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Abstract

We consider distributed optimization problems where networked nodes
cooperatively minimize the sum of their locally known convex costs. A
popular class of methods to solve these problems are the distributed gra-
dient methods, which are attractive due to their inexpensive iterations,
but have a drawback of slow convergence rates. This motivates the incor-
poration of second-order information in the distributed methods, but this
task is challenging: although the Hessians which arise in the algorithm
design respect the sparsity of the network, their inverses are dense, hence
rendering distributed implementations difficult. We overcome this chal-
lenge and propose a class of distributed Newton-like methods, which we
refer to as Distributed Quasi Newton (DQN). The DQN family approx-
imates the Hessian inverse by: 1) splitting the Hessian into its diagonal
and off-diagonal part, 2) inverting the diagonal part, and 3) approximat-
ing the inverse of the off-diagonal part through a weighted linear function.
The approximation is parameterized by the tuning variables which corre-
spond to different splittings of the Hessian and by different weightings of
the off-diagonal Hessian part. Specific choices of the tuning variables give
rise to different variants of the proposed general DQN method – dubbed
DQN-0, DQN-1 and DQN-2 – which mutually trade-off communication
and computational costs for convergence. Simulations illustrate that the
proposed DQN methods compare favorably with existing alternatives.

Key words: Distributed optimization, second order methods, Newton-
like methods, linear convergence.

AMS subject classification. 90C25, 90C53, 65K05

∗Biosense Institute, University of Novi Sad, Zorana Djindjića 3, 21000 Novi Sad, Serbia,
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1 Introduction

We consider a connected network with n nodes, each of which has access to a
local cost function fi : Rp → R, i = 1, . . . , n. The objective for all nodes is to
minimize the aggregate cost function f : Rp → R, defined by

f(y) =

n∑
i=1

fi(y). (1)

Problems of this form arise in many emerging applications like big data
analytics, e.g., [7], distributed inference in sensor networks [28, 13, 18, 5], and
distributed control, [24].

Various methods for solving (1) in a distributed manner are available in
the literature. A class of methods based on gradient descent at each node
and exchange of information between neighboring nodes is particularly popular,
see [25, 26, 27, 11, 12, 6, 33, 30, 17]. Assuming that the local costs fi’s are
strongly convex and have Lipschitz continuous gradients and that a constant
step size α is used, these methods converge linearly to a solution neighborhood.
With such methods, step size α controls the tradeoff between the convergence
speed towards a solution neighborhood and the distance of the limit point from
the actual solution, larger α means faster convergence but larger distance from
the solution in the limit; see, e.g., [12], [19]. Distributed first order (gradient)
methods allow for a penalty interpretation, where the distributed method is
interpreted as a (centralized) gradient method applied on a carefully constructed
penalty reformulation of the original problem (1); see [12], [19] for details.

Given the existence of well developed theory and efficient implementations
of higher order methods in centralized optimization in general, there is a clear
need to investigate the possibilities of employing higher order methods in dis-
tributed optimization as well. More specifically, for additive cost structures (1)
we study here, a further motivation for developing distributed higher order
methods comes from their previous success when applied to similar problems in
the context of centralized optimization. For example, additive cost (1) is typical
in machine learning applications where second order methods play an impor-
tant role, see, e.g., [2, 3, 4]. Another similar class of problems arise in stochastic
optimization, where the objective function is given in the form of mathematical
expectation. Again, second order methods are successfully applied in centralized
optimization, [10, 14, 15, 22, 23].

There have been several papers on distributed Newton-type methods. A
distributed second-order methods for network utility maximization and net-
work flow optimization are developed in [31] and [34] but on problem formula-
tions different from (1). Network Newton method [19] aims at solving (1) and
presents a family of distributed (approximate) Newton methods. The class of
Newtrok Newton method, refereed to as NN, is extensively analyzed in [20, 21].
The proposed methods are based on the penalty interpretation, [12, 19], of the
distributed gradient method in [25], and they approximate the Newton step
through an `-th order Taylor approximation of the Hessian inverse, ` = 0, 1, ...
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This approximation gives rise to different variants of methods within the family,
dubbed NN-`. Different choices of ` exhibit inherent tradeoffs between the com-
munication cost and the number of iterations until convergence, while NN-0, 1,
and 2 are the most efficient in practice. The proposed methods converge lin-
early to a solution neighborhood, exhibit a kind of quadratic convergence phase,
and show significantly better simulated performance when compared with the
standard distributed gradient method in [25].

In this paper, we propose an alternative to methods in [19], i.e., a different
family of distributed Newton-like methods for solving (1). We refer to the
proposed family as Distributed Quasi Newton methods (DQN). The methods are
designed to exploit the specific structure of the penalty reformulation [12, 19],
as is done in [19], but with a different Hessian inverse approximation, for which
the idea originates in [16]. Specifically, the Hessian matrix is approximated
by its block diagonal part, while the remaining part of the Hessian is used to
correct the right hand side of the quasi Newton equation. In such approximation
one tries to preserve as much of the second order information as possible. The
methods exhibit linear convergence to a solution neighbourhood under a set of
standard assumptions for the functions fi and the network architecture – each
fi is strongly convex and has Lipschitz continuous gradient, and the underlying
network is connected. Simulation examples on (strongly convex) quadratic and
logistic losses demonstrate that DQN compares favourably with NN proposed
in [19].

With the DQN family of methods, the approximation of the Newton step is
parameterized by diagonal matrix Lk in each iteration k and different choices
of Lk give rise to different variants of DQN, which we refer to as DQN-0, 1,
and 2. Specific choices of Lk are discussed in this paper. Different variants
of DQN, based on different matrices Lk tradeoff the number of iterations and
computational cost.

Let us further specify the relation between the proposed DQN family and
NN methods in [19] as the NN methods are used as the benchmark in the
work presented here. The Hessian approximation parameterized with weight
matrix Lk and scalar θ ≥ 0 used in DQN family is in general very different
from the Taylor expansion approximation employed in [19]. Actually, DQN can
be considered a generalization of NN-0 and NN-1, where we recover NN-0 and
NN-1 through certain specific choices of Lk and θ, as explained in Section 3.
Further, with the proposed variants of DQN-0, 1, and 2, we utilize diagonal
matrices Lk which results in computationally less expensive updates from the
respective NN counterparts. Finally, the analysis here is very different from [19],
and the major reason comes from the fact that the Hessian approximation with
DQN is not a symmetric matrix in general. This fact also incurs the need for a
safeguarding step with DQN in general, as detailed in Section 3. We also point
out that results presented in [19] show that NN methods exhibit a quadratic
convergence phase. It is likely that similar results can be shown for certain
variants of DQN methods as well, but detailed analysis is left for future work.

Henceforth, in summary, the main purpose of this paper is to propose a class
of distributed Newton-like methods which are inexpensive from both commu-
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nication and computational points of view. The whole class is characterized
by diagonal matrices Lk’s and non-unit values of the splitting parameter θ (as
opposed to [19] where θ = 1), The convergence rate analysis is provided and
their efficiency is demonstrated through simulation examples.

This paper is organized as follows. In Section 2 we give the problem state-
ment and some preliminaries needed for the definition of the method and con-
vergence analysis. Section 3 contains the description of the proposed class of
Newton-like method and convergence results. Specific choices of the diagonal
matrix that specifies the method completely are presented in Section 4. Some
simulation results are presented in Section 5 while the conclusions are drawn in
Section 6.

