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Abstract

In this paper, we consider the control problem with the Average-Value-at-Risk
(AVaR) criteria of the possibly unbounded L!-costs in infinite horizon on a Markov
Decision Process (MDP). With a suitable state aggregation and by choosing a priori
a global variable s heuristically, we show that there exist optimal policies for the
infinite horizon problem for possibly unbounded costs.
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1 Introduction

In classical models, the optimization problem has been solved by expected performance
criteria. Beginning with Bellman [6], risk neutral performance evaluation has been used
via dynamic programming techniques. This methodology has seen huge development
both in theory and practice since then (see e.g. [28, 29, 30, 31, 32, 33]). However, in
practice expected values are not appropriate to measure the performance criteria. Due
to that, risk aversive approaches have been begun to forecast the corresponding problem
and its outcomes specifically by utility functions (see e.g. [8, 10]). To put risk-averse
preferences into an axiomatic framework, with the seminal paper of Artzner et al. [2], the
risk assessment gained new aspects for random outcomes. In [2], the concept of coherent



risk measure has been defined and theoretical framework has been established. Deriving
dynamic programming equations for this type of risk-averse operators, risk measures, are
not vast. The reason for it is that the Bellman optimality principle is not neccessariliy
true using this type of operators. That is to say the optimization problems are not time
consistent. We refer the reader to [27] for examples verifying this type of inconsistency.
A multistage stochastic decision problem is time-consistent, if resolving the problem at
later stages (i.e., after observing some random outcomes), the original solutions remain
optimal for the later stages. To overcome this difficulty, in [19], one time step Markovian
dynamic risk measures are introduced, hence the operators are only evaluating for one
time step and necessarily time-consistent. Another state aggregation method and relevant
algorithms are developed in [26] relying on a so-called AVaR decomposition theorem. This
approach uses a dual representation of AVaR and hence requires optimization over a space
of probability densities when solving an associated Bellman equation. In [4], a different
approach is applied and for each path w, the information necessary from the previous
time steps is included in the current decision, which is called state aggregation in [4].
All these works are studying bounded costs in L*°, hence whenever they study infinite
time horizon, they verify the existence of optimal policy via a contraction mapping and
fixed point argument. To the best of our knowledge, there does not exist a study on
the optimal control on MDPs with unbounded costs using coherent risk measures . This
paper examines this case.

Our contributions are two fold. First, using the state aggregation idea from [4], we
show that in infinite time horizon with possibly unbounded costs that are in L', there
exists an optimal stationary policy. Second, we propose a heuristic algorithm to compute
the optimal values that is applicable both on continuous and discrete probability spaces
that require no technical conditions on the type of distributions as opposed to [4]. We
present our results with a numerical example and show that the simulations are consistent
with original problem and theoretical expected behaviour of this type of operator.

The rest of the paper is as follows. In Section 2, we give the preliminary theoretical
framework. In Section 3, we state our main result and derive the dynamic programming
equations for MDP using AVaR criteria for the infinite time horizon. In Section 4 we
present an algorithm using our theoretical results and apply it to the classical L(Q problem

and give the simulation values.



1.1 Controlled Markov Decision Processes

We take the control model M = {M,,,n € Ny}, where for each n € Ny,
Mn = (XnaAnaKnaFnacn) (1'1)
with the following components:

e X, and A, denote the state and action (or control) spaces, where X, take values in
a Borel set X whereas A,, take values in a Borel set A.

e For cach z € X, let A, (z) C A, be the set of all admissible controls in the state
z,, = x. Then
K, :={(z,a) : x € X,,,a € A,(z)}, (1.2)

stands for the set of feasible state-action pairs at time n, where we assume that K,
is a Borel subset of X, x A,,.

o We let x,.1 = F,(zn,a,,&,), for all n = 0,1, ... with z, € X,, and a, € A, as
described above, with independent random disturbances &, € S,, having probability
distributions u,,, where the S,, are Borel spaces.

e ¢,(x,a) : K, — R stands for the deterministic cost function at stage n € Ny with
(x,a) € K,.

