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Abstract We consider an n-player finite strategic game. The payoff vector of
each player is a random vector whose distribution is not completely known. We
assume that the distribution of a random payoff vector of each player belongs
to a distributional uncertainty set. We define a distributionally robust chance-
constrained game using worst-case chance constraint. We consider two types
of distributional uncertainty sets. We show the existence of a mixed strategy
Nash equilibrium of a distributionally robust chance-constrained game corre-
sponding to both types of distributional uncertainty sets. For each case, we
show a one-to-one correspondence between a Nash equilibrium of a game and
a global maximum of a certain mathematical program.

Keywords Distributionally robust chance-constrained games - Chance
constraints - Nash equilibrium - Semidefinite programming - Mathematical
program.

1 Introduction

The work on the existence of an equilibrium in game theory started with the
paper by John von Neumann [23]. He showed the existence of a mixed strategy

Vikas Vikram Singh

Laboratoire de Recherche en Informatique, Université Paris Sud XI,
Bat 650, 91405 Orsay Cedex France

E-mail: vikas.singh@Iri.fr

Oualid Jouini

Laboratoire Génie Industriel, Ecole Centrale Paris,
Grande Voie des Vignes, 92 290 Chatenay-Malabry, France
E-mail: oualid.jouini@ecp.fr

Abdel Lisser

Laboratoire de Recherche en Informatique, Université Paris Sud XI,
Bat 650, 91405 Orsay Cedex France

E-mail: abdel.lisser@Iri.fr



2 Vikas Vikram Singh et al.

saddle point equilibrium for a two player zero sum matrix game. In 1950, John
Nash [22] showed the existence of a mixed strategy Nash equilibrium for a finite
strategic game. A saddle point equilibrium of a two player zero sum matrix
game can be obtained from the optimal solutions of a primal-dual pair of linear
programs [} [IT], and a Nash equilibrium of a two player bimatrix game can be
obtained from a global maximum of a certain quadratic program [20]. Lemke
and Howson [I8] proposed a pivoting algorithm to compute a Nash equilibrium
of a two player bimatrix game. The above mentioned papers considered the
games where the payoffs of the players are deterministic. However, in many
situations players’ payoffs are better modeled by random variables due to
uncertainty caused by various external factors. The electricity markets are
good examples that capture this situation [10, 21} 33} [35]. One way to handle
these games is by taking the expectation of the random variables and solve the
corresponding deterministic game [33] B5]. Some recent papers on the games
with random payoffs using expected payoff criterion include [12], [T5] 27 36].

The expected payoff criterion is more appropriate for the cases where the
decision makers are risk neutral. The risk averse situation can be handled using
chance constraint programming [5l [0 26]. The payoff function of a player is
defined using a chance constraint due to which these games are called chance-
constrained games. Few papers on the zero sum chance-constrained games are
available in the literature [3] [4, [6] 8, B2]. Recently, Singh et al. [30] considered
an n-player finite strategic game where the payoff vector of each player is a
random vector. They considered the cases where the components of the payoff
vector of each player are independent normal/Cauchy random variables, and
they also considered the case where the payoff vector of each player follow a
multivariate elliptically symmetric distribution. They showed the existence of
a mixed strategy Nash equilibrium, in all these cases, for the corresponding
chance-constrained game.

The application of a chance-constrained game can be found in electricity
markets [I0, 2I]. The players’ action sets are not finite in [10, 2I]. However,
there are few papers on electricity market where the game between electricity
firms is formulated as a finite strategic game [I7, B1]. The games considered in
[17] are based on Cournot and Bertrand models. The players’ actions are elec-
tricity generation quantities in Cournot model and biding prices in Bertrand
model. Using discretization, the players’ action sets are assumed to be finite. In
[31], a finite strategic electricity market auction game is studied under different
pricing mechanisms. The payoffs of the players in [I7, BI] are deterministic.
However, the demands and costs appeared in the payoff functions considered
in [I7, B1] can be random due to [19, [34]. Then, the chance-constrained game
framework can be useful to model such situations.

There are many situations where we do not have a complete knowledge
of a distribution. The only information we have of a distribution is that it
belongs to some distributional uncertainty set. In this paper, we consider an
n-player finite strategic game with random payoffs whose distributions are not
completely known. We assume that a distribution of the payoff vector of each
player belongs to a distributional uncertainty set. We consider two types of
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distributional uncertainty sets depending on the partially available information
about the mean and the covariance matrix of the random payoff vector. We
consider a distributionally robust approach which is suitable for such cases. We
define the payoff function of each player using worst-case chance constraint.
We call this game a distributionally robust chance-constrained game. For each
distributional uncertainty set we show the existence of a mixed strategy Nash
equilibrium. We characterize a mixed strategy Nash equilibrium of these games
using a global maximum of a certain mathematical program. In fact, we show
a one-to-one correspondence between a Nash equilibrium of the game and a
global maximum of a mathematical program.

In [14] 24], slightly related game models have been studied. Both [14] [24]
considered the games where each player can neither evaluate his cost function
exactly nor estimate his opponents’ strategies accurately. The cost functions
and strategies of the players belong to certain Euclidean uncertainty sets.

