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Abstract

Interior-point methods are known to be sensitive to ill-conditioning
and to scaling of the data. This paper presents new asymptotically
sharp bounds on the condition numbers of the linear systems at each
iteration of an interior-point method for solving linear or semidefinite
programs and discusses a stopping test which leads to a problem-
independent “a priori” bound on the condition numbers.
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1 Introduction

Asymptotically sharp bounds on the condition number of the linear systems
in interior-point methods are presented. These bounds can be reduced by a
preprocessing that is applicable for dense problems. To motivate the bounds,
the preprocessing is discussed first followed by a statement of the bounds with
and without preprocessing. As a starting point, linear programs are considered
in Section 2. The extension to semidefinite programs is addressed in Section 3.

1.1 Notation

The components of a vector x ∈ Rn are denoted by xi. Inequalities such as
x ≥ 0 are understood componentwise. The Euclidean norm of a vector x ∈ Rn
is denoted by ‖x‖ and Diag(x) denotes the n×n diagonal matrix with diagonal
entries xi for 1 ≤ i ≤ n. The identity matrix is denoted by I, its dimension
being evident from the context. The space of symmetric n × n-matrices is
denoted by Sn. The scalar product of two symmetric matrices X,S is given by
X • S := trace(XS) inducing the Frobenius-norm and X � 0 (X � 0) indicates
that X is symmetric and positive semidefinite (positive definite). The condition
number of a matrix is always measured with respect to the 2-norm.
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2 Linear programming

Let A ∈ Rm×n, b ∈ Rm, c ∈ Rn be given. Consider a linear program in standard
form,

(LP ) min cTx | Ax = b, x ≥ 0.

At each iteration of an interior-point algorithm with an infeasible starting point,
given some iterate x, y, s with x, s > 0, systems of the following form (or a very
similar form) for finding a correction ∆x,∆y,∆s are considered:

A∆x = b−Ax
AT∆y + ∆s = c−AT y − s (1)

S∆x+X∆s = µ+e−Xs.

Here, S = Diag(s), X = Diag(x), e = (1, . . . , 1)T , and µ+ is chosen as a

parameter satisfying µ+ ≤ µ := xT s
n .

Solving the second line for ∆s and inserting both into the first row leads to
a linear system of the form

AD2AT∆y = rhs (2)

for some right hand side rhs, where D2 = XS−1 see e.g. [4].

2.1 Preprocessing of dense LPs

For problems with a dense data matrix A the following preprocessing lends itself
to reduce the dependence of interior-point algorithms on the scaling of the data
of the linear program:

Prior to solving problem (LP ), a Cholesky factor L with LLT = AAT is
computed and [A, b] is replaced with L−1[A, b]. (After this transformation A
has orthonormal rows.) Then, c is replaced with c − ATAc, and b and c are
scaled to Euclidean norm 1. This scaling implies that the approximate solution
generated by the interior-point algorithm needs to be rescaled to fit the original
problem. (For b = 0 or c = 0 one may consider modified problems with b = Ae
or c = e.)

2.2 A geometric stopping test

A point (x, y, s) is primal and dual optimal, if x and (y, s) satisfy the linear
equations, if x, s ≥ 0, and if x is orthogonal to s (with respect to the scalar
product associated with the Euclidean norm). By the above preprocessing, the
origin has Euclidean distance 1 from the set {x | Ax = b}, and from the set
{(y, s) | AT y + s = c}.

A natural starting point in this setting is the point y = 0, x = s = e for which
the angle between x and s is zero. An infeasible-starting-point interior-point
method then strives at increasing this angle to π/2 while simultaneously reduc-
ing ‖Ax− b‖ and AT y+ s− c‖ and maintaining x, s > 0. The Euclidean setting
of the optimality conditions and of this starting point suggests the following
geometric stopping criterion:
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Geometric stopping test:

1. Require the Euclidean distance to the primal-dual equality constraints to
be at most ε, i.e.,

‖Ax− b‖ ≤ ε and ‖AT y + s− c‖ ≤ ε,

2. Require the cosine of the angle between x and s to be less or equal to ε,

xT s ≤ ε‖x‖‖s‖.