2 Preliminaries

Let us first give some preliminaries about the problem (1), its penalty interpre-
tation in [12, 19], as well as the decentralized gradient descent algorithm in [25]
that will be used later on.

The following assumption on the fi’s is imposed.
Assumption A1. The functions fi : Rp → R, i = 1, . . . , n are twice contin-
uously differentiable, and there exist constants 0 < µ ≤ L < ∞ such that for
every x ∈ Rp

µI � ∇2fi(x) � LI.

Here, I denotes the p× p identity matrix, and notation M � N means that the
matrix N −M is positive semi-definite.

This assumption implies that the functions fi, i = 1, . . . , n are strongly
convex with modulus µ > 0,

fi(z) ≥ fi(y) +∇fi(y)T (z − y) +
µ

2
‖z − y‖2, y, z ∈ Rp, (2)

and the gradients are Lipschitz continuous with the constant L i.e.

‖∇fi(y)−∇fi(z)‖ ≤ L‖y − z‖, y, z ∈ Rp, i = 1, . . . , n. (3)

Assume that the network of nodes is an undirected network G = (V, E),
where V is the set of nodes and E is the set of all edges, i.e., all pairs {i, j} of
nodes which can exchange information through a communication link.
Assumption A2. The network G = (V, E) is connected, undirected and simple
(no self-loops nor multiple links).

Let us denote by Oi the set of nodes that are connected with the node i
(open neighborhood of node i) and let Ōi = Oi

⋃
{i} (closed neighborhood of

node i). We associate with G a symmetric, (double) stochastic n×n matrix W.
The elements of W are all nonnegative and rows (and columns) sum up to one.
More precisely, we assume the following.
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Assumption A3. The matrix W = WT ∈ Rn×n is stochastic with elements
wij such that

wij > 0 if {i, j} ∈ E , wij = 0 if {i, j} /∈ E , i 6= j, and wii = 1−
∑
j∈Oi

wij

and there are constants wmin and wmax such that for i = 1, . . . , n

0 < wmin ≤ wii ≤ wmax < 1.

Denote by λ1 ≥ . . . ≥ λn the eigenvalues of W. Then it can be easily seen
that λ1 = 1. Furthermore, the null space of I−W is spanned by e := (1, . . . , 1).

Following [12], [19], the auxiliary function Φ : Rnp → R, and the correspond-
ing penalty reformulation of (1) is introduced as follows. Let x = (x1, . . . , xn) ∈
Rnp with xi ∈ Rp, and denote by Z ∈ Rnp×np the matrix obtained as the
Kronecker product of W and the identity I ∈ Rp×p,Z = W ⊗ I.

The corresponding penalty reformulation of (1) is given by

min
x∈Rnp

Φ(x) := α

n∑
i=1

fi(xi) +
1

2
xT (I− Z)x. (4)

Applying the standard gradient method to (4) with the unit step size we get

xk+1 = xk −∇Φ(xk), k = 0, 1, ..., (5)

which, denoting the i-th p × 1 block of xk by xki , and after rearranging terms,
yields the Decentralized Gradient Descent (DGD) method [25]

xk+1
i =

∑
j∈Ōi

wij x
k
j − α∇fi(xki ), i = 1, . . . , n. (6)

Clearly, the penalty parameter α influences the relation between (4) and (1)
– a smaller α means better agreement between the problems but also implies
smaller steps in (6) and thus makes the convergence slower. It can be shown,
[19] that if ỹ ∈ Rp is the solution of (1) and x∗ := (ȳ1, . . . , ȳn) ∈ Rnp is the
solution of (4) then, for all i,

‖ȳi − ỹ‖ = O(α). (7)

The convergence of (6) towards x∗ is linear, i.e., the following estimate holds
[33, 12],

Φ(xk)− Φ(x∗) ≤ (1− ξ)k(Φ(x0)− Φ(x∗)), (8)

where ξ ∈ (0, 1) is a constant depending on Φ, α and W.
The matrix and vector norms that will be used in the sequel are defined

here. Let ‖ · ‖ denote an arbitrary vector norm on Rn and the corresponding
matrix norm on Rn×n. For a matrix M ∈ Rnp×np with blocks Mij ∈ Rp×p, we
define

‖M‖ := max
j=1,...,n

n∑
i=1

‖Mij‖2,
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where ‖ · ‖2 is the Euclidean norm. For a vector x ∈ Rnp with blocks xi ∈ Rp
the norm is defined as

‖x‖ :=

n∑
i=1

‖xi‖2.

3 Distributed Quasi Newton method

In this section we introduce a class of Quasi Newton methods for solving (4).
The general Distributed Quasi Newton (DQN) method is proposed in Subsection
3.1. The method is characterized by a generic diagonal matrix Lk. Global linear
convergence rate for the class is established in Subsection 3.2, while local linear
convergence rate with the full step size ε = 1 is analyzed in Subsection 3.3.
Specific variants DQN-0, 1, and 2, which correspond to the specific choices of
Lk, are studied in Section 4. As we will see, algorithm DQN has certain tuning
parameters, including the step size ε. Discussion on the tuning parameters
choice is relegated to Section 4.

3.1 The proposed general DQN method

The problem we consider from now on is (4), where we recall Z = W ⊗ I and
W satisfies assumption A3.

The problem under consideration has a specific structure as the Hessian
is sparse if the underlying network is sparse. However its inverse is dense.
Furthermore, the matrix inversion (i.e. linear system solving) is not suitable
for decentralized computation. One possibility of exploiting the structure of
∇2Φ(x) in a distributed environment is presented in [19] where the Newton
step is approximated through a number of inner iterations. We present here a
different possibility. Namely, we keep the diagonal part of∇2Φ(x) as the Hessian
approximation but at the same time use the non-diagonal part of ∇2Φ(x) to
correct the right hand side vector in the (quasi)-Newton equation. Let us define
the splitting

Wd = diag(W ) and Wu = W −Wd,

and Z = Zd + Zu with

Zd = Wd ⊗ I = diag(Z) and Zu = Wu ⊗ I.

Here, diag(W ) denotes the diagonal matrix with the same diagonal as the matrix
W . Hence, matrix Zd is a np × np (block) diagonal matrix whose i-th p × p
block is the scalar matrix wiiI, Zu is a np× np block (symmetric) matrix such
that (i, j)-th p× p off-diagonal blocks are again scalar matrices wijI, while the
diagonal blocks are all equal to zero.

Clearly, the gradient is

∇Φ(x) = α∇F (x) + (I− Z)x,
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where I denotes the np× np identity matrix and

F (x) =

n∑
i=1

fi(xi), ∇F (x) = (∇f1(x1), . . . ,∇fn(xn)),

while the Hessian is
∇2Φ(x) = α∇2F (x) + I− Z

where∇2F (x) is the block diagonal matrix with the ith diagonal block∇2fi(xi).
The general Distributed Quasi Newton, DQN, algorithm is presented below.

Denote by k the iteration counter, k = 0, 1, ..., and let xk = (xk1 , ..., x
k
n) ∈ Rnp

be the estimate of x∗ at iteration k. Consider the following splitting of the
Hessian

∇2Φ(xk) = Ak −G, (9)

with
Ak = α∇2F (xk) + (1 + θ)(I− Zd) (10)

and
G = Zu + θ(I− Zd)

for some θ ≥ 0. Hence, G is a np × np block (symmetric) matrix whose i-th
p× p diagonal block equals gii I, with gii := θ (1−wii), while the (i, j)-th p× p
off-diagonal block equals gij I, with gij := wij . Also, notice that Ak is block
diagonal with the ith diagonal block

Aki = α∇2fi(x
k
i ) + (1 + θ)(1− wii)I.

