) given by

N N
minimize Zpi(xiL subject to Zgz(xz) cA, xz;€Xx, i=1,...,N. (11)
i=1 i=1

Problem (11) can be viewed as a special case of problem (1) by letting f(-) be the indicator
function of the set A, i.e.,
0 € A,
fly) = { v

+oo y ¢ A

When A is convex and nonempty, the convex conjugate of f and its subdifferential is

f*(w)y=suppy,  Of(n) = argmax p'y.
yeA yeA

It is easy to see that 0f*(u) C A for all u. We have the following duality gap results.

Theorem 3 (Duality Gap of Constrained Problems) Assume that A is a conver set and

there exists x € X such that Zivzl gi(x;) is an interior point of A. Then there exists a dual
solution & to problem (D) that is a nearly feasible optimal solution to problem (11) such that

N
> gil#) € A+ B0, M5,),  F*< sz ) < F* + Mé,,

i=1

where B(0, €) denotes the closed ball centered at 0 with radius €.

Proof. We claim that there exists at least one optimal multiplier to the dual problem. Since the
primal problem is feasible, we have F* < co. By using the weak duality, we have Q* < F* < oo.
Since there is at least one p such that Q(u) > —oo, we obtain that Q* is a finite value. Then
there exists a sequence {ux} such that limg_ o, Q(ur) = Q*. We assume to the contrary that
{pr} is unbounded. Let {”Z—’;H} be the projections of {u} on the unit ball, so it has at least one

convergent subsequence. We assume without loss of generality that {”ﬁ :H} converges to some
vector d on the unit ball.

Let A be a compact subset of A that contains some Zf\il gi(x;), where x € X, as an interior
point. On one hand, we have

N

i Q) e D S i )+(( K d)+d>T(ZNj (i)
im = lim inf —— i(Ti TP i\Ti) =
B Tl 27 =*

k—oo ||| Il |
1 N 1 T N
< lim inf pi<xi>+(< ‘ —d>+d) (> gles) -
koo zeX yed ||| ; |2 ;

N
= inf 7dT(Zgi(1'i)_y),
i=1

zeX,yc A

where the inequality uses the fact A C A, and last equality uses the boundedness of va 1 pz(xl)
and Zf\il gi(x;) — y over the compact set {z € X,y € A} and the facts ”# 7+ 0and Hukll

d | 0. On the other hand, we have limg_, ., H,(f’ﬂ) = 0 because Q(,uk) — @Q*. Now we have

inf, ey yeqd ( Zi:l gi(x;) —y) > 0. By using the interior point feasibility condition, we know

that (vazl gi(z;) —y) can take arbitrary value in a small open ball centered at the origin. This
implies that d = 0, which contradicts the fact that d is on the boundary of the unit ball. As a
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result, {ug} is a bounded sequence so it has at least one limit point p* attaining the optimal
dual value Q*.

Now that there exists an optimal multiplier y*, we may apply Theorem 1. It follows that
there exists & € X*, a best response solution to x*, such that

(1 )(NVf }j%x{)<M&7 N (") §)hz < Ms,  (12)

where V J*(u*) is a subgradient of f*. Now it remains to show that # is nearly feasible-optimal.
First, we prove the near-feasibility. Note that V f*(u*) € A by using the property of f*. So
we apply Eq. (12) and obtain

N

3 gil@i) € A+ B0, Mp,).

i=1

Second, we prove the nqar—optirnality Note that since f is the indicator function of A, we have
f*(p) = sup, yTp and Vf*(u*) € argmax yT p*, therefore
cA

Fr) = )TV ().

By applying the preceding equality and the inequality (12), we have
N
Q" = pil@)+ (Zma)f*)
i=1
N ~
= pildE) + ()" (Zgz-(fci) — Vf*(u*))
; i=1

Finally, we apply the weak duality and obtain ZZ 10i(Z:) < QF + Moy, < F* + M§,. |

We remark that the feasibility violation is often inevitable. When the radius of A is smaller
than the duality gap, there is no guarantee that the constructed dual solution lies in the small
feasible set. When A is sufficiently large, we may consider a modified problem in which the A
is replaced with its subset. We let A, be a subset set such that A, + B(0,¢€) C A, and solve the
new problem instead. By choosing € to be the duality gap and applying Theorem 3, we can show
that the dual solution to the modified problem is a feasible solution to the original problem.