The rest of the paper is organized as follows. Section [2| contains the defi-
nition of a distributionally robust chance-constrained game. In Section [3] we
show the existence of a mixed strategy Nash equilibrium for a distribution-
ally robust chance-constrained game. Section [4] presents a mathematical pro-
gramming formulation for a distributionally robust chance-constrained game.
Section [5] shows some numerical results. We conclude our paper in Section [6}

2 The model

We consider an n-player strategic game with random payoffs. It is described
by the tuple (I, (Ai)icr, (ri)icr). The finite set I = {1,2,--- ,n} denote the
set of players. For each i € I, A; denote a finite action set of player ¢ and
a; denotes its generic element. An action profile of the game is denoted by a
vector a = (a1,az, - ,a,). The set of all action profiles of the game is denoted
by the product set A=X7"_, A;. Denote, A_;,= X?:l;j;éiA_ﬁ anda_; € A_;isa
vector of actions aj, j # i. An action a; is also called a pure strategy of player s.
A mixed strategy of a player is a probability distribution over his action set.
We denote the set of all mixed strategies of player ¢ by X;. A mixed strategy
7; € X; is represented by 7; = (7;(a;))a,eca,, Where 7;(a;) is a probability with
which player i chooses an action a; and ), 4 7i(a;) = 1. The set of all mixed
strategy profiles is denoted by the product set X= X7 X, and 7 = (7;);es is
a generic element of X. Denote, X_;=X"_, ., X;, and 7_; € X_; is a vector
of mixed strategies 7;, j # i. We define (v;, 7_;) to be a strategy profile where,
player i uses the strategy v; and each player j, j # i, uses the strategy 7;. For
eachi € I, r; = (ri(a))aeA is a random payoff vector of player i. That is, at
action profile a the payoff of player i is given by a random variable r;(a). Let
(2,7, P) be a probability space. Then, for each i € I, r; : 2 — RI4l where
|A] denotes the cardinality of set A. Then, for a given strategy profile 7 € X,
the payoff of player i, r;(7) given by

ri(r) =Y [ mitag)rita), (1)

a€Ajel
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would be a random variable. Given a 7 € X, let ™ = (7]7 (a))aeA be a vector,
where 17 (a) = [[;c; Ti(ai). Then, r;(7) = r{n", where T is transposition. Let
M denote the set of all probability measures over the set of all measurable
subsets of RI4l. A probability distribution F of r; is a member of set M. Un-
der chance constraint programming based payoff criterion, at strategy profile
7 € X, the payoff of a player is the highest level of his payoff that he can
attain with at least a specified level of confidence. The confidence level of each
player is given a priori and we assume that it is known to other players. Let
a; € [0,1] be a confidence level of player i and a = (o;);e; denotes a confi-
dence level vector. For a given strategy profile 7 € X, and a given confidence
level vector «, the payoff of player ¢, i € I, is given by
u (1) = sup{v;|P(ri(7) > v;) > i}

When the distribution of r; is known, e.g., if r; follows a multivariate nor-
mal distribution with the mean vector y; and the positive definite covariance
matrix X,

i (7) = 3 [T amta) + 120711 E5 1 - ),

acAjel

where Z; follows a standard normal distribution and F, 1(.) denotes a quantile
function of a standard normal distribution, and || - || is the Euclidean norm.
The chance-constrained game with some known distributions has been studied
in [30]. We consider the case where we do not have the complete knowledge of
the distributions of the players’ payoff vectors. The only knowledge we have of
a distribution is that it belongs to some uncertainty set. Such an uncertainty
set is based on the partially available information about the distribution, it
is called distributional uncertainty set. Let D; denotes a distributional uncer-
tainty set for player i, i € I. We assume that the distributional uncertainty
set of each player is known to all the players. We use a distributionally robust
approach which is more suitable for such situations. The payoff of a player is
defined using his worst-case chance constraint. That is, for a given strategy
profile 7 € X, and a given confidence level vector «, the payoff of player i,
i € 1, is given by

ug (1) = sup {vi

Fié%i Pr(ri(t) > v;) > ai} . (2)

If the worst-case chance constraint is not satisfied, u;?(7) = —oo. We call
this game a distributionally robust chance-constrained game. For a given
a € [0,1]™, the payoff function of each player defined by is known to all
the players. Therefore, for an a € [0,1]", the distributionally robust chance-
constrained game is a non-cooperative game with complete information. The
set of best response strategies of player i, ¢ € I, against a given strategy profile
7_; of the other players is given by
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BR?i(T_i) = {ﬂ‘ S XZ|U?L (7_'Z‘,T_i) > U?i(Ti,T_Z‘), A T; € X,L'}.
Next, we give the definition of a Nash equilibrium.

Definition 1 (Nash equilibrium) A strategy profile 7* € X is said to be a
Nash equilibrium for a given « € [0,1]", if for all ¢ € I, the following inequality
holds,

w (1, ) > uli(n, T, Yo € X

That is, 7* is a Nash equilibrium if and only if 7 € BR(7*,) for all i € I.

