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Abstract We introduce an analysis framework for constructing optimal first-order
primal-dual methods for the prototypical constrained convex optimization tem-
plate. While this class of methods offers scalability advantages in obtaining nu-
merical solutions, they have the disadvantage of producing sequences that are only
approximately feasible to the problem constraints. As a result, it is theoretically
challenging to compare the efficiency of different methods. To this end, we rig-
orously prove in the worst-case that the convergence of primal objective residual
in first-order primal-dual algorithms must compete with their constraint feasibil-
ity convergence, and mathematically summarize this fundamental trade-off. We
then provide a heuristic-free analysis recipe for constructing optimal first-order
primal-dual algorithms that can obtain a desirable trade-off between the primal
objective residual and feasibility gap and whose iteration convergence rates cannot
be improved. Our technique obtains a smoothed estimate of the primal-dual gap
and drives the smoothness parameters to zero while simultaneously minimizing
the smoothed gap using problem first-order oracles.

Keywords: Model-based gap reduction technique; first-order primal-dual meth-
ods; augmented Lagrangian; smoothing techniques; separable convex minimiza-
tion; parallel and distributed computation.

1 Introduction

We propose a new primal-dual analysis framework for constructing optimal first-
order primal-dual methods in order to obtain numerical solutions to the following
constrained convex optimization template:

f*::,rrelglb{f(x):Ax—belC,azeX}, (1)
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where f : R® — RU {400} is a proper, closed and convex function; X C R™ and
K C R™ are nonempty, closed and convex sets; and A € R™*™ and b € R™ are
given. We assume that the domain X is “simple” so that it is easy to project.

The template (|1) provides a unified formulation for a broad set of applications
in various disciplines, see, e.g., [911112][14,26139/55]. Clearly, unconstrained prob-
lems can also be reformulated as via splitting variables [10]. Moreover, it covers
standard convex optimization subclasses, such as conic programming, monotropic
programming, and geometric programming, as specific instances [7}/8}[10].

There are several reasons for our emphasis on first-order primal-dual methods
for , with the most obvious one being their scalability. Coupled with recent de-
mand for low-to-medium accuracy solutions in applications, these methods indeed
provide a critical trade-off between the complexity-per-iteration and the iteration-
convergence rate along with the ability to distribute and decentralize computation.

Unfortunately, the newfound popularity of primal-dual optimization has lead
to an explosion in the number of different algorithmic variants, each of which
requires different set of assumptions on problem settings or methods, such as
strong convexity, Lipschitz gradient, or penalty parameter tuning. As a result, the
optimal choice of the algorithm for a given application is often unclear as it is not
guided by theoretical principles, but rather trial-and-error procedures, which can
incur unpredictable computational costs.

To this end, we address the following key question in this paper: “Can we
construct heuristic-free, optimal first-order primal-dual methods?” The concept
of an optimal algorithm in the setting of has been elusive since virtually all
methods produce primal sequences that are infeasible in the constraints of the
form Ax — b € K. To overcome this challenge, we mathematically characterize
the best rates on the primal objective residual and the constraint feasibility gap
of algorithmic iterates and illustrate how they compete with each other, while
requiring only a mild set of assumptions on the template . We then provide
an analysis recipe for constructing optimal first-order primal-dual algorithms in a
heuristic-free fashion whose convergence rates cannot be improved.

1.1 The role of the primal-dual gap function

It is natural to expect the constraints to slow down a minimization process for the
primal optimality and not the constraint feasibility, and vice versa. To mathemat-
ically understand the basic issue, we need to study the primal-dual gap function
where the two quantities are entangled. For notational ease, let us consider here a
special case of where K = 0. The primal-dual gap function G is then given by

G(w):=max{f(z)+(Az—b,9) : § € R™} —min {f(2)+(AZ—b,y) : 2 € X}, (2)
f(z) 9(y)

where w := (x,y) is the concatenated primal-dual variables; f is the extended
function of f; and g is the Lagrange dual function associated with .

The primal-dual gap function G is convex. Moreover, under strong duality (cf.,
Lemmall)), we have G(w*) = 0 if and only if w* = (z*,y*) is a primal-dual solution
of . Since the gap function G is generally nonsmooth but has a max-structure,
we can obtain a smoothed estimate using two smoothing functions p, and py as

Goyp(w):= max {f(z)+{Az=b,9)—Bpy(§)} — min {f(2)+(AT—b,y)—p:(2)}, (3)
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where v and 8 in R4+ are two corresponding smoothness parameters. Note that if
we choose pg (%) = %Hf“%, then the dual solution can be computed by the proximal
operator of f + dx, where dy is the indicator function of X.

