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Abstract

In this paper, we aim to provide a comprehensive analysis on the linear rate convergence
of the alternating direction method of multipliers (ADMM) for solving linearly constrained
convex composite optimization problems. Under a certain error bound condition, we establish
the global linear rate of convergence for a more general semi-proximal ADMM with the dual
steplength being restricted to be in the open interval (0, (1 + 1/5)/2). In our analysis, we
assume neither the strong convexity nor the strict complementarity except an error bound
condition, which holds automatically for convex composite quadratic programming. This
semi-proximal ADMM, which includes the classic ADMM, not only has the advantage to
resolve the potentially non-solvability issue of the subproblems in the classic ADMM but also
possesses the abilities of handling multi-block convex optimization problems efficiently. We
shall use convex composite quadratic programming and quadratic semi-definite programming
as important applications to demonstrate the significance of the obtained results. Of its own
novelty in second-order variational analysis, a complete characterization is provided on the
isolated calmness for the nonlinear convex semi-definite optimization problem in terms of its

second order sufficient optimality condition and the strict Robinson constraint qualification
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for the purpose of proving the linear rate convergence of the semi-proximal ADMM when

applied to two- and multi-block convex quadratic semi-definite programming.

Key words: ADMM, error bound, global linear rate, isolated calmness, composite quadratic

programming, semi-definite optimization.

1 Introduction

In this paper, we shall study the linear rate convergence of the alternating direction method of

multipliers (ADMM) for solving the following convex composite optimization problem
min {J(y) +g(y) + ¢(2) + h(z) : Ay+Bz2=c,yel, z€ Z}, (1.1)

where ) and Z are two finite-dimensional real Euclidean spaces each equipped with an inner
product (-,-) and its induced norm | - ||, ¥ : Y — (—o0,+0o0] and ¢ : Z — (—o0,+00| are
two proper closed convex functions, g : J — (—o0,+o0) and h : Z — (—00,+00) are two
continuously differentiable convex functions (e.g., convex quadratic functions), A* : ) — & and
B* : Z — X are the adjoints of the two linear operators A : X — )Y and B : X — Z, respectively,
with X being another real finite-dimensional Euclidean space equipped with an inner product
(-,-) and its induced norm || - || and ¢ € X is a given point. For any convex function 6 : X —
(—00, 0], we use dom @ to define its effective domain, i.e., dom := {z € X : 6(z) < oo}, epif
to denote its epigraph, i.e., epif := {(z,t) € X x R : O(x) < t} and 0* : X — (—o0, 0] to
represent its Fenchel conjugate, respectively.

The classic ADMM was designed by Glowinski and Marroco [28] and Gabay and Mercier [25]
and its construction was much influenced by Rockafellar’s works on proximal point algorithms
(PPAs) for solving the more general maximal monotone inclusion problems [43, 44]. The readers
may refer to Glowinski [27] for a note on the historical development of the classic ADMM. The
convergence analysis for the classic ADMM under certain settings was first conducted by Gabay
and Mercier [25], Glowinski [26] and Fortin and Glowinski [22]. For a recent survey on this, see
[19].

Our focus of this paper is on the linear rate convergence analysis of the ADMM. This shall
be conducted under a more convenient semi-proximal ADMM (in short, sSPADMM) setting
proposed by Fazel et al. [21] by allowing the dual step-length to be at least as large as the
golden ratio of 1.618. This sSPADMM, which covers the classic ADMM, has the advantage
to resolve the potentially non-solvability issue of the subproblems in the classic ADMM. But,

perhaps more importantly it possesses the abilities of handling multi-block convex optimization



problems. For example, it has been shown most recently that the sSPADMM plays a pivotal role
in solving multi-block convex composite semi-definite programming problems [49, 35, 10] of a

low to medium accuracy. We shall come back to this in Section 3.

For any self-adjoint positive semi-definite linear operator M : X — X, denote x| :=
V@, Mz) and distp(x, C) = infuec |2’ — x| for any z € X and any set C C X. We use
7 to denote the identity mapping from X to itself. Let ¢ > 0 be a given parameter. Write
Yg(-) =0(-)+9(-) and i (-) = ¢(-) +h(-). The augmented Lagrangian function of problem (1.1)
is defined by

Lo(y,z ) := 19g(y)+<ph(2)+<fv,A*y+5*z—6>+%IIA*erB*Z—CIIQ, V(y,z,z) € YxZxX. (1.2)

Then the SPADMM may be described as follows.

sPADMM: A semi-proximal alternating direction method of multipliers for solving

the convex optimization problem (1.1).

Step 0. Input (y°,2°,2°) € dom ¥ x dom ¢ x X. Let 7 € (0,00) be a positive
parameter (e.g., 7 € (0,(1++/5)/2)), and S : ¥ — Y and T : Z — Z be
two self-adjoint positive semi-definite, not necessarily positive definite, linear

operators. Set k := 0.

Step 1. Set

. 1
y* 1 € argmin L, (y, 2% 2%) + Sy = y¥||%, (1.3a)

k+1

1
ZFl e argmin Lo (yF1, 2 2%) + §||z — M, (1.3Db)

M = aF o ra (AR 4 BT 0. (1.3c)

Step 2. If a termination criterion is not met, set £ := k + 1 and go to Step 1.

The sSPADMM scheme (1.3a)—(1.3c) with S = 0 and 7 = 0 is nothing but the classic ADMM
of Glowinski and Marroco [28] and Gabay and Mercier [25]. When B = 7 and A is surjective,
the global convergence of the classic ADMM with any 7 € (0, (14 v/5)/2) has been established
by Glowinski [26] and Fortin and Glowinski [22]. Interestingly, in [24], Gabay has further shown
that the classic ADMM with 7 = 1, under the existence condition of a solution to the Karush-
Kuhn-Tucker (KKT) system of problem (1.1), is actually equivalent to the Douglas-Rachford
(DR) splitting method applied to a stationary system to the dual of problem (1.1). Moreover,
Eckstein and Bertsekas [18] have proven that the DR splitting method can be equivalently
represented as a special PPA. Thus, one may always use known results on the DR splitting

method and the PPA to study the properties of the classic ADMM with 7 = 1 (this does not



apply to the case that 7 # 1 of course) though the corresponding transformations can be much
involved. The above SPADMM scheme (1.3a)—(1.3c) with § > 0 and 7 > 0 was initiated by
Eckstein [16] to make the subproblems in (1.3a) and (1.3b) easier to solve. Using essentially the
same variational techniques developed by Glowinski [26] and Fortin and Glowinski [22], Fazel
et al. developed an extremely easy-to-use convergence theorem for the sPADMM [21, Appendix
B] when the dual step-length 7 is chosen to be in (0, (1 4+ v/5)/2). In [46], Shefi and Teboulle
conducted a comprehensive study on the iteration complexities, in particular in the ergodic
sense, for the sSPADMM with 7 = 1 and B = Z. Related results for the more general cases can
be found, e.g., in [33] for the case that the linear operators S and 7 are allowed to be indefinite
and in [11] for the case that the objective function is allowed to have a coupled smooth term.

For details on choosing & and 7, one may refer to the recent PhD thesis of Li [34].

Compared with the large amount of literature! mainly being devoted to the applications of
the ADMM, there is a much smaller number of papers targeting the linear rate convergence anal-
ysis though there do exist a number of classic results and several interesting new advancements
on the latter. By using the aforementioned connections among the DR splitting method, PPAs,
and the classic ADMM with 7 = 1, we can derive the corresponding linear rate convergence of
the ADMM from the works of Lions and Mercier [36] on the DR splitting method with a globally
Lipschitz continuous and strongly monotone operator and Rockafellar [43, 44] and Luque [37] on
the convergence rates of the PPAs under various error bound conditions imposed on the inverse
of maximal monotone operators. For example, within this spirit, Eckstein and Bertsekas [17]
proved the global linear convergence rate of the ADMM with 7 = 1 when it is applied to linear
programming by using the equivalence of the ADMM and a PPA. For recent new developments
on the linear convergence rate of the ADMM, we can roughly categorize them into the following

three cases:

(i) For convex quadratic programming, Boley [2] provided a local linear convergence result for
the ADMM with 7 = 1 under the conditions of the uniqueness of the optimal solutions to
both the primal and dual problems and the strict complementarity; in [29], Han and Yuan
removed the restrictive conditions imposed by Boley and established the local linear rate
convergence of the generalized ADMM in the sense of Eckstein and Bertsekas [18] for the
subsequence {(z*,z¥)}; and in [50], Yang and Han showed that the local linear rate result
in [29] can be globalized under a slightly more general setting for the ADMM with 7 =1
and a linearized ADMM (a special case of SPADMM with & > 0 and 7 > 0) with 7 =1,

where for the latter the linear rate is established for the whole sequence {(y*, 2%, 2*)}

'For example, according to Google Scholar, the survey paper by Boyd et al. [7] on the applications of the
ADMM with 7 = 1 has been cited more than 2,289 times as of August 2, 2015.



instead of only the subsequence {(z*,2*)}. We remark that when either S = 0 or 7 = 0

fails to hold, the linear rate convergence analysis in [50] is no longer valid.

(ii) In [12], Deng and Yin provided a number of scenarios on the linear rate convergence for
the ADMM and sPADMM with 7 = 1 under the assumption that either 9¥4(-) or ¢p(-)
is strongly convex with a Lipschitz continuous gradient in addition to the boundedness
condition on the generated iteration sequence and others. Deng and Yin’s focus is mainly
on problems being reformulated from unconstrained composite models with applications
in sparse optimization, e.g., the models of Lasso regularized with strongly convex terms.
They also made a detailed comparison between their most notable linear rate convergence
result and that of Lions and Mercier [36] on the DR splitting method when applied to a
stationary system to the dual of problem (1.1).