3 Existence of Nash equilibrium

We have the following general result for the existence of a mixed strategy Nash
equilibrium of a distributionally robust chance-constrained game defined in
Section

Theorem 1 For a given confidence level vector « € [0,1]"™, suppose

1. for eachi € 1, the payoff function of player i, u;" : X; x X_; — R, defined
by , is a continuous function,

2. for each i € I, the payoff function u;"(-,7_;) is a concave function of T;
for fized T_; € X_;.

Then, there always exists a mized strategy Nash equilibrium of a distribution-
ally robust chance-constrained game at confidence lever vector .

Proof Let P(X) be a power set of X. Define a set valued map G : X — P(X)

such that G(7) = [[ BR(7—;). A strategy profile 7 € X is said to be a
icl

fixed point of the set valued map G if 7 € G(7). It is easy to see that a fixed

point of G is a Nash equilibrium. In order to show that G has a fixed point,

we show that G satisfies all the following conditions of Kakutani fixed point

theorem [16]:

— X is a non-empty, convex, and compact subset of a finite dimensional
Euclidean space.

— G(7) is non-empty and convex for all 7 € X.

— G(*) has closed graph: If (7,,,7,) — (7,7) with 7, € G(r,,) for all n then
7 e G(7).

First condition follows from the definition of X. For each i € I, BR;"(7_;) is
non-empty because u;(-) is a continuous function and X; is a compact set,
and BR;"(7_;) is a convex set because u;(-,7_;) is a concave function of 7;
for fixed 7—; € X_;. This shows that G(7) is non-empty and convex for all
7 € X. The closed graph condition of G(-) can be proved using the continuity
of functions u;*(-), i € I. For detailed proof of closed graph condition see
Theorem 3.2 of [30]. The set valued map G(-) satisfies all the conditions of
Kakutani fixed point theorem. Hence, there exists a strategy profile 7* which
is a Nash equilibrium of the game. O
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If for a given strategy profile the worst-case chance constraint of a player does
not hold, his payoff is —oo. Then, he can increase his payoff by deviating to the
strategies that give him finite payoff. Therefore, we consider the case where the
worst-case chance constraint of each player holds at all the strategy profiles,
so that the payoff function of each player is finite valued. We consider two
types of distributional uncertainty sets. For each case, we show the existence
of a mixed strategy Nash equilibrium using the sufficient conditions given in
Theorem [Il

3.1 Distribution with polytopic uncertainty

We consider the case where for each ¢ € I, the mean vector u; and the co-
variance matrix X; of the distribution of r; are only known to belong to some
polytopes described by their vertices. That is, u; € U,, and X; € Uy,, where

Wy, := Cofu},pif, - '}, Us, = Co{X}, 57, XF}.

Co stands for convex hull. The vertices (u¥)4_, and (XF)4_, are given and
known to all the players. For a given matrix B, B > 0 (resp. B = 0) means B
is a positive definite (resp. semidefinite) matrix. We assume that ¥ = 0 for all
k=1,2,---,1;. Let D;(u;, X;) denotes the set of all probability distributions
that have the mean u; € U, and the covariance matrix ; € Uy,, and other-
wise the distribution is arbitrary. Such polytopic uncertainty is considered in
[13]. For each i € I, can be equivalently written as,

u (1) = —inf {ul

sup  Pplu; < —ri(7)<1l—ayp. (3)
FeD;(pi,2s)

The problem inf{u;|suppem, (5, Pr(ui < —7ri(7)) < 1 — a;} is the same
as the worst-case value-at-risk with polytopic moment uncertainty problem
considered in [I3]. It follows from [13] that, for each ¢ € I, and 7 € X,

; . e Q5 1.
ui (i) = min (ub)T7 — max \Jom (B (4)

Lemma 1 For each i € I, ui(-,7_;) given by is a concave function of T;
for all a; € [0,1).

Proof Fix i € I, a; € [0,1) and 7—; € X_;. For each k, k = 1,2,--- 1;,
(uF)Ty™ is a linear function of 7, hence it is a concave function of 7;.
The minimum of a set of concave functions is a concave function. There-
fore, the first term of is a concave function of 7;. Let 7}, 72 € X,.
Take A € [0,1]. Then, for a strategy profile (A7} + (1 — A\)72,7_;) we
have nA +(1=N727-0) (g) = (At (ai) + (1 = N)72(as)) [1;er.j2i mi(a;) for each
a € A. Therefore, nAi +(A=N727-0) = \p(ri7-0) 4 (1- )\)77(77?2’“1'). Then, for

each k, it follows from the property of norm that , /72—||(ZF) 277 || is a convex
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function of ;. The maximum of a set of convex functions is a convex function,
and the negative of a convex function is a concave function. Then, the second
term of is also a concave function of 7;. Hence, ui*(-,7_;) is a concave
function of 7;. a

Theorem 2 Consider an n-player finite strategic game where the payoff vec-
tor r; = (ri(a))aca of playeri, i € I, is a random vector. If for each i € I, the
mean-covariance pair (p;, X;) of the distribution of r; are such that p; € Uy,
and X; € Uy,, and otherwise the distribution is arbitrary, there always exists a
mixed strategy Nash equilibrium of a distributionally robust chance-constrained
game for all o € [0,1)™.