With the smoothed gap setup in , we show (cf., Section that there exists a
primal sequence {z*} C X and a dual sequence {7*} ¢ R™ such that the following
inequalities for the smoothed gap, objective, and the feasibility hold

G’Yk+151c+1 (1 - Tk)G’Ykﬂk- (U_jk> + Yk,
@ -rr< (@) -g9@*) =o0 (w@ + Gy (@k)) ; (4)
143% ~blls = O (B + /B + Gy (@4)))

for any choices of B4 and 7 as long as B, = O (77), where 7, € (0,1) and
Y = O(1y). Against intuition, it appears possible to obtain arbitrarily fast rates
via the choice of the rate-parameters S and 7, under a given gap reduction model.

Naturally, there exists lower complexity bounds for minimizing sequences, de-
pending on the chosen optimization oracles [3I}[33]. In the smoothed gap setting,
we rely only on first-order oracles, i.e., computational primitives based on matrix-
vector products involving A and AT and the proximal operators of f and f+dy Asa
result, without any further assumption on , it holds that f(z%)—g(7%) = 2 (%),
which implies that 7, = 2 (%), Vi = 2 (%), and B, = 2 (%) cf., [34435].

k+1)
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1.2 Towards optimal first-order primal-dual methods: Model-based gap reduction.
We say that a first-order primal-dual algorithm is optimal if its primal objective
residual and feasibility gap convergence rates satisfy f (i’k) —fF=0 (%) and

dist (A:Ek — b, IC) =0 (%), where dist(-, K) measures the Euclidean distance to

the set K. Then, it remains to show that we can indeed construct optimal first-
order convex optimization methods. For this purpose, we introduce a model-based
gap reduction technique where the rate of parameters v, and S in plays an
interpretable role in minimizing the smoothed gap, following the model in .

To construct algorithms, we exploit the obvious correspondence between the
duality gap function G and its smoothed estimate G g: The first max-term presents
an approximation to the primal objective f, and the second min-term provides an
approximation to the dual objective g. Depending on the choice of p; and py,
we obtain different smoothed approximations and hence, we can develop differ-
ent algorithms for solving . Regarding the choice of smoothing functions, two
approaches stand out in the literature: (i) proximity smoothing, and (4) barrier
smoothing [6l[19120124127128/[34.36,51153,54158]. In this work, we demonstrate our
results using the proximity smoothing technique [4,28][34[35[54].

With the smoothed gap setup in , we generate a primal-dual sequence {@"*}
in X xR™ satisfying (4)) with first-order oracles such that {G,, s, (@")} converges to
zero, while simultaneously decreasing the product {yx8x} to zero. Among various
strategies, we focus on the model-based gap reduction condition in as well as its
monotone version where 1, < 0 for all k£ > 0. We then show that first-order oracle
information from is sufficient to obtain 7, = O (%), and hence, the constructed
algorithms are optimal in the sense of black-box models [3T33].

Surprisingly, any attempt to trade-off between the rates of convergences for the
primal optimality and the feasibility worsens the overall convergence. Intriguingly,
we will show that there still exists a practical trade-off since it must hold that
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VB = 2(7f)- (5)
In the monotone gap-reduction model, in the light of , the condition shows
how the primal objective residual of the iterates competes with their primal feasi-
bility gap by trading-off the values of the smoothness parameters.

1.3 Scalable methods for and their limitations.

Scalable numerical approaches for solving are mainly based on penalty, aug-

mented Lagrangian, and other primal-dual (splitting) methods, depending on how

they process the linear inclusion constraint Az —b € K. In the sequel, we focus on

the special case K = 0 without loss of generality while reviewing the related work.
With the penalty methods, we can obtain low- or medium-accuracy solutions

when we augment the objective f with a simple penalty function, such as

min {/(@) + (o/2)| Az b3 : 2 € X}, (6)

where p > 0 is the penalty parameter. While penalty methods are widely popular
in large-scale applications, their empirical performance is quite sensitive to the
choice of the penalty parameter [39].

While penalty and augmented Lagrangian methods have a fundamental diffi-
culty in choosing the penalty parameter, their variants such as primal-dual split-
ting, AMA and ADMM methods enhance our computational capabilities and nu-
merical robustness since we can apply (accelerated) proximal gradient methods
or can distribute the computation: cf., [2[I52544,46]. The scalability of these
numerical convex optimization algorithms typically rely on two key structures:
Structure 1: Decomposability. The constrained convex optimization problem
is said to be N-decomposable if f and X can be represented as follows:

N N
f(z) ::Zfi(xi), and X := HX (7)

where z; € R, X; € R™ | f; : R™ — RU{+o0} is proper, closed and convex for i =
1,--- N, and Zfi 1 Mi = n. Decomposability immediately supports parallel and
distributed implementations in synchronous hardware architectures. This structure
arises naturally in linear programming, network optimization, multi-stage models
and distributed systems and machine learning [9[10].