For small ε > 0 the second inequality approximately states that the angle
between x and s is π

2−α where 0 ≤ α ≤ ε.
Typically, infeasible interior-point methods simultaneously reduce µ and the

residuals of the primal-dual equations. By limiting the reduction of µ in case
the norms of the residuals ‖Ax − b‖ or ‖AT y + s − c‖ are large, the algorithm
can be tuned such that the stop test will be triggered by the second inequality.
Below, this situation is considered, and in particular, iterates are considered for
which the stop test is not yet strictly satisfied, more precisely, where

xT s ≥ ε‖x‖‖s‖.

The geometric stopping test is not only motivated by the Euclidean setting
of the optimality conditions, it also allows to bound the condition number of
the linear systems (2) to be solved at each iteration1. This is the subject of the
next section.

2.3 Bounds in the dense case

Many implementations of interior-point algorithms generate iterates in a “−∞-
norm” neighborhood of the central path, i.e. xisi ≥ σµ for 1 ≤ i ≤ n where µ :=
xT s/n and σ ∈ (0, 1) defines the “width” of the neighborhood. For problems
that are preprocessed as in Section 2.1 and for interior-point algorithms that
generate iterates in such a “−∞-norm” neighborhood, and with a stopping test
as in Section 2.2, the following lemma applies to all iterates possibly generated
by the algorithm:

Lemma 1: Assume that A has orthonormal rows. Let x, s > 0 and σ ∈ (0, 1]
be given with xisi ≥ σµ for 1 ≤ i ≤ n where µ := xT s/n. Assume further that
ε > 0 is given with xT s ≥ ε‖x‖‖s‖. Then, the condition number of the matrix
AD2AT in (2) is bounded by

cond(AD2AT ) ≤ n2

σ2ε2
.

This bound is asymptotically sharp in the sense that for a certain class of ma-
trices A it cannot be improved by any constant factor when min{n, 1/ε} → ∞.

1In case of poorly scaled problems (and for problems that do not have a finite optimal
solution) the geometric stopping test implies, however, that the stopping test may be satisfied
before the duality gap is below a desired threshold. In this case, conditions such as Lemma
5.3.5 in [2] state that if (LP ) has an optimal solution (x∗, y∗, s∗), then ‖(x∗, s∗)‖ must be
rather large.
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Proof: First observe that (by assumption on A)

min
‖y‖=1

yTADAT y ≥ min
‖x‖=1

xTDx and max
‖y‖=1

yTADAT y ≤ max
‖x‖=1

xTDx

so that cond(ADAT ) ≤ cond(D). For 1 ≤ i ≤ n it follows from

σµ ≤ xisi ≤ xT s = nµ

that

xis
−1
i = x2

ix
−1
i s−1

i ≤
x2
i

σµ
≤ ‖x‖

2

σµ

and
xis
−1
i = s−2

i xisi ≥ σµs−2
i ≥

σµ

‖s‖2
,

hence,

cond(D) ≤ ‖x‖
2

σµ
/
σµ

‖s‖2
=
‖x‖2‖s‖2

σ2µ2
≤
(
xT s

ε

)2
1

σ2µ2
=

n2

σ2ε2
.

To verify that this bound is asymptotically sharp let α ≥ 1 and

x :=


σ
√
ε/α

α/
√
ε

1
...
1

 , s :=


α/
√
ε

σ
√
ε/α
1
...
1

 , and A :=

(
1 0 0 . . . 0
0 1 0 . . . 0

)
.