3.3 Asymptotic Price of Anarchy

We analyze the asymptotic price of anarchy as the cooperative optimization problem (1) scales
up. Take the penalty case, for example, and let the smoothness parameter § be a fixed constant
value. We need additional assumption on the asymptotic behavior of the optimal value F*. A
reasonable assumption is that Ef\il pi(x;) and Zf\il gi(x;) scale up on the order of O(N), thus
there exists ¢ > 0 such that

14



Suppose that the functions p;, g; are uniformly bounded across all participants as the number
of participants N increases. In this case, the maximum nonconvexity gaps d,,d, remain bounded
as IV increases. The price of anarchy satisfies

F(z)—F* BM?
— 7 << e — .
I _O<N—|—BN2 — 0, as N/M — oo

Suppose that the preference of the participants are drawn independently from an unbounded
distribution. Under some distributional assumptions, we conjecture that the maximum convex-
ity gaps satisfy 0, = O(log N) and ¢, = O(log N) with high probability. Then we can show

that § X )
p F(i)-F <0 BM=log N
F* N + N2

The vanishing price of anarchy essentially requires that N/M — oo, i.e., the number of par-
ticipants be substantially larger than the number of common factors. In contrast, if N and M
are on the same order, the convexification effect becomes very minor, resulting in a potentially
unbounded price of anarchy.

We have performed numerical experiments on the asymptotic price of anarchy. In Section
6, we present numerical results on randomly generated instances of problem (1). We compute
and plot the samples of price of anarchy in Figure 3. The observed mean price of anarchy is
inversely related to the number N, where M, 8 are kept constant. This validates our theory. To
summarize, the price of anarchy asymptotically converges to zero as the multi-agent problem
scales up in proper ways. As long as the number of participants is much larger than the number
of common goods, there exists a fair price that achieves a nearly zero price of anarchy.

))—)1, as N?/(M?1log N) — oo.

4 The Role of Coordination

In this section, we aim to understand the role of coordination among multiple participants.
From the computational perspective, we study how to find an approximate optimum & when
the optimal multiplier x* is known. Identifying such a solution out of many best responses can be
viewed as coordinating the participants in a central manner. We discover that the coordination
problem is essentially an approximate projection problem. Moreover, we show how to solve
it by constructing a linear feasibility problem and finding an extreme point solution. We use
examples to illustrate the necessity of coordination, without which the price of anarchy can be
disastrously high.

4.1 Finding the Approximate Global Optimum When p* Is Given

We have proved the existence of a solution to the dual problem & € X* that is nearly primal
optimal. However, the set of all solutions to the dual problem X* may contain as many as
O(2V) number of solutions, each of them being a best response to the multiplier z*. Now we
consider how to identify a good solution & out of the many candidates in X*. In other words,
we need a coordination mechanism to select a decision #; for each participant 7 from its best
responses.

Suppose that the optimal multiplier p* is given; the remaining problem is to find a solution &
that satisfies the duality gap inequalities given in the former theory. Identifying an approximate
optimum is equivalent to finding a point & € X* and a subgradient Vf*(u*) € df*(u*) such

that
N

ViL(@p) =) _gi(#:) = V(1) = 0.

i=1
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This can be viewed as a projection problem, in which we try to find y € Zf\;l{gi (z;) | z; € X}
such that the distance between y and the subdifferential 0f(x*) is minimized.
Consider a more general nonconvex projection problem. Suppose that we are given the sets

Vi,...,Yn and S. The projection problem is
minimize || — (y1 + -+ + yn)|| (13)
subject to g € S,y1 € V1,..., YN € YN.

In Algorithm 1, we develop a computational method to approximately solve problem (13). It
has three steps: solving a quadratic optimization problem, finding the extreme point solution to
a linear feasibility problem, and recovering the approximate projection from the extreme point.

Algorithm 1 Approximate Projection onto Sums of Nonconvex Sets

Input: Vi,.... YN, S
1: Let A® be the matrix consisting of column vectors in Vs, i = 1,..., N.

2: The first step is to let

N
b* € argmin b— AW )12
o {u > 4.0

N
E:Awgn:b,@mygnzl,gnzo},

i=1
where e( is the vector with all 1’s whose dimension is equal to the column dimension of A®.
3: The second step is to find a basic feasible solution z to the linear feasibility problem

N
ZA(’L)Z(Z) — b*’ (e(l))TZ(’L) = 17 Z(’L) Z 07 ’L = ]_, .« 7.Z\[.
i=1

4: The third step is to let

argmin ||y — A®2()||  otherwise.

A® () if 2() is an integer vector,
Yi
yeY;

Output: y = (y1,...,yn)

Next we show that Algorithm 1 indeed finds an approximate solution to the projection
problem (13). Furthermore, we can apply the algorithm to the optimization problem (1) as a
coordination procedure. When the optimal multiplier p* is given, we can use Algorithm 1 to
identify a solution & that achieves the small duality gap.

