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We consider a single-server scheduling problem given a fixed sequence of appointment arrivals with random

no-shows and service durations. The probability distribution of the uncertain parameters is assumed to be

ambiguous and only the support and first moments are known. We formulate a class of distributionally

robust (DR) optimization models that incorporate the worst-case expectation/conditional Value-at-Risk

(CVaR) penalty cost of appointment waiting, server idleness, and overtime as the objective or constraints.

Our models flexibly adapt to different prior beliefs of no-show uncertainty. We obtain exact mixed-integer

nonlinear programming reformulations, and derive valid inequalities to strengthen the reformulations that are

solved by decomposition algorithms. In particular, we derive convex hulls for special cases of no-show beliefs,

yielding polynomial-sized linear programming models for the least and the most conservative supports of no

shows. We test various instances to demonstrate the computational efficacy of our approaches, the results

and solution performance of various DR models given perfect or ambiguous distributional information.

Key words : appointment scheduling; no-show uncertainty; distributionally robust optimization;

mixed-integer programming; valid inequalities; totally unimodularity; convex hulls

1. Introduction

We consider an appointment scheduling problem that involves a single server and a set of appoint-

ments following a fixed order of arrivals. A system operator needs to schedule an arrival time for

each appointment with random no-shows and service duration. This problem is fundamental for

establishing service quality and operational efficiency in many service systems, and has been stud-

ied in the context of surgery planning in hospitals (see, e.g., Denton and Gupta 2003), call-center

staffing (see, e.g., Gurvich et al. 2010), and cloud computing server operations (see, e.g., Shen and

Wang 2014). Random no-shows are observed and analyzed in outpatient appointment scheduling
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(e.g., Lee et al. 2005, Berg et al. 2014), which may cause equipment and personnel idleness and

losses of opportunities of serving other appointments. A common goal is to minimize the expected

cost associated with appointment waiting time, server idle time, and overtime if the distributional

information is fully accessible. In Section 1.1, we provide an extensive review of the literature on

variants of stochastic appointment scheduling under specific objectives, metrics, and applications.

In reality, it is challenging to accurately estimate the probability distribution of no-shows and

service durations. The data of no-shows could be limited because of low probability of occurrence

and the heterogeneity of appointments. In view of a wide range of plausible substitutes (e.g.,

Log-Normal, Normal, and Uniform) for modeling the service-time uncertainty, one could easily

misspecify its distribution. Then with ambiguous estimates of no-show and service-duration distri-

butions, we could schedule unnecessarily long (respectively, short) time in between appointments,

resulting in significant server idleness (respectively, appointment waiting or server overtime). To

address the distributional ambiguity issue, Kong et al. (2013) propose a distributionally robust

(DR) model using a cross-moment ambiguity set that consists of all distributions with common

mean and covariance of the random service durations. They obtain a copositive cone programming

reformulation and solve a semidefinite program to approximate the optimal results. The most rel-

evant to this paper, Mak et al. (2015) study a DR model using a marginal-moment ambiguity set

of the random service durations. They obtain tractable reformulations by successfully solving a

nonconvex optimization problem based on a binary encoding of its feasible region.

In this paper, we generalize the DR appointment scheduling model in Mak et al. (2015) by incor-

porating heterogeneous no-shows and their distributional ambiguity. We aim to produce appoint-

ment schedules with good out-of-sample performance, even only given a few historical data. To

the best of our knowledge, this paper is the first to consider both discrete (no-shows) and contin-

uous (service durations) randomness for DR appointment scheduling. This generalization results

in a challenging mixed-integer nonlinear program (MINLP), to which the approach by Mak et al.

(2015) fails to solve. The main contribution of the paper is to derive effective integer programming

approaches for solving the generalized DR model, including valid inequalities that effectively accel-

erate the computation of the MINLP (see our computational studies in Section 5). We also show

that these valid inequalities recover the convex hulls for two important special cases, leading to

polynomial-sized linear programming (LP) reformulations that are computationally tractable and

can be implemented in desktop solvers to benefit practitioners.

1.1. Literature Review

The studies of stochastic appointment scheduling (see, e.g., Gupta and Denton 2008, Erdogan and

Denton 2013, Berg et al. 2014) often assume uncertain service durations following known distri-

butions. Denton and Gupta (2003) formulate a two-stage stochastic LP model for appointment
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scheduling and demonstrate that the optimal time intervals allocated in between appointments

form a “dome shape” if the unit idleness costs are high relative to the unit waiting costs. Mittal

et al. (2014), Begen and Queyranne (2011), Begen et al. (2012), and Ge et al. (2013) develop approx-

imation algorithms for deriving near-optimal solutions to various stochastic or robust appointment

scheduling problems. Pinedo (2012) provides a comprehensive survey of various scheduling prob-

lems including their models, theories, and applications.

Ho and Lau (1992) are among the first to take into account no-show uncertainty in scheduling

problems. They propose a heuristic approach to double book the first two arrivals and subsequently

schedule the remaining appointments. Erdogan and Denton (2013) incorporate no-shows into a

stochastic LP model by Denton and Gupta (2003), and also discuss a stochastic dynamic pro-

gramming variant of the problem. Cayirli and Veral (2003), Hassin and Mendel (2008), Liu et al.

(2010), Robinson and Chen (2010) demonstrate the impact of no-shows on static and dynamic

appointment scheduling, and discuss general policies to mitigate negative effects such as system

idleness. A number of heuristic policies and approximation algorithms have been proposed to sched-

ule appointments under uncertain no-shows (see, e.g., Muthuraman and Lawley 2008, Zeng et al.

2010, Cayirli et al. 2012, Lin et al. 2011, Luo et al. 2012, LaGanga and Lawrence 2012, Zacharias

and Pinedo 2014, Parizi and Ghate 2015, Kong et al. 2016). To our best knowledge, no papers have

handled no-shows in a DR framework, which could lead to intractable models due to the discrete

nature of 0-1 no-shows (see our computational studies later in Section 5.)

In this paper, we assume a fixed sequence of appointment arrivals. We refer to Denton et al.

(2007), Gupta and Denton (2008), Mak et al. (2015), Mancilla (2009), Mak et al. (2014), He

et al. (2015) for studies that also involve sequencing decisions, and Denton et al. (2010), Gurvich

et al. (2010), Shylo et al. (2012) for studies that optimize server allocation under random service

durations. For generic DR optimization using moment-based ambiguity sets, we refer to Scarf et al.

(1958), Bertsimas and Popescu (2005), Bertsimas et al. (2010), Delage and Ye (2010).

1.2. Contributions of the Paper

We summarize the main contributions of this paper as follows.

1. Depending on system operators’ risk preferences, we formulate DR models that incorporate the

worst-case expected/conditional value-at-risk (CVaR) of waiting, idleness, and overtime costs as

objective or constraints. Meanwhile, the DR models can flexibly adapt to different prior beliefs

of the maximum number of consecutive no-shows, covering from the least conservative case (i.e.,

no consecutive no-shows) to the most conservative case (i.e., arbitrary no-shows).

2. We develop effective solution approaches for each DR model. The exact reformulations of the

DR models result in mixed-integer trilinear programs. We linearize and derive valid inequalities
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to strengthen the reformulations, which can significantly reduce computational time of solving

various instances by using decomposition algorithms. For special no-show beliefs, our derivation

leads to polynomial-sized LP reformulations that can readily be implemented in LP solvers.

3. We test diverse instances to show the computational efficacy and demonstrate the performance

of DR models under various uncertainties and levels of conservativeness. We provide guidelines

for choosing appropriate DR models and no-show beliefs, depending on historical no-show rates,

computation budget, and targeted tradeoffs between quality of service and operational cost.

1.3. Structure of the Paper

The remainder of the paper is organized as follows. Section 2 formulates the DR expectation/CVaR

models, and their variants based on different risk preferences. In Section 3, we derive an MINLP

of the DR expectation model, as well as valid inequalities for accelerating a generic cutting-plane

algorithm. In Section 4, we derive polynomial-sized LP reformulations for special cases of no-show

beliefs. In Section 5, we test various instances to demonstrate the computational efficacy and

solution performance of different DR models. Section 6 summarizes the paper and provides future

research directions. In the e-companion (EC), we describe models and approaches for problems

under a general waiting-time cost and a DR CVaR setting, respectively. We present all the proofs,

as well as optimal solution patterns of different models.

Notation: The convex hull of a set X is denoted by conv(X). The abbreviation “w.l.o.g.” repre-

sents “without loss of generality.” We follow the convention that
∑j

k=i ak = 0 if i > j.

2. Formulations of DR Appointment Scheduling

We consider n appointments arriving at a single server following a fixed order of arrivals given

as 1, . . . , n. Each appointment i has a random service duration si. We interpret the possibility

of random no-show for appointment i by a 0-1 Bernoulli random variable qi such that qi = 1 if

appointee i shows up, and qi = 0 otherwise. The goal is to optimize the decision of scheduling an

arrival time for each appointment, or equivalently, assigning time intervals between appointments

i and i+ 1 for all i= 1, . . . , n− 1.

2.1. Modeling Waiting, Idleness, and Overtime under Uncertainty

Let variable xi represent the scheduled time interval between appointments i and i + 1, ∀i =

1, . . . , n− 1. Under random no-shows and service durations, one or multiple of the following three

scenarios can happen: (i) an appointment cannot start on time due to overtime operations of

previous appointments, (ii) the server is idle and waiting for the next appointment due to an

early finish or no-shows of previous appointments, and (iii) the server cannot finish serving all
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appointments within a given time limit, denoted by T . For all i= 1, . . . , n, let variable wi represent

the waiting time of appointment i, and variable ui represent the server idle time after finishing

appointment i. Also, let variable W represent the server’s overtime beyond the fixed time limit T

to finish all n appointments. The feasible region of decision x is defined as

X =

{
x : xi ≥ 0, ∀i= 1, . . . , n,

n∑
i=1

xi = T

}
, (1)

to ensure that we assign nonnegative time in between all consecutive appointments, and appoint-

ment n is scheduled to arrive before the end of the service horizon T . The dummy variable xn ≥ 0

represents T −
∑n−1

i=1 xi, i.e., the time from the scheduled start of the last appointment to the server

time limit.

Given decision x ∈X and a realization of uncertain parameters (q, s), the appointment waiting

time w= [w1, . . . ,wn]T and server idleness u= [u1, . . . , un]T are given by

wi = max{0, qi−1si−1 +wi−1−xi−1}, and ui−1 = max{0, xi−1− qi−1si−1−wi−1}, ∀i= 2, . . . , n. (2)

We denote nonnegative parameters cwi , cui , and co as unit penalty costs of waiting, idleness of

appointment i, and server overtime, respectively, which satisfy cui+1−cui ≤ cwi+1 for all i= 1, . . . , n−1.

This assumption is standard (see Denton and Gupta (2003), Ge et al. (2013), Kong et al. (2013),

Mak et al. (2015)). In fact, if this assumption does not hold and cui+1 > cui + cwi+1 for some i, then

the system operator would rather enforce idleness even if appointment i+1 has arrived and keep it

waiting, which is not realistic due to practical concerns. Under this assumption, we can formulate

a linear program to compute the total cost of waiting, idleness, and overtime for given x, q, s:

Q(x, q, s) := min
w,u,W

n∑
i=1

(cwi wi + cui ui) + coW (3a)

s.t. wi−ui−1 = qi−1si−1 +wi−1−xi−1 ∀i= 2, . . . , n (3b)

W −un = qnsn +wn−xn (3c)

wi ≥ 0, w1 = 0, ui ≥ 0, W ≥ 0, ∀i= 1, . . . , n. (3d)

The objective function (3a) minimizes a linear cost function of the waiting, idleness, and overtime.

Constraints (3b) yield either the waiting time of appointment i or the server’s idle time after

finishing appointment i− 1, both of which will have the same solutions values as given by (2) (see

Proposition 1 in Ge et al. (2013)). Similarly, constraint (3c) yields either the over time W or the

idle time un. Since appointment 1 always arrives at time 0, we have w1 = 0 and all the waiting,

idleness, and overtime variables are nonnegative according to constraints (3d).

In (3), note that the waiting time costs cwi wi are modeled from the perspective of servers (e.g.,

operating rooms). In particular, we assume that appointment no-shows take place after the server
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has been set up for serving the appointments. Hence, the waiting time costs stem from equipment

and personnel idleness, as well as from the losses of opportunities of serving other appointments,

and they are incurred regardless whether the appointments show up. From the perspective of

appointments, the waiting time costs should be modeled as cwi wiqi, i.e., the waiting time costs

are waived if an appointment does not show up. In this paper, we focus on the DR models and

solution methods for the former case, i.e., server-based waiting time costs. In EC.1, we elaborate

how our DR approaches can adapt for a more general setting that incorporates both server-based

and appointment-based waiting time costs.

2.2. Supports and Ambiguity Set

The classical stochastic appointment scheduling approaches seek an optimal x∈X to minimize the

expectation of random cost Q(x, q, s) subject to uncertainty (q, s) with a known joint probability

distribution denoted as Pq,s. We assume that Pq,s is only known belonging to an ambiguity set

F(D,µ,ν) that is determined by the support D of (q, s) and the mean values µ = [µ1, . . . , µn]T

and ν = [ν1, . . . , νn]T, where µi represents the mean E[si], and νi represents the average show-up

probability E[qi] of appointment i for each i= 1, . . . , n. We consider support D=Dq×Ds where Dq

is the support of random no-show parameter q and Ds is the support of random service duration

parameter s. We assume upper and lower bounds of the duration of each appointment i and

accordingly

Ds := {s≥ 0 : sLi ≤ si ≤ sUi , ∀i= 1, . . . , n} .

The full support Dq = {q : q ∈ {0,1}n} contains all no-show scenarios. However, it often leads

to over-conservative schedules. In this paper, we parameterize the no-show support by an integer

K ∈ {2, . . . , n + 1} such that Dq = D(K)
q rules out consecutive no-shows in any K consecutive

appointments. Accordingly,

D(K)
q :=

{
q ∈ {0,1}n :

i+K−1∑
j=i

qj ≥ 1, ∀i= 1, . . . , n−K + 1

}
.

Note that (i) when K = 2, D(2)
q rules out all consecutive no-shows, and (ii) when K = n+ 1, we

have D(n+1)
q = {0,1}n = Dq as the full support. Also, the parameterized supports D(2)

q ⊂ D(3)
q ⊂

· · · ⊂D(n+1)
q form a spectrum of conservativeness levels, with D(2)

q being the least conservative and

D(n+1)
q being the most general/conservative. In practice, the system operator has the flexibility to

select parameter K according to her targeted conservativeness, regardless whether the ruled-out

realizations may still occur. The conservativeness refers to the trade-off between optimality and

robustness (see, e.g., Ben-Tal and Nemirovski 2000, Bertsimas and Sim 2004). If we select K =

n+ 1, then support D(n+1)
q ≡ {0,1}n contains all possible no-show scenarios and so is most robust.
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Meanwhile, Dq =D(n+1)
q leads to the largest value of supPq,s∈F(D,µ,ν)EPq,s [Q(x, q, s)] among all K ∈

{2, . . . , n+1}. In this sense, D(n+1)
q is the most conservative. On the contrary, D(2)

q is the least con-

servative because it leads to the smallest values of P{q ∈D(K)
q } and supPq,s∈F(D,µ,ν)EPq,s [Q(x, q, s)]

among all K ∈ {2, . . . , n+ 1}.
Although D(K)

q with K 6= n+1 does not contain all possible no-shows, we can select a value of K

such that P{q ∈D(K)
q } exceeds a sufficiently high probability. In Section 2.4, we provide a practical

and rigorous guideline for how to select the value of K. More importantly, D(K)
q can lead to better

out-of-sample performance. For example, the DR schedules given by D(2)
q outperform those using

the full support in the out-of-sample simulations, in which arbitrary consecutive no-shows may still

happen (see Section 5.4).

We specify the ambiguity set F(D,µ,ν) as

F(D,µ,ν) :=

Pq,s ≥ 0 :

∫
Dq×Ds

dPq,s = 1∫
Dq×Ds

si dPq,s = µi ∀i= 1, . . . , n∫
Dq×Ds

qi dPq,s = νi ∀i= 1, . . . , n

 , (4)

where Pq,s matches the mean values of service durations and no-shows. The ambiguity set F(D,µ,ν)

does not incorporate higher moments (e.g., variance and correlations) of service time and no-

shows for several reasons. First, with a small amount of data, it is often unclear whether/how the

service time and no-shows are correlated. Second, the introduction of higher moments undermines

the computational tractability of the DR models, which can be achieved by using F(D,µ,ν) and

the solution algorithm derived later. Finally, as we find in the computational study (in Section

5), the DR models based on F(D,µ,ν) already provide near-optimal results, and the benefit of

incorporating higher moments is not significant in our case.

