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Abstract We consider an n-player finite strategic game. The payoff vector of
each player is a random vector whose distribution is not completely known. We
assume that the distribution of a random payoff vector of each player belongs
to a distributional uncertainty set. We define a distributionally robust chance-
constrained game using worst-case chance constraint. We consider two types
of distributional uncertainty sets. We show the existence of a mixed strategy
Nash equilibrium of a distributionally robust chance-constrained game corre-
sponding to both types of distributional uncertainty sets. For each case, we
show a one-to-one correspondence between a Nash equilibrium of a game and
a global maximum of a certain mathematical program.

Keywords Distributionally robust chance-constrained games · Chance
constraints · Nash equilibrium · Semidefinite programming · Mathematical
program.

1 Introduction

The work on the existence of an equilibrium in game theory started with the
paper by John von Neumann [23]. He showed the existence of a mixed strategy
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saddle point equilibrium for a two player zero sum matrix game. In 1950, John
Nash [22] showed the existence of a mixed strategy Nash equilibrium for a finite
strategic game. A saddle point equilibrium of a two player zero sum matrix
game can be obtained from the optimal solutions of a primal-dual pair of linear
programs [1, 11], and a Nash equilibrium of a two player bimatrix game can be
obtained from a global maximum of a certain quadratic program [20]. Lemke
and Howson [18] proposed a pivoting algorithm to compute a Nash equilibrium
of a two player bimatrix game. The above mentioned papers considered the
games where the payoffs of the players are deterministic. However, in many
situations players’ payoffs are better modeled by random variables due to
uncertainty caused by various external factors. The electricity markets are
good examples that capture this situation [10, 21, 33, 35]. One way to handle
these games is by taking the expectation of the random variables and solve the
corresponding deterministic game [33, 35]. Some recent papers on the games
with random payoffs using expected payoff criterion include [12, 15, 27, 36].

The expected payoff criterion is more appropriate for the cases where the
decision makers are risk neutral. The risk averse situation can be handled using
chance constraint programming [5, 9, 26]. The payoff function of a player is
defined using a chance constraint due to which these games are called chance-
constrained games. Few papers on the zero sum chance-constrained games are
available in the literature [3, 4, 6, 8, 32]. Recently, Singh et al. [30] considered
an n-player finite strategic game where the payoff vector of each player is a
random vector. They considered the cases where the components of the payoff
vector of each player are independent normal/Cauchy random variables, and
they also considered the case where the payoff vector of each player follow a
multivariate elliptically symmetric distribution. They showed the existence of
a mixed strategy Nash equilibrium, in all these cases, for the corresponding
chance-constrained game.

The application of a chance-constrained game can be found in electricity
markets [10, 21]. The players’ action sets are not finite in [10, 21]. However,
there are few papers on electricity market where the game between electricity
firms is formulated as a finite strategic game [17, 31]. The games considered in
[17] are based on Cournot and Bertrand models. The players’ actions are elec-
tricity generation quantities in Cournot model and biding prices in Bertrand
model. Using discretization, the players’ action sets are assumed to be finite. In
[31], a finite strategic electricity market auction game is studied under different
pricing mechanisms. The payoffs of the players in [17, 31] are deterministic.
However, the demands and costs appeared in the payoff functions considered
in [17, 31] can be random due to [19, 34]. Then, the chance-constrained game
framework can be useful to model such situations.

There are many situations where we do not have a complete knowledge
of a distribution. The only information we have of a distribution is that it
belongs to some distributional uncertainty set. In this paper, we consider an
n-player finite strategic game with random payoffs whose distributions are not
completely known. We assume that a distribution of the payoff vector of each
player belongs to a distributional uncertainty set. We consider two types of



Distributionally robust chance-constrained games 3

distributional uncertainty sets depending on the partially available information
about the mean and the covariance matrix of the random payoff vector. We
consider a distributionally robust approach which is suitable for such cases. We
define the payoff function of each player using worst-case chance constraint.
We call this game a distributionally robust chance-constrained game. For each
distributional uncertainty set we show the existence of a mixed strategy Nash
equilibrium. We characterize a mixed strategy Nash equilibrium of these games
using a global maximum of a certain mathematical program. In fact, we show
a one-to-one correspondence between a Nash equilibrium of the game and a
global maximum of a mathematical program.

In [14, 24], slightly related game models have been studied. Both [14, 24]
considered the games where each player can neither evaluate his cost function
exactly nor estimate his opponents’ strategies accurately. The cost functions
and strategies of the players belong to certain Euclidean uncertainty sets.

The rest of the paper is organized as follows. Section 2 contains the defi-
nition of a distributionally robust chance-constrained game. In Section 3, we
show the existence of a mixed strategy Nash equilibrium for a distribution-
ally robust chance-constrained game. Section 4 presents a mathematical pro-
gramming formulation for a distributionally robust chance-constrained game.
Section 5 shows some numerical results. We conclude our paper in Section 6.

2 The model

We consider an n-player strategic game with random payoffs. It is described
by the tuple (I, (Ai)i∈I , (ri)i∈I). The finite set I = {1, 2, · · · , n} denote the
set of players. For each i ∈ I, Ai denote a finite action set of player i and
ai denotes its generic element. An action profile of the game is denoted by a
vector a = (a1, a2, · · · , an). The set of all action profiles of the game is denoted
by the product set A=×n

i=1Ai. Denote, A−i=×n
j=1;j 6=iAj , and a−i ∈ A−i is a

vector of actions aj , j 6= i. An action ai is also called a pure strategy of player i.
A mixed strategy of a player is a probability distribution over his action set.
We denote the set of all mixed strategies of player i by Xi. A mixed strategy
τi ∈ Xi is represented by τi = (τi(ai))ai∈Ai , where τi(ai) is a probability with
which player i chooses an action ai and

∑
ai∈Ai τi(ai) = 1. The set of all mixed

strategy profiles is denoted by the product set X= ×n
i=1Xi and τ = (τi)i∈I is

a generic element of X. Denote, X−i=×n
j=1;j 6=iXj , and τ−i ∈ X−i is a vector

of mixed strategies τj , j 6= i. We define (νi, τ−i) to be a strategy profile where,
player i uses the strategy νi and each player j, j 6= i, uses the strategy τj . For
each i ∈ I, ri =

