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ABSTRACT. We consider the problem of solving linear systems of equations

with limited-memory members of the restricted Broyden class and symmetric

rank-one matrices. In this paper, we present various methods for solving these

linear systems, and propose a new approach based on a practical implemen-

tation of the compact representation for the inverse of these limited-memory

matrices. Using the proposed approach has an additional benefit: The con-

dition number of the system matrix can be computed efficiently. Numerical

results suggest that the proposed method compares favorably in speed and

accuracy to other algorithms and is competitive to methods available to only

the Broyden-Fletcher-Goldfarb-Shanno update and the symmetric rank-one

update.

Limited-memory quasi-Newton methods, compact representation, restricted Broy-

den class of updates, symmetric rank-one update, Broyden-Fletcher-Goldfarb-Shanno
update, Davidon-Fletcher-Powell update, Sherman-Morrison-Woodbury formula

1. INTRODUCTION

We consider linear systems of the following form:
(1) Bk+17' =z,

where 7,z € R and Byt € R"*™ is a limited-memory quasi-Newton matrix ob-
tained from applying k + 1 restricted Broyden class updates or symmetric rank-one
(SR1) updates to an initial matrix By. We assume n is large, and thus, explicitly
forming and storing By is impractical or impossible; moreover, in this setting,
we assume limited-memory quasi-Newton matrices are used so that k < n. In this
paper, we propose a compact formulation of B, 4:1 that can be used to solve (1).

Problems such as (1) arise in quasi-Newton line-search and trust-region methods
for large-scale optimization (see, e.g., [?,7,7,?]). Assuming f : R” — R is continu-
ously differentiable, traditional quasi-Newton methods for minimization generate a
sequence of iterates {x} such that f is strictly decreasing on this sequence. More-
over, at each iteration, the most-recently computed iterate xx11 is used to update
the quasi-Newton matrix by defining a new quasi-Newton pair (sk,yr) given by

sk &1 —xp and  yp £ Vf(rea1) — flag).
In the case of the restricted Broyden class and the SR1 updates, By, is updated
as follows:

1 1
2 Bii1 = By — ———Byspst By + ———yryi + ¢(st Bisy)wpwi
( ) + sszsk k y,fsk k ( k ) k
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with
Yk By sy

k= ylsk s} Brsi’

where ¢ € [0, 1] for the restricted Broyden class of updates and ¢ = y{ si./(y} s —
st Bysy, for the SR1 update (see, e.g., [?,?,?]). The most well-known members
of the restricted Broyden class are the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
update and Davidon-Fletcher-Powell (DFP) update that are obtained by setting
¢ = 0 and ¢ = 1, respectively, in (2). In the case of a quasi-Newton line-search
method, at each iteration the quasi-Newton step py is computed from solving

Byi1pk = =V f(zg),
which is of the form (1) with z £ —V f(x) and r £ pj. Systems of the form (1) also
appear in quasi-Newton trust-region methods. At each iteration of these methods
an approximate solution to the trust-region subproblem must be computed. The
two-norm trust-region subproblem is given by

e . A T 1
(3) minimize Q(p) = Vf(zr)' p+ 3

where §; is the so-called trust-region radius. When the solution to the subprob-
lem (3) lies in the strict interior of the trust region, the global solution of the
trust-region subproblem is given by pj, where pj satisfies (1) with z £ =V f(zy)
and r £ p;. Moreover, when By is a member of the Broyden convex class and
||Bk_j1Vf(xk) || < di then the global solution of the trust-region subproblem lies in

p" Briip  subject to [|p|l2 < 4,

the strict interior, i.e., p} satisfies B;jlp}; = —Vf(xx). It should be noted systems
of the form (1) also arise in preconditioning iterative solvers. For these, we refer
the reader to [?,7].

When n is large, solving systems of the form (1) can be done efficiently in the
case of the BFGS update (¢ = 0) using the well-known two-loop recursion [?].
However, there is no known corresponding recursion method for other updates of
the Broyden class; in fact, for this reason many researchers prefer the BFGS update.
In this paper we present various methods for solving linear systems of equations
with limited-memory quasi-Newton matrices. The main contribution of this paper
is a new approach by formulating a compact representation for the inverse of any
member of the restricted Broyden class as well as SR1 matrices. In addition, we
provide a practical algorithm for computing this formulation in order to solve linear
systems such as (1). This compact formulation for the inverse of these matrices is
based on ideas found in [?], where a compact formulation for the Broyden class of
matrices is presented. A benefit of our proposed approach is the ability to calculate
the eigenvalues of the limited-memory matrix, and hence, the condition number of
the linear system.

This paper is organized in five sections. In Section 2, we review limited-memory
quasi-Newton matrices and a variety of methods for solving linear systems with a
limited-memory quasi-Newton matrix. In Section 3, we review the compact for-
mulation for matrices obtained using the Broyden class of updates. The compact
formulation for the inverse of these matrices is presented in Section 4. Also in this
section we provide a practical implementation for solving systems of the form (1).
Relationships between compact formulations are also considered. At the end of
Section 4, we discuss how to compute the condition number of the linear system
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being solved and how to obtain additional computational savings when a new quasi-
Newton pair is computed. Finally, in Section 5 numerical experiments demonstrate
the competitiveness of this approach.

2. BACKGROUND

Given an initial matrix By, the Broyden class of updates generate a sequence of
matrices {Bg11} given by

1 1
4 Bii1 = By — —+——Byspst By + ———yryi + ¢(st Besy)wpwi
(4) + STBysn k T on k (Sk ) 2
with
w = e Bysik

~yFs,  sEBisi’
where ¢ is a scalar that may depend on y and Bs. The Broyden class of updates is
a class of symmetric rank-one or rank-two updates, depending on the choice of ¢.
In practice, By can be any symmetric matrix but is often taken to be a constant
multiple of the identity. The restricted (or convex) Broyden class refers to updates
when ¢ € [0,1]. Provided By is a symmetric positive-definite matrix and yl's; > 0
for each 7, the restricted Broyden class of updates generates a sequence of symmetric
positive-definite matrices.