(iii) Assuming an error bound condition and some others, Hong and Luo [30] provided a lin-
ear rate convergence of the multi-block ADMM with a sufficiently small step-length .
Theoretically, this constitutes important progress on understanding the convergence and
the linear rate of convergence of the ADMM. Computationally, however, this is far from
being satisfactory as in practical implementations one always prefers a larger step-length

for achieving numerical efficiency.

In this paper, we aim to resolve the linear rate convergence issue for the sSPADMM scheme
(1.3a)—(1.3c) with 7 € (0, (1 + 1/5)/2) assuming neither the strong convexity for 9J,(-) or ¢y(-)
nor the strict complementarity. Special attention shall be paid to convex composite quadratic
programming and quadratic semi-definite programming. For the former, we have a complete
picture and for the latter we show how far we have progressed. More specifically, our main

contributions made in this paper include but are not limited to:

(1) Under an error bound condition only, we provide a very general linear rate convergence
analysis for the SPADMM with 7 € (0, (1 + v/5)/2). This is made possible by construct-
ing an elegant inequality on the iteration sequence via re-organizing the relevant results

developed in [21, Appendix BJ.

(2) For convex composite quadratic programming, the global linear convergence rate is obtained
with no additional conditions as the error bound assumption holds automatically. By
choosing the positive semi-definite linear operators S and T properly, in particular 7 = 0,
we demonstrate how the established global linear rate convergence of the sSPADMM can

be applied to multi-block convex composite quadratic conic programming.



(3) For convex composite quadratic semi-definite programming (SDP), a linear convergence rate
is established under the assumption that both the primal and dual problems satisfy the
second order sufficient optimality condition, one of eight equivalent conditions proven in
this paper. This is achieved via characterizing the isolated calmness of the corresponding

optimality systems.

(4) The obtained results on the isolated calmness for convex and non-convex semi-definite
optimization problems are not only important for the linear rate convergence analysis
of the SPADMM but also are interesting in their own right in the context of sensitivity

analysis for optimization problems with non-polyhedral cone constraints.

The remaining parts of the this paper are organized as follows. In Section 2, we conduct
brief discussions on the optimality conditions for problem (1.1) and on both the calmness and
isolated calmness for multi-valued mappings. Section 3 is divided into three parts with the first
part focusing on deriving a particularly useful inequality for the iteration sequence generated
from the sSPADMM. This inequality, which grows out of the results in [21, Appendix B], is then
employed to build up a general linear rate convergence theorem under an error bound condition.
The third part of this section is about the applications of the linear convergence theorem of the
sPAMM to important convex composite quadratic conic programming. Section 4 is devoted to
the characterization of the isolated calmness for composite semi-definite optimization problems,
which are not necessarily convex. The sufficient conditions for non-convex semi-definite opti-
mization problems, which are strongly motivated by the work done in [47] on Robinson’s strong
regularity, can be regarded as natural extensions to those established by Zhang and Zhang [51].
The complete characterization of the isolated calmness in the convex case represents a significant
step forward in second order variational analysis on convex optimization problems constrained
with non-polyhedral convex cones. In Section 5, for convex composite quadratic semi-definite
programming, we provide further deep results on the isolated calmness by relating the second
order sufficient optimality condition for the primal problem equivalently to the strict Robinson
constraint qualification for the corresponding dual problem. We make our final conclusions in

Section 6.

2 Preliminaries

In this section, we summarize some useful preliminaries for subsequent analysis.



2.1 Optimality conditions

For a multifunction F': Y = ), we say that I’ is monotone if

-y -¢ =20 VIeF() VEeF(y) (2.1)

It is well known that for any proper closed convex function § : X — (—o0, 00|, 96(+) is a monotone

multi-valued function (see [42]), that is, for any w; € dom 6 and any we € dom 6,
(= Cwi—wp) >0, V&€ (wi), V¢ € I0(ws). (2.2)

In our analysis, we shall often use the optimality conditions for problem (1.1). Let (g,2) €
dom(¥) x dom(p) be an optimal solution to problem (1.1). If there exists z € X such that
(y, z, ) satisfies the following KKT system

0 € 0Y(y) + Vg(y) + Az,
0 € 0p(z) + Vh(z) + Bz, (2.3)
c— Ay —B*2 =0,
then (g,z,z) is called a KKT point for problem (1.1). Denote the solution set to the KKT
system (2.3) by Q. The existence of such KKT points can be guaranteed if a certain constraint

qualification such as the Slater condition holds:
3 (¢, 2') € ri(dom(V) x dom(y)) N{(y,2) € Y x Z: A'y+ B*2 = ¢},

where ri(.S) denotes the relative interior of a given convex set S. In this paper, instead of using
an explicit constraint qualification, we make the following blanket assumption on the existence
of a KKT point.

Assumption 2.1. The KKT system (2.3) has a non-empty solution set.

Denote u := (y,z,x) fory € Y, z € Z and x € X. Let U := ) x Z x X. Define the KKT

mapping R: U — U as

y — Pryly — (Vg(y) + Az)]
R(u):=| z-Prylz— (Vh(z) +Bz)] |, VYuel, (2.4)
c— Ay —B*z

where for any convex function 6 : X — (—o0, 00|, Pry(-) denotes its associated Moreau-Yosida
proximal mapping. If 0(-) = dx(-), the indicator function over the closed convex set K C X,
then Prg(-) = Ilx(-), the metric projection operator over K. Then, since the Moreau-Yosida
proximal mappings Pry(-) and Pr,(-) are both globally Lipschitz continuous with modulus one,

the mapping R(-) is at least continuous on U and

Vuel, Ru)=0<+=uci.



2.2 Calmness and isolated calmness

Let X and )Y be two finite-dimensional real Euclidean spaces and F' : X = ) be a set-valued
mapping with (z°,y°) € gph F, the graph of F. Let By denote the unit ball in ).

Definition 2.1. The multi-valued mapping F : X = Y is said to be calm at z° if there is a
constant kg > 0 along with a neighborhood V of 20 such that

F(z) C F(2°) 4+ roljz — 2°|| By, Vz V.

The above definition of calmness for the multi-valued mapping F' comes from [45, 9(30)] and
it was called the upper Lipschitz continuity in [40]. Recall that the multi-valued mapping F' is
called piecewise polyhedral if gph F' is the union of finitely many polyhedral sets. In one of his
landmark papers, Robinson [41] established the following important property on the calmness

for a piecewise polyhedral multi-valued mapping.

Proposition 2.1. If the multi-valued mapping F : X == Y is piecewise polyhedral, then F is

calm at z°.

Next, we give the definition of isolated calmness for F : X = ) at 20 for ¢°.

Definition 2.2. The multi-valued mapping F : X =Y is said to be isolated calm at z° for y° if
there is a constant ko > 0 along with a neighborhood V' of 2° and a neighborhood W of y° such
that

F(z)nW C {4°} + kol|lz — 2°|| By, VzecV.

The isolated calmness given in Definition 2.2 was called differently in the literature, e.g., the
local upper Lipschitz continuity in [13, 32|, to distinguish from Robinson’s definition of upper
Lipschitz continuity [40]. Here we adopt the usage in [15, 8]. The concept of graphical derivative
of F' [45, 8.33 Definition] is a convenient tool for investigating the isolated calmness property.
The graphical derivative of F' at 2° for y° € F(2°) is the set-valued mapping DF (z°)3°) : X = )

whose graph is the tangent cone Typp r(2°%,9°), namely for any (u,v) € X x V),
v E DF($0|yO)(u) Aaad (uvv) € TgphF(xovyO)-
In other words, v € DF(z°)y°)(u) if and only if

there exist sequences t;, — 04, u* — u and vF — v

F(2° + tju”)
ty,

.0
such that o* e y for all k.



It follows from [45, 8(19)] that the following equivalence holds:

v € DF(2°y%)(u) <= u € D(F~1)(y°2°)(v). (2.5)

A basic characterization of the isolated calmness property for a set-valued mapping at a

point is given by the following lemma.

Lemma 2.1. (King and Rockafellar [31], Levy [32]) Let (z°,4°) € gph F. Then F is isolated
calm at 2% for y° if and only if {0} = DF(2°|y°)(0).

3 A general theorem on the linear rate convergence

In this section, we shall establish a general theorem on the linear convergence rate of the sPAD-
MM scheme (1.3a)-(1.3c).

First we recall the global convergence of the sSPADMM from [21, Appendix B]. Since both 9v
and Jp are maximally monotone, there exist two self-adjoint and positive semi-definite linear
operators Xy, and ¥, such that for all ¢,y € domdy, £ € 0U4(y) and &' € 9VY4(y'), and for all
2z € dom gy, ¢ € dpp(2) and ¢’ € dpp(2),

€ =&y ==y —yl,,, (=67 —2)>]~zl%, (3.1)

For notational convenience, let £ : X — U := ) x Z x X be a linear operator such that its
adjoint £* satisfies £*(y, z,x) = A*y+B*z for any (y,z,x2) € Yx Zx X and for u := (y,z,2) € U
and v’ := (v, 7/, 2") € U, define

O(u, o) := (ro) "o =212 + ly = /15 + |2 = 217 + ol B* (= = 2>
The following theorem, which will be used in the following, is adapted from Appendix B of [21].

Theorem 3.1. Let Assumption 2.1 be satisfied. Suppose that the sPADMM generates a well
defined infinite sequence {u*}. Let u = (y,%,7) € Q. For k > 1, denote

op i =17(1l—7+ Il’lil’l{T,T_l})O'HB*(Zk - zk_l)H2 + sz’ - zk_IH%—,
v =0 + [ly* — yF 1% + 20yt - 33”22% +2[|2F - 2%, -

Then, the following results hold:



(i) ForT>0 and k> 1,

[0uR 4 @) + |54 = H2 4 (1= min{r, 7 o€ (55, 21, 0) - of?]
— |0G* ) + 125 = 12+ (1= mindr, 7T Dol €, 2, 0) — ol (3.3)

< — [l/k_H +(1—-7+ min{T,T_l})a|]5*(yk+1, zkH, 0) — c||2] .