Theorem 4 (a) Let Y1,...,Yn be nonconvez sets and let S be convex. Then the vector y =
(y1,...,yn) generated by Algorithm 1 satisfies

min ||y — + -+ < min y—vyl|l+ M max RYZ;
min 1y — (1 Yn)ll < sesyecontB ) g —yll jax p(Vi)

< i y— M ).
- @esyye%ilﬂw+yn 5=yl + i:I{l,?.{;N p(Yi)

(b) Under the assumptions of Theorem 2 or 3, let y be generated by Algorithm 1 with input
({gr(e1) |z € A} {gn(an) [ an € X3} OF* (1))

and let & be such that g;(Z;) = §; for i = 1,...,N. Then & is an approximate opltimum to
problem (1) that satisfies the inequalities given by Theorem 2 or 8.
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Proof. (a) According to the first step, b* € S achieves the minimal distance between S and
Zfil conv();). Let § be the projection of b* on Zf\il conv();). By following an analysis
similar to that of Lemma 1 and Theorem 1, we see that the second and third steps gen-
erate y such that |ly — b*| < |7 — b*[| + M max,—1_np(Yi) = dist(S, 2N, conv(I)) +
Mmax;—1, .~ p(Yi) < dist(S,conv(Ziil Vi) + M max;—1, .~ p(Yi), where the last inequal-
ity is due to the fact vazl Y C conv(zf\il Vi) C vazl conv ().

(b) It follows from part (a) that the constructed solution & satisfies the approximate optimality
condition (8). Then the analysis of Theorem 2 and 3 follow directly. |

Let us comment on the implementation and computational complexity of Algorithm 1. We
suppose that );,..., Yy are finite sets. When they are not, we need to use finite discretization
as an approximation. In the first step, computing b* requires solving a least square problem over
linear inequality and convex constraints. This can be solved efficiently using convex optimization
solvers. When we apply Algorithm 1 to the coordinative optimization problem, we have & =
Of*(p*). If f is a strictly convex function, the conjugate function f* is differentiable. Then we
can omit this step and simply take b* to be the unique gradient V f*(u*).

In the second step, we need to find a basic feasible solution to a linear programming problem.
To do this, one approach is to apply the simplex method and directly obtain an optimal basic
feasible solution. Another approach is to apply the interior point algorithm [26] that finds a
basic feasible solution to any linear programming problem in polynomial time.

In the third step, we need to perform nonconvex projection argmin [jy — A® 2| for at most

yeYi
M times. This step can be skipped if we are willing to relax the bounds. In particular, we can
skip it and simply choose arbitrary y; € V; if 2() is not an integer solution. Then we obtain
analogous results where the maximal convexity gap is replaced with the maximal radius. When
applying it to the coordinative optimization, we obtain duality gap results similar to that of
Theorems 2 and 3 with d,,d, replaced by 7., v4. In this way, the constructed solution is still an
approximate optimum and the asymptotic price of anarchy remains on the same order.

We have presented a computational method for finding an approximate optimum out of
many best response solutions, as long as p*, X* are given. It involves examining all candidate
best responses in a central manner. The key step is to find an extreme point solution to a linear
feasibility problem. It can be viewed as a form of coordination that selects a solution for each
user in order to optimize the overall objective.

4.2 Price of Anarchy Without Coordination

Recall that our main motivation is to answer the question: Is there a fair price p such that a
global social optimum can be attained, as long as each participant reacts optimally to his own
problem? So far, we have shown the dual optimal multiplier p* acts as a “nearly fair” price
vector. We have shown the existence of a solution & = (Z1,...,4x) to the dual problem that is
nearly primal optimal. Such a solution & consists of individual best responses to the nearly fair
price p*. As the number of participants increases, the normalized duality gap vanishes to zero,
implying that the dual solution becomes asymptotically primal optimal. This provides a partial
answer to the question raised earlier.

Due to the lack of convexity, individual users may have multiple optimal actions to choose
from even if they face the fair price p*. Any combination of individual decisions constitutes an
optimal solution to the dual problem - there are many of them. It is not enough to know that
one out of the large number of solutions achieves the small duality gap. We are also interested
in how other solutions perform. Let us consider two simple examples.

Example 1 (Efficiency loss without coordination) Consider the unconstrained optimiza-
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tion problem:
min (1 + -+ ay)’ 4|27 =1+ + 2% - 1)
L1,y TN

The optimal multiplier to the dual problem is p¢* = 0 and the corresponding solution sets are
)Ei* = {—1,1}. Each user is indifferent between two equally optimal decisions —1 and 1. In the
case without coordination, the objective value can be as large as O(IN?) while the optimal value
is 1 if V is odd. In this case, without coordinating x1,...,xy to achieve the duality gap, the
worst-case price of anarchy can be as large as O(N?) and increases to infinity as N increases.