The most widely-used member of restricted Broyden class is the Broyden-Fletcher-
Goldfarb-Shanno (BFGS) update, which is obtained by setting ¢ = 0. In this case,
(4) simplifies to

1
(5) Byi1 = By — Bysysi By + yTykyg

T
Sk Bksk L Sk

The inverse of the BFGS matrix By is given by
T T T
S S SkS
Bk = (1= 2 ) g (1 k) 2k
Yi Sk Yi Sk Y Sk

which can be written recursively as

_ _ 1
Bl = (VDB Ve th) o+ (VW) (Vi)
0 20
1
+ o (Vi Ve )sust (Ve Vi)
Y1 S1
1 T
(6) +  —F—SkSy,
Yi. Sk

where V; =1 — yT%ylsf (see, e.g., [?]).
When By is a BEGS matrix, solving linear systems of the form Bjir = 2z can
be done using the well-known “two-loop recursion” method [?]:

Algorithm 1: Two-loop recursion to compute r = B,;lz when By is a
BFGS matrix.
q—z
for i=k—-1,...,0
ai — (s7a)/(y] s0);



4 J. B. ERWAY AND R. F. MARCIA

q — q — Q3Y;;

end

r—Bylg

for i=0,....,k—1
B (yfr)/(yl s);
r—r+(a; — B)s;:

end

Assuming that the inner products y!'s; can be precomputed and By is a scalar
multiple of the identity matrix, then the total operation count for Algorithm 1 is
Tnk + n flops and 2k vector inner products.

Other named members of the restricted Broyden class include the the Davidon-
Fletcher-Powell (DFP) update, which occurs when ¢ = 1;

Brw1 = (1 - y’;‘ﬁ) By (I - 5’;‘”’? ) + y’;y’? .
Yi Sk Yi. Sk Yi Sk
The DFP update has the same form as the inverse of the BFGS update but with s
and vy, interchanged; because of this, the BFGS and DFP updates are often referred
to as duals (or complements) of each other [?].
The symmetric rank-one (SR1) update is obtained by setting ¢ = yf si/(yZ sk —
s¥ Bysy; in this case,

(7) Bryi = DBip+ (yi — Brsi)(yr — Brsi)"

s¥ (yr — Brsi)
The SR1 update is a member of the Broyden class but not the restricted Broyden
class. This update exhibits hereditary symmetric but not positive definiteness. In
fact, the SR1 update is often used when it is desirable to approximate negative
curvature in the underlying function f.

The SR1 update is remarkable in that it is self-dual: initializing with B ! instead
of By, replacing s, with yi, and replacing yj with s for all k in (7) results in Bkjl
(see e.g., [?]). Thus, r = Bk_ilz can be computed using recursion (see Algorithm
2). The first loop of Algorithm 2 computes p; £ s; — H;y; for i = 0, ... k; the final
line of Algorithm 2 computes r = B,;}lz =By'z+ Zfzo(p;fpz)/(p?yi)pi.

Algorithm 2: Computing r = Bk__ilz, when Bj;1 is an SR1 matrix.
for i1=0,...k
pi = 8 — Hoyis
forj=0...i—1
Pi =Dpi — ((P;’Fyz)/(Pfyg))ng
end
end

v Hoz+ S0 o (07 2)/ (0T yi))wss

Thus, in the case of SR1 updates, solving linear systems with SR1 matrices
can be performed using vector inner products; the cost for solving linear systems
with an SR1 matrix is the same as the cost of computing products with an SR1
matrix, which can be done with (k? + 5k + 2)/2 vector inner products and (3k? +
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21k + 14)n/2 floating point operations. It should be noted that unlike members
of the restricted Broyden class, SR1 matrices can be indefinite, and in particular,
numerically singular. Methods found in [?,?] can be used to compute the eigenvalues
(and thus, the condition number) of SR1 matrices before performing linear solves
to help avoid solving ill-conditioned systems.

In large-scale optimization, limited-memory versions of these updates are used
to control storage requirements. In a limited-memory setting, only the most recent
m updates are stored and used to update By. In practice, the value of m is small,
i.e., less than ten (see e.g., [?]). (For more details on limited-memory quasi-Newton
matrices and the Broyden convex class of matrices see, e.g., [?7,7,7].)

2.1. Solves with Broyden class. Solves with members of the Broyden class of
matrices when n is large must be done using recursion. Unfortunately, there is no
corresponding “two-loop recursion” (Algorithm 1) for any member other than the
BFGS update, giving the BFGS update an advantage over other members of this
class of quasi-Newton matrices; moreover, no other member exhibits self-duality
such as the SR1 update. As a result, linear solves with members of the Broyden
class generated by updates other than the BFGS or SR1 update are done at more
expense.

2.1.1. Using the Sherman-Morrison- Woodbury formula. One approach to perform

linear solves with members of the Broyden convex class is to use the Sherman-

Morrison-Woodbury (SMW) formula to update the inverse after each rank-one

change. In the symmetric case, the SMW formula for a rank-one change is given by
Ty—1 -1 @ —1,, T g—1

(8) (A+auu' )" =A —mA uu' A7

We now show how (8) can be used to compute the inverse of Bjyy;. First, for

0 < j <k, define

as; = (y]s;)7" usj = Y B
— T _ Yj 354
9) azjr1 = O(s; Bjs;), Ugj+1 = yTs; sTB.s;’
j i j 2i°7
asjyz = —(sjBjs;) ™, ugjy2 = Bjsj,

Letting
C(] = BO and UZ = alulu;f
for 0 < i < 3k, we define the matrices
(10) Ci=Co+Uy, Co=C1+Ui, ..., Cs041)=Cst1)—1 + Usths1)—1-

By construction, C3(x4.1) = Bgy1. It can be shown that each Cj is positive definite
and so uzTC’i_lui > 0 for each . For the restricted Broyden class, as; and asj41,
j = 0,...,k are both strictly positive. Thus, the denominator in (8) is strictly
positive for the rank-one changes associated the 3j and 35+ 1, 7 = 0,...k, and
thus, the SMW formula is well-defined for these rank-one updates. Since C'3;12 = B;
and Bj; is positive definite, the rank one update associated with j +2, j =0,...k,
results in a positive definite matrix; in other words, (8) is well defined. Thus,
solving the system Byy17 = z is equivalent to computing r = C’3(i+1)z. Apply the
SMW formula in (8) to obtain the inverse of C; 41 from C; ', we obtain
Q;
1+ aul C;

(11) C’;_llz =C 1z O fuul C7 'z,

K3
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for 0 < i < 3(k + 1). Recursively applying (11) to C; 'z, we obtain that

2

(12) Ciiz=Cylz =)

Jj=0

Qj -1, . Tr—1
——Cuu; C; 7z
1 j ’
L+ oju] C7uy 7 7
and more importantly,
3(k+1)—1 o
(13) C’;,lcﬂ z=Cylz— ————C:uul C 'z
(k+1) jz::() L+ aju] C; a7 7
Computing (13) can be simplified by defining the following two quantities:
"
14 Ti=—a
(14) A aju]TCfluj

Substituting (14) into (13) yields

and p; = Cj_luj.

