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Abstract

In this work we present an algorithm for solving constrained optimization problems that
does not make explicit use of the objective function derivatives. The algorithm mixes an
inexact restoration framework with filter techniques, where the forbidden regions can be
given by the flat or slanting filter rule. Each iteration is decomposed in two independent
phases: a feasibility phase which reduces an infeasibility measure without evaluations of the
objective function, and an optimality phase which reduces the objective function value. As
the derivatives of the objective function are not available, the optimality step is computed
by derivative-free trust-region internal iterations. Any technique to construct the trust-
region models can be used since the gradient of the model is a reasonable approximation
of the gradient of the objective function at the current point. Assuming this and classical
assumptions, we prove that the full steps are efficient in the sense that near a feasible
nonstationary point, the decrease in the objective function is relatively large, ensuring the
global convergence results of the algorithm. Numerical experiments show the effectiveness
of the proposed method.

Keywords: Derivative-free optimization; inexact restoration; filter methods; global con-
vergence; numerical experiments
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1 Introduction

In this work we discuss the global convergence of a derivative-free filter method for
solving the nonlinear programming problem

minimize  f(z)
subject to cg(x) =0
CI(:E) S 07

(1)

where the objective function f : IR® — IR and the functions ¢; : IR" — R, for i € £ UZ, that
define the constraints are continuously differentiable. We assume that the derivatives of the
constraints are available whereas the derivatives of the objective function are not. The feasible
set of the problem is given by

Q={zeR" |ce(x) =0 and cz(z) <0}.

There are many applications of derivative-free optimization, particularly when the ob-
jective function is provided by a simulation package or a black box, these and more cases can be
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seen in the book [I8]. Such situations motivated researchers to pursue techniques for derivative-
free optimization.

Several derivative-free methods have been developed for unconstrained problems [15],
191, 26, 27, 61], [64], box-constrained problems [18, [37, 44 [62] 66], linearly constrained problems
[42, [45], [63], convex constrained problems [13], composite nonsmooth optimization [36].

Regarding the class of problems we address in this paper which involves equality and /or
inequality constraints, many derivative-free techniques have been used. Methods based on fea-
sible iterates [5 43, [51] may not work well in the presence of nonlinear equality constraints or
thin domains. Penalty methods [25 48] and augmented Lagrangian methods [21, [46, [47] pe-
nalize, generally, “difficult” constraints and solve box or linear constrained subproblems. These
methods evaluate function and constraints at the same points which can cause the necessity
of performing unnecessary evaluations in the presence of topologically complex constraints. In
contrast, derivative-free two-phase algorithms [38] [54] deal with cases where finding a more
feasible point is easier than minimizing the objective function. Inexact restoration approaches
[28, 52, 53] were proposed in a derivative-free context in which the progress of the algorithm
is measured by a merit function [3, 8]. Since adjusting the penalty parameters of merit func-
tions or penalty functions can be a difficult task, filters have been suggested in literature as an
alternative.

Filter methods were initially proposed by Fletcher and Leyffer [30] to solve nonlinear
programming problems. Chin and Fletcher [9] considered the slanting filter, which is a slight
modification of the original flat filter. These methods have been combined to trust-region ap-
proaches [59] 65], SQP techniques [29, [73], inexact restoration algorithms [32] 40], interior point
strategies [70] and line-search algorithms [39, 57, [72]. They also have been extended to other
areas of optimization such as nonlinear equations and inequalities [23, B1], B3], [35], nonsmooth
optimization [41, 58], unconstrained optimization [34] [74], complementarity problems [49] [50]
and derivative-free optimization [4, 24].

In this work we propose a derivative-free inexact restoration algorithm for general
constrained problems using the flat or the slanting filter. Each iteration is composed of two
phases. First, a feasibility step is computed from the current point in order to obtain a restored
point that reduces an infeasibility measure h. In this phase, basically any method for reducing h
can be used [23| 52 53]. Next, from the restored point, a trust-region [14} 56l [67, [75] optimality
phase computes a point which is not forbidden by the filter and that reduces the objective
function value. Linear or quadratic models that approximate the objective function based only
on zero-order information are considered. In our analysis, the Hessians of the models must be
bounded symmetric matrices and the gradients must represent properly the gradients of the
objective function. Models satisfying these properties can be constructed by many derivative-
free techniques, such as polynomial interpolation [11], [I7) 18] 20] and support vector regression
[71]. Under classical assumptions, global convergence results are obtained. Numerical results
illustrate the performance of the proposed algorithm for a set of test problems from the Hock-
Schittkowski collection [69].

A derivative-free inexact restoration filter algorithm has also been proposed in [24]. It
does not use derivatives of the constraints, but uses only linear models for the objective function,
deals with equality constraints and considers just the flat filter. It is worthwhile to mention that
the use of the slanting filter in the present work allow us to prove stronger convergence results,
namely all accumulation points are stationary. Moreover if some constraints do not have available
derivatives or their evaluations are expensive, it is sensible to include these constraints in the
objective function in an augmented Lagrangian context [I].

The paper is organized as follows. Section[2]describes the derivative-free inexact restora-
tion filter algorithm. Section [3| shows that the step computed in each iteration is efficient, en-
suring the global convergence results. Numerical experiments are discussed in Section 4} Final
remarks are presented in Section



2 The algorithm

This section presents a derivative-free inexact restoration filter algorithm to solve the
problem . The sequence of points generated by the algorithm will be denoted by (2*)en. In
order to prove the global convergence of the algorithm, the following standard assumptions are
considered.

