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Medical treatment decisions involve complex tradeoffs between the risks and benefits of various treatment
options. The diversity of treatment options that patients can choose over time and uncertainties in future
health outcomes, result in a difficult sequential decision making problem. Markov decision processes (MDPs)
are commonly used to study medical treatment decisions; however, optimal policies obtained by solving
MDPs may be affected by the uncertain nature of the model parameter estimates. In this article, we present
a robust Markov decision process treatment model (RMDP-TM) with an uncertainty set that incorporates
an uncertainty budget into the formulation for the transition probability matrices (TPMs) of the underlying
Markov chain. We show that the addition of an uncertainty budget can control the tradeoff between mean
performance and worst-case performance of the resulting policies. Further, we present theoretical analysis to
establish computationally efficient methods to solve the RMDP-TM and we provide conditions under which
the policy of nature is stationary. Finally, we present an application of the models to a medical treatment
decision problem of optimizing the sequence and the start time to initiate medications for glycemic control

for patients with type 2 diabetes.
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1. Introduction

Medical treatment decisions for chronic diseases involve complex tradeoffs between benefits
and harms of treatment. These decisions are often made by physicians based on results
from randomized control trials and/or observational studies. However, decisions are rarely
quantified in a way that makes clear the short term costs of medications and harms from
medication side effects versus the long term benefits of avoiding disease-related complica-
tions. For many chronic diseases, there are multiple treatment options that can potentially
be selected over the course of a patient’s lifetime. This results in a difficult sequential
decision making problem the goal of which is to optimally trade off short term harms (e.g.
side effects, medication costs) with uncertain long term benefits (e.g. delaying or avoiding
disease-related complications or death).

Markov decision process (MDP) models have been used to study optimal control of many
medical treatment decisions including liver transplants, HIV, diabetes, and others (Alagoz
et al. 2004, 2007, Shechter et al. 2008, Mason et al. 2014). A key component of every MDP
model is the transition probability matrix (TPM) which describes stochastic changes in
the system over time. The optimal policy of an MDP may be highly dependent on TPMs
of the underlying Markov chain (Mannor et al. 2016). A strong assumption of MDP mod-
els is that TPMs are known with certainty. For medical treatment decisions, maximum
likelihood estimates (MLEs) of the TPMs from a population-based observational data are
commonly used; however, MLEs cannot capture the natural variation in transition prob-
abilities caused by patient heterogeneity. Therefore, it is potentially valuable to develop
optimization models which can also take into account this variation.

Robust MDPs (RMDPs), presented in a max-min framework, have been developed to
generate the worst-case optimal policy when MDP parameters such as TPMs are subject
to uncertainty (Satia and Lave Jr. 1973, White III and Eldeib 1994, Kaufman and Schaefer
2012, Iyengar 2005, Nilim and El Ghaoui 2005, Wiesemann et al. 2013). However, the appli-
cation of RMDPs to medical decision making problems is very limited. In this article, we
propose a finite-horizon RMDP treatment model (RMDP-TM) with a controllable uncer-
tainty set formulation for the uncertain TPMs for optimizing medical treatment decisions.
Similar to the RMDP framework presented in Nilim and El Ghaoui (2005), and Iyengar
(2005), the uncertainty sets for TPMs are assumed to satisfy the rectangular uncertainty

property. In order to control the conservativeness of the robust optimal policy, we include
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an uncertainty budget as part of the uncertainty set formulation to control the size of the
uncertainty set.

We present theoretical analysis to establish computationally efficient methods to solve
the RMDP-TM, and to provide sufficient conditions under which the RMDP-TM is equiv-
alent to its (often more difficult) time-invariant counterpart in which the TPMs are con-
strained to be the same in all decision epochs. We use the RMDP-TM version of the
glycemic control model, based on our previously published paper (Zhang et al. 2014), to
demonstrate the application of the proposed model to the context of optimizing treatment
decisions for patients with type 2 diabetes. We use this example to demonstrate structural
differences between the RMDP-TM optimal policy and the MDP optimal policy, to com-
pare the nominal and worst-case performance of various robust optimal treatment policies,
as confidence level and uncertainty budget changes, and to draw conclusions about the
feasibility and the value of using the proposed RMDP-TM for real-world medical treatment
decision making problems.

The main contributions of this article are twofold: from the methodological point of view:
(1) we present a new robust stochastic optimization model, the RMDP-TM, which is suited
to medical treatment decision problems that arise in the context of chronic diseases; (2) we
propose an easy-to-implement uncertainty set formulation for TPMs, which can be used
to control the conservativeness of the optimal solution; (3) we present computationally
efficient methods for solving this model; and (4) we prove that the time-invariant version
of the RMDP-TM can be solved in polynomial time under certain conditions.

From the application point of view, (1) we present a case study applying the RMDP
framework to a real-world medical treatment decision problem in the context of glycemic
control for patients with type 2 diabetes; (2) we utilize a validated glycemic control model
with parameters estimated from a large longitudinal data set comprised of millions of
patients’ medical records and pharmacy claims; (3) we illustrate the structure and per-
formance of various robust optimal treatment policies and the MDP optimal policy which
can potentially be valuable to clinicians and policy makers in better understanding model-
informed treatment decisions.

The remainder of this paper is organized as follows. In Section 2 we present the mathe-
matical formulation of the RMDP-TM for general medical treatment decision problems. In

Section 3, we present theoretical analysis and solution methods for solving the RMDP-TM.
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In Section 4 we demonstrate the application of the RMDP-TM to optimize the treatment
decisions with regard to the sequence and time to initiate hyperglycemia lowering med-
ications for patients with type 2 diabetes. Finally, in Section 5 we highlight our main

conclusions.

2. Model Formulation

We formulate the medical treatment decision process as a finite-state, finite-horizon,
discrete-time MDP where the underlying Markov chain represents the progression of a
patient’s health status. The model includes the following five components:

Time horizon. We assume treatment decisions are made at a finite and discrete set of
time epochs indexed by t € T ={1,2,...,T} where 1 represents the time of being diagnosed
with a certain disease, and T represents a reasonable upper limit on patients’ age (e.g. age
100). The period after the last epoch T is called the post decision horizon.

States. The model includes a discrete set of health states, L, a discrete set of treatment
states, M, and an absorbing state, D. The health state, ¢, € L = {l(1),...,L(|L|)},Vt €
T, represents the severity of the disease at time epoch t. The treatment state, m, =
(my4,mag,...,mpt) € M, is an n—tuple binary vector in which n represents the total num-
ber of available treatment options (e.g. available medications); m;, =1,Vi € {1,...,n}, rep-
resents the patient is on treatment option ¢ at the beginning of the time epoch ¢, otherwise,
m,; = 0. Health states and treatment states influence the risk of disease-related complica-
tions that the treatment aims to prevent. The absorbing state, D, is commonly included
in medical treatment decision models (Alagoz et al. 2004, 2007, Shechter et al. 2008, Kurt
et al. 2011, Mason et al. 2014). It includes all major disease-related complications that
the decision maker aims to prevent (e.g. heart attack, stroke, and renal failure) and death
from any causes. The complete set of states in the model is given by S = {£ x M} |J{D}.
Note that although £ and M are defined independently, they are inter-dependent due to
the effect of treatment actions on the probability of entering the absorbing state.
Actions. The action at time epoch ¢t € T\{T'} is denoted by oy (¢;, m;) € A;, and it repre-
sents the selection of treatment option(s) to initiate during the time period (¢,t+ 1] given
the patient is in health state ¢; € £, and treatment state m, € M. We adopt the convention
that, in finite horizon problems, decisions are not made at the last time epoch T'. The

set of all possible actions at time epoch t is denoted by A; = {(A1+, Ass,..., Ant)| Air €
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{I,D},Vie {1,...,n}} where A,;, =1, Vi € {1,...,n}, represents to initiate treatment
option ¢ at time epoch ¢, otherwise A;, = D. For a patient in the absorbing state, there are
no further actions, i.e., A, =0, ¢t € T\{T}. We assume that no future treatment decision
will be made during the post decision horizon, therefore the treatment state is assumed to
be the same as my during the post decision horizon. For ease of expression, we simplify
the notation oy (4, m;) to ay(s;). Given a patient in treatment state, my, at the beginning
of epoch t, and take the action, ay(s;), we denote my,1(c(s;)) to be the treatment state
at the beginning of the next time epoch ¢t + 1. A decision rule, d; : S — A;,Vt € T\{T},
specifies the action when the patient is in state s, € S at time epoch t € T\{T}.

