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Abstract. Thermal optimization of the vertical continuous casting process is considered in the
present study. The goal is to find the optimal distribution of the temperature and interfacial

heat transfer coefficients corresponding to the primary and secondary cooling systems, in addition
to the pulling speed, such that the solidification along the main axis of strand approaches to the
unidirectional solidification mode. Unlike many thermal optimization of phase change problems in
which the desirable (target) temperature, temperature gradient or interface position are assumed

to be a-priori known, a desirable shape feature of the freezing interface (not its explicit position)
is assumed to be known in the present study. In fact, the goal is equivalent to attain a nearly
flat solid-liquid interface that is featured by its zero mean curvature. The objective functional
is defined as a function of the temperature and mean curvature of the freezing interface. The

solidus and liquidus iso-contours of the temperature field are used to implicitly determine the
solid-liquid mushy region, i.e. the freezing interface. The temperature field is computed by solving
a quasi steady-state nonlinear heat conduction equation. A smoothing method is employed to
ensure the differentiability of heat equation. The explicit form of first order necessary optimality

conditions is derived. A gradient descent algorithm is introduced to find local solutions of the
corresponding optimization problem. Numerical results support the feasibility and success of the
presented method.

Keywords. Adjoint sensitivity analysis; Curvature control; Effective heat capacity; Phase change

optimization; Regularization; Solidification control.

1. Introduction

Phase change is an important physical phenomenon that happens during many problems in science
and engineering, e.g. the shape casting, ingot casting and crystal growth technologies. In these cases,
the freezing conditions have a significant impact on the quality of products. Therefore, the control
and optimization of solidification is an important problem that should be taken into account during
the process design stage. The optimal design of casting components in the view of manufacturing
constraints were recently considered in the structural optimization community. For instance , the
molding (casting) constraints were considered in [1–6], the control on the connectivity (integrity)
and minimum thickness of components were considered in [7, 8] and considering process constraints
in mold free processes like additive manufacturing was studied in [9]. Because the process design
conditions significantly vary the practical performance of casting parts, for instance , due to different
grain sizes, heavy sections commonly exhibit lower mechanical properties in contrast to thin sections,
the ultimate goal will be considering the process and product design optimization simultaneously.
The process design optimization of casting components is less considered in the literature, in spite
of its importance. The optimal design of feeding system in the shape casting process was considered
in [10–14].

The continuous casting is one of the important mass production industrial processes that produces
raw ingots for subsequent forming procedures. Thermal history of ingots during the continuous cast-
ing process has a significant effect on the quality of final products [15, 16]. The thermal optimization
of the vertical continuous casting process based on the distributed parameter identification approach
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will be considered in the present work. Because this process involves the change of phase, it is worth
to briefly mention related literature on the optimization of phase change problems.

Using the classic Stefan problem [cf. 17] is a common way to model phase change phenomena in
the case of pure materials. The control and optimization of Stefan problem based on the distributed
parameter identification approach have been considered extensively in the literature [cf. 18, 19].
The distributed parameter here means that control parameters are defined on a codimension-zero or
codimension-one subset of the spatial domain, i.e. there are an infinite number of control parameters
(in the continuum formulation). The inverse solution of Stefan problem to attain a desired solid-
liquid interface by controlling the boundary heat fluxes has been considered in [20]. In [21] the
optimal control of Stefan problem has been considered in which unknown boundary heat flux has
been determined such that the space-time mismatch between the solid-liquid interface and its target
distribution (desired space-time interface position) has been minimized. The same problem has
been considered in [22], including the effect of melt convection in the liquid region. The inverse
determination of unknown solid-liquid interface in the steady-state Stefan problem to maintain the
desired temperature distribution and interfacial contact angle has been considered in [23]. The
determination of optimal boundary heat flux in the Stefan problem to control the evolution of solid-
liquid interface has been considered in [24]. In [25], the optimal determination of a codimension-one
immersed boundary in the spatial domain, that acts as the cooling element (in fact , an unknown
distributed heat sink), to maintain a desired temperature distribution in the Stefan problem has
been considered.

Many real-world phase change phenomena , however , include the phase transition in an alloying
system. Unlike the classic Stefan problem, there is not an explicit interface between the solid and
liquid phases in these cases, but there is a mushy region with non-zero thickness. There are many
mathematical models and numerical approaches to solve phase change problems in alloying systems
[cf. 26–30]. The optimal determination of boundary heat flux to maintain the desired temperature
distribution in a binary alloy solidification problem has been considered in [31]. To benefit from
the formerly developed method in [20], authors in [31] have used the sharp interface assumption for
the solid-liquid boundary. There are a few efforts on the thermal optimization of solidification in
alloying systems corresponding to the shape casting process. In these works, the shape of spatial
domain was identified by the shape optimization [32, 10, 11] or topology optimization [14, 13, 33, 34]
methods to establish the directional solidification from the cast part to the feeding system.

The goal of present study is to optimize the heat transfer in the vertical continuous casting process
[cf. 15]. Figure 1 (left) schematically shows essential features of a vertical continuous casting process.
In this production method, the molten material is poured into a water cooled mold, that is called
the primary cooling system (region), where the strand (the product of process) obtains a sufficiently
tick solid shell. After exiting the mold, the strand is supported by rollers and it is cooled by water
sprays, that is called the secondary cooling system (region), to complete the solidification. When
the strand passes the end of water sprays region, it cools down by the natural convection to the
environment temperature. After the short initial transient stage, the continuous casting process
reaches to a quasi steady-state condition in which the strand leaves the machine with a constant
velocity that is proportional to the casting rate [15, 35].

There are many works in the literature on the mathematical modeling and numerical simulation
of the vertical continuous casting process, for instance , see: [37–40, 36, 41]. There were several
attempts to improve the performance of continuous casting machines by the real-time adjustment of
pulling and cooling systems parameters using feedback control approaches, see for instance [41–49].
In [50, 51] a multi objective non-smooth optimization approach has been introduced to optimize
the secondary cooling system parameters in the continuous casting process. The objective function
is defined as the weighted sum of the following items: desired surface temperature distribution in
the strand, bounds on the strand surface temperature, bounds on the strand surface temperature
gradient, bound on the depth of the liquid pool and a lower bound on the temperature of the
bending section. Note that the depth of the liquid pool is not directly controlled in these works.



THERMAL OPTIMIZATION OF THE CONTINUOUS CASTING PROCESS 3

solid

mushy

melt

x

y

0 lx

lm

ly
ξ

m = −ĵ
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Figure 1. Left: schematic of a vertical continuous casting machine [36], Right:
schematic of computational domain corresponding to model problem considered in
the present study.

But, its upper bound is controlled by imposing a pointwise upper bound constraint on the tem-
perature of a defined point in the strand. In [52], the difference between the temperature field and
a target temperature distribution has been minimized by optimal identification of the solid-liquid
interface position. Using the genetic algorithm, in [53, 54] the parametric optimization of the sec-
ondary cooling system in the continuous casting process has been considered to establish the desired
temperature distribution in the strand.