Structure 2: Proxzimal tractability. Unconstrained problems can still pose signif-
icant difficulties in numerical optimization when they include non-smooth terms.
However, many non-smooth problems (e.g., of the form @) can be solved nearly
as efficiently as smooth problems, provided that the computation of the proximal
operator is tractable [3l[42,[45]. By tractable proximal operator, we mean that the
following strongly convex problem can be solved “efficiently” (e.g., by a closed
form solution or by polynomial algorithms) for a given convex function h:

proxy (x) := argmin {h(z) +(1/2)||]z — z||3 : z € dom (h)} . (8)

It has been shown that many smooth and non-smooth functions support tractable
proximal operators [12|[14L26l16.55]. Clearly, decomposability also proves useful
in the computation of . In our problem , we use the proximal operator of
h(-) + f(-) + 6x(-), where dx is the indicator function of X.

On the basis of these structures, we can design algorithms featuring a full spec-
trum of (nearly) dimension-independent, global convergence rates for composite
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convex minimization problems with well-understood analytical complexities [3}33]
38,3752]. Unfortunately, several scalable first-order methods for invariably
feature one or both of the following two limitations which blocks their full impact.
Limitation 1: Non-ideal convergence characterizations. Ideally, the convergence
characterization of an algorithm for solving must establish rates both on the
primal objective residual f(z*) — f* and the feasibility gap ||AZ* — b|| of its linear
constraints separately for its iterates z° € X. The constraint feasibility is critical
so that the primal convergence rate has any significance. Rates on the gap function
associated with the optimality condition of concerning the joint primal-dual
variables (z,y) are not necessarily meaningful at intermediate iterates since (/1))
is a constrained problem and f(ik) — f* can easily be negative at all times as
compared to the unconstrained setting where we trivially have f(z%) — f* > 0.

The convergence results of several existing methods are far from ideal. Most
algorithms have guarantees in the ergodic sense (i.e., on the averaged history of it-
erates) [13,22,23,41147[56] with non-optimal rates, which diminishes the practical
performance; they rely on special function properties to improve convergence rates
on the function and feasibility [40[41], which reduces the scope of their applicabil-
ity; they provide rates on dual functions [2I], or a weighted primal residual and
feasibility score [47], which does not necessarily imply convergence on the abso-
lute value of the primal residual or the feasibility; or they obtain convergence rate
on the gap function value sequence composed both the primal and dual variables
via variational inequality and gap function characterizations [131[22}[23], where the
rate is scaled by a diameter parameter which is not necessary boundedE

Limitation 2: Computational inflexibility. Recent theoretical developments cus-
tomize algorithms to exploit special function classes for scalability. When the
model parameters are known a priori, this strategy is sensible. Unfortunately,
specialized algorithms often require knowledge of function class parameters even
if they are not known, and hence do not address the full scope of (e.g., with
self-concordant functions or fully non-smooth decompositions). Moreover, they
often have complicated algorithmic implementations with backtracking steps to
compute some of these parameters, which create computational bottlenecks.

1.4 Our contributions
To this end, the main contributions of this paper can be summarized as follows:

(a) We identify optimal rates of convergence for the objective residual and the
feasibility gap in first-order primal-dual methods.

(b) We introduce a new model-based gap reduction condition for constructing op-
timal first-order primal-dual methods that can operate in a black-box fashion.
Our analysis technique unifies several classical concepts in convex optimiza-
tion, from Auslander’s gap function and Nesterov’s smoothing technique to
the accelerated proximal gradient descent method, in a nontrivial manner.

(c) We illustrate the new techniques enable us to exploit additional structures,
including augmented Lagrangian smoothing, strongly convex or Lipschitz con-
tinuous gradient of the objectives.

(d) We show the flexibility of our framework applying to different constrained
settings including conic programs.

1 We refer to the standard ADMM (see, e.g., [I0]) and not the parallel ADMM variant or
multi-block ADMM, which can have convergence guarantees given additional assumptions.
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Let us emphasize some key aspects of this work in detail. First, our character-
ization is radically different from existing results such as in [51[I3[17,22123][4T]
47] thanks to the separation of the convergence rates for primal optimality and
the feasibility. We believe this is important since the separate constraint feasi-
bility guarantee can act as a consensus rate in distributed optimization. Second,
our assumptions cover a much broader class of problems, we can trade-off primal
optimality and constraint feasibility without any heuristic strategy, and our con-
vergence rates cannot be improved. Third, our augmented Lagrangian algorithm
generates simultaneously both the primal-dual sequence compared to existing aug-
mented Lagrangian algorithms, while maintains its O (k—lz)—optimal convergence
rate both on the objective residual and on the feasibility gap. Forth, we also de-
scribe how to adapt known structures on the objective and constraint components,
such as strong convexity, Lipschitz gradient objectives and component full-column
ranks. Fifth, this work significantly expands on our earlier conference work [48]
not only with new methods but also by demonstrating the impact of warm-start.
Finally, our follow up work [50] also demonstrates how our analysis framework and
uncertainty principles extend to cover alternating direction optimization methods.
Remark 1 For the clarity, we focus on when K = 0 until Section 7] We also
keep only the short proofs in the main text and detail the rest to the appendix.