Let Lk ∈ Rnp×np be a block-diagonal, symmetric matrix with the i-th p× p
block given by the symmetric matrix Λki . Given that

∇2Φ(xk) = Ak −G = AK(I− A−1
k G),

let us consider the approximation

(∇2Φ(xk))−1 = (I− A−1
k G)−1A−1

k ≈ (I− LkG)A−1
k . (11)

In other words, we approximate the dense part of the inverse Hessian (I −
A−1
k G)−1 by a matrix function linear in G, equal to I − LkG. The Hessian

inverse approximation in (11) is amenable for distributed implementation, as
the resulting matrix (I−LkG)A−1

k respects the sparsity pattern of the network,
in the sense that its (i, j)-th p × p block equals zero if (i, j) /∈ E, for each
pair i 6= j.

Setting Lk = 0 corresponds to the zeroth order Taylor approximation of (I−
A−1
k G)−1, while Lk = −A−1

k corresponds to the first order Taylor approximation
of (I − A−1

k G)−1.1 In general, allowing for different choices of Lk gives rise to

1The Taylor expansion (I − A−1
k G)−1 =

∑+∞
j=0(A−1

k G)j is well defined, as the spectral

radius of matrix A−1
k G is strictly less than one for the set of parameters that we study; see

ahead Theorem 3.4 and (25).
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more general approximations than the Taylor ones. We will be interested in
diagonal Lk’s, which is in a sense less expensive approximations than the first
order Taylor approximation. In this paper, we do not claim nor seek optimality
of approximation (11). Instead, our goal is to show that approximation (11) and
inexpensive (in terms of computations and communications), diagonal matrix
choices of Lk – which we design here – yield efficient distributed Newton-like
algorithms.

For such approximation the search direction is defined as

sk = −(I− LkG)A−1
k ∇Φ(xk). (12)

Then, following typical quasi-Newton scheme, the next iteration is defined by

xk+1 = xk + εsk, (13)

for some step size ε.
Clearly, the choice of Lk is crucial in the approximation of (∇2Φ(xk))−1.

The following general algorithm assumes only that Lk is diagonal and bounded.
Specific choices of Lk will be discussed in Section 4. Actually, all the proposed
variants DQN-0, 1, and 2 utilize diagonal matrices Lk. Parameter θ affects
splitting (9), approximation (11) and the search direction (12). For this moment
we are assuming only that θ is nonnegative and further details are presented
later on.

In summary, the proposed distributed algorithm is as follows.
Algorithm DQN
Given x0 ∈ Rnp, α, ε, ρ > 0, θ ≥ 0. Set k = 0.

Step 1. Chose a diagonal matrix Lk ∈ Rnp×np such that

‖Lk‖ ≤ ρ.

Step 2. Set
sk = −(I− LkG)A−1

k ∇Φ(xk).

Step 3. Set
xk+1 = xk + εsk, k = k + 1.

For the sake of clarity, the proposed algorithm, from the perspective of each
node i in the network, is presented in Algorithm 1.
Algorithm 1
At each node i, require α, ρ, ε > 0, θ ≥ 0.

1 Initialization: Each node i sets k = 0 and x0
i ∈ Rp.

2 Each node i transmits xki to all its neighbors j ∈ Oi and receives xkj from
all j ∈ Oi.
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3 Each node i calculates

dki =
(
Aki
)−1

α∇fi(xki ) +
∑
j∈Oi

wij
(
xki − xkj

) .
4 Each node i transmits dki to all its neighbors j ∈ Oi and receives dkj from

all j ∈ Oi.

5 Each node i chooses a diagonal p× p matrix Λki , such that ‖Λki ‖ ≤ ρ.

6 Each node i calculates:

ski = −dki + Λki
∑
j∈Ōi

Gij d
k
j .

7 Each node i updates its solution estimate as:

xk+1
i = xki + ε ski .

8 Set k = k + 1 and go to step 3.

Calculation of Λki in step 6 will be specified in the next Section, and, for cer-
tain algorithm variants, will involve an additional inter-neighbor communication
of a p-dimensional vector. Likewise, choices of tuning parameters α, ε, ρ, θ are
discussed throughout the remaining of this section and Section 4.
Remark. It is useful to compare (11) with the Hessian approximation in NN
methods. Setting θ = 1 and Lk = 0 recovers NN-0, θ = 1 and Lk = −A−1

k re-
covers NN-1, while NN-2 can not be recovered in a similar fashion. Hence, DQN
in a sense generalizes NN-0 and NN-1. Next, observe that the approximation
matrix in (11) is not symmetric in general. This induces the need for a safe-
guarding step in the algorithm which will be shown later on, and the resulting
method requires an analysis different from [19].

3.2 Global linear convergence rate

In this subsection, the global linear convergence rate of Algorithm DQN is estab-
lished. The convergence analysis consists of two parts. First, we demonstrate
that sk is a descent direction. Then we determine a suitable interval for the
step size ε that ensures linear convergence of the iterative sequence.

The following Gershgorin type theorem for block matrices is needed for the
first part of convergence analysis.

Theorem 3.1. [9] For any C ∈ Rnp×np partitioned into blocks Cij of size p,
each eigenvalue µ of C satisfies

1

‖(Cii − µI)−1‖
≤
∑
i 6=j

‖Cij‖ (14)

for at least one i ∈ {1, . . . , n}.
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Using the above theorem we can prove the following lower bound for all
eigenvalues of a symmetric block matrix.

Corollary 3.1. Let C ∈ Rnp×np be a symmetric matrix partitioned into blocks
Cij of size p. Then each eigenvalue µ of C satisfies

µ ≥ min
i=1,...,n

λmin(Cii)−
∑
j 6=i

‖Cij‖

 ,

where λmin(Cii) is the smallest eigenvalue of Cii.

Proof. Given that C is symmetric, all its eigenvalues are real. Also, Cii
is symmetric and has only real eigenvalues. Now, fix one eigenvalue µ of the
matrix C. By Theorem 3.1, there exists i ∈ {1, . . . , n}, such that (14) holds.
Next, we have

‖(Cii − µI)−1‖ =
1

minj=1,...,p |λj(Cii)− µ|
,

where λj(Cii) is the j-th eigenvalue of Cii. Thus

min
j=1,...,p

|λj(Cii)− µ| ≤
∑
j 6=i

‖Cij‖.

We have just concluded that, for any eigenvalue µ of C there exists i ∈ {1, . . . , n}
and j ∈ {1, . . . , p} such that µ lies in the interval

[λj(Cii)−
∑
i 6=l

‖Cil‖, λj(Cii) +
∑
i6=l

‖Cil‖].

Hence, for each µ for which (14) holds for some fixed i, we have

µ ≥ λmin(Cii)−
∑
l 6=i

‖Cil‖

and the statement follows. 2

We are now ready to prove that the search direction (12) is descent.