2.3. DR Models with Different Risk Measures

We consider DR appointment scheduling models that impose a min-max DR objective and/or DR

constraints. Specifically, given x∈X, we consider a risk measure %(Q(x, q, s)) of Q(x, q, s) where

(i) a risk-neutral system operator sets %(Q(x, q, s)) =EPq,s [Q(x, q, s)], i.e., the expected total cost

of waiting, idleness, and overtime;

(ii) a risk-averse system operator sets %(Q(x, q, s)) = CVaR1−ε (Q(x, q, s)), i.e., the CVaR of the

total cost with 1− ε∈ (0,1) confidence.

Then, the DR models impose a generic min-max DR objective in the form

min
x∈X

sup
Pq,s∈F(D,µ,ν)

%(Q(x, q, s)), (5a)

and/or generic DR constraints in the form

sup
Pq,s∈F(D,µ,ν)

%(Q(x, q, s))≤Q. (5b)
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where Q∈R represents a bounding threshold for the risk measure from above. Both DR objective

(5a) and constraints (5b) protect the risk measure by hedging against all probability distribu-

tions in F(D,µ,ν). A DR model can impose either or both of DR objective (5a) and constraints

(5b), and can use either expectation or CVaR as risk measures in (5a)–(5b), i.e., %(Q(x, q, s)) =

EPq,s [Q(x, q, s)] or %(Q(x, q, s)) = CVaR1−ε (Q(x, q, s)). Furthermore, the system operator can tune

the cost parameters cwi , cui , and co to let Q(x, q, s) represent different consequences (e.g., perfor-

mance metric, quality of service, resource opportunity cost, etc.) associated with waiting, idleness,

and overtime in (5a)–(5b). For example, by setting co = 1 and cui = cwi = 0 for all i, we use

sup
Pq,s∈F(D,µ,ν)

CVaR1−ε (Q(x, q, s))≤Q (6)

to constrain the CVaR of overtime W below threshold Q. The CVaR constraints provide a safe

guarantee on the performance metrics with high probabilities. For this particular cost parameter

setting, constraint (6) guarantees that infPq,s∈F(D,µ,ν) Pq,s
{
W ≤Q

}
≥ 1− ε, i.e., the overtime W

is controlled under threshold Q with the smallest possible probability being no less than 1− ε.

This provides the service team with an appropriate “end-of-the-day” guarantee (see, e.g., Shylo

et al. 2012, Wang et al. 2014, Zhang et al. 2015). For presentation brevity, we have relegated the

discussions on the CVaR-based model to EC.2.

2.4. Guideline of Selecting Parameter K

In practice, a system operator may evaluate the probability of the random variables q= (q1, . . . , qn)

belonging to D(K)
q , i.e., P(q ∈D(K)

q ). Then, she can select a value of K such that P(q ∈D(K)
q ) exceeds

a given threshold such as 90%. To this end, she can gradually increase K from 2 until P(q ∈D(K)
q )

exceeds the threshold for the first time.

Observation 1. P(q ∈ D(K)
q ) = 1 if K > n. If 2 ≤ K ≤ n and the components of q are jointly

independent, then P(q ∈D(K)
q ) = 1− [Qn]1,m(K)+1, where m(i) := 1

2
i(2n−i+3) for i= 0, . . . ,K and Q

represents a (m(K)+1)×(m(K)+1) matrix such that (i) Qm(i)+j,i+j+1 = νi+j for all i= 0, . . . ,K−1

and j = 1, . . . , n− i, (ii) Qm(i)+j,m(i+1)+j = 1− νi+j for all i= 0, . . . ,K − 2 and j = 1, . . . , n− i, (iii)

Qm(K−1)+j,m(K)+1 = 1−νK−1+j for all j = 1, . . . , n−K+1, and (iv) Qm(K)+1,m(K)+1 =Qm(i),m(i) = 1

for all i= 1, . . . ,K.

Proof of Observation 1 If K > n, it is clear that we cannot have K consecutive no-shows and

so P(q ∈D(K)
q ) = 1. If 2≤K ≤ n, we construct a Markov chain with m(K) + 1 states, where state

m(i)+ j represents i consecutive no-shows in the first i+ j−1 appointments for all i= 0, . . . ,K−1

and j = 1, . . . , n − i + 1, and state m(K) + 1 represents that K consecutive no-shows happen.

By construction, matrix Q is the one-step transition matrix of this Markov chain, where states
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m(K) + 1 and m(i) for all i= 1, . . . ,K are absorbing. Thus, [Qn]1,m(K)+1, representing component

(1,m(K) + 1) of matrix Qn, equals to the probability of having K consecutive no-shows in the n

appointments. �

Using Observation 1, the selection of K can be conveniently done in a spreadsheet. In Figure 1,

we display an example of P(q ∈D(K)
q ) with n = 10, K = 1, . . . ,11, and νi = 0.1, . . . , or 0.9 for all

i= 1, . . . ,10. We observe that K = 2 is sufficient for P(q ∈D(K)
q )≥ 90% when νi ≤ 0.1, i.e., when

the no-show probability for each appointment is no greater than 0.1. This observation motivates

us to select Dq =D(2)
q for scheduling appointments with low no-show probabilities.
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Figure 1 An example of P(q ∈D(K)
q ) for n= 10 appointments

Next, we develop reformulations and solution methods. For presentation brevity, we only analyze

DR expectation models in Sections 3 and 4. We present the results of DR CVaR models in EC.2.

All the proofs are organized in EC.3 (for DR expectation models) and EC.4 (for DR CVaR models).

3. Cutting-Plane Approach and Valid Inequalities for DR Expectation Models

We analyze the DR expectation models by specifying a generic objective form (5a) as

min
x∈X

sup
Pq,s∈F(D,µ,ν)

EPq,s [Q(x, q, s)] , (7)

which minimizes the worst-case expected cost of waiting, idleness, and overtime. We first consider

the inner maximization problem supPq,s∈F(D,µ,ν) EPq,s [Q(x, q, s)] for a fixed x∈X, where Pq,s is the

decision variable. It can be detailed as a linear functional optimization problem

max
Pq,s≥0

∫
Dq×Ds

Q(x, q, s)dPq,s (8a)

s.t.

∫
Dq×Ds

si dPq,s = µi ∀i= 1, . . . , n (8b)∫
Dq×Ds

qi dPq,s = νi ∀i= 1, . . . , n (8c)
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Dq×Ds
dPq,s = 1, (8d)

where Dq = D(K)
q for some K ∈ {2, . . . , n+ 1}. Letting ρi, γi, and θ be dual variables associated

with constraints (8b), (8c), and (8d), respectively, we present problem (8) in its dual form as

min
ρ∈Rn,γ∈Rn,θ∈R

n∑
i=1

µiρi +
n∑
i=1

νiγi + θ (9a)

s.t.
n∑
i=1

siρi +
n∑
i=1

qiγi + θ≥Q(x, q, s) ∀(q, s)∈Dq ×Ds. (9b)

Here ρ= [ρ1, . . . , ρn]T, γ = [γ1, . . . , γn]T, and θ are unrestricted, and (9b) are associated with primal

variables Pq,s, ∀(q, s) ∈Dq ×Ds. Under the standard assumptions that µi belongs to the interior

of set {
∫
Dq×Ds

si dQq,s :Qq,s is a probability distribution over Dq×Ds}, and that νi belongs to the

interior of set {
∫
Dq×Ds

qi dQq,s : Qq,s is a probability distribution over Dq ×Ds} for each appoint-

ment i, strong duality holds between (8) and (9). Furthermore, for a fixed (ρ, γ, θ), constraints (9b)

are equivalent to θ ≥max(q,s)∈Dq×Ds {Q(x, q, s)−
∑n

i=1(ρisi + γqi)} . Thus, due to the objective of

minimizing θ, the dual formulation (9) is equivalent to

min
ρ∈Rn,γ∈Rn

{
n∑
i=1

µiρi +
n∑
i=1

νiγi + max
(q,s)∈Dq×Ds

{
Q(x, q, s)−

n∑
i=1

(ρisi + γiqi)

}}
. (10)

3.1. MINLP Reformulation and a Generic Cutting-Plane Approach

Note that Q(x, q, s) is a minimization problem and thus in (10) we have an inner max-min problem.

We next analyze the structure of Q(x, q, s) for given solution x and realized value of (q, s). We

formulate Q(x, q, s) in (3) in its dual form as

Q(x, q, s) = max
y

n∑
i=1

(qisi−xi)yi (11a)

s.t. yi−1− yi ≤ cwi ∀i= 2, . . . , n (11b)

−yi ≤ cui ∀i= 1, . . . , n (11c)

yn ≤ co, (11d)

where variable yi−1 represents the dual associated with each constraint i in (3b) for all i= 2, . . . , n,

and variable yn represents the dual of constraint (3c). Constraints (11b), (11c), (11d) are related to

primal variables wi, i= 2, . . . , n, ui, i= 1, . . . , n, and W in (3), respectively. Therefore, formulation

(10) is equivalent to

min
ρ,γ

{
n∑
i=1

µiρi +
n∑
i=1

νiγi + max
(q,s)∈Dq×Ds

{
Q(x, q, s)−

n∑
i=1

(ρisi + γiqi)

}}
(12a)
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= min
ρ,γ

{
n∑
i=1

µiρi +
n∑
i=1

νiγi + max
y∈Y

h(x, y, ρ, γ)

}
, (12b)

where Y represents the feasible region of variable y in (11) given by (11b)–(11d), and

h(x, y, ρ, γ) := max
(q,s)∈Dq×Ds

{
n∑
i=1

(qisi−xi)yi−
n∑
i=1

(ρisi + γiqi)

}
. (12c)

The derivation of h(x, y, ρ, γ) follows that we can interchange the order of max(q,s)∈Dq×Ds and

maxy∈Y in (12a). Combining the inner problem in the form of (12b) with the outer minimization

problem in (7), we derive a reformulation of the DR expectation model (7) as:

min
x∈X,ρ,γ,δ

n∑
i=1

µiρi +
n∑
i=1

νiγi + δ (13a)

s.t. δ ≥ max
y∈Y

h(x, y, ρ, γ)≡ max
y∈Y,(q,s)∈Dq×Ds

{
n∑
i=1

(qisi−xi)yi−
n∑
i=1

(ρisi + γiqi)

}
. (13b)

Next, we analyze structural properties of maxy∈Y h(x, y, ρ, γ) as a function of variables x, ρ, and γ.

Lemma 1. For any fixed variables x, ρ, and γ, maxy∈Y h(x, y, ρ, γ)<+∞. Furthermore, function

maxy∈Y h(x, y, ρ, γ) is convex and piecewise linear in x, ρ, and γ with a finite number of pieces.

We refer to EC.3.1 for a detailed proof. Lemma 1 indicates that constraint (13b) essentially

describes the epigraph of a convex and piecewise linear function of decision variables in model

(13). This observation facilitates us applying a separation-based decomposition algorithm to solve

formulation (13) (or equivalently, the DR expectation model (7)), presented in Algorithm 1. This

algorithm is finite because we identify a new piece of the function maxy∈Y h(x, y, ρ, γ) each time

when the set {L(x,ρ, γ, δ) ≥ 0} is augmented in Step 7, and the function has a finite number of

pieces according to Lemma 1.

The main difficulty of the above decomposition algorithm lies in solving the separation problem

(14). In general, this problem is a mixed-integer trilinear program because of the integrality restric-

tions on variables qi and the trilinear terms qisiyi in the objective function. This creates obstacles

for optimally solving the separation problem if presented in its current form. In Section 3.2, we

linearize and reformulate the separation problem (14) as a mixed-integer linear program (MILP)

that can readily be solved by optimization solvers. Moreover, we will derive valid inequalities to

strengthen this MILP, and test their computational efficiency later.

3.2. MILP Reformulation of the Separation Problem and Valid Inequalities

Our approach is inspired by Mak et al. (2015), where the authors point out that an optimal solution

y∗ to a similar separation problem but not involving no-shows, exists at an extreme point of



Jiang, Shen, and Zhang: Integer Programming for Distributionally Robust Appointment Scheduling
12 Article submitted; manuscript no. (Please, provide the manuscript number!)

Algorithm 1 A decomposition algorithm for solving DR expectation model (7).

1: Input: feasible regions X, Y , and Dq ×Ds; set of cuts {L(x,ρ, γ, δ)≥ 0}= ∅.

2: Solve the master problem

min
x∈X,ρ,γ,δ

n∑
i=1

µiρi +

n∑
i=1

νiγi + δ

s.t. L(x,ρ, γ, δ)≥ 0

and record an optimal solution (x∗, ρ∗, γ∗, δ∗).

3: With (x,ρ, γ) fixed to be (x∗, ρ∗, γ∗), solve the separation problem

max
y∈Y

h(x, y, ρ, γ) ≡ max
y∈Y,(q,s)∈Dq×Ds

{
n∑
i=1

(qisi−xi)yi−
n∑
i=1

(ρisi + γiqi)

}
(14)

and record an optimal solution (y∗, q∗, s∗).

4: if δ∗ ≥
∑n

i=1(q∗i s
∗
i −x∗i )y∗i −

∑n

i=1(ρ∗i s
∗
i + γ∗i q

∗
i ) then

5: stop and return x∗ as an optimal solution to formulation (7).

6: else

7: add the cut δ ≥
∑n

i=1(q∗i s
∗
i − xi)y∗i −

∑n

i=1(s∗i ρi + q∗i γi) to the set of cuts {L(x,ρ, γ, δ)≥ 0} and go to

Step 2.

8: end if

polyhedron Y . They then successfully decompose the separation problem by appointment for each

i= 1, . . . , n and reformulate it by using the extreme points of Y . Different in this paper, for fixed

x, ρ, and γ, our separation problem is a mixed-integer trilinear program involving binary variables

qi, i= 1, . . . , n. Moreover, except for the caseDq =D(n+1)
q = {0,1}n, h(x, y, ρ, γ) is not decomposable

by appointment in view of the cross-appointment nature of Dq. Therefore, the approach in Mak

et al. (2015) is no longer applicable, and maxy∈Y h(x, y, ρ, γ) becomes much more challenging.

Our analysis consists of the following steps. We start by showing the convexity of h(x, y, ρ, γ)

in variable y. Then, it follows from fundamental convex analysis that maximizing convex function

h(x, y, ρ, γ) on polyhedron Y will yield an optimal solution at one of the extreme points of Y . Also

considering the cost of idleness, we extend the result of extreme-point representation in Mak et al.

(2015) and reformulate the separation problem (14) using a polynomial number of binary variables

to replace the continuous variables yi, i= 1, . . . , n.

Lemma 2. For fixed x, ρ, and γ, function h(x, y, ρ, γ) is convex in variable y.

We refer to EC.3.2 for a proof. According to Lemma 2, an optimal solution y∗ to the separa-

tion problem (14) exists at one of the extreme points of Y having linear constraints (11b)–(11d).

Consider

Y =
{
co ≥ yn ≥−cun, yn + cwn ≥ yn−1 ≥−cun−1, · · · , y2 + cw2 ≥ y1 ≥−cu1

}
. (15)
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It can be observed that any extreme point ŷ of Y satisfy (i) either ŷn =−cun or ŷn = co, and (ii) for

all i= 1, . . . , n− 1, dual constraint ŷi+1 + cwi+1 ≥ ŷi ≥−cui is binding at either the lower bound or

the upper bound.