1.5 Paper organization

Next section recalls preliminary concepts for convex analysis, and introduce a
mixed-variational inequality formulation of (1f). In Section we propose a smooth-
ing technique with proximity functions for to estimate the primal-dual gap. We
also investigate the properties of smoothed gap function and introduce the model-
based gap reduction condition. Section [4] presents the first primal-dual algorithmic
framework using accelerated (proximal-) gradient schemes for solving and its
convergence theory. Sections [f] and [6] provides the second primal-dual algorithmic
framework using averaging sequences for solving and its convergence theory.
Section [7] specifies different instances of our algorithmic framework for under
other common optimization structures and removes the assumption I = 0.

2 Preliminaries
This section recalls some basic notation, the primal-dual formulation for , and
a variational inequality characterization of the optimality condition of .

2.1 Notation

Given a proper, closed, and convex function f, we use dom (f) and df(z) to denote
its domain and its subdifferential at x. If f is differentiable, then we use V f(z) for
its gradient at z. We call the function f smooth if its gradient V[ exists at any
point in dom (f) and Vf is continuous in dom (f).

We denote by f*(s) :=sup {(s,z) — f(x) : € dom (f)}, the Fenchel conjugate
of f. For any z € R", we define ||z|| as the norm of z, and ||s||« := max {(s, z) : ||z|| < 1}
as the dual norm of s. For a given set X, dx(x) :=0if z € X and §x (z) := 400, oth-
erwise, denotes the indicator function of X. We use ||z||2 for the Euclidean norm.
For simplicity of our presentation, we directly work with the Euclidean norm or
the weighted Euclidean norm throughout.

For a smooth function f, we say that f is L-Lipschitz gradient if for any
z,% € dom (f), we have ||V f(z) = Vf(Z)|l« < Lyllz—Z||, where L(f) := Ly € [0, c0).
We denote by ]—'i’l the class of all convex functions f with L ¢-Lipschitz gradient.
We also use iy = pu(f) for the strong convexity parameter of a convex function f.



An optimal first-order primal-dual gap reduction framework 7

2.2 Optimality condition

Primal-dual formulation: Let us define the Lagrange function associated with the
linear constraint Az —b =0 as L(z,y) := f(z) + (y, Az — b). The min-max problem
associated with the Lagrange function £ is defined as follows:

*: = i £ s < i £ = *7 9
g ;rel%;gg(y) max min (@,y) < min f(z) = f 9)

where ¢ is the dual function and f is the extension of f over R™
g(y) == nf{L(x,y) == f(x) + (Az —b,y) : 2 € A}, (10)
{f(a;) if Az = b; (1)

f(z) := sup L(z,y) =
/(@) up Liw,y) +oo  otherwise.

yEeR™

Let us denote by X* the optimal solution set of (IJ). If X* is nonempty, then the
optimal value f* of @ is finite. We define the Lagrange dual problem of as
g :=max{g(y):y e R™}. (12)

In this case, we refer to and as the primal-dual problems. We note that g
is proper if {z € X : Az = b} Ndom (f) # 0. We denote by dom (g) its domain.
Under the decomposability structure , we can write the dual function as

N
9(v) = _g'(y), with g'(y) :=inf{fi(z;) + (Ami — bs,v) s € Xi},  (13)

which implies that we can compute g in parallel.

Optimality condition: We can write the optimality condition or Karush-Kuhn-
Tucker (KKT) condition of and as follows:

{ 0 € 0f(a*) + ATy + Nx(a*) = 0:L(z*, y*) + N (2¥)

0=Az*—b =9yL(z",y"), (14)

where Ny (z*) is the normal cone of X at z*. Any point w* := (z*,y") satisfying
is called a KKT point of . We denote by W* the set of KKT points. Then
W* = X* x Y*, where X* is the set of stationary points 2*, and J* is the set of
corresponding multipliers y*.

Fundamental assumptions: In order to relate the primal problem and its dual
(12), we need to introduce a few assumptions, which are standard in the literature.

Assumption A. 1 The constraint domain X and the solution set X* of are
nonempty. The function f is proper, closed, and convex. In addition, either X is a
polytope or the following Slater condition holds

{z eR": Az — b= 0} Nri(X) # 0, (15)
where 1i(X) is the relative interior of X.

Under Assumption A the dual problem is feasible. Moreover, its solution set
Y* is nonempty and bounded. The KKT condition is necessary and sufficient
for w* = (z*,y*) to be an optimal solution of and (12).

Remark 2 Throughout this paper, we assume that Assumption A[l] holds.
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Approzimate solutions: For any optimal solution z* € X™* of , we have f(z*) —
f*=0, 2" € X and Az* — b € K. Our goal in this paper is to design primal-dual
algorithms that produce an approximation z} to * € X* in the following sense:

Definition 1 Given a target accuracy € > 0, a point zf € X is said to be an
e-solution of if f(zZ) — f* < e and dist(AzZ — b,K) < e.

For clarity and without loss of generality, we will work with L = 0 in the sequel
and then illustrate the algorithmic changes for the general case. As a result, the
approximate feasibility takes the form ||Azf — b|] < . Moreover, we assume in
Definition [1] that zf € X, i.e., % is exactly feasible to X. This requirement is
reasonable in practice since X is usually “simple,” where the projection onto X
can be computed efficiently, e.g., when X is a box, a simplex or a cone constraint.