Theorem 3.2. Suppose that A1-A3 hold. Let

0 ≤ ρ ≤ αµ+ (1 + θ)(1− wmax)

(1− wmin)(1 + θ)

(
1

αL+ (1 + θ)(1− wmin)
− δ
)

(15)

for some δ ∈ (0, 1/(αL + (1 + θ)(1 − wmin))). Then sk defined by (12) is a
descent direction and satisfies

∇TΦ(xk)sk ≤ −δ‖∇Φ(xk)‖2.
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Proof. Let us first show that sk is descent search direction. As

∇TΦ(xk)sk = −∇TΦ(xk)(I− LkG)A−1
k ∇Φ(xk),

sk is descent if vT (I − LkG)A−1
k v < 0 for arbitrary v ∈ Rnp×np. Given that

(I−LkG)A−1
k is not symmetric in general, we know the above is true if and only

if the matrix

Ck =
1

2
((I− LkG)A−1

k + A−1
k (I−GLk))

is positive definite. Ck is symmetric and thus it is positive definite if all of its
eigenvalues are positive. The matrix Ck is partitioned in the blocks

Ckii = (Aki )−1 − 1

2
θ(1− wii)(Λki (Aki )−1 + (Aki )−1Λki ), i = 1, . . . , n,

Ckij = −1

2
wij(Λ

k
i (Akj )−1 + (Aki )−1Λkj ), i 6= j.

Corollary 3.1 implies that

λmin(Ck) ≥ min
i=1,...,n

(λmin(Ckii)−
∑
j 6=i

‖Ckij‖2)

The definition of Ak implies

(αµ+ (1 + θ)(1− wmax))I � Aki � (αL+ (1 + θ)(1− wmin))I

and therefore, for every i = 1, . . . , n

‖(Aki )−1‖2 ≤
1

αµ+ (1 + θ)(1− wmax)
.

Moreover, it follows

λmin(Ckii) ≥
1

αL+ (1 + θ)(1− wmin)
− θ(1− wii)ρ
αµ+ (1 + θ)(1− wmax)

and
‖Ckij‖2 ≤

wijρ

αµ+ (1 + θ)(1− wmax)
.

Now,

λmin(Ck) ≥ min
i=1,...,n

(
1

αL+ (1 + θ)(1− wmin)
− θ(1− wii)ρ
αµ+ (1 + θ)(1− wmax)

−
∑
j∈Oi

wij
ρ

αµ+ (1 + θ)(1− wmax)
)

= min
i=1,...,n

(
1

αL+ (1 + θ)(1− wmin)
− ρ(1− wii)(1 + θ)

αµ+ (1 + θ)(1− wmax)
)

≥ 1

αL+ (1 + θ)(1− wmin)
− ρ (1− wmin)(1 + θ)

αµ+ (1 + θ)(1− wmax)

≥ δ. (16)
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Since δ > 0 we conclude that Ck is positive definite. Moreover, vTCkv =
vT (I− LkG)A−1

k v, for any v ∈ Rnp×np and

∇TΦ(xk)sk = −∇TΦ(xk)(I− LkG)A−1
k ∇Φ(xk)

= −∇TΦ(xk)Ck∇Φ(xk)

≤ −δ‖∇Φ(xk)‖2.
(17)

2

The next lemma corresponds to the standard property of descent direction
methods that establish the relationship between the search vector and the gra-
dient.

Lemma 3.1. Suppose that A1-A3 hold. Then

‖sk‖ ≤ β‖∇Φ(xk)‖,

where

β =
1 + ρ(1 + θ)(1− wmin)

αµ+ (1 + θ)(1− wmax)
. (18)

Proof. The matrix Ak is block diagonal and therefore

‖A−1
k ‖ = max

j=1,...,n
‖(Akj )−1‖2 ≤

1

αµ+ (1 + θ)(1− wmax)
. (19)

Furthermore,

‖G‖ = max
j=1,...,n

(θ(1−wjj)+
∑
i∈Oj

wij) = max
j=1,...,n

(1+θ)(1−wjj) ≤ (1+θ)(1−wmin).

(20)
So

‖sk‖ ≤ ‖(I− LkG)A−1
k ‖‖∇Φ(xk)‖

≤ (1 + ‖Lk‖‖G‖)‖A−1
k ‖‖∇Φ(xk)‖

≤ 1 + ρ(1 + θ)(1− wmin)

αµ+ (1 + θ)(1− wmax)
‖∇Φ(xk)‖.

2

Let us now show that there exists a step size ε > 0 such that the sequence
{xk} generated by Algorithm DQN converges to the solution of (4). Notice
that (4) has a unique solution, say x∗. Assumption A1 implies that ∇Φ(x) is
Lipschitz continuous as well, i.e., with L̃ := αL+ 2(1− wmin), there holds

‖∇Φ(x)−∇Φ(y)‖ ≤ L̃‖x− y‖, x, y ∈ Rnp. (21)

Furthermore,
µ̃

2
‖x− x∗‖ ≤ Φ(x)− Φ(x∗) ≤ 1

µ̃
‖∇Φ(x)‖2 (22)

for µ̃ = αµ and all x ∈ Rnp. The main convergence statement is given below.
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Theorem 3.3. Assume that the conditions of Theorem 3.2 are satisfied. Define

ε =
δ

β2L̃

with β given by (18). Then Algorithm DQN generates a sequence {xk} such
that

lim
k→∞

xk = x∗

and the convergence is at least linear with

Φ(xk+1)− Φ(x∗) ≤
(

1− δ2µ̃

2L̃β2

)(
Φ(xk)− Φ(x∗)

)
, k = 0, 1, . . . .

Proof. The Mean Value Theorem, Lipschitz property of ∇Φ, Theorem 3.2
and Lemma 3.1 yield

Φ(xk+1)− Φ(x∗) = Φ(xk + εsk)− Φ(x∗)

= Φ(xk) +

∫ 1

0

∇TΦ(xk + tεsk)εskdt− Φ(x∗)± ε∇TΦ(xk)sk

≤ Φ(xk)− Φ(x∗) + ε

∫ 1

0

‖∇TΦ(xk + tεsk)−∇TΦ(xk)‖‖sk‖dt

+ ε∇TΦ(xk)sk

≤ Φ(xk)− Φ(x∗) + ε

∫ 1

0

L̃tε‖sk‖2dt+ ε∇TΦ(xk)sk

= Φ(xk)− Φ(x∗) +
1

2
ε2L̃‖sk‖2 + ε∇TΦ(xk)sk

≤ Φ(xk)− Φ(x∗) + β2 L̃

2
ε2‖∇Φ(xk)‖2 − εδ‖∇Φ(xk)‖2

= Φ(xk)− Φ(x∗) +

(
β2L̃

2
ε2 − εδ

)
‖∇2Φ(xk)‖2. (23)

Define

φ(ε) =
β2L̃

2
ε2 − εδ.

Then φ(0) = 0, φ′(ε) = L̃εβ2 − δ and φ′′(ε) > 0. Thus, the minimizer of φ is
ε∗ = δ/(β2L̃) and

φ(ε∗) = − δ2

2β2L̃
. (24)

Now, (23) and (24) give

Φ(xk+1)− Φ(x∗) ≤ Φ(xk)− Φ(x∗)− δ2

2β2L̃
‖∇Φ(xk)‖2.

13



From (22), we also have

Φ(xk)− Φ(x∗) ≤ 1

µ̃
‖∇Φ(xk)‖2

and

− δ2

2β2L̃
‖∇Φ(xk)‖2 ≤ −

(
Φ(xk)− Φ(x∗)

) δ2µ̃

2β2L̃
,

so

Φ(xk+1)− Φ(x∗) ≤
(

1− δ2µ̃

2β2L̃

)(
Φ(xk)− Φ(x∗)

)
.

Given that µ̃ = αµ ≤ αL < L̃, we have µ̃/L̃ < 1. Moreover,

δ <
1

αL+ (1 + θ)(1− wmin)
≤ 1

αµ+ (1 + θ)(1− wmax)

≤ 1 + ρ(1 + θ)(1− wmin)

αµ+ (1 + θ)(1− wmax)
= β

and

ξ := 1− δ2µ̃

2β2L̃
∈ (0, 1).