This observation motivates us to establish an alternative formulation of (14) using new binary

variables. For notation convenience, we define a dummy variable yn+1, which always takes the

lower-bound value −cun+1 := 0. There is a one-to-one correspondence between an extreme point of Y

and a partition of the integers 1, . . . , n+1 into intervals. For each interval {k, . . . , j} ⊆ {1, . . . , n+1}
in the partition, yj takes on the lower bound value −cuj and other yi equal to their upper bounds,

i.e., yi = yi+1 + cwi+1, ∀i= k, . . . , j − 1. As a result, for each interval {k, . . . , j} in the partition and

i∈ {k, . . . , j}, the value of yi is given by:

yi = πij :=

{
−cuj +

∑j

`=i+1 c
w
` 1≤ i≤ j ≤ n,

co +
∑n

`=i+1 c
w
` 1≤ i≤ n, j = n+ 1,

(16)

and yn+1 = πn+1,n+1 := 0. Define binary variables tkj for all 1≤ k ≤ j ≤ n+ 1, such that tkj = 1 if

interval {k, . . . , j} belongs to the partition (i.e., tkj = 1 if yi = πij) and tkj = 0 otherwise. For a valid

partition, we require each index i belonging to exactly one interval, and thus
∑i

k=1

∑n+1

j=i tkj = 1,

∀i= 1, . . . , n+1. For notation convenience, we define xn+1 = qn+1 = sn+1 := 0. Using binary variables

tkj, we reformulate the separation problem (14) as

max
t

max
(q,s)∈Dq×Ds

n+1∑
k=1

n+1∑
j=k

(
j∑
i=k

(qisi−xi)πij

)
tkj −

n∑
i=1

(ρisi + γiqi) (17a)

s.t.
i∑

k=1

n+1∑
j=i

tkj = 1 ∀i= 1, . . . , n+ 1 (17b)

tkj ∈ {0,1}, ∀1≤ k≤ j ≤ n+ 1. (17c)

Note that the objective function (17a) contains trilinear terms qisitkj with binary variables qi, tkj,

and continuous variables si. To linearize formulation (17), we define pikj ≡ qitkj and oikj ≡ qisitkj
for all 1 ≤ k ≤ j ≤ n+ 1 and k ≤ i ≤ j. Also, we introduce the following McCormick inequalities

(18a)–(18b) and (18c)–(18d) for variables pikj and oikj, respectively.

pikj − tkj ≤ 0, (18a)

pikj − qi ≤ 0, pikj − qi− tkj ≥−1, pikj ≥ 0, (18b)

oikj − sLi pikj ≥ 0, oikj − sUi pikj ≤ 0, (18c)

oikj − si + sLi (1− pikj)≤ 0, oikj − si + sUi (1− pikj)≥ 0. (18d)

Thus, the separation problem (14) is equivalent to an MILP as:

max
t,q,s,p,o

n+1∑
k=1

n+1∑
j=k

j∑
i=k

(πijoikj −xiπijtkj)−
n∑
i=1

(ρisi + γiqi) (19a)
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s.t. (17b)–(17c), (18a)–(18d), (19b)

si ∈ [sLi , s
U
i ], q ∈Dq ⊆ {0,1}n. (19c)

We can replace Steps 3–8 of Algorithm 1 proposed in Section 3 based on this MILP reformulation:

3: With (x,ρ, γ) fixed to be (x∗, ρ∗, γ∗), solve formulation (19) and record an optimal solution

(t∗, q∗, s∗, p∗, o∗).

4: if δ∗ ≥
∑n+1

k=1

∑n+1

j=k

∑j

i=k(πijo
∗
ikj −x∗iπijt∗kj)−

∑n

i=1 (ρ∗i s
∗
i + γ∗i q

∗
i ) then

5: stop and return x∗ as an optimal solution to formulation (7).

6: else

7: add the cut δ ≥
∑n+1

k=1

∑n+1

j=k

∑j

i=k

(
πijo

∗
ikj −πijt∗kjxi

)
−
∑n

i=1 (s∗i ρi + q∗i γi) to the set of cuts

{L(x,ρ, γ, δ)≥ 0} and go to Step 2.

8: end if

Remark 1. We note that Algorithm 1 applies to various types of no-show support Dq. For exam-

ple, we can specify Dq = {q ∈ {0,1}n :
∑n

i=1(1− qi)≤Qmax}, where Qmax represents the maximum

number of no-shows. In this case, we only need to replace the definition of Dq in (19c) when

applying Algorithm 1. In fact, Algorithm 1 is general regardless of the specific form of set Dq,

to select which we take into account the operator’s beliefs and/or preferences, and the computa-

tional tractability. In this paper, we specify Dq =D(K)
q due to its flexibility (see Section 2.4) and

computational tractability (see Proposition 1 and Theorem 2).

We further identify a set of valid inequalities to strengthen formulation (19). We summarize the

valid inequalities in the following proposition and delegate its proof in EC.3.3. The inequalities

(20a)–(20f) can be added to the MILP (19) solved in Step 3, to strengthen the reformulation.

Proposition 1. The following inequalities are valid for set F = {(t, q, s, p, o) : (19b)–(19c)}:

i∑
k=1

n+1∑
j=i

pikj = qi ∀i= 1, . . . , n+ 1, (20a)

si−
i∑

k=1

n+1∑
j=i

(oikj − sLi pikj) ≥ sLi ∀1≤ i≤ n+ 1, (20b)

si−
i∑

k=1

n+1∑
j=i

(oikj − sUi pikj) ≤ sUi ∀1≤ i≤ n+ 1, (20c)

i+K−1∑
`=i

p`kj ≥ tkj ∀1≤ k < j ≤ n+ 1,∀k≤ i≤ j−K + 1, (20d)

i−K+2∑
k=1

i∑
`=i−K+2

p`ki +
n+1∑
j=i+1

p(i+1)(i+1)j ≥
i−K+2∑
k=1

tki ∀i=K − 1, . . . , n, (20e)
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i∑
k=1

piki +
i+K−1∑
`=i+1

n+1∑
j=i+K−1

p`(i+1)j ≥
n+1∑

j=i+K−1

t(i+1)j ∀i= 1, . . . , n−K + 2. (20f)

Remark 2. Note that the above inequalities hold valid for all K = 2, . . . , n+ 1. We also note two

features that (i) valid inequalities (20a)–(20f) are polynomially many, and (ii) all coefficients of

these inequalities are in closed-form. Features (i) and (ii) can significantly accelerate Algorithm

1, because Feature (i) ensures that model (14) (i.e., (19) after reformulation) remains small by

incorporating these inequalities, and Feature (ii) implies that we do not need to separate these

inequalities.

4. LP Reformulations of the DR Expectation Model

In this section, we present the main results of the paper as the derivation of convex hulls of the sep-

aration problem (14) for Dq =D(2)
q (i.e., no conservative no-shows) and Dq =D(n+1)

q (i.e., arbitrary

no-shows). This leads to polynomial-sized LP reformulations of the DR expectation model (7).

Case 1. (No Consecutive No-Shows) Recall that F represents the mixed-integer feasible region

of formulation (19), i.e., F = {(t, q, s, p, o) : (19b)–(19c)}. We show that the valid inequalities iden-

tified in Proposition 1 are sufficient to describe conv(F ). We first notice that when K = 2: (i)

inequalities (20d) are equivalent to pikj + p(i+1)kj ≥ tkj for all 1≤ k < j ≤ n+ 1 and k ≤ i≤ j − 1,

and (ii) inequalities (20e) and (20f) are identical and equivalent to

i∑
k=1

piki +
n+1∑
j=i+1

p(i+1)(i+1)j ≥
i∑

k=1

tki ∀i= 1, . . . , n. (21)

This leads to the following theorem, of which a proof is relegated to EC.3.4.

Theorem 1. Polyhedron CF := {(t, q, s, p, o) : (17b), (18a), (18c), (20a)–(20d), (21)} is the con-

vex hull of set F , i.e., CF = conv(F ).

Therefore, we can reformulate the separation problem (14) as an LP model:

max
t,q,s,p,o

n+1∑
k=1

n+1∑
j=k

j∑
i=k

(πijoikj −xiπijtkj)−
n∑
i=1

(ρisi + γiqi)

s.t. (t, q, s, p, o)∈CF.

To combine the separation problem with the outer minimization problem in (13), we present the

above reformulation in its dual form:

min
n+1∑
i=1

(αi + sUi τ
U
i − sLi τL

i ) (22a)



Jiang, Shen, and Zhang: Integer Programming for Distributionally Robust Appointment Scheduling
16 Article submitted; manuscript no. (Please, provide the manuscript number!)

s.t.

j∑
i=k

(αi−σikj) +

j−1∑
i=k

λikj +

min{j,n}∑
i=j

φi ≥−
j∑
i=k

πijxi ∀1≤ k≤ j ≤ n+ 1, (22b)

ζi ≤ γi ∀1≤ i≤ n, (22c)

τL
i − τU

i ≤ ρi ∀1≤ i≤ n, (22d)

σikj + sLi ϕ
L
ikj − sUi ϕU

ikj + ζi− sLi τL
i + sUi τ

U
i −

min{j−1,i}∑
`=max{k,i−1}

λ`kj

−
max{2i−j,i−1}∧n∑
`=min{2i−k−1,i}∨1

φ` ≥ 0 ∀1≤ k≤ j ≤ n+ 1,∀k≤ i≤ j, (22e)

−ϕL
ikj +ϕU

ikj + τL
i − τU

i ≥ πij ∀1≤ k≤ j ≤ n+ 1,∀k≤ i≤ j, (22f)

ϕL
ikj,ϕ

U
ikj, τ

L
i , τ

U
i , λikj, φi, σikj ≥ 0 ∀1≤ k≤ j ≤ n+ 1,∀k≤ i≤ j, (22g)

where we denote a∨b := max{a, b} and a∧b := min{a, b} for a, b∈R for notation convenience. Here

the dual variables αi, σikj, ϕ
L/U
ikj , ζi, τ

L/U
i , λikj, and φi are associated with constraints (17b), (18a),

(18c), (20a), (20b)–(20c), (20d), and (21) respectively (after transforming all “≥” inequalities into

the “≤” form), and constraints (22b)–(22f) are associated with primal variables tkj, qi, si, pikj, and

oikj respectively. In (22b), the term
∑min{j,n}

i=j φi becomes φj for all 1≤ j ≤ n, and will disappear

for j = n + 1. In (22e), when k ≤ i < j, the term −
∑min{j−1,i}

`=max{k,i−1} λ`kj becomes −λikj − λ(i−1)kj;

when k < i= j, it becomes a singleton −λ(i−1)kj; and when k= i= j, it does not appear. Similarly,

when 2 ≤ k = i = j ≤ n, the term −
∑max{2i−j,i−1}∧n

`=min{2i−k−1,i}∨1 φ` becomes −φi − φi−1; when j > i = k or

k = i = j = n+ 1, the term only contains −φi−1; when k < i = j or 1 = k = i = j, the term only

contains −φi; and in all other cases, i.e., when 1≤ k < i < j ≤ n+ 1, the term does not appear. We

can then reformulate the DR expectation model in an LP form as follows.

Theorem 2. Under no-consecutive no-show assumption, i.e., Dq =D(2)
q , the DR expectation model

(7) is equivalent to the following linear program:

min
n∑
i=1

µiρi +
n∑
i=1

νiγi +
n+1∑
i=1

(αi + sUi τ
U
i − sLi τL

i )

s.t. (22b)–(22g),
n∑
i=1

xi = T, xn+1 = 0, xi ≥ 0 ∀i= 1, . . . , n.

Case 2. (Arbitrary No-Shows): Given Dq = {0,1}n and Ds =
∏n

i=1[s
L
i , s

U
i ], the optimization

problem defining function h(x, y, ρ, γ) (see (12c)) is separable by each appointment, i.e.,

h(x, y, ρ, γ) = max
(q,s)∈Dq×Ds

{
n∑
i=1

(qisi−xi)yi−
n∑
i=1

(ρisi + γiqi)

}

=
n∑
i=1

max
qi∈{0,1}, si∈[sLi ,s

U
i ]
{(qisi−xi)yi− (ρisi + γiqi)} .
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To reformulate separation problem (14), recall the observations on polyhedron Y in Section 3.2

and again we represent the extreme points of Y based on variables tkj. It follows that

max
y∈Y

h(x, y, ρ, γ) = max
t≥0

n+1∑
k=1

n+1∑
j=k

(
j∑
i=k

max
qi∈{0,1}, si∈[sLi ,s

U
i ]
{(qisi−xi)πij − (ρisi + γiqi)}

)
tkj (23a)

s.t.
i∑

k=1

n+1∑
j=i

tkj = 1 ∀i= 1, . . . , n+ 1 (23b)

tkj ∈ {0,1}, ∀1≤ k≤ j ≤ n+ 1. (23c)

Because the constraint matrix formed by (23b)–(23c) is totally unimodular (TU), we can relax the

integrality constraints (23c) without loss of optimality. Hence, formulation (23a)–(23c) is an LP

model in variables tkj and we can take its dual as:

min
α,β

n+1∑
i=1

αi (24a)

s.t.

j∑
i=k

αi ≥
j∑
i=k

βij, ∀1≤ k≤ j ≤ n+ 1 (24b)

βij ≥ max
qi∈{0,1}, si∈[sLi ,s

U
i ]
{(qisi−xi)πij − (ρisi + γiqi)} , ∀i= 1, . . . , n, ∀j = i, . . . , n+ 1 (24c)

βn+1,n+1 = 0, (24d)

where dual variables αi, i = 1, . . . , n + 1 are associated with constraints (23b), con-

straints (24b) are associated with variables ykj, each variable βij represents the value

of maxqi∈{0,1},si∈[sLi ,sUi ] {(qisi−xi)πij − (ρisi + γiqi)}, and βn+1,n+1 = 0 because qn+1 = sn+1 =

πn+1,n+1 = 0. Finally, for each i= 1, . . . , n, the related objective function (qisi−xi)πij− (ρisi+γiqi)

is linear in variables qi and si, and thus each of constraints (24c) is equivalent to

βij ≥ −πijxi− sLi ρi (25a)

βij ≥ −πijxi− sUi ρi (25b)

βij ≥ −πijxi− sLi ρi− γi + sLi πij (25c)

βij ≥ −πijxi− sUi ρi− γi + sUi πij, (25d)

because qi ∈ {0,1} and si ∈ {sLi , sUi } at optimality. It follows that formulation (13) (i.e., the DR

expectation model (7)), is equivalent to the following LP model when Dq =D(n+1)
q :

min
x,ρ,γ,α,β

n∑
i=1

µiρi +
n∑
i=1

νiγi +
n+1∑
i=1

αi

s.t. (24b), (24d), (25a)–(25d),
n∑
i=1

xi = T, xn+1 = 0, xi ≥ 0, ∀i= 1, . . . , n.
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5. Computational Results

We conduct numerical experiments on the three variants of the DR expectation model (7), namely,

E-D(2)
q , E-D(n+1)

q , and E-D(K)
q (K = 3, . . . , n), yielded by Dq =D(2)

q , D(n+1)
q , and D(K)

q , respectively.

For benchmark, we also solve a stochastic linear program (SLP) that minimizes the expected total

cost of waiting, server idleness, and overtime via the sample average approximation (SAA) approach

(Kleywegt et al. 2002). We briefly describe the key computational procedures as follows. First, we

follow a distribution belief to generate N i.i.d. samples, of which we randomly pick a small subset

of data to compute the empirical mean and support information, and use them to compute the

(in-sample) optimal solutions to the DR models.

For the SLP, we solve an LP model:

SLP: min
x,w,u,W

1

N

N∑
m=1

n∑
i=1

(cwi w
m
i + cui u

m
i ) + coWm (26a)

s.t. wmi −umi−1 = qmi−1s
m
i−1 +wmi−1−xi−1 ∀i= 2, . . . , n, m= 1, . . . ,N (26b)

Wm−umn = qmn s
m
n +wmn +

n−1∑
i=1

xi−T ∀m= 1, . . . ,N (26c)

n−1∑
i=1

xi ≤ T (26d)

xi ≥ 0 ∀i= 1, . . . , n− 1 (26e)

wmi ≥ 0, wm1 = 0, umi ≥ 0, Wm ≥ 0, ∀i= 1, . . . , n, m= 1, . . . ,N (26f)

where qmi and smi are realizations of parameter qi and si of appointment i in scenario m, respectively,

for all i= 1, . . . , n and m= 1, . . . ,N . Variables wmi , umi , and Wm represent recourse waiting time

of appointment i, server idle time after serving appointment i, and server overtime in scenario

m, respectively, for all m = 1, . . . ,N . Constraints (26b) and (26c) obtain the waiting time/idle

time/overtime values for each appointment dependent on values of xi and (qmi , s
m
i ).

Section 5.1 describes how to set the parameter for the above models; Section 5.2 compares the

CPU time and details of solving E-D(2)
q , E-D(n+1)

q , E-D(K)
q , and SLP. In Section 5.3, we illustrate

optimal objective values given by E-D(K)
q with K = 2, . . . , n for different settings of time limit

T and no-show probabilities. In Section 5.4, we compare the performance of optimal schedules

of E-D(2)
q , E-D(n+1)

q , and SLP via out-of-sample simulation tests. Specifically, we follow a certain

distribution to generate N ′ data samples, which represent realizations of random service durations

and no-shows. The distributions used for generating the in-sample and out-of-sample data could

be different, and when they are the same and N is sufficiently large, the SLP is considered being

optimized under the “perfect information” (Birge and Louveaux 2011). In reality, it is hard to know

the exact true distribution, and thus we also test the case where the distribution is “misspecified.”
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5.1. Experiment Setup

We follow procedures in the appointment scheduling literature (e.g., Denton and Gupta 2003,

Mak et al. 2015) to generate random instances as follows. For most instances, we consider n =

10 appointments, each having a random service duration si with the mean µi ∼ U [36,44] (i.e.,

uniformly sampled in between the values below and above 10% of 40 minutes) and the standard

deviation σi = 0.5µi. We set T =
∑n

i=1 µi +R ·
√∑n

i=1 σ
2
i where scalar R adjusts the length of time

limit T . Each appointment i has a probability νi of showing up, and we test ν1 = · · ·= νn = 0.8 or

ν1 = · · ·= νn = 0.6. To approximate the upper and lower bounds sUi and sLi of each service duration

si, we respectively use the 80%- and 20%-quantile values of the N in-sample data. We set the ratio

cwi : cui : co = 1 : 0.5 : 10 in all the DR models and in SLP.