Reward. The immediate reward is denoted by r;(s¢, ci(st)),Vt € T\{T'}, and it represents
the reward received during the time period (t,t+ 1] given being in state s; and taking
action ay(s;) at time epoch t. The terminal reward, which defines the boundary condition
of the model, is denoted by ry(sr),Vsy € S, and it represents the expected total reward
accumulated during the post decision horizon.

Probabilities. There are two types of transition probabilities in the model: probabilities
of entering the absorbing state and probabilities of transitioning among health states. We
denote the probability of entering the absorbing state as p(s;, a;(s;)). For any s; € L x M,
pE(ss, (s;)) represents the probability of having at least one disease-related complication
or death occurs during the time period (¢,t + 1]. For s; = D, p=(s;, oi(s;)) represents the
probability of staying in the absorbing state which equals 1. We denote the transition
probability between health states conditional on not entering the absorbing state during the
time period (t,t+ 1] by ge, (be41), YVt € T\{T'}, 4s, €111 € L. The probability of transitioning
from state s, € S to state s;11 € S, given that the action, ay(s;) € A;, is taken at time

epoch t, is defined as follows:

( .
(1= (s6,@(50))) 0, (bi41), i 84,8041 € L X M,
pf(st,at(st)), ifSt€£XM,St+1:D,
Pe(St41l5t, (1)) = )
]_, lfSt:D,St+1:D
\0, ifSt:D,St+1E£XM.
2.1. MDP formulation
A policy, ® = {dy,ds,...,dr_1}, is a sequence of decision rules that specifies the action to

be used at each state in each time epoch. The policy induces a probability distribution
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on the set of all realizations of the MDP. Based on the expected total discounted reward
criterion, the value function for a given policy 7 is defined as follows: ==

T_1
> N (sk, a(si)) + )\T_trT(ST)] Vs €85, €T, (1)

v/ (s;) =ET,
k=t

where o] (s;) represents the expected total discounted reward accumulated from time epoch
t onward. Based on the definition of the value function for a given policy, the optimal value

function for the MDP can be written as follows:

T—1
maxET {Z M=ty (s, a(sp)) + /\T_trT(sT)] , Vs e Lx M,
k=t

WP () =

VteT, (2)
0, otherwise,
where IT represents the set of all possible policies. It is well-known that the optimal value

function of the MDP (2) can be rewritten recursively as follows:

max {Tt(staat(st)) A1 =pP(se,aulsh) 2 e (ber)
ay(se)eAs tiirel

'UivIDP(St) = XU%?P(&?-{-D mt-i—l(at(st)))}v\v/st = (eta mt) € »C X M7t S T\{T}7 Vt S T, (3)
rr(sT), Vsr = (br,mr) € L X M,

0, VSt S D,

where vMP¥(s;) denotes the optimal value-to-go. The backward induction algorithm pre-

sented in Puterman (1994) is commonly used to solve MDP models. The MDP formulation
assumes no uncertainty in the health state TPM, Q; = [q,, (Ce1)]j2yx|c)» SO We refer to it as

the nominal TPM, and denoted it by Q, £ (e, (€t+1)]|£|><|£|’ from hereafter.

2.2. RMDP-TM formulation

In many medical treatment decision problems, the health state TPM, @y, is estimated from
a longitudinal data set by using the maximum likelihood method (Craig and Sendi 2002);
therefore, it is subject to uncertainty caused by sample variation. We assume that the
health state TPM lies in a given uncertainty set O, which has the rectangular uncertainty
property, i.e. Q; = [[ Qi where Q,,, denotes the uncertainty set of row ¢; of the TPM,
Q;. The rectangulaﬁtlelflcertainty property indicates the choice of the transition probabilities
when the system is in state ¢; € £ at epoch t, is independent of the choice of the transition

probabilities when the system is in state ¢, # ¢, € £ at epoch t. This property is key to
maintaining the tractability of solving the RMDPs.
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7

We assume the goal of the RMDP-TM is to maximize the worst-case expected total
discounted reward. The optimal value function of the RMDP-TM can be written as follows:

T_1
max min E™ % Nt (s, o (1)) + AT trp(sp) |, Vs € L x M,
oD | BTG B | 2 N el o)) + AT )| Vo wer, ()

O, VStED,
where the decision of nature at time epoch t is the health state TPM, @Q;, the pol-

icy of nature from epoch t onward is a vector of health state TPMs, denoted by 6, =
(Qt7 Qt+17 v 7QT—1)7 and the set ®t - {(Qta Qt—i—la s 7QT—1J)| Qk € Qkka € {t7t+ ]-> e >T_

Tt T t
1}}, represents the set of all admissible policies of nature from epoch t onwards. In this

robust context, the optimal value function can be interpreted as the maximum worst-case
expected total discounted reward from epoch ¢ until the patient reaches the absorbing
state.

Based on Theorem 1 of Nilim and El Ghaoui (2005) as well as Theorem 2.2 of Iyengar
(2005), when the uncertainty set, Q;, vt € T\{T'}, has the rectangular uncertainty property,
the optimal solution of the RMDP-TM model can be obtained by a deterministic Markovian
policy, and the optimal value function of the RMDP-TM can be written recursively as
follows:

e, {rsn o)+ (- pFsnau(s)A min 5 i)

9i,0, € Qtvet li1E€EL

pRMDP-TM (g ) — XUEMDP_TM@Hl, Myt (at(st)))},VSt =, my) € LXM,teT\{T}, (5)

rr(sr), Vsr = ({r,mr) € L X M,
L 0, Vst S D,

where the minimization problem presented in Equation (5) is often referred to as the inner

problem:

oi(se, ai(sy)) = min i.0, (Etﬂ)vg\fDP'TM(ﬁtH, my 1 (oy(s)) VEeT. (6)

i, €940
b ¢ li1€EL

The RMDP-TM is a time-varying RMDP model since the decisions of nature are allowed
to vary across time epochs. The time-invariant counterpart of the RMDP-TM, which

requires the decision of nature to be the same for every time epoch, is a more difficult
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RMDP model due to the correlation of the decisions of nature across the entire time hori-
zon. The optimal value function of the time-invariant counterpart of the RMDP-TM can

be written as follows:

T-1
. ™, 05 k—t T—t
TLRMDPTV () max 19?melgt Es, {kX_:t N (Sg, o (sg)) + A TT(ST)} , Vs € LX M,

(7)

v
0, otherwise,

Vt € T, where 65 2 (Q,Q,...,Q) represents a stationary policy of nature from epoch t
——

T—t
onward. In Section 3 we will provide sufficient conditions under which problems (5) and

(7) are equivalent, i.e. when solving (5) generates a stationary policy of nature.

In addition to uncertainty in the health state TPMs, the probability of entering the
absorbing state may also be subject to uncertainty. Frequently these transition probabilities
are estimated using published statistical risk models. For some diseases there are multiple
published risk models, possibly resulting in a range of estimates. Taking this uncertainty
into account, the optimality equations (4) become:

-1
max  min ng’p?’at) S° Ny (sk, au(sk)) AT e (sr) |,V s € L x M,
’U;(St) = well (pfo,)e(PE,0y) k=t

0, otherwise,

vVt € T, where

ptE = (pz]‘,a(Sh at(St))7pE+1(St+17 oi1(541)), - - >p%71(5T71, ar_1(sr-1))) € PtE

is a vector of transition probabilities of entering the absorbing state from epoch ¢ to T'— 1,
and P} is a set containing all possible vectors of probabilities of entering the absorbing state
from epoch t to T'— 1. Under the assumption that uncertainty about the ideal choice of risk
models for estimating the transition probabilities of entering the absorbing state is at the
discretion of the decision maker, solving for v}(s;) is equivalent to solving for vFMPP-TM(g))

when pE (s, ay(sy,)) takes the maximum value for all k =+¢,¢t+1,...,7 — 1. Thus, in the

remainder of this article, we focus on the more challenging RMDP-TM problem in (4).