3(k+1)—1
(15) Cihanz=Co'z— > 70 2)p;,
j=0
where 7; = (1 + oszjTuj)_l. The advantage of representation is that computing
Ci;(,lc 17 requires only vector inner products. Moreover, the vectors p; can be
computed by evaluating (12) at z = u; for ¢ = j — 1; that is,
j—1
p; = C;luy = Cyluy =Y 7ilp] g )pi-
i=0
In Algorithm 3, we present the recursion to solve the linear system Byi17 = 2
using the SMW formula (see related methods in [?,?]). We assume By is a an

easily-invertible initial matrix. To compute products of the form B;s; in Algorithm
3, we refer the reader to Appendix A.

Algorithm 3: Computing r = Bk_jlz.
r— Cglz;
for j=0,...,3(k+1)—1
if mod (4,3) =0
i j/3;
U < Yi;
a —yl'si;
else if mod (4,3) =1
i—(-1)/3
w < (y;)/(yl si) — (Bisi)/(s{ Bisy);
a — ¢(sT'B;s;);
else
i—(j—2)/3;
u — B;si;
a— —(sTB;s;) ™Y
end
P — Cy lu;
for [=0,...,5
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pj < pj — Ti(pFu)pi;
end
7 — a/(1+ apj u);
1= 7i(pj 2)ps;
end

2.1.2. Using a recursion formula. Alternatively, linear solves with a general mem-
ber of the Broyden class can be performed using the following recursion formula
found in [?] for Hy41, the inverse of Byy1:

Hyywyt Hy + @5 (Y Hiyr)viof

1
16 Hp 1= Hg + SkST —
(16) - SE Yk F yl Hiyr

where
(1 — @)y si)?
(1= ¢)(yF sk)? + o(yf Hryr) (st Brsk)’

and Hy, &2 Bk_l. Thus, the solution to By41r = 2z can be obtained from

and (I)k =

Sk Hyyy
17) vy = L L
(17 yEsk  yl Hiyk

k
1 1
Bl = (HOZ + Z ﬁszs;‘r - mszzszHz + (I)i(yiTHiyi)vaUi> z
i=0 “t J? it
k.1 T
= Hoz+ Y s — P Hiys b @ (yF Hiyi) (0 2)us.

o Si Vi v Hiyi

In Algorithm 4, we present how to compute the solution r explicitly. Products
involving H; are computed using an algorithm similar to Algorithm ?? and is pre-
sented in Appendix B.

Algorithm 4: Computing r = Hy ;2.
r«— Hyz;
for j=0,...,3(k+1)—1
if mod (j,3) =0
i j/3;
U < 545
a —yl'si;
else if mod (4,3) =1
i (G- 1)/3
u — Hiy;;
o — —(y] Hyys) ™'
else
i—(j—2)/3;
u— (s:)/(yi si) — (Hiyi)/(y§ Hiyi);
D — (1-9)(y] 5:)*/ (1 — )] s:)* + oly! Hyyi)(s] Bisi));
a — O(y] Hiyi);
end
r 1+ a(ul2)u;
end
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3. COMPACT REPRESENTATION

In this section, we briefly review the compact representation of members of
Broyden class of matrices.

Given k+ 1 update pairs of the form {(s;,y;)}, the compact formulation of Bj1
is given by
(18) Bjy1 = By + U M WY,
where M, is a square matrix and By € R"*" is an initial matrix, which is often
taken to be a scalar multiple of the identity. (Note that the size of ¥ is not specified.)

The compact formulation of members of the Broyden class of updates are defined
in terms of

St = [So $1 82 -+ sk € g x (k+1)
Vi = [yo v y2 - yp) € ROOHY
and the following decomposition of S}V, € R+ x (k+1),
SiYe =Ly + Dy + Ry,

where Ly is strictly lower triangular, Dy is diagonal, and Ry is strictly upper
triangular. Assuming all updates are well defined, Byrd, Nocedal, and Schnabel [?]
show the compact representation for BFGS matrices (¢ = 0) is given by (18) where

STBySe L ]‘1
LT —Dy| -
In the case of DFP updates (¢ = 1), the compact formulation is given by (18) with

STBoSk + Dy Ly +Dy] "
(Lk + Dk)T 0 ’

(19) \I/k = [B()Sk Yk] and Mk = — |:

(20) Uy, = [BoSk Yi] and M, = [

(Details can be found in [?].)

In [?], Erway and Marcia generalize these results to all members of the restricted
Broyden updates; it is shown that the compact formulation for any member of the
restricted Broyden class is given by (18) with

— _ [SFBoSk—¢Ae (L —oAg)]
(21) Wy, = [BoSk Yi] and M, = —{ ECLkOfIZbAk)Tk (DZ+¢AIZ)} ,

where

for 0 <i<k.

1
22 Ay = diag ();), where \; =
@2 A= diag () 1= 5

T T
s; Bisi 8]y

Note that this is truly a generalization since when ¢ = 0 and ¢ = 1, My, in (21)
simplifies to (19) and (20), respectively. In the case of members of the restricted
Broyden class, U, € 72+ and M;, € R2(EH)x2(k+1)

Finally, the compact representation of SR1 matrices is given by
(23) \I/k = Yk - B()Sk and Mk = (Dk + Lk + Lg - S,?B()Sk)_l,

where W, € R7*F+D and M, € REFDXEHD (gee [2]).

In the limited-memory case, k < n, and thus, M}, is easily inverted.
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4. INVERSES

In some applications, being able to solve systems with limited-memory matrices
is important. In this section, we present the compact formulation for the inverse
of any member of the restricted Broyden class of matrices and for SR1 matrices.
We then demonstrate how this compact formulation can be used to solve linear
systems with these limited-memory matrices. Finally, we discuss computing the
condition number of the linear system and potential computational savings when a
new quasi-Newton pair is computed.

The main contribution to this paper is a formula for the compact formulation for
any member of the restricted Broyden class. It should be noted that the compact
formulation for the inverse of a BFGS matrix is already known (see [?]). We now
derive a general expression for the compact representation of any member of the
restricted Broyden class. To do this, we apply the Sherman-Morrison-Woodbury
formula (see, e.g., [?]) to the compact representation of By found in (18):

— _ _ —1
Byl = Byt + BoVy, (-M; ' — UL Bo¥y) UL B,.

For quasi-Newton matrices it is conventional to let H; denote the inverse of B; for
each i; using this notation, the inverse of B, Jil is given by

_ —1
(24) Hyi1 = Ho+ HoWy, (M7 " — U HoUy,) U H.