A1 All the functions f,c;, fori € EUL, are continuously differentiable.
A2 The sequence (z*) remains in a convex compact set X C IR™.

A3 The gradient V f is Lipschitz continuous in an open set containing X, that is, there exists
a constant L > 0 such that

IVf(z) =Vl < Lz -yl

for all x and y in the open set containing X .

Although AP|is an assumption on the sequence generated by the algorithm, it can be enforced
by including a bounded box into the problem constraints.
We define an infeasibility measure function A : IR™ — IRy by

h(z) = ||c* ()

)

where ||-|| is an arbitrary norm and ¢* : IR™ — IR" is defined by

¢ (@) _{ max {0, ¢;(x)},  if i€T.

Note that h(x) = 0 if and only if z € IR" is a feasible point.
We say that a feasible point Z is a stationary point for the original problem when

li;njgf HPL(QC)(JU - Vf(z)) — mH =0, (2)
where P,y denotes the orthogonal projection onto the set L(z) defined by
L(z)={z+deR"| Jeg(x)d =0 and cz(z) + Jezr(z)d < cf (z)},

where Jcg(.) and Jez(.) are the Jacobian matrices of the constraints ¢ and ¢z, respectively. At
a feasible point z, the set £(z) is a linearization of the feasible set.

To simplify the notation we denote f(z*) and h(z*) by f* and h*, respectively. Each
iteration k of the algorithm is composed of a feasibility phase which reduces the infeasibility
measure without evaluations of the objective function and an optimality phase which reduces
the objective function. These phases are independent and the coupling between them is provided
by a filter F, which is a set of pairs (f7, h/) from well-chosen former iterations. Given « € (0, 1),
the filter defines a forbidden region Fj, = {URj | (f7,h7) € Fk} where R is given either by

Rj={zeR" | f(&)>f' —ah’ and h(z)>(1-a)l/}, (3)
as suggested originally in [30], or by
Ry={r€R" | f()+ah(x)>f7 and h(z)> (1—a)h}, (4)

as proposed in [I0]. A filter based on the rule (3 will be referred as flat filter and the one based
on will be called slanting filter. Note that the slanting filter satisfies the following inclusion
property

fA=f  and K >h = Rj C Ri,
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Figure 1: The inclusion property of the slanting filter, which is not satisfied for the flat filter.

as illustrates Figure [I] which also shows that this property does not hold for the flat filter. The
slanting filter allows a stronger statement about the convergence of the algorithm as will be
shown ahead.
From the current point z*, the feasibility phase computes a restored point z* ¢ fk
satisfying
h(zF) < (1 — a)h(z")  and sz - ka < Bh(zb), (5)

where j-:k = Fr URy and B > 0. The procedure used in this phase could, in principle, be
any iterative algorithm for decreasing h, and finite termination should be achieved because all
filter entries (f7,h’) € F), have h? > 0 (see [59, Lemma 2.1]). As the feasibility step studied by
Martinez [52] can be applied directly to our case, we shall not describe the feasibility procedure
in detail in this paper. Note that the feasibility algorithm may fail if h(-) has an infeasible
stationary point. In this case, the method stops without success.

Once z* is computed, the optimality phase must find a point ¥t = 2% 4 d* ¢ ﬁk, with
2F4dy, € L(2F), such that f(x*T1) < f(2¥). Within the optimality phase, we will perform internal
trust-region iterations k; for j € IN, with radius Ay,. The quadratic model my; : R"™ — IR of f
around the restored point z* is defined by

1
iy (@) = () + (2 = 2 gn, + 5 (@ = ) By, (2 — ),
where g, € R" and By, € IR™ ™ is a symmetric matrix. The model is updated at the beginning
of each iteration kj; and its quality is controlled by a second radius 6y, € (0, Akj]. To ensure a
good approximation for f near the restored point z*, we require that each quadratic model mg;
satisfies the following condition:

A4 There exist constants v > 0 and o > 0 such that
Bl < and  gi, = VG| < o,
Jor allk € IN, j € IN and dx; > 0.

Observe that once z* is fixed, this assumption is responsible for updating the models in
each internal iteration kj, since gy, = g(2F, dk,) and consequently my (.) = m(., 2 Ok, )- This
dependence of the models with each radius dx; occurs only in the gradients. The Hessians can
always be the same, in particular null for linear models. There are algorithms able to find models
with such properties without computing V f(z*), for instance [I8, Chapter 6]. Any technique
that fulfills Assumption AH] can be used in the optimality step, although in literature the most
usual procedure is polynomial interpolation [I8], 26} [68].

Each internal iteration k; should compute a step d* such that ||d%i|| < Ay, and the
point zF 4 d¥ € L£(2*) provides a sufficient reduction in the objective function value. We define
the actual reduction provided by this step by

aredg; = f(5 =7 (zk + dkj) (6)
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and the predicted reduction by
predy, = my, (zF) — My (zk + dk]') . (7)
The step d¥ can be any approximate solution of the trust-region subproblem

minimize  my, (zF + )

subject to  2F +d € L(2¥) (8)
]l < Ay,
since i
)y (2)
d, > &mp. (2F — O Ay, 9
pred;, > Emy, (2 )mln{1+ HBkj kj} (9)

where £ > 0 is a constant independent of k and j and
g (7) = HPc(x)(ac — Vmy, (z)) — xH

is the measure of stationarity at a point x for the problem of minimizing my,, over the set £(z).
To satisfy @, the approximate solution d*/ has only to achieve a reduction that is at least some
fixed fraction £ of the reduction achieved by the Cauchy point [I8, Theorem 10.1].

The algorithm may be stated in the following form.