We conclude with

Φ(xk+1)− Φ(x∗) ≤ ξ
(
Φ(xk)− Φ(x∗)

)
and

lim
k→∞

Φ(xk) = Φ(x∗).

As Φ ∈ C2(Rn), the above limit also implies

lim
k→∞

xk = x∗.

2

The proof of the above theorem clearly shows that for any ε ∈ (0, δ/(β2L̃)]
algorithm DQN converges. However, taking ε as large as possible implies larger
steps and thus faster convergence.

3.3 Local linear convergence

We have proved global linear convergence for the specific step length ε given in
Theorem 3.3. However, local linear convergence can be obtained for the full step
by imposing a stronger condition on the diagonal matrix Lk, using the theory
developed for Inexact Newton methods [8]. The step sk can be considered as
an Inexact Newton step and we are able to estimate the residual in Newton
equation as follows.

14



Theorem 3.4. Suppose that A1-A3 hold. Let xk be such that ∇Φ(xk) 6= 0.
Assume that sk is generated in Step 2 of Algorithm DQN with

0 ≤ ρ < αµ

(1 + θ)(1− wmin) (αL+ 2(1 + θ)(1− wmin))
.

Then there exists t ∈ (0, 1) such that

‖∇Φ(xk) +∇2Φ(xk)sk‖ < t‖∇Φ(xk)‖.

Proof. First, notice that the interval for ρ is well defined. The definition of
the search direction (12) and the splitting of the Hessian (9) yield

∇Φ(xk)+∇2Φ(xk)sk = (GA−1
k +AkLkGA−1

k −GLkGA−1
k )∇Φ(xk) := Qk∇Φ(xk).

Therefore,

‖Qk‖ ≤ ‖GA−1
k ‖+ ‖GA−1

k ‖‖Lk‖‖G‖+ ‖GA−1
k ‖‖Lk‖‖Ak‖.

Moreover,

‖GA−1
k ‖ = max

j
(θ(1− wjj)‖(Akj )−1‖+

∑
i∈Oj

wij‖(Akj )−1‖)

≤ max
j

θ(1− wjj) + 1− wjj
αµ+ (1 + θ)(1− wjj)

=
(1 + θ)(1− wmin)

αµ+ (1 + θ)(1− wmin)
=: γ. (25)

and there holds ‖Ak‖ ≤ αL + (1 + θ)(1 − wmin). Furthermore, (19), (20) and
‖Lk‖ ≤ ρ imply

‖Qk‖ ≤ γ + γρ(1 + θ)(1− wmin) + γρ(αL+ (1 + θ)(1− wmin))

= γ + ργ(αL+ 2(1 + θ)(1− wmin))

< γ + 1− γ = 1.

Thus, the statements is true with

t = γ + ργ(αL+ 2(1 + θ)(1− wmin)). (26)

2

For the sake of completeness we list here the conditions for local convergence
of Inexact Newton methods.

Theorem 3.5. [8] Assume that A1 holds and that sk satisfies the inequality

‖∇Φ(xk) +∇2Φ(xk)sk‖ < t‖∇Φ(xk)‖, k = 0, 1, . . .

for some t < 1. Furthermore, assume that xk+1 = xk + sk, k = 0, 1, . . . . Then
there exists η > 0 such that for all ‖x0 − x∗‖ ≤ η, the sequence {xk} converges
to x∗. The convergence is linear,

‖xk+1 − x∗‖∗ ≤ t‖xk − x∗‖∗, k = 0, 1, . . . ,

where ‖y‖∗ = ‖∇2Φ(x∗)y‖.
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The two previous theorems imply the following Corollary.

Corollary 3.2. Assume that the conditions of Theorem 3.4 hold. Then there
exists η > 0 such that for every x0 satisfying ‖x0 − x∗‖ ≤ η, the sequence {xk}
generated by Algorithm DQN and ε = 1 converges linearly to x∗ and

‖∇2Φ(x∗)(xk+1 − x∗)‖ ≤ t‖∇2Φ(x∗)(xk − x∗)‖, k = 0, 1, . . .

holds with t ∈ (0, 1).

For (strongly convex) quadratic functions fi, i = 1, . . . , n we can also claim
global linear convergence as follows.

Theorem 3.6. Assume that all loss functions fi are strongly convex quadratic
and that the conditions of Theorem 3.4 are satisfied. Let {xk} be a sequence
generated by Algorithm DQN with ε = 1. Then limk→∞ xk = x∗ and

‖xk+1 − x∗‖∗ ≤ t ‖xk − x∗‖∗, k = 0, 1, . . .

for t defined in Theorem 3.4.

Proof. Given that the penalty term in (4) is convex quadratic, if all local
cost functions fi are strongly convex quadratic, then the objective function Φ
is also strongly convex quadratic, i.e., it can be written as

Φ(x) =
1

2
(x− x∗)TB(x− x∗), (27)

for some fixed, symmetric positive definite matrix B ∈ Rnp×np. Recall that x∗

is the global minimizer of Φ. Then

∇Φ(x) = B(x− x∗) and ∇2Φ(x) = B.

Starting from
sk = −(∇2Φ(xk))−1∇Φ(xk) + ek,

we get

‖∇2Φ(xk)ek‖ = ‖∇2Φ(xk)
(
sk + (∇2Φ(xk))−1∇Φ(xk)

)
‖

= ‖∇Φ(xk) +∇2Φ(xk)sk‖ < t‖∇Φ(xk)‖

by Theorem 3.4. Next,

xk+1 = xk + sk = xk − (∇2Φ(xk))−1∇Φ(xk) + ek

= xk − B−1∇Φ(xk) + ek,

and
xk+1 − x∗ = xk − x∗ − B−1∇Φ(xk) + ek.

Therefore,
B(xk+1 − x∗) = B(xk − x∗)−∇Φ(xk) + Bek.

Now,
‖Bek‖ = ‖∇2Φ(xk)ek‖ < t‖∇Φ(xk)‖ = t‖B(xk − x∗)‖,

and
‖B(xk+1 − x∗)‖ = ‖Bek‖ ≤ t‖B(xk − x∗)‖.

2
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4 Variants of the general DQN

Let us now discuss the possible alternatives for the choice of Lk. Subsection
4.1 presents three different variants of the general DQN algorithm which mutu-
ally differ in the choice of matrix Lk. We refer to the three choices as DQN-0,
DQN-1, and DQN-2. All results established in Section 3 hold for these three al-
ternatives. Subsection 4.1 also provides local linear convergence rates for DQN-2
without safeguarding. Subsection 4.2 gives a discussion on the algorithms’ tun-
ing parameters, as well as on how the required global knowledge by all nodes
can be acquired in a distributed way.

4.1 Algorithms DQN-0, 1, and 2

The analysis presented so far implies only that the diagonal matrix Lk has to
be bounded. Let us now look closer at different possibilities for defining Lk,
keeping the restrictions stated in Theorem 3.2 and 3.4.

DQN-0. We first present the method DQN-0 which sets Lk = 0. Clearly, for
DQN-0, Theorem 3.2 holds and thus we get linear convergence with the proper
choice of ε, and local linear convergence with ε = 1. The quasi Newton matrix
approximation in (11) in this case equals A−1

k , i.e., the Hessian is approximated
by its block diagonal part only. The method DQN-0 corresponds to Algorithm 1
with only steps 1-4 and 7-9 executed, with Λki = 0 in step 7. Clearly, choice
Lk = 0 is the cheapest possibility among the choices of Lk if we consider the
computational cost per iteration k. The same holds for communication cost
per k, as each node needs to transmit only xki per each iteration, i.e., one
p-dimensional vector per node, per iteration is communicated. We note that
DQN-0 resembles NN-0, but the difference in general is that DQN-0 uses a
different splitting, parameterized with θ ≥ 0; actually, NN-0 represents the
special case with θ = 1.