(ii) Assume that both ¥y, + S + 0 AA* and Xy, + T + oBB* are positive definite so that the
sequence {uF} is automatically well defined. If 7 € (0, (1++/5)/2), then the whole sequence
{(y*, 2%, 2%)} converges to a KKT point in Q.

For any self-adjoint linear operator M : X — X, we use Apax(M) to denote its largest
eigen-value. Define k := max {k1, k2, K3}, where
k1 :=3||S]|, K2 := max{30Amax(AA"),2|| T}

and
k3 1= 3(1 — 7)%0 Amax (AA*) 4+ 2(1 — 7)20 Amax (BB*) + 071

Let
Ho := kDiag (S, T + oBB*, (r%0) ' I) (3.4)

be a block-diagonal positive semi-definite linear operator from ) x Z x X to itself such that
Ho(y, z,z) = £ (Sy, (T +0BB*)z, (t%0)'z), V(y,z,2) €Y x Z x X.

Lemma 3.1. Let {u¥ := (y*, 2¥, 2%)} be the infinite sequence generated by the sPADMM scheme
(1.3a)-(1.3c). Then for any k > 0,

[ A ([ (3.5)

Proof. The optimality condition for (1.3a) is

0€ WY + Vg + Ale® + o (AW + B2 — o] + S —¢F). (3.6)
From the definition of z5*1, we have
¥ o (A Y L B — o) = —o B (2T — 2R 2k 4 L (M — 2R,

It then follows from (3.6) that

0 € YY) + Vo) + Ald® + o (A Y+ 4 B 2R — o) + S(yH! — oF)
= Iy + Vg(yF ) + AloB*(2F — ) ok 4 1@ - k)] 4 SR — o),

10



which implies

yk+1 _
Pr19 (yk—f—l _ (Vg(yk'H) + .A[UB*(Zk _ Zk:-i—l) + xk + T_l(xk'H _ xk)] + S(yk-i-l _ ykz))) )
(3.7)
Noting that since z**! is a solution to the subproblem (1.3b), we have that
0 € Dp(2"Y) + Vh(ZFH) + Bak + oB(A* Y L 4+ B 2R — ) 4 T(2FE — 20,
which is equivalent to
0 € dp(2F) + Vh(ZMY) 4 Bla® 4+ 771 (2P — 7)) + T(2F = 2F).
Thus, we have
M = Pr, (zkH - (Vh(zl”l) + Blz® + 77 (@R — 2]+ T (R - zk)>> : (3.8)
Note that from (1.3c),
xk—i—l —_ xk + TU(A*yk—i-l + B*2k+l _ C). (3_9)

Then, by coming (3.7), (3.8) and (3.9) and noticing of the Lipschitz continuity of the Moreau-
Yosida proximal mappings, we obtain from the definition of R(-) in (2.4) that

R

S IS( = y") + o ABH (M — ) (1= T A - o)

TG = 29 4 (L= DB — 2|2+ (ro) 2t = ot

< [BIS I = 513 + 30 huas (AAT) B = )2 4 3(1 = 7712 A+ — o) 7]
F[2ATINA = 2+ 201 = 7B - )2+ (7o) 2 - a2

< maflytt = gPIE + el = P e + s(T0) TR — 2

which immediately implies (3.5). O

For any A € (0,00), define

5—7 —3min{r,7!} _ 1—7+min{r,7 '}

Sr = 1 & t; = 3
Note that
1/4<s, <(5-2V3)/4 & 0<t,<1/8, ¥Y71e(0(1+V5)/2). (3.10)
Denote
M :=Diag (S + Sy, T + Sy, + oBB*, (10) ' I) + s;0EE* (3.11)

11



and
1 1
‘H := Diag (S + §Eﬁg,T+ 52% + mBB*’4tT(T2O—)—1z) +t,0EE™. (3.12)

Then we immediately get the following relation
wH = min{r, 4t, }Ho + Kt,oEE*, V7 € (0,(1+5)/2). (3.13)
Proposition 3.1. Let 7 € (0, (1 +/5)/2). Then
Yo, +S+0AA" = 0& By, +T +0BB* = 0= M= 0<+=H > 0.
Proof. Since, in view of (3.10), it is obvious that M > 0 <= H > 0, we only need to show that
Yy, +S+0AA" =0 & X, +T +0BB* =0+ M~ 0.

First, we show that ¥y, + S + 0 AA* = 0 & Xy, + T + oBB* = 0 = M > 0. Suppose that
Yo, + S+ 0 AA" = 0& B, + T + oBB* = 0, but there exists a vector 0 # d := (dy,d.,d;) €
Y x Z x X such that (d, Md) = 0. By using the definition of M and (3.10), we have

dy =0, (Xp, + T +0BB")d, =0, (X9, +S)y =0 & £°(dy,d.,0) =0,

which, together with the assumption that ¥y, + S + 0 AA" = 0 & Xy, + T + oBB* = 0, imply
d = 0. This contradiction shows that M > 0.

Next, suppose that M > 0. Since s; > 0 and for any d = (0,d,,0) € Y x Z x X, (d, Md) =
(ds,(Bg, + T + (1 + s;)oBB*)d.), we know that X, + 7 + oBB* - 0. Similarly, since for any
d = (dy,0,0) € V x Z x X, (d, Md) = (dy, (S, + S + 5;0.AA")d,), we know that Xy, + S +
c AA* = 0. So the proof is completed. O

Proposition 3.2. Let 7 € (0, (1 +/5)/2) and {(y*, 2%, 2%)} be an infinite sequence generated
by the sPADMM. Then for any 4 = (3,%,%) € Q and any k > 1,

T — a2 = < (b = a1 - ) - R (31
Consequently, we have for all k > 1,
st (1, 0) 4 44— M3 < (iR ) 4 128 — FE) — b - b (319)

Proof. Let @ = (,2,%) € Q be fixed but arbitrarily chosen. From part (i) of Theorem 3.1, we

12



have for k > 1 that

(1) HlzF T — 2|2 4 [ly* T = gllE + |25 = 2|5 + o BH(F T - 2)|)?
+]| 2R — zngr + (1 — min{T,Tfl}) ol|E(yF L, 2K 0) — |2
< (ro)Ha* —z)* + v* = glZ + [|F = 215 + o B*(2F - 2)|?
—|—sz — zk_1|]%- + (1 — min{T,T‘l}) 0||5*(yk, zk,()) —||? (3.16)
— {U[T — 72 4 rmin{7, 771}]||B* (P — 2F)|)?
HIZPH = P15+ M = RIS+ 2 - gl 2l -2

+(1 =7+ min{r, 77 })o|€* (¥, M 0) — ]}
By reorganizing the terms in (3.16), we obtain

(o) "Ml — 2|7 + [ly* T — gl + (125 = 25 + o | B (25T — 2,0)|7
|2 — zkH%- + i (5 — 7 — 3min{r, 7'_1}) ol|E*(yF L, 2+ 0) — ¢f|?
Hly™ = gl%, + 1 - 2%,

< (ro) M =zl + ly* — gllE + 112" - 27 + o B* (=" - 2)|I?

—l—sz — zk_lH%- + i (5 -7 - 3min{7’,7'_1}) UHE*(yk, zk,O) — c||2
Hy* =gl +112* = 213,

—{o7|[BH (T = )P+ (] = 2RE T - S

HlyE =gl + Iy = alld, + 125 =213, + 1125 = 213,
+%(1 — 7+ min{r, 771 })o||EF (YL, 2FFL0) — ¢||?
+3(1 =7 +min{r, 7)o [[|E*(yFH, 2 0) — e 2 + (1€ (v, 27, 0) — ¢ P]}

or equivalently

(ro) 2"t = 2| + [y = gllz + (1251 = 2[5 + o | B (25T = 2)|)?
+[| 2 = 2K|2 4 spo||EF (yF T, 2R, 0) — ¢f?
Hly* = glIg, + 125 - 2%,
< (ro)Hla® =P + |y = gllE + 12F = 27 + ol B* (=" - 2)|?
HF = T 4 sral|€F(yF, 25,0) — e + lyF - gl3, + 1128 - 2113, (3.17)
—{oT| B (M = 2P+ [P = 2R E g — Rl
Hlg = gl3, + vt —al3, + I =23+ 1R -2
+% (1 — 7+ miD{T,T_l}) UHE*(ka, Paany 0) — c”2
+3(1 =7+ min{r, 77 })o[||E*(yF, 21 0) — ¢ + [ €% (vF, 2,0) — ¢[*]} -

Using equalities

EX(yFH1 21 0) — e = AN (yFH - g) + B~ 2),
EX(YF, 2F,0) — e = A*(y* — ) + B (2" - 2),
g*(yk-i-l’ Zk:—i-l’()) —c= (TJ)—l(xk—i-l _ xk)

13



and inequalities

k+1 k+1

ly**t =g, + v =al%, = sly"™ =yl .
21— 22, I - 2R, 2 B - A
1€ (51, 251,0) = ef? + €% (y*, 24, 0) — ¢f]? = gl A*(y"H! = yF) + B (25 = 2F) |17,
we obtain from (3.17) and the definitions of s, and ¢, that
(o)~ e = Z2 + (= — g5 + 1125 = 25 + ol B (25 - 2)|?
HIAH = K+ 5,0l AV = g) + B - 2P
g - g, 2
< (ro)Hla* — 2| + lly* = glIE + 112* = 27 + oI B* (=" — 2)|?
HI2* = 2T+ sroll AR - ) + B (F - D)1 + Il - gl + 12 - 2%
—{oTlIB* (M = 22 4 (]2 — 2Tl = S+ sl - IR,
+gll M 2R+ At (TP0) | — 2

+tTUHA*(yk+1 _ yk) + B*(zk+1 _ Zk)HQ},

which shows that (3.14) holds. By noting that Q is a nonempty closed convex set and (3.14)
holds for any u € 2, we immediately get (3.15). O

For establishing the linear rate of convergence of the SPADMM, we require the following

error bound condition.