(
ri(a))a∈A is a random payoff vector of player i. That is, at

action profile a the payoff of player i is given by a random variable ri(a). Let
(Ω,F, P ) be a probability space. Then, for each i ∈ I, ri : Ω → R|A|, where
|A| denotes the cardinality of set A. Then, for a given strategy profile τ ∈ X,
the payoff of player i, ri(τ) given by

ri(τ) =
∑
a∈A

∏
j∈I

τj(aj)ri(a), (1)
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would be a random variable. Given a τ ∈ X, let ητ =
(
ητ (a)

)
a∈A be a vector,

where ητ (a) =
∏
i∈I τi(ai). Then, ri(τ) = rTi η

τ , where T is transposition. Let
M denote the set of all probability measures over the set of all measurable
subsets of R|A|. A probability distribution F of ri is a member of set M. Un-
der chance constraint programming based payoff criterion, at strategy profile
τ ∈ X, the payoff of a player is the highest level of his payoff that he can
attain with at least a specified level of confidence. The confidence level of each
player is given a priori and we assume that it is known to other players. Let
αi ∈ [0, 1] be a confidence level of player i and α = (αi)i∈I denotes a confi-
dence level vector. For a given strategy profile τ ∈ X, and a given confidence
level vector α, the payoff of player i, i ∈ I, is given by

uαii (τ) = sup{vi|P (ri(τ) ≥ vi) ≥ αi}.

When the distribution of ri is known, e.g., if ri follows a multivariate nor-
mal distribution with the mean vector µi and the positive definite covariance
matrix Σi,

uαii (τ) =
∑
a∈A

∏
j∈I

τj(aj)µi(a) + ||Σ
1
2
i η

τ ||F−1
Zi

(1− αi),

where Zi follows a standard normal distribution and F−1
Zi

(·) denotes a quantile
function of a standard normal distribution, and || · || is the Euclidean norm.
The chance-constrained game with some known distributions has been studied
in [30]. We consider the case where we do not have the complete knowledge of
the distributions of the players’ payoff vectors. The only knowledge we have of
a distribution is that it belongs to some uncertainty set. Such an uncertainty
set is based on the partially available information about the distribution, it
is called distributional uncertainty set. Let Di denotes a distributional uncer-
tainty set for player i, i ∈ I. We assume that the distributional uncertainty
set of each player is known to all the players. We use a distributionally robust
approach which is more suitable for such situations. The payoff of a player is
defined using his worst-case chance constraint. That is, for a given strategy
profile τ ∈ X, and a given confidence level vector α, the payoff of player i,
i ∈ I, is given by

uαii (τ) = sup

{
vi

∣∣∣∣∣ inf
F∈Di

PF (ri(τ) ≥ vi) ≥ αi

}
. (2)

If the worst-case chance constraint is not satisfied, uαii (τ) = −∞. We call
this game a distributionally robust chance-constrained game. For a given
α ∈ [0, 1]n, the payoff function of each player defined by (2) is known to all
the players. Therefore, for an α ∈ [0, 1]n, the distributionally robust chance-
constrained game is a non-cooperative game with complete information. The
set of best response strategies of player i, i ∈ I, against a given strategy profile
τ−i of the other players is given by
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BRαii (τ−i) =
{
τ̄i ∈ Xi|uαii (τ̄i, τ−i) ≥ uαii (τi, τ−i), ∀ τi ∈ Xi

}
.

Next, we give the definition of a Nash equilibrium.

Definition 1 (Nash equilibrium) A strategy profile τ∗ ∈ X is said to be a
Nash equilibrium for a given α ∈ [0, 1]n, if for all i ∈ I, the following inequality
holds,

uαii (τ∗i , τ
∗
−i) ≥ u

αi
i (τi, τ

∗
−i), ∀ τi ∈ Xi.

That is, τ∗ is a Nash equilibrium if and only if τ∗i ∈ BR
αi
i (τ∗−i) for all i ∈ I.

3 Existence of Nash equilibrium

We have the following general result for the existence of a mixed strategy Nash
equilibrium of a distributionally robust chance-constrained game defined in
Section 2.

Theorem 1 For a given confidence level vector α ∈ [0, 1]n, suppose

1. for each i ∈ I, the payoff function of player i, uαii : Xi ×X−i → R, defined
by (2), is a continuous function,

2. for each i ∈ I, the payoff function uαii (·, τ−i) is a concave function of τi
for fixed τ−i ∈ X−i.

Then, there always exists a mixed strategy Nash equilibrium of a distribution-
ally robust chance-constrained game at confidence lever vector α.

Proof Let P(X) be a power set of X. Define a set valued map G : X → P(X)
such that G(τ) =

∏
i∈I

BRαii (τ−i). A strategy profile τ ∈ X is said to be a

fixed point of the set valued map G if τ ∈ G(τ). It is easy to see that a fixed
point of G is a Nash equilibrium. In order to show that G has a fixed point,
we show that G satisfies all the following conditions of Kakutani fixed point
theorem [16]:

– X is a non-empty, convex, and compact subset of a finite dimensional
Euclidean space.

– G(τ) is non-empty and convex for all τ ∈ X.
– G(·) has closed graph: If (τn, τ̄n) → (τ, τ̄) with τ̄n ∈ G(τn) for all n then
τ̄ ∈ G(τ).

First condition follows from the definition of X. For each i ∈ I, BRαii (τ−i) is
non-empty because uαii (·) is a continuous function and Xi is a compact set,
and BRαii (τ−i) is a convex set because uαii (·, τ−i) is a concave function of τi
for fixed τ−i ∈ X−i. This shows that G(τ) is non-empty and convex for all
τ ∈ X. The closed graph condition of G(·) can be proved using the continuity
of functions uαii (·), i ∈ I. For detailed proof of closed graph condition see
Theorem 3.2 of [30]. The set valued map G(·) satisfies all the conditions of
Kakutani fixed point theorem. Hence, there exists a strategy profile τ∗ which
is a Nash equilibrium of the game. ut
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If for a given strategy profile the worst-case chance constraint of a player does
not hold, his payoff is −∞. Then, he can increase his payoff by deviating to the
strategies that give him finite payoff. Therefore, we consider the case where the
worst-case chance constraint of each player holds at all the strategy profiles,
so that the payoff function of each player is finite valued. We consider two
types of distributional uncertainty sets. For each case, we show the existence
of a mixed strategy Nash equilibrium using the sufficient conditions given in
Theorem 1.