The remainder of this paper is organized as follows. A smooth quasi steady-state mathematical
model to find the temperature field in the vertical continuous casting process is presented in section
2. The optimization problem in the present study is formulated in section 3. A new objective
function is introduced in this section such that the optimization problem is defined with minimal
information about the optimal solution. For this purpose, the objective functional is defined as
the weighted integration of the squared mean curvature of the freezing interface. To the best of
our knowledge, it is the first effort on posing control on the second order derivative of temperature
field in heat conduction problems. The rigorous theoretical study, for instance to investigate the
existence of solution, on such a problem is a very difficult job in the field of mathematical analysis.
This issue is not considered in the present work, but the success of introduced method is investigated
through numerical experiments. The first order necessary optimality conditions is derived in section
4. The solution algorithm based on the regularized projected steepest descent approach is presented
in section 5. The spatial discretization schemes are discussed in section 6. Section 7 is devoted
to numerical study on the feasibility of the presented method. Finally, section 8 summarizes the
present work.

2. Mathematical Modeling of Continuous Casting Process

Without the loss of generality, for the purpose of convenience and to avoid the complexity of
formulation, the convection of molten metal in the strand is ignored in the present study. Therefore,
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the temperature distribution in the strand can be computed by solving the heat transfer equa-
tion including the phase change effect with appropriate boundary conditions. The heat transfer to
the primary cooling system (mold) and secondary cooling system are taken into account using the
interfacial boundary condition approach [cf. 55, 30]. In this way, the strand senses these envi-
ronments as some convective boundaries with different temperatures and interfacial heat transfer
coefficients. This approach is very common in the literature of heat transfer to model discontinuities
and interfaces.

Assume the spatial domain, the strand from the upper surface to a sufficiently large length (e.g.
the cutting length), is denoted by Ω that is an open bounded subset of Rd (d = 2 or 3). Moreover,
assume that there are no elastic or plastic strains in the liquid and solid regions. Under these
assumptions, the enthalpy conservation law in the strand has the following form [cf. section 3.2 of
56]:

∂

∂t
(ρe) +∇ · (ρev) = ∇ · (k∇T ) in Ω (1)

where ρ = ρ(x) denotes the density, k = k(x) denotes the heat conductivity coefficient, T = T (x)
denotes the temperature, e = e(T (x)) denotes the enthalpy density (the enthalpy per unit mass)
and v = v(x) denotes the velocity field. Ignoring the initial transient stage at starting point of
the vertical continuous casting process, the temperature field in the strand reaches to the quasi
steady-state conditions [cf. 15, 55, 35]. Therefore, (1) simplifies to the following form:

∇ · (ρev) = ∇ · (k∇T ) in Ω (2)

If the variation of density with the temperature and solidification is ignored, i.e. ρ = constant,
the incompressibility assumption, ∇ · v = 0, simplifies (2) as follows:

ρ (v · ∇e) = ∇ · (k∇T ) in Ω (3)

Assume that the longitudinal axis of the strand is denoted by ξ (cf. Figure 1); i.e. ξ is a curvilinear
axis which is orthogonal to every cross section of the strand. Moreover, assume that m(x) denotes
the local unit vector along ξ axis directed from the upper section to the lower section of the strand.
Considering the above mentioned assumptions, v(x) is parallel to m(x) and v(x) is fixed on every
ξ − constant plane. Therefore:

v(x) = v m(x) (4)

where v = |v| and v is equal to the pulling (casting) speed, at the lower cross section of the strand.
Assuming the variation of configurational entropy with the temperature is negligible, at the fixed
(environmental) pressure, the enthalpy density can be computed as follows:

e(T ) = er +

∫ T

Tr

cp dT + Lffl(T ) (5)

where Tr denotes the reference temperature, er denotes the entropy density at the reference temper-
ature, cp denotes the specific heat capacity at fixed pressure, Lf denotes the latent heat of freezing
and fl denotes the local volume fraction of the liquid phase (obviously fs+fl = 1, where fs denotes
the local volume fraction of solid phase). An alloying system with a nonzero freezing interval is
considered in the present study. In the case of isothermal solidifications, like pure elements or eu-
tectic alloys, a virtual narrow interval can be considered to use the method presented in the current
work [cf. 29].

There are several physical models to compute fl as a function of the temperature within the
freezing interval. Some instances are the level-rule, Scheil and linear models [cf. section 7.2 of
28]. The later model has been extensively used in the literature. The main benefits of this model
are: simplicity, satisfactory outcomes and applicability when there exists no explicit information
about the variation of fl as a function of the temperature, that is the case in many real-world
problems. In this approach, it is assumed that the latent heat of freezing is distributed linearly over



THERMAL OPTIMIZATION OF THE CONTINUOUS CASTING PROCESS 5

the solidification interval, i.e.:

fl(T ) =

 1, T > Tl

(T − Ts)/(Tl − Ts), Ts ⩽ T ⩽ Tl

0, T < Ts

(6)

where Tl and Ts denote the liquidus and solidus temperatures respectively. Without regard to
the specific choice of fl(T ) in the freezing interval, the conventional treatments of fl(T ) are non-
differentiable with respect to T at T = Ts, Tl. Unfortunately there are many papers in the literature
in which this differentiability problem has been ignored without care, see [57, 38, 58, 59, 28, 60, 45, 61]
as a few instances. It appears that zero values have been considered as the derivative in these non-
differentiability points, whenever it was applicable. However, using non-differentiable form of fl
can leads to serious problems during the solution of nonlinear system of equations corresponding
to the discretized form of continuum model. To resolve this issue, either the regularized form of
fl should be considered or a non-smooth solver with sufficient cares should be employed. This
issue is well discussed in [35]. It is worth noticing that, in the above mentioned works, a transient
heat solver was employed and as a result of intrinsic regularization by the time stepping procedure,
the negative impact of the mentioned non-differentiability issue did not seriously overshadow the
numerical results.

Equation (6) can be stated equivalently in the following semi-smooth analytic form [35]:

fl(T ) = 1−max

(
Tl − T

Tl − Ts
, 0

)
+max

(
Ts − T

Tl − Ts
, 0

)
(7)

where max(a, 0) returns 0 for a < 0 and a for a ⩾ 0. Now, (7) is regularized by replacing max function
with its regularized form, that is shown by maxε here, where ε denotes the regularization parameter
and max(a, 0) = limε→0 maxε(a, 0). There are many forms of regularized maximum function in the
literature. The monotonicity of maxε(a, 0) with respect to a is essential for the physical consistency
of fε

l [cf. 35]. A new form of regularized max function with C2 continuity and required property
that was introduced in [62] is adopted in the present work:

maxε(a, 0) =


0, a ⩽ 0
a3

ε2 − a4

2ε3 , 0 < a < ε
a− ε

2 , a ⩾ ε

(8)

Using (8), fl(T ) can be approximated by the following smoothed form:

fε
l (T ) = 1−maxε

(
Tl − T

Tl − Ts
, 0

)
+maxε

(
Ts − T

Tl − Ts
, 0

)
(9)

Using above approach, (5) can be approximated by the following C2(R) function:

eε(T ) = er +

∫ T

Tr

cp dT + Lff
ε
l (T ) (10)

where eε denotes the regularized enthalpy density. Without the loose of generality, assume that the
specific heat capacity is temperature invariant, i.e. cp = constant. The substitution of (10) into
(3) results in:

ρcp (v · ∇T ) + ρLf (v · ∇fε
l ) = ∇ · (k∇T ) in Ω (11)