The random variables {&, },>¢ are defined on a common probability space (2, F, {F, }n>0, P),
where PP is the reference probability space with each &, measurable with respect to sigma
algebra F,, with F = o(U2F,). Based on the action a € K, (x) chosen at time n, we
assume that A, is F, = o(Xo, Ao, ..., X,,)-measurable, i.e. our decision might depend
entirely on the history h,, where h,, = (zo,ag, z1,...,an_1,%,) € H, is the history up to

time n, where define recursively
Hy:=X, Hp,, =H,xAxX (1.3)
For each n € Ny, let IF,, be the family of measurable functions f,, : H,, — A,, such that
fulz) € Ay(2), (1.4)

for all z € X,,. A sequence m = {f,} of functions f,, € F, for all n € Ny is called a policy.
We denote by II the set of all the policies. Then for each policy = € II and initial state
x € X, a stochastic process {(z,,a,)} and a probability measure P7 is defined on (2, F)



in a canonical way, where z,, and a,, represent the state and the control at time n € Nj.
The expectation operator with respect to P7 is denoted by E7.The distribution of X,,1;
is given by the transition kernel Q from X x A to X as follows:

PW(Xn—&-l € B:C|X0a "'7Xn7fn(X0aA0a 7Xn))
- PW(X’VL-FI € B$|Xn7fn(X0aA07 ;Xn))
- Q(B:E|Xn7fn(X0aA077Xn))

for Borel measurable sets B, C X. A Markov policy is of the form
PW<Xn+1 € Bm|men<XOaA0= 7Xn)) - @(Bxp(mfn(Xn)) (1'5)

That is to say, the Markov policy m = {f,}n>0 depends only on current state X,,. We
denote the set of all Markovian policies as II™. Similarly, the stationary policy is of the
form 7 ={f, f, f,...} with

P™(X,11 € By| X, fu(Xo, Ao, .., Xin)) = Q(B| Xy, f(X5)), (1.6)

i.e. we apply the same rule for each time episode n. Suppose, we are given a policy m =
{fn}52,, then by Ionescu-Tulcea theorem [7], there exists a unique probability measure
P™ on (€, F), which ensures the consistency of the infinite horizon problem considered.
Hence, for every measurable set B C F,,, n € Ny, we denote

P™(X,; € B) =P(B)
PF(XN-H € Blhn) :Q(B|Xn7fn(X07AOa >Xn))

We consider the following cost function ¢,(x,,a,) that takes state x, and action a, at

time n € Ny and denote

> = ch(asn,an), (1.7)
n=0

for the infinite planning horizon and

N
cN = ch(xn, an) (1.8)

n=0
for the finite planning horizon for some terminal time N € Nj. We take that the cost
functions {c, (Zn, @n) }n>o are non-negative and C and C*° belong to space L*(§, F,Py).
We start from the following two well-studied optimization problems for controlled Markov



processes. The first one is called finite horizon expected value problem, where we want to

find a policy 7 = {f,,}\_, with the minimization of the expected cost:

mell

N
min Eg[z Cn (T, ap)]
n=0

where a,, = f,,(xg, 21, ..., ) and ¢, (z,, a,) is measurable for each n = 0, .., N. The second
problem is the infinite horizon expected value problem. The objective is to find a policy
7= { [}, with the minimization of the expected cost:

well

min Eg[z Cn (T, ap)]
n=0

Under some assumptions the first optimization problem has solution in form of Markov
policies, whereas in infinite case the policy is stationary. In both cases, the optimal policies
can be found by solving corresponding dynamic programming equations. Our goal is to
study the infinite horizon problem, where we use a risk-averse operator p instead of the
expectation operator and look for stationary optimal policy under some conditions.

We introduce the corresponding risk averse operators that we will be working on
throughout the rest of the paper, which is first defined in [2] on essentially bounded
random variables in L™ and later extended to random variables on L' in [17, 19] with a

norm on L' introduced in [28].

Definition 1.1. A function p: L' — R is said to be a coherent risk measure if it satisfies
the following azxioms:

e pAX +(1=NY) < (X)) +(1-=Np(Y)VAe (0,1), X,Y € L;

o I[f X <Y P—a.s. then p(X) < p(Y), VX,V € L*

o plc+X)=c+p(X),VceR, X € L;

e p(BX)=Pp(X), VX €L, 3>0.

The particular risk averse operator that we will be working with is the AVaR,(X)

Definition 1.2. Let X € L'(Q, F,P) be a real-valued random variable and let
ae(0,1).

e We define the Value-at-Risk of X at level o, VaR,(X), by

VaR,(X) =inf{z e R: P(X <z) > a} (1.9)



e We define the coherent risk measure, the Average-Value-at-Risk of X at level «,
denoted by AVaR,(X) as

1
AVaR,(X) = 1

— /1 VaR,(X)dt (1.10)

We will also need the following alternative representation for AVaR, (X)) as shown in [15].