Algorithm 1

Given: 29 € R", a € (0,1),7 € (0,1),e> 0,8 > 0, Apin > 0, >0
Set Fp=0, Fo=0, k=0
REPEAT
Define ﬁk = F, U {(fk, hk)} and
j-:k = Fj, URy, where either Ry = Ry or Ry, = Rk as given in and
Computing the step
FEASIBILITY PHASE
If h(zF) = 0, then 2* = 2*
Else, compute z* ¢ Ty satisfying
If impossible, then stop without success
OPTIMALITY PHASE
Set j =0, choose Ay, > Apin and set o, = Ag,
REPEAT
Construct the model mi;
If 0, > pmy,; (2%), then
If 0; < e and h(z¥) = 0, then stop the algorithm with success
Else, set d¥ =0, 6,,, = Ok, /2 and choose Ak, € [0k, ;> Ak;]
Else
Compute d¥ as an approximate solution of
If 2% + d* ¢ F, and aredg; > n predy,
Set zFtt = 2K+ dki, dF = dri, Ay, = Ag;, O = Ok;
and stop the optimality phase with success

i+1 10

Else, set 0g, , = 0k;/2 and A, = Ay, /2
j=i+1
END
Filter update
If f(xF*1) < f(2%), then
Fypp1 = Fr, Fip1 = Fp (f—iteration)

Else,



Fip1 = Fyo Fiir = Fi (h—iteration)
E=k+1
END

At the beginning of each iteration, the pair (f¥,h*) is temporarily introduced in the
filter. This pair helps to define the forbidden region Rj = R} as given in or Ry = Rk as
given in @ depending on the considered filter rule. After the iteration is completed, the pair
(f*, h¥) will become permanent in the filter only if the iteration does not produce a decrease in
f, that is, if k is an h-iteration. When k is an f-iteration, the new entry (f*, h¥) is discarded and
the filter is not updated. Note that if z* is feasible then any point z that is not forbidden must
satisfy f(z) < f (z*). The pairs forbidden by the filter and the permanent Fj, and temporary
Fy. filters can be seen in the Figure

hn

z 7 Iz 7

Figure 2: Permanent and temporary filters at the beginning of the iteration k.

3 Global convergence

The task of this section is to ensure the global convergence of the Algorithm [1} i.e. to
show that the sequence generated by the algorithm has a stationary accumulation point.

Although Algorithm [I] decomposes each iteration in two phases, it essentially consists
of calculating a point z**! not forbidden by the filter from the current point z*. Furthermore,
the construction and updating rule of the filter are made by the same way considered in the
general filter algorithm [59, Alg. 1]. So, our algorithm fits in the general filter algorithm from
that paper, which considers classical hypotheses and the following efficiency condition in order
to prove the global convergence.
Efficiency condition on the step. Given a feasible nonstationary point £ € X, there exist
M > 0 and a neighborhood V of Z such that for any iterate 2% € V,

@) = FT) > Moy,
where vy, is the filter height given by
vp = min {1, min {(1 — a)k’ | (f/,W') € F}.}}.
In [65], a filter slack is defined as
Hy = min{l,min{(l —a)h? ‘ (f,h) € F, and f7 < fk} }

Note that Hy > v as shown in Figure

So, our task now is to prove that our algorithm satisfies this efficiency condition, inher-
iting the global convergence results from [59]. First, we show that if the algorithm has successful
finite termination then an approximate stationary point is obtained.
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Figure 3: The difference between the filter slack Hjy and the filter height vy.

Lemma 3.1 If the algorithm stopped with success, then a stationary point was obtained with
sufficient accuracy.

Proof. Suppose that the algorithm stopped with z* at the internal iteration k;. By the triangle
inequality and the contraction property of projections we have

[Py (4 = V(24 = || <
Primy (28— gry) — 2 || + Hpc(zk)(zk — V() = Priwy (28 — gr;)
Priawy(ZF = gry) — 2| + |V (ZF) — i, ]| -

IN

|

Using the definition of mg;, Assumption and the successful finite termination criterion we
obtain

IN

1
Hpﬁ(zk)(zk = VI(E) - Zk” < Ty (") + o0k, < (; + a) g,

which implies that z* is an approximate stationary point.

From now on we assume that the algorithm has generated infinite sequences (z¥) and
(2*) and that Assumptions are satisfied. The following lemma states that the number of
internal iterations that just construct the models but do not compute trust-region steps is finite.

Lemma 3.2 Consider z* a nonstationary point. Then the set
Ik =1{j €N | 6, > pmy, (27)} (10)
18 finite.

Proof. Suppose by contradiction that _#Zj is infinite. By the algorithm we have 3, = (%)] Oy >0
and consequently

5kj —0. (11)
Thus, by the definition of _#,
i, (29 252550, (12)

On the other hand, since z* is nonstationary, by we have HPL:(ZIC)(Z"C — V£(zF) - zkH =

c
¢ > 0. By (L1, there exists jo € IN such that for all j > jo, dx; < % Using these facts, the
g
contraction property of projections and Assumption we have for all j > jg

Ty (25) = ||Pron (2 = g8,) = Pegany (25 = V) + Py (5 = VF(5) = |

— [lgk = VAEH|| + [Py (F = V1) = 2| > 2— 00, > 5 >0

v



which contradicts . 0

The requirement that d;, < /mkj(zk) in the trust-region steps is inherently related
to the fact that the models should be reasonable approximations of the objective function in
a neighborhood of the current point. Note that when (2%) is small, the current point is
probably close to a solution of the subproblem . On the other hand, if the radius dy; is large,
we cannot guarantee that the objective function is well represented by the model.