Considering that ∇fε
l (T ) = (dfε

l /dT )∇T , (11) can be expressed in the following equivalent form:

ρcεe (v · ∇T ) = ∇ · (k∇T ) in Ω (12)

where cεe denotes the regularized effective specific heat capacity which is computed as follows:

cεe = cp + Lf
dfε

l

dT
(13)

Appropriate boundary conditions are required to solve (12). Assume the boundaries of Ω are
denoted by Γ = Γt ∪ Γb ∪ Γl where Γt, Γb and Γl denote upper, lower and lateral boundaries of
the strand respectively. In practice, the upper boundary of strand is maintained at the constant



6 R. TAVAKOLI

pouring temperature. The lateral boundaries transfer heat to the primary and secondary cooling
systems. From a physical point of view , the length of strand is infinite and there is no lower surface
for it. However, to save the computational resource, a finite length is considered and an appropriate
boundary condition is imposed on it. When the length of strand is sufficiently large the isolated
boundary condition is a reasonable choice for the lower surface of strand [cf. 38, 58–60, 45, 61, 35].
Therefore, the heat equation together with its boundary conditions in the present study can be
stated as follows:

ρcεe (v · ∇T ) = ∇ · (k∇T ) in Ω (14)

T (x) = TP on Γt (15)

−k∇T (x) · n(x) = 0 on Γb (16)

−k∇T (x) · n(x) = h(x)
(
T (x)− Ti(x)

)
on Γl (17)

where TP denotes the pouring temperature, n = n(x) denotes the outward unit normal on the
boundaries, h(x) denotes the interfacial heat transfer coefficient on the lateral boundaries (varies
spatially) and Ti(x) denotes the environmental temperature on the lateral interfaces (varies spa-
tially). In fact, Ti is equal to the mold and cooling water temperatures in the primary and secondary
cooling regions respectively. It is worth mentioning that n = m on Γb. Equations (14)-(17) are
called the direct problem henceforth.

3. Formulation of Optimization Problem

As it is formerly mentioned, h(x), Ti(x) and v are considered as the design variables in the
present study. To avoid possible nonphysical solutions, one may impose bound constraints on these
design variables. For instance , these values should not be negative and they should be smaller than
some appropriate upper bounds. These constraints can be defined as follows:

hL(x) ⩽ h(x) ⩽ hU (x) on Γl (18)

TL(x) ⩽ Ti(x) ⩽ TU (x) on Γl (19)

vl ⩽ v ⩽ vU (20)

where hL, hU , (0 ⩽ hL ⩽ hU < ∞), TL, TU , (0 ⩽ TL ⩽ TU < ∞) and vL, vU , (0 < vL ⩽ vU < ∞)
denote the lower and upper bounds corresponding to h, Ti and v respectively.

To define an appropriate objective functional is a key for the success of every design optimization
problem. The macroscopic shape of solid-liquid interface is one of the most important factors in
the vertical continuous casting process. Ideal solidification conditions happen in the case of flat
solid-liquid interface [15]. In fact, the unidirectional solidification from upper to lower boundaries of
ingot defines the ideal solidification conditions. By approaching to the flat solid-liquid interface, the
solidification defects, like shrinkage voids, gaseous porosities, macro segregation and the susceptibil-
ity of internal hot tearing, are decreased [15]. Furthermore, the maximum production rate of healthy
ingot can be attained when the solidification has near unidirectional mode [15]. The depth of the
liquid pool in the strand is commonly called the metallurgical length in the materials engineering
literature (cf. Figure 1). In the case of near ideal solidification conditions, the metallurgical length
is minimum [cf. 15]. Therefore, it is an implicit factor to measure the quality of strand. However,
there is no explicit definition for this factor as a function of the temperature. The absolute value of
mean curvature of the solid-liquid interface is a good measure for the violation of the solidification
from its ideal conditions. However, in the case of alloying systems with large freezing interval (e.g.
when Tl − Ts > 10 oC), there is not a distinct interface between the solid and liquid phases. But,
there exists a mushy region between these phases. Obviously, the solidus and liquidus iso-contours
of the temperature field determine the boundaries of the mushy zone. Taking these facts into
account, the objective functional can be defined as follows:

J (T ) =
1

2

∫
Ω

ϕ(T )
∣∣κ(T )∣∣2 dx (21)
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where κ
(
T (x)

)
denotes the mean curvature of the temperature field iso-contours at x. In fact,

it measures the local mean curvature of Tc − constant temperature iso-contour at x = x0, where
Tc = T (x0). According to differential geometry principles κ can be computed as follows [cf. 63]:

κ(T ) = ∇ ·
(

∇T

|∇T |

)
(22)

Moreover, the weighting function ϕ(T ) denotes the classic Gaussian function that is centered at
Tm = (Tl + Ts)/2. It is defined as follows:

ϕ(T ) = exp

(
−(T − Tm)2

2σ2

)
(23)

where σ > 0 controls the width of Gaussian peak. In fact, ϕ(T ) in the present study, increases the
emphasis of term |κ|2 near iso-contour T = Tm and decreases its emphasis gradually by approaching
to Ts and Tl iso-contours. Figure 2 shows the graph of ϕ(T ) for Ts = 1360, Tl = 1460 and different
values of σ. According to the plot, for σ = 18, the weight function is nonzero in the mushy zone
and is near zero out of this interval, for this choice of Ts and Tl. It is important to note that the
temperature field is assumed to be sufficiently regular such that the local mean curvature of the
temperature iso-contours are well defined everywhere in Ω.
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Figure 2. The variation of ϕ(T ) with T for Tm = 1410 and σ = 18, 30.

Considering that h and Ti are codimension-one field variables, it is worth to add regularization
terms to the objective function to avoid a sudden spatial jump in these parameters. Moreover,
because distributed parameter identification problems are commonly ill-posed, such a regularization
can stabilize the numerical optimization algorithm. For this purpose, the regularized objective
functional, F , is defined as follows:

F(T, h, Ti) = J (T ) +H(h, Ti) (24)

H(h, Ti) :=
ζh
2

∫
Γl

|∇Γh|2 dx+
ζi
2

∫
Γl

|∇ΓTi|2 dx (25)

where ζh, ζi ⩾ 0 denote the Tikhonov regularization parameters corresponding to the control pa-

rameters h and Ti respectively and ∇Γ denotes the gradient operator on the manifold Γl .
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The splitting approach introduced in [64, 65] is used for the numerical solution of the optimization
problem in the present study. This method includes two sequential steps. In the first step, the first
part of F , i.e. J (the most important component of F), is minimized subject to the corresponding
control and PDE constraints. In the second step, regularization step, the second part of F , i.e. H is
minimized subject to the control constraints and the solution of former step as its initial guess. In
practice, these two subproblems are solved incompletely at every step of the underlaying optimization
algorithm. Further details are presented in section 5. In fact, the mentioned regularization step does
the postprocessing (smoothing) of distributed design variables. Therefore, there are two optimization
problems that should be solved sequentially in the present study. They can be expressed as follows:

min
(v, h, Ti,T ) ∈ (Dv, Dh, DT , U)

J (T ) subject to : (14), (15), (16), (17) (26)

min
(h, Ti) ∈ (Dh, DT )