Since HoVUy = Ho[BoSk Yi] =[Sk HoYx], (24) can be written as

- [ SF
(25) Hipp1=Ho+ [ S HoYi |(-M; " — UL HoWy) ™ [YTI}I ] :
k 0

Finally, (25) can be simplified using

T _ [SEBySK STV
\I/k HO\I’k = |: YkTSk YkTHOYk
to obtain
a1 T -1 SEBoSk —dAx (L —oAx)| _ [SEBoSk  SiV
(=M, = Uy HoWy) - ([ (Li — oAp)T —(Dy + oAy) Yi{Se Y HoYi

—pAy Ly — oAy — SFY;, -
LT — ¢Ay — VTS, —Dy— oAy — Y HyYi,

_ — Ay, Ry =D —oh, ]
"R~ Dy, — ¢\ Dy — oA, — YIHY:|

In other words, the compact formulation for the inverse of a member of the restricted
Broyden class is given by

(26) Hyiy1 = Ho+ \Ikok\i/{ where \ifk 2 [Sk H()Yk],
and
27) M, 2 —PAg =Ry, — Dy — ¢y !

" |-Rl — Dy, — oA —Dy — ¢\, — VI HoY,

D
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In the case of the BFGS update (¢ = 0), equation (26) simplifies to

My = (=My" =V HoW)™

0 “Ry—Dp 17"
= |-RI' - D, —-Dy-YIHyY;

_ [RT(De+ VP HY R —R.T
*Rk_;l 0 )
where Ry, = Ry, + Dj,. Thus, the compact representation for the inverse of a BFGS

matrix is given by

(28) Hk+1 = HO + [ Sk: H()Yk ] [R;T(Dk +¥kTHOYk)Rk_;1 R;T:| |: S]Z—v :| ’

~R;! 0 Y, Hy
which is equivalent to that found in [?, Equation (2.6)].

The compact formulation for the inverse of an SR1 matrix can be derived using
the same strategy as for the restricted Broyden class. The SMW formula applied
to the compact formulation of an SR1 with ¥ and M}, defined as in (23) yields

Hyyr = Ho+ Ho(Yi — BoSk) (—My — WEHoW,) ™ (Vi — BoSi)” Ho.

Substituting in for M}, using (23) together with the identity
VI H U, = VI HoYy — SEYye — YISy + SE By Sy,
yields
Hyp1 = Ho+ (HoYs — Sk)(— (D + Ly + L — S BoSk)
—(YT HoYy, — ST Yy — YT Sy + STBoSk)) ™ (HoYi — Si)T
= Hy+ (Sy — HoY3)" (D + Ry + RF — ;P HoY3) "1 (S — HoYi)™.

In other words, the compact formulation for the inverse of an SR1 matrix is given
by

(29) Hyiyy = Ho+ \I/kMk‘i/{ where \i/k 2 [Sk - H()Yk],

and M, 2 (Dy + Ry + Rf — YkTHOYk)‘l. Algorithm 5 details how to solve a linear
system defined by an L-SR1 matrix via the compact representation for its inverse.

Algorithm 5: Computing r = B,;_&lz using (29) when Bji; is an SR1
matrix.

Define Hy, Sy and Yy;

Form S’;;FY;C = Ly + Dy + Ry;

Form \i/k = Sk - HOYk;

My, « (Dy, + Ry + R — V' HoYy,) ™Y

r= Hyz+ \iJkMk\i/kZ;
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4.1. Relationships between updates. Well-known relationships between differ-
ent updates of the restricted class are preserved with the compact formulation for
the inverse. In particular, we show that the BFGS and the DFP are duals of each
(see Section 2.1) and we argue that the SR1 matrix is self-dual (see Section 2.1).

Consider the compact formulation for the inverse of a BFGS matrix (i.e., ¢ = 0)
in (28). This is equivalent to

0 -R;! Y, Hy

Hy1 = Ho+[HoYr S 7 5 k Hk
k+1 0 [ 0tk k] |:_RkT RkT(Dk+YkTH(]Yk)Rk1 S’Z—'
Y HoY; + Dy RF) ™ [V Ho
Ry 0 ST

Now we consider interchanging By with Hy and Yj with Sg. Notice that if Sy
and Y} are interchanged then the upper triangular part of SkTYk corresponds to the
lower triangular part of YkTSk, implying that Ly and Ry must also be interchanged.
Putting this all together yields:

= Hy—[ HoYx Sk][

STByS, + Dy, (L. + D)7 ' [STB
Bk+1 — BO_[BOSk Yk}|:k 0ok + Dg (k+ k):| |:k 0:|’

Ly + Dy 0 YkT

which is the compact formulation for a DFP matrix. In other words, the BFGS
and DFP are complementary updates of each other. (In a similar manner one can
show that the compact formulation a BFGS matrix can be obtained by replacing
By for Hy as well as y; with s in the compact formulation for the inverse of a DFP
matrix.)

Finally, it is worth noting that the inverse of compact formulation for an SR1
matrix is self-dual in the sense of Section 2.1. That is, replacing Hy with By and
Sk with Yy, (and, thus, Ry with L) in (29) yields the compact formulation for the
SR1 matrix given by (23).

4.2. Recursive formulation. In this section, we present a practical method to
compute M}, in (26) given by (27). We begin by providing an alternative expression
for My that will allow us to define a recursion method to compute M.

Lemma 1. Suppose Hy = Hy + \iloMo\iloT, is the inverse of a member of the
restricted Broyden class of updates after performing one update. Then,

~ a0 Bo
30 My = |20 ol
(30) : [ Py 50]
where
~ 1 yo Hoyo 5 ®q 1-9
(31) Qg = 0 5 ﬂO = - -
50 Y0 (50 %0)? Yg S0 g Hoyo

and ® is as in (17).

Proof. Expanding (16), yields

1 ngOyO T D T
H, = Hy+ < + & soSyg — ————Hoyos
S8 o (sto)? O yl'so 0
P T 1—d T
——=—350Y9 Ho — —5=—Hoyoyy Ho
ylso " Y& Hoyo 0
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which simplifies to

(32) Hy =Ho+ [so Hoyo| PO @0] [ ﬁOT }
Bo b0l [WoHol’
where &g, (o, and &y are defined as in (31) and ® is given by (17). Note the (32)
is of the form Hy = Hy + \ilo]\;fo\i/g.
We now show that M defined by (30) and (31) is equivalent to (27) with k = 0.
To see this, we simplify the entries of (30). First, define

Ao =(1— f?)(yoTso)2 + ¢(ngoyo)(soTBoSo)~

Then,
o _ (L= 0)(sEw)
0= ’
Ag
and thus,
B S N Rt S R -0
" sTwo Ao 0 Ao ’ 0 Ay
Consider the inverse of (30), which is given by
_ =1 - -
Oé() BO _ # 60 —60
(33) ] T
ﬂO 50 a()(so—ﬂo ﬂo (o))