Assumption 3.1 (Error bound condition). For any given @ € Q, there exist positive constants
0 and n > 0 such that

dist(u, Q) < nl|R(w)|, Yue{ueld: |lu—1ul <d}. (3.18)

Theorem 3.2. Let 7 € (0, (14 +/5)/2). Suppose that Assumptions 2.1 and 3.1 hold. Assume
also that both ¥y, + S + o AA* and Xy, + T + oBB* are positive definite. Let {(y, 2%, 2F)} be
an infinite sequence generated from the sSPADMM. Then for all k sufficiently large,

dist%, (", Q) + || 2P — 2F|1E < | disth (uF, Q) + |27 — z’fflu%} : (3.19)
where
po=(142k4) "1+ k4) <1 & kg :=min{r,4t,} (nQK)\maX(M))fl > 0.

Moreover, there ezists a positive number ¢ € [u,1) such that for all k > 1,

dist2 (uh L, Q) + |25 — 2RE < ¢ [disti/t(uk,ﬁ) +k - Z’HHQT] . (3.20)
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Proof. From Theorem 3.1 we know that the whole sequence {(y*, 2% 2*)} generated by the
sPADMM converges to a KKT point in Q, say 4 = (¢, z,Z). Combining Assumption 3.1 with

Lemma 3.1 we know that there exists a constant 1 > 0 that for all k sufficiently large,
dist?(u*, ) < 2[R < 2l — ub R, . (3.21)
From the definition of H, we have for all k£ > 0,
14— 2R )17 < e — 1y
It follows from (3.13) and (3.21) that for all &k sufficiently large,

0 = b, > minfr, 4t et — a2, )
3.22
> min{7, 4, }x 1 2dist? (uF T, Q) > kydistd (v Q).

Let k5 = (1 + x4)~'. From (3.15) in Proposition 3.2 and (3.22), we have for all k sufficiently
large that

distfw(ukﬂ,ﬁ) + szH — zk||%— — {distf\,t(uk,ﬁ) + ||zk — zk_lH%—}
< — (1= k) [[uf*h — w3, + msllutth — uF|3) (3.23)

< — (1= k) || 27 = %)% + ksradisti, (uF 11, Q).

Then we obtain from (3.23) that for all &k sufficiently large,
(14 rska)disth (u T, Q) + (2 = k5)||2MT = 2817 < dist (u¥, Q) + |27 = 247117

By noting that 1 + rsk4 = 2 — k5 = u~ !, we obtain the estimate (3.19).

By combining (3.19) with Lemma 3.1, (3.13) and (3.15) in Proposition 3.2, we can obtain
directly that there exists a positive number ¢ € [u, 1) such that (3.20) holds for all £ > 1. The

proof is completed. d

Theorem 3.2 provides a very general result on the linear rate of convergence for the sSPADMM
under a fairly mild error bound assumption, which holds automatically if R~! is piecewise
polyhedral. Since R™! is piecewise polyhedral if and only if R itself is piecewise polyhedral, we

obtain the following directly from Theorem 3.2, Proposition 2.1 and Lemma 3.1.

Corollary 3.1. Let 7 € (0,(1 + v/5)/2). Suppose that Q # 0 and that both Sy, + S + o AA*
and X, + T + oBB* are positive definite. Assume that the mapping R : U — U is piecewise

polyhedral. Then there exists a constant s € (0,1) such that the infinite sequence {(y*, 2%, z*)}
generated from the sSPADMM satisfies

dist2 (uh 1, Q) + |25 — 2RE < ¢ [disti,l(uk,ﬁ) +h - z’HH?f] . YE>1.  (3.24)
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3.1 Applications to convex composite quadratic conic programming

In this subsection we shall demonstrate how the just established linear rate convergence theorem

can be applied to the following convex composite quadratic conic programming

1
min §<a:, Qx) + (c,x) + ¢(x)
st. Ax=0b, zeK,

(3.25)

where ¢c € X', b € ", Q : X — X is a self-adjoint positive semi-definite linear operator,
A: X — R™ is a linear operator, K is a closed convex cone in X and ¢ : X € (—o0, 0] is a
proper closed convex function whose epigraph is convex polyhedral, i.e., ¢ is a closed proper
convex polyhedral function. If K is a polyhedral cone, problem (3.25) is called the convex

composite quadratic programming (QP).

By introducing an additional variable u € X', we can rewrite problem (3.25) equivalently as

min (r, Q)+ (e,2) + bc(z) + 6(u)
st. Axr=b z—u=0.

(3.26)

Obviously, problem (3.26) is in the form of (1.1). Let the polar of K be defined by K° := {d €
X :{d,x) <0, Yz € K}. Denote the the dual cone of K by £* := —K°. The Lagrange dual of
problem (3.26) takes the form of

1
max inf {(x, Qx) + (v, x)} + (b, y) — ¢*(—2)
zeXx | 2
st. s+A'y+v+z=¢c seK*
which is equivalent to
. 1 *
min  Jx+(s) — (b,y) + §<U}, Qu) + ¢*(—2)
st. s+ AYy—OQw+z=c¢, wewW,

(3.27)

where W is any linear subspace in X containing Range Q, the range space of 9, e.g., W =
X or W = Range Q. When W = X, problem (3.27) is better known as the Wolfe dual to
problem (3.26) (see Fujiwara, Han and Mangasarian [23] for discussions on the Wolfe dual of
conventional nonlinear programming and Qi [39] on nonlinear semi-definite programming). So
when Range @ C W # X, one may call problem (3.27) the restricted Wolfe dual to problem
(3.26). One particularly useful case is the restricted Wolfe dual with YW = Range Q. The dual
problem (3.27) has four natural variable-blocks and can be written in the form of (1.1) in several
different ways. The cases that we are interested in applying the sSPADMM are: 1) if £ # X,
then (s, y,w) is treated as one variable-block and z the other block; and 2) if = X, then (w, y)
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is treated as one variable-block and s the other block. We shall only discuss case 1) as case 2)

can be done similarly in a simpler manner.

First, we consider the application of the SPADMM to the primal problem (3.26). The
augmented Lagrangian function £ for problem (3.26) is defined as follows
1
L3 (x, sy, 2) = S{w, Q) + (e, x) + 0c(w) + $(u) + (y,b — Aw) + (z,u — )
+g(Hb APt u—z|?), V(@uy,z) € X x X x R x X.

sPADMM: A semi-proximal alternating direction method of multipliers for solving

the convex optimization problem (3.26).

Step 0. Input (2% u%y" 2") € K x dom (¢) x R™ x X. Let 7 € (0,00) be a
positive parameter (e.g., 7 € (0,(1 4+ v/5)/2)). Define S : X — X to be any
self-adjoint positive semi-definite linear operator, e.g., § := 0 if L = X and

S =dax (Q+ oA A) T — (Q+ g A*A) if K # X. Set k := 0.
Step 1. Set

. 1
2Rl — arg min Eop(x,uk;yk, zk) + §||:U - ka% ,

w1 = argmin Ef(a:k'ﬂ, u; o, 2F)

yk—l-l — yk +T0(b _ .Aﬂ?k_H) & Zk—i—l — Zk —|—TO'(Uk+1 _ xk—l—l)‘

Step 2. If a termination criterion is not met, set k := k + 1 and go to Step 1.

It is easy to see from Theorem 3.2 that as long as Assumptions 2.1 and 3.1 for problem (3.26)
hold and 7 € (0, (1 ++/5)/2), the infinite sequence {(z*,u*, y*, 2¥)} generated by the sSPADMM
for solving problem (3.26) converges to a KKT point of problem (3.26) globally at a linear rate.
Note that Assumption 3.1 holds automatically if K is convex polyhedral, e.g., K = X or £ = R'}.

Next, we turn to the dual problem (3.27). As mentioned earlier, problem (3.27) has four
natural variable-blocks. Since the directly extended ADMM to the multi-block case may be
divergent even the dual setp-length 7 is taken to be as small as 1078 [9], one needs new ideas
to deal with problem (3.27). Here, we will adopt the smart symmetric Gauss-Seidel (sGS)
technique invented by Li et al. [35]. For details on the sGS technique, see [34]. Most recent
research has shown that it is much more efficient to solve the dual problem (3.27) rather than
its primal counterpart (3.26) in the context of semi-definite programming and convex quadratic
semi-definite programming [49, 35, 34, 10]. At the first glance, this seems to be counter-intuitive

as problem (3.27) looks much more complicated than the primal problem (3.26). The key point
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for the more efficiency in dealing with the dual problem is to intelligently combine the above

mentioned sGS technique with the SPADMM, which will be shown below.

The augmented Lagrangian function £2 for problem (3.27) is defined as follows

LO(s,y,w,z;2) = dc=(s) — (by) + %(w, Qu) + ¢*(—z) + (z,s + Ay — Qu + 2z —¢)

—i—%Hs—i—A*y—Qw—i—z—cHQ, V(s,y,w,z,x) € X x R™ x W x X x X.

sGS-sPADMM: A symmetric Gauss-Seidel based semi-proximal alternating direction
method of multipliers for solving problem (3.27).

Step 0. Input (s°, 9%, w?, 2% 20) € K* x R™ x W x (—dom ¢*) x X. Let 7 € (0, 00)
be a positive parameter (e.g., 7 € (0, (1 ++/5)/2)). Choose any two self-adjoint
positive semi-definite linear operators S; : R — R™ and So : W — W satisfying
S +0AA* = 0and Sy + Q+ 092 = 0. Set k := 0.