Note that we can also use different accuracy levels for the absolute primal
objective residual f(zZ) — f* < &1 and the primal feasibility gap ||Azf — b|| < ea.
Note also that f(z) — f* > —|ly*||«||Az — b|| for any y* € Y* and z € X, which
guarantees the lower bound of the objective residual f(z) — f* (¢f., Lemma|3) .

2.3 Mixed-variational inequality formulation and its gap function

Mized-variational inequality: Let w := (z,y) = (zT,y?)T € R" x R™ be the primal-

dual variable, W := X x R™ be the primal-dual domain, and F(w) := [ATy,b —
T

Azx] = ((ATy)T,(b— Aac)T) be the partial KKT mapping. Then, can be

reformulated into the following mized-variational inequality (MVIP) [18]:

f(@) = f(@®) + (Fw*),w—w*) >0, VweW. (16)

Finding a point w* € W such that holds is equivalent to solving the primal-
dual problems —.

Gap function: If we define the bifunction B(w, ) := f(z) — f(Z) + (F(w),w — ¥) =
f(z) — f(z) — (AT — b,y) + (Az — b, ), then B(w,w) =0 for all w € W. Let

G(w) := max {B(w,w) : & € W} = max L(z,7) — I;éi/l\/l[,(i‘,y) = f(z) —g(y), (A7)

be the Auslender gap function of [1]. Then, the following result is standard
in convex optimization due to the weak and the strong duality theory.

Lemma 1 The gap function G defined by is nonnegative on W, i.e., G(w) > 0 for
all w € W. Moreover, G(w*) = 0 if and only if w* = (z*,y*) € W* is a primal-dual

solution of and .

Clearly, the non-negativity of G is due to the weak duality theorem, and the second
condition holds due to the strong duality theorem. In general, the gap function G
is nonconvex and nonsmooth [43]. Fortunately, in the setting , G is convex, but
is possibly nonsmooth and may take infinite values.

3 Smoothing the gap function via proximity functions

In this section, we provide a smooth approximation of the gap function G and
prove key properties of this approximation.
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3.1 Proximity functions and Bregman distances
Prozimity functions: Given a nonempty, closed and convex set Z, a continuous,
and strongly convex function p with the parameter p, > 0 is called a prozimity
function (or prox-function) of Z if Z C dom (p). We also denote
z°:= argmin {p(2) : z € dom (p)}, (18)

as the prox-center of p. Without loss of generality, we assume that pp = 1 and
p(2°) = 0. For example, pz(z) := (1/2)||z||3 is a simple prox-function in R™=.

Given a prox-function p, if p € Fr , then its conjugate p* is strongly convex
with the convexity parameter pp- = L, ! due to the Baillon-Haddad’s theorem [2].
We denote by 3¢ the prox-center of p*. It is clear that p*(5°) = —p(0). Moreover,
p* e ]-'i’l with the Lipschitz constant Ly~ = 1.
Bregman distances: Given a smooth prox-function p defined on Z with the con-
vexity parameter pp = 1 and p(z¢) = 0, we define the following Bregman distance

dp(u,v) :=p(u) — p(v) — (Vp(v),u —v), Yu,v € Z. (19)
Clearly, dp(u, 2°) = p(u), and dp(u,v) > %|ju —v||? for any u,v € Z. In addition,
if p is Lipschitz continuous with the Lipschitz constant L, > 1, then dp(u,v) <
%Hu —v||? for any u,v € R9. If p(u) := %||u||3, then d, becomes the standard

Euclidean distance.

3.2 Smoothed primal-dual gap function

The gap function G defined in is conver but generally nonsmooth. This sub-
section introduces a smoothed primal-dual gap function that approximates G. For
this purpose, we first discuss smoothing strategies.
Smoothing functions: Let Iy :={1,---, N} be the index set of components corre-
sponding to the structure . We first decompose Zy into two subsets
1 CIy:={i€ln: Amin (AT A}) > 07 > 0}, and I :=ZIn\T1, (20)

where Amin(+) is the smallest eigenvalue. We allow Z; to be empty.