3.1 Distribution with polytopic uncertainty

We consider the case where for each i ∈ I, the mean vector µi and the co-
variance matrix Σi of the distribution of ri are only known to belong to some
polytopes described by their vertices. That is, µi ∈ Uµi and Σi ∈ UΣi , where

Uµi := Co{µ1
i , µ

2
i , · · · , µ

li
i }, UΣi := Co{Σ1

i , Σ
2
i , · · · , Σ

li
i }.

Co stands for convex hull. The vertices (µki )lik=1 and (Σk
i )lik=1 are given and

known to all the players. For a given matrix B, B � 0 (resp. B � 0) means B
is a positive definite (resp. semidefinite) matrix. We assume that Σk

i � 0 for all
k = 1, 2, · · · , li. Let Di(µi, Σi) denotes the set of all probability distributions
that have the mean µi ∈ Uµi and the covariance matrix Σi ∈ UΣi , and other-
wise the distribution is arbitrary. Such polytopic uncertainty is considered in
[13]. For each i ∈ I, (2) can be equivalently written as,

uαii (τ) = − inf

{
ui

∣∣∣∣∣ sup
F∈Di(µi,Σi)

PF (ui ≤ −ri(τ)) ≤ 1− αi

}
. (3)

The problem inf{ui| supF∈Di(µi,Σi) PF (ui ≤ −ri(τ)) ≤ 1 − αi} is the same
as the worst-case value-at-risk with polytopic moment uncertainty problem
considered in [13]. It follows from [13] that, for each i ∈ I, and τ ∈ X,

uαii (τi, τ−i) = min
1≤k≤li

(µki )T ητ − max
1≤k≤li

√
αi

1− αi
||(Σk

i )
1
2 ητ ||. (4)

Lemma 1 For each i ∈ I, uαii (·, τ−i) given by (4) is a concave function of τi
for all αi ∈ [0, 1).

Proof Fix i ∈ I, αi ∈ [0, 1) and τ−i ∈ X−i. For each k, k = 1, 2, · · · , li,
(µki )T ητ is a linear function of τi, hence it is a concave function of τi.
The minimum of a set of concave functions is a concave function. There-
fore, the first term of (4) is a concave function of τi. Let τ1

i , τ2
i ∈ Xi.

Take λ ∈ [0, 1]. Then, for a strategy profile (λτ1
i + (1 − λ)τ2

i , τ−i) we

have η(λτ1
i +(1−λ)τ2

i ,τ−i)(a) =
(
λτ1
i (ai) + (1− λ)τ2

i (ai)
)∏

j∈I;j 6=i τj(aj) for each

a ∈ A. Therefore, η(λτ1
i +(1−λ)τ2

i ,τ−i) = λη(τ1
i ,τ−i) + (1− λ)η(τ2

i ,τ−i). Then, for

each k, it follows from the property of norm that
√

αi
1−αi ||(Σ

k
i )

1
2 ητ || is a convex
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function of τi. The maximum of a set of convex functions is a convex function,
and the negative of a convex function is a concave function. Then, the second
term of (4) is also a concave function of τi. Hence, uαii (·, τ−i) is a concave
function of τi. ut

Theorem 2 Consider an n-player finite strategic game where the payoff vec-
tor ri = (ri(a))a∈A of player i, i ∈ I, is a random vector. If for each i ∈ I, the
mean-covariance pair (µi, Σi) of the distribution of ri are such that µi ∈ Uµi
and Σi ∈ UΣi , and otherwise the distribution is arbitrary, there always exists a
mixed strategy Nash equilibrium of a distributionally robust chance-constrained
game for all α ∈ [0, 1)n.

Proof From Lemma 1, uαii (·, τ−i), i ∈ I, given by (4) is a concave function.
From (4), uαii (·), i ∈ I, is a continuous function of τ . That is, all the condi-
tions of Theorem 1 are satisfied. Hence, there exists a mixed strategy Nash
equilibrium from Theorem 1. ut

Remark 1 The case where the mean vector and the covariance matrix of the
payoff vector of each player is known exactly comes under a special case of
polytopic uncertainty considered in Section 3.1. Hence, the existence of a Nash
equilibrium for this case follows from Theorem 2.

3.2 Distribution with known mean and an upper bound on covariance matrix

We consider the case where the distributional uncertainty set for player i,
i ∈ I, accounts for the information about the mean vector µi and an upper
bound Σi � 0 on the covariance matrix of the random payoff vector ri. We
assume that, for each i ∈ I, the mean µi and the upper bound Σi on the
covariance matrix are known to all the players. The distributional uncertainty
set for player i, i ∈ I, is given by

Di(µi, Σi) =

{
F ∈M

∣∣∣∣∣ EF [ri] = µi

EF [(ri − µi)(ri − µi)T ] � Σi

}
. (5)

Such an uncertainty set is considered by Cheng et al. [7]. For given two matrices
B and C, B � C means B − C � 0.

To show the existence of a mixed strategy Nash equilibrium, first we get
a closed form expression for the payoff function of each player defined by (2).
For this we need to further simplify the worst-case chance constraint used in
the definition of the payoff function. For each i ∈ I, the worst-case chance
constraint from (2) can be written as

sup
F∈Di(µi,Σi)

EF [1{rTi ητ≤vi}] ≤ 1− αi, (6)
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where 1{·} is an indicator function that gives value one if the condition is true
and zero otherwise. For each i ∈ I, we begin with the optimization problem

sup
F∈M

∫
R|A|

1{r̄Ti ητ≤vi}dF (r̄i)

s.t. ∫
R|A|

r̄idF (r̄i) = µi,∫
R|A|

(r̄i − µi)(r̄i − µi)T dF (r̄i) � Σi.


Let B •C =

∑
i,j BijCij represents the Frobenius product between two given

matrices B and C of the same dimensions. The dual of the above problem is

min
t̄i,q̄i,Q̄i

t̄i + 2q̄Ti µi + (Σi + µiµ
T
i ) • Q̄i

s.t.