We sample N = 1000 realizations (qm1 , s
m
1 ), . . . , (qmn , s

m
n ), m= 1, . . . ,N by following Log-Normal

distributions with the given means and standard deviations of si and probability 1−νi of no-shows

for each i= 1, . . . , n. (The Log-Normal distribution possesses the long-tail property and has been

shown accurately describing the shape of service-time distributions in many service systems (see,

e.g., Gul et al. 2011, for a study of five-year outpatient surgical data in Mayo Clinic).) We optimize

the SLP model by using all the N data points, and only use 20 randomly picked data samples from

the N -data set to calculate the first moments of service durations and no-shows, used in all the

DR models. Given the optimal schedules produced by different models, we generate N ′ = 10,000

i.i.d. data samples from certain distributions with details given in Section 5.4, to evaluate the

performance of each schedule.

We increase the size of instances with n= 10,15, . . . ,50 appointments in Section 5.2 to compare

the CPU time of different models and approaches. For each instance, we generate N = 1000 i.i.d.

data samples of service durations and no-shows by following the same procedures as above. All LP

(i.e., E-D(2)
q , E-D(n+1)

q , and SLP) and MILP (i.e., E-D(K)
q with K = 3, . . . , n) models are computed

in Python 2.7.10 using Gurobi 5.6.3. The computations are performed on a Windows 7 machine

with Intel(R) Core(TM) i7-2600M CPU 3.40 GHz and 8GB memory. The CPU time limit is set as

3 hours for solving each instance.

5.2. CPU Time and Computational Details

In this section, we increase the problem size from n= 10 to n= 50 appointments, and compare CPU

time of optimizing different DR models and the SLP. We first vary R= 0,0.25,0.5,0.75,1, and find

that the CPU time of all the models are similar for different R values and no-show probabilities.

Thus, we fix R= 0 and use T =
∑n

i=1 µi = 380.24 minutes. We consider νi = 0.6 for all appointments

i= 1, . . . , n, and test ten replications for each instance. Table 1 reports the average CPU time (in
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second) of solving models E-D(2)
q , E-D(n+1)

q , SLP, and E-D(K)
q with K = 0.3n and K = 0.7n. Note

that the first three are LP models, and specifically, there are O(n3) variables and O(n3) constraints

in the two LP models E-D(2)
q and E-D(n+1)

q , but O(nN) variables and constraints in SLP. The

E-D(0.3n)
q and E-D(0.7n)

q models are solved via Algorithm 1, and we present the average time for

solving the MILP models with (see columns “Ineq.”) and without (see columns “w/o”) the valid

inequalities in Proposition 1. For instances that take longer than 3 hours to solve, we instead report

the optimality gap values (in %) achieved at the end of the computation process.

Table 1 Average CPU time (in second) of solving DR models and SLP with R= 0 and 1− νi = 0.4

n E-D(2)
q E-D(n+1)

q SLP
E-D(0.3)

q E-D(0.7n)
q

w/o Ineq. w/o Ineq.
10 0.03 0.00 3.10 6.70 10.68 3.44 1.95
15 0.16 0.01 7.24 52.74 47.56 20.28 4.23
20 0.38 0.01 10.44 158.50 106.67 72.96 15.12
25 2.85 0.02 16.97 409.88 270.60 266.34 47.18
30 5.12 0.05 20.91 1000.38 187.81 823.14 101.68
35 11.50 0.05 28.18 10658.06 401.91 7994.79 340.76
40 28.87 0.15 32.32 (5.76%) 808.38 (10.98%) 614.75
45 26.55 0.20 39.07 (12.49%) 1739.49 (10.24%) 1491.17
50 24.64 0.45 44.49 (31.77%) 3271.83 (43.63%) 3393.62

In Table 1, the CPU time of both E-D(2)
q and E-D(n+1)

q are shorter than the one of SLP, especially

after n≥ 40. The time for solving E-D(2)
q is longer than solving E-D(n+1)

q , due to the many more

constraints involved in the former. Note that the time presented in Table 1 is only for solving all the

models, but does not include the time spent on reading in data and constructing the constraints,

which is negligible for all the DR models, but grows quickly for SLP, ranging from 30 seconds to

60 seconds when n≥ 35.

All the DR LP models and SLP are efficiently solved for n= 10, . . . ,50, while the MILP models

E-D(K)
q with either small or large K-values are computationally intractable, reflected by the long

CPU seconds taken by instances with n= 35,40,45,50, especially when no valid inequalities were

added. The addition of valid inequalities in Proposition 1 drastically speeds up the decomposition

algorithm, and the effect is much more significant when n ≥ 35. For instance, none of the n =

40,45,50 cases were solved within 3 hours without the valid inequalities, and the average optimality

gaps could be as large as 30%∼ 45% when n= 50. In contrast, after adding the valid inequalities,

the decomposition algorithm quickly converges, and on average, it only takes no more than 15, 30,

and 60 minutes to optimize the MILPs over instances with n= 40,45, and 50, respectively.

Next, we present more details of solving the E-D(K)
q MILPs. Table 2 illustrates the number of

constraints (“# of Cons.”), the total number of branching nodes (“# of Nodes”), the average

CPU seconds taken by the master problem and the subproblem in each iteration, and the number
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Table 2 Computational details of solving the MILP models E-D
(0.3)
q and E-D

(0.7n)
q

Models n
with Ineq. w/o Ineq.

# of Cons. # of Nodes
Avg. Time (s)

# of Cuts # of Cons. # of Nodes
Avg. Time (s)

# of Cuts
Master Sub Master Sub

E-D(0.3)
q

10 2239 790 0.00 0.22 48 2023 1810 0.00 0.13 49
15 6271 1363 0.01 0.61 77 5742 8510 0.01 0.62 83
20 13346 2572 0.03 1.04 99 12435 19112 0.03 1.52 102
25 24637 2865 0.08 2.38 110 22979 31602 0.11 3.83 104
30 40686 32 0.23 2.00 84 38247 54697 0.22 9.04 108
35 62932 0 0.51 3.95 90 59116 1245441 0.53 86.12 123
40 91602 0 1.05 7.28 97 86459 677713 2.63 632.67 17
45 128499 0 1.60 16.52 96 121153 387066 7.30 1342.76 8
50 173437 0 3.09 27.48 107 164071 324952 17.57 3582.45 3

E-D(0.7n)
q

10 2097 0 0.01 0.06 29 2019 525 0.00 0.13 25
15 5882 0 0.01 0.11 35 5736 1975 0.02 0.56 35
20 12626 0 0.04 0.28 48 12427 6674 0.05 1.41 50
25 23287 0 0.11 0.71 58 22969 19704 0.13 3.79 68
30 38636 0 0.23 1.50 59 38235 52000 0.27 10.02 80
35 59691 0 0.48 3.63 83 59102 848133 0.42 82.86 96
40 87154 0 0.93 6.06 88 86443 880188 3.90 1538.97 7
45 122121 0 2.07 15.07 87 121135 385058 7.89 1192.12 9
50 165207 0 3.06 28.36 108 164051 268133 18.05 10786.87 1

of iterations in the decomposition algorithm before it converges to the optimum or reaches the time

limit (“# of Cuts”) for solving both E-D(0.3n)
q and E-D(0.7n)

q , with or without the valid inequalities.

In Table 2, we observe that the valid inequalities in Proposition 1 slightly increase the number

of constraints, but significantly tighten the MILPs, directly reflected by the significantly reduced

branching-and-bound nodes in all the instances. In particular, the decomposition algorithm obtains

integer solutions at the root node in each iteration for solving E-D(0.3n)
q when n≥ 35, and for E-

D(0.7n)
q given any values of n we test. Moreover, the valid inequalities significantly reduce the CPU

seconds of computing the separation subproblem in each iteration, especially for instances with

n= 35,40,45,50. Lastly, by adding the valid inequalities to the MILP models, the decomposition

algorithm takes almost constant number of iterations to converge (i.e., being around 100 iterations

when n≥ 20). However, if no valid inequalities were added, the number of iterations first increases

as we increase n from 10 to 35, and drastically decreases as we continue increasing n to 50.

5.3. Optimal Objective Values and Scheduling Solution Patterns

We compare the optimal objective values of the E-D(K)
q models with K = 2, . . . , n+ 1, and plot

their value changes for instances with R= 0,0.25,0.5,0.75,1 and no-show probabilities 1−νi = 0.2,

0.4 for all i= 1, . . . , n when n= 10. Recall that parameter K represents the minimum number of

consecutive appointments in which consecutive no-shows are ruled out. Therefore, as K increases,

the support D(K)
q becomes larger, which leads to smaller feasible region for the scheduling decision

vector x, and thus the optimal objective value is nondecreasing for K = 2, . . . , n + 1. Figure 2

illustrates the optimal objective values, in which Figure 2(a) corresponds to 1 − νi = 0.2, ∀i =

1, . . . , n and Figure 2(b) corresponds to larger no-show probabilities 1− νi = 0.4, ∀i= 1, . . . , n.
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Figure 2 Optimal objective values of E-D
(K)
q for different settings of parameter R (time limit) and 1−νi (no-show

probability)

Table 3 presents the detailed optimal objective values in Figure 2. Note that the optimal objective

values of E-D(2)
q and E-D(n+1)

q respectively provide valid lower and upper bounds for the optimal

objective value of any E-D(K)
q models with K = 3, . . . , n. For each combination of R and 1− νi, we

mark the first K-value when the optimal objective value of E-D(K)
q equals to the upper bound, i.e.,

the optimal objective value of E-D(n+1)
q .

Table 3 Optimal objective value changes according to the value of K and no-show probabilities

No-show R E-D(2)
q

E-D(K)
q , with K =

E-D(n+1)
q3 4 5 6 7 8 9 10

1− νi = 0.2

0 843.38 851.08 851.08 851.08 851.08 851.08 851.08 851.08 851.08 851.08
0.25 745.74 751.32 751.32 751.32 751.32 751.32 751.32 751.32 751.32 751.32
0.5 651.18 652.54 652.54 652.54 652.54 652.54 652.54 652.54 652.54 652.54

0.75 561.32 561.32 561.32 561.32 561.32 561.32 561.32 561.32 561.32 561.32
1 473.69 473.69 473.69 473.69 473.69 473.69 473.69 473.69 473.69 473.69

1− νi = 0.4

0 409.11 677.66 794.41 840.70 842.91 842.91 842.91 842.91 842.91 842.91
0.25 371.47 600.99 713.55 752.87 752.87 752.87 752.87 752.87 752.87 752.87
0.5 336.21 534.22 633.12 665.24 665.24 665.24 665.24 665.24 665.24 665.24

0.75 301.89 472.07 553.93 578.61 578.61 578.61 578.61 578.61 578.61 578.61
1 270.55 410.02 475.67 492.69 492.69 492.69 492.69 492.69 492.69 492.69

In Table 3, when the no-show probability is smaller (i.e., 1−νi = 0.2, ∀i= 1, . . . , n), the differences

between the upper and lower bounds are very small, indicating that the two LP models E-D(2)
q and

E-D(n+1)
q can already provide tight approximations for the MILPs of E-D(K)

q with K = 3, . . . , n.

Considering the long CPU time of solving the MILPs in Table 1, one can avoid directly solving

E-D(K)
q (K = 3, . . . , n), and instead use K = 2 or K = n+ 1. On the other hand, when the no-show

probability is larger (i.e., 1− νi = 0.4, ∀i= 1, . . . , n), the differences between the results of E-D(2)
q

and E-D(n+1)
q become larger when R is smaller. In such a case, the choices of different K values
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will lead to significantly different objective costs and also solution patterns (which we illustrate in

EC.5). A decision maker can choose either E-D(2)
q or E-D(n+1)

q to optimize the schedule x based on

his/her risk preference. Alternatively, he/she can firstly use the two LP models to quickly compute

the bounds of the optimal objective value for a general E-D(K)
q for any K = 3, . . . , n, and then

optimize the E-D(K)
q model for some K by employing the valid inequalities in Proposition 1 and

the decomposition algorithm.

5.4. Results of Out-of-Sample Performance

We compare the out-of-sample simulation performance of the optimal schedules of E-D(2)
q , E-D(n+1)

q ,

and SLP (see Figure EC.1) under (i) “perfect information” and (ii) misspecified distributional

information. Note that E-D(2)
q and E-D(n+1)

q models produce solutions that differ the most under

large no-show probabilities, and thus we focus on the case when 1− νi = 0.4, ∀i = 1, . . . , n. We

examine three cases of the time limit T , by using R= 0,0.5,1.

We generate two sets ofN ′ = 10,000 i.i.d. out-of-sample data (qm1 , s
m
1 ), . . . , (qmn , s

m
n ), m= 1, . . . ,N ′

of the random vector (q, s) following the procedures as follows.

• Perfect Information: We use the same distribution (i.e., Log-Normal) and parameter set-

tings as the ones for generating the N in-sample data to sample the N ′ data points.

• Misspecified Distribution: We keep the same mean values µi of the random si, νi of the

random qi, and standard deviation σi of the random si for each appointment i= 1, . . . , n. Therefore,

the moment information used in all the DR models and in the SLP remain the same, but we

vary the distribution type, as well as correlations among the random service durations and no-

shows. Specifically, we follow positively correlated truncated Normal distributions with supports

[0, sUi ], ∀i= 1, . . . , n to generate realizations sm1 , . . . , s
m
n and follow positively correlated Bernoulli

distributions to generate realizations qm1 , . . . , q
m
n for m= 1, . . . ,N ′. The parameters of the truncated

Normal distributions and the Bernoulli distributions are designed by following standard statistical

methods1, in order to yield positive data correlations and also to keep the first two moments of

the N ′ out-of-sample data the same as the ones of the N in-sample data.

To measure the out-of-sample performance of each solution given by E-D(2)
q , E-D(n+1)

q , and SLP,

we fix x as an interested solution in Model (26), but use parameters (qm1 , s
m
1 ), . . . , (qmn , s

m
n ), m=

1, . . . ,N ′. We then compute wmi , u
m
i , W

m as the waiting time (WaitT), idle time (idleT), and and

overtime (OverT) in each scenario m, for m= 1, . . . ,N ′. Table 4 displays means and quantiles of

WaitT, IdleT, and OverT, yielded by the optimal solution of each model under perfect distributional

information.

1 See https://en.wikipedia.org/wiki/Truncated_normal_distribution.
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Table 4 Out-of-sample performance of optimal schedules given by E-D
(2)
q , E-D

(n+1)
q , and SLP under perfect

information with no-show probabilities 1− νi = 0.4, ∀i= 1, . . . , n

Metrics Model
R= 0 (in minute) R= 0.5 (in minute) R= 1 (in minute)

WaitT OverT IdleT WaitT OverT IdleT WaitT OverT IdleT

Mean
E-D(2)

q 10.06 13.97 16.62 7.33 11.26 19.31 5.50 9.18 22.06
E-D(n+1)

q 6.62 49.27 20.15 4.87 33.59 21.54 3.33 28.11 23.96
SLP 11.20 3.50 15.57 8.70 2.29 18.41 6.70 1.64 21.31

Median
E-D(2)

q 0.00 0.00 12.27 0.00 0.00 14.68 0.00 0.00 20.47
E-D(n+1)

q 0.00 44.92 15.47 0.00 29.22 19.29 0.00 24.93 21.79
SLP 0.00 0.00 8.19 0.00 0.00 12.95 0.00 0.00 17.45

75%-QT
E-D(2)

q 8.40 19.94 33.32 1.79 14.95 34.99 0.00 9.12 40.25
E-D(n+1)

q 0.00 72.90 45.40 0.00 52.22 45.40 0.00 45.27 47.16
SLP 11.94 0.00 28.83 6.49 0.00 34.38 1.33 0.00 37.08

95%-QT
E-D(2)

q 50.88 35.42 46.62 40.08 26.06 48.64 33.52 19.27 50.14
E-D(n+1)

q 40.51 117.78 50.33 30.68 90.84 50.33 22.03 76.66 50.33
SLP 54.03 23.75 43.20 45.89 12.61 46.05 38.41 7.54 49.85

Based on Table 4, both E-D(2)
q and E-D(n+1)

q yield slightly better waiting time on average and at

different quantiles than the SLP. The E-D(2)
q model results in overtime that is close to the one of

SLP (which has perfect distributional information). But the optimal schedule of E-D(n+1)
q performs

badly on average and at all quantiles. For example, when R= 0, the schedule by E-D(2)
q lasts 10

minutes longer than the 3-minute average overtime given by the SLP optimal schedule, while the

optimal schedule of E-D(n+1)
q lasts about 46 minutes longer on average. This is due to the overly

conservative no-show support assumption used by E-D(n+1)
q . When the distributional information

is accurate, E-D(n+1)
q results in over-conservative schedules that perform badly especially in the

overtime metric.