Here, since µ = n−2
n + 2σ

n ≤ 1, the bound xisi ≥ σµ is satisfied. The other
assumption to be satisfied is xT s ≥ ε‖x‖‖s‖. Since ‖x‖ = ‖s‖, this is equivalent
to

2σ + n− 2 ≥ ε(α
2

ε
+
σ2ε

α2
+ n− 2)

which in turn is implied, if

(n− 2)(1− ε) ≥ α2 (3)

holds true. Defining α :=
√
n(1 − ρ) for some number ρ > 0, it is evident that

ρ can be chosen arbitrarily close to zero without violating (3) if min{n, 1/ε} is
sufficiently large.

The condition number of ADAT is then given by (x2s
−1
2 )/(x1s

−1
1 ) = α4

σ2ε2

which is arbitrarily close to the given bound. 2

The squares in the bound of Lemma 1 are due to the fact that the underlying
linear system is a system of normal equations – solving the larger indefinite sys-
tem (1) instead of (2) generally would be more stable but also computationally
more expensive.

Note that the bound of Lemma 1 is independent of µ – but due to the
rescaling in Section 2.1 it follows that ‖x‖ ≥ 1 and ‖s‖ ≥ 1 for any feasible x, s
so that µ ≥ ε

n for any feasible x, s satisfying the assumptions of Lemma 1.
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2.4 Bound for sparse systems

Generating orthonormal rows of A as in Section 2.1 is not feasible for large
scale sparse problems. In this case, the proof of Lemma 1 allows for a simple
generalization stated in the next corollary:

Corollary 1: If A does not have orthonormal rows but the remaining assump-
tions of Lemma 1 are satisfied, generalize the notion of condition number to
rectangular matrices by defining cond(A) as the maximum singular value of A
divided by its minimum singular value. Then, the bound of Lemma 1 holds in
the following weaker form:

cond(ADAT ) ≤ n2 cond(A)2

σ2ε2
.

If all that is known about A is its condition number, then, again, this bound is
asymptotically sharp. 2

3 Semidefinite programs

Let us consider semidefinite programs of the standard form

(SDP ) min C •X | AX = b, X � 0.

Here, A is a linear map: Sn → Rm, the i-th component of AX being given by
A(i) •X for some given data matrices A(i). First, we will assume again that A
has orthonormal “rows”, i.e. ‖A(i)‖F = 1 and A(i) •A(j) = 0 for i 6= j.

For semidefinite programs, the scaling point W of two matrices X,S � 0
defines the NT-direction [3]. Here, W is given by

W := S−1/2(S1/2XS1/2)1/2S−1/2.

Throughout this section W will refer to this particular matrix.
Set P := W−1/2 and V := PXP = P−1SP−1, and for some symmetric

matrix Z, define LV (Z) := 1
2 (V Z + ZV ). Then, for semidefinite programs, the

equivalent of the third block row of (1) is given by the equation

LV (P∆XP ) + LV (P−1∆SP−1) = µ+I − V 2.

Multiplying this from left by (LV )−1 and solving the primal-dual system in an
analogous way as in (2) for linear programs leads to a linear system of the form

ADWA∗∆y = rhs

whereA∗ denotes the adjoint ofA andDW is defined by the identity “DW [∆S] ≡
W∆SW for all symmetric matrices ∆S”.

Lemma 1 can also be generalized to semidefinite programs (SDP ). We first
consider the case where the iterates are on the central path, i.e. XS = µI with
µ = X • S/n:

Corollary 2: Assume that A has orthonormal rows. For (SDP ) the bound of
Lemma 1 then applies to points on the central path (σ = 1 in Lemma 1) with
X • S ≥ ε‖X‖F ‖S‖F in the form

cond(ADWA∗) ≤
n2

ε2
.
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Proof: Since A has orthonormal rows, by the proof of Lemma 1, it suffices to
bound the condition number of DW . For X,S on the central path, the matrix
W simplifies to W = X/

√
µ. Let Λ be a diagonal matrix with the eigenvalues

of X on its diagonal. Then, by orthogonal invariance of the Frobenius norm,

‖DW ‖ := max
‖∆S‖F =1

‖DW [∆S]‖F = max
‖∆S‖F =1

‖X∆SX‖F
µ

= max
‖∆S‖F =1

‖Λ∆SΛ‖F
µ

,

so that

‖DW ‖2 = max
‖∆S‖F =1

1

µ2

∑
i,j

Λ2
i,iΛ

2
j,j∆S

2
i,j ≤ max

‖∆S‖F =1

1

µ2
max
k

Λ4
k,k

∑
i,j

∆S2
i,j ,

and thus, ‖DW ‖ = 1
µ maxk Λ2

k,k.