Proof From Lemma [l u*(-,7_;), i € I, given by is a concave function.
From , uii(+), ¢ € I, is a continuous function of 7. That is, all the condi-
tions of Theorem [I| are satisfied. Hence, there exists a mixed strategy Nash
equilibrium from Theorem O

Remark 1 The case where the mean vector and the covariance matrix of the
payoff vector of each player is known exactly comes under a special case of
polytopic uncertainty considered in Section [3.1} Hence, the existence of a Nash
equilibrium for this case follows from Theorem

3.2 Distribution with known mean and an upper bound on covariance matrix

We consider the case where the distributional uncertainty set for player ¢,
i € I, accounts for the information about the mean vector p; and an upper
bound X; > 0 on the covariance matrix of the random payoff vector r;. We
assume that, for each 7 € I, the mean u; and the upper bound X; on the
covariance matrix are known to all the players. The distributional uncertainty
set for player i, ¢ € I, is given by

Di(pi, X3) = {F eEM (5)

Eplr:] = pi }
Ep((r; — ps)(ri — )" < 2 |

Such an uncertainty set is considered by Cheng et al. [7]. For given two matrices
Band C, B> C means B—C > 0.

To show the existence of a mixed strategy Nash equilibrium, first we get
a closed form expression for the payoff function of each player defined by .
For this we need to further simplify the worst-case chance constraint used in
the definition of the payoff function. For each ¢ € I, the worst-case chance
constraint from can be written as

sup  Ep[lprg-<py] <1-ay, (6)
FeD;(pi, 2s)



8 Vikas Vikram Singh et al.

where 1.y is an indicator function that gives value one if the condition is true
and zero otherwise. For each ¢ € I, we begin with the optimization problem

sup Lot <y dF (75
FEM/RIAI (7T <0} AF (74)

S.t.

/ rdF () = g,
RIAI

/ (7 — i) (7 — pg) TdE(7;) = .
RIAl

Let Be(C = ZZ j B;;C;; represents the Frobenius product between two given
matrices B and C of the same dimensions. The dual of the above problem is

7mi%2 i+ 2q7 1+ (5 + papl) @ Q;
ti,qi, Q1

s.t.
a ]I{F?WTSM} +ti+ Q’FiT(ji + ’FiTQi’Fi >0, Vi€ R‘A|,
Qi = 0.
For details about above duality formulation see [29]. The strong duality follows

from [29] because Dirac measure d,, lies in the relative interior of the set
Di(psi, ;). Hence, constraint @ can be reformulated as

i+ 24 i (2 pap ) @ Qi <1 — oy,

Qi i 07

i+ 27 G + 7L Qi > 0, ¥V 7 € RIAL

— 1+t + 27 g + 77 Qi > 0, ¥V 7 € RI4 such that 77" — v; <0.

(7)

Given 7 € X and v; € R there always exists 7 € RIAl such that fgnr— v; <0,
i.e., Slater condition holds. This is possible because 1" is a probability distri-
bution over the set A of all the action profiles and hence it cannot be a zero
vector. From Theorem 2.1 of [25], the last constraint from (7)) is equivalent to:

144 277 G 4+ FL Qi + 2N (FLn™ — ;) >0, ¥ 7 € RIAL
A > 0.
So, the new set of constraints equivalent to @ is
M;el; <1-— oy,
M; = 0,
(UYNPIN A"
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where, 0ja|x|a| is the [A] x |A| zero matrix, M; = [C_Q; 31] and
q; Ui
i i i
I, = o . From (2)), we have
M 1
ui(t) = sup v
v, Mi, i
s.t.
Mi [ ] Fz < l1—«a
M; = 0, (8)
0 Ain”
Mi + = 07
)\1(7]T)T -1 - 2)\1’01
A > 0.
The problem is equivalent to
Ui (T) Ui,lfg}u/\iv
s.t.
M;eI; <1—ay
M; = 0, 9)
0 )\inT
Mi + t 07
)\i(T]T)T -1 —+ 2)\11)1
A > 0.

From [13] it follows that );-components of the optimal solutions of (9)) are
uniformly bounded from below by a positive number So, we can divide by Ai
in the matrix inequalities above, and replace - X i
we have the following semidefinite programming (SDP) problem

ui (1) = — iﬁf}\ on
Vi Mg, Aq
s.t.

Mi .Fi S )\2(1 — O[i),
0 n"

M; + > 0,

(™)1 =X\ + 2v;
A > 0.