Table 5 illustrates the means and quantiles of WaitT, IdleT, and OverT, yielded by optimal

schedules of the three models under misspecified distributional information.

Table 5 Out-of-sample performance of optimal schedules given by E-D
(2)
q , E-D

(n+1)
q , and SLP under

misspecified distribution with no-show probabilities 1− νi = 0.4, ∀i= 1, . . . , n

Metrics Model
R= 0 (in minute) R= 0.5 (in minute) R= 1 (in minute)

WaitT OverT IdleT WaitT OverT IdleT WaitT OverT IdleT

Mean
E-D(2)

q 19.89 42.30 13.93 15.75 34.24 16.08 11.51 27.39 18.36
E-D(n+1)

q 12.14 69.59 16.65 10.20 52.16 17.87 8.26 44.56 20.07
SLP 29.32 38.36 13.53 24.30 31.04 15.76 19.61 24.54 18.07

Median
E-D(2)

q 0.00 0.00 5.52 0.00 0.00 9.62 0.00 0.00 14.15
E-D(n+1)

q 0.00 46.25 8.61 0.00 30.62 11.83 0.00 30.56 15.64
SLP 0.00 0.00 5.09 0.00 0.00 9.16 0.00 0.00 13.00

75%-QT
E-D(2)

q 15.34 41.98 27.16 10.70 27.98 30.95 4.91 19.47 35.42
E-D(n+1)

q 6.95 93.23 33.03 2.44 65.31 34.86 0.00 53.56 39.49
SLP 27.64 11.57 26.36 21.18 0.00 30.33 15.06 0.00 34.45

95%-QT
E-D(2)

q 109.75 241.69 46.59 89.11 212.08 49.77 65.02 182.47 48.78
E-D(n+1)

q 62.06 241.69 49.77 58.20 212.08 49.77 52.26 182.47 50.08
SLP 147.84 241.63 43.20 130.09 212.02 46.05 110.73 182.41 49.84

From Table 5, we observe that both DR models yield much better (i.e., 30%–70% shorter) waiting

time per appointment than the optimal schedule given by the SLP, when the distribution type

becomes different but the first two moments remain unchanged from the assumed case. The time
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reduction is reflected in all the metrics, including the mean and 50% to 95% quantiles of the random

WaitT, for both R = 0 and R = 1. On the other hand, the three models yield similar IdleT, and

the optimal schedule given by E-D(n+1)
q yields slightly longer idle time per appointment, but much

longer OverT than both E-D(2)
q and SLP. This observation indicates that the optimal schedules

given by SLP can become suboptimal when the probability distributions are misspecified, while

E-D(2)
q can produce schedules that are less sensitive to misspecification of distribution types.

6. Conclusions

In this paper, we studied moment-based DR variants of the stochastic appointment scheduling prob-

lems. We incorporated both risk-neutral (i.e., expectation-based) and risk-averse (i.e., CVaR-based)

objective and/or constraints to restrict random waiting-time, overtime, and idle-time outcomes

under random 0-1 no-shows and service durations. Our approaches are suitable for a system opera-

tor who has a limited amount of data and considers ambiguous distributions of the two co-existing

uncertainties.

By employing integer programming techniques including linearization and valid inequalities, we

derived exact reformulations and decomposition algorithms for these DR models. In important spe-

cial cases of no-shows, our derivation led to LP reformulations that can readily be implemented in

LP solvers such as Microsoft Excel. The computational experiments demonstrated the tractability

and effectiveness of our approaches. We also derived the following insights: (i) accounting for no-

shows in DR models significantly shortens waiting time in out-of-sample tests, (ii) one can improve

the DR models’ ability of utilizing distributional information by using reasonably conservative sup-

ports, and (iii) the DR model with the least conservative support of no-shows obtains near-optimal

schedules under perfect information, and outperforms other DR models and the stochastic program

if the distributional type is misspecified.

Future research directions include optimizing the length of time limit (i.e., T ) and the incorpora-

tion of appointment sequencing decisions while considering uncertain no-shows. It is also interesting

to investigate the power of integer programming approaches in other related stochastic and robust

optimization models.
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Extensions and Proofs

EC.1. General Waiting Time Costs

In this section, we discuss a general setting that incorporates both server-based and appointment-

based cases to model the waiting costs. We show that the models in Section 2 and solution methods

in Section 3 can adapt for this general setting. For presentation brevity, we focus on DR expectation

models and the adaptation of methods for DR CVaR models in EC.2 is similar.

To be general, we model the waiting time cost for each appointment i as csiwi + caiwiqi = (csi +

cai qi)wi, where csi represents the server-based waiting time cost and cai represents the appointment-

based waiting time cost. Note that this setting applies for server-based and appointment-based

cases, because we can set csi := 0 or cai := 0 if the corresponding cost does not apply. Accordingly,

the general DR expectation model can be formulated as

min
x∈X

sup
Pq,s∈F(D,µ,ν)

EPq,s
[
QG(x, q, s)

]
, (EC.1)

where QG(x, q, s) represents the cost function of the waiting, idleness, and overtime under the

general setting. Replacing cwi wi with (csi + cai qi)wi in (11), we formulate the dual of QG(x, q, s) as

QG(x, q, s) = max
y

n∑
i=1

(qisi−xi)yi (EC.2a)

s.t. yi−1− yi ≤ csi + cai qi ∀i= 2, . . . , n (EC.2b)

−yi ≤ cui ∀i= 1, . . . , n (EC.2c)

yn ≤ co, (EC.2d)

and we let polyhedron Y G := {y : (EC.2b)–(EC.2d)} represent the feasible region of variable y.

As model (EC.2) is a linear program in variables y, there exists an optimal solution to (EC.2)

that resides at an extreme point of Y G. It can be observed (see, e.g., Zangwill (1966, 1969), Mak

et al. (2015)) that any extreme point ŷ of Y G satisfy (i) either ŷn = −cun or ŷn = co, and (ii)

for all i = 1, . . . , n − 1, dual constraint ŷi+1 + csi+1 + cai+1qi+1 ≥ ŷi ≥ −cui is binding at either the

lower bound or the upper bound. Similar to the analysis in Section 3.2, we define binary variables

tkj for all 1 ≤ k ≤ j ≤ n + 1 to represent extreme points ŷ, such that tkj = 1 if ŷj = −cuj and

ŷi = ŷi+1 + csi+1 + cai+1qi+1, ∀i= k, . . . , j− 1. It follows that

ŷi = πG
ij :=

{
−cuj +

∑j

`=i+1(c
s
` + ca`q`) 1≤ i≤ j ≤ n,

co +
∑n

`=i+1(c
s
` + ca`q`) 1≤ i≤ n, j = n+ 1,

(EC.3)

where ŷn+1 = πG
n+1,n+1 := 0. Based on this binary representation, we can rewrite QG(x, q, s) as

QG(x, q, s) = max
t

n+1∑
k=1

n+1∑
j=k

(
j∑
i=k

(qisi−xi)πG
ij

)
tkj
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≡
n∑
k=1

n∑
j=k

j∑
i=k

[
(qisi−xi)

(
−cuj +

j∑
`=i+1

(cs` + ca`q`)

)]
tkj +

n∑
k=1

n+1∑
i=k

[
(qisi−xi)

(
co +

n∑
`=i+1

(cs` + ca`q`)

)]
tk(n+1) (EC.4a)

s.t.
i∑

k=1

n+1∑
j=i

tkj = 1 ∀i= 1, . . . , n+ 1 (EC.4b)

tkj ∈ {0,1}, ∀1≤ k≤ j ≤ n+ 1. (EC.4c)

Note that the objective function (EC.4a) contains multilinear terms qisitkj and qiq`sitkj with binary

variables qi, q`, and tkj, and continuous variables si. To linearize formulation (EC.4), we define

pikj ≡ qitkj, oikj ≡ qisitkj, and ri`kj = qiq`sitkj for all 1≤ k≤ i≤ j ≤ n+1 and i+1≤ `≤ j. We then

linearize the multilinear terms by applying McCormick inequalities (18a)–(18b) for variables pikj,

(18c)–(18d) for variables oikj, and (EC.5a)–(EC.5b) as follows for variables ri`kj.

ri`kj ≥ 0, ri`kj − q`si ≤ 0, (EC.5a)

ri`kj − oikj ≤ 0, ri`kj − oikj + sUi (1− q`)≥ 0. (EC.5b)

If follows that QG(x, q, s) equals to the optimal objective value of the following MILP:

max
t,p,o,r

n∑
k=1

n∑
j=k

j∑
i=k

[(
−cuj +

j∑
`=i+1

cs`

)
oikj +

(
cuj −

j∑
`=i+1

cs`

)
xitkj +

j∑
`=i+1

ca`ri`kj −
j∑

`=i+1

ca`xip`kj

]
+

n∑
k=1

n+1∑
i=k

[(
co +

n∑
`=i+1

cs`

)
oik(n+1)−

(
co +

n∑
`=i+1

cs`

)
xitk(n+1) +

n∑
`=i+1

ca`ri`k(n+1)−
n∑

`=i+1

ca`xip`k(n+1)

]
s.t. (18a)–(18d), (EC.4b), (EC.5a)–(EC.5b), (EC.6a)

tkj, pikj ∈ {0,1}, ∀1≤ k≤ i≤ j ≤ n+ 1. (EC.6b)

To finish reformulating the general DR expectation model (EC.1), we follow a similar dualization

process described in Section 3 and rewrite formulation (EC.1) as

min
x∈X,ρ∈Rn,γ∈Rn,θ∈R

n∑
i=1

µiρi +
n∑
i=1

νiγi + θ (EC.7a)

s.t. θ≥HG(x,ρ, γ)≡ max
(q,s)∈Dq×Ds

{
QG(x, q, s)−

n∑
i=1

(ρisi + γiqi)

}
. (EC.7b)

Similar to Lemma 1, we observe that for any fixed variables x, ρ, and γ, HG(x,ρ, γ) < +∞.

Furthermore, function HG(x,ρ, γ) is convex and piecewise linear in x, ρ, and γ with a finite number

of pieces. Hence, we can adapt Algorithm 1 to solve model (EC.1) in a decomposition framework.

We present this adaptation in Algorithm 2. Similar to Algorithm 1, we observe that Algorithm 2 is

finite. Finally, for the separation problem in Step 3, we remark that (i) feasible region Dq can be set
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as D(K)
q for K = 2, . . . , n+ 1 based on the scheduler’s targeted conservativeness, (ii) the separation

problem is an MILP and can be solved by off-the-shelf software, and (iii) we can incorporate the

same valid inequalities identified in Proposition 1 to accelerate solving the separation problem and

hence the decomposition algorithm.

Algorithm 2 A decomposition algorithm for solving general DR expectation model (EC.1).

1: Input: feasible regions X and Dq ×Ds; set of cuts {L(x,ρ, γ, θ)≥ 0}= ∅.

2: Solve the master problem

min
x∈X,ρ,γ,θ

n∑
i=1

µiρi +

n∑
i=1

νiγi + θ

s.t. L(x,ρ, γ, θ)≥ 0

and record an optimal solution (x∗, ρ∗, γ∗, θ∗).

3: With (x,ρ, γ) fixed to be (x∗, ρ∗, γ∗), solve the separation problem

max
t,p,q,s,o,r

n∑
k=1

n∑
j=k

j∑
i=k

[(
−cuj +

j∑
`=i+1

cs`

)
oikj +

(
cuj −

j∑
`=i+1

cs`

)
xitkj +

j∑
`=i+1

ca` ri`kj −
j∑

`=i+1

ca`xip`kj

]
+

n∑
k=1

n+1∑
i=k

[(
co +

n∑
`=i+1

cs`

)
oik(n+1)−

(
co +

n∑
`=i+1

cs`

)
xitk(n+1) +

n∑
`=i+1

ca` ri`k(n+1)−
n∑

`=i+1

ca`xip`k(n+1)

]
−

n∑
i=1

(ρisi + γiqi)

s.t. (18a)–(18d), (EC.4b), (EC.5a)–(EC.5b),

tkj , pikj ∈ {0,1}, ∀1≤ k≤ i≤ j ≤ n+ 1, (q, s)∈Dq ×Ds

and record an optimal solution (t∗, p∗, q∗, s∗, o∗, r∗).

4: if θ∗ is greater than or equal to the optimal objective value of the separation problem, then

5: stop and return x∗ as an optimal solution to formulation (EC.1).

6: else

7: add the cut

θ≥
n∑
k=1

n∑
j=k

j∑
i=k

[(
−cuj +

j∑
`=i+1

cs`

)
o∗ikj +

(
cuj −

j∑
`=i+1

cs`

)
t∗kjxi +

j∑
`=i+1

ca` r
∗
i`kj −

j∑
`=i+1

ca`p
∗
`kjxi

]
+

n∑
k=1

n+1∑
i=k

[(
co +

n∑
`=i+1

cs`

)
o∗ik(n+1)−

(
co +

n∑
`=i+1

cs`

)
t∗k(n+1)xi +

n∑
`=i+1

ca` r
∗
i`k(n+1)−

n∑
`=i+1

ca`p
∗
`k(n+1)xi

]
−

n∑
i=1

(s∗i ρi + q∗i γi)

to the set of cuts {L(x,ρ, γ, θ)≥ 0} and go to Step 2.

8: end if
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EC.2. Solution Approaches for DR CVaR Models

In this section, we reformulate DR CVaR constraints in (6) with cost parameters co, cui , and cwi .

We first represent CVaR by an alternative definition (Rockafellar and Uryasev (2000, 2002)):

CVaR1−ε (Q(x, q, s)) = inf
z∈R

{
z+

1

ε
EPq,s [Q(x, q, s)− z]+

}
,

where [a]+ := max{a,0} for a∈R. It follows that

sup
Pq,s∈F(D,µ,ν)

CVaR1−ε (Q(x, q, s)) = sup
Pq,s∈F(D,µ,ν)

inf
z∈R

{
z+

1

ε
EPq,s [Q(x, q, s)− z]+

}
= inf
z∈R

sup
Pq,s∈F(D,µ,ν)

{
z+

1

ε
EPq,s [Q(x, q, s)− z]+

}
(EC.8a)

= inf
z∈R

{
z+

1

ε
sup

Pq,s∈F(D,µ,ν)

EPq,s [Q(x, q, s)− z]+
}
, (EC.8b)

where (EC.8a) follows the Sion’s minimax theorem (Sion 1958) because z+ 1
ε
EPq,s [Q(x, q, s)− z]+

is convex in z, concave (in particular, linear) in variables Pq,s, and F(D,µ,ν) is weakly compact.

EC.2.1. MILP Reformulation and Decomposition Algorithm

Based on a similar dualization process in Section 3 (see the primal and dual formulations (8) and

(9)), we reformulate the inner maximization problem in (EC.8b) as a minimization problem, and

combine it with the outer minimization problem to obtain

inf
z,ρ,γ,θ

z+
1

ε

(
n∑
i=1

µiρi +
n∑
i=1

νiγi + θ

)

s.t.
n∑
i=1

siρi +
n∑
i=1

γiqi + θ≥ [Q(x, q, s)− z]+ ∀(q, s)∈Dq ×Ds

= inf
z,ρ,γ,θ

z+
1

ε

(
n∑
i=1

µiρi +
n∑
i=1

νiγi + θ

)

s.t.
n∑
i=1

siρi +
n∑
i=1

γiqi + θ≥ 0 ∀(q, s)∈Dq ×Ds (EC.9a)

n∑
i=1

siρi +
n∑
i=1

γiqi + θ≥Q(x, q, s)− z ∀(q, s)∈Dq ×Ds, (EC.9b)

where constraints (EC.9a) and (EC.9b) are derived based on the definition of [·]+. Thus, the DR

CVaR constraint (6) is equivalent to

Q ≥ z+
1

ε

(
n∑
i=1

µiρi +
n∑
i=1

νiγi + θ

)
(EC.10a)

min
(q,s)∈Dq×Ds

{
n∑
i=1

ρisi +
n∑
i=1

γiqi

}
+ θ ≥ 0 (EC.10b)
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θ+ z ≥ max
(q,s)∈Dq×Ds

{
Q(x, q, s)−

n∑
i=1

(ρisi + γiqi)

}
, (EC.10c)

where constraint (EC.10a) is linear, but (EC.10b) and (EC.10c) need further analysis. First, we

replace constraint (EC.10b) by equivalent linear constraints in the following proposition, whose

proof is relegated to EC.4.1.