2.3. Uncertainty Set Formulation: Interval Model With Uncertainty Budget
The choice of the uncertainty set Q;,Vt € T plays an important role in determining the
computational tractability of solving the RMDP-TM (4), and determining the conserva-

tiveness of the corresponding optimal solutions. Some authors have proposed elliptical
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uncertainty set (Nilim and El Ghaoui 2005, Bertsimas et al. 2011). These provide a good
representation of the confidence region of the TPM but they also lead to a nonlinear for-
mulation of the inner problem (6) which can cause the RMDP to be difficult to solve in
practical use.

The interval matrix (IM) model presented in Nilim and El Ghaoui (2005) is perhaps one
of the simplest uncertainty set formulations that also possesses the rectangular uncertainty
property. In the IM model, Q™ the uncertainty set of the TPM is a Cartesian product of

the uncertainty set for each row ¢; of the TPM, which can be written as O} = [] Q}Y,
el
where % is the uncertainty set for row ¢; of matrix ); with the following form:

e, = {qt,ét eRT: S qua(byn) =1, ¢y, (1) < G, () < @', (Cisr), Vi € E} ,

€t+1 cL

Vi € £, ¥t € T\{T}. The quantities g; ,,(¢41) and g}, (€;41) denote the lower and upper
bounds of ¢ 4, (¢++1), respectively. Many approaches have been developed to generate simul-
taneous confidence intervals for multinomial proportions from observational datasets. We
refer the interested readers to Gold (1963), Goodman (1965), Fitzpatrick and Scott (1987)
and Sison and Glaz (1995) for different calculation methods.

To mitigate the conservativeness of the IM model while maintaining the rectangular
uncertainty property, we combine the IM model with an additional uncertainty budget
constraint to control the size of the uncertainty set. The uncertainty budget parameter
was originally proposed in the math programming literature (Bertsimas and Sim 2004,
Bertsimas et al. 2011) as a means to tradeoff the protection level of the constraints and
the degree of conservatism of the solution. This motivated us to use a similar approach to
see if there are benefits to limiting variation in transition probabilities within an uncer-
tainty set to influence how conservative the (worst case) solutions are for the traditional
interval model. Other methods have also been proposed to address the conservativeness
of the solutions in the context of RMDP. For example, Mannor et al. (2016) presented a
“Lighting does not strike twice” model in which the number of states whose parameters
can deviate from their nominal values is bounded by a given budget. Kaufman et al. (2011)
presented an infinite-horizon RMDP for optimizing the time to undergo a living-donor liver
transplantation where relative entropy bounds proposed by Nilim and El Ghaoui (2005)
were used to construct the uncertainty set for transition probabilities and the size of the

uncertainty set were controlled by the confidence level.
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We refer to our model as the interval model with uncertainty budget (IMUB). For any
U, 0y iy € L, we define the maximal left /right-hand-side variation associated with probabil-
ity qis, (¢r+1) as the absolute difference between the lower/upper bound of the transition
probability, ¢4, (¢++1), and its nominal value, ¢y, (¢141); and denote them by 5,{7& (bi1) =
Go,(Ceyr) — qivgt (€i1) and ¢y, (Lry1) = qi, (Ce+1) — Gro,(Le41), respectively. In addition, we
define the degree of left/right-hand-side variation as the proportion of variation from
the lower/upper bound of ¢, (¢:+1) to its nominal value, and denote them by zigt (l151)
and 2y, (¢141), respectively. Therefore, V¢, € £, t € T\{T'}, if g, (¢111) < Gee,(€r41), then
2t 0, (beg1) = (G (b)) — Gre(€i1)) /0%y, (Legr) and 2z, (€1) = 0; otherwise, 2y, (1) =
(Gre,(Les1) — Gre, (ﬁtﬂ))/ézet (£;11) and Zi,ét (£441) =0. We assume there is no variation when
Go,(Ley1) =0. Le. ziét (0411) and 2, (0411) equal 0.

The uncertainty budget on row ¢, of the TPM, @, is denoted by I';;,. It defines a limit
on the total allowable variations of the probabilities from their nominal values, measured
by the sum of zi,gt (£;11) and 2y, (l41) for all £;yy. Thus I'y 4, is limited to the range from 0

to |£]. The complete IMUB for row ¢; of the TPM, Q;, can be written as follows:

4

Qe (Lrg1) = Geo(lesr) = OFy, (Ceg1) 24 g, (Cigr)
+0tp, (Cey1) 2y, (Legn), Vb €L,
> G (biyr) =1,
b1 €L
c
QB (Tue) =< gy €RE| S (2l (b)) + 2, (6es1)) < T, (8)

bi1€EL
2t g, (besn) - 214, (Leyr) =0, Vb €L,
0< 2, (brs1), 24, (1) <1, Ve 1 €L

\ 0<que(li11) <1, Vil €L, )

The first equation in (8) represents the variable ¢, (:4+1) in terms of its nominal value,
and the degree of left-hand-side and right-hand-side variation. Since g; ¢, (¢:+1) can only be
on one side of its nominal value, 2} , (¢+1) and 2", (;41) cannot be positive simultaneously.
Therefore, the fourth constraint guarantees that either z{,, (¢i11) or zf',, (fi41) or both are
zero. The second and sixth constraints guarantee that the variables, g, (¢i41), V01 € L,
are confined to the probability simplex. The fifth constraint provides the lower and upper
bounds for the variables z;, (¢;41) and z}';, (fi11). The third constraint is the uncertainty

budget constraint, which requires the total degree of uncertainty on row ¢; of the TPM,
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Q¢ to be less than or equal to I',;,. The IMUB model of the entire TPM, @, Vt € T, can
be written as QMYB(Ty,,) = [T Q% P (Tes), VEe T,

Remark 1: Notice that Wﬁteenﬁ i, =0, V4 € Lt €T, we have qro,(lir1) = Gro,(Ces1),
Vl, b1 € L,t € T, and the RMDP-TM is the MDP model. Likewise, when I';,, = |L£],
Vi, € L,t €T, the uncertainty set corresponds to the IM model. Therefore, the uncertainty

budget controls the conservativeness of the optimal policy of the RMDP-TM relative to
the MDP model.

3. Analysis and Algorithm for RMDP-TM

In this section, we present theoretical analysis of the RMDP-TM that can be used to
establish computationally efficient methods for solving the RMDP-TM. We also provide
sufficient conditions under which the time-invariant counterpart of the RMDP-TM can be
solved. Complete proofs of Propositions 1-3 are available in Appendix A.

In light of the recursive structure in Equation (5), the RMDP-TM can be solved using the
robust dynamic programming (RDP) algorithm proposed by Nilim and El Ghaoui (2005).
In the RDP algorithm, the expected total discounted worst-case value-to-go is calculated
by solving the inner problem (6) at each iteration. Since the inner problem needs to be
solved |S|-|T\{T}| times, the extra computational cost of solving the RMDP-TM depends
on how efficiently the inner problem can be solved.

The inner problem (6) with IMUB model is the following nonlinear program:
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(IMUB-NLP)

min U%MUB'NLP (st,0u(st),Ieg,)
= Z qt,et(gt-i‘l)vg&-l\iIDP-TM(gt‘i‘l?mt+1(at(8t)))
b1 EL
s.t. et (Cer) = Gro(Cirr) — O o (Lrsn) 20 o (Lrsn) (9)

+ 6;/1,@([“1)2;@(5#1); Vb €L,
> nllin) =1, (10)

loel
> (2 (lr) + 214, (1)) < T, (11)

toel

20, (i) - 214, (1) = 0,411 € L, (12)

0 <z, (li31), 21, (beyr) <1, ¥y € L. (13)

0< oo, (fuer) < 1,001 € L, (14)

The following proposition provides a linear reformulation of IMUB-NLP that is easier

to solve.

ProOPOSITION 1. The IMUB-NLP is equivalent to the following IMUB-LP.

(IMUB-LP)

min U%MUB_LP (€t7 my, at(st), Ft,Z)
= ) e, GNP gy  (Qu(s0)))
Lip1€L
s.t. Gree(Cer1) = Gro(ler1) — 0 o (Cer) 24 4 (Lsn) (15)

+ 5g€(€t+1)zz£(£t+l)7vgt+1 €L,
Z G, (1) =1, (16)

lisrEL

> (2, ) + 214, (1)) < T, (17)
lesr1EL
0< 2y, (brsr), 21, (brs1) S 1, Vb1 € L. (18)
0<qre,(br11) <1, Vb1 €L, (19)

Proposition 1 states that the nonlinear constraint in the IMUB-NLP can be removed

without changing the optimal value of the objective function. The formal proof of Propo-
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sition 1 is given in the Appendix A. The basic idea of the proof is to show that for a given
feasible solution of IMUB-LP, a feasible solution to IMUB-NLP can be constructed. On
the other hand, it is clear that any feasible solution to IMUB-NLP is feasible to IMUB-LP.