Example 2 (Violation of feasibility without coordination) Consider the constrained op-
timization problem:

min [ — 1] + -+ + |23 — 1 (14)

subject to |z1 + -+ +an| < N/2.
Similar to the earlier example, the optimal multiplier to the dual problem is pu* = 0 and the
corresponding solution sets are X = {—1,1}. Again, each user is indifferent between two
optimal decisions —1 and 1. Without coordination, the worst-case constraint violation can be
as large as N/2. In this case, the price of anarchy does not improve as N increases.

As demonstrated in the examples, the price of anarchy can be far greater than the small
normalized duality gap, if we let users choose their best responses arbitrarily. Although there
exists a nearly optimal solution & consisting of best responses to p*, there is no guarantee
to reach it without any coordination. Without convexity, a fully autonomous system will not
work to its best. In short, coordination is critical to the success of cooperative nonconvex
optimization.

5 Dynamic Convergence to Approximate Social Optimum

In this section, we show how to achieve the approximate social optimum to problem (1) via a
duality-based method. The method relies on best responses from individual participants. Even
without convexity, the dynamic convergence to an approximate optimum can still be achieved,
as long as the participants are cooperative and a central decision maker properly coordinates
the individuals’ behaviors. We provide a rigorous convergence and rate of convergence analysis,
and we comment on the algorithm’s complexity.

5.1 A Coordinative Best Response Algorithm

We propose a distributed coordinative algorithm for solving problem (1). The algorithm is
based on a cutting plane method applied to the dual problem max, @Q(x). It is known that
the cutting plane method works for the dual problem, because Q(:) is concave, regardless of
the nonconvexity of the primal problem. However, even if an optimal multiplier p* is known,
arbitrary best responses from individual participants may result in a high price of anarchy. This
requires the algorithm to coordinate the participants in order to achieve an approximate social
optimum. The coordination feature makes the proposed algorithm different from the traditional
cutting plane method for convex optimization.

We present the coordinative dual algorithm in Algorithm 2. For simplicity, we use (-, ) to
denote the inner product between two vectors, and we use e-argmin, f(z) to denote the set
{z| f(z) <inf, f(2) +€}.

Algorithm 2 involves a central decision maker that coordinates the behaviors of multiple par-
ticipants. In each iteration, the coordinator updates the multiplier and an upper approximation
of the dual function. Moreover, the coordinator collects the sets of selfish best responses from
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Algorithm 2 Distributed Coordinative Nonconvex Optimization via Dual Cutting Plane

Input: 1 e RM Re R, eR.
1: repeat

2:

9:
10:
11:

Given the price vector u!, each participant i = 1,..., N finds a best response
x; € argmin{p;(z;) + (', gi(2:)) | z; € X}

Update the approximate dual problem by

Que1(p) = min { (1, g*) + 5" = (1) }

i
k<t
_ N — N
where p' = 3.0 pi(27), 9" = 3,5 gil)).
Set the new test price and estimated gap as

Pt € argmax Quia(p), e = Qulp') — max{(u¥, g%) + p* — (")}
HERM k<t

if (u,3") + 0 — f*(1') > maxp<e1 {(*, g%) + 5 — f*(u")} then
Each participant ¢ = 1,..., N finds the &-optimal responses

X} = &-argmin{p;(x;) + (u', gi(2:)) | 2 € X}, Gi = {gi(x:) | zi € X},

where & = R+\/fBs;.
Apply Algorithm 1 with input (G},---,G%,0f*(u')) and obtain y* = (v}, ..., y%).
Set gt = pt, 3t = (&4,...,2!) such that g;(2!) =yl fori =1,...,N.
else
Set ot = t~1, 3t = 2
end if

t—1

12: until ¢; <e.

all participants and selects a decision for each of them. The multiplier converges to the optimal
multiplier, and the coordinated solution asymptotically converges into the set of approximate
global optima. Steps 2-4 of Algorithm 2 are the dual updates and guarantee the convergence
of the multiplier. Steps 5-10 are the coordination steps and select a nearly best solution out
of the many candidates. The algorithm does not require any tuning stepsize, which makes it
preferable to subgradient methods.

The proposed algorithm relies on individual participants to solve their own nonconvex prob-
lems. When the dimension M is a fixed small value, we assume that each individual’s nonconvex
problem is small-scale and can be solved efficiently in constant time. Thus, it suffices to analyze
the iteration complexity of Algorithm 2. We can prove the following convergence and rate of
convergence results.