Now we present an auxiliary result.

Lemma 3.3 [32, Lemma 3.3] There exists a constant C1 > 0 such that, for any z € X and
z+de L(z),
|A(z +d) = h(z)| < Cy||d]*.

From now on we also assume the following classical constraint qualification [56].

A5 FEvery feasible point T satisfies the Mangasarian-Fromovitz constraint qualification, i.e.,
there exists a vector d € R"™ such that V¢;(T)'d =0 and Ve¢j(T)'d <0, for alli € € and
j € {Z | ¢j(z) = 0} and the set of equality constraint gradients {Vc¢;(T) | i € E} is linearly
independent.

The next result ensures the continuity of some auxiliary functions.

Lemma 3.4 [32, Lemmas A.1 and A.2] Consider a point T that satisfies the Mangasarian-
Fromovitz constraint qualification and p : IR™ — IR"™ a continuous function at . Then the point
to set map L(.) and the function Pry(p(.)) are continuous at 7.

An auxiliary result involving the measure of stationarity is presented below.

Lemma 3.5 Let T € X be a nonstationary feasible point, ¢ = % HP[;@) (z-Vf(T))— EH > 0
and o > 0 given by A|Z| Then there exists a neighborhood Vi of T such that for any z* € Vi and
jeNN

Tk, (zF) > —0 0y, +

| ol

Proof. Let T be a nonstationary feasible point. Consider Vi=B <:c, g min{1,1/ 'y}> where v > 0
is given by Then, for any x € Vi and k,7 € IN,

|V, () — Vi, (2)|| = || Bk, (T — 2)]|| < (13)

N ol

Given v € R", by Lemma Pr(y(v) is continuous at T and there exists a neighborhood Vs of
7 such that for all z* € ‘72,

Pron (0) — Pe )] < <. (14)
2

Since HPE@ (x—-Vf(.))— EH is continuous at Z, there exists a neighborhood Vs of T such that

for any 2* € V3

|Pe @~ V5G4 2| > 2 [Pe @~ V(@) 7] = 3 (15)



Consider V3 = V1N VaN 173 Using the definition of 7y, the triangle inequality and the
contraction property of projections, it follows that for any zF € 1}

74, (%) = 7y, ()| <

< [[Pegany (5 = mn, (29)) = 2 = Prey (@ = T, @) + 3

< [Py = T, (:5)) = Priony (@ = T, @) | +
+||Peen(@ = Vo, (@) = Prey (@ = T, @) + |7 - 2|

< ||V, @) = Vi (9)| + | Py @ = Vs, () = P (@ = Vo, (@) +
+2 Hf— zkH

From this, , and definition of ‘71,
Tk (zF) > Tk, (T) — 2¢. (16)

On the other hand, using the definition of 7y, again, the triangle inequality and the contraction
property of projections we have that

T, (%) = ||Pe) (& — gi, — Bi, (T — 25)) — Pz (T — vf( ")+ Pea (@ — V(") -7
> —|[Pe@) (@—gr, B, (T—2")) =P @V f () [+ Pea) (@-V £ (") -7||
> — ||g, + B, (f—zk)— FEO) + [|Pe@ @ — V() — 2
> = lgr, = VIE)| = || Br, @ = 2| + [P (@ = V(")) — =

Thus, using Assumption and the fact that 2* € V| C Vl, we get
5

Tk; () > —00, — HE — zkH +3¢ > —ody; + 56.

Using this in we obtain the desired result. 0

As an immediate result of this lemma we prove that the measure of stationarity around
a nonstationary feasible point is bounded below by a positive constant.

Corollary 3.6 Consider a nonstationary feasible point T € X and the neighborhood V1 given
by Lemma Then there exist constants & € (0, Amin) and Co > 0, such that for any ke
and R

either it i or j € IN with 05; <6,
we have

ij(zk) > (.

Proof. Let z* € V1. Consider first that j ¢ Hi- By Lemma and the definition of _#; given
in (10), it follows that 7, (2*) > —opumy, (2*) +¢/2. Then

By C
g (27) > At o)
. A .
Consider now § = min {46, anm} >0 and j € IN such that d; <. By Lemma
o .
) s,.C_¢
ij(Z ) (5 5 Z
Setting C i 1 1 >0 lete th f
ettin =ming —,~ » C we complete the proof.
g Ca 2(1+0—H)74 ) p p D

The next lemma states that, near a nonstationary feasible point, every point obtained
with a sufficiently small radius will be accepted by the trust-region criterion.



Lemma 3.7 Consider a nonstationary feasible point T € X and the neighborhood Vi given by
Lemma . Then there exist constants A € (0, Apin) and Cs > 0 such that for any 2k eV and

j ¢ sz _
predy; > C min{Ay,, A} (17)

and

aredy; > n predy,, > nC3Ay;, for Ay, € (0,A] (18)

Proof. Consider 2* € V; and j ¢ _#;. So, by Corollary Ly (%) > Cy. Using this and
Assumption in @, it follows that

C
predkj > £Comin {1_’_27, Ak]} .

N Amin C:

Thus, setting A = min{ , 2 } and C3 = £Cy > 0 we have
2 "1+vy

pred;, > C3 min {Akj,ﬁ} . (19)

On the other hand, by Assumption All|and the mean value theorem there exist 6 € (0,1)
such that
F(2P) = f(2F +d¥) = =V f(F + 0dr)Tdb .