H(h, Ti) subject to : ∇Γh · t = ∇ΓTi · t = 0 on ∂Γl (27)

where t denotes the outward unit normal on the boundaries of codimension-one manifold Γl (in
fact , the boundaries of the upper and lower cross section of the strand), Dv, Dh, DT denote the
admissible design spaces of control variables v, h and Ti respectively. They can be defined as follows:

Dv := {u ∈ R | vl ⩽ u ⩽ vU}

Dh := {u ∈ V | hL(x) ⩽ u(x) ⩽ hU (x), ∀x ∈ Γl}

DT := {u ∈ V | TL(x) ⩽ u(x) ⩽ TU (x), ∀x ∈ Γl}

Moreover, V = V(Γi) and U = U(Ω) denote two function spaces with sufficient regularities that
are required for the solution of (26). Because the theoretical analysis on the above mentioned
optimization problems is beyond scope of this paper, no explicit form for these function spaces are
presented here. Obviously, to study the existence of minimizers and convergence of optimization
algorithm, their explicit definitions are essential. Therefore, in the reminder of this work, it is
assumed that the optimization problems (26) and (27) are well-defined and each of them possesses
at least one minimizer1.

4. First order necessary optimality conditions

In the present study, a gradient based optimization algorithm is employed to solve problems (26)
and (27). Therefore, it is required to find the first order necessary optimality conditions correspond-
ing to these problems. It is worth mentioning that even a black-box gradient based optimization
solver is used for this purpose, the first variation of objective functional with respect to the design
variables is the minimal requirement of every gradient based solver. It is commonly called the sen-
sitivity analysis in the engineering literature [cf. 66–71]. Although there exists extensive literature
on the design sensitivity analysis and optimization of static and transient heat conduction equations
[cf. 72–81], there is no related report on the sensitivity analysis of the problem (26). To the best
of our knowledge, this work is the first effort on the design sensibility analysis of optimization prob-
lems constrained to heat conduction equation and objective functional that includes second order
derivatives of the temperature field.

Consider sufficiently regular functions Θ, Θt, Θb and Θl as the Lagrange multipliers corre-
sponding to equations (14), (15), (16) and (17) respectively. Moreover, consider sufficiently regular
functions λL, λU , µL, µU , ϑL and ϑU as the Lagrange multipliers corresponding to bound con-
straints on h, Ti and v respectively. Using these multipliers and augmenting the objective functional
J with constraints (14), (15), (16), (17) and control constraints results in the following augmented

1It is easy to show that the optimization problem (27) is convex and has at least one minimizer in
(
L2(Γl)

)2
.
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Lagrangian:

L = L(T, h, Ti, v,Θ,Θt,Θb,Θl, λL, λU , µL, µU , ηL, ηU )

= J (T ) +

∫
Ω

Θ
(
ρcεe u · ∇T −∇ · (k∇T )

)
dx

+

∫
Γt

Θt (T − TP ) dx+

∫
Γb

Θb k∇T · n dx

+

∫
Γl

Θl

(
k∇T · n+ h(T − Ti)

)
dx

+

∫
Γl

λL (hL − h) dx+

∫
Γl

λU (h− hU ) dx

+

∫
Γl

µL (TL − Ti) dx+

∫
Γl

µU (Ti − TU ) dx

+ ϑL (uL − v) + ϑU (v − uU )

(28)

Every local solution of the optimization problem (26) is a stationary point of L subjected to the
complementarity conditions corresponding to the bound constraints. In fact, local solutions of (26)
satisfy the first order necessary optimality conditions based on the Karush-Kuhn-Tucker (KKT)
conditions [cf. 82, 18, 19]. Therefore, it is required to compute the directional derivative of L with
respect to its arguments, and to equate them to zero. The root of the first variations of L with
respect to Θ, Θt, Θb and Θl leads to (14), (15), (16) and (17), in fact , the direct PDE together
with its corresponding boundary conditions.

The first variation of L with respect to T results in:

LT δT =
1

2

∫
Ω

ϕ′(T ) |κ(T )|2 δT dx+

∫
Ω

ϕ(T ) κ(T ) ∇ ·
(
∇(δT )

|∇T |
−

∇T
(
∇T · ∇(δT )

)
|∇T |3

)
dx

+

∫
Ω

ρ cεe
′ Θ (v · ∇T ) δT dx+

∫
Ω

ρ cεe Θ
(
v · ∇(δT )

)
dx−

∫
Ω

Θ ∇ ·
(
k ∇(δT )

)
dx

+

∫
Γt

Θt δTdx+

∫
Γb

Θb k
(
∇(δT )

)
· ndx+

∫
Γl

Θl k
(
∇(δT )

)
· ndx+

∫
Γl

Θl h δTdx

:= I1 + I2 + I3 + I4 − I5 + I6 + I7 + I8 + I9

(29)

where δT denotes an arbitrary test function with sufficient regularity and,

ϕ′(T ) = −T − Tm

σ2
exp

(
−(T − Tm)2

2σ2

)
, cεe

′ = Lf
dfε

l

dT

Consider the definition of the following local (pointwise) operator, P (T ), for the purpose of brevity
in notations:

P (T ) := 1d −
∇T

|∇T |
⊗ ∇T

|∇T |
(30)

where 1d ∈ Rd×d denotes the identity matrix and ⊗ denotes the tensor product of d-vectors, i.e.,
a ⊗ b = [aibj ]d×d. In fact, applying this operator on the temperature field returns a second order
tensor field. Using (30) in the expression of I2 and doing integration by parts followed by applying
the divergence theorem results in:

I2 =

∫
Ω

ϕ(T ) κ(T ) ∇ ·
((

P (T )
)
· ∇(δT )

|∇T |

)
dx =

∫
Γ

ϕ(T ) κ(T )

((
P (T )

)
· ∇(δT )

|∇T |

)
· n dx

−
∫
Ω

∇
(
ϕ(T ) κ(T )

)
·
((

P (T )
)
· ∇(δT )

|∇T |

)
dx := I2,1 − I2,2

(31)

Considering that ϕ(T ) is non-zero in the vicinity of the solid-liquid interface, it is a reasonable to
assume that ϕ(T ) ≈ 0 on Γ. Therefore, I2,1 can be neglected in (31). Doing some algebra on I2,2
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results in:

I2,2 =

∫
Γ

∇
(
ϕ(T ) κ(T )

)
·
(
P (T )

|∇T |

)
· n δT dx−

∫
Ω

∇ ·
(∇

(
ϕ(T ) κ(T )

)
·
(
P (T )

)
|∇T |

)
δT dx

:= I2,2,1 − I2,2,2

(32)

Similar to former reasoning, assuming that ϕ(T ) is negligible on Γ, the boundary term I2,2,1 in (32)
can be ignored in the present study. Simplifying I4 results in:

I4 =

∫
Γ

ρ cεe Θ (v · n) δT dx−
∫
Ω

∇ ·
(
ρ cεe Θ v

)
δT dx =

∫
Γ

ρ cεe Θ (v · n) δT dx

−
∫
Ω

ρ cεe Θ (∇ · v) δT dx−
∫
Ω

ρ cεe (∇Θ · v) δT dx−
∫
Ω

ρ Θ(∇cεe · v) δT dx

(33)