Theorer]{} 5 Assume ﬁ]f\t[at f is a-strongly convex and [B-strongly smooth. Let R > 0 be such that
sup{| 252, 9i(@i) — 2250 9i(wi)ll | @,y € X} < R. Then
(a) The multiplier it converges to u* as t — oo and satisfies for all t that
BR? + o ?B*(Q" — Q(1"))
t/2 '

Q" — Qi) <
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(b) Every limit point of 2 is an approzimate global optimum and satisfies for all t that

a~2p? N)

_’_7

F(3') — F* < B(Md,)* + BR*- O ( - i

2 —2 2 * 0
(c) With the stopping criterion e; < €, the algorithm terminates within T = BR +o Be/(QQ —Q )

number of iterations and satisfies
2 8?
F(@") — F* < B(M6,)° + NRy/Be + peie

Theorem 5 asserts that the nonconvex problem (1) can be solved efficiently up to a constant
error using a dual method. The constant error is equal to the duality gap. Due to the non-
convexity, the primal convergence and dual convergence result from different mechanisms. We
defer the formal proof to Section 5.2.

The dual convergence u® — u* is guaranteed by the concavity of the dual problem. Note
that the dual problem is almost always nonsmooth, because it is the pointwise minimum of a
number of functions. We remark that our dual convergence result applies to the more general
nonsmooth convex optimization problem:

min { p(w) + max £(w; 0) b, (15)
i {p0) + s a0}

where p(-) is a strongly convex regularization function and ¢(wj;#0) is a convex loss function in
w for all §. Problem (15) is very common in empirical risk minimization, e.g., see [40] for an
application in machine learning. In Theorem 5 part (a), we show that the cutting plane method
converges at a rate of O(1/t) for problem (15). This result contains the earlier results in [40] as
a special case. In fact, it has been show in [48] that the O(1/t) convergence rate of the cutting
plane method is nonimprovable for problem (15).

The primal convergence is not automatically guaranteed by the dual convergence. Without
the coordination steps, the primal functions may not converge at all, even if pu* — u*. There
are two difficulties. First, even if p* is known, finding the approximate optimum requires the
selection of a good solution out of a large number of best responses. Otherwise, as demonstrated
in Section 4.2, the price of anarchy can be very high. Second, the set of best responses is not
continuous with respect to the multiplier. When pt — p* but p? # p* for all ¢, it is possible that
many best responses to u* are never best responses to any u!. This suggests that the primal
solutions will never be close to optimal, even if u* — p*. To induce convergence, we require
that the participants submit their &-optimal responses. Here &; is a diminishing error tolerance
that induces continuity in the best-response set with respect to the multiplier uf. After a careful
balance between the error tolerance and the convergence error, we can construct a sequence of
#! that converges into the approximate social optima.

Other than the cutting plane method, alternative dual methods may apply too. One example
is the dual ascent method, which only requires the dual subgradient and does not require the
dual function value. This means that participants only need to report their g;(z;) values and
they can keep their preference values p;(x;) private. However, use of the dual ascent method
may result in a slower rate of convergence or additional tuning stepsizes. Careful convergence
analysis of alternative methods is a topic for future research.

5.2 Proof of Convergence

This subsection is devoted to the convergence analysis of Algorithm 2. For readers who are not
interested, it can be safely skipped. The proof of Theorem 5 is developed through a series of
lemmas.

20



Lemma 4 Let f1, fo : R" — R be continous o-strongly convex functions, and let v € R, g € R"
be such that min,, fi1(w) = f1(0) =0, f2(0) =~,g € 0f2(0). Then

lgl* 2720}
20 " lglI?

min max{ f1 (w), f2(w)} > max {7 -

Proof. We use the minimax duality for convex-concave function to obtain
min max{f;(w), fo(w)} = min Afél[%)i](l — A fi(w) + Afa(w)

= 2y min( = DA )+ AR(w)

(16)

By the assumptions, we obtain that (1 — X) f1(w) + A fa(w) is also o-strongly convex, and more-
over,

(1 =Xf10) +Af2(0) =Ny, Ag € A((1 = N)f1 + Af2)(0).

By using the definition of strongly convex functions, we obtain for all w that
g 2 T
(1= ) fi(w) + Afa(w) > Tl + 26" + X

By applying the preceding relation to the minimax equality (16) and using basic calculations,
we obtain

min max{ fi(w), fo(w)} > max min g||w||2 + 29w + Ay
w Aef0,1] w2

/\2 2
R i I
A€f0,1] 20
lgll? 2420
> — .
ma"{” 20 Tgl?

Lemma 5 Let {a;} be a sequence of positive scalars and let n be a positive scalar, such that
agy1 < ag —na? for allt >0 and ag < % Then a; < # for allt > 0.