Using the definitions of the reductions ared and pred and the above result, we have

1
aredy, — predkj’ = '—Vf(zk +0d)Tdki + gijdkj + §dijBkj i

T
(Vf(zk) — Vf(z* +0d%) + gi, — VF(2*) + %Bkj d’%’) d*i

Using this, the triangle and the Cauchy-Schwarz inequalities and the Assumption we obtain

aredy,, — predkj‘ < (Hw(zk +0d%) — V(=P \ v HVf(zk) ~ o, ) Hd’fa‘ +
5 1Bl ||
< (LHHko’ + V5 g, ]+%HBkju | ) -
Therefore, by Assumption Aldl and the facts that ||d% || < A, and Ay, > d,
‘aredkj - predkj‘ < (LG Yo+ ;7> A} (20)

Define A € (0, Apin) as

A = min &,M > 0.
(L9+U+§’Y)

Using the fact that A < A in , we get .7 B
Now consider j ¢ _#;, with Ay, € (O,A]. Thus, by , and the definition of A,

we have
aredy; — predy,

aredkj ) ‘

predy, predy

10



In this way, for any z¥ € V; and Ay, € (0 A} we obtain that aredy; > npredk Using this and
we get the second inequality of ., which concludes the proof =

The next lemma proves that, near a nonstationary feasible point, the refusal of an
optimality step is due to a large increase of the infeasibility. For that note that by A' 2] and

the mean value theorern there exists a constant L > 0 such that ‘ f(z%) — f(z )‘ 2k — gk H
Using this and (5), we have that there exists a constant Cy > 0 such that
£ = 1) < Cana®). (21)

Lemma 3.8 Let T € X be a nonstationary feasible point. Consider the constants given by
Lemmas [3.3 and [3.7 and Corollary [3.6] and the neighborhood Vi given by Lemma [3.5  Set

Cs = %mm{ﬁ,uCQ} >0 and A" € (0, Amin) given by

. C cy \ 7!
A = 5,A, 2 . 22
“““{ a1 (G + At i) } 22
Then there exists a neighborhood Vo C Vi of T such that for any z* € Vo and Ag, € (A'/2, A]
with j ¢ _#1 we have zF € V; and

FF +d%) + ah(z®) < f(a*) for the flat filter (23)

and
f(F +d¥) + ah(zF 4+ d¥) < f(2) for the slanting filter. (24)

Moreover, if d¥ is refused by the algorithm, then
h(z* +d%) > Hy,.
Proof. Using the second inequality given in , we have
12° —z|| < || — 2| + [|=* — 7| < Bh(a") + [lo* — 7.

Since T is feasible and A is a continuous function, there exists a neighborhood V5 C V;j of T such
that if 2% € V5, then zF € V; and h(2*) is sufficiently small, i.e.,

CsA’ 1 1 1
ky < 13 i . 2
Ma™) < = min O e 50, Ta(i = a) (25)

Consider 2* € V3, 2F € V] and j ¢ Sk with A, € (%/,A’} C (O,A] Since &’ < Ay, < A, by
Lemma [3.7]

nC3A/

FGR) = fF + dr;) > nC3Ay, > 5

Thus, using this and we obtain that

F@h) = F8 +diy) = f(2%) = F(5) + F(5) = F(F + diy) > =Cah(a®) + ”C;’A/- (26)
Using it follows that
F@h) = f(&" +di,) > =Cah(a*) + (a + Co)h(a") = ah(z¥)
which implies the result to the flat filter.
By and we have
Flab) = fF 4 dy) > 0, TO3AT | nOAT_ nOsAT (27)

4Cy 2 4
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On the other hand, by Lemmaﬁ we have |h(zF + di;) — h(2F)| < C’lA%j and by the mechanism
of Algorithm 1| h(2*) < (1 — a)h(z*). Therefore, by these and the fact that Ay, < A’, we have
h(z" + di;) < h(z%) + C’lAzj < (1 —a)h(z®) + Cr (A

Multiplying by a > 0 and using and , we obtain
nCsA’ _ nCsA’
8a(l — ) 8
Therefore, combining this with , we have
fa®) = f(&F + diy) > ah(* + dy,)

which proves to the slanting filter.

To complete the proof, suppose that the point z* + dy; was refused by the algorithm.
Since Ay, < A and j ¢ H¥i, the Lemma ensures that this point was accepted by the
trust-region criterion. Thus, it was refused by the filter criterion, i.e.,

ah( +di) <a(l-a) + Cra(A))? +Cra(A')? < HTCW'

2F + dkj € j'lk

Therefore, since or holds by the flat or the slanting filter, respectively, we have, by the
definitions of filter and of Hy, that h(z* 4 d*7) > Hj, and the proof is complete. 0

The next result presents that, near a nonstationary feasible point the optimization
phase provides a sufficient decrease in the objective function.

Theorem 3.9 Given a nonstationary feasible point T € X, there exist constants Cg, C7 > 0 and
a neighborhood Vs of T such that for any iterate 2* € Vs, the point 81 obtained by Algorithm
satisfies

F(4) = 1) = CoV/Hy (28)
and
FEF) = fah*h) > O |F = ot ). (29)

Proof. As the sequence (z*) is infinite, by the mechanism of the algorithm

F(2") = f(@") = aredy, > npredy, (30)
where aredy, = aredy; and pred, = predkj with j € IN such that d* = d*. By Lemma we
have that for any Ay, > 0 there exists a constant C > 0 such that

‘h(zk +dh) — h(zk)‘ < 1A (31)

Consider A > 0 given by Lemma A’ < A and V; given by Lemma Let
V3 C Va be the neighborhood of T such that h(z*) < 1 and z¥ € V4, for any 2% € V3. This
neighborhood is well defined since h(Z) = 0, h(.) > 0 is a continuous function and holds.