DQN-1. Algorithm DQN-1 corresponds to setting Lk = L, k = 0, 1, . . . ,
where L is a constant diagonal matrix. Assuming that L is chosen such that
‖L‖ ≤ ρ, with ρ specified in Theorem 3.2, global linear convergence for a proper
step size ε and local linear convergence for the full step size ε = 1 again hold.
Algorithm DQN-1 is given by Algorithm 1, where each node utilizes a constant,
diagonal matrix Λi. There are several possible ways of choosing the Λi’s. In this
paper, we focus on the following choice. In the first iteration k = 0, each node i
sets matrix Λ0

i through algorithm DQN-2, stated in the sequel, and then it keeps
the same matrix Λ0

i throughout the whole algorithm. The computational cost
per iteration of DQN-1 is higher than the cost of DQN-0. At each iteration, each
node i needs to compute the corresponding inverse of i-th block of Ak and then
to multiply it by the constant diagonal matrix Λi. Regarding the communication
cost, each node transmits two p-dimensional vectors per iteration – xki and dki
(except in the first iteration k = 0 when it also transmits vector u0

i ). Although
the focus of this paper is on the diagonal Lk’s, we remark that setting θ = 1
and Lk = −A−1

k recovers the NN-1 method.
DQN-2. Algorithm DQN-2 corresponds to an iteration-varying, diagonal
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matrix Lk. Ideally, one would like to choose matrix Lk such that search direction
sk resembles the Newton step as much as possible, with the restriction that Lk
is diagonal. The Newton direction skN satisfies the equation

∇2Φ(xk)skN +∇Φ(xk) = 0.

We seek Lk such that it makes residual M(Lk) small, where M(Lk) is defined
as follows:

M(Lk) = ‖∇2Φ(xk)sk +∇Φ(xk)‖. (28)

Notice that

M(Lk) = ‖∇2Φ(xk)sk +∇Φ(xk)‖
= ‖ − ∇2Φ(xk)(I − LkG)A−1

k ∇Φ(xk) +∇Φ(xk)‖
= ‖ − ∇2Φ(xk)A−1

k ∇Φ(xk) +∇2Φ(xk)LkGA−1
k ∇Φ(xk) +∇Φ(xk)‖

= ‖ − (Ak −G)A−1
k ∇Φ(xk) +∇2Φ(xk)LkGA−1

k ∇Φ(xk) +∇Φ(xk)‖
= ‖GA−1

k ∇Φ(xk) +∇2Φ(xk)LkGA−1
k ∇Φ(xk)‖.

Therefore,
∇2Φ(xk)sk +∇Φ(xk) = uk +∇2Φ(xk)Lkuk, (29)

where
uk = GA−1

k ∇Φ(xk).

The minimizer of M(Lk) is clearly achieved if Lk satisfies the equation

Lkuk = −(∇2Φ(xk))−1uk, (30)

but (30) involves the inverse Hessian. Thus we approximate (∇2Φ(xk))−1 by
the Taylor expansion as follows. Clearly,

(∇2Φ(xk))−1 = (α∇2F (xk) + I− Z)−1 = (I− Vk)−1, Vk = Z− α∇2F (xk).
(31)

Assume that α < (1 +λn)/L, with λn being the smallest eigenvalue of W. Then

Vk � (λn − αL) I � −I.

Similarly,
Vk � (1− αµ) I ≺ I.

Hence,
ρ(Vk) ≤ ‖Vk‖2 < 1.

Therefore, I− Vk is nonsingular,

(I− Vk)−1 = I + Vk +

∞∑
i=2

Vik.

and the approximation

(∇2Φ(xk))−1 = (I− Vk)−1 ≈ I + Vk. (32)
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is well defined. So, we can take Lk which satisfies the following equation

Lkuk = −(I + Vk)uk. (33)

Obviously, Lk can be computed in a distributed manner. We refer to the method
which corresponds to this choice of Lk as DQN-2. The algorithm is given by
Algorithm 1 where step 6, the choice of Lk = diag(Λ1, ...,Λn), involves the steps
presented below in Algorithm 2. Denote by uki the i-th p× 1 block of uk – the
block which corresponds to node i.
Algorithm 2

6.1 Each node i calculates
uki =

∑
j∈Ōi

Gij d
k
j .

6.2 Each node i transmits uki to all its neighbors j ∈ Oi and receives ukj from
all j ∈ Oi.

6.3 Each node i calculates Λ̂ki – the solution to the following system of equa-
tions (where the only unknown is the p× p diagonal matrix Λki ):

Λki u
k
i = −

[
(1 + wii)I − α∇2fi(x

k
i )
]
uki −

∑
j∈Oi

wij u
k
j .

6.4 Each node i projects each diagonal entry of Λ̂ki onto the interval [−ρ, ρ].

Note that step 6 with algorithm DQN-2 requires an additional p-dimensional
communication per each node, per each k (the communication of the uki ’s.)
Hence, overall, with algorithm DQN-2 each node transmits three p-dimensional
vectors per k – xki , dki , and uki .

We next show that algorithm DQN-2 exhibits local linear convergence even
when safe-guarding (step 4 in Algorithm 2) is not used.

Theorem 4.1. Suppose that A1-A3 hold and let xk be an arbitrary point such
that ∇Φ(xk) 6= 0. Assume that

α < min

{
1 + λn
L

,
wmin
2L

,
2µ

L2

}
, (34)

and sk is generated by (12) and Algorithm 2, Steps 6.1 -6.3. Then there exists
t ∈ (0, 1) such that

‖∇Φ(xk) +∇2Φ(xk)sk‖ < t‖∇Φ(xk)‖.

Proof. Using (29) and (33) we obtain

‖∇2Φ(xk)sk +∇Φ(xk)‖ = ‖uk +∇2Φ(xk)Lkuk‖
= ‖uk −∇2Φ(xk)(I + Vk)uk‖
= ‖(I−∇2Φ(xk)(I + Z− α∇2F (xk)))uk‖
= ‖Pkuk‖, (35)
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where

Pk = I−∇2Φ(xk)(I + Z− α∇2F (xk))

= I−
(
I + α∇2F (xk)− Z

) (
I + Z− α∇2F (xk)

)
= Z2 − α(Z∇2F (xk) +∇2F (xk)Z) +

(
α∇2F (xk)

)2
Since ‖∇2fi(xi)‖ ≤ L, there follows ‖∇2F (xk)‖ ≤ L and the previous equality
implies

‖Pk‖ ≤ ‖Z2 − α(Z∇2F (xk) +∇2F (xk)Z)‖+ α2L2 := ‖Uk‖+ α2L2. (36)

Now,

Ukij =
n∑
k=1

wikwkjI − α(wij∇2fj(x
k
j ) + wij∇2fi(x

k
i )).

Furthermore, the assumption α < wmin/(2L) implies

n∑
k=1

wikwkj ≥ wiiwij ≥ wijwmin ≥ wij2αL ≥ wij2αµ.

Moreover, ∇2fj(x
k
j ) � µI and

‖Ukij‖2 ≤
n∑
k=1

wikwkj − 2αµwij .