Lemma 1.1. Let X € L'Y(Q, F,P) be a real-valued random variable and let o € (0,1).
Then 1t holds that

seR —

AVaR, (X) :min{s—i- 1 ! E[(X—s)ﬂ}, (1.11)

where the minimum is attained at s = VaR,(X).

Remark 1.2. We note from the representation above that the AVaR,(X) is real-valued
for any X € L'(Q, F,P).

Definition 1.3. Let L°(F,,) be the vector space of all real-valued, F,-measurable random
variables on the space (), F,F,,P) defined above. A one-step coherent dynamic risk
measure on L°(F,,1) is a sequence of mappings such that

pi: L°(Fpi1) = L°(F,),n=0,..,N — 1. (1.12)
that satify the followings
e 0, (AX + (1 =NY) < Ap(X)+ (1= N)po(Y) VA€ (0,1), Z, W € Lo Fpi1);
o If X <Y P—a.s. then ppi1(X) < po1(Y), VX, Y € LY(Fni1)
o p(c+X)=c+pu(X),Vce L°F,), X € L°(F.11);

o pn(BX) = Bpn(X), VX € L)(F), 820

Definition 1.4. A dynamic risk measure (pp)—o on L°(Fy) is called time-consistent if

for all XY € L°(Fy) andn=0,....N — 1, p,11(X) > po1(Y) implies p,(X) > p,(Y).

Another way to define time consistency is from the point of view of optimal policies
(see also [20]). Intuitively, the sequence of optimization problems is said to be dynamically
consistent, if the optimal strategies obtained when solving the original problem at time
t remain optimal for all subsequent problems. More precisely, if a policy 7 is optimal on
the time interval [s, T, then it is also optimal on the sub-interval [¢,T] for every ¢ with
s<t<T.



Remark 1.3. Given that the probability space is atomless, it is shown in [20] and [14]

that the only law invariant coherent risk measure operators p on (Q, F, FN_,,P), i.e.
X2LY = p(X)=p(Y) (1.13)

satisfying
p(Z) = p(plFr(-..p| Fn-1)(2)), (1.14)
for all random variables Z are esssup(Z) and expectation E(Z) operators. This suggests

that optimization problems with most of the coherent risk measures are not time consistent.

2 Main Result

We are interested in solving the following optimization problem in the infinite horizon.

min AVaRg(nZ:O Cn(Zny ), (2.15)

Remark 2.1. In [}/, the infinite horizon with bounded costs are studied and the ezistence
of optimal strategy is obtained via a fized point argument through contraction mapping.
Here, since we deal with cost functions that are in L', this scheme does not work. Hence,
we follow a different approach by assuming that there exists at least one policy o for

which AVaR2* (> cn(Zn, an)) < 00. The complete assumptions are listed as follows.
First, we put the following assumptions on the problem.
Assumption 2.2. For everyn € Ny, we impose the following assumptions on the problem:

1. The cost function ¢, : K,, — R is nonnegative, lower semicontinuous (I.s.c.), that is
if (xg, ar) — (x,a), then
h,?i%}.}f cn(2¥,a%) > cp(z,a) (2.16)
and inf-compact on K,,, i.e., for every x € X,, and r € R, the set
{a € Ap(x)|cn(z,a) <71} (2.17)

18 compact.

2. For fixed s € R and for all n € Ny, the function

(T, an) — /v(:vn+1, $ = Cni1(Tnt1, @) Q(dT i1 |2, an) (2.18)

is I.s.c. for all l.s.c. functions v > 0.



3. The set A,(x) is compact for every x € X,, and for every n € Ny.

4. The system function x,1 = F,(xp, an,&,) is measurable as a mapping
F,: X, x A, xS, = X1, and (z,a) = F,(z,a,s) is continuous on K,, for every
s€eS,.

5. The multifunction also called point-to-set function x — A, (x), from X to A is upper
semicontinuous (u.s.c.) that is, if {x,} C X and {a,} C A are sequences such that

T, — 2, ap, € A(z,) forall n, and a, — a", (2.19)
then a* is in A, (z*).
6. There exists a policy m € 11 such that Vo(x,m) < M for all x € X,.