Therefore, the two problems are equivalent.

Algorithm 1 A fast algorithm to solve the inner problem (6) with the IM model

1: fori=1—|L| do
2 set i gy, (£(1)), Yi' <= ap L(1), i <= v DT M (E(D), M (cu(s0)))
3: end for

4: for r=1—|L| do

5. set f<c; and 0+ (1 — ‘fz‘ yHB+ Z(yZ —yY)min{c; — 8,0} + |§:| eyl
6: if (r==1)or (r>1 and o > o} (lst,at(st))) then -

7: oM (s, a(s¢)) <o

8: else

9: Next 7

10 end if
11: end for

12: Return o™ (s;, a(s¢))

Next, we show that when the uncertainty set corresponds to the IM model, the inner

problem (6) can be solved by Algorithm 1 has complexity O(|L]).

PROPOSITION 2. Algorithm (1) generates an optimal solution to the inner problem (6)

with the IM model, and has complezxity, O(|L]).

The formal proof of Proposition 2 is in the Appendix A. The basic idea is to construct the
dual problem and prove that the optimal objective function value could be obtained by
Algorithm (1).

The time-invariant counterpart of the RMDP-TM model is not solvable by the RDP
algorithm proposed by Nilim and El Ghaoui (2005) due to the dependency of the nature’s
decisions across time epochs. This problem could be solved by using a large semidefinite
program proposed by Wiesemann et al. (2013), which does not exploit the recursive struc-

ture of the optimal value function; however, this is much more computationally intensive
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than the RDP algorithm and may not be feasible for large practical problems. Nilim and El
Ghaoui (2005) find that the gap between the time-invariant RMDP and the time-varying
RMDP goes to zero when the time horizon goes to infinity. For the RMDP-TM, we find
sufficient conditions under which the RMDP-TM equals its time-invariant counterpart for
a finite horizon. We begin with a definition of nonincreasing worst-case (NIWC) TPM that
is relevant to the proposition.

DEFINITION 1. The TPM, QYW is called an NIWC TPM in the uncertainty set
OPMUB(T) =[], e QPIVB(T), if V£, € £, row £, of the TPM, Q""" denoted by gy ",
is the optimal solution of the following problem:

But)= min > g (l)e(ly) VEET\{T}. (20)

IMUB
Dt €91t )€t+1€L

where the coefficients of the objective function, {c¢(¢i41)}s,,,ec, are nonincreasing in the
health state, ¢;,1.
Remark 2: Notice that when ¢(¢;11) equals v PP ™ (01, 1 (ou(sy))), Ve € £, the

problem (20) is equivalent to the inner problem (6).

PROPOSITION 3. For the RMDP-TM with optimal value function shown in (5), if the
following conditions hold:
(I): The uncertainty set of the TPM, Qy, is Q™ an IM model, ¥t € T\{T},m; € M,
(I): QM= QM vt t' e T\{T},
(II1): r¢(Ly, My, ai(St)) is nonincreasing in by, Vim, € M, au(s:) € A, and t € T\{T'}, and
rr(br,myr) is nonincreasing in {p, ¥V mp € M,

(IV): pE(ly,my, c(s;)) is nondecreasing in by, ¥V m; € M, au(s;) € A;, and t € T\{T},

and
oNwelel . : . = NIWC (g
(V): Q7] """, has the increasing failure rate (IFR) property, namely, > )qt v (L) s
=k

non-decreasing in Uy € L for all £(k) € L (Barlow and Proschan 1965)
then
(a): the optimal value function, viMPP-TM(¢, m,), of the RMDP-TM is nonincreasing in
gt; th S M,t € T\{T}, and
(b): the optimal policy of nature is ( ¥£V1VC7‘£|, ﬁﬁﬁvo"", e, ﬁﬂvlm":'), therefore, it is sta-

tionary.
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The proof of Proposition 3 is in the Appendix A, and is done by induction. These sufficient
conditions identify a special case when the time-invariant counterpart of the RMDP-TM
can be solved. Conditions (I) and (II) state that the uncertainty sets of the health state
TPM for all decision epochs are the same IM model. Condition (III) states that the imme-
diate reward and the terminal reward are nonincreasing as the health state becomes worse
for any treatment state. Condition (IV) states that the probability of entering the absorb-
ing state is nondecreasing in health states for any treatment states. These assumptions are
reasonable in making medical treatment decisions where a poorer health state is usually
associated with a lower reward, and a higher probability of entering the absorbing state. In
simple terms, the assumption of the IFR property in Condition (V) states that the worse a
patient’s health state the more likely it is to get worse. It has been widely used to analyze
the structure of the optimal policy for many applications of MDPs and has been observed
to hold empirically in many disease contexts (Mason et al. 2014, Shechter et al. 2008, Kurt
et al. 2011, Alagoz et al. 2004, 2007). Proposition 3 establishes conditions under which the
RMDP-TM (4) and its time-invariant counterpart (7) are equivalent. In addition, based
on Proposition 3, the computational time for solving a special class of the RMDP-TMs,
satisfy the conditions in Proposition 3, can be further reduced to the same as solving an

MDP with the TPM set to be the NIWC TPM.

4. Case Study: Optimizing Treatment Decisions for Type 2 Diabetes
In this section, we present a case study illustrates the application of the proposed model
to optimize the treatment decisions for glycemic control for patients with type 2 diabetes.

This case study also serves to analyze the performance of the resulting optimal policies.

4.1. Background and RMDP-TM Formulation of the Glycemic Control Model

A central focus of managing type 2 diabetes is glycemic control which involves the regula-
tion of blood glucose levels over time. Glycemic control aims to avoid acute daily symptoms
of hyperglycemia, to avoid instability in blood glucose over time, and to prevent or delay
the development of diabetes-related complications associated with the high blood glucose
levels. Glycated hemoglobin (HbAlc) is a commonly used measure of average blood glucose
concentration over time. A high HbAlc indicates poor glycemic control, and the need to
initiate medication(s) such as one of several oral medications or insulin. HbAlc is obtained
via a simple blood test at a recommended frequency of every three months (American

Diabetes Association 2017).
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Zhang et al. (2014) presented and validated a population-based glycemic control model
based on a finite horizon Markov chain. This model was used to compare the health
benefit, i.e. the quality-adjusted life-years (QALYs) gained, and the total medication costs
of different treatment regimens for individuals newly diagnosed with type 2 diabetes.The
key assumptions of the model include: (1) the HbAlc state transition probabilities are
independent of the medication being used except for insulin whose dose can be adjusted
automatically via an infusion system to maintain patient’s blood sugar; (2) medication
results in a proportional decrease in HbAlc based on the medication being used based on
empirical estimates using observational data for patients taking each medication; and (3)
other metabolic measures, e.g., blood pressure, cholesterol, which may affect the risk of
having complications are assumed to be maintained at clinically recommended levels by
other drugs and are not included in the model.

We used the glycemic control model presented in Zhang et al. (2014) to create an
RMDP-TM to optimize the treatment decisions for glycemic control for patients with type
2 diabetes in light of uncertainty in HbAlc transition probability estimates caused by
statistical variations. Following is a description of the model in this context.

Time horizon. The time horizon starts from the age at diagnosis, e.g., 55 years old
for females and 53 years old for males in the United States (Centers for Disease Control
and Prevention 2013), and spans the remaining patient’s lifetime. The time horizon is
discretized into three-month intervals based on the recommended frequency of performing
the HbAlc test (American Diabetes Association 2017)

States. The health states in the model include 10 HbAlc states, £ = {¢(1),£(2),...,£(10)},
defined by a discrete set of clinically relevant ranges of HbAlc levels. As a function of
age, the mean HbAlc value for each HbAlc state increases linearly, reflecting the expected
deterioration of glycemic control as the patient ages (Sinha et al. 2010). The ranges of
HbAlc levels used for categorizing HbAlc states and the mean HbAlc levels for HbAlc
states are shown in Appendix C Tables 1 and 2. We consider three hyperglycemia-lowering
medications: metformin, sulfonylurea, and insulin because they were shown to be the most
cost-effective in Zhang et al. (2014). The treatment states are represented as 3—tuple binary
vectors in which the first, the second, and the third elements represent the usage status for
metformin, sulfonylurea, and insulin, respectively. The absorbing state, D, includes major

diabetes-related complications: fatal or non fatal macrovascular events (such as ischemic
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heart disease, congestive heart failure, and stroke); fatal or non fatal microvascular events
(such as blindness, renal failure, and limb amputation); and severe hypoglycemia requiring
hospitalization; and death from other causes.