The SDP problem is the same as the SDP problem (17) used in the proof
of Theorem 1 of El-Ghaoui et al. [13] except the negative sign before inf. Then,



10 Vikas Vikram Singh et al.

from the proof given in [13], the explicit expression for the payoff function of
player i, ¢ € I, is given by

a; T @ 3 T
ug (Ti, i) = g 4/ 1_a‘||2i277 |, VvreX (11)

Lemma 2 For each i € I, u*(-,7_;) given by is a concave function of
7; for all a; € [0,1).

Proof Fixi € I, a; € [0,1) and 7_; € X_;. The first term (u¥)Tn™ of isa
linear function of 7;, hence it is a concave function of 7;. From the same argu-

1
ments used in Lemma the second term , /1% || X2 77| is a convex function
:

of 7; and its negative would be a concave function of 7;. Hence, u (-, 7_;) is a
concave function of ;.

Theorem 3 Consider an n-player finite strategic game where the payoff vec-
tor r; = (ri(a))aca of playeri, i € I, is a random vector whose distribution is
not completely known. If it belongs to an uncertainty set D;(u;, X;) defined by
, where X; is a positive definite matriz, there always exists a mized strategy
Nash equilibrium of a distributionally robust chance-constrained game for all
a€0,1)™.

Proof From Lemma [2| for each ¢ € I, uf(-,7_;), given by is a concave
function of 7;. From (11)), ui*(-), @ € I, is a continuous function of 7. Then,

the proof follows from Theorem O

4 Mathematical programming formulation

We formulate distributionally robust chance-constrained games considered in
Section [3] as equivalent mathematical programs. We show a one-to-one cor-
respondence between a Nash equilibrium of a distributionally robust chance-
constrained game and a global maximum of a certain mathematical program.

4.1 Distributionally robust chance-constrained game for polytopic
uncertainty

We consider the distributionally robust chance-constrained game defined in
Section For each i € I, the payoff function of player ¢ defined by is
a concave function of 7; for a fixed 7_; € X_;. Therefore, the best response
of player ¢ against a fixed strategy profile of other players can be obtained
by solving a convex optimization problem which can be further reformulated
as a second order cone programming problem. For fixed 7_;, a best response
of player i, i € I, can be obtained from an optimal solution of the following
second order cone programming problem:
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[P1] min 6 — B?
Bl.BE,T
\( HZk 77” 61<0 Vk_1727 7la
(#4) ﬂz ( Tyr Vk=1,2,--- 1l
@@i) Y 7 ( )
a; €EA;

() 7(a;) >0, ¥ a; € A,.

Denote, X;" = {r; = (7i(a;))a;ea,|mi(a;) > 0, ¥ a; € A;}. Let the La-
grange multipliers corresponding to constraints (7), (i), and (iii) of [P1] be
5t = (5}’k)§§:1, 62 = (5?,1@)%:1? and \; respectively. For a given vector y, y > 0
implies the component-wise non-negativity. The Lagrangian dual problem of
the primal problem [P1] is,

l;
. 1 2 1
ma min s — B7 + 0;
6}20,5;-")2(0)\;' { ﬁfvﬁf,ﬂGX:r {ﬂz BZ kgl bk <
l;
30 (8 () 4 (1— 5 <>)}}
k=1

a;€A;

Qi 1.
bl - 1)

For given &} > 0,07 > 0, and \; € R, we have,
I
min B =B+ ) 6 (
B1.62 X} { ,; .
l;
S (5 — ) + A (1 oy <>>}
k=1

(67 1.
e - o)

a; €EA;
1 1 2 9
min max o Y + 5 52 1
e} mieX vierl, v’¥|l<1{ﬁz ( ; M) ’ (z; . )
k= 1) 7""1 - =
Q5 Li 51 el T &
N 1—qy Z ik \(27)20 v = A Z Ti(a:) + N
' k=1

a;€A;

li
SR Y e Y T ke »}
k=1

a; EA; a_;€A_; jEI;jF#i
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= max min le 1-— E 61.1’,C + 512 E 5Zk -1
DS C NI [ESRNCENCER 1SS o et 1
k=1,2,,l;

e L R

I : 1
+ Z Ti(ai)lz Z H Tj(%‘)( 151%_ ((Zf)ﬁvf)(%aii)éik

a;€EA; k=la_;€A_; jel;j#i
} + >\ia

where ((Ef)%vf> represents the a®® element of vector (X¥)2vF. The
@q,a—j

first equality is obtained by using Cauchy-Schwartz inequality, and the second
equality follows from Corollary 37.3.2 of [28]. The minimum in the second
equality is —oo, unless

— uf (as, a—i)5¢2,k> =\

l;
(67} 1
A< (a: i (gk H k) 5t
> : H 47'](@])( 1_ai ( z) U; (as,a_s) ik

7#?((11'3 a—i)§zk>, YV a; € A;.
Hence, the dual of [P1] is

[D1] max Y

L S1 82 (k)i
)\176,, 367‘, 1(”@ )73:1

s.t.