We now simplify the entries on the right side of (33) The determinant of (30) is
given by
PR S o TR VI o2
(sgyo)(yg Hoyo) — (s5%0)*>  (56%0)°
_¢stBoso  1—-¢

AOS(:)FZUO Ag

- L S%Bo S0
A Ao ’

where \g is defined in (22). Thus, the first entry of (33) is given by

(34) Jo __9(st Boso) Doro e

aodo — 32 Ag st Boso .
The off-diagonal elements of the right-hand side of (33) simplify as follows:

3 _ T
(35) - Nﬂo _ — o <(1 ¢)(SO y0)> (AO < T)\O )>
ddo — 32 Ay 50 Boso
_ (1 —9)sdyo
B s&' Bys
~(1-¢) - ¢~
S0 Yo

(1= 9)(s090)* + ¢sd Boso(sg yo) — ¢sb Boso(sg Yo)
—(1 = ¢)styo — ¢sg Boso
50 Boso (9 o)

—(1 = )sdyo — ¢sg Boso

= Shyo+ dAo.

= Shyo+¢
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Finally, the last entry of (33) can be simplified as follows:

(36)
Qg 1 Ao)\o T Ao
P - N + (1 = o)y Hoyo 77—
&pdo — 53 styo s& Boso ( 9o Ho OsgBoso
Ao T T
= A 1— H
gy 80+ (1 068 Ho)5Fm))
1

ST (e (= 6 Hom) ()

(1= ¢)(sg 90)* + d(ys Hoyo) (s Boso) + (1 — ¢)(ys Hoyo) (56 vo)
—(1- ¢)s§yo - ¢(50TBOSO)
_ (1—9)(s6%0)* + &(sg Boso)(sgyo) (55 Boso) (50 Yo)
—(1 = ¢)sgyo — ¢(s§ Boso) —(1—¢)sgyo — #(sg Boso)
¢ (y5 Hoyo) (s Boso) + (1 — ¢)(yg Hoyo)s vo
—(1 = ¢)st yo — ¢(s§ Boso)

= =050 — $Ao — yg Hoyo.
Thus, (33) together with (34) (36) and (37) gives

{020 @o] o [ —¢Ao —50 Y0 — Ao

Bo do]  |=s0yo— Ao —sgyo — dXo — yd Hoyo|

showing that My defined by (30) and (31) is equivalent to (27) with k = 0. [J

+

Together with Lemma 1, the following theorem shows how M, is related to M, k—1;
from this, we present an algorithm to compute M}, using recursion.

Theorem 1. Suppose H; 1 = Hy + @]Mj\i/;f as in (26) for all j € {0,...,k}, is
the inverse of a member of the Broyden class of updates for a fixed ¢ € [0,1]. If
My is defined by (30), then for all j € {1,...k}, M, satisfies the recursion relation

M; oy +0;a5a] iy 6

(37) M; =10} Bia] a; G| 1,
(Sjﬁf ﬂj (5]‘
where
I, 0 0 0
0O 0 1 0
38 m, — ,
(38) i=lo 1, 00
0 0 01
is such that
(U1 s; Hoy] 1 =05,
and
T
& = 1 jyj jyj’ sz—q)jy J__l_(I)J7
51 (s7yj)? Y] s y] Hjy,

and ’lNI,j = Mj—li]}llyj-
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Proof. This proof is by induction on j. For the base case, we show that equation
(37) holds for j = 1. Setting k =1 in (16) yields

(39) Hy = Hy + [s1 Hiy Fl @1] [ ;{ }
B1 0] |y Hi’

where

~ 1 yi Hiyn o 5 @, < 1—®,

ap = + @ , bi=———, and 01 =——F%—.

sTy1 (s7y1)? yi s1 yi Hiy
By Lemma 1, (39) can be written as
(40) Hy = Hy + Vo MyWl + [s1 Hiy] [O}l @1} { 51 }
0 B b1 i Hil”

where ¥ = [So HoYo] and M, is given by (30). Letting 4, = MO\iJOTyl, we have
that

(41) Hyy = (Ho + ‘i’oMoq’oT) y1 = Hoyy + Woiis.
Substituting (41) into the last quantity on the right side of (40) yields
ar B[ sT } . [071 Bl} { s{ }
s1 H = = = Hoy, + ¥ = .
[ 1 12/1] [ﬂl 51} {y{Hl [31 0Y1 Oul] B b leHo + ulT\I/g
3 oyind]  friy 0y [ WT
= [Uo s1 Hoyl @1111T an B1 st

Sraf B o1 y{ Ho

Letting IT; be defined as in (38) with j = 1, gives that [\ifo S1 Hoyl] I, = Uy,
and thus,
Hy = Hy+ 9,07 11, 97

where
Mo+ dvnad  fran i
M, & Braf a B
Sral B1 01

It remains to show that M; = 7 M, 11 ; however, for simplicity, we instead show
Myt =TT ML
Notice that M; can be written as the product of three matrices:

) L 0 @] [Mo 0 0][L 0 0
M, = 0 1 0 0 a1 A 0 1 0
0 0 1 0 B &) laf 01
Define B
5 ar
Ny = | = ~
’ [51 51}
Then, ]\7[{1 is given by
I 0 0| rppet I 0 —uy
(42) Mt = 0 10 [Mg No_l] o1 0],
—al 0 1 ollo 0 1
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where it can be shown, using similar computations as in the proof of Lemma 1,

that
No_l - % |: 61 ~ﬂ1:|
6(161 - ﬁ% _ﬁl aq
_ —PA1 —s{y1 — oM
—siy1 — oM —s{yr — oA —yi Hip
Substituting N, * into (42) and simplifying yields
) Mt 0 Uy

3My ' =| 0 — —siy — oM

—yTWo —sTyr — oA aT My 'ay — sty — o\ — yi Hip
Terms in the (3,3)-entry in the right side of (43) can be simplified using that
My Yy = Olyy and that yf Hyyr = y{ Hoyr + y7 WoMoWl 'y, as follows:

@y My iy —yf Huyy = yf YoMoWiyn — yi Hip
= —y{ Hoy1 +y{ Hiy1 — y{ Hip
= —y1TH0y1-
Thus,
_ Mt;l 0 —‘i’c:)ryl
(44) Mt = 0 — M1 —sTy1 — dM
—yi Wy —s{yr— oM —sTyr — oA — yl Hoy
By Lemma 1,
. =1
- {Ofo @0] _ [ —9Ao —s5 Y0 — PAo } .
0 ﬂo (5(] 75(7)1y0 - ¢A0 75(7)1y0 - ¢)\O - ngOyO
. . . . T Sgyl .
This, together with the substitution ¥gy; = T , gives that
Yy Hoyr
_ Myt 0 — 0Ty
oM, = 17 | 0 —pN\ —sTy1 — d\ 1,
—yi Vo —styr— oM —siyi — oM —yi Hopn
I —®Xo 0 —styo — PAo —S¢
_ 0 _QS)\l 0 —S,{yl — (;5)\1
—sg Yo — dAo 0 —53 Yo — X — yg Hoyo Yy Hoyx
L -yl So —s1y1 — o\ —yi HoYo —s1y1 — ¢\ — yi Hoy
_ —pAo 0 —Ro — Do — ¢Ag —S3y1
_ 0 —qb)\l 0 —STyl — ¢)\1
—Rg - Do - ¢A0 0 —Do - ¢A1 - YOTHO}/O —YOTHOyl
—yi So —sty1 — oM\ —yi HoYo —sty1 — oA — yi{ Hoyn
_ [ oM —Ry — D1 — ¢Ay
_—RT — Dy —¢Ay —Dy — ¢A — YT HY;

_ -1
= M,

proving the base case.
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The inductive step is similar to the base case. For the inductive step, we assume
the theorem holds for £k = 1,...5 — 1 and now show it holds for £ = j. We begin,
as before, setting k = j in (16) to obtain

(45) H._.,=H+ [s- H. ] F]’ @J:| { SJT }
J+1 J J iYi B 4 ijHj )
where
. 1 vl Hyy; ¥ - 1—®;
Ty b (s5;)? ch ylss sad 0= T Hyy,

Using the induction hypothesis, (45) becomes

o 5 B[
Hj+1:H0+‘I’j—1Mj—1‘I’j—1+[Sj ijj] B: 6. |yFH;|-
5 951 LY;

Similar to the base case,

A 3 s 3 T
Comola B[ os) — e B 114 B 55
[SJ ijj} L}j 5j] [yJTH] - [SJ Hoyj + \I’Jfluj] @_ 5;‘ y;.(“HO + ﬂ}“\p;.ﬁ_l
i Sojual ity 6] [T,
= (Y1 s; Hoyyl | Bja; & G si |,

5]‘1]? ﬁj (5]‘ ijHO

V~vhere ’&'j = Mj_l‘i);llyj. With H]‘ defined as in (38), then [\i,jfl Sj Hoyj} H]’ =

W5, and so
Hj = Ho+ V117 M7,
where
~ Mj_1 + gjﬂjﬁ Bty 5]}%
(46) M; 2 gyt a; B
631le B; 5

It remains to show that M = HJTM ;11;; however, for simplicity, we instead show
M;l = H]TM ]-711'[]- using a similar argument as in the base case. In particular,
similar to (43), it can be shown that

L Mj_711 0 _T\P‘;]Lly‘]
M = 0 A =5 Yj — PAj

—y Wi —sjyp— 0N =)y — 0N — ) Hoy;
By the inductive hypothesis that (27) holds for k = j — 1,

—¢A; 1 —Rj_1—Dj_1 — A1

ML =
g=1 *Rqu —Dj_ 1 —¢Nj_1 —Dj_ — dAy — YﬁlHOYj—l
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and so,
Mji_ll 0 _\i/f—lyj
nyMs = nf |0 —0) =i Y5~ O I
—yi Vi1 —sjy;— 0N —s Y — 0N — ;) Hoy;
[ —¢Aj 1 0 ‘ —Rj—1—Dj_1— A1 —S7 1y
_ 0 —PA 0 =5 Yj — PN
B R}y = Dj_1 — ¢Aj 0 —Dj—1 — ¢Ay, — Y;L 1 HoYja —Y;"  Hoy,
L —y; Sj-1 —s7 Yj — P —y; HoYj—1 —55y; — dA; — yj Hoy;
_ —PA,; —R; —Dj — ¢\ ]
= |-RT-Dj—¢A; —D;—éA — Y HyY;

= M

J

proving the induction step. [

Using Theorem 1, Algorithm 6 computes M;, and then uses the compact formu-
lation for the inverse to solve linear systems of the form (1). There are two parts
to for loop in Algorithm 4: The first half of the loop is used to build products of
the form s B;s;; the second half of the loop computes My, making use of s B;s;
to compute ¥;. Thus, when ¢ = 0 or ¢ = 1, ¥; can be quickly computed as ® =1
and ® = 0, respectively; in other words, the first six lines of the for loop can be
skipped when ¢ =0 or ¢ = 1.

Algorithm 6: Computing r = Bk_ilz using (26).
Define ¢, By, and Hy; }

Form Mj using (21) and My using (30);

Let Wy = (Boso yo) and Wy = (so Hoyo);

for j=1:k

% Part 1: Compute szjsj

uj — M 1 (07 s5);

S?Bij — szosj + (SJT\I/j_l)uj;

aj — —(1—¢)/(s] Bjs;);

Bj — —o/(y] s5);

8j — (L+6(s] Bys;)/(y] 5))/ (y] ;)
M;_1 + ajuju;fr oju; B

Mj — H]‘ aju%»Tﬂ Qi ﬂj H_T, where Hj is as in (38),
ﬁjuj B; 0j

%Part 2: Compute M,

Uj ~j71(‘i’;"r—1yj);

y] Hyy; — vy Hoy; + (Z/J-T‘i’jfl)ﬂj;

D= (1-9)(y]5;)*/((1 = D)y} 57)> + oy] Hyy;)(s] Bjysj));
aj — (1+@;(yf Hyy;)/(y] 55))/(y] s5);
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@ — —;/(y] s5);

0 — —(1—®;)/(y] Hjy;); )

B Mjflj‘ 5j’l]j’l]f ﬁjﬁj 69;113'

M; HJT Bya; &;  B; |, where II; is as in (38);
5jﬁjT B; 04

end o

r= Hyz+ \If}ch\I}gZ;

For Algorithm 6, the quantities S,{B()Sk7 YkTHOYk7 and S,?Yk can be precom-
puted. Assuming By is a scalar multiple of the identity matrix and Hy = B, 1 then
forming S} BySk and Y;I HoY), requires (k + 1)(k + 2)n flops each; forming ST Y}
requires (k +1)2(2n — 1) flops. Also, the computations for u; and @; in Algorithm
6 can be simplified by noting that
(47) \I’?_lsj = { 1 :| and ‘I’ 1Y = [Yﬂlézjyj
In other words, \I/ _15; is a 2j vector whose first j entries are the first j entries in
the (j + 1)th column of S{'ByS) and whose last j entries are the first j entries in
the (j + 1)th row of S} Yy; similarly, \i/f_lyj is a vector whose first j entries are the
first j entries in the (j + 1)th column of S{'Y} and whose last j entries are the first
jth entries in the (j + 1)th column of Y;I HyYy. Thus, computing u; and ; only
requires 2j(45 — 1) flops each.