To solve (2.15), we first rewrite the infinite horizon problem as follows:
mell seR

1
inf AVaR] (C*| Xy = z) = inf inf {s + EEQ[(C“’ — S)Jr]}

1
= inf inf ——ET[(C™ —s)*
inf in {8+1—a T(C* =) ]}

seR well

. 1 . T © _ N\t
“inf o e -0l

Based on this representation, we investigate the inner optimization problem for finite time
N asin [4]. Let n =0,1,2,..., N. We define

wyr(7,8) :=EI[(CYN —5)"], 1€ X, seRrell, (2.20)
wy(x,s) = inngW(x, s), ve€X, seR, (2.21)
TE

We work with the Markov Decision Model with a 2-dimensional state space X2 X xR
The second component of the state (x,,s,) € X gives the relevant information of the
history of the process. We take that there is no running cost and we assume that the
terminal cost function is given by V_i.(x,s) := V_i(z,s) := s~. We take the decision
rules f, : X — A such that fu(z,8) € A, (z) and denote by ITM the set of Markov policies
© = (fo, f1,---, ), where f, are decision rules. Here, by Markov policy, we mean that the
decision at time n depends only on the current state x and as well as on the global variable

s as to be seen in the proof below. We denote for

veM(X):={v: X — R, : measurable} (2.22)



the operators, for n € Ny and for fixed s

Lv(zp,a) = /v(an, s —Cp(Tps1,0))Q(dx, 1|z +n,a), (x,,s) € )N(,a € A,(z) (2.23)

and

va(-rn) = /U($n+1, §— Cn(xn—ﬁ-l)(@(dxn—i—ﬂl’na f(-rna 3)7 (xn7 S) eX

The minimal cost operator of the Markov Decision Model is given by

Tv(z) = inf Lo(z,s,a). (2.24)
a€An(x)

For a policy m = (fo, fi, f2,...) € II®. We denote by # = (fi, f2,...) the shifted policy.
We define for # € II® and n = —1,0,1, ..., N:

Vn+1,7r = TfOVnwa
Vn+1 = Hﬂ_lf Vn-l—lﬂ'

=TV,.

A decision rule f with the property that V,, = T}.V,,_; is called the minimizer of V,,. We
have Markovian policies IIM C II in the following sense: Given the global variable s, for
every o = (fo, f1,...) € IIM we find a policy © = (go, g1, -..) € II such that

90(@o) = fo(xo, 5)
gl(fI?(), ap, xl) = fl(.ilfl, S — Co)

We remark here that a Markovian policy o = (fo, fi,...,) € IIM also depends on the
history of the process but not on the whole information. The necessary information at
time n of the history h, = (zo,ao,x1,...,an_1,%,) are the state x, and the necessary
information s,, £ sy — ¢y — ¢1 — ... — ¢,—1. This dependence of the past and the optimality
of the Markovian policy is shown in the following theorem. For convenience, we denote

Vo (@) -= inf EX[(CY — 5)*]

mell

Vb’foo(m) = inf E7[(C* — 5)1]

mell

, which corresponds to the optimal value starting at state x in finite and infinite time
horizon accordingly.
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Theorem 2.3. [}/ For a given policy o, the only necessary information at time n of the
history h, = (xo, ag, 1 ..., Gn—1, T,) are the followings

e the state x,

e the value s, ;= s —cy—c1 — ... —Cp_1 formn=1,2,...,N.
Moreover, it holds for n =0,1,..., N that

® W, =V, foro eIV,

o w, =V,

If there exist minimizers [ of V,, on all stages, then the Markov policy o* = (f, ..., f%)

1s optimal for the problem

inf ET[(CN — 5)7] (2.25)

mTell

Proof. For brevity, suppressing the arguments for cost function ¢,(x,a), and for n = 0,

we obtain
Voo (2, 8) = Ty, Voy(x, s)
_ / Voi(@, s — co)Qde |z, fo(, 5))
:/@_%>@wﬂnﬁu»»

- [(@= 90, fow.5)
— EZ[(Co — 5)*] = oo, 5

Next by induction argument and denoting fo(z, s)) = a, we have
Votio (2, 8) = Th, Vg (z, 5)
— [ Visla',s ~ v Udsle )
~ [BL(C - s - cunrly ) IRy 2.0)