Considering that ∇cεe = cεe
′ ∇T and using incompressibility constraint (∇ · v = 0), simplifies (33) to

the following form:

I4 =

∫
Γ

ρ cεe Θ (v · n) δT dx−
∫
Ω

ρ cεe (v · ∇Θ) δT dx−
∫
Ω

ρ cεe
′ Θ (v · ∇T ) δT dx

:= I4,1 − I4,2 − I4,3

(34)

Applying the integration by parts and divergence theorem to I5 two times results in:

I5 =

∫
Γ

k Θ
(
∇(δT )

)
·n dx−

∫
Γ

k (∇Θ ·n) δT dx+

∫
Ω

∇·
(
k ∇Θ

)
δT dx := I5,1 − I5,2 + I5,3 (35)

Collecting all terms in LT results in the following equation:

LT δT =
(
I1 + I2,2,2 + I3 − I4,2 − I4,3 − I5,3

)︸ ︷︷ ︸
in Ω

+
(
I4,1 − I5,1 + I5,2 + I8 + I9

)︸ ︷︷ ︸
on Γl

+
(
I4,1 − I5,1 + I5,2 + I7

)︸ ︷︷ ︸
on Γb

+
(
I4,1 − I5,1 + I5,2 + I6

)︸ ︷︷ ︸
on Γt

(36)

Note that the terms inside each parenthesis in (36) are defined on the same spatial domain. Equating
the first parenthesis of (36) to zero (in an almost everywhere sense) results in the following adjoint
PDE [cf. 83, 84]:

−ρ cεe (v · ∇Θ) = ∇ ·
(
k ∇Θ

)
− 1

2
ϕ′(T ) |κ(T )|2 −∇ ·

(∇
(
ϕ(T ) κ(T )

)
·
(
P (T )

)
|∇T |

)
It is assumed that the temperature field is sufficiently smooth such that the above equation is well
defined and is uniquely soluble. Now, we examine the second parenthesis of (36). Because the test
function δT is arbitrary (in fact, the second parenthesis should be equal to zero for every choice of
trace of δT on Γl), we take δT = 0 on Γl and vary term k

(
∇(δT )

)
·n on Γl. As a result, Θ should be

equal to Θl on Γl. Consequently, I5,1 = I8 on Γl and the second and forth terms in this parenthesis
cancel each other. Because m is orthogonal to every cross section of strand by assumption, i.e.
m⊥n on Γl, v · n = 0 on Γl. Therefore, I6,1 = 0 on Γl. Then, varying the trace of δT on Γl results
in the following boundary condition:

−k ∇Θ · n = h Θ on Γl

Consider the third parenthesis of (36) here. Taking the trace of δT equal to zero on Γb and varying
k
(
∇(δT )

)
· n on Γb, results in Θ = Θb on Γb. Then, varying the trace of δT on Γl results in the

following boundary condition:

−k ∇Θ · n = ρ cεe v Θ on Γb

Taking the trace of δT equal to zero and varying k
(
∇(δT )

)
·n on Γt, results in Θ = 0 on Γt. Then,

varying the trace of δT on Γt results in: Θt = −ρ cεe Θ (v · n)− k (∇Θ · n) on Γt.
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Therefore, equating LT to zero leads to the following adjoint problem:

−ρ cεe (v · ∇Θ) = ∇ ·
(
k ∇Θ

)
− 1

2
ϕ′(T ) |κ(T )|2 −∇ ·

(∇
(
ϕ(T ) κ(T )

)
·
(
P (T )

)
|∇T |

)
in Ω (37)

Θ(x) = 0 on Γt (38)

−k∇Θ(x) · n(x) = ρ cεe(x) v Θ(x) on Γb (39)

−k ∇Θ(x) · n(x) = h(x) Θ(x) on Γl (40)

Comparing (37) to (14) illustrates that the direction of advection in the adjoint PDE is in the
reverse advection direction of the direct PDE. It is important to note that considering the advection
direction is essential for the stable numerical solution of (37) and (14).

Computing the first variations of L with respect to h, Ti and v results in:

Lh δh =

∫
Γi

(
Θ (T − Ti) + λU − λL

)
δh dx (41)

LTi δTi =

∫
Γi

(
−Θ h+ µU − µL

)
δTi dx (42)

Lv δv =

(
ϑU − ϑL +

∫
Ω

ρ cεe Θ (m · ∇T ) dx+

)
δv (43)

Equating (41)-(43) to zero (in an almost everywhere sense) leads to the following equations:

Θ (T − Ti) + λU − λL = 0 on Γi (44)

−Θ h+ µU − µL = 0 on Γi (45)

ϑU − ϑL +

∫
Ω

ρ cεe Θ (m · ∇T ) dx = 0 (46)

The complementarity conditions [cf. 82, 18, 19] corresponding to the inequality constraints can
be expressed as follows:

λL, λU ⩾ 0, λL(hL − h ) = λU (h − hU ) = 0 on Γi (47)

µL, µU ⩾ 0, µL(TL − Ti) = µU (Ti − TU ) = 0 on Γi (48)

ϑL, ϑU ⩾ 0, ϑL(uL − ub) = ϑU (ub − uU ) = 0 on Ω (49)

Summarizing the above derivations, the first order KKT necessary optimality conditions corre-
sponding to the optimization problem (26) can be stated as follows:

equations : (14), (15), (16), (17)
equations : (37), (38), (39), (40)
equations : (44), (45), (46)
equations : (18), (19), (20)
equations : (47), (48), (49)

(50)

Following [85, 64, 65] the first order necessary optimality conditions can be alternatively expressed
based on the projected gradient approach, as bellow [c.f. proposition 2.4 of 65]. In this way, the
control constraints and complementarity conditions are managed by projection operators. There-
fore, the set of constrained stationary points of augmented Lagrangian L, that are denoted by
(T ∗,Θ∗, h∗, T ∗

i , v
∗)T satisfy the following optimality conditions:
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(OC1)



ρcεev
∗(m · ∇T ∗) = ∇ · (k∇T ∗) in Ω

T ∗(x) = TP on Γt

−k∇T ∗(x) · n(x) = 0 on Γb

−k∇T ∗(x) · n(x) = h∗(x)
(
T ∗(x)− T ∗

i (x)
)

on Γl

−ρcεev
∗(m · ∇Θ∗) = ∇ ·

(
k ∇Θ∗)− 1

2 ϕ′(T ∗) |κ(T ∗)|2

−∇ ·
(

∇
(
ϕ(T∗) κ(T∗)

)
·
(
P (T∗)

)
|∇T∗|

)
in Ω

Θ∗(x) = 0 on Γt

−k∇Θ∗(x) · n(x) = ρ cεe(x) v
∗ Θ∗(x) on Γb

−k ∇Θ∗(x) · n(x) = h∗(x) Θ∗(x) on Γl

h∗(x) = PDh

[
h∗(x)− γ Θ∗(x)

(
T ∗(x)− T ∗

i (x)
)]

on Γl

T ∗
i (x) = PDT

[
T ∗
i (x) + γ Θ∗(x) h∗(x)