Proof. We prove by induction. The statement is clearly true when ¢t = 0. Now suppose that it
is true for some ¢t > 0. Then we have

2
ag+1 < ag — nag

< —77( ao )2
naot + 1 naot + 1
nap(t —1)+1
" (ntag +1)2
1
n(t+1)ap +1’

<ap-
where the second inequality uses the monotonicity of f(z) = x — nz? when z < % and the fact
ar < ag < ﬁ Thus, we have shown by induction that the inequality holds for all ¢ > 0. |

The complete proof of Theorem 5 is divided into two parts: the dual convergence and the
primal convergence. We remark that the dual convergence analysis of the cutting plane method
applies to the more general risk minimization problem (15), where the objective is the sum of a
strongly convex function and the maximum of a number of convex functions.
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Proof of Theorem 5(a)

Since f is a-strongly convex and S-strongly smooth, it follows from Lemma 2 that f* has 1/a-
Lipschitz continuous gradient and is 1/8-strongly convex. It follows that Q(u), Q:(u), L(z, 1)
are all 1/(-strongly concave functions with respect to p.

According to the update rule of QQ;, we have

Qes1(p) = min{ Q¢ (p), (1, ") + 7' — f* (1)} = min{Q¢ (), L(z*, )}

Note that each L(z', ) is an upper bound on the dual function Q(p). Therefore, @Q; is a
decreasing sequence of functions that approximate @ from above, i.e., Q(u) < Qi11(p) < Qi(p)
for all ¢ and pu. According to the update rule of pif, we have Q;(p*) = max,, Q¢(n) > max, Q(n) =

Q(p*) for all t.
Recall the estimated gap at time ¢ is

et = Qu(u') — rggf{wk,g’“) +0" = 1)y = Q') - rgggc@(u’“)-

‘We have

111 — €t = Qui1 (utt?) — Jnax Q™) — (Q4(p) — g}ggQ(uk))

< Qt+1(ut+1) - Qt(“t)
= max Qua1(p) — Qu(p")

= mfxmin{Qt(u)’ Lz', )} — Qe(u),

where the inequality uses the fact max<; Q(1*) < maxg<i1 Q(uF), the second equality uses
the definition of p?, and the last relation uses the definition of Q.

Note that max, Q¢(n) = Q:(¢*) and g — Vf*(u') € 8,L(z*, u*). Moreover, L(z*, ) and
Q+(u) are 1/B-strong concave with respect to p. Therefore we are able to apply Lemma 4,
yielding

2(L(a", 1) — Qu(p"))?
Bllge = V()2
Note that L(z!, ut) — Q(u!) = Q(u!) — Qu(p!) < maxg<; Q(u*) — Qi(ut) = —&¢. Also note that

I~ V5 G < 10— V7 )]+ IV )~ T i) < Rt YOO

min{Q¢(p), L(z", 1)} — Qe(1') < — (18)

where ||g, — Vf*(1*)|| < R because V f*(u*) is a convex combination of vazl gi(x;) the set

{Ef\il gi(z;) | € X} has a radius smaller than R, and ||V f*(u*) — Vf*(u')|| < —Vget because
of the strong convexity and strong smoothness assumptions. So it follows from Eq. (18) that

2e? - g2
B+ LBy = AR )

min{Q¢(p), L(z", 1)} — Qe(p') < — (19)

By combining Egs. (17) and (19), we obtain for all ¢ > 0,
e ef
S Et — .
BR? + a=252%¢) 2(BR? + a=2p%¢)

BR*+a~?B%e <
t/2+(BR2+a~252e0)Bey -
2 —2 2
W for all t > 0. Note that Q* = max,, Q(u) < max, Q:(1) = Q:(u'), and maxy<; Q(u*) =

€1 S & — 2(

Note that ¢, < g9 < a28%¢y. So we apply Lemma 5 and obtain g, <
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Q(At). So we have

2 —212
Q*_Q(ﬂt)ZQ —max Q(u )SQt(Mt) max Q(u )—€t M

k<t k<t t/2
Finally, we use the definition of ' and the 1/8-strong concavity of @ to obtain

ﬁ2R2 + a72ﬁ3€0
t/2 ’

I = A'1* < B(Q* — Q")) < Ber <

Thus, we have shown that ' converges to p* as t — oo at a rate of ||af — p*||> = O(R?52/t). B
Now we consider the convergence of the primal function values.

Proof of Theorem 5(b),(c)

Note that L(z,u) is 1/8-strongly concave with respect to p and that Z ~gi(w) = V() €
9, L(z, i) for all z. So we have for all z, i that

. 1 .
L(a,p) < L(=, i) Zgzxz — V() —ut>—ﬁllu—utl\2~

Letting x = 2 and taking the supreme over u, we have

. . . 1 .
F(2') = sup L(2', ) < L(2', fa +sup{ Zgz *(h), = pt) - 25||/t—ut||2}-

uw
By the definition of £! in Step 6 of Algorithm 2, we have

L(@* ') < inf Lz, i) + N& = Qi) + N&.