Proposition EC.1. For fixed ρ and γ, and Dq =D(K)
q with K ∈ {2, . . . , n+1}, (EC.10b) is equiv-

alent to linear constraints:

θ+
n−K+1∑
i=1

βi +
n∑
i=1

(sLi χ
L
i − sUi χU

i − ηi) ≥ 0, (EC.11a)

−ηi +

min{i,n−K+1}∑
j=max{i−K+1,1}

βj ≤ γi ∀1≤ i≤ n, (EC.11b)

χL
i −χU

i ≤ ρi ∀1≤ i≤ n, (EC.11c)

βi, χ
L
i , χ

U
i , ηi ≥ 0 ∀1≤ i≤ n. (EC.11d)

Second, note that the right-hand side of constraint (EC.10c) is equivalent to that of constraint

(13b) in the reformulated DR expectation model, and so the reformulated separation problem (19)

and Algorithm 1 described in Section 3 can be easily adapted to handle constraint (EC.10c). Fur-

thermore, the valid inequalities (20a)–(20f) can be incorporated to accelerate solving the adapted

separation problem and implementing the decomposition algorithm.

EC.2.2. LP Reformulations of the DR CVaR Model

We derive LP reformulations for the DR CVaR constraint (6) when Dq =D(2)
q (i.e., no consecutive

no-shows) and when Dq =D(n+1)
q (i.e., arbitrary no-shows).

Case 1. (No Consecutive No-Shows) Recall that DR CVaR constraint (6) is equivalent to

constraints (EC.10a), (EC.11a)–(EC.11d) with K = 2, and (EC.10c). When Dq =D(2)
q , we apply

Theorem 1 to further reformulate (EC.10c) as linear constraints θ+ z ≥
∑n+1

i=1 (αi + sUi τ
U
i − sLi τL

i )

and (22b)–(22g), resulting in the following proposition.

Proposition EC.2. When Dq = D(2)
q , the DR CVaR constraint (6) is equivalent to linear con-

straints (EC.10a), (EC.11a)–(EC.11d) with K = 2,
∑n+1

i=1 (αi + sUi τ
U
i − sLi τL

i ) ≤ θ + z, and (22b)–

(22g).

We remark that the LP reformulation in Proposition EC.2 is of the size O(n3) because constraints

(22b)–(22g) incorporate O(n3) decision variables and linear constraints. In this section, we focus on

a specific DR CVaR constraint (6) that restricts overtime only. That is, cui = cwi = 0 for all 1≤ i≤ n

and co = 1, and Q(x, q, s) =QW (x, q, s) := minw,u,WW subject to constraints (3b)–(3d). Next, we
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derive a more compact LP reformulation of this DR CVaR constraint with O(n2) variables and

constraints. To that end, we derive an O(n2) LP reformulation for constraint (EC.10c). We begin

by specializing the extreme point representation of polyhedron Y for Q(x, q, s) =QW (x, q, s).

Lemma EC.1. When cui = cwi = 0 for all 1≤ i≤ n and co = 1, the set of extreme points of polyhedron

Y defined in (15) is {
∑n

`=k e` : k = 1, . . . , n}
⋃
{0n}, where e` represents an n-dimensional unit

vector with component ` equaling to one and any other component equaling to zero; 0n is an n-

dimensional zero vector.

Recall the observation in Section 3.2 that each extreme point (y1, . . . , yn+1) of Y is associated with

a partition of set {1, . . . , n+ 1} into intervals. The result in Lemma EC.1 follows from (16) when

the cost parameters take the above specified values. Define binary variables tk for all 1 ≤ k ≤ n
to represent the set of extreme points of Y , such that tk = 1 if the extreme point is

∑n

`=k e` and

tk = 0 otherwise. Note that extreme point 0n is represented by tk = 0 for all 1≤ k≤ n. For a valid

representation, we require
∑n

k=1 tk ≤ 1. It follows that the right-hand side of (EC.10c) (with

Q(x, q, s) =QW (x, q, s)) is equivalent to

max
t,q,s

n∑
k=1

(
n∑
i=k

(qisi−xi)

)
tk−

n∑
i=1

(ρisi + γiqi)

s.t.
n∑
k=1

tk ≤ 1, q ∈Dq, s∈Ds, t∈ {0,1}n

as a mixed-integer bilinear program with binary vectors q and t, and continuous vector s. We

linearize the bilinear terms by defining pki ≡ tkqi and oki ≡ tkqisi for all 1 ≤ k ≤ i ≤ n. Also, we

introduce McCormick inequalities (EC.12b)–(EC.12c) and (EC.12d)–(EC.12e) for variables pki and

oki, respectively to further reformulate the separation problem as a mixed-integer linear program:

max
t,q,s,p,o

n∑
k=1

n∑
i=k

(oki−xitk)−
n∑
i=1

(ρisi + γiqi) (EC.12a)

s.t. pki− tk ≤ 0 ∀1≤ k≤ i≤ n, (EC.12b)

pki− qi ≤ 0, pki− qi− tk ≥−1, pki ≥ 0 ∀1≤ k≤ i≤ n, (EC.12c)

oki− sLi pki ≥ 0, oki− sUi pki ≤ 0 ∀1≤ k≤ i≤ n, (EC.12d)

oki− si + sLi (1− pki)≤ 0, oki− si + sUi (1− pki)≥ 0 ∀1≤ k≤ i≤ n, (EC.12e)
n∑
k=1

tk ≤ 1, (EC.12f)

q ∈Dq, s∈Ds, t∈ {0,1}n. (EC.12g)

Similar as before, we aim to derive the convex hull of the feasible region of problem (EC.12),

i.e., the mixed-integer feasible region described by constraints (EC.12b)–(EC.12g). We denote the

feasible region as set G and derive conv(G) in the following theorem, whose proof is in EC.4.2.
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Theorem EC.1. When Dq = D(2)
q , the following inequalities are valid for set G = {(t, q, s, p, o) :

(EC.12b)–(EC.12g)}:
n∑
k=1

pkn ≤ qn, (EC.13a)

pki + pk(i+1) ≥ tk ∀1≤ k≤ i≤ n− 1, (EC.13b)
i∑

k=1

(pki− tk) ≥ qi− 1 ∀1≤ i≤ n, (EC.13c)

i∑
k=1

(
pki + pk(i+1)

)
≤

i∑
k=1

tk + qi + qi+1− 1 ∀1≤ i≤ n− 1, (EC.13d)

si−
i∑

k=1

(oki− sLi pki) ≥ sLi ∀1≤ i≤ n, (EC.13e)

si−
i∑

k=1

(oki− sUi pki) ≤ sUi ∀1≤ i≤ n. (EC.13f)

Furthermore, polyhedron CG := {(t, q, s, p, o) : (EC.12b), (EC.12d), (EC.13a)–(EC.13f)} is the con-

vex hull of set G, i.e., CG= conv(G).

Theorem EC.1 provides us a compact LP reformulation of the right-hand side of constraint (EC.10c)

with O(n2) variables and constraints:

max
t,q,s,p,o

n∑
k=1

n∑
i=k

(oki−xitk)−
n∑
i=1

(ρisi + γiqi) (EC.14a)

s.t. (t, q, s, p, o)∈CG. (EC.14b)

Finally, by resorting to the dual formulation of (EC.14), we represent constraint (EC.10c) as

n∑
i=1

(αi− sLi τL
i + sUi τ

U
i )−

n−1∑
i=1

φi ≤ θ+ z (EC.15a)

n∑
i=k

(αi−σki) +
n−1∑
i=k

(λki−φi) ≥ −
n∑
i=k

xi ∀1≤ k≤ n, (EC.15b)

αi−
min{i,n−1}∑
`=max{i−1,1}

φ`−
max{i,n−1}∑

`=n

ζ ≥ − γi ∀1≤ i≤ n, (EC.15c)

τU
i − τL

i ≥ − ρi ∀1≤ i≤ n, (EC.15d)

σki + sLi ϕ
L
ki− sUi ϕU

ki−αi− sLi τL
i + sUi τ

U
i

+

max{i,n−1}∑
`=n

ζ +

min{i,n−1}∑
`=max{i−1,k}

(φ`−λk`) ≥ 0 ∀1≤ k≤ i≤ n, (EC.15e)

−ϕL
ki +ϕU

ki + τL
i − τU

i ≥ 1 ∀1≤ k≤ i≤ n, (EC.15f)

σki, ϕ
L
ki, ϕ

U
ki, ζ, λki, αi, φi, τ

L
i , τ

U
i ≥ 0 ∀1≤ k≤ i≤ n, (EC.15g)
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where dual variables σki, ϕ
L/U
ki , ζ, λki, αi, φi, and τ

L/U
i are associated with constraints (EC.12b),

(EC.12d), (EC.13a), (EC.13b), (EC.13c), (EC.13d), and (EC.13e)–(EC.13f), respectively (after

transforming all “≥” inequalities into the “≤” form), and dual constraints (EC.15b)–(EC.15f) are

associated with primal variables tk, qi, si, pki, and oki respectively. This results in an O(n2) LP

reformulation of the DR CVaR constraint on overtime.

Proposition EC.3. When Dq = D(2)
q , cui = cwi = 0 for all 1 ≤ i ≤ n and co = 1, the DR CVaR

constraint (6) on overtime is equivalent to linear constraints (EC.10a), (EC.11a)–(EC.11d) with

K = 2, and (EC.15a)–(EC.15g).

Case 2. (Arbitrary No-Shows) Recall that DR CVaR constraint (6) is equivalent to constraints

(EC.10a), (EC.11a)–(EC.11d) with K = n+ 1, and (EC.10c). As Dq = D(n+1)
q , we can apply the

results in Section 4 (see Case 2) to further reformulate (EC.10c) as linear constraints θ + z ≥∑n+1

i=1 αi, (24b), (24d), and (25a)–(25d). This results in the following proposition.

Proposition EC.4. When Dq =D(n+1)
q , the DR CVaR constraint (6) is equivalent to constraints

(EC.10a), (EC.11a)–(EC.11d) with K = n+ 1,
∑n+1

i=1 αi ≤ θ+ z, (24b), (24d), and (25a)–(25d).

EC.3. Proofs for the DR Expectation Model

EC.3.1. Proof of Lemma 1

Proof of Lemma 1 First, feasible regions Y andDq×Ds are both independent of x, ρ, and γ, and

bounded. Hence, maxy∈Y h(x, y, ρ, γ)≡maxy∈Y,(q,s)∈Dq×Ds{
∑n

i=1(qisi−xi)yi −
∑n

i=1(ρisi+γiqi)}<

+∞. Second, for any fixed y, q, and s,
∑n

i=1(qisi − xi)yi −
∑n

i=1(ρisi + γiqi) is a linear function

of x, ρ, and γ. It follows that maxy∈Y h(x, y, ρ, γ) is the maximum of a set of linear functions of

x, ρ, and γ, and hence convex and piecewise linear. Third, it is clear that each linear piece of

function maxy∈Y h(x, y, ρ, γ) is associated with one distinct extreme point of polyhedra Y , Dq, and

Ds respectively. Therefore, the number of pieces of function maxy∈Y h(x, y, ρ, γ) is finite because

each of these polyhedra has a finite number of extreme points. This completes the proof. �

EC.3.2. Proof of Lemma 2

Proof of Lemma 2 For fixed x, ρ, and γ, in view of the definition of function h(x, y, ρ, γ) in

(12c), we have h(x, y, ρ, γ) = max(q,s)∈Dq×DsH(q, s, y), where H(q, s, y) is a linear function of

variable y. It follows that h(x, y, ρ, γ) is the supremum of a set of convex functions of y, and hence

itself convex in variable y. �
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EC.3.3. Proof of Proposition 1

Proof of Proposition 1 First, because pikj ≡ qitkj, equality (20a) can be obtained via multiplying

equalities
∑i

k=1

∑n+1

j=i tkj = 1 by qi on both sides.

Second, because oikj ≡ qisitkj ≡ sipikj, and by equalities (20a) and si ∈ [sLi , s
U
i ], we have

i∑
k=1

n+1∑
j=i

(oikj − sLi pikj) = (si− sLi )
i∑

k=1

n+1∑
j=i

pikj = (si− sLi )qi ≤ (si− sLi ),

i∑
k=1

n+1∑
j=i

(oikj − sUi pikj) = (si− sUi )
i∑

k=1

n+1∑
j=i

pikj = (si− sUi )qi ≥ (si− sUi ),

which shows the validity of inequalities (20b) and (20c).

Third, for 1≤ k < j ≤ n+ 1 and k ≤ i≤ j −K + 1, because
∑i+K−1

`=i q` ≥ 1 by the definition of

D(K)
q , we have

i+K−1∑
`=i

p`kj =
i+K−1∑
`=i

q`tkj =

(
i+K−1∑
`=i

q`

)
tkj ≥ tkj,

which shows the validity of inequalities (20d).

Fourth, for i= 1, . . . , n, because
∑i

k=1

∑n+1

j=i tkj = 1 and
∑i+1

k=1

∑n+1

j=i+1 tkj = 1 by constraints (17b),

we have

0 =
i∑

k=1

n+1∑
j=i

tkj −
i+1∑
k=1

n+1∑
j=i+1

tkj =
i∑

k=1

tki−
n+1∑
j=i+1

t(i+1)j. (EC.16)

We show the validity of inequalities (20e) for all i = K − 1, . . . , n. If
∑i−K+2

k=1 tki = 0, then the

conclusion holds because each pikj ≥ 0. Now suppose that
∑i−K+2

k=1 tki = 1, then
∑n+1

j=i+1 t(i+1)j = 1

in view of (EC.16). It follows that

i−K+2∑
k=1

i∑
`=i−K+2

p`ki +
n+1∑
j=i+1

p(i+1)(i+1)j =

(
i∑

`=i−K+2

q`

)(
i−K+2∑
k=1

tki

)
+ qi+1

n+1∑
j=i+1

t(i+1)j

=
i+1∑

`=i−K+2

q` ≥ 1,

where the last inequality is due to the definition of D(K)
q .

Finally, we show the validity of inequalities (20f) for all i= 1, . . . , n−K+2. If
∑n+1

j=i+K−1 t(i+1)j =

0, then the conclusion holds because each pikj ≥ 0. Now suppose that
∑n+1

j=i+K−1 t(i+1)j = 1, then∑i

k=1 tki = 1 in view of (EC.16). It follows that

i∑
k=1

piki +
i+K−1∑
`=i+1

n+1∑
j=i+K−1

p`(i+1)j = qi

(
i∑

k=1

tki

)
+

(
i+K−1∑
`=i+1

q`

)(
n+1∑

j=i+K−1

t(i+1)j

)

=
i+K−1∑
`=i

q` ≥ 1,

where the last inequality is due to the definition of D(K)
q . �
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EC.3.4. Proof of Theorem 1

Recall that polyhedron CF = {(t, q, s, p, o) : (17b), (18a), (18c), (20a)–(20d), (21)} in Theorem 1.

We first study the extreme points of polyhedron CF and show their properties as follows.

Proposition EC.5. Every extreme point (t, q, s, p, o) of CF satisfies the following:

1. tkj, pikj ∈ {0,1} for all 1≤ k≤ j ≤ n+ 1 and k≤ i≤ j;

2. qi ∈ {0,1} for all 1≤ i≤ n+ 1;

3. pikj = qitkj and oikj = qisitkj for all 1≤ k≤ j ≤ n+ 1 and k≤ i≤ j.

Proof of Proposition EC.5 Consider arbitrary cost coefficients cqi and csi for all 1 ≤ i ≤ n+ 1,

ctkj for all 1≤ k ≤ j ≤ n+ 1, and cpikj and coikj for all 1≤ k ≤ j ≤ n+ 1 and k ≤ i≤ j. We construct

a related linear program

(LP-CF) min
t,q,s,p,o

n+1∑
i=1

(cqi qi + csisi) +
n+1∑
k=1

n+1∑
j=k

(
ctkjtkj +

j∑
i=k

(
cpikjpikj + coikjoikj

))
s.t. (t, q, s, p, o)∈CF.