Consider z¥ € V3 and consequently z¥ € V. By the feasibility phase, the definition of
Hj, and the fact that h(z*) < 1, we have

h(z%) < (1 — a)h(z¥) < (1 — a)H;. (32)

Denote j* the index of the successful internal iteration, i.e., Ap = Akj*. Note that by the
mechanism of the algorithm, j* ¢ _#,. We shall consider some cases as summarized on Table

, First case: suppose that Ap > %/. Bly the fact that j* ¢ ¢, Lemma H and the fact
% < min{Ay, A} we have that pred; > Cg%. Applying this in , we obtain

FE) = F) > SaCen (3)

12



First case: Second case:
Ap >4 A< &
h(z* + di;) > Hy, 3j ¢ P with Ay, < (A/2)
V Ay, < (A'/2) with j ¢ _#i | such that h(zF + di;) < Hy
j-1¢ 7| j—1€_#

Table 1: Cases considered on the proof of Theorem 3.9

The sequences (‘/Hk)kelN and (sz — gkl H)kelN are bounded, because for any k£ € IN we have
0 < Hp <1 and (Ag)ken is a positive nonincreasing sequence. Thus, there exist constants

Cg, C7 > 0 such that %anA’ > Cgv/Hy, and %7703A’ > Cy sz - l’k+1H. Applying this in (33),
we get and .

Second case: suppose that

Since 7 is nonstationary we can restrict Va, if necessary, such that for any z* € V3, we have that

2¥ is nonstationary. By Lemma and the mechanism of the algorithm, there exists at least

one j € IN such that j ¢ _#,. Moreover ohtl = 2k 4 di;. with j* ¢ 71 and the trust-region
steps are computed only in internal iterations in which j ¢ _#;. Thus it is enough to ensure the
result for j ¢ #5. Let us look again at two situations.

e Suppose that the condition

h(zF 4 d*) > Hy, (35)
/

A
holds for any Ay, < > with j ¢ _#i. Thus, by we have that holds in particular for
j*. Therefore, by and we have

h(z* 4 d*) — h(zF) > aHj,.
Using this and , we obtain

ol < h(2F 4 dF) — h(zF) < C1A%. (36)

!/

A _
From , Lemma and the fact that A, < > < A, it follows that

FF) = f@) > nCaAy. (37)

Using this and (36]) we have
JE) = J @) > Cs | 5V
1

Thus, setting Cg = 7703\/07 > (0, we obtain . On the other hand, using the fact that
1
sz — kaH < Ag in and considering C; = nC3 > 0, we get .
A/
e Now assume that there exists some j ¢ ¢ with Ay, < > such that does not

/

—~ A —~
hold. Consider j ¢ 7, the first index with Ay, < - such that fails. Denote A = Ak; and

T=2F+d".

13



First let us bound the radius A with respect to the filter slack Hy. Note that since
2A < A" < A < Apin and Ay, > Apin, we have that the radius 2A of the internal iteration

j — 1 was refused by the algorithm. R R
o Suppose that j —1 ¢ _#;. In this case, Ak§_1 = 2A. We claim that holds in 2A.

In fact, if 2A < %,, the statement follows immediately by the definition of A and the fact that
3— 1 ¢ 7. On the other hand, if 2A € (%/, A'], the claim is due to Lemma Thus, by ,
and , we have

4C1A? > h(Z* 4 d¥i-1) — h(z*) > H}, — (1 — o) H}, = aHy,.
Therefore

L1
A>——\/ak 38
oy VO (38)

o Suppose now that 3— 1 € 7. Thus, by the definitions of A and Jr. and the fact
that v Hp <1and o € (0,1),

N k k
2A = Ak§_1 > (5]65_1 > /MT]CE_I(Z ) > N/ OéHkﬂ'k;_l(Z )
Using this and the fact that 5;%71 < 2A <A'< 5 we have by Corollary that

A > "T@\/aHk. (39)

Consider C5 > 0 the constant given by Lemma Combining the definition of Cj
with and , we have in both cases j —1¢ #; and j —1 € _Zj, that

A > Csv/aHy,. (40)
On the other hand, since 3 ¢ Zi, by Lemma and the fact that A < A, it results in
(") = 1(@) > nCsA. (41)
Using in and considering Cg = nC3Cs+/a > 0, it follows that
(&) = £(@) > Cov/ Hi. (42)

Combining sz — ffH < A with and taking C7; = nC3 > 0 we obtain
F25) = f@) > Oy sz - EEH .
Therefore, andA hold at Z. To finish the proof it is sufficient to verify that z*+1 = 2.

Since j ¢ # and A < A, the Lemma yields aredk3 > npred,._.. Thus, the point ¥ satisfies
J

the trust-region criterion. Moreover, since (35) does not hold at Z, for z**! to be equal to Z it
is enough to check that

f@) < f(a") - an(a") (43)
for the flat filter and

f@) < f(a") — an(@)
for the slanting filter, because then ¥ ¢ Fp. Let us first ensure the result to the flat filter. By

and , we have
F@) < f(2F) = Co/Hyi < f(a¥) + Cyh(a®) — Co\/H. (44)

If h(z*) =0,
f(@) < f(a¥) — Cov/Hi < f(a*) = f(a¥) — an(a")

14



and in this case 2**! = Z. Suppose now that h(z*) > 0. Since h(z*) < Hy, because h(z*) < 1,
we have by that

F(@) < f(2") + Cih(z®) — Co\[h(zF) = f(a") + <04 - sz)> h(z®). (45)

Since h is a continuous function and ¥ is a feasible point, we can restrict V3, if necessary, such

that for any z* € V3, we have
Cs

C4+Oé.