− 1{r̄Ti ητ≤vi} + t̄i + 2r̄Ti q̄i + r̄Ti Q̄ir̄i ≥ 0, ∀ r̄i ∈ R|A|,

Q̄i � 0.


For details about above duality formulation see [29]. The strong duality follows
from [29] because Dirac measure δµi lies in the relative interior of the set
Di(µi, Σi). Hence, constraint (6) can be reformulated as

t̄i + 2q̄Ti µi + (Σi + µiµ
T
i ) • Q̄i ≤ 1− αi,

Q̄i � 0,

t̄i + 2r̄Ti q̄i + r̄Ti Q̄ir̄i ≥ 0, ∀ r̄i ∈ R|A|,

− 1 + t̄i + 2r̄Ti q̄i + r̄Ti Q̄ir̄i ≥ 0, ∀ r̄i ∈ R|A| such that r̄Ti η
τ − vi ≤ 0.

 (7)

Given τ ∈ X and vi ∈ R there always exists r̄0 ∈ R|A| such that r̄T0 η
τ− vi < 0,

i.e., Slater condition holds. This is possible because ητ is a probability distri-
bution over the set A of all the action profiles and hence it cannot be a zero
vector. From Theorem 2.1 of [25], the last constraint from (7) is equivalent to:

−1 + t̄i + 2r̄Ti q̄i + r̄Ti Q̄ir̄i + 2λi(r̄
T
i η

τ − vi) ≥ 0, ∀ r̄i ∈ R|A|,
λi ≥ 0.

So, the new set of constraints equivalent to (6) is

Mi • Γi ≤ 1− αi,
Mi � 0,

Mi +

0|A|×|A| λiη
τ

λi(η
τ )T −1− 2λivi

 � 0,

λi ≥ 0,


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where, 0|A|×|A| is the |A| × |A| zero matrix, Mi =

[
Q̄i q̄i

q̄Ti t̄i

]
and

Γi =

[
Σi + µiµ

T
i µ̄i

µ̄Ti 1

]
. From (2), we have

uαii (τ) = sup
vi,Mi,λi

vi

s.t.

Mi • Γi ≤ 1− αi,
Mi � 0,

Mi +

[
0 λiη

τ

λi(η
τ )T −1− 2λivi

]
� 0,

λi ≥ 0.


(8)

The problem (8) is equivalent to

uαii (τ) =− inf
vi,Mi,λi

vi

s.t.

Mi • Γi ≤ 1− αi,
Mi � 0,

Mi +

[
0 λiη

τ

λi(η
τ )T −1 + 2λivi

]
� 0,

λi ≥ 0.


(9)

From [13] it follows that λi-components of the optimal solutions of (9) are
uniformly bounded from below by a positive number. So, we can divide by λi
in the matrix inequalities above, and replace 1

λi
by λi, and Mi

λi
by Mi. Now,

we have the following semidefinite programming (SDP) problem,

uαii (τ) =− inf
vi,Mi,λi

vi

s.t.

Mi • Γi ≤ λi(1− αi),
Mi � 0,

Mi +

[
0 ητ

(ητ )T −λi + 2vi

]
� 0,

λi ≥ 0.


(10)

The SDP problem (10) is the same as the SDP problem (17) used in the proof
of Theorem 1 of El-Ghaoui et al. [13] except the negative sign before inf. Then,
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from the proof given in [13], the explicit expression for the payoff function of
player i, i ∈ I, is given by

uαii (τi, τ−i) = µTi η
τ −

√
αi

1− αi
||Σ

1
2
i η

τ ||, ∀ τ ∈ X. (11)

Lemma 2 For each i ∈ I, uαii (·, τ−i) given by (11) is a concave function of
τi for all αi ∈ [0, 1).

Proof Fix i ∈ I, αi ∈ [0, 1) and τ−i ∈ X−i. The first term (µki )T ητ of (11) is a
linear function of τi, hence it is a concave function of τi. From the same argu-

ments used in Lemma 1, the second term
√

αi
1−αi ||Σ

1
2
i η

τ || is a convex function

of τi and its negative would be a concave function of τi. Hence, uαii (·, τ−i) is a
concave function of τi.

Theorem 3 Consider an n-player finite strategic game where the payoff vec-
tor ri = (ri(a))a∈A of player i, i ∈ I, is a random vector whose distribution is
not completely known. If it belongs to an uncertainty set Di(µi, Σi) defined by
(5), where Σi is a positive definite matrix, there always exists a mixed strategy
Nash equilibrium of a distributionally robust chance-constrained game for all
α ∈ [0, 1)n.

Proof From Lemma 2, for each i ∈ I, uαii (·, τ−i), given by (11) is a concave
function of τi. From (11), uαii (·), i ∈ I, is a continuous function of τ . Then,
the proof follows from Theorem 1. ut

4 Mathematical programming formulation

We formulate distributionally robust chance-constrained games considered in
Section 3 as equivalent mathematical programs. We show a one-to-one cor-
respondence between a Nash equilibrium of a distributionally robust chance-
constrained game and a global maximum of a certain mathematical program.

4.1 Distributionally robust chance-constrained game for polytopic
uncertainty

We consider the distributionally robust chance-constrained game defined in
Section 3.1. For each i ∈ I, the payoff function of player i defined by (4) is
a concave function of τi for a fixed τ−i ∈ X−i. Therefore, the best response
of player i against a fixed strategy profile of other players can be obtained
by solving a convex optimization problem which can be further reformulated
as a second order cone programming problem. For fixed τ−i, a best response
of player i, i ∈ I, can be obtained from an optimal solution of the following
second order cone programming problem:



Distributionally robust chance-constrained games 11

[P1] min
β1
i ,β

2
i ,τi

β1
i − β2

i

s.t.

(i)

√
αi

1− αi
||(Σk

i )
1
2 ητ || − β1

i ≤ 0, ∀ k = 1, 2, · · · , li,

(ii) β2
i − (µki )T ητ ≤ 0, ∀ k = 1, 2, · · · , li,

(iii)
∑
ai∈Ai

τi(ai) = 1,

(iv) τi(ai) ≥ 0, ∀ ai ∈ Ai.