To prove that each extreme point of CF satisfies properties 1, 2, and 3, we show for any values of

ctkj, c
q
i , c

s
i, c

p
ikj, and coikj, there exists an optimal solution (t∗, q∗, s∗, p∗, o∗) to (LP-CF) that satisfies

properties 1, 2, and 3 (cf. Wolsey 1998, Nemhauser and Wolsey 1999).

First, in view of equalities (20a), we can assume that cqi = 0 for all 1≤ i≤ n+ 1 w.l.o.g., because

we can always replace each cpikj with cpikj + cqi so that variables pikj will carry the cost of decisions

qi. It follows that we can ignore variables qi in (LP-CF) because they do not contribute to the

objective function and their values entirely depend on pikj by constraints (20a). Also, we note

that (i) sLi pikj ≤ oikj ≤ sUi pikj by (18c), and so pikj ≥ 0 for all 1≤ k ≤ i≤ j ≤ n+ 1, and (ii) for all

1≤ i≤ n+ 1,
∑i

k=1

∑n+1

j=i pikj ≤
∑i

k=1

∑n+1

j=i tkj = 1 by (18a) and (17b).

Second, we rewrite (LP-CF) as a two-stage formulation as follows:

min
t,p

n+1∑
k=1

n+1∑
j=k

(
ctkjtkj +

j∑
i=k

cpikjpikj

)
+V (p)

s.t. (t, p)∈CFt,p,

where polyhedron CFt,p := {(t, p) : (17b), (18a), (20d), (21)} and V (p) represents a value function

of p defined as

(LP-CF(p)) V (p) := min
s,o

n+1∑
i=1

csisi +
n+1∑
k=1

n+1∑
j=k

j∑
i=k

coikjoikj

s.t. (s, o)∈CFs,o(p),
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where

CFs,o(p) =

{
(s, o) : oikj ≥ sLi pikj ∀1≤ k≤ j ≤ n+ 1, ∀k≤ i≤ j, (EC.17a)

oikj ≤ sUi pikj ∀1≤ k≤ j ≤ n+ 1, ∀k≤ i≤ j, (EC.17b)

si−
i∑

k=1

n+1∑
j=i

(oikj − sLi pikj)≥ sLi ∀1≤ i≤ n+ 1, (EC.17c)

si−
i∑

k=1

n+1∑
j=i

(oikj − sUi pikj)≤ sUi ∀1≤ i≤ n+ 1

}
(EC.17d)

represents a parametric polyhedron depending on the values of pikj. We solve (LP-CF(p)) by

considering its dual formulation

V (p) = max
ψ,ω

n+1∑
i=1

i∑
k=1

n+1∑
j=i

(
sLi pikjψ

L
ikj − sUi pikjψU

ikj

)
+

n+1∑
i=1

[
sLi

(
1−

i∑
k=1

n+1∑
j=i

pikj

)
ωL
i − sUi

(
1−

i∑
k=1

n+1∑
j=i

pikj

)
ωU
i

]
s.t. ψL

ikj −ψU
ikj −ωL

i +ωU
i = coikj ∀1≤ k≤ j ≤ n+ 1, ∀k≤ i≤ j, (EC.18a)

ωL
i −ωU

i = csi ∀1≤ i≤ n+ 1, (EC.18b)

where dual variables ψ
L/U
ikj and ω

L/U
i are associated with primal constraints (EC.17a)–(EC.17b)

and (EC.17c)–(EC.17d), respectively (after transforming all “≤” inequalities into the “≥” form),

and dual constraints (EC.18a) and (EC.18b) are associated with primal variables oikj and si,

respectively. Because pikj ≥ 0 for all 1≤ k ≤ i≤ j ≤ n+ 1 and 1−
∑i

k=1

∑n+1

j=i pikj ≥ 0 for all 1≤
i≤ n+ 1, a dual optimal solution to problem (LP-CF(p)) is ψL∗

ikj = (coikj + csi)
+, ψU∗

ikj = (−coikj− csi)+,

ωL∗
i = (csi)

+, and ωU∗
i = (−csi)+. It follows that

V (p) =

n+1∑
i=1

[
sLi (csi)

+− sUi (−csi)+
]

+

n+1∑
i=1

i∑
k=1

n+1∑
j=i

[
sLi (coikj + csi)

+− sUi (−coikj − csi)+− sLi (csi)
+ + sUi (−csi)+

]
pikj

is a linear function of p. Therefore, (LP-CF) is equivalent to optimizing a linear function of (t, p) on

polyhedron CFt,p. It follows that there exists an optimal solution (t∗, p∗, s∗, o∗) to (LP-CF) where

(t∗, p∗) is an extreme point of polyhedron CFt,p.

Third, we show that all extreme points of CFt,p are integral. To this end, we show that the

constraint matrix describing CFt,p is totally unimodular (TU). For presentation convenience, we

rewrite the constraints defining CFt,p in inequalities as follows:

i∑
k=1

n+1∑
j=i

tkj ≥ 1 ∀i= 1, . . . , n+ 1, (EC.19a)

−
i∑

k=1

n+1∑
j=i

tkj ≥ − 1 ∀i= 1, . . . , n+ 1, (EC.19b)

−tkj + pikj + p(i+1)kj ≥ 0 ∀1≤ k < j ≤ n+ 1, ∀k≤ i≤ j− 1, (EC.19c)

−
i∑

k=1

tki +
i∑

k=1

piki +
n+1∑
j=i+1

p(i+1)(i+1)j ≥ 0 ∀i= 1, . . . , n, (EC.19d)
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tkj − pikj ≥ 0 ∀1≤ k≤ j ≤ n+ 1, ∀k≤ i≤ j, (EC.19e)

and we denote the constraint matrix as

CF0
t,p :=



(
∑i

k=1

∑n+1

j=i tkj), ∀1≤ i≤ n+ 1

(−
∑i

k=1

∑n+1

j=i tkj), ∀1≤ i≤ n+ 1

(−tkj + pikj + p(i+1)kj), ∀1≤ k < j ≤ n+ 1,∀k≤ i≤ j− 1

(−
∑i

k=1 tki +
∑i

k=1 piki +
∑n+1

j=i+1 p(i+1)(i+1)j), ∀1≤ i≤ n
(tkj − pikj), ∀1≤ k≤ i≤ j ≤ n+ 1


,

where the five row sub-matrices in matrix CF0
t,p are associated with the left-hand side of constraints

(EC.19a)–(EC.19e), respectively. To show that matrix CF0
t,p is TU, we conduct pivot operations

on the matrix with variables pikj and tkj. Note that a matrix is TU if and only if it remains TU

after pivot operations (Nemhauser and Wolsey 1999). We conduct the following pivot operations

in order.

(i) For all 1≤ k ≤ j ≤ n+ 1 and k ≤ i≤ j, pivot with variable pikj based on the component −1

in sub-matrix (tkj − pikj) (corresponding to constraints (EC.19e)). This pivot operation is

equivalent to (a) adding tkj − pikj, for all 1 ≤ k ≤ j ≤ n+ 1 and k ≤ i ≤ j, to the left-hand

side of every constraint (EC.19c)–(EC.19d) in which variable pikj has coefficient 1, and (b)

multiplying the left-hand side of each constraint (EC.19e) by −1. As a result, the matrix after

pivoting becomes

CF1
t,p :=



(
∑i

k=1

∑n+1

j=i tkj), ∀1≤ i≤ n+ 1

(−
∑i

k=1

∑n+1

j=i tkj), ∀1≤ i≤ n+ 1

(tkj), ∀1≤ k < j ≤ n+ 1,∀k≤ i≤ j− 1

(
∑n+1

j=i+1 t(i+1)j), ∀1≤ i≤ n
(−tkj + pikj), ∀1≤ k≤ i≤ j ≤ n+ 1


.

Note that sub-matrix (−tkj + pikj + p(i+1)kj) becomes (tkj) because each −tkj + pikj + p(i+1)kj

on the left-hand side of (EC.19c) is summed with tkj − pikj and tkj − p(i+1)kj, and so the

coefficient of each tkj changes from −1 to 1 after pivoting.

(ii) For all 1≤ k < j ≤ n+1, pivot with variable tkj based on any component 1 in sub-matrix (tkj)

(note that there are multiple components 1 corresponding to each variable tkj in sub-matrix

(tkj) and we can pick any one of them). Since all components in each row of sub-matrix

(tkj) are zeros except one equaling 1, these pivot operations (a) make all coefficients of all
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variables tkj zeros in matrix CF1
t,p as long as 1≤ k < j ≤ n+ 1, and (b) keep all coefficients of

all variables pikj unchanged. As a result, the matrix after pivoting becomes

CF2
t,p :=



(tii), ∀1≤ i≤ n+ 1

(−tii), ∀1≤ i≤ n+ 1

(tkj), ∀1≤ k < j ≤ n+ 1,∀k≤ i≤ j− 1

(t(i+1)(i+1)), ∀1≤ i≤ n{
(−tii + piii), ∀1≤ i≤ n+ 1

(pikj), 1≤ k < j ≤ n+ 1,∀k≤ i≤ j− 1


.

It follows that matrix CF2
t,p contains only {−1,0,1} entries, has no more than two nonzero

entries in each row, and the sum of the entries is zero for each row containing two nonzero

entries. Hence, matrix CF2
t,p is TU, and so is matrix CF0

t,p.

Therefore, the extreme points of polyhedron CFt,p are integral and so property 1 is proved.

Fourth, to show property 2, we consider any extreme point (t, q, s, p, o) of polyhedron CF . By

constraints (18a) and (20a), we have qi =
∑i

k=1

∑n+1

j=i pikj ≤
∑i

k=1

∑n+1

j=i tkj = 1, and so qi ∈ {0,1}
because each pikj ∈ {0,1} by property 1. This shows property 2.

Finally, to show property 3, we consider any extreme point (t, q, s, p, o) of polyhedron CF . We

show pikj = qitkj by discussing the following cases.

(i) If qi = 0, then pikj = 0 for all 1 ≤ k ≤ i and i ≤ j ≤ n + 1 because qi =
∑i

k=1

∑n+1

j=i pikj. It

follows that pikj = qitkj.

(ii) If qi = 1, then there exist 1 ≤ k∗ ≤ i and i ≤ j∗ ≤ n+ 1 such that pik∗j∗ = 1 and any other

pikj = 0. It follows that tk∗j∗ = 1 because pikj − tkj ≤ 0 by constraint (18a), and any other

tkj = 0 because
∑i

k=1

∑n+1

j=i tkj = 1 given by (17b). Therefore, we have pik∗j∗ = qitk∗j∗ = 1 and

pikj = qitkj = 0 for all other 1≤ k≤ i and i≤ j ≤ n+ 1.

For all 1≤ i≤ n+ 1, since
∑i

k=1

∑n+1

j=i tkj = 1, there exist 1≤ k∗ ≤ i and i≤ j∗ ≤ n+ 1 such that

tk∗j∗ = 1 and any other tkj = 0. Since (t, q, s, p, o) is an extreme point of polyhedron CF , each oikj

satisfies either inequality (EC.17a) or (EC.17b) at equality, and each si satisfies either inequality

(EC.17c) or (EC.17d) at equality. We discuss the following two cases to show oikj = qisitkj.

(i) If qi = 0, then pikj = qitkj = 0 for all 1≤ k ≤ i and i≤ j ≤ n+ 1. It follows from inequalities

(EC.17a)–(EC.17b) that each corresponding oikj = 0. Therefore, we have oikj = sipikj = 0, or

equivalently oikj = qisitkj = 0, for all 1≤ k≤ j ≤ n+ 1 and k≤ i≤ j.
(ii) If qi = 1, then pik∗j∗ = qitk∗j∗ = 1 and pikj = 0 for all other 1≤ k ≤ i and i≤ j ≤ n+ 1. Then,

inequalities (EC.17a)–(EC.17b) yield oikj = sipikj = 0 for all 1≤ k ≤ i and i≤ j ≤ n+ 1 such

that (k, j) 6= (k∗, j∗). Furthermore, inequalities (EC.17c)–(EC.17d) yield

si−
i∑

k=1

n+1∑
j=i

(oikj − sLi pikj) = si− oik∗j∗ + sLi pik∗j∗ ≥ sLi ,
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si−
i∑

k=1

n+1∑
j=i

(oikj − sUi pikj) = si− oik∗j∗ + sUi pik∗j∗ ≤ sUi .

It follows that si = oik∗j∗ . Therefore, we have oik∗j∗ = sipik∗j∗ .

�

We are now ready to show Theorem 1.

Proof of Theorem 1 (CF ⊇ conv(F )) By Proposition 1, since polyhedron CF consists of either

trivial equalities/inequalities or valid inequalities of set F , we have (t, q, s, p, o)∈CF if (t, q, s, p, o)∈

F . It follows that CF ⊇ conv(F ).

(CF ⊆ conv(F )) By Proposition EC.5, since each extreme point (t, q, s, p, o) of CF satisfies proper-

ties 1, 2, and 3, (t, q, s, p, o)∈ F . By the Minkowski’s Theorem on polyhedron, we have x∈ conv(F )

if x∈CF . It follows that CF ⊆ conv(F ). This completes the proof. �

EC.4. Proofs for the DR CVaR Model

EC.4.1. Proof of Proposition EC.1

Proof of Proposition EC.1 We analyze the following two cases based on the value of K.

When K ∈ {2, . . . , n}: For the embedded minimization problem in constraint (EC.10b), we observe

that the constraint matrix of Dq, described by constraints
∑i+K−1

j=i qj ≥ 1 for all 1≤ i≤ n−K + 1,

is an interval matrix and thus TU. It follows that conv(Dq) = {q ∈ [0,1]n :
∑i+K−1

j=i qj ≥ 1, ∀1 ≤

i≤ n−K + 1}. Because the feasible regions of variables q and s (i.e., Dq and Ds) are disjoint in

(EC.10b), we can replace Dq with conv(Dq) and obtain

θ+ min
q,s

{
n∑
i=1

ρisi +
n∑
i=1

γiqi

}
≥ 0 (EC.20a)

s.t. sLi ≤ si ≤ sUi ∀1≤ i≤ n, (EC.20b)
i+K−1∑
j=i

qj ≥ 1 ∀1≤ i≤ n−K + 1, (EC.20c)

qi ≤ 1 ∀1≤ i≤ n, (EC.20d)

qi, si ≥ 0 ∀1≤ i≤ n. (EC.20e)

Presenting linear program (EC.20) in its dual form yields (EC.11a)–(EC.11d), where dual variables

χ
L/U
i , βi, and ηi are associated with constraints (EC.20b), (EC.20c), and (EC.20d) respectively, and

dual constraints (EC.11b) and (EC.11c) are associated with primal variables qi and si, respectively.

When K = n+ 1: In this case, Dq = {0,1}n and so conv(Dq) = [0,1]n. It follows that constraint

(EC.10b) is equivalent to

θ+ min
q,s

{
n∑
i=1

ρisi +
n∑
i=1

γiqi

}
≥ 0
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s.t. sLi ≤ si ≤ sUi ∀1≤ i≤ n,

qi ≤ 1 ∀1≤ i≤ n,

qi, si ≥ 0 ∀1≤ i≤ n,

Similar to the case when K ∈ {2, . . . , n}, we can present the embedded LP in its dual form to obtain

the following linear constraints:

θ+
n∑
i=1

(sLi χ
L
i − sUi χU

i − ηi) ≥ 0,

−ηi ≤ γi ∀1≤ i≤ n,

χL
i −χU

i ≤ ρi ∀1≤ i≤ n,

χL
i , χ

U
i , ηi ≥ 0 ∀1≤ i≤ n.

We note that these linear constraints are equivalent to (EC.11a)–(EC.11d) because
∑n−K+1

i=1 βi =∑0

i=1 βi = 0 and
∑min{i,n−K+1}

j=max{i−K+1,1} βj =
∑0

j=1 βj = 0. The proof is completed. �

EC.4.2. Proof of Theorem EC.1

We take the following three steps to prove Theorem EC.1.

Step 1: We prove the validity of inequalities (EC.13a)–(EC.13f) in the following proposition.

Proposition EC.6. When Dq = D(2)
q , inequalities (EC.13a)–(EC.13f) are valid for set G =

{(t, q, s, p, o) : (EC.12b)–(EC.12g)}.

Proof of Proposition EC.6 First, since
∑n

k=1 tk ≤ 1 by constraint (EC.12f) and qn ≥ 0, we have

n∑
k=1

pkn = qn

n∑
k=1

tk ≤ qn,

which shows inequality (EC.13a).