Computing the scalar s;rBjsj in the second line of the for loop requires per-
forming one inner product between \Iljillsj and u; and then summing this with
sTBosj, resulting in an operation cost of 4j. This is the same cost is associated
with forming y; TH; ;Y5 in the second line of Part 2 of the for loop. The scalar @,
requires 10 flops to compute. The other scalars (o, 35,0, &;, BJ, and & ;) Tequires
a total of 14 flops, not including multlplymg by —1 in the definitions of 3; and
ﬂ] Finally, forming the matrices M; and M requires 24] + 165 flops each. Thus,
excluding the cost of forming S BOSI€7 S Yk, and Y HyYy., the operation count
for computing M}, in Algorithm 6 is given by

k
D 45(45 — 1) + 8j + 24 4 245 + 165 =
j=1

(40K® + 90K® + 122k) .

W =

4.3. Efficient solves after updates. To compute the factors in (24), it is neces-
sary to form the matrices Li, Dy and Ry. After a new quasi-Newton pair has been
computed, updating (24) can be done efficiently by storing S¥ S, V,I'V and S}V
In this case, to update Hyy; we add a column to (and possibly delete a column
from) Sy and Yy; the corresponding changes can then be made in S,{Sk, YkTYk and
STY), (see [?] for more details).

In the practical implementation given in Algorithm 6, it is necessary to compute
\Ifjrflsj and \iljrflyj given by (47), which can be formed using the stored quantities
SESk, Y,I'Yy, and STY),. To compute these quantities when a new quasi-Newton
pair of updates is obtained we apply the same strategy as described above by
adding (and possibly deleting) columns in Sy and Y}, enabling \Ileflsj and ﬁleflyj
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to be updated efficiently. With these updates, the work required for Algorithm 6
is significantly reduced.

4.4. Computing condition numbers. Provided the initial approximate Hessian
By is taken to be a scalar multiple of the identity, (i.e., By = ~I), it is possible
to compute the condition number of Biiq in (1). To do this, we consider the
condition number of Hy 1 = B, Jil. The eigenvalues of Hy1 can be obtained from
the compact representation of Hy1 together with the techniques from [?,?]. For
completeness, we review this approach below.

Suppose Bjy1 is a member of the restricted Broyden class. The eigenvalues of
Hj, 11 can be computed using the compact formulation for Hy4q given in (26):

Hk+1 = Hy+ \Ikok\ilz
Letting U5, = QR be the QR decomposition of ¥), where Q € R"*" is an orthogonal
matrix and R € ®*2*+1) ig an upper triangular matrix. Then,
(48) Hyywn = Ho+ \i/kMk\ifg
= Ho+ QRM;R"Q".

The matrix RM,R” is a real symmetric n X n matrix. However, since U, €
R7¥2(k+1) has at most rank 2(k + 1), then R can be written in the form

_ (R
w=(5)
where Ry € 2(k + 1) x 2(k + 1). Thus,

- R\ ¢ RiMRT 0
RMkRT:(O)Mk(RlT o):( 10 1 0).

Since Ry M RT € R2(k+1)x2(k+1) "jtg spectral decomposition can be computed ex-
plicitly. Letting V1 D1 V{T is the spectral decomposition of R M RT and substitut-
ing into (49) yields:

Hyi1 = Ho +QVDVTQT

Ve <‘61 8) ERM and D 2 (%1 8) € jnxn.

where

Thus,
Hpp = Ho+QVDVIQT = Qv (v 1+ D)vTQT,

giving the spectral decomposition of Hgi1. In particular, the matrix Hyyq has an
eigenvalue of y~1 with multiplicity n — 2(k + 1) and 2(k + 1) eigenvalues given by
vyt 4d; for 1 < i < 2(k + 1) where d; denotes the ith diagonal element of D;.
Thus, the condition number of Hyy; can be computed as the ratio of the largest
eigenvalue to the smallest eigenvalue (in magnitude). The condition number of
By.11 is the reciprocal of this value.

When Bj41 a quasi-Newton matrix generated by SR1 updates, the procedure is
similar except ¥, has half as many columns resulting in (k + 1) eigenvalues given
by v ! +d; for 1 <i < (k+1) and n — (k + 1) eigenvalues of y~1. After a new
quasi-Newton pair is computed it is possible to update the QR factorization (for
details, see [?]).
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5. NUMERICAL EXPERIMENTS

In this section, we demonstrate the accuracy of the proposed method for solving
quasi-Newton equations. We solve the following linear system:

(49) Brv1pr = — gk

where By is an SR1 matrix or a member of the restricted Broyden class of updates.
For SR1 matrices, we compare the following methods:

(1) The self-duality method (Algorithm 2)
(2) Compact inverses formulation (Algorithm 5)

For members of the restricted Broyden class of updates, we considered three values
of ¢: 0.00,0.50, and 0.99 and compare the following methods:

(1) Recursive SMW approach (Algorithm 3)
(2) Recursion to compute products with Hy1 (Algorithm 4)
(3) Compact inverses formulation (Algorithm 6)

Additionally, when ¢ = 0.00, we also test the “two-loop recursion” (Algorithm 1).
We consider problem sizes (n) ranging from 10,000 to 1,000,000. We present
the norms of the relative residuals:

||Bk+1pk — (—Qk)||2
llgxll2

and the time (in seconds) needed to compute each solution. The number of limited
memory updates was set to five.

We simulate the first five iterations of an unconstrained line-search method. We
generate the initial point ¢ and the gradients g; = V f(z;), for 0 < j < 5, randomly
and compute the subsequent iterations

xj—i-l:zj*ajngja for0§]§5,

where H; = B ! is the inverse of the quasi-Newton matrix.

Results.

The results are presented in Tables 1-7. All algorithms were able to solve the lin-
ear systems to high accuracy. The update-specific two-loop recursion (Algorithm 1)
for L-BFGS matrices performed the best in terms of computational time. However,
for the (general) restricted Broyden class matrices the compact inverse formulation
outperformed the other methods. For the SR1 case, the compact inverse formulation
outperformed the algorithm based on self-duality (Algorithm 2).

TABLE 1. Relative error and computational time (in seconds) for
SR1 matrices.

n Self-Duality (Alg. 2) Compact Inverses (Alg. 5)

Rel. Error | Time Rel. Error | Time
10,000 1.98e-15 4.47e-03 6.10e-15 1.04e-03
50,000 2.24e-14 7.25e-03 7.57e-14 1.89e-03
100,000 5.07e-14 1.66e-02 6.44e-14 4.61e-03
1,000,000 8.67e-13 2.93e-01 2.26e-12 4.66e-02
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TABLE 2. Relative error for Broyden class matrices with ¢ = 0.00 (BFGS).