For each i € Zy, we choose a prox-function p; € ]-'i’l, which is 1-strongly
convex and its gradient is Lipschitz continuous with Lp, > 0 on its corresponding
domain. We define the prox-function of X and the constant L;, respectively as

_ Ls i€T
po(Az) == Y pi(ei) + ) pilAizi) and L; = {lf‘b o @
€Ty icT, v& 4,

where L4, 1= Amax (AT A;) is the largest eigenvalue of AT A;. Clearly, we have

1 _ 1 _
5 Z i — 12 +3 Z [Asw; — @5 < pu(Ax)

i€y iefl
< 1 —c2 1 A —c2
<5 > Loillei =217 + 5 ) Lyl A — 1%,
€Ty i€y

where z§ is the prox-center of p; for i € Z; and 4§ is the prox-center of p; for
i € Z1. Here, we implicitly use the fact that Vp;(z{) = 0, where z{ is either Z{ or
a5 . Otherwise, we can 11re1place pi by the corresponding Bregman distance dp, (-, z5).
We also choose py € ;" a prox-function defined on R™ for the dual problem. For
given two positive smoothness parameters v and 3, we consider the function

Pyp(w) = ypz(Az) + Bpy(y)- (22)
We call p,g a smoother, or a regularizer, for the gap function G.
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A smoothed approzimation of the primal-dual gap function: For a given p, g as defined
by (22)), we consider an approximation of f and g, respectively as follows:

gv(7) = min {f(z) + (Az — b, §) + ypz(Az)},

F5(2) o= max (7(2) + (47 — b.9) — By (0)}. )

The smoothed primal-dual gap (or the smoothed gap) G, is then defined as

Gyp(w) = fp(T) = gv(1)- (24)
Loosely speaking, G approaches G as vy and 3 approach to zero.

Evaluating the smoothed gap function: To evaluate fg and g, we need to solve the
following two convex subproblems w.r.t. z and y, respectively

z3(y) € argmin {f(z) + (3, Az - b) + p=(Az)},

yp(¥) = arg max {(AZ —b,y) — Bpy(y)} = Vpy (871 (AZ —b)). (2)

We denote by w’g(w) := (23(),y5(z)) € W. While y5(z) can be computed ex-
plicitly as in , the computation of z%(y) can be split into N subproblems due
to the decomposability of f and X in @, ie.,

arglmeigé {fi(ws) + (7, Az —by) +ypi(zs)}, i€,

% (y) € = 26
74(®) arg min {f;(z;) + (§, Aiwi—bi) +pi(dizi)}, i€ (26)
As a result, gy becomes g,(y) := Zf\;l g%(y) with
min {fi(z;) + (g, Aixi—bi) +ypi(xi)}, i€,
i T, €X;
9+(y) == (27)

leelgl( {filwi) + (g, Aiwi—bi) +vpi(Aixi)}, i€ln.

i

Alternatively, the function fz defined by can be computed explicitly as

15(2) = f(2) + Bpy (87" (AZ — b)) := £(2) + Ds(T). (28)

In practice, we prefer to choose py such that the computation of y3(z) in is
cheap. For example, if we select py(y) := (1/2)]|y||3, then p, € fé’l with Lp, =1,
and pj(v) = (1/2)v||Z = (1/2)||v||3. Moreover, y5(Z) computed by reduces to
(@) i= 571 (AT - ).
The diameter of domain: We define the following diameter of the domain X

N

() @i € X N dom (f; €T

Dy = ZDXw where Dy, := sup {pi(z;) : x; € X; om (f;)} %G = (29)

= sup {pl(All’Z) tx; € X; Ndom (fz)} 1€1.
For designing algorithms, we summarize our technical assumptions as follows:

Assumption A. 2 For each i € Iy, the proz-function p; is 1-strongly conver and
smooth, and its gradient is Lipschitz continuous with the Lipschitz constant Ly, > 1.
The proz-function py is also 1-strongly convex and smooth, and its gradient is Lipschitz
continuous with the Lipschitz constant Lp, > 1. For each i € Iy, Dy, defined by
is bounded, i.e., Dy, € [0,400).
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Our default choice of p; as well as py is the quadratic prox-function p(-) := %H 13,
with L, = 1. Clearly, if X; or dom (f;) is bounded, then Dy, is also bounded.
Hence, if Dy, is bounded for all i € Zy, then Dy is also bounded. We also assume

that Assumption A[2 holds in the sequel.

Key properties of fz and gy: The smoothed gap components gfy defined by ,
and fg defined by satisfy the following properties (cf., Appendix [A.1.2]).

Lemma 2 Fori € Iy, the function g%() defined by (26) is concave and smooth on
R™. Its gradient is given by Vg () = A;x? ;(-) — b;, which is Lipschitz continuous

with the Lipschitz constant Ly, := ~v"YL;, where L; is defined by (21). Consequently,
vy
for all y,y € R™, the following estimates hold

. . . L i
0< g @)+ (V@) y—9) — g5 (w) < —*lly — lI%

. ) ) ) , (30)
() < 65@) + (Ve @)y~ 9) — 22 IV () - VA @)1
hel
For j € R™ and ~ > 0 and g* defined by , g% satisfies the following estimate
95 —Dx, < g'(¥) < d4(®). (31)

For a fized y € R™, the function g%(g) is nondecreasing, concave and differentiable in
Ry w.r.t. v. Moreover, for v and 4 in R4y4, we have

pi(23 ;(9)) ifi €1y,

. . (32)
pi(Aizs ;(y))  ifi ¢ Th,

95(@) < g5@) + (v =A)pi, where p; = {
and x% ;(y) is defined by .