We also have Q(ji*) < max, Q(n) = Q* < F*, and (Y, gi(#!) — Vf*(4'), p — pt) — 35l —
at)2 < 8 Al ZZ 1 9i(8%) = V f*(ah)]|? for all p. It follows from the preceding relations that

F(i') < F*+ Ng& + *Ilzgz S A] (20)

i=1

It remains to show that || Zl 1 gi(8%) — V f*(')]|? diminishes to zero at a suitable rate.

We claim that X* C X! foralli=1,...,N,t> 0. To see this, we let 2} be any best response
by the ith participant to the optimal multiplier p* and let 2! be any best response by the ith
participant to the optimal multiplier f. We have

pi(x)) + (i gi(x))) = pa(ai) + (0, ga(a})) + (0" — p*, gi(27))
< pilaf) + (0", gi(ah)) + (0 — p*, gi(2))
= pil@f) + (', i) + (0' — p*, gi(2F) — gi(=1))
= min{p;(z) + (i*, g:(x))} + (0* — p*, 9i(x]) — gi(7)),

where the inequality uses the optimality of x}, and the last relation uses the optimality of z.
By using the bounded radius R of {g;(x;) | x; € X;}, we also have

(0t = p*, gi(ay) — gi(@h)) < ||t — w*[| - llgs(a] at)|| < V/Ber - R=&.
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According to the definition of X}, it provides sufficient error tolerance so that 2} € X} for all ¢.
Thus we have proved the claim.
Because X C X!, we have

Q;‘:{gi(xi)mie/ﬁ*}cgf, i=1,...,N.

So we have V f*(u*) € conv(G;y +---+Gx) C conv(Gi+---+G% ). According to the construction
of #*, we use Theorem 4 to obtain

N
(2 (ot < min O M
| ;91( §) = V@RI < peoonviir - 40%) ly =V (")l g

< V(™) = V(5 + M.

By using the 1/a-Lipschitz continuity of Vf* and the 1/5-strong convexity of f, we have
IV () — V()| < 2)|a* — p*|| < Y2, Applying the preceding two inequalities to Eq.
(20), we obtain that

N 2
P~ F* < Net D1 0@~ VPGP < NRYBe + 8 (8, + D
=1

Since F is continuous and &; — 0, any limit point of 2! is an approximate optimum. Finally,
we apply part (a) and parts (b) and (c) follow immediately. [ |

5.3 Remarks on Complexity

Let us comment on the complexity of the nonconvex problem (1). Although problem (1) is
continuous, it bears strong connection to the multi-row knapsack problem given by

min ¢’ z, subject to Az <b, x; ={0,1}, i=1,...,n,

where ¢ € R", A € R™*™ and b € R™. In fact, we believe that they admit polynomial-time
reductions to each other. Let us describe the main ideas without getting into technical details.

On one hand, the knapsack problem is a special case of problem (1). To see this, we let p;
and g; be linear functions determined by ¢; and the i-th column of A, respectively. Also we let
X; = {0,1} and A = {y < b}. In this way, we have constructed an instance of the constrained
problem (2) that is equivalent to the knapsack problem. Note that problem (2) is a special case
of problem (1). So we have obtained an immediate reduction from the knapsack problem to
problem (1).

On the other hand, problem (1) can be approximated by the knapsack problem via dis-
cretization. Given a problem instance with functions p;, g;, A;, f, we add a dummy variable to
get a constrained problem

N
minimize Zpi(xi) + f(2),
i=1
N
subject to Zgi(xi):z, x; € &, i=1,...,N.
i=1
We discretize the functions p;, f into vectors, the mappings g; into matrices, and the sets X; into
grid points. Then we change the variables from z; to indice of the discrete vectors. The resulting

problem is a multiple-choice multi-row knapsack problem, which can be further reduced to the
multi-row {0, 1}-knapsack problem. Under additional continuity assumptions on the functions
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Di, gi» [, we conjecture that the reduction is polynomial-time. Note that the discretization
disregards any structure of the continuous functions and results in a huge-dimensional discrete
problem. So it is not a practical computation method.