Thus, combining this with we have and 2! = 7 as desired.
Let us verify that "' = Z when the slanting filter is considered. By and ,

h(zk) <

hZE) < h(zF) + C1A% < (1 — a)Hy, + C1 A2,

Using we obtain

N (1-a) A2
h(z) < Cy ) A*. 46
@< (Sap+o (40
On the other hand, combining the fact that Hj > h(2*) with and it follows that
Cs ~
By — f(z¥)| < C4H A? 47
768 = 7] < et < b (47)
Thus, (41), and the fact that A < A/ yield
F@®) = f@) = fa®) = F(F) + F () = [ (@)
Cy  ~y ~ Cy nCs\ 12
- A C3A —_— A”.
T aGt TR ( a(Csp A
Finally, using the definition of A’ given by Lemma and , it results that
1— N
F(@F) — £(@) > <( ‘;‘) + Cla) A% > ah(?)
(Cs)
and the proof is complete. 0

The efficiency condition of the optimality phase proved in the last theorem is extended
to the full step as shows the next result, fulfilling our task.

Lemma 3.10 Consider a nonstationary feasible point T € X. Then, there exist a constant
Cs > 0 and a neighborhood Vi of T such that for any iterate z* € Vj,

F(a®) = f@*) > Csuy.

Proof. Consider the neighborhood V3 and the constant Cg given by Theorem and Cy given
in . As T is feasible and, by the function h is continuous, there exists a neighborhood

Vi C V3 of 7 such that, for all 2% € Vj, h(z*) < min {1, (Cs /(204))2}. Consider z* € V. Using
(1), Theorem and the fact that h(z*) < Hy, we have

f(@®) = f(=*) F@®) = f(5) + f(2F) — (™)

AV

(~Ci /AT + Co) Vi
> Sum,

As Hy <1, we have \/Hy, > Hj, > vj. Using this and taking Cs = Cg/2 > 0, we complete the
proof. 0
Having the efficiency condition on the step, the global convergence of the Algorithm
is inherited from [59] as shown below.
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Theorem 3.11 Let (z¥) be the infinite sequence generated by the Algorithm . Assume that the
Assumptions A@ hold. Then the sequence (a:k) has a stationary accumulation point.

Proof. Our algorithm fits in the general framework of [59, Algorithm 1]. By Lemma the
sequence (z¥) satisfies the efficiency condition on the step which coincides with the Hypothesis
H3 of [59]. Consequently the global convergence result is inherited from [59, Theorem 3.5], i.e.,
the sequence (z¥) has a stationary accumulation point. O

The last theorem ensures that the sequence (2*) generated by Algorithm [1] has a sta-
tionary accumulation point, independent of the filter rule adopted. However, from [40], stronger
results are obtained when the slanting filter is used, as presented in the next theorem.

Theorem 3.12 Let (z¥) be the infinite sequence generated by the Algom'thm with Ry, = Ry
as defined in . Assume that the Assumptions A@ hold. Then any accumulation point of
the sequence (z¥) is stationary.

Proof. Our algorithm fits in the general framework of [40, Algorithm 2.1] which uses the slanting
filter. By Theorem the sequence (2¥) satisfies the Hypothesis H5 of [40]. Consequently the
global convergence result is inherited from [40, Theorem 3.7], i.e., any accumulation point of the
sequence (z¥) is stationary. 0

4 Implementation and numerical experiments

Inexact restoration algorithms allow the use of different algorithms in the feasibility and
optimality phases. Algorithm [I] was implemented with the ability of using different algorithms
for: feasibility phase, building and updating the trust-region model, and solving subproblem .

At iteration k, as explained in [§], to find z* in the feasibility phase we solve

minimize |z — zF||3 (48)
subject to z € Q
only when h(z*) > 0. Since the derivatives of the constraints are available, problem is solved
with Augmented Lagrangian algorithm ALGENCAN [I], [2]. Moreover, to ensure conditions ), we
set § =103 and o = 10~! and, to ensure z* & F,, we set ALGENCAN’s feasibility tolerance to a
value smaller than h(z¥). If the restored point does not satisfy or belongs to ]?k, then the
feasibility tolerance is decreased. This procedure will certainly stop, since h(z*) > 0 and Q # 0.

The quadratic models required at optimality phase were obtained by polynomial in-
terpolation. The construction and updating of the interpolation sets were based on the ideas
proposed in [I2]. The number of interpolation points was fixed to 5 if n = 2 and 2n + 3 oth-
erwise. At inner iterations of the optimality phase, these sets were constructed from scratch or
updated from the previous iterations. Between outer iterations, the algorithm tries to reuse the
last interpolation set of iteration £ — 1 to construct the first model at iteration k.

To solve subproblem we use ALGENCAN with default parameters. According to [2],
a solution d* found by ALGENCAN satisfies the KKT conditions of subproblem . Since the
feasible set of is convex, denoting by x* the point z¥ + d¥, it is not hard to show (see [7,
Chapter 9] and [6, Chapter 2]) that

v = PE(Zk)($+ — Vmy, (27)). (49)

Condition gives us a reasonable way of estimating 7y, (2*). By , the definitions of z
and my; and the contraction property of projections

27 = 28 = [ Ppary (@7 = Vim, (7)) = 28 > =By, (a7 = 28)|| = ot = 25| + me, ().
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Using this and Assumption we have

dbi|| = ||zt — 2F|| > T
[d™ || = || ||_QJr7

k; (Zk)v

which implies that (2*) can be estimated by ||d*i|| in the condition of the first If of the
optimality phase. In practice, according to [12], this condition is replaced by

Ok, > 2[|d™ ||

and the parameter p is implicitly defined due to its dependency of 7. Note that subproblem
needs to be solved before this condition is tested. The algorithm declares that a solution of
was found if z¥ + d¥ ¢ Fy, is feasible and ||d%i|| < e.