Second, for all 1≤ k≤ i≤ n− 1, since qi + qi+1 ≥ 1 by the definition of Dq and tk ≥ 0, we have

pki + pk(i+1) = tk(qi + qi+1) ≥ tk,

which shows inequalities (EC.13b).

Third, for all 1≤ i≤ n, since ti ≥ 0, ∀i and thus
∑i

k=1 tk ≤
∑n

k=1 tk ≤ 1 by constraint (EC.12f)

and since qi ≤ 1 ⇒ qi− 1≤ 0, we have

i∑
k=1

(pki− tk) = (qi− 1)
i∑

k=1

tk ≥ qi− 1,

which shows inequality (EC.13c).
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Fourth, for all 1 ≤ i ≤ n − 1 because (a)
∑i

k=1 tk ≤
∑n

k=1 tk ≤ 1 by constraint (EC.12f) and

tk ≥ 0, ∀k, and (b) qi + qi+1 ≥ 1 by the definition of Dq, we have

i∑
k=1

(pki + pk(i+1))− (qi + qi+1) = (qi + qi+1)
i∑

k=1

tk− (qi + qi+1)

= (qi + qi+1)

(
i∑

k=1

tk− 1

)
≤

i∑
k=1

tk− 1,

which shows inequality (EC.13d).

Finally, for each 1≤ i≤ n, since
∑n

k=1 tk ≤ 1 by constraint (EC.12f), and tk, qi ∈ [0,1], we have∑i

k=1 pki = qi(
∑i

k=1 tk)≤ qi(
∑n

k=1 tk)≤ 1. Also, because si ∈ [sLi , s
U
i ], it follows that

i∑
k=1

(oki− sLi pki) = (si− sLi )
i∑

k=1

pki ≤ si− sLi ,

i∑
k=1

(oki− sUi pki) = (si− sUi )
i∑

k=1

pki ≥ si− sUi ,

which shows inequalities (EC.13e)–(EC.13f). �

Step 2: We show the properties of the extreme points of polyhedron CG in the following propo-

sition. Recall that CG= {(t, q, s, p, o) : (EC.12b), (EC.12d), (EC.13a)–(EC.13f)}.

Proposition EC.7. Each extreme point (t, q, s, p, o) of CG has the following properties:

1. tk, qi, pki ∈ {0,1} for all 1≤ k≤ i≤ n;

2. pki = tkqi and oki = tkqisi for all 1≤ k≤ i≤ n.

Proof of Proposition EC.7 For any ctk, c
q
i , c

s
i, c

p
ki, and coki for all 1≤ k≤ i≤ n, we consider linear

program

(LP-CG) min
t,q,s,p,o

n∑
i=1

(cqi qi + csisi) +
n∑
k=1

(
ctktk +

n∑
i=k

(cpkipki + cokioki)

)
s.t. (t, q, s, p, o)∈CG.

To prove that each extreme point of CG satisfies properties 1 and 2, we show that for any ctk, c
q
i , c

s
i,

cpki, and coki, there exists an optimal solution (t∗, q∗, s∗, p∗, o∗) to (LP-CG) that satisfies properties

1 and 2. First, we rewrite (LP-CG) as a two-stage formulation as follows:

min
t,q,p

n∑
i=1

cqi qi +
n∑
k=1

(
ctktk +

n∑
i=k

cpkipki

)
+V (p)

s.t. (t, q, p)∈CGt,q,p,

where polyhedron CGt,q,p := {(t, q, p) : (EC.12b), (EC.13a)–(EC.13d)} and V (p) represents a value

function of p defined as

(LP-CG(p)) V (p) := min
s,o

{
n∑
i=1

csisi +
n∑
k=1

n∑
i=k

cokioki : (s, o)∈CGs,o(p)

}
,
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where CGs,o(p) =

{
(s, o) : (EC.12d), (EC.13e), (EC.13f)

}

=

{
(s, o) : oki ≥ sLi pki ∀1≤ k≤ i≤ n, (EC.21a)

oki ≤ sUi pki ∀1≤ k≤ i≤ n, (EC.21b)

si−
i∑

k=1

(oki− sLi pki)≥ sLi ∀1≤ i≤ n, (EC.21c)

si−
i∑

k=1

(oki− sUi pki)≤ sUi ∀1≤ i≤ n

}
(EC.21d)

represents a parametric polyhedron depending on the values of pki. We solve (LP-CG(p)) by con-

sidering its dual formulation

V (p) = max
ψ,ω

n∑
i=1

i∑
k=1

(sLi pkiψ
L
ki− sUi pkiψU

ki) +
n∑
i=1

[
sLi

(
1−

i∑
k=1

pki

)
ωL
i − sUi

(
1−

i∑
k=1

pki

)
ωU
i

]
s.t. ψL

ki−ψU
ki−ωL

i +ωU
i = coki ∀1≤ k≤ i≤ n, (EC.22a)

ωL
i −ωU

i = csi ∀1≤ i≤ n, (EC.22b)

where dual variables ψ
L/U
ki and ω

L/U
i are associated with primal constraints (EC.21a)–(EC.21b) and

(EC.21c)–(EC.21d), respectively (after transforming all “≤” inequalities into the “≥” form), and

dual constraints (EC.22a) and (EC.22b) are associated with primal variables oki and si, respectively.

Because (i) sLi pki ≤ oki ≤ sUi pki by (EC.12d), and so pki ≥ 0 for all 1 ≤ k ≤ i ≤ n, and (ii) sLi (1−∑i

k=1 pki)≤ si−
∑i

k=1 oki ≤ sUi (1−
∑i

k=1 pki) by (EC.13e)–(EC.13f), and so 1−
∑i

k=1 pki ≥ 0 for all

1≤ i≤ n, a dual optimal solution to problem (LP-CG(p)) is ψL∗
ki = (coki + csi)

+, ψU∗
ki = (−coki− csi)+,

ωL∗
i = (csi)

+, and ωU∗
i = (−csi)+. It follows that

V (p) =
n∑
i=1

[
sLi (c

s
i)

+− sUi (−csi)+
]

+
n∑
i=1

i∑
k=1

[
sLi (c

o
ki + csi)

+− sUi (−coki− csi)+− sLi (csi)+ + sUi (−csi)+
]
pki

is a linear function of p. Therefore, (LP-CG) is equivalent to optimizing a linear function of (t, q, p)

on polyhedron CGt,q,p. It follows that there exists an optimal solution (t∗, q∗, s∗, p∗, o∗) to (LP-CG)

where (t∗, q∗, p∗) is an extreme point of polyhedron CGt,q,p.

Second, we show that all extreme points of CGt,q,p are integral. To this end, we show that the

constraint matrix describing CGt,q,p is TU. For presentation convenience, we rewrite the constraints

defining CGt,q,p as follows:

qi + qi+1 +
i∑

k=1

tk−
i∑

k=1

(pki + pk(i+1)) ≥ 1 ∀1≤ i≤ n− 1 (EC.23a)

qn−
n∑
k=1

pkn ≥ 0, (EC.23b)
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−qi−
i∑

k=1

tk +
i∑

k=1

pki ≥ − 1 ∀1≤ i≤ n, (EC.23c)

−tk + pki + pk(i+1) ≥ 0 ∀1≤ k≤ i≤ n− 1, (EC.23d)

tk− pki ≥ 0 ∀1≤ k≤ i≤ n, (EC.23e)

and we denote the constraint matrix as

CG0
t,q,p :=



(qi + qi+1 +
∑i

k=1 tk−
∑i

k=1(pki + pk(i+1))), ∀1≤ i≤ n− 1

(qn−
∑n

k=1 pkn)

(−qi−
∑i

k=1 tk +
∑i

k=1 pki), ∀1≤ i≤ n
(−tk + pki + pk(i+1)), ∀1≤ k≤ i≤ n− 1

(tk− pki), ∀1≤ k≤ i≤ n


,

where the five rows of sub-matrices are associated with constraints (EC.23a)–(EC.23e), respectively.

To show that matrix CG0
t,q,p is TU, we conduct pivot operations on the matrix with variables pki, tk,

and qi. Note that a matrix is TU if and only if it remains TU after pivot operations (cf. Nemhauser

and Wolsey 1999). We conduct the following pivot operations in order.

(i) For all 1 ≤ k ≤ i ≤ n, pivot with variable pki based on the component −1 in sub-matrix

(tk − pki) (corresponding to constraints (EC.23e)). This pivot operation is equivalent to (a)

adding tk − pki, for all 1 ≤ k ≤ i ≤ n, to the left-hand side of every constraint (EC.23c)–

(EC.23d) in which variable pki has coefficient 1, (b) adding pki− tk, for all 1≤ k ≤ i≤ n, to

the left-hand side of every constraint (EC.23a)–(EC.23b) in which variable pki has coefficient

−1 and (c) multiplying each left-hand side of constraint (EC.23e) by −1. As a result, the

matrix after pivoting becomes

CG1
t,q,p :=



(qi + qi+1−
∑i

k=1 tk), ∀1≤ i≤ n− 1

(qn−
∑n

k=1 tk)

(−qi), ∀1≤ i≤ n
(tk), ∀1≤ k≤ i≤ n− 1

(−tk + pki), ∀1≤ k≤ i≤ n


,

Note that sub-matrix (−tk + pki + pk(i+1)) becomes (tk) because the left-hand side of each

constraint (EC.23d), −tk + pki + pk(i+1), is summed with tk − pki and tk − pk(i+1) and so the

coefficient of each tk changes from −1 to 1 after pivoting. Meanwhile, sub-matrix (−qi −∑i

k=1 tk +
∑i

k=1 pki) becomes (−qi) after pivoting because, for each 1≤ i≤ n, −qi−
∑i

k=1 tk +∑i

k=1 pki is summed with tk− pki for all 1≤ k≤ i.

(ii) For all 1 ≤ k ≤ n− 1, pivot with variable tk based on any component 1 in sub-matrix (tk)

(note that there are multiple components 1 associated with each variable tk in (tk) and we
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can pick any one of them). Since all components in each row of sub-matrix (tk) are zeros

except one equaling 1, these pivot operations (a) make all coefficients of all variables tk zeros

in matrix CG1
t,q,p as long as 1≤ k ≤ n− 1, and (b) keep all coefficients of all variables qi and

pki unchanged. As a result, the matrix after pivoting becomes

CG2
t,q,p :=



(qi + qi+1), ∀1≤ i≤ n− 1

(qn− tn)

(−qi), ∀1≤ i≤ n
(tk), ∀1≤ k≤ i≤ n− 1{

(pki), ∀1≤ k≤ i≤ n− 1

(−tn + pnn),


.

(iii) For all 1≤ i≤ n, pivot with variable qi based on any component −1 in sub-matrix (−qi) in

CG2
t,q,p. Since (−qi) is an identity matrix, these pivot operations eliminate all coefficients of

variables qi in all other sub-matrices. As a result, the matrix after pivoting becomes

CG2
t,q,p :=



(0), ∀1≤ i≤ n− 1

(−tn)

(qi), ∀1≤ i≤ n
(tk), ∀1≤ k≤ i≤ n− 1{

(pki), ∀1≤ k≤ i≤ n− 1

(−tn + pnn),


.

It follows that matrix CG3
t,q,p contains only {−1,0,1} entries, has no more than two nonzero

entries in each row, and the sum of the entries is zero for each row containing two nonzero

entries. Hence, matrix CG3
t,q,p is TU, and so is matrix CG0

t,q,p.

Therefore, the extreme points of polyhedron CGt,q,p are integral and so property 1 is proved.

Third, to show property 2, we consider any extreme point (t, q, s, p, o) of polyhedron CG. Because∑n

k=1 tk ≤ 1 and each tk ∈ {0,1} by property 1, we show pki = tkqi by discussing the following two

cases on values of tk.

(i) If tk = 0 for all 1≤ k ≤ n, then pki = 0 for all 1≤ k ≤ i≤ n because pki ≤ tk. It follows that

pki = tkqi = 0.

(ii) If there exists 1≤ k∗ ≤ n such that tk∗ = 1, then any other tk = 0. It follows that pki = 0, and

so pki = tkqi = 0 for all 1≤ k≤ i≤ n and k 6= k∗. For all k∗ ≤ i≤ n, constraints (EC.13c) yield

−qi−
i∑

k=1

tk +
i∑

k=1

pki = −qi− 1 + pk∗i ≥ −1 ⇒ pk∗i ≥ qi.

Also, for all k∗ ≤ i≤ n− 1, constraints (EC.13d) yield

qi + qi+1 +
i∑

k=1

tk−
i∑

k=1

(pki + pk(i+1)) = qi + qi+1 + 1− pk∗i− pk∗(i+1) ≥ 1
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⇒ pk∗i + pk∗(i+1) ≤ qi + qi+1.

It follows that pk∗i+pk∗(i+1) = qi+qi+1 for all k∗ ≤ i≤ n−1. Furthermore, constraint (EC.13a)

implies qn −
∑n

k=1 pkn = qn − pk∗n ≥ 0, and so qn = pk∗n. Therefore, qi = pk∗i, or equivalently

qi = tk∗pk∗i since tk∗ = 1, for all k∗ ≤ i≤ n.

Since (t, q, s, p, o) is an extreme point of polyhedron CG, each oki satisfies either inequality (EC.21a)

or (EC.21b) at equality, and each si satisfies either inequality (EC.21c) or (EC.21d) at equality.

We discuss the following cases to show oki = sipki = tkqisi.

(i) If tk = 0 for all 1≤ k ≤ n, then pki = 0 for all 1≤ k ≤ i≤ n because pki ≤ tk. It follows that

oki = 0 by constraints (EC.12d). Therefore, oki = sipki = 0.

(ii) If there exists 1 ≤ k∗ ≤ n such that tk∗ = 1, then any other tk = 0. It follows that pki = 0,

and so oki = sipki = 0 for all 1≤ k ≤ i≤ n and k 6= k∗. Then, for all k∗ ≤ i≤ n, inequalities

(EC.21c)–(EC.21d) yield

si−
i∑

k=1

(oki− sLi pki) = si− ok∗i + sLi pk∗i ≥ sLi , (EC.24a)

si−
i∑

k=1

(oki− sUi pki) = si− ok∗i + sUi pk∗i ≤ sUi . (EC.24b)

Hence, each si satisfies either inequality (EC.24a) or (EC.24b) at equality. We discuss the

following two sub-cases to finish the proof.

Sub-case 1. If pk∗i = 0, then ok∗i = 0 by constraints (EC.12d). Therefore, ok∗i = sipk∗i = 0.

Sub-case 2. If pk∗i = 1, then inequalities (EC.24a)–(EC.24b) imply si = ok∗i. Therefore, ok∗i =

sipk∗i.

�

Step 3: Finally, we prove Theorem EC.1 based on the previous two propositions.

Proof of Theorem EC.1 (CG⊇ conv(G)) By Proposition EC.6, since polyhedron CG consists

of either trivial equalities/inequalities or valid inequalities of set G, we have (t, q, s, p, o) ∈ CG if

(t, q, s, p, o)∈G. It follows that CG⊇ conv(G).

(CG⊆ conv(G)) By Proposition EC.7, since each extreme point (t, q, s, p, o) of CG satisfies proper-

ties 1, 2, and 3, (t, q, s, p, o)∈G. By the Minkowski’s Theorem on polyhedron, we have x∈ conv(G)

if x∈CG. It follows that CG⊆ conv(G). This completes the proof. �

EC.5. Optimal Schedule Demonstration

We demonstrate in Figure EC.1 the optimal schedules of instances with n = 10 appointments,

produced by E-D(2)
q , E-D(n+1)

q , and SLP for R= 0,1 and 1− νi = 0.2,0.4, ∀i= 1, . . . , n. The points
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Figure EC.1 Appointment schedules produced by E-D
(2)
q , E-D

(n+1)
q , and SLP for different settings of parameter

R (time limit) and 1− νi (no-show probability)

(i, xi) of every model in each subfigure correspond to the time interval (in minute) assigned in

between the arrivals of appointments i and i+ 1, for all i= 1, . . . ,9.

As shown in Figure EC.1, SLP almost equally distributes the time in between each arrival and

schedules a long interval for the last appointment, for all combinations of 1− νi and R values.

As compared to SLP, both E-D(2)
q and E-D(n+1)

q intend to schedule longer inter-arrival time for

the early appointments but significantly shorter time towards the end. The purpose is to mitigate

the waiting time that may accumulate due to long service durations (also reflected by the shorter

waiting time for the DR models in Tables 4 and 5). When the no-show probability is relative small

(i.e., 1− νi = 0.2, ∀i= 1, . . . , n) and the time limit T is sufficiently long (i.e., R= 1), both E-D(2)
q

and E-D(n+1)
q yield the same optimal schedule (also reflected by the same optimal objective value

of the two models in Table 3).
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