Actions. The action is the selection of which medication(s) to initiate at each time epoch.
Treatment results in a proportional decrease in HbAlc according to the medication effects
estimated from a longitudinal administrative claims dataset including HbA1lc records and
pharmacy claims (shown in Zhang et al. (2014)). There are no further treatment changes
once insulin is initiated, as it is assumed to maintain control of the HbAlc level.
Rewards. The immediate reward represents a patient’s QALYs between time epochs.
QALYs are widely used for evaluating the health outcome for treatment and health policy
decisions (Gold et al. 2002). QALYs adjust a year of life proportionally based on wutilities
that represent the quality of health that the patient experiences. In this case study, each
year is assigned a value between 0 (death) and 1 (perfect health) where the exact value
depends on the occurrence of side effects of medication and the disutility of hyperglycemia

symptom. For Vs; € L x M, the immediate reward is calculated as follows:
Tt(St, at(st)) =0.25 x (1 — Dhyper(at(st))(l — DmEd(at(st)), Vﬁt S E,

where D"Pe (o (s;)) represents the disutility of hyperglycemia symptom when HbAlc level
is above 8%, D™ (ay(s;)) represents the disutility of taking medications (a quantity that
measures the side effects of medications) during the 3-month period as shown in Table 1
of Zhang et al. (2014). For s, = D, r:(st, a(st)) is set to be zero. The terminal rewards,
rr(sr), are set to be 2.24 years for females and 2.05 years for males based on U.S. life
tables (Arias 2011).

Probabilities. The probability of entering the absorbing state is calculated as follows:
PP (st u(51)) = pf + D (b, i (1)) + P (e, i (51)) +,*P° (e (1)) The probabilities of
macro- and micro-vascular events, (¢, i (s¢)) and pir (£, a(s¢)) were estimated by
using the United Kingdom Prospective Diabetes Study (UKPDS) outcome models in the
forms of survival functions (Clarke et al. 2004). The probabilities of severe hypoglycemia,
P (0y(s;)), were also obtained from UKPDS Group (1995). The probabilities of death
from other causes were obtained from mortality tables from the Centers for Disease Control

and Prevention (Centers for Disease Control and Prevention 2012).
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A retrospective administrative claims dataset with linked laboratory data from a large,
nationwide US health plan was used to obtain the MLE and the left-hand-side and right-
hand-side variations of HbAlc transition probabilities Zhang et al. (2014). The population
meeting criteria for our study (337 males and 272 females) were 1) aged 40 years or older;
2) have been diagnosed with type 2 diabetes between 1995 and 2010; 3) have received the
first non-insulin glucose-lowering medication at least 6 months after enrollment; and 4)
have accumulated 15 HbAlc records within 5 years of continuous enrollment, along with
complete pharmacy claims records.

The nominal HbAlc TPMs were estimated using maximum likelihood estimation based
on the proportion of transitions between health states. As mentioned in Section 2.3, there
are multiple ways to estimate the confidence region for each row of the HbAlc TPM.
We used the method proposed in Sison and Glaz (1995) based on truncated Poisson
approximation to calculate the 99% confidence intervals for HbAlc transition probabil-
ities. The calculation was done by using the ”Multinomial CI” R package available at
https://cran.r-project.org/web/packages/MultinomialCI/index.html. The nomi-
nal HbAlc transition probabilities and the corresponding left-hand-side and right-hand-
side variations are shown in Appendix B Tables 1-6.

The goal of the RMDP-TM version of the glycemic control model is to maximize the
worst-case expected total QALYs from the time of diagnosis to the development of the first
diabetes-related complication or death. Given the initial HbAlc state distribution, IT =
(ITy, ..., IIy0) shown in Appendix Tables 1 and 2, the QALY results presented in Section 4.2
represent the worst-case expected total QALYs from birth to the first diabetes-related com-
plication or death, and are calculated as vRMPP-TM* — Ty, 4 ioz [LpRfMPP-TM (g3 1(0,0,0))
where LYsg represents the expected life years from birth tol:tlhe time of diagnosis, and
the vector, (0,0,0), represents the initial treatment state for patients not on any diabetes

medication at the time of diagnosis.

4.2. Treatment Policy Performance Comparison

To compare the performance of various treatment policies, we define the nominal perfor-
mance of a policy to be the expected total discounted reward under the nominal TPMs;
and the worst-case performance of a policy to be the expected total discounted reward

under the worst-case criterion when the TPM can vary over its uncertainty set. Theoretical
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Figure 1 The theoretical nominal performance versus the theoretical worst-case performance based on quality-
adjusted life-years to the first major complication for the MDP-optimal policy (i.e. the RMDP-TM-
optimal policy with I = 0) (solid triangle), and RMDP-TM optimal policies with I" > 0 (solid diamond).

nominal and worst-case performance are presented in Figures la and 1b for males and
females, respectively.

The MDP-optimal policy (i.e. the RMDP-TM-optimal policy with I' = 0) results in the
highest theoretical nominal performance, the expected QALYs are 62.53 for males and
65.74 for females. However, its corresponding theoretical worst-case performance is the
lowest: 61.70 QALYs for males (a reduction of 0.82 QALY's from its nominal performance)
and 64.47 QALYs for females (a reduction of 1.27 QALY from its nominal performance).
To put this in perspective, these reductions are more than an order of magnitude greater
than the use of aspirin for secondary prevention of myocardial infarction in 45-year-old
men, an important intervention, which has been estimated to provide a QALY gain of 0.04
per patient (Pignone et al. 2006). On the other hand, the IM verison of the RMDP-TM
(i.e., I'=10) is very conservative because it results in the lowest theoretical nominal per-
formance: 62.44 QALY for males (a reduction of 0.09 QALY's from the theoretical nominal
performance of the MDP-optimal policy) and 65.63 QALY for females (a reduction of 0.11
QALYs from the theoretical nominal performance of the MDP-optimal policy). As the T’
value changes, we see a significant tradeoff between the value functions for the nominal
and worst-case performance.

We also conducted a Monte-Carlo simulation study to compare the simulated perfor-
mance of all the policies. Some challenges exist for sampling transition probabilities as

each row sums up to 1 and each element needs to be lie in the interval [0,1]. We used
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the sampling approach presented in Zhang et al. (2016) to sample transition probabilities
according to the truncated multivariate normal distribution. For each experiment we sam-
pled 1000 transition probability matrices. As motivated by Proposition 3, and the goal
of evaluating the time invariant solution to RMDP-TM, we sampled the matrix once for
each instance and used the sampled matrix in all decision epochs. Using this simulation
approach we estimated various performance measures including (1) the sample mean of the
value function by applying the MDP-optimal policy and the RMDP-TM optimal policies
with I' varying from 1 to 10; (2) the sampled distributions of the value function for the
various policies; (3) the sampled worst-case observed over the 1000 samples; and (4) the
standard deviation of the value function estimates over the 1000 samples. The base case
results are for a = 0.01, corresponding to 99% confidence interval. We also report results
in which we varied the confidence level, 1 — «, and the uncertainty budget, I', to evaluate
the potential for using these parameters to control the performance characteristics of the
policies generated using the RMDP-TM.

Figures 2a and 2b show wviolin plots include the sampled performance of RMDP-TM-
optimal policies for varying choices of I' in the range 0 to 10. Results at the top of the figure
for the respective policies show the mean, the interquartile range and minimum and maxi-
mum estimates of the value function (i.e., the expected QALYs). Results at the bottom of
the figure are for the theoretical worst-case performance for various choices of I" values and
confidence levels. A number of important insights can be gained from these results. First,
the results are only moderately sensitive to the choice of confidence level, 1 — . Second, the
choice of I" significantly influences the worst-case performance of the policies and provides
a means to tradeoff between the nominal performance and the worst-case performance
estimated via sampling. Finally, and perhaps most importantly, there is a significant gap
between the sampled worst-case expected QALYs and the theoretical worst-case expected
QALYs, suggesting that a criteria focused on protecting against the theoretical worst-case,
which is often suggested in prior literature, may be overly conservative for some decision
makers.