Denote, X+
i = {τi = (τi(ai))ai∈Ai |τi(ai) ≥ 0, ∀ ai ∈ Ai}. Let the La-

grange multipliers corresponding to constraints (i), (ii), and (iii) of [P1] be
δ1
i = (δ1

i,k)lik=1, δ2
i = (δ2

i,k)lik=1, and λi respectively. For a given vector y, y ≥ 0
implies the component-wise non-negativity. The Lagrangian dual problem of
the primal problem [P1] is,

max
δ1i≥0,δ2i≥0,λi

{
min

β1
i ,β

2
i ,τi∈X

+
i

{
β1
i − β2

i +

li∑
k=1

δ1
i,k

(√
αi

1− αi
||(Σk

i )
1
2 ητ || − β1

i

)

+

li∑
k=1

δ2
i,k

(
β2
i − (µki )T ητ

)
+ λi

(
1−

∑
ai∈Ai

τi(ai)

)}}
.

For given δ1
i ≥ 0, δ2

i ≥ 0, and λi ∈ R, we have,

min
β1
i ,β

2
i ,τi∈X

+
i

{
β1
i − β2

i +

li∑
k=1

δ1
i,k

(√
αi

1− αi
||(Σk

i )
1
2 ητ || − β1

i

)

+

li∑
k=1

δ2
i,k

(
β2
i − (µki )T ητ

)
+ λi

(
1−

∑
ai∈Ai

τi(ai)

)}

= min
β1
i ,β

2
i ,τi∈X

+
i

max
vki ∈R

|A|,||vki ||≤1
k=1,2,··· ,li

{
β1
i

(
1−

li∑
k=1

δ1
i,k

)
+ β2

i

(
li∑
k=1

δ2
i,k − 1

)

+

√
αi

1− αi

li∑
k=1

δ1
i,k

(
(Σk

i )
1
2 ητ
)T

vki − λi
∑
ai∈Ai

τi(ai) + λi

−
li∑
k=1

δ2
i,k

∑
ai∈Ai

τi(ai)
∑

a−i∈A−i

∏
j∈I;j 6=i

τj(aj)µ
k
i (ai, a−i)

}
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= max
vki ∈R

|A|,||vki ||≤1
k=1,2,··· ,li

min
β1
i ,β

2
i ,τi∈X

+
i

{
β1
i

(
1−

li∑
k=1

δ1
i,k

)
+ β2

i

(
li∑
k=1

δ2
i,k − 1

)

+
∑
ai∈Ai

τi(ai)

[
li∑
k=1

∑
a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

(√
αi

1− αi

(
(Σk

i )
1
2 vki

)
(ai,a−i)

δ1
i,k

− µki (ai, a−i)δ
2
i,k

)
− λi

]}
+ λi,

where
(

(Σk
i )

1
2 vki

)
(ai,a−i)

represents the ath element of vector (Σk
i )

1
2 vki . The

first equality is obtained by using Cauchy-Schwartz inequality, and the second
equality follows from Corollary 37.3.2 of [28]. The minimum in the second
equality is −∞, unless

li∑
k=1

δ1
i,k = 1,

li∑
k=1

δ2
i,k = 1,

λi ≤
li∑
k=1

∑
a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

(√
αi

1− αi

(
(Σk

i )
1
2 vki

)
(ai,a−i)

δ1
i,k

−µki (ai, a−i)δ
2
i,k

)
, ∀ ai ∈ Ai.

Hence, the dual of [P1] is

[D1] max
λi,δ1i ,δ

2
i ,(v

k
i )
li
k=1

λi

s.t.

(i) λi ≤
li∑
k=1

∑
a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

(√
αi

1− αi

(
(Σk

i )
1
2 vki

)
(ai,a−i)

δ1
i,k

− µki (ai, a−i)δ
2
i,k

)
, ∀ ai ∈ Ai,

(ii)

li∑
k=1

δ1
i,k = 1,

(iii)

li∑
k=1

δ2
i,k = 1,

(iv) ||vki || ≤ 1, ∀ k = 1, 2, · · · , li,
(v) δ1

i,k ≥ 0, ∀ k = 1, 2, · · · , li,
(vi) δ2

i,k ≥ 0, ∀ k = 1, 2, · · · , li.
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4.1.1 Mathematical program

We denote the decision variables and the objective function of mathematical
program [MP1] by ζ = (β1

i , β
2
i , λi, δ

1
i , δ

2
i , (v

k
i )lik=1, τi)i∈I and ψ(·) respectively.

Then, using all the n primal-dual pairs (one for each player) [P1]-[D1] of convex
programs we have the following characterization for Nash equilibrium.

Theorem 4 Consider an n-player finite strategic game where the payoff vec-
tor ri = (ri(a))a∈A of player i, i ∈ I, is a random vector. For each i ∈ I, the
mean-covariance pair (µi, Σi) of the distribution of ri are such that µi ∈ Uµi
and Σi ∈ UΣi , and otherwise the distribution is arbitrary. Consider a point
ζ∗ = (β1∗

i , β
2∗
i , λ

∗
i , δ

1∗
i , δ

2∗
i , (v

k∗
i )lik=1, τ

∗
i )i∈I . Then, for a given α ∈ [0, 1)n,

a strategy part τ∗ of ζ∗ is a Nash equilibrium of the distributionally robust
chance-constrained game if and only if ζ∗ is a global maximum of the mathe-
matical program [MP1] given below

[MP1] max
ζ

∑
i∈I

[λi − (β1
i − β2

i )]

s.t.

(i) λi ≤
li∑
k=1

∑
a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

(√
αi

1− αi

(
(Σk

i )
1
2 vki

)
(ai,a−i)

δ1
i,k

− µki (ai, a−i)δ
2
i,k

)
, ∀ ai ∈ Ai, i ∈ I,

(ii)

√
αi

1− αi
||(Σk

i )
1
2 ητ || − β1

i ≤ 0, ∀ k = 1, 2, · · · , li, i ∈ I,

(iii) β2
i − (µki )T ητ ≤ 0, ∀ k = 1, 2, · · · , li, i ∈ I,

(iv) ||vki || ≤ 1, ∀ k = 1, 2, · · · , li, i ∈ I,

(v)
∑
ai∈Ai

τi(ai) = 1, ∀ i ∈ I,

(vi)

li∑
k=1

δ1
i,k = 1, ∀ i ∈ I,

(vii)

li∑
k=1

δ2
i,k = 1, ∀ i ∈ I,

(viii) τi(ai) ≥ 0, ∀ ai ∈ Ai, i ∈ I,
(ix) δ1

i,k ≥ 0, ∀ k = 1, 2, · · · , li, i ∈ I,
(x) δ2

i,k ≥ 0, ∀ k = 1, 2, · · · , li, i ∈ I,

with objective function value ψ(ζ∗) = 0.