Step 1. Set
wh*d = argmin £2(5, 04w, 2F:a%) + L o~ w3,
yk+% = argmin E?(sk, v, wk+%, Zk;fﬂk) + %Hy - ka?Sl g
s**1 = argmin E?(s,y“é,wH%, 2 xk) )
P = argmin £2(s5F g0t 2R ab) 4+l — oM,
wh ™ = argmin £2(sFT1 yF L 2R 2Ry 4 %Hw —wg,
2 = argmin LD (KL yF L bt 22k |
2 = b o (sFTL 4 AR Qutt 4 R .

Step 2. If a termination criterion is not met, set £ := k + 1 and go to Step 1.

Note that in the above Algorithm sGS-sPADMM, one can always choose S =0if A: X —
R™ is surjective and Sy = 0 if W = Range (Q). The global convergence of Algorithm sGS-
sPADMM is established in [35] by connecting it to an equivalent sSPADMM scheme (1.3a)—(1.3c)
for solving a particular problem of the form (1.1). By using the same connection, just as for
the primal case, one can use Theorem 3.2 to derive the linear rate convergence of the infinite
sequence {(s*,y*, w¥, 2* x¥)} generated by Algorithm sGS-sPADMM if Assumptions 2.1 and
3.1 hold for problem (3.27) and 7 € (0, (1++/5)/2). As mentioned earlier, Assumption 3.1 holds
automatically if K is convex polyhedral. However, for a non-polyhedral /C, there exist few results

about the existence of the error bound condition as in Assumption 3.1 except for K to be either
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a second order cone [5] or an SDP cone [47], where the strong regularity introduced by Robinson
[40] is characterised in terms of the strong second order sufficient condition and the constraint
nondegeneracy. The strong regularity provides a sufficient condition for Assumption 3.1 to
hold. Since the isolated calmness condition given in Definition 2.2 is a much weaker condition
than the strong regularity, in the next two sections, we shall conduct a thorough study on the
isolated calmness in the context of composite semi-definite, convex and non-convex, optimization
problems. The obtained results on the isolated calmness are not only useful for deriving the
linear rate convergence of the sSPADMM but also represent substantial advancements in the
context of second order variational analysis for conic optimization problems constrained with
non-polyhedral convex cones. As a final note to this section, we comment that in all the above

applications, while the linear operator S may take various values, the linear operator 7 = 0.

4 Characterizations of the isolated calmness for semi-definite

optimization problems

Let Z be a finite dimensional real Euclidean space. For an integer p > 0, let Sﬁ be cone of all
symmetric positive semi-definite matrices in the the space SP of p by p real symmetric matrices.
Denote Y := SP x Z and S? := —S% = (S%)°. Next, we shall consider the isolated calmness for

the KKT system to the following semi-definite optimization problem:

min f(z)

st. G(z) ek, (1)

where f : X — R is a twice continuously differentiable function, G : X — Y is a twice continu-
ously differentiable mapping with G = (¢,9) for ¢ : X - SPand ¢ : X — Z, K =S" x P and
P C Z is a nonempty convex polyhedral set. Let ® = {z € X' : G(z) € K} be the feasible set for
problem (4.1). Let £ € ®. We say that Robinson’s constraint qualification (RCQ) for problem
(4.1) holds at z if

0 € int{G(z) + DG(z)X — K},

where “int” denotes the topological interior part of a given set. The Largangian function of
problem (4.1) is defined as

L(zy,2) = f(x) + (y,0(x)) + (z,9(2)), V(x,y,2) € X xS x Z.
For any (y,z) € SP x Z, let D,L(z;y, 2) denote the derivative of L(-;y,2) at € X and denote

Vi L(x;y,2) = (D L(x;y,2))*. If there exists (7,z) € ) such that (7,7, z) satisfies the KKT
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System
V. L(Z;9,2) =0,

(g> 2) € N/C(g(j))a
then we call Z a stationary point of problem (4.1) and (g, z) a Lagrangian multiplier of problem

(4.1) at z. Here Ni(w) denotes the normal cone of K at w € ). Denote by A(Z) the set of

(4.2)

all (y,z) € SP x Z satisfying (4.2). If z is a local minimizer to problem (4.1), then the set
A(Z) is nonempty, convex and compact if and only if the RCQ holds at Z. The strict Robinson
constraint qualification (SRCQ for short) at z with respect to (y,2) € A(Z) is defined by (see
Bonnans and Shapiro [6])

DG(Z)X + Tic(9(2)) N (7,2)" =V, (4.3)

where for any vector w € Y, wt := {y € ¥ : (w,y) = 0}. Obviously, the SRCQ is more
restrictive than the RCQ. It follows from Bonnans and Shapiro [6, Proposition 4.50] that the
set of Lagrange multipliers A(Z) is a singleton if the SRCQ (4.3) holds.

Let Z € ® be a feasible point. The critical cone of problem (4.1) at Z is defined by

C(z) = {d € X : DG(z)d € Tic(G(z)), Df(z)d < 0}.

Definition 4.1 (The second-order sufficient optimality condition). Let T be a stationary point
of problem (4.1) at which A(Z) # 0. We say that the second-order sufficient optimality condition
for problem (4.1) holds at T if

Lo {<d, V2, L(z;y, 2)d) + 2 <y,D¢(E)d [~ (@) D¢(§:)d>} >0, Y0#de @),
Y,z2)EN(T

where for (y,2) € SPx Z, V2, L(+y, 2) := D.[V.L](-;y, 2) and for any matriz S € SP, ST denotes

the Moore-Penrose pseudo-inverse of S.

If follows from [6, Theorem 3.86] that if the second-order sufficient optimality condition for
problem (4.1) holds at z, then the second-order growth condition for problem (4.1) holds at z,

which implies that Z is a strictly local optimal solution to problem (4.1).

Define the KKT mapping G : X x S x Z — X x SP x Z, associated with problem (4.1), by
VoL(z:y,2)
G(z,y,2) = , V(z,y,z) € X xSP x Z. (4.4)
—G(z) + U (G(z) + (v, 2))

For characterizing the isolated calmness property for the mapping G~!, we need some simple

but useful properties on the non-polyhedral cone S” and the polyhedral set P.
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Suppose that A € S? and B € S” are two matrices satisfying A € Ngr (B) or equivalently
B e NSi(A) with A € S%. Note that AB = BA =0and B=1IIgp (B+ A). Let C:=B+ A
and A\; > Ay > ... > ), be its eigenvalues being arranged in the non-increasing order. Define
a:={i: N\>0,i=1,...;p}, B:={i: \;=0,i=1,....,p}andy:={i: \; <0,i=1,...,p}.

Then there exists an orthogonal matrix P € RP*P such that

A, 00 o 0 0 A, 00
A=P|lo o0 |P,B=P|0 00 |P,c=P|l0o 00 |PT, (45
0 0 0, 0 0 A, 0 0 A,

where A, > 0 is the diagonal matrix whose diagonal entries are A; for i € a and A, < 0 is the
diagonal matrix whose diagonal entries are \; for j € ~, respectively. Write P = [P, Pz P,]
with P, € ®rxlel) Py € RP>I8l and P, € RP*1 and define Q,Q € Rlex1 by

_Aj

= Qi =1-0Q
A=A

1]

Qij e V(i,j—i—‘OéUﬁDGOJX’}/.

It is known from (3, 4] that Ilgr (-) is directionally differentiable everywhere and from [48, 38]
that the directional derivative of Ilgr at C' along H € S™ is explicitly given by

0 0 PTHP,oQ
o (CH) = 0 Mo (PTHPs)  PIHP, |, (4.6)
T T T T
PTHP, 0 PTHP; PTHP,

where “o” denotes the Hadamard product. Then, by Arnold [1], we know that the tangent cone
of S” at B € S” takes the form of

Ty (B)={H €SP: H=1y (B;H)} ={H €S": [P, Ps]"H[P, P3] <0}
and the critical cone of S at C, associated with A € Ngr (B), is given by
Ce (C) =Ty (B)N A+ ={H €SP : PLH[P, Ps]=0, P{HP3 < 0}. (4.7)
Analogously, the critical cone of S, at C, associated with B € Ngzjr (A), is given by
Csp (C) = Tgn (A) N Bt={HeS': PIH[P; P,] =0, P;HP; = 0} . (4.8)

Lemma 4.1. Suppose that A € SP and B € S” are two matrices satisfying A € Ngv (B). Let
A, B and C := B+ A have the spectral decompositions as in (4.5). Then we have the following

results:
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(i) For any given matriz H € SP,
He (cgg(C))o = FIHP,=0 & HeCly(C)

and

He <cSi(C))O «— PTHP, =0 & HeCy(C).
(ii) Let AA and AB be two matrices in SP. Then
AA-Tlgp (C;AA+ AB) =0

if and only if
Py (AA)[P, Ps] =0,
PI(AA)P, 0 Q= PI(AB)P,0Q,
P (AA)Ps = Iy (P (AA+ AB)P),
[Ps P,JT(AB)Py = 0.

Moreover, the relations in (4.9) imply
AAE€Cy (C) & (AAAB)=2(A, (AA)[-B]'(AA)).

Proof. The conclusions of part (i) follow directly from (4.7) and (4.8) while the conclusions of
part (ii) can be derived with no difficulty from (4.5), (4.6), (4.7) and the fact that

Pi(AA)Ps = HS@(Pg (AA+ AB)P3) < S 5 Pj(AA)Ps L Pj(AB)Ps € Sh.
We omit the details here. m|

Lemma 4.2. Let P C Z be a given nonempty convez polyhedral set.

(i) Leta,b,ce Z. Write cy :=1Ilp(c) and c_ :=c—c4. Then

5 (e;b) = Ty, ()t (D). (4.10)
Moreover,
a—1p(c;a+b) =0 (4.11)
if and only if
a€Tp(cr)Net & bENp (o )net(a). (4.12)
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(ii) Let b€ P and 0 € a+ Np(b). For the critical cone
Cp(b—a):=Tp(b) Nat,
we have
Crlb— a) = Si (413)

where Sy, o 15 a nonempty closed convex cone defined by
Spa :={u € Z: (u,b) + (6p) (—a; —u) = 0}.