Two-Loop Recursive Recursive Compact

n Recursion SMW Hiq Inverses
(Alg. 1) (Alg. 3) (Alg. 4) (Alg. 6)

10,000 4.88e-16 4.63e-16 5.37e-16 3.59e-16
50,000 2.93e-16 4.44e-16 3.61e-16 4.20e-16
100,000 6.64e-16 3.74e-16 6.16e-16 3.81e-16
1,000,000 1.47e-15 1.46e-15 1.45e-15 1.51e-15

TaBLE 3. Computational time (in seconds) for Broyden class ma-
trices with ¢ = 0.00 (BFGS).

Two-Loop Recursive Recursive Compact
n Recursion SMW Hiqa Inverses
(Alg. 1) (Alg. 3) (Alg. 4) (Alg. 6)
10,000 8.40e-04 6.71e-03 4.83e-03 4.65e-03
50,000 4.03e-03 3.75e-02 2.34e-02 6.95e-03
100,000 6.17e-03 8.09e-02 5.44e-02 1.29e-02
1,000,000 1.38e-01 1.42e+00 8.90e-01 1.16e-01
TABLE 4. Relative error for Broyden class matrices with ¢ = 0.50.
n Recursive SMW Recursive Hpy; | Compact Inverses
(Alg. 3) (Alg. 4) (Alg. 6)
10,000 9.90e-16 8.37e-16 8.15e-16
50,000 4.25e-16 6.80e-16 5.82e-15
100,000 7.00e-16 6.31e-16 9.14e-16
1,000,000 2.77e-16 2.40e-16 3.56e-16

TABLE 5. Computational time (in seconds) for Broyden class ma-
trices with ¢ = 0.50.

n Recursive SMW Recursive Hi11 | Compact Inverses
(Alg. 3) (Alg. 4) (Alg. 6)
10,000 8.62e-03 7.10e-03 6.08e-03
50,000 4.23e-02 2.39e-02 6.21e-03
100,000 8.31e-02 5.60e-02 1.22e-02
1,000,000 1.49e+00 8.96e-01 1.20e-01

6. CONCLUDING REMARKS

We derived the compact formulation for members of the restricted Broyden class
and the SR1 update. With this compact formulation, we showed how to solve lin-
ear systems defined by limited-memory quasi-Newton matrices. Numerical results
suggest that this proposed approach is efficient and accurate. This approach has
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TABLE 6. Relative error for Broyden class matrices with ¢ = 0.99.

n Recursive SMW Recursive Hy4; Compact Inverses
(Alg. 3) (Alg. 4) (Alg. 6)
10,000 8.33e-16 1.59e-15 1.63e-15
50,000 8.45e-15 1.21e-14 3.88e-15
100,000 7.28e-14 6.67e-14 2.67e-14
1,000,000 2.59e-15 1.80e-15 3.29e-15

TABLE 7. Computational time (in seconds) for Broyden class ma-
trices with ¢ = 0.99.

n Recursive SMW Recursive Hy41 Compact Inverses
(Alg. 3) (Alg. 4) (Alg. 6)
10,000 8.87e-03 9.65e-03 4.89e-03
50,000 3.84e-02 2.56e-02 6.24e-03
100,000 8.29e-02 5.21e-02 1.21e-02
1,000,000 1.51e+00 8.44e-01 1.20e-01

two distinct advantages over existing procedures for solving limited-memory quasi-
Newton systems. First, there is a natural way to use the compact formulation for
the inverse to obtain the condition number of the linear system. Second, when
a new quasi-Newton pair is computed, computational savings can be achieved by
simple updates to the matrix factors in the compact formulation.

Future work includes integrating this linear solver inside line-search and trust-
region methods for large-scale optimization.
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Appendix A. At each iteration, Algorithm 3 computes o and u, which are defined
in (9) and require matrix-vector products involving the matrices B; for 0 < i < k.
The main difficulty in computing o and w is the computation of matrix-vector
products with the matrices B; for each i. Note that if we are able to form ugj o =
Bjsj, then we are able to compute all other terms that use Bjs; in (9). In what
follows, we show how to compute us;2 without storing B; for 0 <4 < k. This idea
is based on Procedure 7.6 in [?].
We begin by writing C31) in (10) as follows:

k
_ T T T
Caryry = Bo+ ) agjugjul; + asjpius gy g + as;yotis;otl; o,
=0
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where o; and u; are defined by (9). Since B; = Cs;, then

uzj+2 = Bjs;

i=0
j—1
T T T
= Bos; + Z a3i(u3i5j)u3i + a31’+1(u3z’+15j)u3i+1 + a3z’+2(u3¢+25j)u3i+2~
i=0

j—1
_ (5 B T ool ,
= o+ Q3;U3;U3; + A3i41U3i41U3,41 T O3i42U3i+2U3,49 | Sj

All the terms in the above summation only involve vectors that have been previously
computed. Having computed ugj42, it is then possible to compute a3z;i1, 3542,
and ugj+1. (The other terms asz; and ug; do not depend on Bjs;.) The following
algorithm computes the terms o and u that are used in Algorithm 3.

Algorithm A.1: Unrolling the limited-memory Broyden convex class
formula.
for j=0,...,k
Uzj <~ Yj;
asj < 1/(s7y;);
Usjro — Bosj+30y [ami(udis;)uss + agipr (Ul 185 usisr + aziro (Wl 05)) uzita);
asjro — —1/(s] usj2);
U3j+1 < Q35Y; + QA3542U3542;
azjy1 = —¢/azjio;
end

Appendix B. The following algorithm computes products involving the matrices
H; for 0 <14 < k for use in Algorithm 4. The algorithm avoids storing any matri-
ces, and matrix-vector products are computed recursively. The derivation of this
algorithm is similar to that for Algorithm A.1.

Algorithm B.2: Unrolling the limited-memory Broyden convex class
formula.
for j=0,...,k
U3 < Sj;
dsj —1/(sjy;);
Usjt1 Hoyj+Z§;3 s (0d;y5) si + Ggig1 (63,4 1Y;)lgiv1 + Gsiga (03,4 0y5)Usiva];
Gzjr1 — —1/(y] 4zj+2);
Uzjyo « Q3555 + QzjpoUzjio;
Compute agj42 using Algorithm A.1;
D — (1—¢)/(1 — ¢+ daz;/(dzj4103542));
Ggjpr = —Pj/bsjpa;
end
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