Therefore,

‖Uk‖ ≤ max
j=1,...,n

n∑
i=1

(

n∑
k=1

wikwkj − 2αµwij)

= max
j=1,...,n

n∑
k=1

wkj

n∑
i=1

wik − 2αµ

n∑
i=1

wij

= 1− 2αµ.

So,
‖Pk‖ ≤ h(α), (37)

where h(α) = 1 − 2αµ + α2L2. This function is convex and nonnegative since
µ ≤ L and therefore

min
α
h(α) = h

( µ
L2

)
= 1− µ2

L2
> 0.

Moreover, h(0) = h
(

2µ
L2

)
= 1 and we conclude that for all α ∈ (0, 2µ/L2) there

holds h(α) ∈ (0, 1). As
uk = GA−1

k ∇Φ(xk),
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we have
‖uk‖ ≤ ‖GA−1

k ‖‖∇Φ(xk)‖. (38)

Now,

‖GA−1
k ‖ = max

j
(θ(1− wjj)‖(Akj )−1‖+

∑
i∈Oj

wij‖(Akj )−1‖)

≤ max
j

θ(1− wjj) + 1− wjj
αµ+ (1 + θ)(1− wjj)

=
(1 + θ)(1− wmin)

αµ+ (1 + θ)(1− wmin)
< 1.

Therefore,
‖uk‖ < ‖∇Φ(xk)‖. (39)

Putting together (35)-(39), for θ ≥ 0 and α satisfying (34) we obtain

‖∇Φ(xk) +∇2Φ(xk)sk‖ ≤ h(α)‖uk‖ < h(α)‖∇Φ(xk)‖,

i.e. the statement holds with

t = h(α) = 1− 2αµ+ α2L2 (40)

2

Applying Theorem 3.5 once again, we get the local linear convergence as
stated in the following corollary.

Corollary 4.1. Assume that the conditions of Theorem 4.1 hold. Then there
exists η such that for every x0 satisfying ‖x0 − x∗‖ ≤ η the sequence {xk},
generated by DQN -2 method with Steps 6.1-6.3 of Algorithm 2 and ε = 1,
converges linearly to x∗ and

‖∇2Φ(x∗)(xk+1 − x∗)‖ ≤ t‖∇2Φ(x∗)(xk − x∗)‖, k = 0, 1, . . . (41)

holds with t given by (40).

We remark that, for strongly convex quadratic fi’s, the result analogous to
Theorem 3.6 holds in the sense of global linear convergence, i.e., inequality (41)
holds for all k and arbitrary initial point x0.

4.2 Discussion on the tuning parameters

Let us now comment on the choice of tuning parameters – matrix W and scalars
α, ρ, ε and θ. We first consider the general DQN method in Algorithm 1, i.e.,
our comments apply to all DQN-` variants, ` = 0, 1, and 2.

Matrix W only needs to satisfy that: 1) the underlying support network is
connected and 2) all diagonal entries wii lie between wmin and wmax, where
0 < wmin ≤ wmax < 1. Regarding the latter condition, it is standard and
rather mild; it is only required for (7) to hold, i.e., to ensure that solving (4)
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gives an approximate solution to the desired problem (1). Regarding the second
condition, it can be easily fulfilled through simple weight assignments, e.g.,
through the Metropolis weights choice; see, e.g., [32].

The scalar parameters of Algorithm DQN are θ, α, ρ, wmin, wmax and the
step size ε. Parameter θ can be arbitrary non-negative constant, and an optimal
choice is in general problem-dependent; our numerical experience suggests that
taking small values of θ is usually beneficial. Parameter α > 0 can be taken
arbitrarily, provided that ε is set in accordance with the chosen α, see Theo-
rem 3.3. Recall also (7). Parameter ρ ≥ 0 needs to be set in accordance with
α and θ, as well as with the weight choice parameters – wmin and wmax, and
the fi’s parameters µ and L as specified in (15). The step size ε depends on the
above discussed parameters. For global linear convergence, given δ, α, θ, and ρ,
parameter ε needs to be set in accordance with µ, L; and wmin, wmax. For local
linear convergence and global linear convergence for strongly convex quadratic
fi’s, ε can be taken to unity, provided that the safeguarding parameter ρ is
further decreased, see Corollaries 3.2 and 4.1. Finally, with the specific variant
DQN-2, one can also set ε to unity and ρ to +∞ (no safeguarding), provided
that α is taken sufficiently small relative to a constant depending on wmin, µ,
and L, see Theorem 4.1 and Corollary 4.1. These conditions guarantee local
linear convergence for generic fi’s and global linear convergence for quadratic
fi’s.

Notice that, when all the parameters α, θ, δ, and ρ are set as explained above,
and ε is set to one (full step-size), global linear convergence in general can not be
guaranteed, except for strongly convex quadratic fi’s, but the chosen direction
at each iteration k is descent. For practical purposes and faster convergence, the
full step-size ε = 1 is tested; our numerical experience on logistic losses suggests
that methods DQN-0 and DQN-2 always converged with ε = 1, even without
safeguarding on the matrix Lk, while DQN-1 always converged with ε = 1 when
the safeguard was included.

Discussion on distributed implementation. The algorithm’s tuning
parameters need to be set beforehand in a distributed way. Regarding weight
matrix W , each node i needs to store beforehand the weights wii and wij ,
j ∈ Oi, for all its neighbors. The weights can be set according to the Metropolis
rule, e.g., [32], where each node i needs to know only the degrees of its im-
mediate neighbours. Such weight choice, as noted before, satisfies the imposed
assumptions.

In order to set the scalar tuning parameters α, θ, ε, and ρ, each node i
needs to know beforehand global quantities wmin, wmax, µ and L. Each of
these parameters represent either a maximum or a minimum of nodes’ local
quantities. For example, wmax is the maximum of the wii’s over i = 1, ..., n,
where node i holds quantity wii. Hence, each node can obtain wmax by running
a distributed algorithm for maximum computation beforehand; for example,
nodes can utilize the algorithm in [29].
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5 Simulations

This section shows numerical performance of the proposed methods on two
examples, namely the strongly convex quadratic cost functions and the logistic
loss functions.

Simulation setup. Two simulation scenarios with different types of nodes’cost
functions fi’s: 1) strongly convex quadratic costs and 2) logistic (convex) loss
functions are considered. Very similar scenarios have been considered in [19, 20,
21]. With the quadratic costs scenario, fi : Rp → R is given by

fi(x) =
1

2
(x− ai)>Bi(x− ai),

where Bi ∈ Rp×p is a positive definite (symmetric matrix), and ai ∈ Rp is a
vector. Matrices Bi, i = 1, ..., n are generated mutually independently, and so
are the vectors ai’s; also, Bi’s are generated independently from the ai’s. Each
matrix Bi is generated as follows. First, we generate a matrix B̂i whose entries
are drawn mutually independently from the standard normal distribution, and
then we extract the eigenvector matrix Q̂ ∈ Rp×p of matrix 1

2 (B̂ + B̂>). We

finally set Bi = Q̂Diag(ĉi)Q̂
>, where ĉi ∈ Rp has the entries generated mutually

independently from the interval [1, 101]. Each vector ai ∈ Rp has mutually inde-
pendently generated entries from the interval [1, 11]. Note that ai–the minimizer
of fi–is clearly known beforehand to node i, but the desired global minimizer of
f is not known by any node i.