Proof. Since P is a nonempty convex polyhedron, we have from Theorem 4.1.1 of [20] that (4.10)

is true and equality (4.11) is equivalent to
a= HTp(C+)ﬂC£ (a + b)’

which is equivalent to (4.12). So the conclusions in part (i) hold.

Now we turn to the proof of part (ii). It follows from [42, Corollary 19.2.1] that 0% is a
proper closed convex polyhedral function. Then we know from [42, Theorem 23.10] and [42,
Corollary 23.5.3] that

(6p) (~azu) = 5 (), VueZ,

where

P_o:={b eP:{-al)=0dp(—a)}.

By using the assumption —a € Np(b) = 0dp(b), we know that b € 905 (—a). Therefore, b € P_,

and

s {u, by — (u,b') <0, V' € P_,}

{u:(ub
={u:(u,b) +dp_(—u) =0}
{u: (u,b
{u: (u,t/ —=b) >0, VU € P_,}

Thus, S is a nonempty closed convex cone with Sl?, o =Tp_,(b). Since P_, is a polyhedral set
and P_, = PN L, where L:={V € Z: () — b,a) = 0}, we have
Tp_,(b) =Tp(b)NTL(b) =Tp(b)N at.

Therefore,
Cp(b—a) =Tp_,(b) = Sy

which shows that (4.13) holds. The proof of this lemma is completed. O
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Lemma 4.3. Let A : X — SP x Z be a linear operator and (c1,c2) € SP x Z. Then v =

(v1,v2) € SP X Z is a solution to the following system of equations

A*v =0,
H/S’i (01; ’Ul) = O,

H;)(CQ;'UQ) =0

if and only if

veE [AX + Ti(ey)Net|

where cy = T (c) = (Hgr (c1),IIp(c2)) and c- =c—cy.
Proof. We have from Lemma 4.1 and (4.7) that

Iy (cr501) = 0 <= w1 € [T ((c1)4) N (e1)2]°.
Since P is a convex polyhedron, we have from part (i) of Lemma 4.2 that

Il (c2; v2) = 0 <= g € [Tp((c2)4) N (c2)1]°.
Thus, v satisfies (4.14) if and only if
A =0 & ve[Tk(cp)Net]®,

which is equivalent to saying that (4.15) holds. The proof is completed.

(4.14)

(4.15)

O

Lemma 4.4. Let & € ® be a stationary point of problem (4.1) with (g,z) € A(Z) # 0. Let the
KKT mapping G be defined by (4.4). Then G~ is isolated calm at the origin for (Z,9,Z) if and
only if (dg,dy,d.) =0 for any (dz,dy,d,) € X x SP x Z satisfying G'((Z, 9, Z); (dz, dy, d)) = 0.

Proof. By noting that G is a locally Lipschitz continuous mapping around (Z,y, z) and it is

directionally differentiable at (Z,y, Z), we have for (d,dy,d.) € X x SP x Z that

DG((z,7,2)|0)(dg, dy, d>)
B { lim G(Z + tpdy, ¥ + trdy, Z + tpd,) — G(Z, 9, 2)

k—o0 tr
= {G/((ja ﬂv 2>; (dm, dy7 dz))}

Thus, from (2.5), we have for any (d;,d,,d.) € X x SP x Z that

(de,dy, d-) € DGH(0|(2,7,2))(0) <= G'((Z, 7, 2); (du, dy, d2)) =0,
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which, together with Lemma 2.1 and the fact that G'((Z, %, 2); (0,0,0)) = 0, implies that G~ is

isolated calm at the origin for (z,y, z) if and only if
G'((z,9,2); (dg, dy,d.)) =0 = (dy,dy,d.) = 0.
This completes the proof. O

Theorem 4.1. Let T € ® be a stationary point of problem (4.1) with (g,z) € A(Z) # (. Then

we have the following results:

(1) If the second-order sufficient optimality condition for problem (4.1) holds at & and the SRCQ
(4.3) holds at T with respect to (y,%), then G is isolated calm at the origin for (Z,7,Zz).

(ii) If G~! is isolated calm at the origin for (Z,¥, z), then the SRCQ (4.3) holds at & with respect
to (g, 2).

(iii) If G~! is isolated calm at the origin for (z,7,2) and the quadratic form
03 (do dy) = (o, V2,L(5: 5, 2)da) + 2 (5, D) d [6(2)] Do(@)d, )
satisfies
q(dg,dy) >0, Yy €C() & q(dg,dy) =0, dy € C(T) = V2,L(T; 7, 2)dz = 0,
then the second-order sufficient optimality condition for problem (4.1) holds at T.

Proof. Since (3, 2) € A(z), we know § € Ngr (¢(Z)) and z € Np(p(Z)). Without loss of gener-
ality, we can assume that A := gy, B := ¢(z) and C := B + A have the spectral decompositions
as in (4.5).

We first prove part (i). Let (dg,dy,d;) € X x SP x Z be arbitrarily chosen such that
G'((z,9,2); (dg,dy,d,)) = 0. Since the SRCQ (4.3) holds at z with respect to (y,Z), we have
from [6, Proposition 4.47] that the set of Lagrange multipliers of problem (4.1) at Z is a singleton,

namely A(Z) = {(y,2)}. In this case, we can write the critical cone C(Z) as
C(z) = C1(z) NCa(7),

where

Ci(7) = {dz € X : D()d, € Tyr (4(7)), (y,D(T)dz) = 0},
Co(2) = {dy € X : DY(2)d, € Tp(¥(2)), (2, DY(Z)ds) = 0}
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Since G'((Z, 9, 2); (dz, dy, d>)) = 0, we have

V2, L(%; 7, Z)d, + DG(2)*(dy, d.) =0,
~DG(2)dy + e (G(2) + (4, 2); DG(2)dy + (dy, dz)) = 0.

(4.16)

The second equation in (4.16) can be split into

Do (z)dy — Ilgp (¢(2) + §; DH(Z)dy + dy) =0,
Dy(z)dy — H;D(w(j) + z;DY(2)d, +d;) =0.

Thus, we know from part (ii) of Lemma 4.1 that
D(&)d, € Tep (6(2) N 7" & (D(F)de, dy) = 2(5, Do()d; [~(2)] D(2)d)
and from (i) of Lemma 4.2 that
Dy (Z)d, € Tp(p(z)) Nzt & (d,, Dy(z)d,) = 0.

Therefore, d, € C(Z). By taking the inner product between d, and both sides of the first

equation in (4.16), we obtain
(do, V2,L(Z, 7, Z)dz) + (de, DG(Z)*(dy, d)) = 0

and thus
(da, V2,L(2,5,2)ds) + 2 (3, D(@)ds [-0(2)] DY(2)d, ) = 0.

It then follows from the second-order sufficient optimality condition for problem (4.1) at z that
dy = 0. Hence (4.16) is reduced to

DG(z)*d, =0,
H/S’l ((é(f) + Y dy) =0,
Mp(b(@) + 5d) =0

In view of Lemma 4.3, we obtain

o

(dy, d2) € |DG()X +Tic(G(2)) N (7,2)"|

which implies (dy,d,) = 0 from the assumed SRCQ (4.3). Therefore, (ds,dy,d.) = 0. Then, we

know from Lemma 4.4 that G~ is isolated calm at the origin for (z,7, 2).

Now we prove part (ii). Suppose that the SRCQ (4.3) does not hold at z for (g,z) € A(Z),

namely

I':=DG(Z)X + Tic(6(2)) N (7, 2)" # V-
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Then there exists 0 # (y, 2) € SP x Z such that (g, 2) € I'° or equivalently

0 (9,2) € (DG(@))" N |(Ter (6(2) NgH)° x (Tp(ep(z) N 21)°) .
Then we have from Lemma 4.3 that

DG(z)*(4, 2) =0,

which imply
G'((2,9,2);(0,9,2)) =0,
that is
0 € DG((z,9,2)]|0)(0,7, 2).

Since G~! is assumed to be isolated calm at the origin for (Z,, Z), we obtain from Lemma 2.1

that (g,2) = 0. This contradiction shows the assertion in part (ii) is true.

Finally, we prove part (iii) by contradiction. Suppose that the second-order sufficient opti-
mality condition for problem (4.1) does not hold at Z. Since G~! is assumed to be isolated calm at
the origin for (z, g, ), we have A(Z) = {(y, 2)}. Thus, there exists a vector 0 # d, € C(Z) satisfy-
ing q(d,,d,) = 0. We then know from the conditions given in part (iii) that V2, L(%; ¥, z)d, = 0
and thus (7, D¢(Z)d, [—o(z)] D¢(z)d,) = 0. Moreover, from the definition of C(Z) and Lemmas
4.1 and 4.2, we have

Do(@)d, — Iy (6(z) + 5 D(@)ds) =0,
Dy(z)dy — p (4(7) + 2, Dep(2)dz) = 0.
By using V2,L(%;9,2)d,; = 0, (4.17) and the expression of the directional derivative of G at
(z,9,2), we get G'((Z,7,2);(ds,0,0)) = 0 with d;, # 0. This contradicts with the isolated
calmness of G~! at the origin for (z,7,2). Therefore, we must have ¢(d,,d,) > 0 for d, €

C(z) \ {0}. That is, the second-order sufficient optimality condition for problem (4.1) holds at

(4.17)

Z. The proof is completed. O

Based on Theorem 4.1, for linearly constrained convex optimization problems, we obtain the

following complete characterization on the isolated calmness of G~1.