Figures 3a and 3b are plots of the mean and the standard deviation of the value function
estimated using 1000 samples for males and females. The plots indicate that varying the
choice of uncertainty budget, I', varies the tradeoff between the mean and the standard

deviation, with the IM for transition probabilities having lowest standard deviation and
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Violin plots illustrating the distribution of sampled expected QALYs and theoretical worst-case expected

QALYs for the MDP-optimal policy (i.e. the RMDP-TM-optimal policy with I'=0), and RMDP-TM-

optimal policies for various choices of I" > 0, and for varying confidence levels, 1 — a.
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Figure 3  Plots illustrating the mean and the standard deviation of the value function estimated using 1000

samples for males and females for various choices of uncertainty budget, I', with o =0.01

the lowest sample mean and the MDP-optimal policy (i.e., I' = 10) having highest sample
mean but also the highest standard deviation. Thus, varying I" provide a means to control

the tradeoff between mean and standard deviation of the value function estimates.

4.3. Treatment Policy Structure Comparison

In the previous section we presented results for the value functions. In this section we
present results illustrating difference in the policies themselves. Figures 4a and 4b show
the treatment actions for all 10 HbAlc states for 15 years following diagnosis of type 2
diabetes for males and females, respectively. Since the prior treatment decision is part
of the state space, there are 4 figures for each policy, corresponding to the most recent
treatment histories (no prior treatment, treated with Metformin, treated with Sulfony-
lurea, and treated with Metformin and Sulfonylurea). Since insulin is the final treatment
option in the model, and once on insulin, patients will continue on insulin for the remain-
ing time, initiation of insulin completes the decision process. The figures on the left are
for the nominal MDP and the figures on the right are for the RMDP-TM with I' = 10,
i.e., the interval model verison of RMDP-TM. Figures show a general trend of treating
more aggressively, i.e., adding the second line medication Sulfonylurea or initiating insulin
sooner. Previous work (Kaufman et al. 2011) had similar observations that the therapy is
initiated sooner for the robust living-donor liver transplantation model. For the nominal

MDP optimal policies, the use of metformin (an oral medication) is quite prominent. For
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the RMDP-TM optimal policies, progression to insulin occurs much more quickly with the
goal of avoiding significant complications of type 2 diabetes. It is worth noting that both
of these strategies have been suggested and are debated in the endocrinology community.
Although not provided for brevity, varying the choice of I' provides a means to adjust the
aggressiveness of treatment that mirrors the variation seen in the value function estimates

of the previous section.

4.4. Analysis of the time-invariant counterpart of the RMDP-TM for the glycemic
control problem

We found that the MLEs of the TPMs for both genders did not satisfy the IFR assumption
exactly. However, based on the following worst-case violation measurement (Alagoz et al.

2004):
]

_ (¢ G (€ 21
TN et Ty ie(iiey A 9100 (1 (9)) = g (e ()] (2

the worst-case violation was relatively small (0.125 for females and 0.1191 for males). We
also calculated the NIWC TPM for males and females, and found that NIWC TPMs for
both genders did not satisfy the IFR assumption exactly either. The violation is 0.0898 for
female patients and 0.1129 for male patients; therefore, condition (V) in Proposition 3 did
not hold. We observed that when I" = ||, the optimal policy of nature was not stationary;
therefore, this glycemic control instance of the RMDP-TM did provide the optimal solution
to its time-invariant counterpart. However, we found that the optimal policy of nature was
stationary for two-thirds of the 270 feasible tuples of living states, medication states, and
medication initiation actions. For the remaining third of the tuples, nature’s policy was
stationary for 78.5%-81.7% of the decision epochs for men and 74.8%-78.8% of the decision
epochs for women. Although the policy of nature was not completely stationary, we were
able to generate an upper bound on the value function of the time-invariant RMDP-TM by
fixing nature’s policy to be (QgI_VYC"E‘, gl_vfc’w, e ?I_VYC"") where le_vifc,w\ is nature’s
optimal policy for the last decision epoch in the time-variant RMDP-TM. For men, we
found that this upper bound was 62.30 QALYs and for women the upper bound was 65.69
QALYs, which are tighter upper bounds than simply using the results of the respective
nominal problems for men and women. Thus, even though the conditions in Proposition
3 were not strictly satisfied, solving a time-invariant problem using lejﬁfﬁlﬁl as nature’s

policy in every decision epoch can provide some insights into the time-invariant counterpart

of the glycemic control problem.
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Although we were not able to use Proposition 3 to solve the time-invariant problem
directly the property would hold for other applications that strictly meet the IFR condi-
tion, and thus Proposition 3 identifies a special class of treatment problems for which the

computationally intractable time-invariant form of the RMDP can be solved easily.

5. Conclusions

We presented an RMDP model that can fit a broad range of medical treatment decisions
in which there is uncertainty in transition probabilities. The interval model version of
RMDP-TM model can be solved efficiently. Moreover, sufficient conditions exist under
which the optimal solution to the (easy) time varying model automatically solves the much
harder time invariant model. In practice the general version of latter problem is NP-hard
(Wiesemann et al. 2013) but the special case we identified can be solved in polynomial
time.

The IMUB version of RMDP-TM makes a novel connection between stochastic dynamic
programming and the robust optimization literature by incorporating an uncertainty
budget-based formulation in the MDP setting. We proved that the RMDP-TM remains
computationally tractable with including the uncertainty budget constraint and the numer-
ical experiments showed that it can control the tradeoff between the nominal performance
and the worst-case performance. Moreover, changes to the budget can control other per-
formance measures such as mean and variance of model outcomes.

We demonstrated the feasibility of solving the RMDP-TM for a practical instance of
an important medical decision making problem in the context of type 2 diabetes. We
illustrated how varying choices of confidence level and the uncertainty budget impacts
health performance measures for norminal and RMDP-TM optimal policies. Based on our
simulation study, we found that the theoretical worst-case performance may be much worse
than what is observed using Monte-Carlo sampling suggesting that in some applications
focusing on the theoretical worst-case may be overly conservative.

The RMDP-TM with IMUB proposed in this paper is based on the rectangular assump-
tion on TPMs that may not fit all contexts, however, it is so far the only condition which
makes RMDP solvable for large practical model instances. Future methodological research
in the RMDP domain could focus on generating approximations and solution methods
for solving RMDP without this assumption to better understanding the impact of this

assumption.
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o1 Appendix

62 A. Proof of Propositions

Proof of Proposition 1 Since it is clear that QWMUB-NLP C QIMUB-LP = 4 show that QMMUB-NLP —
QMUB-LE "it suffices to show that QMUB-NLP 5 9IMUB-LF "Tq show this, consider Vg, ¢, (¢;11) = Gr.o, (Uii1) +
2, (Ceg1)04 o, (Legr) + 214, (Lig1)0y, (Cigr) € Q™MUBEP . We define the quantities Z} , (£iq1), 24, (€iy1) as fol-

lows:

1

~ ” ” +
t,0 \Ft+1) = t,0e \Pt+1) % g, \bt41) 7 O g, \Lt41)%¢ 0, \Ft41
2y 0, (i) (00, (Cegr) 2t g, (Cegr) = 010, (Lign) 20, (L))
5t,2t (€t+1)

2y, () = = (014, (begr) 28y, (begr) = 01 4, (Lega) 21y, (ft+1))Jr
5t Ly (£t+1)

Based on the definition above, we know that Z; ,, (¢,4.1) >0 and 2}, (¢,41) > 0. The reminder is to show that

o (Cian loiq l,11)) satisfies the six constraints defining Q™VUB-NLP For the first constraint:
(qee, (Lo t z, +1)s % z, + g

Gre(Ceyr) = 0 g, (ber) 2] g, (Cuyr) + 08y, (Gegr) 2y, (i)

= G (les1) = (014, (Les1)2h g, (brsn) — 6@,@&1)2:@(&“))*
+ (=0}, (Ley )Zt Et(€t+1)+5t o (ley1)zty, (Legn))

= Gre,(leg1) — (€t+1)zt o (legn) + 02, (€r1)2t ', (leq1)

= Gt (€t+1)

The second and the sixth constraints only depends on ¢; 4, (¢:+1). For the third and the fifth constraints, we
know that