Proof Let τ∗ be a Nash equilibrium of a distributionally robust chance-
constrained game. For each i ∈ I, τ∗i would be a best response of τ∗−i. Then,



14 Vikas Vikram Singh et al.

there exist β1∗
i and β2∗

i such that (β1∗
i , β

2∗
i , τ

∗
i ) is an optimal solution of [P1]

for fixed τ∗−i. The second order cone program [P1] satisfies all the conditions
of strong duality Theorem 6.2.4 of [2]. Hence, there exists an optimal solution
(λ∗i , δ

1∗
i , δ

2∗
i , (v

k∗
i )lik=1) of dual problem [D1] such that all the constraints (i)-(x)

of [MP1] are satisfied at ζ∗ = (β1∗
i , β

2∗
i , λ

∗
i , δ

1∗
i , δ

2∗
i , (v

k∗
i )lik=1, τ

∗
i )i∈I , and

λ∗i = β1∗
i − β2∗

i , ∀ i ∈ I.

Hence, ζ∗ is a feasible point of [MP1] and the objective function value
ψ(ζ∗) = 0. Now, we show that ζ∗ is a global maximum of [MP1]. Let ζ
be a feasible point of [MP1]. For each i ∈ I, multiply each constraint (i) cor-
responding to ai by τi(ai) and then add over all ai ∈ Ai. Then, by using the
Cauchy-Schwartz inequality and the constraints (ii)-(x), we have

λi ≤ β1
i − β2

i , ∀ i ∈ I. (12)

That is, ψ(ζ) ≤ 0 for all feasible point ζ of [MP1]. Hence, ζ∗ is a global
maximum of mathematical program [MP1].

Let ζ∗ be a global maximum of [MP1] such that ψ(ζ∗) = 0. Since, ζ∗

is a feasible point of [MP1], then (12) also holds at ζ∗. This together with
ψ(ζ∗) = 0 implies that at ζ∗ (12) is equality. From constraint (ii) and (iii) of
[MP1], we have

β1∗
i − β2∗

i ≥ max
1≤k≤li

√
αi

1− αi
||(Σk

i )
1
2 ητ

∗
|| − min

1≤k≤li
(µki )T ητ

∗
, ∀ i ∈ I. (13)

At ζ∗, by multiplying the constraint (i) of [MP1] corresponding to ai by τi(ai)
and then by adding over all ai ∈ Ai, and using Cauchy-Schwartz inequality
we have

λ∗i ≤
li∑
k=1

δ1∗
i,k

√
αi

1− αi
||(Σk

i )
1
2 η(τi,τ

∗
−i)||−

li∑
k=1

δ2∗
i,k(µki )T η(τi,τ

∗
−i), ∀ τi ∈ Xi, i ∈ I.

Since, (δ1∗
i,k)lik=1 and (δ2∗

i,k)lik=1 are probability vectors, then we can write

λ∗i ≤ max
1≤k≤li

√
αi

1− αi
||(Σk

i )
1
2 η(τi,τ

∗
−i)||− min

1≤k≤li
(µki )T η(τi,τ

∗
−i), ∀ τi ∈ Xi, i ∈ I.

Using (13) and the equality of (12) at ζ∗, we have

max
1≤k≤li

√
αi

1− αi
||(Σk

i )
1
2 ητ

∗
|| − min

1≤k≤li
(µki )T ητ

∗

≤ max
1≤k≤li

√
αi

1− αi
||(Σk

i )
1
2 η(τi,τ

∗
−i)|| − min

1≤k≤li
(µki )T η(τi,τ

∗
−i), ∀ τi ∈ Xi, i ∈ I.

This implies that, for each i ∈ I,

uαii (τ∗i , τ
∗
−i) ≥ u

αi
i (τi, τ

∗
−i), ∀ τi ∈ Xi.

Hence, τ∗ is a Nash equilibrium.
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4.2 Distributionally robust chance-constrained game for known mean and an
upper bound on covariance matrix

We consider the distributionally robust chance-constrained game defined in
Section 3.2. For each i ∈ I, a best response of player i, for a fixed τ−i, can be
obtained by solving the following convex program,

[P2] min
τi

√
αi

1− αi
||Σ

1
2
i η

τ || − µTi ητ

s.t.

(i)
∑
ai∈Ai

τi(ai) = 1,

(ii) τi(ai) ≥ 0, ∀ ai ∈ Ai.

From the similar arguments used in Section 4.1, the dual of [P2] is,

[D2] max
λi,vi

λi

s.t.

(i) λi ≤
∑

a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

[√
αi

1− αi

(
Σ

1
2
i vi

)
(ai,a−i)

− µi(ai, a−i)
]
,

∀ ai ∈ Ai,
(ii) ||vi|| ≤ 1.

4.2.1 Mathematical program

Similar to the previous case, by using the n primal-dual pairs [P2]-[D2] of
convex programs we have the following characterization for Nash equilibrium.

Theorem 5 Consider an n-player finite strategic game where the payoff vec-
tor ri = (ri(a))a∈A of player i, i ∈ I, is a random vector whose distribution
belongs to an uncertainty set Di(µi, Σi) defined by (5), where Σi is a posi-
tive definite matrix. Consider a point ζ∗ = (λ∗i , v

∗
i , τ
∗
i )i∈I . Then, for a given

α ∈ [0, 1)n, a strategy part τ∗ of ζ∗ is a Nash equilibrium of the distributionally
robust chance-constrained game if and only if ζ∗ is a global maximum of the
mathematical program [MP2] given below,

[MP2] max
ζ

∑
i∈I

[
λi −

(√
αi

1− αi
||Σ

1
2
i η

τ || − µTi ητ
)]

s.t.
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(i) λi ≤
∑

a−i∈A−i

∏
j∈I;j 6=i

τj(aj)

[√
αi

1− αi

(
Σ

1
2
i vi

)
(ai,a−i)

− µi(ai, a−i)
]
,

∀ ai ∈ Ai, i ∈ I,
(ii) ||vi|| ≤ 1, ∀ i ∈ I,

(iii)
∑
ai∈Ai

τi(ai) = 1, ∀ i ∈ I,

(iv) τi(ai) ≥ 0, ∀ ai ∈ Ai, i ∈ I,

with objective function value ψ(ζ∗) = 0.