Corollary 4.1. Let f be a twice continuously differentiable convex function, G be an affine
mapping and T be a minimizer to problem (4.1) with A(Z) # (0. Then G~! is isolated calm at
the origin for (z,y,z) with (y,z) € A(z) if and only if the second-order sufficient optimality
condition for problem (4.1) holds at T and the SRCQ (4.3) holds at T for (y,z) € A(Z).
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5 Convex composite quadratic semi-definite programming

In this section we shall further study the isolated calmness for the following important convex
composite quadratic SDP:

min %(az, Qx) + (¢, x)

st. Az =0b, xS NP,

where ¢ € SP, b € R™, Q : SP — SP is a self-adjoint positive semi-definite linear operator,

(5.1)

A SP — R™ is a linear operator and P is a simple nonempty convex polyhedral set in SP. As
in Subsection 3.1, by introducing an additional variable u € SP, we can rewrite problem (5.1)
equivalently as
min %(x, Qx) + (¢, x) (5.2)
st. Ar=b, z—u=0, 28}, ueP.
Suppose that (z,u) € Sg_ x P is an optimal solution to the convex optimization problem (5.2).
Note that w = z. Let Ap(Z,u), which may be an empty set, denote the set of Lagrange
multipliers (s,y, z,v) € SP x R™ x SP x SP for problem (5.2) at (Z,u) such that (z,u,s,y,z,v)

satisfies the following KKT system

Qr+c—A*y—2—5=0, z+v=0,
{ Y (5.3)

b—AZ=0,u—2=0, s€ Ny (~7), vE Np(u).
The KKT mapping Gp, associated with problem (5.2), for any (z,u,s,y,z,v) € SP x SP x SP x
R™ x SP x SP is given by

[ Qr— Ay —z—s+c |
zZ4+w
Gp(x,u,s,y,z,v) := z+ 1y (-z+5) (5.4)
Ax —b
T —u
—U+HP(U+U)

We also define the reduced KKT mapping Fp, associated with problem (5.2), as follows: for any
(z,u,y,z) € SP x SP x R™ x SP,

[ v+ g (—2+ Qv — A'y — 2 +¢) ]
4+ Tl (0 —
Fp(x,u,y,z) = u+A P(UI; Z) (55)
Tz —
r—u

By using Lemma 4.4, we can easily obtain the following equivalence on the isolated calmness

property of (Gp)~! and (Fp)~ 1.
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only if (Fp)~" is isolated calm at the origin with respect to (T, 1,7, %).

The critical cone of problem (5.2) at (z,u) is given by
C(z,u) = {(ds,du) € S"xS": Ady =0, dy—dy =0, dy € Tip (7), du € Tp(u), (QT+c,ds) = 0}.
If Ap(Z,u) # 0, then for any (s,y,z,v) € Ap(Z,a),

C(z,u) = {(dz, du) €S" xS : Ady =0, dy — dy =0, dy € Cr (T — 5), dy € Cp(u — 2)}. (5.6)

The Lagrange dual of problem (5.2) takes the form of

max inf {;(x, Qx) + (v, x>} +(b,y) — 0p(—2)

zeSP (5.7)
st. s+ Ay+v+z=¢ seSt,
which is equivalent to
1
max (b, y) — §<w, Quw) — dp(—2)
st. s+A'Y—Quw+z=c, (5.8)

seSt, wew,
where W is any linear subspace in SP that contains Range 9, e.g., W = SP or WW = Range Q.
By introducing an additional variable ¢, we can reformulate problem (5.8) equivalently as

max <b7 y> - %(wv Q"LU> —t

st. s+ A'y—Quw+z=c, (5.9)

seSt, weWw, (z,t) € epib,

where
0(z) :==0p(—=2), VzeSP.

Let (5,y,w,z) € SP x R™ x W x SP be an optimal solution to problem (5.8). Then, obviously,
(5,y,w, z,0(%)) is an optimal solution to problem (5.9). We use Ap(Ss,y,w, Z) to denote the cor-
responding set of Lagrange multipliers for problem (5.8) at (8, ¥y, w, z), that is x € Ap(s,y,w, 2)
if and only if (5,9, w, z, x) satisfies the following KKT system

Oex+NSi(§), Az —b=0, Qu—-Qx =0, 0€x+090(z), c—5— A"y + Quw — z = 0. (5.10)
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Thus, the KKT mapping Fp, associated with problem (5.8), can be defined for any (s, y, w, z,x) €
SP x R™ x W x SP x SP that

Az —b
Quw — Qx
Fp(s,y,w,z,2) = | —s—A*'y+Qw—z2+c |. (5.11)
s+ Ilgp (=5 + )
—z+ Pro(z — o)

Note that for any € Ap(S,y,w, z), it holds that
0€ex+00(2) <=0 (x,1) + Nepio(Z,0(2)) <= (%,0(2)) = Lepin((Z,0(2)) — (2,1)).

Moreover, since 0 : SP — (—o00, +00] is a closed proper convex polyhedral function [42, Corollary

19.2.1], we know from convex analysis [42, Theorem 23.10] that
Tepio(2,0(2)) = (Nepio(2,0(2)))° = {(u,t) € S" x R+ 0'(z;u) < t}.
Thus, for any x € Ap(s,y,w, 2),

Tepio(7.6(2) N (2. ) = {(ut) €87 x R: 1= (u,—2) = 0'(z0)}
= {(u,t) eSPxR:ue€ S,z t=(u,—x)},

where for any (z,z) € SP x SP, the set S, . is defined by
Spzi={uesP: (u,z) + 6 (z;u) =0} = {u €SP (u,z) + (6p) (—2; —u) = 0}. (5.12)
Lemma 5.1. Let x € Ap(3,y,w,z) # 0. Then for any (6z,0t) € SP x R and dx € SP,
(8z,0t) = (Mepig) (2 —x,0(2) —1); (62 — 6z, 0t)) <= 0z = (Prg) (2 — x; 0z — dx), 6t = (62, —x).
Proof. By using Lemma 4.2, we have
(62,6t) = (Hepig) (2 — ,0(2) — 1); (02 — b, 0t)) <= —dx € Ng, .(02), 6t = (62, —x).
By noting that for any v € SP, Pry(v) = v + lIp(—v), we know from Lemma 4.2 that
0z = (Prp)'(z — w302 — 0x) = 0z = (02 — 0x) + Ip(x — 2; 6z — dz) <= —0z € Ngx _(dx).

The conclusion of this lemma then follows. O
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The KKT mapping Gp, associated with problem (5.9), for any (s,y,w, (z,t),z,u, (v,()) €
SPx R x W x (SP x R) x SP x SP x (SP x R) is given by

T —u
Az —b
Quw — Ox
Gp(s,y,w,(z,t),x,u,(v,Q)) := (z,1) 4+ (v,¢) . (5.13)

—s—Ay+Qw—z+c
s+ Ilgp (=5 + u)
| )+ apia((2:8) + (0,0)) |

By using Lemmas 4.2, 4.4 and 5.1, we can obtain with no difficulty the following equivalence on

the isolated calmness property of (Gp)~! and (Fp)~!.

Proposition 5.2. Let (5, y,w, (Z,0(2)),z,u, (0, —1)) € SPxR™ x W x (SP x R) x SP x SP x (SP x )
be such that Gp(s,y,w, (Z
Z

Based on the equivalence between problem (5.9) and problem (5.8), as in [52] for the linear
SDP case, we can now introduce the concept of the extended SRCQ for problem (5.8) in the

following definition.

Definition 5.1. Suppose that Ap(Z,u) # 0. We say that the extended SRCQ for the dual
problem (5.8) holds at A(Z,u) with respect to (z,u) if

conv U (Tgi(s) Nzt + Sa—c,z> + AR — QW = §P. (5.14)
(8,y,2,0)EA P (T,0)

Now we can establish the relationship between the second-order sufficient optimality condi-
tion for problem (5.2) and the extended SRCQ for problem (5.8).

Proposition 5.3. Let (z,u) € S xP be an optimal solution to problem (5.2) with Ap(z,w) # 0.
Let W C SP be any linear subspace that contains Range Q. Then the following two conditions

are equivalent:

(1) The second-order sufficient optimality condition for the primal problem (5.2) holds at (Z,u):

sup {(de,dx> + 2<s,dza‘:Td$>} >0, VO0#(dgdy) €C(z,a). (5.15)
(s,y,2,0)EAp(Z,u)
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(ii) The extended SRCQ (5.14) for the dual problem (5.8) holds at Ap(z,u) with respect to

(z,u).

Proof. For notational convenience, denote

I := conv U (Tgi(s) Nzt + S@z) and D:=T+A"R" - OW.
(s,y,2,0)€EAp(Z,u)

“(i) = (ii)” We prove this part by contradiction. Suppose that the extended SRCQ (5.14)
for the dual problem (5.8) does not hold at A(z,u) with respect to (Z,u). Then D # SP. Let
cl(D) denote the closure of D. Since cl(D) # SP (cf. [42, Theorem 6.3]), there exists a point
a € SP but a ¢ cl(D). Let h := [gypy(a) — a. By using the fact that cl(D) is a closed convex

cone in SP, we have

(h,d) >0, Vd ¢ cl(D),

which, together with the assumption Range @ C W, implies that Ah = 0, Qh = 0 and
(h,dy >0, VdeTl. (5.16)

Let (s,y, z,v) be an arbitrary point in Ap(Z,u). Then 0 € s+ Ngp. (z) and 0 € z+ Np(u). Since
T € Ngr (—s), without loss of generality, we can assume that A:=2, B:= —sand C := —s+1T
have the spectral decompositions as in (4.5). Then, by using (5.16), part (i) of Lemma 4.1
(applying to A = Z and B = —s and using Tgr (s) = —Tg (—s)) and part (ii) of Lemma 4.2
(applying to a = z and b = ), we obtain (recall that z = u)

BECSi(E—s), (s,hZ'h)y =0 & heClp(T—2).

Therefore, 0 # (h,h) € C(z,u). Thus, by using the condition (5.15), we know that there exists
(5,9,%,0) € Ap(Z,u) such that

(Qh, h) 4+ 2(5,hz'h) > 0,

which contradicts the proven Qh = 0 and (3, hz'h) = 0. This contradiction shows that this part
holds.