_ /Eg‘,[(cn+1(y, a) + C" — s)"|Q(dy|z, a)

=EI[(C™ = 8)"] = wny0(2, 5)
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We note that the history of the Markov Decision Process En = (T, S0, @0, T1, S1, A1, ey Ty Sp)
contains history h,, = (zo, ag, 1, a1, ..., x,). We denote by II the history dependent policies
of the Markov Decision Process. By ([5], Theorem 2.2.3), we get

inf Vio(z,s) = inf Voz(z,s).

oellM Fell

Hence, we obtain

inf w,, > Inf w,, > Inf = inf V,, = inf w,,
oM well Fell oeclIM oellM
We conclude the proof. O

Theorem 2.4. [}] Under the conditions of the Assumptions 2.1, there exists an optimal
Markov policy, in the sense introduced above, o* € 1l for any finite horizon N € Ny with

inf ET[(CY — s)T] = E7 [(CN — s)7] (2.26)

mell
Now we are ready to state our main result.

Theorem 2.5. Under Assumptions 2.1, there exists an optimal Markov policy 7 for the

infinite horizon problem 2.15.

Proof. For the policy 7 € II stated in the Assumption 2.1, we have
Weo,r = EZ[(C™ — 5)7]

=EJ[(C"+ ) Cr—s)"]

k=n+1

< EI[(C" =) 1+ EI[ Y Gl
< B7[(C" = 5)*] + M(n), (2:27)

where M(n) — 0 as n — oo due to the Assumption 2.1. Taking the infimum over all
m € 1l we get
Woo(x, ) < wy, + M(n) (2.28)

Hence we get
Wy, < Weolz, 8) < wp + M(n) (2.29)
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Letting n — 0o, we get
lim w, = we (2.30)

n—oo
Moreover, by Theorem 2.3, there exists 7 = {fu.}1_o € II such that V¥ (z) = Vjy(z)
and we also have by the assumption that V¥ (z) is l s.c. By the nonnegativity of the cost
functions ¢, > 0, we have that N — V{y(z) is nondecreasing and Vi (z) < Vi () for
all x € X. Denote
u(z) = sup Vg y (). (2.31)

N>0
Then u(x) being the supremum of l.s.c. functions is L.s.c. as well. Letting N — oo, we
have u(r) < Vi (7). Hence Vi, () is Ls.c. as well. We state that the optimal policies
are stationary via an induction argument as in Theorem 2.3 and by Theorem 4.2.3 in [13],

and hence conclude the proof. Il

We recall that our optimization problem is

71rI€11fI AVaR7 ( z%c T, Q) (2.32)

which is equivalent to

™ 3 ™ oo +
inf AVaR7( ; ¢(an, an)) = inf {s + 1 inf BT[(C™ =) ]} (2.33)
Hence, we fix the global variable a priori s as
s = VaRI*(C™), (2.34)

where VaR[?(C*) is decided using the reference probability measure Py. It is claimed in
[4] that by fixing global variable s, the resulting optimization problem would turn out to
be over AVaRg(C™), where possibly a # /3, under some assumptions. But, it is not clear
to us, what these conditions would be for that to hold and why it should be necessarily
case. Since for each fixed s, the inner optimization problem in Equation 2.31 has an
optimal policy 7(s) depending on s. Hence, as in [4], we focus on the inner optimization
problem but by fixing the global variable s heuristically a priori VaR*(C?) with respect
to reference probability measure P and then solve the optimization problem for each path
w conditionally with respect to filtration F,, at each time n € Ny namely by taking into
account whether for that path s, < 0 or s, > 0. Hence, by denoting s, = C™ — s, the
optimization problem reduces to classical risk neutral optimization problem for that path

w whenever s,, <0.
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3 su(w) <0 case for that particular realization w

In this section, we are going to solve the case, after time n, when the risk averse problem
reduces to risk neutral problem in that particular realization path w. Recall that the

inner optimization problem is

V(@) = —— inf ET[(C*° — 5)*].