I - X
OPYES SIS | | Tj<aj>< o (Ehh) ok

k=la_;€A_; jeI;j#i

l;
(i) Z5f,k:1,

k=1
(iv) [oF| <1, VE=1,2,-- 1,
(V) 6, >0, VE=1,2--- 1
(Vi) 67, >0, Vk=1,2,--- 1.
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4.1.1 Mathematical program

We denote the decision Varlables and the obJective function of mathematical
program [MP1] by ¢ = (8}, 82, \i, 0}, 02, (vF)e_,, 7i)ies and 9(-) respectively.
Then, using all the n prlmal dual pairs (one for each player) [P1]-[D1] of convex
programs we have the following characterization for Nash equilibrium.

Theorem 4 Consider an n-player finite strategic game where the payoff vec-
tor r; = (ri(a))aca of player i, i € I, is a random vector. For each i € I, the
mean-covariance pair (p;, X;) of the distribution of r; are such that p; € Uy,
and X; € Uy, and otherwise the distribution is arbitrary. Consider a point
¢t = (B}, 12*,)\;‘,611*7(512*,( 4*)k 1,77 )ier- Then, for a given o € [0,1)",
a stmtegy part 7 of (* is a Nash equilibrium of the distributionally robust
chance-constrained game if and only if (* is a global mazimum of the mathe-

matical program [MP1] given below

[MP1] maxz i — (B = B2)]
iel
s.t.

lz Z H 7i(a; ( aa ((Zk)%v) (52»1’,C

k=la_;CA_; jel;j#i (as,a—i)

— Mf(ai,a_i)éik>, v a; € Ai, 1€ I,

(ii) 1/ || e =Bl <0, Vhk=1,2,,l; i €1,

(ii7) (u T<0,Vk=1,2---,l; iel,
(iv) ||vf||§1,Vk:1,2,---7li,ieI,

() Y mla)=1,Viel,

a;€A;

l;
(vi) Y ol =1,Viel,
k=1
I
(vii) Y 07, =1, Viel,
k=1
(’UZZZ) Ti(ai) Z 0, N a; € Ai, 1€ I,
(iz) 07, >0, VE=1,2,--- I;, i €1,
() 07, >0, V=12 1;, i€,
with objective function value ¥(¢*) = 0.

Proof Let 7 be a Nash equilibrium of a distributionally robust chance-
constrained game. For each ¢ € I, 77 would be a best response of 7*,. Then,



14 Vikas Vikram Singh et al.

there exist 31* and 82* such that (8}*, 32*,77) is an optimal solution of [P1]
for fixed 7*,. The second order cone program [P1] satisfies all the conditions
of strong duality Theorem 6.2.4 of [2]. Hence, there exists an optimal solution
(A5, 0%, 62%, (vF*)k ) of dual problem [D1] such that all the constraints (i)-(z)

(RAE A A

of [MP1] are satisfied at * = (81, 2%, \f, 61%,02%, (vF*)4_ | 77 )ier, and

AR R N R A
)\2‘:6}*— 2* Vil

Hence, ¢* is a feasible point of [MP1] and the objective function value
¥(¢*) = 0. Now, we show that ¢* is a global maximum of [MP1]. Let ¢
be a feasible point of [MP1]. For each ¢ € I, multiply each constraint (%) cor-
responding to a; by 7;(a;) and then add over all a; € A;. Then, by using the
Cauchy-Schwartz inequality and the constraints (47)-(x), we have

N < Bl =B Viel (12)

That is, ¥({) < 0 for all feasible point ¢ of [MP1]. Hence, ¢* is a global
maximum of mathematical program [MP1].

Let ¢* be a global maximum of [MP1] such that (¢*) = 0. Since, ¢*
is a feasible point of [MP1], then also holds at ¢*. This together with
»(¢*) = 0 implies that at ¢* is equality. From constraint (i) and (i) of
[MP1], we have

1x 2*> k 7. . * . .
Bl = B2 = [T - min (T Vi€l (1)

At ¢*, by multiplying the constraint (i) of [MP1] corresponding to a; by 7;(a;)
and then by adding over all a; € A;, and using Cauchy-Schwartz inequality
we have

l;
A<D o \/7| (£F) 2o II—Z5 0T Ve X el
k=1

Since, (5}2)2:1 and (6?’;)2:1 are probability vectors, then we can write

< E\E (TomE))|) ENT (73,77 5) . g ]
A max. 170[ [[(ZF)2n [l lg}clill (ui)'n ,VreX;,iel

Using and the equality of at ¢*, we have

Ek 'r _ T, 1*
max. 1_ail\( i Il  in ()™
< E\% (Tl’T—’L) — 1 k T (Ti’Tii) . A .
< A 1—a I1(25)2n 1I§I}€1§i(m) U  VreX;,iel

This implies that, for each i € I,

w (T, ) > uli(n, ), Yo € X

*

Hence, 7* is a Nash equilibrium.
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4.2 Distributionally robust chance-constrained game for known mean and an
upper bound on covariance matrix

We consider the distributionally robust chance-constrained game defined in
Section [3.2] For each i € I, a best response of player i, for a fixed 7_;, can be
obtained by solving the following convex program,

: Q5 i T
[P2] min y [=—— || X307 = pin

s.t.

i) Y mila) =1,

a;€EA;
(Z’L) Ti(ai) >0, Va; € A;.