- 1
Zt g, (big1) = O™ (81 4, (Ces1) 2t g, (Legr) — 634, (Cogr) 28y, (Legn))
t,l¢

((%,Zt (big1 )Zf:,z,, (ley1) — 0) +

+

< -
T 0p 0, (brg1)
= Zf,et (bitr)-

_ 1
2y, (1) = = (014, (begr) 28y, (bega) = 01y, (Legr) 24y, (ft+1))+
5t 0y (EtJrl)

<—— (6%, (brs1)zt, (L) —0)F
= 5tu,ét (£t+1) ( t,ét( t+1>zt,lt( i+l) )
=2, (ley1)-
Therefore, 0 < 2}, ((i11) <1, 0< 2, (Leyr) <1, and 2, (Cigr) + 28y, (Ley1) < 24, (eg1) + 20y, (Ceg1) STy,
For the fourth constraint, i.e., the nonlinear constraint,
2i,zt (ft+1) : %,et (€t+1)
u u +
=5 (51l£,2t (€t+1)zi,£t (gt-ﬁ-l) - 5t,et (gt-&-l)zt,zt (€t+1))
5t,et (€t+1)
u u +
'5u / (6t,et (Zt—kl)zt,et (£t+1) - &s,et (€t+1>zi,et (£t+1))
t,lt( t+1)
= 0.
63 Therefor, QMUB-NLP — QIMUB-LP 5114 the proof is complete. [J

624 Proof of Proposition 2: We rewrite the inner problem (6) with the IM model in the following form:

K
min > ailyi+4h)
s.t. 0<y, <y“—1u, i=1,...,|L]
625 (LP1) <y <y -y L]
K
Z(?Jrf'yﬁ):
i=1

66 where y;, Vi € {1,---|L]}, are the decision variables, ¢; > 0, Vi € {1,---,|L|}, are the coefficients of the
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objective function, y! and y¥, Vi € {1,---,|L|} are lower and upper bounds of the transition probabilities,

respectively. We assume that 0 <y! < y* without loss of generality. The associated dual problem is:

I£] I£] 1£]
max e+ Y =y + (1= B
i=1 i=1 i=1
s.t. a1—|—ﬁgcl,V2=1,.,‘£‘
(Dual of LP.1) @, <0Yi=1,...,|L]
BER

One readily verifies that «f = min{c; — 8,0}, Vi € {1,...,|L|}. We thus have to solve the unrestricted,
one-dimensional problem:

[£] |£] [£]

max. (1= yDB+Y (4 —y)min{e;— 5,01+ eyl
i=1 i=1 i=1

The optimal solution must be attained at a ‘kink’ where 8 = ¢; for some ¢, so we just have to evaluate the
objective function for each choice of 8 = ¢;, and select the best one. The complexity of the Algorithm 1
depends on the for loop from line 4-11, therefore, it has complexity O(|£|). O

The following Lemma 1 will be used to prove the Proposition 3. Lemma 1 is similar to the Lemma 4.7.2
in Puterman (1994), however, Lemma 4.7.2 in Puterman (1994) is for the infinite-horizon case, and for

nondecreasing sequence {v;};-01

PR

LeMMA 1. Let {x;}, {} be real-value non-negative sequences satisfying

N N

/
PIEED B
j=n j=n

for all n, with equality holding for n=0. Suppose v;11 <wv; for j=0,1,...,N, then

N N

/
E v;x; < E VT
=0 J=0

Proof of Lemma 1 Let n be arbitrary and v_; =0. Then

N N J N N N N N
dovmi=D wy Y (vi—vie) =) (0 —vmn) Y@= (0= vm) D w10 ) 7
=0 j=0  i=0 §=0 i=j j=1 i=j i=0
N N N
<> (i —vm1) Y witve Yy s (v -0, <0,¥j=1,...,N)
j=1 i=j i=0
N N N N N
B SN JRRTE ST Sl o)
j=1 i=j =0 7=0 7=0
N N N j N
B SRR SHE o) S TREARES i
7=0 =3 7=0 =0 7=0

N N
Therefore,  v;z; < 3 v;x holds.
3=0 7=0
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Proof of Proposition 3: First, we show that given Conditions (I) and (II), the NIWC TPMs,
{Qi\nwc,\m} , defined by Definition 1, are the same for all time epochs. By Condition (I) and Propo-
sition 2, eachterZ;fngf the NIWC TPM, QY9! can be generated by using Algorithm 1. The order of the
coefficients in the objective function of the problem (20) is fixed (i.e. nonincreasing in health states), therefore,
as shown in Algorithm 1, the optimal solution, gq; , NIWGIE vy e L, is only determined by the feasible region of
the problem (20) (i.e, the uncertainty set, Q}'}'). By Condition (II) we know Qi) = Qi ¥l e L,t,t' € T\{T}.
Therefore,

GNIWCEl _ gNIWCIEL (T, e £

It follows that

Qll\nwc,\u _ QQNIWC,\Q i gl_vlvc,\m (22)

T ,URMDP—TM(

Next, we prove results (a) and (b) hold by induction. For the base case t = brymyp) =71 (lp,myr)

is nonincreasing in ¢r, ¥V mqs € M by Condition (III). Now assume that vRMDPP-TM(

¢, my,) is nonincreasing
infl, VmyeMand ke {t+1,t+2,.. — 1}, then we need to prove vMPP-TM(¢, 'm,) is nonincreasing
in ¢,, Vm, € M. Given the base case and induction hypothesis, the optimal decision of nature for 7 €
{t,t+1,...,T—1} is the NIWC TPM, QNWECI£I " of the uncertainty set Q, based on Definition 1. Combined

Condition (V) and Equation (22) we know that QN™W€(|£|) has the IFR property. By Lemma 1, we have

NIWC yRMDP-TM RMDP-TM
E i, (liy1) V41 (bry1,myq1) E ‘It 4/ £t+ Uit1 (be1,myqn), (23)
Ly 1€L £t+1 eL

if the health state ¢, € £ is order such that a patient in health state ¢; is healthier than a patient in health
state ¢,. Combined with the conditions that the one-period reward at decision epoch ¢ is nonincreasing in
¢, for any m, € M (Condition (III)), and the probability of entering absorbing state is nondecreasing in ¢;
for any m, € M, a, € A,(¢,;,m,) (Condition (IV)), we have vRMPP-TM (¢, ') is nonincreasing in ¢, for any
€ M. Therefore, the induction hypothesis is satisfied, and the result (a) follows.
Based on result (a) that the optimal value function is nonincreasing with respect to health state for
any decision epochs, the optimal decision of nature for any decision epoch ¢t € T\{T'} is the NIWC TPM,

N TWOILL of the uncertainty set Q; based on Definition 1. Combined with Equation (22), we have the

optimal policy of nature is ( EI_VIVC"“,..., ﬁ‘_vlvcv“‘) which is stationary. [
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ess B. Parameters Values for the Case Study

Table 1 Glycosylated hemoglobin (HbAlc) used in the RMDP-TM for women. HbAlc range definition at
diagnosis, the mean natural HbAlc values for each HbAlc state at diagnosis (prior to initiating medication), the

initial HbA1c distributions at diagnosis, and 3-month HbAlc transition probability matrices for women.

HbA1lc State

1 2 3 4 5 6 7 8 9 10

HbAlc Range <6 [6,6.5) [6.5,7) [7,7.5) [7.5,8) [8,8.5) [8.5,9) [9,9.5) [9.5,10) 10

Mean HbA1lc value (%) 57 625 674 724 773 823 873 922 972 11.73

Initial HbAlc Distribution 0.0771 0.1543 0.2125 0.18 0.1105 0.0848 0.0502 0.035 0.0273 0.0683

HbAlc state 1 0.6471 0.3529 0 0 0 0 0 0 0 0
HbAlc state 2 0.1800 0.5200 0.2200 0.0600 0.0200 0 0 0 0 0
HbAlc state 3 0.0435 0.1957 0.4783 0.2174 0.0652 0 0 0 0 0
HbAlc state 4 0.0192 0.0577 0.2500 0.3846 0.1923 0.0769 0.0192 0 0 0
HbAlc state 5 0.0323 0 0.1935 0.2903 0.2258 0.1935 0.0323 0 0.0323 0
TPM HbAlc state 6 0 0 0.0370 0.1852 0.1852 0.2963 0.2222 0.0370 0.0370 0
HbAlc state 7 0 0.0588 0 0.0588 0.2353 0.2353 0.1765 0.1176 0.1176 0
HbAlc state 8 0 0 0 0 0 0.2500 0.2500 0 0.5000 0
HbAlc state 9 0 0 0 0 0 0.1250 0.1250 0.2500 0.3750 0.1250
HbAlc state 10 0 0 0 0.0500 0.1500 0.0500 0.1000 0 0.2000 0.4500
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Table 2

Glycosylated hemoglobin (HbA1lc) used in the RMDP-TM for men. HbAlc range definition at

diagnosis, the mean natural HbAlc values for each HbAlc state at diagnosis (prior to initiating medication), the

initial HbAlc distributions at diagnosis, and 3-month HbAlc transition probability matrices for men.