The logistic loss scenario corresponds to distributed learning of a linear clas-
sifier; see, e.g., [1] for details. Each node i possesses J = 2 data samples
{aij , bij}Jj=1. Here, aij ∈ R3 is a feature vector, and bij ∈ {−1,+1} is its class

label. We want to learn a vector x = (x>1 , x0)>, x1 ∈ Rp−1, and x0 ∈ R, p ≥ 2,
such that the total logistic loss with l2 regularization is minimized:

N∑
i=1

J∑
j=1

Jlogis

(
bij(x

>
1 a+ x0)

)
+ τ‖x‖2,

Here, Jlogis(·) is the logistic loss

Jlogis(z) = log(1 + e−z),

and τ is a positive regularization parameter. Note that, in this example, we
have

fi(x) =

J∑
j=1

Jlogis

(
bij(x

>
1 a+ x0)

)
+
τ

n
‖x‖2,

f(x) =
∑N
i=1 fi(x). The aij ’s are generated independently over i and j, where

each entry of aij is drawn independently from the standard normal distribu-
tion. The “true” vector x? = ((x?1)>, x?0)> is obtained by drawing its entries
independently from standard normal distribution. Then, the class labels are
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bij = sign
(
(x?1)>aij + x?0 + εij

)
, where εij ’s are drawn independently from nor-

mal distribution with zero mean and standard deviation 0.1.
The network instances are generated from the random geometric graph

model: nodes are placed uniformly at random over a unit square, and the node

pairs within distance r =
√

ln(n)
n are connected with edges. All instances of

networks used in the experiments are connected. The weight matrix W is set as
follows. For a pair of nodes i and j connected with an edge, wij = 1

2 max{di,dj}+1 ,

where di is the degree of the node i; for a pair of nodes not connected by an
edge, we have wij = 0; and wii = 1 −

∑
j 6=i wij , for all i. For the case of reg-

ular graphs, considered in [19, 20, 21], this weight choice coincides with that
in [19, 20, 21].

The proposed methods DQN are compared with the methods NN-0, NN-1,
and NN-2 proposed in [19]. The methods NN-`, with ` ≥ 3 are not numerically
tested in [19] and require a large communication cost per iteration. Recall
that the method proposed in this paper are denoted DQN-` with Lk = 0 as
DQN-0; it has the same communication cost per iteration k as NN-0, where
each node transmits one (p-dimensional) vector per iteration. Similarly, DQN-1
corresponds to NN-1, where two per-node vector communications are utilized,
while DQN-2 corresponds to NN-2 (3 vector communications per node).

With both the proposed methods and the methods in [19], the step size ε = 1
is used. Step size ε = 1 has also been used in [19, 20, 21]. Note that both
classes of methods – NN and DQN – guarantee global convergence with ε = 1
for quadratic costs, while neither of the two groups of methods have guaranteed
global convergence with logistic losses. For the proposed methods, safeguarding
is not used with quadratic costs. With logistic costs, the safeguarding is not
used with DQN-0 and 2 but it is used with DQN-1, which diverges without the
safeguard on the logistic costs. The safeguard parameter ρ defined in Theorem
3.2, with δ = 0 is employed. Further, with all DQNs, θ = 0 is used. With all
the algorithms, each node’s solution estimate is initialized by a zero vector.

The following error metric

1

n

n∑
i=1

∥∥xki − x?∥∥
‖x?‖

, x? 6= 0,

is used and refered to as the relative error at iteration k.
Figure 1 (left) plots the relative error versus the number of iterations k for

a network with n = 30 nodes, and the quadratic costs with the variable dimen-
sion p = 4. First, we can see that the proposed DQN-` methods perform better
than their corresponding counterparts NN-`, ` = 0, 1, 2. Also, note that the per-
formance of DQN-1 and DQN-2 in terms of iterations match in this example.
Figure 1 (right) plots the relative error versus total number of communications.
We can see that, for this example, DQN-0 is the most efficient among all meth-
ods in terms of the communication cost. Further, interestingly, the performance
of NN-0, NN-1, and NN-2 is practically the same in terms of communication
cost on this example. The clustering of the performance of NN-0, NN-1, and
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NN-2 (although not so pronounced as in our examples) emerges also in Simula-
tions in [19, 20, 21]. In summary, method DQN-0 shows the best performance
in terms of communication cost on this example, while DQN-1 and 2 are the
best in terms of the number of iterations k.

Figure 2 (left and right) repeats the plots for the network with n = 400
nodes, quadratic costs, and the variable dimension p = 3. One can see that
again the proposed methods outperform their respective NN-` counterparts. In
terms of communication cost, DQN-0 and DQN-1 perform practically the same
and are the most efficient among all methods.
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Figure 1: Relative error versus number of iterations k (left) and versus number
of communications (right) for quadratic costs and n = 30-node network.

Figure 3 plots the relative error versus number of iterations (left) and num-
ber of per-node communications (right) for the logistic losses with variable di-
mension p = 4 and the network with n = 30 nodes. One can see that again
the proposed methods perform better than the NN-` counterparts. In terms of
the communication cost, DQN-0 is the most efficient among all methods, while
DQN-2 is fastest in terms of the number of iterations. Finally, Figure 4 repeats
the plots for variable dimension p = 4 and the network with n = 200 nodes,
and it shows similar conclusions: among all DQN and NN methods, DQN-0 is
the most efficient in terms of communications, while DQN-2 is fastest in terms
of the number of iterations.

6 Conclusions

The problem under consideration is defined by an aggregate cost function on a
simple connected network. It is assumed that the cost functions are convex an
differentiable while the network is characterized by a double stochastic matrix
W that fulfils the standard assumptions. The proposed methods are designed
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Figure 2: Relative error versus number of iterations k (left) and versus number
of communications (right) for quadratic costs and n = 400-node network.
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Figure 3: Relative error versus number of iterations k (left) and versus number
of communications (right) for logistic costs and n = 30-node network.
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Figure 4: Relative error versus number of iterations k (left) and versus number
of communications (right) for logistic costs and n = 200-node network.

for the penalty reformulation of the original problem and rely heavily on the
sparsity structure of the Hessian. The general method is tailored as a Newton-
like method, taking the block diagonal part of the Hessian as an approximate
Hessian and then correcting this approximation by a diagonal matrix. Thus a
particular method is specified by the diagonal matrix in the Hessian approxima-
tion. The key point in the proposed class of methods is to exploit the structure
of the Hessian and to replace the dense part of the inverse Hessian by a inex-
pensive linear approximation, determined by the diagonal matrix. Depending
on the choice of this diagonal matrix one can define different methods and three
of these choices are analysed in the work presented here. An important char-
acteristic of the whole class of DQN methods is global linear convergence with
a proper choice of the step size. Furthermore, we have shown local linear con-
vergence for the full step size using the convergence theory of Inexact Newton
methods as well as global convergence with the full step size for the special case
of strictly convex quadratic loss functions.

Three particular methods are analysed in detail, DQN-0, DQN-1 and DQN-
2. They are defined by the three different choices of the diagonal matrix - the
zero matrix, a constant matrix and the iteration-varying matrix that defines a
search direction which mimics the Newton direction as much as possible under
the imposed restrictions of distributional and inexpensive computation. For the
last choice of time varying matrix we have shown local linear convergence for
the full step size without the safeguard.

The cost in terms of computational effort and communication of these three
methods correspond to the costs of the state-of-the-art Network Newton meth-
ods, NN-0, NN-1 and NN-2, which are used as the benchmark class in this paper.
The simulation results on two relevant problems, the quadratic loss and the lo-
gistic loss, demonstrate the efficiency of the proposed methods and compare
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favourably with the benchmark methods.
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