From the similar arguments used in Section the dual of [P2] is,

[D2] max \;

i,V

s.t.

. «; 1
) X < Z H 7ia;) { 1 —za- (Efvi)( a_i) —pi(ai,a—q) |,
a_;€EA_; jEI;j#1 Q ai,a—j
V a; e Ai?
(id) [Jvsl] < 1.

4.2.1 Mathematical program

Similar to the previous case, by using the n primal-dual pairs [P2]-[D2] of
convex programs we have the following characterization for Nash equilibrium.

Theorem 5 Consider an n-player finite strategic game where the payoff vec-
tor r; = (ri(a))aca of player i, i € I, is a random vector whose distribution
belongs to an uncertainty set D;(p;, X;) defined by , where X; is a posi-
tive definite matriz. Consider a point (* = (A5, v, 77 )ic1. Then, for a given
a € [0,1)", a strategy part 7 of C* is a Nash equilibrium of the distributionally
robust chance-constrained game if and only if (* is a global mazimum of the

mathematical program [MP2] given below,

Qi 3,7 T
[MP2]  max)_ {Ai— (Flﬂfn | = nin )}
¢ el 1=

s.t.
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. @ ,
Oxs >, 11 o) [ 1—a (Ei Ui)( ad) — pi(ai, a—s)|
a_;€EA_; jEI;jF#i % aj,a_;
Va; €A iel,
(#) ||vil| <1, Viel,

(i) Y mila) =1, Viel,
a;€EA;
(v) 7;(a;) >0, Va;, € A;,i €1,

with objective function value ¥ ((*) = 0.

Proof The proof follows from the similar arguments used in Theorem[d] O

5 Numerical results

We illustrate our theoretical results from Section [4 using some randomly gen-
erated examples. We compute the Nash equilibria, of distributionally robust
chance-constrained games corresponding to both distributional uncertainty
sets, by solving respective mathematical programs [MP1] and [MP2]. Our
numerical experiments were carried out on an Intel(R) 32-bit core(TM) i3-
3110M CPU @ 2.40GHzx4 and 3.8 GiB of RAM machine. We use fmincon
in MATLAB optimization toolbox to solve the corresponding optimization
problems.

Ezxample 1 We consider a distributionally robust chance-constrained game as
defined in Section 3.1} where I = {1,2}, A; = {1,2,3} and A, = {1,2,3}.
We assume that the mean vectors y; € U,, and po € U,,, and the covari-
ance matrices X € Uy, and Yy € Uy,, where U, = Co{u},p?, u3} and
Us, = Co{X}, X2, X3}, i = 1,2. The data describing the sets U,,, and U, are
as follows: pi = (8,10,8,9,8,10,10,8,8)", u? = (10,8,10,8,9,8,10,10,8)%,
ui = (8,10,10,10,10,9,8,9,10)T, pd = (9,8,10,9,9,8,8,9,10)7T,
w2 = (10,10,8,10,10,9,9,10,10)7, w3 =(9,8,10,8,9,10,9,9,9)T. The
data describing the sets Uy, and Uy, are as follows:

733434244 833234243 524333333
374332223 382343333 274433333
347344222 328423223 447322243
433724232 234634343 343722343
1 =|(334254223|, 2=[342363432|,33=[332253323],
424447432 433436343 332237333
222224743 232343622 332333743
422323453 432434264 334423472

432232337 333323246 333333325
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643422343
483234223
3384423414
424834344
234363333
242436343
323333633
424434384
334433348

834434323
384434333
446432244
444822333
333263342
442238334
332333833
234343383
334324336

824224323
284343233
446424342
234633332
242364443
434348433
323344832
234343382
332233226

The matrices X¥, k = 1,2,3, i = 1,2 are positive definite. The data given here
is randomly generated. We order the random payoff vectors of player 1 and
player 2 as follows: 7 = ((r1(ax,a2))%,_,)%, 1, 7§ = ((ra(ar, az))3,_)3, _,-
For example, the mean of random payoff r1(2,1) is a convex combination of
pi(4) = 9, u3(4) = 8 and p3(4) = 10, and variance of r1(2,1) is a convex
combination of X} (4,4) =7, X?(4,4) = 6 and X$(4,4) = 7, and covariance of
r1(2,1) and r1(1,2) is a convex combination of X1 (4,2) = 3, ¥%(4,2) = 3 and
X3(4,2) = 4. The mean, variance and covariance for other random payoffs are
defined similarly. We compute a global maximum of the mathematical program
[MP1] corresponding to the given data. The mathematical program [MP1] has
78 variables and 48 constraints. The strategy part of a global maximum is a
Nash equilibrium of the game. We solve the equivalent minimization problem
using fmincon in MATLAB optimization toolbox. Table [1] summarizes the
Nash equilibria for various values of a.