The two-way reduction implies that problem (1) and the knapsack problem belong to the
same complexity class (requiring a rigorous definition of complexity of continuous problem).
The knapsack problem is known to be N'P-complete. When it has at least two row constraints,
the knapsack problem admits no fully polynomial-time approximation scheme unless P = NP
(see [25]). Because it is a special case of problem (1), the more generic nonconvex optimization
problem (1) is at least as hard. In other words, we cannot develop an efficient algorithm
to achieve an e-optimal solution to problem (1) for arbitrarily small € > 0. In contrast, we
have developed Algorithm 2, which finds a constant-error approximate solution in a polynomial
number of iterations. The constant error is the duality gap that diminishes to zero as N/M
increases. A rigorous complexity analysis and proof of reduction is beyond the scope of this
work. It is an interesting topic for future investigation.

6 Numerical Experiments

We study the asymptotic price of anarchy by generating random instances of problem (1). We
let p;, g; be piecewise constant functions defined on [0, 1], where the jump points are independent
random vectors generated from the multivariate uniform distribution, for all i =1,..., N. We
let f(-) be a quadratic function, where the Hessian is a random symmetric and positive definite
matrix with mean Iyxy. According to our random generation, the maximal convexity gaps
0p, 04 are bounded for all N with probability 1.

For each sample instance of problem (1), we apply Algorithm 2 to find an approximate
optimal value F'(&). The primal and dual trajectories are plotted in Figure 2. We observe that
the dual variables converge very fast, usually within 20-50 iterations. In addition, the dual
convergence seems to be at a geometric rate in initial iterations and slows down afterwards.
This is consistent with our analysis that the dual error diminishes according to 441 < ¢, —
WZW’Q’ which is a contraction when the error is large. On the other hand, the primal
convergence is much slower and has a constant error due to the positive duality gap. By
comparing the trajectories for different values of N, M, we see that the normalized duality gap
becomes small when the ratio N/M is large. We also notice that the convergence is faster when
M is small. This is due to the random generation of the problem, because problems with small
M are more likely to be well-conditioned (resulting in small 8/a).

For comparison, we compute the global optimum z* and the optimal value F** by discretizing
the optimization problem and using an exhaustive search. We compute the price of anarchy
% for each sampled problem, where N varies and M is fixed. The samples and means of
the price of anarchy are illustrated in Figure 3. We observe that the price of anarchy is very
close to zero with high probability. Moreover, the inverse of the mean price of anarchy is linearly
related to the dimension N. This validates our theory that the price of anarchy vanishes to 0
at a rate of O(1/N) as the number of participants increases.

7 Concluding Remarks

We have studied a nonconvex cooperative optimization problem where N participants minimize
a common objective. We consider a Fenchel dual of the nonconvex problem in order to de-
compose it with respect to the individual decisions. We show that the dual problem becomes
increasingly convex in a geometric sense as N increases. We have mathematically characterized
the duality gap of the nonconvex problem. The duality gap is a form of price of anarchy when
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Figure 2: Primal and Dual Convergence of Algorithm 2. We plot trajectories of the primal objective
values, dual objective values, and upper bounds of dual objective values generated by Algorithm 2. The
estimated dual convergence error €; diminishes t o 0 very fast, while the primal objective value converges to
a constant error that is equal to the duality gap.
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Figure 3: Asymptotic Price of Anarchy. We generate 50 random instances of problem (1) for each
value of N and find the approximate optimum using Algorithm 2. In the left figure, we plot the samples and
means of the price of anarchy F(IF# for different values of N. In the right figure, we plot the inverse of
the mean price of anarchy against the values of N.

each participant optimizes for self-interests. We prove that the price of anarchy, which is due
to the nonconvexity, asymptotically diminishes to zero as N grows.

Algorithmically, we show how to achieve the approximate social optimum using a coordina-
tion procedure. Without coordination, we show by examples that the price of anarchy can be
arbitrarily high. We propose a distributed duality-based algorithm that relies on individual best
responses to find the approximate optimum. The algorithm has an important coordination step,
which involves finding an extreme point of a linear feasibility problem. It ensures that both the
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primal and dual variables are convergent. We analyze the convergence and rate of convergence
of the proposed algorithm, and we test the algorithm on randomly generated examples.

Finally, we are able to answer the question raised in Section 1: Is there a fair price such that
individual best responses automatically achieve the social optimum? The answer is largely yes.
Indeed, there exists a nearly fair price at which a best response solution is an approximate social
optimum. However, such an approximate optimum can only be obtained via careful coordination
of individuals’ decisions. Coordination plays a critical role in solving the nonconvex optimization
problem.

In future work, a theoretical challenge is to generalize the duality gap results to more abstract
settings, such as the minimax problems and variational inequalities. Another potential work is
to design and study more efficient algorithms with better error-complexity guarantees. From
the practical perspective, an important future work is to identify practical instances of the
cooperative problem and tailor the analysis and algorithms to specific applications.
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