]
on Γl

v∗ = PDv

[
v∗ − γ

(∫
Ω
ρ cεe(x) Θ

∗(x) (m(x) · ∇T ∗(x)) dx

)]

where γ ∈ R+ is an arbitrary scaling factor and PX [a] denotes the orthogonal projection operator
of trial point a (with respect to L2 norm) onto the convex set X . It is easy to show that the
orthogonal projection onto bound constraints is a convex separable optimization problem with an
explicit solution. Using simple derivations, the above mentioned projection operators have the
following explicit forms [cf. 86, 87]:

PDh
[a] = min

(
hU ,max(hL, a)

)
, PDT

[a] = min
(
TU ,max(TL, a)

)
, PDv [a] = min

(
uU ,max(uL, a)

)
By straightforward derivations, the first order necessary optimality conditions corresponding to

the optimization problem (27) has the following form:

(OC2)


PDh

[
h∗(x) + γζh∇2

Γh
∗(x)

]
= h∗(x) on ∂Γl

PDT

[
T ∗
i (x) + γζi∇2

ΓT
∗
i (x)

]
= T ∗

i (x) on ∂Γl

∇Γh
∗(x) · t(x) = 0 on ∂Γl

∇ΓT
∗
i (x) · t(x) = 0 on ∂Γl

where ∇2
Γ(·) denotes the laplacian operator, called the Laplace-Beltrami operator, on Γl.

5. Solution algorithm

The two-step projected steepest descent algorithm developed in [64, 65] is used in the present
study to solve the optimization problem (25). As it is already mentioned in section 3, this algorithm
includes two sequential steps. Starting from an appropriate initial guess, at the first step, (26) is
solved by one iteration of the projected steepest descent algorithm [65, cf.]. In the second step, the
regularization step, the unconstrained gradient flow of (27) is solved by one iteration of the Euler
implicit time integration algorithm. The current solution of the first step is used as the initial guess
(value) in the second step. As it has been proven in [64, 65], the second step , in fact , performs
the optimization on the null space of bound constraints (18) and (19). Therefore, if the initial
guess of the second step satisfies (18) and (19), the solution of second step will be strictly feasible
with respect to these bound constraints. The root of this property is due to this fact that, the
unconstrained gradient flow of (27) leads to the diffusion equation with the homogeneous Neumann
boundary condition and the Euler implicit time integration of this equation (in both continuous
and discrete forms) satisfies the maximum principles. Assuming that the superscript (·)k counts the
optimization iterations, the above mentioned solution procedure is summarized in algorithm 1:
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Algorithm 1. Regularized projected steepest descent

Step 0. Initialization: Given Ω, Γt, Γb, Γl, ρ, cp, Lf , k, TP , Ts, Tl, ε, hL, hU , TL, TU , vL, vU , Tt,
σ, ζT , ζG, ζκ, ζh, ζi, initial guesses h0(x), T 0

i (x), v
0 and stopping criteria kmax and δ. Moreover,

given spatial discretization data and convergence threshold for direct and adjoint PDEs solvers.
h0 = PDh

[h0], T 0
i = PDT

[T 0
i ], v

0 = PDv [v
0]. Set k → 0.

Step 1. Iterations:

1.1 Given hk(x), T k
i (x) and vk, solve (14)-(17) for T k(x).

1.2 Given hk(x), T k
i (x), v

k and T k(x), solve (37)-(40) for Θk(x).

1.3 Given hk(x), T k
i (x), v

k(x), T k(x) and Θk(x), compute h̃(x), T̃i(x), ṽ as follows:

h̃(x) = hk(x) + αk

(
PDh

[
hk(x)− γk Θk(x)

(
T k(x)− T k

i (x)
)]

− hk(x)

)
(51)

T̃i(x) = T k
i (x) + αk

(
PDT

[
T k
i (x) + γk Θk(x) hk(x)

]
− T k

i (x)

)
(52)

vk+1 = vk(x) + αk

(
PDv

[
vk − γk

(∫
Ω

ρ cεe(x) Θ
k(x) (m(x) · ∇T k(x)) dx

)]
− vk

)
(53)

1.4 Given h̃(x) and T̃i(x) compute hk+1(x) and T k+1
i (x) by solving the following equations:

hk+1(x) =

[
I − αkγkζh ∇2

Γ

]−1

h̃(x) in Γl, ∇Γh
k+1(x) · t(x) = 0 on ∂Γl (54)

T k+1
i (x) =

[
I − αkγkζi ∇2

Γ

]−1

T̃i(x) in Γl, ∇ΓT
k+1
i (x) · t(x) = 0 on ∂Γl (55)

Step 2. Stopping criteria: If ∥ hk+1 − hk ∥L∞(Γl) + ∥ T k+1
i − T k

i ∥L∞(Γl) + | vk+1 − vk | < δ or

k = kmax stop and return (hk+1, T k+1
i , vk+1)T , else k → k + 1 and goto step 1.

In algorithm 1, I denotes the identity operator and the scaling factor γk is computed based on the
Barzilai-Borwein approach [cf. 85, 65]. Moreover, αk ∈ (0, 1] in step 1.3 of algorithm 1 is computed
based on the line search algorithm [cf. 88]. As it is shown in [64, 65], step 1.4 of algorithm 1 lifts

the distributed parameters h̃ and T̃i from L2(Γl) to H1(Γl). This method has some similarities with
the Sobolev gradient method [70, 71, 89] in which the projection of directional derivative onto H1

space is used to update control parameters. Although it is more easier to establish the convergence
theory of Sobolev gradient methods, it is not easy to take into account inequality constraints in this
method. On the other hand, the presented approach naturally holds inequality constraints while
simultaneously keeps the H1 regularity of the solution. Of course, to prove the convergence of this
approach is not an easy job. The convergence of the presented algorithm is not studied theoretically
in the present study. But, it is investigated numerically through a model problem.

It is easy to show that iterations (51), (52) and (53) keep the feasibility of solutions with respect
to Dh, DT and Dv respectively (in fact , hold bound constraints). It is due to the convexity of design

spaces. For instance, consider (51). Assume that ĥk := PDh

[
hk − γk Θk (T k − T k

i )
]
. Because Dh

is convex, projection onto Dh has unique solution ĥk ∈ Dh. Substituting ĥk into (51) results in:

h̃ = hk + αk(ĥk − hk) = (1− αk)hk + αkĥk

Because hk, ĥk ∈ Dh and αk ∈ (0, 1], due to the convexity of Dh, h̃ will be in Dh.
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6. Two-dimensional Model Problem and Spatial Discretization

To study the practical behavior of presented algorithm, a simple two dimensional version of the
original optimization problem is considered in the reminder of this paper. Assuming the strand
is sufficiently thick along the z-axis, the temperature gradient in this direction can be ignored.
Therefore, the problem can be considered in the xy-plane. This approximation is feasible in the
case of continuous casting of billets and slabs [cf. 15]. Furthermore, it is assumed that ξ is parallel
to the y-direction, i.e. the strand is vertical without the bending, and all physical properties are
constant in the solid and liquid phases, independent of the temperature. Considering the above
assumptions, Ω is a rectangle in the xy-plane with height ly and width lx. The bottom left corner of

Ω is considered as the origin of coordinate system. Consequently m = (0,−ĵ) in the xy-plane and

v(x) = −v, where ĵ denotes the unit vector along positive direction of y-axis. Furthermore, v · ∇T
and v · ∇Θ terms in the direct and adjoint PDEs are simplified to −v ∂T

∂y and −v ∂Θ
∂y respectively.