“(ii) = (i)” For the sake of contradiction we suppose that the second-order sufficient
optimality condition (5.15) for the primal problem (5.2) at (z, @) fails to hold. Then there exists
0 # (h,h) € C(z,u) such that

sup {<Qh, h) + 2(s, E@Tm} —0,
(s,y,2,0)EA P (T,u)
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which implies
(Qh,h) =0 and (s,hZ'h) =0, V(s,y,2v) € Ap(Z,a).

Let (s,y, z,v) be an arbitrary point in Ap(Z, u). By using the fact that 0 € s+ Nsr (z) if and only
if Z € Ngr (—s), without loss of generality, we can assume A =z, B = —s and C = —s+ 7 have

the spectral decompositions as in (4.5). Then, from (s, hz'h) = 0 we know that PThP, = 0.

Since the extended SRCQ (5.14) is assumed to hold, there exist y € R™, w € W and deT
such that —h = d + A*g — Q. By Carathéodory’s theorem, there exist a positive integer

E<plp+1)/2+1,scalars u; > 0,i=1,...,k, with g1 + po + ...+ pr = 1, and points

70 — 1 s
d' e U (TSi(s)ﬂx —1—55;73), it=1,...,k
(8,y,2,0)EA P (T,1)

~

such that d = ,ulcfl + ,ugaf2 + ...+ ,ukc?k. For each di, there exist (s, yt, 24, v8) € Ap(z,u),

di e Tsn (s) Nzt and d € Sz, such that d* = di + db. Then, by using Qh = 0, PThP, = 0,

(h,h) € C(z,u), Tgi(s) = —Tgr (—s), part (i) of Lemma 4.1 and part (ii) of Lemma 4.2, we have
(h,h) = (=d — A*j + Qui,h) = (—d, h) = Zuz h) < 0.

This contradiction shows that this part is also true. O

If Ap(Z,u) is a singleton, we have the following corollary.

Corollary 5.1. Let (z,u) € S%. x P be an optimal solution to problem (5.2). If Ap(Z,u) =

{(5,9,2,0)}, then the following two conditions are equivalent:

(1) The second-order sufficient optimality condition for the primal problem (5.2) holds at (Z,u):

(Qdy,dy) + 2(5,d,7'dy) >0, Y0 # (dg,dy) € C(Z, 7). (5.17)

(ii) The SRCQ for the dual problem (5.8) holds at (8,9, Z,v) with respect to (z,u):
Ty (5) N Tt 4 Spz 4+ AR — QW = SP. (5.18)
In the next proposition, we shall establish an analogous result to Proposition 5.3 between

the second order sufficient optimization condition for the dual problem (5.8) with WW = Range Q
and the extended SRCQ condition for the primal problem (5.2).

Proposition 5.4. Let W = Range Q and (5, y,w, z) € SPXR™ XWX SP be an optimal solution to
the dual problem (5.8) with Ap(8,y,w,z) # 0. Then the following two conditions are equivalent:
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(i) The second-order sufficient optimality condition for the dual problem (5.8) holds at (8, y,w, Z) :

sup {(de,dw> " 2<x,d85Td5>} >0, Y0 # (ds, dy, du, d.) € C(5,5,,2), (5.19)

zE€AD(5,5,1,%)
where C(5,y,w,Z) is the critical cone consisting of all the vectors (ds,dy, dy,d;) € SP x

xR x W x SP such that

ds + A*dy — Qdy +d: =0, ds €Ty (5) Nt & d. € Sy,

(ii) The extended SRCQ for the primal problem (5.2) holds at Ap(S,y,w,Zz) with respect to
(5.9, w, %) :

A _1 =1 m

conv Tgr (r)Ns -+ {0} x (Tp(:n) Nz ) =R™ x SP. (5.20)
z€Ap(5,0,5,%)
Proof. Let
A _ _
I := conv U << 7 ) Tgi(x)ﬂsl—k{O} X (Tp(m)ﬁzJ_>>
2E€AD(5,5,0,%)

“(i) = (ii)” Suppose that (5.20) does not hold. Then, by using the similar arguments as
in the first part of the proof for Proposition 5.3, we know that there exists 0 # h = (hy, h) €
R™ x SP such that

(h,d) >0, VdeT,

which implies that for any x € Ap(s,y,w, 2),
*

A*hy + hy € (TS’i (z) N gi)* & ho € (Tp(:c) mzi) . (5.21)

Let x € Ap(S,y,w, Z) be fixed but arbitrarily chosen. Then 0 € z+Ngp. (5) and 0 € 4060(Z).
Since 0 € x + Ngi(g) if and only if 2 € Ng (—s), we can assume that A := z, B := —5 and
C' := —5 + x have the spectral decompositions as in (4.5). Then we know from (5.21), part (i)
of Lemma 4.1 and part (ii) of Lemma 4.2 that

Py (A*hy+h2) Py =0, A*hi+hy € —(Cor (=5 +x)) = T (5) N zt & hy €S,
Let dg = —(A*hy + h), dpy =0 € W, dy = hi and d, = hs. Then we have
0 # (ds,dy, dy,d,) € C(5,5,w,2) & (x,ds5'ds) =0,
which contradicts (5.19). This completes the proof of (i) = (ii).
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“(ii) = (i)” For the sake of contradiction suppose that the second-order sufficient optimality
condition (5.19) for the dual problem (5.8) at (5,w,y,Z) does not hold. Then there exists
0 # (ds, dy,dw,d.) € C(5,y,w, Z) such that

sup {(de,dw> + 2(z, dSETds>} =0,

$€AD (gvngvi)

which implies

(Qdy,dy) =0 & (x,d5'd) =0, VYaeAp(s§,v,%).

By using the fact that d,, € Range Q, we know that d,, = 0. Then, by mimicking the proof for
the second part of Proposition 5.3, we can show that d; = 0, dy, = 0 and d. = 0 and reach a

contradiction to complete the proof of this part. The details are omitted here. O

If Ap(8,w,y,Zz) happens to be a singleton, we have the following corollary.

Corollary 5.2. Let YW = Range Q and (5,

y,w,z) € SE x W x R™ x St be an optimal solution
to the dual problem (5.8) with Ap(s,y,w,z) = {x}. Then the following two conditions are

equivalent:
(i) The second-order sufficient optimality condition for the dual problem (5.8) holds at (5,9, w, Z) :
(Qdy, duy) + 2(Z, ds5'ds) > 0, VO # (ds, dy, dw, dz) € C(5, 7,0, ). (5.22)

(ii) The SRCQ for the primal problem (5.2) holds at T with respect to (5,y,w, Z) :

< “; ) Ty () N5+ + {0} x (Tp(ij) N zi) — R x SP, (5.23)

the following statements are equivalent to each other:

(1) The second order sufficient optimality condition (5.17) for the primal problem (5.2) holds
at (Z,u) and the second order sufficient optimality condition (5.22) for the dual problem
(5.8) holds at (8,9, w,Z).
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(ii) The SRCQ condition (5.23) for the primal problem (5.2) holds at T with respect to (8, y,w, )
and the SRCQ condition (5.18) for the dual problem (5.8) holds at (8,y,z,v) with respect

to (z,1u).

(iv) (Gp)~! is isolated calm at the origin with respect to (5,7, w, (2,0(2)),, 4, (—Z, —1)).

(v) (Fp)~! is isolated calm at the origin with respect to (Z,1, 7, Z).

(vii) The second order sufficient optimality condition (5.17) for the primal problem (5.2) holds
at (Z,u) and the SRCQ condition (5.23) for the primal problem (5.2) holds at T with

respect to (8,7, W, Z).

(viii) The second order sufficient optimality condition (5.22) for the dual problem (5.8) holds
at (8,y,w,z) and the SRCQ condition (5.18) for the dual problem (5.8) holds at (5, y,w, Z)

with respect to (T, ).

Proof. By using the fact that the conditions in either (i) or (ii) or (vii) or (viii) imply that
Ap(z,u) ={(5,9,%2,0)} and Ap(5,y,w,z) = {Z}, we obtain from Corollaries 5.1 and 5.2 that

(i) <= (ii) <= (vii) <= (viii).

By using Lemma 4.2 and the assumption that VW = Range Q, we can obtain (v)<= (vi) (refer
to the proof of Lemma 5.1). Thus, by further using Propositions 5.1 and 5.2, we have that the
statements (iii)-(vi) are all equivalent to each other. Finally, by noting from Corollary 4.1 that

(iii) <= (vii), we complete the proof. O

Recall that in Theorem 3.2 for the linear convergence rate of the sSPADMM, we need As-
sumption 3.1. This assumption holds for problem (5.2) and its dual (5.8) if any one of the eight
statements in Theorem 5.1 is satisfied. Although Theorem 5.1 is only developed for convex com-
posite quadratic SDP, it is possible to extend it to other convex conic optimization problems
with the positive semi-definite cone being replaced by some other non-polyhedral but nice cones
such as the second order cone or any finite Cartesian product of the second order cones and the

positive semi-definite cones.
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6 Conclusions

In this paper, we have provided a roadmap for the linear rate convergence of the sPADMM
for solving linearly constrained convex composite optimization problems. One significant fea-
ture of our approach relies on neither the strong convexity nor the strict complementarity. Our
linear rate convergence analysis for the convex composite quadratic programming is quite com-
plete while significant progress in convex nonlinear semi-definite programming, in particular in
convex composite quadratic semi-definite programming, has been achieved. Perhaps, the most
important issue left unanswered is to provide error bound results under weaker conditions for
(convex) composite optimization problems with non-polyhedral cone constraints. Another im-
portant issue is to develop similar results for the inexact version of the sSPADMM, which is often
more useful in practice. However, given the recent progress made on the inexact symmetric
Gauss-Seidel based sPADMM in [10], it does not seem to be difficult to extend our analysis to
the inexact sSPADMM.
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