Consequently, g := Zfil g?ly is also concave and smooth. Its gradient Vg~(y) =
Az (y) — b is Lipschitz continuous with the Lipschitz constant Ly, = v~ 'Ly, where
Lg:= Zf\il L;. Moreover, the estimates , (31) and (32) also hold for g~.

Alternatively, let fg and pg be defined by (128). Then, pg is convex and smooth, its

2
gradient is Lipschitz continuous with the Lipschitz constant Lp, 1= % Moreover,
we have

J5(@) = £5() + (B — Bpy (@),

Pp(@) 2 (&) + (Vp(@),0 — @) + zrigll A — )|1%, (33)

for B,BERLy and z,% € X.

Since g, defined by (23) is concave and smooth, and its gradient is Lipschitz
continuous, we can in principle apply the accelerated gradient scheme in [33] to
solve the following smoothed dual problem

gy :=max {gy(y) :y e R™}. (34)

Then, we can obtain the (’)(%)—Worst—case complexity in terms of the dual objective

residual g(7%) — ¢* as in [35]. We can also use an averaging scheme to recover the
primal solution as in [291[57]. However, as a disadvantage, such schemes fix a priori

the smoothness parameter v at v := O(DLM)7 which is too restrictive.
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3.3 An estimate for the objective residual and primal feasibility gap

The following lemma provides a fundamental estimate on the bounds of f(z*)— f*
and ||AZ" — b||. For clarity of exposition, we move this proof to Appendix

Lemma 3 Let gy and fg and G,g defined by and , respectively. Then, for
any y* € Y* and x € X, one has

—ly* [+l Az = bll < f(z) — f* < f(z) — g(y). (35)

Let {@*} be a primal-dual sequence in W, and {(vi, Bx)} be a smoothness parameter
sequence in R?H_. Then, we have

F@*) = g(i") < Sk = Gy 5, (0") + v Dx + Brpy(0),

—k — —2 —1 — (36)
| 4" — bl < Be[en+\/@ + (2Lp, B, 1Sk — l5el2) .
where &x = ||Lp,y* — S¢||«, provided that cx + 2prﬁk_15k — |5¢]1? > 0.
In particular, if we choose py(y) := &||yl|3, then
F(@) - g(i*) < Gy +nDx
(37)

|AZ* — blla < 265 Dys + 28k (Gk + D),

where G, := G, 3, (@*) and Dy. :=min {|jy*||2 : y* € Y*} is the norm of minimum
norm dual solutions.

The estimates , and are independent of optimization methods using to
construct {wk }. However, their convergence guarantee depends on the smoothness
parameters 5 and §j. Hence, the convergence rate of the objective residual f(:fk) —
f* and feasibility gap ||AZ" — b|| depends on the rate of {(yy, %)}

3.4 Descent models for the smoothed gap function

Our goal is to generate a primal-dual sequence {@w*} C W and a smoothness
parameter sequence {(v4, Bx)} C R3 | so that {G., 5, (@*)} converges to 07, where
G, 8, (+) is defined by . To achieve this goal, we propose to use the following
model imposing on G,g in order to design algorithms in the next sections:

Definition 2 The primal-dual sequence {w*} C W and the smoothness parameter
sequence {(vg, B1)} C R2 | are said to satisfy the model-based gap reduction (MGR)
condition on G if the following inequality is satisfied

_k _k
G’Ylv+1,3k+1 (w —H) < (1 - Tk)G’Ykﬁk (w ) + ¢k7 (38)
where 7, € (0,1), Y ;2,7 = 00, and limy_,o ¥y, = 0.

In this definition, we have not specified convergence properties of the parame-
ter sequences {7} and {v¢y}. However, as mentioned previously, we can obtain
a monotone or a non-monotone model by appropriately choosing the augmented
term 1. If we chose v, < 0, then we obtain a monotone model, while if ¢ > 0,
we deal with a nonmonotone model.

With the monotone model, i.e., 1, < 0, by induction, we can derive from
that G, g, (@k) < Wk Gy g (0°), Where wy, := Hi:ol(l —7;). Hence, the convergence
rate of {G,,3, (w’“)} is upper bounded by the convergence rate of {wg}. If we
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update the parameters 4, and 3, in an alternating fashion, then the monotone
model covers Nesterov’s excessive gap technique in [34] as a special case.

With the non-monotone model, one can upper bound . by ¥ < (1 —7%)Rg —
Ryyy for a given sequence { Ry }. Then, we can write this model as Gyt B (w’““) —
Ry < (1= 74)[Goypp, (@F) — Ri]. Hence, G, 5, (0%) < Ry, + wy [Goy 5, (0°) — Ro].
Clearly, the convergence rate of {G, 3, (@*)} is upper bounded by the convergence
rate of the two sequences {wy} and {Ry}. In particular, if G, g, (@°) < Ro, then
G, 8, (@*) < Ry, which shows that Gy B (@*) is upper bounded by Ry.

Several primal-dual methods can be developed to maintain (38)). In the next
sections, we demonstrate three primal-dual schemes based on our MGR technique.