Table 1: Nash equilibria for various values of «

a Nash Equilibrium
a1 a9 T* y*
0.6 | 0.6 (140103000’ 140409040’ 11030%60) (%’ %’ %)
o7 | o7 (140206030’ 140309050’ 110304020) (1100000107 1104070707 170502020)
0.8 | 0.8 (1105020707 110807090’ 160509040) (130%5050’ ’ 160204050)

Example 2 We consider a distributionally robust chance-constrained game as
defined in Section [3.2] where I = {1,2}, 4; = {1,2,3} and A, = {1,2,3}.
The mean vectors for both the players are pu; = (10,9,11,8,12,10,7,8,13)%,
pe = (9,7,8,9,10,10,10,9,8)T and the upper bounds on the covariance ma-
trices for both the players are
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643323424 633332432
463433323 363322334
338423324 336333434
344623332 333632233
Y1=1232262433{, Yo=1323364223
333326334 223246334
433343843 434223632
222333464 333323363
434234348 244334236

The matrices X; and X5 are positive definite. We compute a global maximum
of the mathematical program [MP2] corresponding to the given data. The
mathematical program [MP2] has 26 variables and 16 constraints. Table
summarizes the Nash equilibria of distributionally robust chance-constrained
game for various values of a.

Table 2: Nash equilibria for various values of «

« Nash Equilibrium
aq a9 x* y*
2777 6583 640 217 245 538
0.6 0.6 ( 10000’ 10000’ 10000) ( 1000’ 1000° 1000)

2978 6732 290 2168 2308 5524
0.7 0.7 ( 10000’ 10000’ 10000) (10000’ 10000 10000)

3256 6744 3279 2347 4374
0.8 0.8 (10000’ 10000 ) (10000’ 10000 10000)

We also perform numerical experiments by considering various ran-
dom instances with different sizes for both the cases. Let I = {1,2},
A = {1,2,---,my} and Ay = {1,2,---,mo}. We first consider the
games from Section We consider the case where [ = 3 and [, = 3.
We use the integer random generator randi to generate the data. We
take pf = randi([my + ma, my +mg + 2], mimy, 1) for all k = 1,2,3 and
i 1,2. Tt generates mimo X 1 integer random vector within inter-
val [mq + ma,m1 + mao + 2]. We generate the positive definite matrices Ef ,
k=1,2,3, i = 1,2, by setting Ef = B+ BT + 0 L,myxmym,, Where
B = randi(2,m;msz) is an mymg X mims integer random matrix with en-
tries not more than 2, and @ is sufficiently large so that X¥ is positive definite,
and L, my xmyms 18 a0 mime X myme identity matrix. In our experiments, we
take 8 = my + ma. We take a = (0.6,0.6). We solve the mathematical pro-
gram [MP1] for various random instances with different sizes. For these games
the mathematical program [MP1] has 18 + 6myms + m; + ms variables and
36-+2m +2my constraints. Table[3|summarizes the average time for computing
Nash equilibrium for different sizes of games considered in Section [3.1]
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Table 3: Average time for computing Nash equilibrium

Number of Number of actions Size of [MP1] Average time

instances (seconds)
Player 1 | Player 2 | Variables | Constraints

10 5 5 178 56 10.44
10 10 10 638 76 229.8
10 15 15 1398 96 2761.2

Next, we consider the games from Section [3.2} For each i, i = 1,2, we take
the mean vector y; = randi ([m; + mg, m; + ma + 2], myme, 1) and the upper
bound on covariance matrix as X; = B + BT + 0 - L myxmym,- We solve the
mathematical program [MP2] for various random instances with different sizes.
For these games the mathematical program [MP2] has 2 + 2mimsg + mq + mq
variables and 4+2m1 + 2my constraints. Table 4| summarizes the average time
for computing Nash equilibrium for different sizes of games considered in Sec-

tion

Table 4: Average time for computing Nash equilibrium

Number of Number of actions Size of [MP2] Average time
instances (seconds)
Player 1 | Player 2 | Variables | Constraints
10 5 5 62 24 4.29
10 10 10 222 44 33.23
10 15 15 482 64 238.2
10 20 20 842 84 850.8

6 Conclusions

We consider an n-player finite strategic game where the payoff vector of each
player is a random vector whose distribution is not completely known. It be-
longs to a certain distributional uncertainty set. We define a distributionally
robust chance-constrained game using worst-case chance constraint. We con-
sider two types of distributional uncertainty sets based on the partially avail-
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able information about mean and covariance matrix of random payoff vector.
For each case, we show that there always exists a mixed strategy Nash equi-
librium. We characterize the Nash equilibria of the game by proposing an
equivalent mathematical program. For each case, we show a one-to-one cor-
respondence between a Nash equilibrium of a game and a global maximum
of a certain mathematical program. For illustration purpose, we consider var-
ious random instances of games with different sizes. We compute the Nash
equilibria of the game by solving equivalent mathematical program. We use
fmincon in MATLAB optimization toolbox to solve the mathematical pro-
grams. The proposed mathematical programs have nice structure, e.g., the
objective function value is non-positive for all feasible points and a global
maximum is attained when the objective function value is zero. Due to this
property these mathematical programs are not very difficult to solve using
known optimization solvers.
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