1 — a ncl1

1 r 00

_ mfET(( Y c(wn,an)—(s—CN)f]

1 — a =cn

1 r 00

— inf BT [ () c(xn,an)—sn)Jr] (3.35)

1 — a =cn

- meg_Eg{( i c(a:n,an)—sn)ﬂan (3.36)

1 — a =cn
- n=N+1

- meg:Eg{( i c(a:n,an)—sn)+|{xn,sn}H (3.37)

1 — o =t
n=N-+1

Hence, whenever s,(w) < 0, we have obviously a risk neutral optimization problem in

that realization path w. Namely,

(3 fhpatame) - an)

= Z 1 i aci(xi,m)(w) — ! sn(w)

where n = min{m € Ny : s,,(w) < 0} in that realization path w. Our iterative scheme
follows closely [9]. To further proceed, we need the following two technical lemmas.

Lemma 3.1. Fix an arbitrary n € Ny. Let K, be as in assumptions, and let u : K, — R

be a given measurable function. Define

u*(z) = aeijlf(z)u(:v, a), for all z € X,,. (3.38)

o [f u is nonnegative, l.s.c. and inf-compact on K,,, then there exists m, € F, such
that
u(z) = u(z,m,), forallx € X (3.39)

and u* is measurable.
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e [fin addition the multifunction x — A, (x) satisfies the Assumption 2.1, then u* is

l.s.c.

Proof. See [25]. O

Lemma 3.2. For every N > n > 0, let w, and w,n be functions on K,,, which are
nonnegative,l.s.c. and inf-compact on K,,. If w, n T w, as N — oo, then

Ii i nN(T,a) = mi T, 3.40
W ol (0 @) = R, () (340

forallx € X.

Proof. See [13] page 47. O
For n = min{m € Ny : s,,(w) < 0}, taking the beginning state as z,(w) and calculat-
ing the minimal cost from that state z,(w) onwards, by nonnegativity of cost functions

c(x;, a;) for all i € Ny, we have obviously

o) = int [ (i@: an) - sn<w>)+@<dx'|x, folt,5))
o) =it [ (i@:) - ) ) Qo flr, )

and similarly for the infinite horizon problem, we have

Vit = ing [ (S etrwan) - sn(e)) @l o)

Vi) = int [ (i() ) ) QU ol )

Definition 3.1. A sequence of functions u, : X,, = R on a realization path w at time n

15 called a solution to the optimality equations if

un(1)(w) = aei,ﬁf(m){c’”‘(m’ a)(w) + Elun 1 [Fo (2, a,6)]]}, (3.41)

where
Eftni [Fa(z,0,6,)]) = / i [Fa(, 0, 8) pin(ds). (3.42)

n
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First, we introduce the following notations for simplicity. Let L,(X) be the family of

l.s.c. non-negative functions on X. Moreover, denote

Pyu(z)(w) := min ){cn(x, a)(w) + Elupi1[Fn(x, a,&0)] ) (3.43)

a€An(z

for all z € X.
Lemma 3.3. Using the Assumption 2.1, then
e P, maps L,1(X) into L,(X).
o For every w € Ln1(X), there exists o), € F,, such that a, € A,(x) attains the
minimum in 3.41, i.e.
Fou(x)(w) := {en(2, an) (W) + Elun1[Fr(z, an, &)}, (3.44)
Proof. Let u € L,,11(X). Then by assumptions we have that the function
(,a,w) = cp(x, a,w) + Elup 1 [Fr(z, an, &)] (3.45)

is non-negative and l.s.c. and by Lemma 3.1, there exists 7, € [F,, that satisfies Equation
3.52 and P,u is l.s.c. So we conclude the proof. O
By dynamic programming principle, we express the optimality equations in 3.41 as

Vo =PV, (3.46)
for all m > n. We continue with the following lemma.

Lemma 3.4. Using the Assumption 2.1, consider a sequence {u,,} of functions u,, €
L (X) for m € Ny, then the following is true. If u, > Pyu,.1 for all m > n, then
Uy, > V2 for allm > n.

Proof. By previous lemma, there exists a policy m = {7, }m>n such that for all m > n

U (T) 2> (X, M) + Umngr1 (1) (3.47)
By iterating, we have
N-1
um<$) > Ci (a:;r? Wi) + um+N($:1+N)7 (348)
Hence we have
U () > Vg n (2, ), (3.49)

for all N > 0. By letting N — oo, we have u,,(z) > V,,,(x, ) and so u,, > V*. Hence,

we conclude the proof. O
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Theorem 3.5. Suppose that assumptions hold, then for every m > n and v € X,
V() TV (), (3.50)
as N = o0 and V,\ is l.s.c.