Assume that Ω is divided into an nx×ny uniform rectangular grids with the grid spacings ∆x and
∆y along x and y directions respectively, i.e. ∆x = lx/nx and ∆y = ly/ny. The state variables, i.e.
T (x) and Θ(x) are defined at the cell centers and the control variables (except v that is not a field
data), i.e. h(x) and Ti(x) are defined on the edge centers of lateral boundary cells. Figure 1 (right)
shows the schematic of computational domain corresponding to the model problem considered in
the present study.

Assume that Ui,j denotes the value of U(x) at x =
(
(i − 1/2)∆x, (j − 1/2)∆y

)
, i.e., Ui,j :=

U
(
(i − 1/2)∆x, (j − 1/2)∆y

)
. Moreover, Ui+1/2,j := U

(
i∆x, (j − 1/2)∆y

)
, Ui−1/2,j := U

(
(i −

1)∆x, (j − 1/2)∆y
)
, Ui,j+1/2 := U

(
(i − 1/2)∆x, j∆y

)
and Ui,j−1/2 := U

(
(i − 1/2)∆x, (j − 1)∆y

)
.

The cell centered finite volume method (FVM) [90, 91] is used to discretize the direct and adjoint
PDEs in the present study. The diffusive terms are approximated by the second order central
difference scheme, e.g.,(

∇ · (k ∇T )

)
i,j

≈
qi+1/2,j − qi−1/2,j

∆x
+

qi,j+1/2 − qi,j−1/2

∆y
, i = 1, . . . , nx, j = 1, . . . , ny

where,

qi+1/2,j =

 k
(
Ti+1,j − Ti,j

)
/∆x, 1 ⩽ i < nx, j = 1, . . . , ny

hi+1/2,j

(
Ti,j − (Ti)i,j

)
, i = nx, j = 1, . . . , ny

qi−1/2,j =

 k
(
Ti,j − Ti−1,j

)
/∆x, 1 < i ⩽ nx, j = 1, . . . , ny

hi−1/2,j

(
Ti,j − (Ti)i,j

)
, i = 1, j = 1, . . . , ny

qi,j+1/2 =

 k
(
Ti,j+1 − Ti,j

)
/∆y, 1 ⩽ j < ny, i = 1, . . . , nx

k
(
TP − Ti,j

)
/∆y, j = ny, i = 1, . . . , nx

qi,j−1/2 =

 k
(
Ti,j − Ti,j−1

)
/∆y, 1 < j ⩽ ny, i = 1, . . . , nx

0, j = 1, i = 1, . . . , nx

The advection terms are discretized by the first order upwind scheme [cf. 90, 91]. For instance, the
advection term of the direct PDE (14) is discretized as follows:(

− v ρ cεe(T )
∂T

∂y

)
i,j

≈ −v ρ cεe
(
Ti,j

) Ti,j+1 − Ti,j

∆y
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Note that the pulling direction, i.e. the advection velocity, is negative here (from positive to negative
direction of y-axis). Similarly, the advective term in the adjoint PDE (37) is approximated as follows:(

v ρ cεe(T )
∂Θ

∂y

)
i,j

≈ v ρ cεe
(
Ti,j

) Θi,j −Θi,j−1

∆y

Note that the advection velocity in the adjoint equation is in the reverse direction of that of direct
PDE.

The remained terms in the adjoint PDE are discretized by the second order central differ-
ence scheme. To avoid possible singularity during the numerical solution, |∇T |i,j is replaced by√
|∇T |2i,j + 10−10 in this study. Assume that ∆l is defined as follows, ∆l := min(∆x, ∆y). Accord-

ing to [92], the maximum absolute value of the mean curvature that can be resolved by a uniform
Cartesian grid with spacing ∆l is equal to 1

∆l . Therefore, if the computed value of κi,j locates

outside of interval [− 1
∆l ,

1
∆l ], it is merely replaced with either of − 1

∆l or 1
∆l depending on the sign

of κi,j .
After the spatial discretization, the numerical solution of direct PDE is equivalent to the solution

of a nonlinear system of equations. The source of nonlinearity in this system is due to the existence
of cεe(Ti,j) in the discretized form of advective term. To solve this system of nonlinear equations,
a hybrid iterative procedure is used in the present study. In the first step of this procedure that
proceeds up to 50 iterations, the system of equations is linearized by the Picard method, i.e. the
last available value of Ti,j is used to compute cεe(Ti,j) and then the corresponding linear system of
equations is solved by an appropriate sparse direct solver. Moreover, the temperature is updated
by the under-relaxation factor 0.75 in this step. After approaching to the solution sufficiently, in
the second step of this hybrid procedure, the system of nonlinear equations is solved by the classic
Newton method. The Newton iteration is terminated whenever the infinity norm of difference
between two consecutive temperature fields is below of threshold 10−3. See [35] for further details
about this solution procedure. At the first iteration of optimization, the pouring temperature is
used as the initial guess of this iterative procedure. In the subsequent optimization iterations,
the temperature field of former iteration is used as the initial guess. Unlike the direct PDE, the
discretized form of adjoint PDE is linear (with respect to Θ). Therefore, it can be solved at the
expense of solving a system of linear equations. All linear system of equations are solved by the
sparse direct solver UMFPACK2 [93] in the present study.

7. Numerical Results

The feasibility of the presented method is studied by numerical experiments in this section.
The two-dimensional model problem that is mentioned in section (6) is used for this purpose. In
practice, the lateral boundaries of strand are composed of the primary (mold) and secondary cooling
regions. Considering that they are modeled by the interfacial heat transfer boundary conditions
in this work, the interval [0, ly] is decomposed into two regions, [0, ly − lm] (lower part, in fact ,
the secondary cooling system) and [ly − lm, ly] (upper part, in fact the primary cooling system).
The spatial dimensions and physical parameters corresponding to the model problem in this section
are adopted from the realistic continuous casting of steel alloys. The dimensions of spatial domain,
spatial discretization parameters, physical properties and boundary conditions of this model problem
are presented in Table 1. The parameter σ is taken equal to 18 here as it appropriately concentrates
the weight of objective function within the freezing interval (see Figure 2). Moreover, ε = 1 is
selected based on the numerical experiment (balancing between the smoothness of model and the
convergence of temperature field to ε → 0 limit).

The initial values of distributed design parameters and their corresponding upper and lower
bounds are listed in Table 2. It is well known that increasing the pulling speed, v, increases the
metallurgical length [cf. 15, 61], equivalently the value of objective function in the present study.
Therefore, it is expected that this parameter assumes its lower bound as a result of the optimization

2http://faculty.cse.tamu.edu/davis/suitesparse.html
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procedure in this work. On the other hand, decreasing the pulling speed decreases the production
rate and leads to coarsening of microstructure that are not desirable issues. Considering these facts,
two scenarios are considered in this section. In the first one, v is assumed to vary with v0 = 0.025, vL
= 0.01 and vU = 0.1 (units are in SI scale). In the second scenario, v is assumed to be equal to the
constant value 0.025 (i.e. vL = vU = 0.025), which is a common parameter in the steel continuous
casting process.