Proof The proof follows from the similar arguments used in Theorem 4. ut

5 Numerical results

We illustrate our theoretical results from Section 4 using some randomly gen-
erated examples. We compute the Nash equilibria, of distributionally robust
chance-constrained games corresponding to both distributional uncertainty
sets, by solving respective mathematical programs [MP1] and [MP2]. Our
numerical experiments were carried out on an Intel(R) 32-bit core(TM) i3-
3110M CPU @ 2.40GHz×4 and 3.8 GiB of RAM machine. We use fmincon
in MATLAB optimization toolbox to solve the corresponding optimization
problems.

Example 1 We consider a distributionally robust chance-constrained game as
defined in Section 3.1, where I = {1, 2}, A1 = {1, 2, 3} and A2 = {1, 2, 3}.
We assume that the mean vectors µ1 ∈ Uµ1

and µ2 ∈ Uµ2
, and the covari-

ance matrices Σ1 ∈ UΣ1
and Σ2 ∈ UΣ2

, where Uµi = Co{µ1
i , µ

2
i , µ

3
i } and

UΣi = Co{Σ1
i , Σ

2
i , Σ

3
i }, i = 1, 2. The data describing the sets Uµ1 and Uµ2 are

as follows: µ1
1 = (8, 10, 8, 9, 8, 10, 10, 8, 8)T , µ2

1 = (10, 8, 10, 8, 9, 8, 10, 10, 8)T ,
µ3

1 = (8, 10, 10, 10, 10, 9, 8, 9, 10)T , µ1
2 = (9, 8, 10, 9, 9, 8, 8, 9, 10)T ,

µ2
2 = (10, 10, 8, 10, 10, 9, 9, 10, 10)T , µ3

2 = (9, 8, 10, 8, 9, 10, 9, 9, 9)T . The
data describing the sets UΣ1

and UΣ2
are as follows:

Σ1
1 =



7 3 3 4 3 4 2 4 4
3 7 4 3 3 2 2 2 3
3 4 7 3 4 4 2 2 2
4 3 3 7 2 4 2 3 2
3 3 4 2 5 4 2 2 3
4 2 4 4 4 7 4 3 2
2 2 2 2 2 4 7 4 3
4 2 2 3 2 3 4 5 3
4 3 2 2 3 2 3 3 7


, Σ2

1 =



8 3 3 2 3 4 2 4 3
3 8 2 3 4 3 3 3 3
3 2 8 4 2 3 2 2 3
2 3 4 6 3 4 3 4 3
3 4 2 3 6 3 4 3 2
4 3 3 4 3 6 3 4 3
2 3 2 3 4 3 6 2 2
4 3 2 4 3 4 2 6 4
3 3 3 3 2 3 2 4 6


, Σ3

1 =



5 2 4 3 3 3 3 3 3
2 7 4 4 3 3 3 3 3
4 4 7 3 2 2 2 4 3
3 4 3 7 2 2 3 4 3
3 3 2 2 5 3 3 2 3
3 3 2 2 3 7 3 3 3
3 3 2 3 3 3 7 4 3
3 3 4 4 2 3 4 7 2
3 3 3 3 3 3 3 2 5


,
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Σ1
2 =



6 4 3 4 2 2 3 4 3
4 8 3 2 3 4 2 2 3
3 3 8 4 4 2 3 4 4
4 2 4 8 3 4 3 4 4
2 3 4 3 6 3 3 3 3
2 4 2 4 3 6 3 4 3
3 2 3 3 3 3 6 3 3
4 2 4 4 3 4 3 8 4
3 3 4 4 3 3 3 4 8


, Σ2

2 =



8 3 4 4 3 4 3 2 3
3 8 4 4 3 4 3 3 3
4 4 6 4 3 2 2 4 4
4 4 4 8 2 2 3 3 3
3 3 3 2 6 3 3 4 2
4 4 2 2 3 8 3 3 4
3 3 2 3 3 3 8 3 3
2 3 4 3 4 3 3 8 3
3 3 4 3 2 4 3 3 6


, Σ3

2 =



8 2 4 2 2 4 3 2 3
2 8 4 3 4 3 2 3 3
4 4 6 4 2 4 3 4 2
2 3 4 6 3 3 3 3 2
2 4 2 3 6 4 4 4 3
4 3 4 3 4 8 4 3 3
3 2 3 3 4 4 8 3 2
2 3 4 3 4 3 3 8 2
3 3 2 2 3 3 2 2 6


.

The matrices Σk
i , k = 1, 2, 3, i = 1, 2 are positive definite. The data given here

is randomly generated. We order the random payoff vectors of player 1 and
player 2 as follows: rT1 = ((r1(a1, a2))3

a2=1)3
a1=1, rT2 = ((r2(a1, a2))3

a2=1)3
a1=1.

For example, the mean of random payoff r1(2, 1) is a convex combination of
µ1

1(4) = 9, µ2
1(4) = 8 and µ3

1(4) = 10, and variance of r1(2, 1) is a convex
combination of Σ1

1(4, 4) = 7, Σ2
1(4, 4) = 6 and Σ3

1(4, 4) = 7, and covariance of
r1(2, 1) and r1(1, 2) is a convex combination of Σ1

1(4, 2) = 3, Σ2
1(4, 2) = 3 and

Σ3
1(4, 2) = 4. The mean, variance and covariance for other random payoffs are

defined similarly. We compute a global maximum of the mathematical program
[MP1] corresponding to the given data. The mathematical program [MP1] has
78 variables and 48 constraints. The strategy part of a global maximum is a
Nash equilibrium of the game. We solve the equivalent minimization problem
using fmincon in MATLAB optimization toolbox. Table 1 summarizes the
Nash equilibria for various values of α.