Proof. We justify the statement by appealing to dynamic programming algorithm, we
have Jy(z) := 0 for all z € Xy, and by going backwards for t = N — 1, N — 2, ...,n, and
let

Ji(x) = aeiif(x){ct(x, a) + Jy[Fi(z,a,8)]} (3.51)

By backward iteration, for t = N — 1, ..., n, there exists m; € F,,, such that 7,,(z) € A,,(x)
attains the minimum in the Equation 3.59, and {7mx_1,7y_2, ..., T, } is an optimal policy.
Moreover, J,, is the optimal cost for

Jn(x) = V;N(xn), (3.52)
Hence, we have
Vin(@) = min {eu(e,0) + Vi nlFole,a,6)) (3.53)

Denoting u(z) = supy~, V,’ y(z), we have u(z) is Ls.c. By Lemma 3.2, we have

Vi(z) = min {c,(z,a) +V,  [Fu(z, a,§)]}. (3.54)

" a€An(x)

Moreover, cost functions ¢,(x,a) being nonnegative, we have u(x) < V*(x). But by defi-
nition, we have V*(x) < u(x). Hence, we conclude the proof. O

4 Numerical Example

We are going to illustrate our theoretical framework through a numerical example. We
treat the classical LQ-problem using risk sensitive AVaR operator to illustrate our results
below and give a heuristic algorithm that specifies the decision rule at each time episode n
based on our results above. We solve the classical linear system with a quadratic one-stage

cost problem with AVaR Criteria. Suppose we take X = R with a linear system
Tyl = Tp + ap + Zp, (4.55)

with g = 0, Z, is i.i.d. standard normal i.e. Z, ~ N(0,1). We take one stage cost
functions as ¢(x,, a,) = 2 + a2 for n = 0,1,..., N — 1. We also assume that the control
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constraint sets A, (z) with z € X are all equal to A, = R. Thus, under the above

assumptions , we wish to find a policy that minimizes the performance criterion

J(m,x) := AVaRT < Nf(wi + ai)) : (4.56)

n=0

It is well known that in risk neutral case using dynamic programming, the optimal policy

™ ={fo, -, fn_1} and the value function J,, satisfy the following dynamics.

Ky =0 (4.57)

Kn — |:1 - (1 + Kn+1)_1Kn+1:| Kn+1 + 17 fOl" n = O7 ,N — 1

N-1
Jo(z) = Kp2? + Z K;, forn=0,..,.N —1

1=n-+1

(see e.g. [13]). When we use, AVaR operator, we proceed as follows. First, we choose the
global variable s a-priori and fix it. We take a, = 0forn =0,..., N—1,i.e. my = {0,0,....0}
and let

r

s := VaR,/( (T, an))

N—-1
;zinf{xeR;P(Zngx) za}.

n=0

3
I
=)

If s > 0, then we choose a,, = 0 at time n. This means ¢(x,,a,) = 22 + a? is minimal
for that time n in a greedy way. We remark here that by setting a, = 0, we have
27]:[;01 X2 has x? distribution with n — 1 degrees of freedom. Then, we update global
variable s with s — ¢,(7,,a,) = s — 2. Next, we simulate the random variable &,(w)
and get T,41 = , + &u(w). If s <0, then our problem reduces to risk neutral case. We
repeat the procedure until end horizon N. We simulated our algorithm for N = 10000
and find that our scheme preserves the monotonicity property of AVAR,(X) operator,
namely AVaR,(X) < AVaR,(Y). Moreover, we also see that with respect to risk aversion
the corresponding value functions increase as well, namely AVaR,;(X) < AVaR,2(Y)
whenever al < «2. We also have by our algorithm that for a = 0 we have the risk
neutral value functions which is consistent with AVaR, (X )ima—so = E[X]. We give the

pseudocode of this algorithm below and present our numerical results afterwards.
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1: procedure LQ-AVAR ALGORITHM

2 s=VaRP (X)) X2)

3 x =0

4: Vdm = ()

5: V(CL’) =0

6 for eachn € N —1 do

7 if s <0 then

8 apply Dynamic Programming from state x,, onwards as in Equation 4.57
9 Update Vv

10: else

11: Choose a,, =0

12: Update s = s — 22

13: Update ¢, = 22 +a?

14: Update ,41 =z, + @, + &p(w)
15: Update V(z) =V (z) 4 ¢,

16: end if

17: end for
18: return V(z) + V"
19: end procedure
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