To evaluate the presented algorithm, 10 test cases with different values of the regularization
parameters ζh and ζi are considered in this section. In the first five test cases (#1-#5), the pulling
velocity is allowed to vary and in the next five test cases (#6-#10), it is fixed to the constant
value v0. The regularization parameters ζh and ζi in test cases #1-#10 are shown in Table 3. The
convergence thresholds (δ, kmax) = (10−6, 200) and (10−6, 400) are considered for test cases #1-#5
and #6-#10 respectively.

Table 1. Spatial data, physical properties and boundary conditions corresponding
to the model problem used in the present study (units are based on the SI scale).

ρ cp k Lf Ts Tl TP ε σ lx ly lm nx ny δ kmax

7500 700 32 260000 1360 1460 1480 1 18 0.2 30 0.8 40 200 10−6 200

Table 2. Initial values of distributed design parameters and their bounds corre-
sponding to the model problem in this work (units are based on the SI scale).

region h0 hL hU T 0
i TL TU

primary cooling system 1000 100 2000 400 100 600
secondary cooling system 300 100 1000 80 25 100

Table 3. The regularization parameters ζh and ζi corresponding to test cases #1-#10.

case ζh, ζi case ζh, ζi case ζh, ζi case ζh, ζi case ζh, ζi
1, 6 0.0 2, 7 0.0005 3, 8 0.001 4, 9 0.005 5, 10 0.01

Figure 3 shows the variation of objective functional with iteration in test cases #1-#10. Further-
more, Table 4 shows the values of objective functional and depth of the liquid pool (metallurgical
length) at k = 0 and k = kmax in these test cases. According to Figure 3 the objective functionals
are reduced monotonically as iterations proceed. This observation numerically confirms the success
and convergence of the presented model and its numerical treatment. Considering that the ob-
jective function is defined as the weighted integral of absolute value of freezing interface curvature,
its reduction implicitly implies approaching to the ideal solidification conditions, i.e. flated freezing
interface that is our actual goal. According to Table 4, the final values of objective functional are
slightly decreased by the smoothing of distributed control fields, however, it is increased by increas-
ing the regularization parameters of control variables. Therefore, the are optimal values for these
parameters that can be computed by numerical experiments. The variation of metallurgical length,
that gives physical insight on the quality of solution, shows the similar trend like the objective
functional. It supports the feasibility of this specific choice of objective functional. Considering the
variation of pulling velocity with iteration in test cases #1-#5 illustrates that this parameter as-
sumes its lower bound after a few iterations. As it is formerly mentioned, it is a well-known outcome
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and was expected a-priori (in fact , the metallurgical length is proportional to the pulling speed).
The optimal values of distributed control parameters, h and Ti, are plotted in Figures 4 and 5 for
test cases #1-#5 and #6-#10 respectively (plots are corresponding to the left hand side boundary of
Ω as the right hand side boundary has the similar distribution due to the y-axis symmetry of Ω and
problem boundary conditions). According to the plots, the smoothness of control parameter fields
increases by increasing the regularization parameters. Furthermore these fields are feasible with
respect to the corresponding bound constraints. Considering Figures 4 and 5, the interfacial heat
transfer coefficient and temperature in the primary cooling system should be sufficiently large and
small at optimal conditions respectively. It implies that, increasing the cooling power of the strand
is recommended based on our results. On the other hand, the interfacial heat transfer coefficient is
gradually decreased by distancing from the strand in the secondary cooling region. Furthermore, tts
rate of variation is decayed by distance such that it reaches to a plateau-like condition. Moreover,
the interfacial temperature of the secondary cooling region assumes its lower bound value (i.e. 25)
in the vicinity of the strand. It gradually increases by distancing from the strand, and reaches to a
plateau-like condition too. Putting all together, the optimal conditions are obtained by increasing
the cooling power of primary cooling system as much as possible, and optimizing the heat transfer
consitions corresponding to the secondary cooling system. In fact, the thermal optimization of the
secondary cooling system is the most important part of the optimization problem considered in the
present study.

To get insight on the evolution of solution with iteration, the contour plot of the temperature
field together with that of the liquid volume fraction field during the optimization cycles for test
cases #1 and #6 are plotted in Figures 6 and 7 respectively ( other cases reveal the same trend).
Note that the shape and width of freezing region can be directly inferred by liquidus and solidus iso-
contour of the temperature field. Equivalently, they can be deduced by looking at the region located
between the zero and one iso-contours of the liquid volume fraction field. According to the plots the
mode of freezing tends gradually to the directional solidification as iteration proceeds. Although
the freezing interface is not flat and has a wedge-like shape in practice, its height is decreased as a
result of optimization procedure. Comparing the contour plots of the temperature field and/or liquid
volume fraction fields at the initial and final stages of optimization in Figures 6 and 7 obviously
illustrates approaching of the algorithm to our pre-defined goal. Furthermore, the depth of the
liquid pool decreases by iteration. This observation supports the feasibility of the presented approach
from a practical point of view. It is worth mentioning that the perfect unidirectional solidification
can not be essentially attainable, because it can not be essentially included in the feasible design
space.

Table 4. The values of objective functional (F) and depth of the liquid pool (D)
at k=0 and k = kmax corresponding to test cases #1-#10. Moreover, the optimal
values of pulling speed (v) is shown at k = kmax for test cases #1-#5.

case : #1 #2 #3 #4 #5 #6 #7 #8 #9 #10
F0 : 21758 22746 23733 31632 41505 21758 22746 23733 31632 41505

Fkmax : 6862 6454 6509 6962 7251 9266 9585 9622 9782 9910
D0 : >30 >30 >30 >30 >30 >30 >30 >30 >30 >30

Dkmax : 9.90 9.60 9.75 9.90 10.20 16.10 17.10 17.10 17.10 17.25
v : 0.01 0.01 0.01 0.01 0.01 - - - - -
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Figure 3. The variation of objective functional with iteration corresponding to
test cases #1-#5 (up) and #6-#10 (bottom). For the better illustration, iterations
10-200 and 20-400 are shown on the plots for cases #1-#5 and #6-#10 respectively.
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Figure 6. The contour plot of liquid volume fraction (top row) and temperature
(bottom row) fields at optimization iterations 0, 5, 10, 50 and 200 (left to right
respectively) corresponding to test case #1 in the present study.
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Figure 7. The contour plot of liquid volume fraction (top row) and temperature
(bottom row) fields at optimization iterations 0, 5, 10, 50 and 400 (left to right
respectively) corresponding to test case #6 in the present study.
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8. Summary

The optimization of heat transfer in the vertical continuous casting process is considered in the
present study. The temperature field is computed by solving a quasi steady-state nonlinear heat
transfer equation. The effect of phase change is modeled by the smoothed effective heat capacity
method. The interfacial heat transfer coefficients and temperatures together with the casting rate
are considered as the design parameters. The objective function is defined such that no prior
information about the optimal temperature distribution is required. It is defined as the weighted
integral of squared mean curvature of freezing interface. The minimization of this function propels
the solidification to the ideal condition, that is the mono-directional freezing. The first order adjoint
sensitivity analysis is performed and the optimization problem is solved by the regularized projected
steepest descent algorithm. The feasibility of presented method was demonstrated by numerical
experiments using a two-dimensional model problem.
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