From now on Algorithm [1] will be referred to as FIRD (Filter Inexact Restoration
Derivative-free algorithm). We considered two variants of the algorithm. The first one, called
F-FIRD, uses the flat filter criterion given by . The second variant, called S-FIRD, considers
the slanting filter criterion given by ().

To put our approach in perspective, S-FIRD and F-FIRD were compared with two
derivative-free algorithms: the inexact restoration algorithm [§] and algorithm DFO [16]. The
inexact restoration algorithm proposed in [§], here denoted by IR, controls the progress of the
algorithm by a merit function, instead of filters. DFO is a well known derivative-free trust-region
method which uses Newton polynomials to build the models. Both algorithms are able to use
information of the derivatives of the constraints. For solving the feasibility suproblems needed
by IR and the trust-region problems needed by DFO, it was used ALGENCAN. For solving the
optimality subproblems needed by IR, the algorithm GSS was used (see []]).

Algorithms S-FIRD and F-FIRD were implemented in Fortran 90. The numerical tests
were performed on a 64-bit Intel Xeon E3-1220 v3, with 3.10 GHz of CPU and 16GB RAM,
using LUbuntu operating system. The code was compiled with gfortran version 4.8.4. The
supremum norm was always used in the implementation of FIRD. The feasibility tolerance used
for all algorithms was 10~®. The optimality tolerance for FIRD and DFO was ¢ = 1074, As
suggested in [§], the optimality tolerance of IR was 1072. For each problem, up to 10 minutes
of CPU time were allowed. The remaining parameters of FIRD were defined by n = 0.1 and
Amin = 10730, ALGENCAN 3.0.0 was used for solving all nonlinear programming subproblems
from the tested algorithms. In the optimality phase of IR, the GSS algorithm implemented in
HOPSPACK 2.0 [60] was used.

The set of test problems consisted of all 206 problems from the Hock-Schittkowski col-
lection [69] that involve at least one constraint besides box constraints for which the derivatives
are available. The initial point was always the default of the collection. As suggested in []], a
problem was considered solved by an algorithm if the obtained solution z was such that

fmin - f(j)
max{1, fmin, f(Z)}

where fii, is the smallest function value found among all the strategies under comparison.
Figure 4| displays the data and performance profiles [22] [55] considering the number of function
evaluations.

The two profiles of Figure[4](a) are related to all 206 problems. S-FIRD solved 88% of the
problems while F-FIRD solved 87%, followed by DFO and IR with 85% and 73%, respectivelly. DFO
was the most efficient algorithm in 82% of the problems. This behavior has already been observed
in the literature [54] 12]. S-FIRD and F-FIRD were the most efficient in 13% of the problems.
It can be noted that the convergence properties of FIRD resulted in a more robust method.
The direct search procedure used in IR’s optimality phase can explain its poor performance.
Although a trust-region procedure could be used for solving the subproblems of this phase, IR
would lose its theoretical results. Data profile shows that if an amount of approximately 5000
function evaluations is allowed, then FIRD and DFO solve the same number of problems.

h(z) <1078 and <1074,
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Figure 4: Data and performance profiles for the compared algorithms. (a) Profiles related to
the 206 constrainted problems from the Hock-Schittkowski collection. (b) Profiles related to the

66 equality constrained problems.
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The two profiles in Figure b) consider the subset of all 66 equality constrained prob-
lems. In this scenario, S-FIRD, F-FIRD and IR are the most robust algorithms, solving 59, 57 and
56 problems, respectivelly, while DFO solved 53. Still, DFO was the most efficient algorithm. The
increase in the percentual difference on the robustness between inexact restoration approaches
and DFO can be explained by the fact that inexact restoration algorithms allow infeasible points,
as long as they are “good” choices. On the other hand, DFO projects infeasible points to build
the quadratic models.

The code of FIRD is available to download at https://github.com/fsobral/fird.
The complete results of the numerical experiments are available at https://docs.ufpr.br/
~ewkaras/pesquisa/publicacoes/supplemental _FKSS.

5 Conclusions

In this work we have proposed an inexact restoration filter algorithm for nonlinear
programming problems, in which the objective function derivatives are not explicitly used. Each
iteration consists of two phases: a restoration phase for reducing an infeasibility measure, and
an optimality phase for improving the objective function value in the linearization of the feasible
direction set. These two phases are independent and the coupling between them is made by a
filter, which can either be the flat filter [30] or the slanting [I0] one. As the derivatives of the
objective function are not available, it is in the optimality phase that the derivative-free trust-
region techniques are used. The linear or quadratic trust-region models can be constructed by
any technique as long as they approximate sufficiently well the objective function at the current
point. We have showed that the obtained steps provides an efficiency condition using both
flat and slanting filter rules. For the flat filter, we have proved that the algorithm generates a
stationary accumulation point. A stronger result has been proved for the slanting filter, namely,
all accumulation points are stationary. A set of numerical experiments was prepared to illustrate
the practical performance of the proposed algorithm. The implementation was shown to be more
robust than other methods that are capable of using derivatives of the constraints.
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