Table 1: Nash equilibria for various values of α

α Nash Equilibrium

α1 α2 x∗ y∗

0.6 0.6
(

4130
10000

, 4494
10000

, 1376
10000

) (
167
1000

, 82
1000

, 751
1000

)
0.7 0.7

(
4263
10000

, 4395
10000

, 1342
10000

) (
1001
10000

, 1477
10000

, 7522
10000

)
0.8 0.8

(
1527
10000

, 1879
10000

, 6594
10000

) (
3755
10000

, 0, 6245
10000

)

Example 2 We consider a distributionally robust chance-constrained game as
defined in Section 3.2, where I = {1, 2}, A1 = {1, 2, 3} and A2 = {1, 2, 3}.
The mean vectors for both the players are µ1 = (10, 9, 11, 8, 12, 10, 7, 8, 13)T ,
µ2 = (9, 7, 8, 9, 10, 10, 10, 9, 8)T and the upper bounds on the covariance ma-
trices for both the players are
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Σ1 =



6 4 3 3 2 3 4 2 4
4 6 3 4 3 3 3 2 3
3 3 8 4 2 3 3 2 4
3 4 4 6 2 3 3 3 2
2 3 2 2 6 2 4 3 3
3 3 3 3 2 6 3 3 4
4 3 3 3 4 3 8 4 3
2 2 2 3 3 3 4 6 4
4 3 4 2 3 4 3 4 8


, Σ2 =



6 3 3 3 3 2 4 3 2
3 6 3 3 2 2 3 3 4
3 3 6 3 3 3 4 3 4
3 3 3 6 3 2 2 3 3
3 2 3 3 6 4 2 2 3
2 2 3 2 4 6 3 3 4
4 3 4 2 2 3 6 3 2
3 3 3 3 2 3 3 6 3
2 4 4 3 3 4 2 3 6


.

The matrices Σ1 and Σ2 are positive definite. We compute a global maximum
of the mathematical program [MP2] corresponding to the given data. The
mathematical program [MP2] has 26 variables and 16 constraints. Table 2
summarizes the Nash equilibria of distributionally robust chance-constrained
game for various values of α.

Table 2: Nash equilibria for various values of α

α Nash Equilibrium

α1 α2 x∗ y∗

0.6 0.6
(

2777
10000

, 6583
10000

, 640
10000

) (
217
1000

, 245
1000

, 538
1000

)
0.7 0.7

(
2978
10000

, 6732
10000

, 290
10000

) (
2168
10000

, 2308
10000

, 5524
10000

)
0.8 0.8

(
3256
10000

, 6744
10000

, 0
) (

3279
10000

, 2347
10000

, 4374
10000

)

We also perform numerical experiments by considering various ran-
dom instances with different sizes for both the cases. Let I = {1, 2},
A1 = {1, 2, · · · ,m1} and A2 = {1, 2, · · · ,m2}. We first consider the
games from Section 3.1. We consider the case where l1 = 3 and l2 = 3.
We use the integer random generator randi to generate the data. We
take µki = randi ([m1 +m2,m1 +m2 + 2],m1m2, 1) for all k = 1, 2, 3 and
i = 1, 2. It generates m1m2 × 1 integer random vector within inter-
val [m1 +m2,m1 +m2 + 2]. We generate the positive definite matrices Σk

i ,
k = 1, 2, 3, i = 1, 2, by setting Σk

i = B + BT + θ · Im1m2×m1m2 , where
B = randi(2,m1m2) is an m1m2 × m1m2 integer random matrix with en-
tries not more than 2, and θ is sufficiently large so that Σk

i is positive definite,
and Im1m2×m1m2

is an m1m2×m1m2 identity matrix. In our experiments, we
take θ = m1 + m2. We take α = (0.6, 0.6). We solve the mathematical pro-
gram [MP1] for various random instances with different sizes. For these games
the mathematical program [MP1] has 18 + 6m1m2 + m1 + m2 variables and
36+2m1+2m2 constraints. Table 3 summarizes the average time for computing
Nash equilibrium for different sizes of games considered in Section 3.1.
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Table 3: Average time for computing Nash equilibrium

Number of
instances

Number of actions Size of [MP1] Average time
(seconds)

Player 1 Player 2 Variables Constraints

10 5 5 178 56 10.44

10 10 10 638 76 229.8

10 15 15 1398 96 2761.2

Next, we consider the games from Section 3.2. For each i, i = 1, 2, we take
the mean vector µi = randi ([m1 +m2,m1 +m2 + 2],m1m2, 1) and the upper
bound on covariance matrix as Σi = B +BT + θ · Im1m2×m1m2 . We solve the
mathematical program [MP2] for various random instances with different sizes.
For these games the mathematical program [MP2] has 2 + 2m1m2 +m1 +m2

variables and 4+2m1 + 2m2 constraints. Table 4 summarizes the average time
for computing Nash equilibrium for different sizes of games considered in Sec-
tion 3.2.

Table 4: Average time for computing Nash equilibrium

Number of
instances

Number of actions Size of [MP2] Average time
(seconds)

Player 1 Player 2 Variables Constraints

10 5 5 62 24 4.29

10 10 10 222 44 33.23

10 15 15 482 64 238.2

10 20 20 842 84 850.8

6 Conclusions

We consider an n-player finite strategic game where the payoff vector of each
player is a random vector whose distribution is not completely known. It be-
longs to a certain distributional uncertainty set. We define a distributionally
robust chance-constrained game using worst-case chance constraint. We con-
sider two types of distributional uncertainty sets based on the partially avail-
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able information about mean and covariance matrix of random payoff vector.
For each case, we show that there always exists a mixed strategy Nash equi-
librium. We characterize the Nash equilibria of the game by proposing an
equivalent mathematical program. For each case, we show a one-to-one cor-
respondence between a Nash equilibrium of a game and a global maximum
of a certain mathematical program. For illustration purpose, we consider var-
ious random instances of games with different sizes. We compute the Nash
equilibria of the game by solving equivalent mathematical program. We use
fmincon in MATLAB optimization toolbox to solve the mathematical pro-
grams. The proposed mathematical programs have nice structure, e.g., the
objective function value is non-positive for all feasible points and a global
maximum is attained when the objective function value is zero. Due to this
property these mathematical programs are not very difficult to solve using
known optimization solvers.
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