Likewise, ‖(DW )−1‖ = ‖DW−1‖ = µ/mink Λ2
k,k, and hence,

cond(DW ) = cond(X)2 (= cond(W )2).

By assumption, ε‖X‖F ‖S‖F ≤ X •S, and the relation XS = µI further implies

ε‖X‖F ‖S‖F ≤ X • S = X • (µX−1) = nµ.

Replacing S with µX−1 on the left-hand side above and dividing by µ yields

ε‖X‖F ‖X−1‖F ≤ n.

Since ‖X‖F ‖X−1‖F ≥ ‖X‖2‖X−1‖2 this implies cond(X) ≤ n/ε from which
the claim follows. 2

The above proof can now be generalized to points in a “−∞-norm” neighbor-
hood of the central path. To this end first note that X1/2SX1/2 � σµI if, and
only if, S1/2XS1/2 � σµI (this follows because X1/2SX1/2 and S1/2XS1/2 are
both similar to XS and thus share the same eigenvalues) so that the matrices
X and S are interchangeable in the statement of the next lemma:

Lemma 2: Assume that A has orthonormal rows. Let X,S � 0 and σ ∈ (0, 1]
be given with X1/2SX1/2 � σµI where µ := X • S/n. Assume further that
ε > 0 is given with X • S ≥ ε‖X‖F ‖S‖F . Then, the condition number of the
matrix ADWA∗ is bounded by

cond(ADWA∗) ≤
n2

σ2ε2
.

This bound is asymptotically sharp.

Proof: We begin by quoting a result that follows the statement2 of Lemma 3.1
in [1]: For W defined as above the following holds true:

2(X−1 + S)−1 �W � (X + S−1)/2. (4)

By the proof of Corollary 2 it suffices to bound the condition number of W .
Denote the minimum and maximum eigenvalues of a symmetric matrix Z by

2The reference [1] is self-contained and the proof of this result is easy to follow so that the
proof is not reproduced here.
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λmin(Z) and λmax(Z). Observe that W remains invariant when multiply-
ing both, X and S with the same positive constant. We may therefore as-
sume that X and S are scaled such that λmax(X) = λmax(S−1). Let C :=
max(cond(X), cond(S)). Then,

X−1 � 1

λmin(X)
I =

C

λmax(X)
I and S � λmax(S)I =

C

λmax(S−1)
I.

Thus, the inequality (4) implies

λmax(X)

C
I �W � λmax(X)I,

so that cond(W ) ≤ C. Since X and S are interchangeable in Lemma 2, we
assume without loss of generality that cond(W ) ≤ cond(X). Let u be an eigen-
vector of X to the eigenvalue λmin(X) with ‖u‖ = 1. Then, by assumption on
the “−∞-norm” neighborhood,

σµ ≤ uTX1/2SX1/2u = λmin(X)uTSu ≤ λmin(X)‖S‖2.

Since ‖X−1‖2 = 1/λmin(X), this implies

‖S‖2 ≥ σµ‖X−1‖2.

Inserting this in the left hands side of

ε‖X‖2‖S‖2 ≤ ε‖X‖F ‖S‖F ≤ X • S = nµ.

and dividing by εσµ it follows that cond(X) ≤ n/(εσ) from which the claim
follows. Linear programs being a special case of semidefinite programs, this
bound is asymptotically tight as well. 2

The generalization of this result to mappingsA that do not have orthonormal
rows follows as in Corollary 1.
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