HbA1lc State

1 2 3 4 5 6 7 8 9 10

HbA1lc Range <6 [6,6.5) [6.5,7) [7,7.5) [7.5.8) [8,85) [8.5,9) [9,9.5) [9.5,10) 10
Mean HbAlc value (%) 569 625 673 724 774 824 874 921 973 11.59
Initial HbAlc Distribution 0.0694 0.1388 0.1968 0.1626 0.1138 0.0919 0.0619 0.0424 0.0328 0.0896

HbAlc state 1 0.6667 0.2444 0.0889 0 0 0 0 0 0 0

HbAlc state 2 0.1346 0.5000 0.3654 0 0 0 0 0 0 0

HbAlc state 3 0.0794 0.2222 0.3810 0.2857 0 0.0317 0 0 0 0

HbAlc state 4 0.0175 0.0877 0.2807 0.3860 0.1579 0.0702 0 0 0 0

HbAlc state 5 0 0.0465 0.2093 0.2326 0.2326 0.1628 0.0930 0.0233 0 0

TPM

HbAlc state 6 0 0 0.0800 0.0800 0.2000 0.3600 0.2000 0.0400 0 0.0400
HbAlc state 7 0.1071 0  0.0357 0.1071 0.0714 0.1429 0.2143 0.2500 0.0357 0.0357
HbAlc state 8 0 0.0833 0 0.0833 0.2500 0.1667 0 0.2500 0.0833 0.0833
HbAlc state 9 0.0556 0.0556 0 0.0556 0.1667 0.1111 0.1111 0.2222 0.0556 0.1667
HbAlc state 10 0 0  0.058% 0.1176 0.0588 0.1765 0.1176 0.0588 0.0882 0.3236

Table 3

Left-hand-side maximum deviation of the TPM in RMDP-TM for women.

HbA1lc State

‘ 1 2 3 4 5 6 7 8 9 10
HbAlc State 1 |0.2353 0.2353 0 0 0 0 0 0 0 0
HbAlc State 2 |0.1600 0.1600 0.1600 0.0600 0.0200 0 0 0 0 0
HbAlc State 3 |0.0435 0.1739 0.1739 0.1739 0.0652 0 0 0 0 0
HbAlc State 4 |0.0192 0.0577 0.1538 0.1538 0.1538 0.0769 0.0192 0 0 0
HbAlc State 5 |0.0323 0 0.1935 0.1935 0.1935 0.1935 0.0323 0 0.0323 0
HbAlc State 6 0 0 0.0370 0.1852 0.1852 0.1852 0.1852 0.0370 0.0370 0
HbAlc State 7 0 0.0588 0 0.0588 0.2353 0.2353 0.1765 0.1176 0.1176 0
HbAlc State 8 0 0 0 0 0 0.2500 0.2500 0 0.2500 0
HbAlc State 9 0 0 0 0 0 0.1250 0.1250 0.2500 0.2500 0.1250
HbAlc State 10 0 0 0 0.0500 0.1500 0.0500 0.1000 0 0.2000 0.2000
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Table 4 Right-hand-side maximum deviation of the TPM in RMDP-TM for women.

\ HbA1lc State

‘1 2 3 4 5 6 7 8 9 10

HbAlc State 1 |0.2841 0.2841 0.2841 0.2841 0.2841 0.2841 0.2841 0.2841 0.2841 0.2841
HbAlc State 2 |0.1765 0.1765 0.1765 0.1765 0.1765 0.1765 0.1765 0.1765 0.1765 0.1765
HbAlc State 3 |0.1778 0.1778 0.1778 0.1778 0.1778 0.1778 0.1778 0.1778 0.1778 0.1778
HbAlc State 4 |0.1837 0.1837 0.1837 0.1837 0.1837 0.1837 0.1837 0.1837 0.1837 0.1837
HbAlc State 5 |0.2265 0.2265 0.2265 0.2265 0.2265 0.2265 0.2265 0.2265 0.2265 0.2265
HbAlc State 6 |0.2541 0.2541 0.2541 0.2541 0.2541 0.2541 0.2541 0.2541 0.2541 0.2541
HbAlc State 7 |0.2924 0.2924 0.2924 0.2924 0.2924 0.2924 0.2924 0.2924 0.2924 0.2924
HbAlc State 8 |0.7153 0.7153 0.7153 0.7153 0.7153 0.7153 0.7153 0.7153 0.5000 0.7153
HbAlc State 9 |0.4840 0.4840 0.4840 0.4840 0.4840 0.4840 0.4840 0.4840 0.4840 0.4840
HbAlc State 10| 0.2981 0.2981 0.2981 0.2981 0.2981 0.2981 0.2981 0.2981 0.2981 0.2981

Table 5 Left-hand-side maximum deviation of the TPM in RMDP-TM for men.

‘ HbA1lc State

1 2 3 4 5 6 7 8 9 10
HbAlc State 1 |0.1556 0.1556 0.0889 0 0 0 0 0 0 0
HbAlc State 2 |0.1346 0.1538 0.1538 0 0 0 0 0 0 0
HbAlc State 3 |0.0794 0.1420 0.14290 0.1429 0 00317 0 0 0 0
HbAlc State 4 |0.0175 0.0877 0.1579 0.1579 0.1579 0.0702 0 0 0 0
HbAlc State 5 | 0  0.0465 0.1628 0.1628 0.1628 0.1628 0.0930 0.0233 0 0
HbAlc State 6 | 0 0 0.0800 0.0800 0.2000 0.2000 0.2000 0.0400 0  0.0400

HbAlc State 7 |0.1071 0 0.0357 0.1071 0.0714 0.1429 0.1786 0.1786 0.0357 0.0357
HbAlc State 8 0 0.0833 0 0.0833 0.2500 0.1667 O 0.2500 0.0833 0.0833
HbAlc State 9 |0.0556 0.0556 0 0.0556 0.1667 0.1111 0.1111 0.2222 0.0556 0.1667
HbAlc State 10 0 0 0.05882 0.1176 0.0588 0.1765 0.1176 0.0588 0.0882 0.1765
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Table 6 Right-hand-side maximum deviation of the TPM in RMDP-TM for men.

\ HbA1lc State

‘1 2 3 4 5 6 7 8 9 10

HbAlc State 1 |0.1575 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575 0.1575
HbAlc State 2 |0.1892 0.1892 0.1892 0.1892 0.1892 0.1892 0.1892 0.1892 0.1892 0.1892
HbAlc State 3 |0.1715 0.1715 0.1715 0.1715 0.1715 0.1715 0.1715 0.1715 0.1715 0.1715
HbAlc State 4 |0.1666 0.1666 0.1666 0.1666 0.1666 0.1666 0.1666 0.1666 0.1666 0.1666
HbAlc State 5 |0.1899 0.1899 0.1899 0.1899 0.1899 0.1899 0.1899 0.1899 0.1899 0.1899
HbAlc State 6 |0.2605 0.2605 0.2605 0.2605 0.2605 0.2605 0.2605 0.2605 0.2605 0.2605
HbAlc State 7 |0.2344 0.2344 0.2344 0.2344 0.2344 0.2344 0.2344 0.2344 0.2344 0.2344
HbAlc State 8 |0.3656 0.3656 0.3656 0.3656 0.3656 0.3656 0.3656 0.3656 0.3656 0.3656
HbAlc State 9 |0.2695 0.2695 0.2695 0.2695 0.2695 0.2695 0.2695 0.2695 0.2695 0.2695
HbAlc State 10| 0.2100 0.2100 0.2100 0.2100 0.2100 0.2100 0.2100 0.2100 0.2100 0.2100