4 The accelerated primal-dual gap reduction algorithm

Our goal is to design a new scheme for updating the primal-dual sequence {w*}
and the parameter sequence {(vx, Bx)} that maintain the MGR condition .

4.1 The accelerated smoothed-gap reduction scheme
Our new scheme builds upon Nesterov’s acceleration idea [321[33]. At each iter-
ation, we apply an accelerated (proximal-)gradient step to minimize fg, while it
maximizes g. Since fz(-) = f(-) + Bpy(B~'(A - —b)) is nonsmooth, we use the
proximal-operator of fy := f + dy to generate a proximal-gradient step. Alterna-
tively, since g, is smooth and has Lipschitz gradient, we can use its gradient. As
a key feature, we must update the parameters v, and S simultaneously at each
iteration, which is different from existing methods.

Let @® = (z,7%) € W and @* := (z%,5%) € W be given. The Accelerated

Smoothed GAp ReDuction (ASGARD) scheme generates a new primal-dual point
wk-i-l — (fk+1,gk+1) as

B (1= i 4t
gl = ProX,, .1 fx (iﬁk - pk-&-lATyZHl (ik)) ’
g =R 4 e (CE (@*) - ),

gk o (2 _ pngkleA) (xk - ;zk+1) ;

gt =gk -t (2 - )\k+17kjlig> (ﬁk - @kH) )

(ASGARD)

where 7, € (0,1], ppr1 > 0 and Mgy > 0 are two step-sizes which will be de-
termined in the sequel such that pk+1ﬁk_-&1l_/z4 € (0,2) and )\;H_nk__ilig € (0,2),

respectively. The constants Lg := Zfil L; and L, := ||A||? are defined as before.

The|ASGARD|scheme requires one solution =%, (4*) of the primal subproblem
in (25), and one dual solution Y (z*) at the second line of ([25). In addition, it

requires a proximal step of fx. Computing =7, (g}k) as well as this proximal step
can be implemented in parallel when the decomposition structure is available.

The following lemma shows that @**! updated by (ASGARD]) maintains the
MGR condition , whose proof can be found in Appendix
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Lemma 4 Let @*T! := (ikJrl,gijrl) be updated by (ASGARD)). Let ¢ and Lq be the

two constants defined by

= N
R Lp.La, _ _
= — Ly} ¢, and Ly := L;, 39
Gl maX{grggf{ p } gr%a:gc{ pl}} and Lg ;,1 i (39)

where O'i2 is given in , and I:JAl. and L; are defined by . Then, if 7, € (0,1],
Br. > 0 and v, > 0 are chosen such that

T T
(1 + LTk) ﬂk+1 > ﬂk and (1 + Tk) Vk+1 > Vi (40)
Py =

then @* ' € W and satisfies the MGR condition with

2
bp = i LI =y P =1y 1] + 12 -1 = 1 at?] b, ()
k+1

2 -1 F 2 -1 7F
where ug1 = 2pp41 — Pk+1/3k;+1LA =241 — Ak+1'yk+1Lg > 0.
In addition, if (1 — 7p)T7_ up1 = Trug, then

2
_k T (lfTo)ul _k 1 ~0 *112 1 ~0 * 112
< _ — _ _ .
Gr(w") < . 2 Go(w”) + 7" —y7lI" + 5ll27 — = [ (42)

4.2 Updating the smoothing and gap reduction parameters

Next, using Lemma[4] we can develop the rules for updating 4, B, vx and uy so
that the conditions in and (1—74)77_1Vk+1 = Tk hold. One way of updating
these parameters is presented in the following lemma, whose proof can be found
in Appendix

Lemma 5 Suppose that py(-) and p;(-) are chosen such that Ly, = Lp, = 1 for
i=1,---,N. Suppose further that Iy is chosen by Iy = 0. Then, ¢1 defined by
satisfies ¢1 = 1. The parameters Ty, Vi, B and ugy1 updated by

By = 261

) 1 2v1
Tk st

-:m7 Vk::k—l—l’

and ugyq = (43)

ul
kE+1’

satisfy the conditions ([@0) and (1 — 73,)77_upyp1 = TRup in Lemma and 0 = 1.

The parameters py and \j respectively updated by
Loui (ki)
Ly 1-=5rF—

2B L auy (k1)
pk'_iiA(kiH) [li\/l—iAQélk

{atisfy 2 — pk,BIZIEA > 0 and 2 — /\kwlzll_lg > 0, provided that Laui < B1 and
Lguy <m1.

and A := 2

=T, o (44)

From Lemma [5} we can choose Lauy = 1 and Lgu; = A;. This leads to

% = LL7A Now, if we fix v1 > 0, then we can choose 1 := %, and hence,
7 g
uy 1= %—Z In addition, we can simplify the update rules for pp and A\ as pi :=
2y k—1 2y k—1 .
Lg(kjrl) L£4/ 5 ] and A := l_/g(ki,-l) 1+ \/7 W}, respectively.
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We note that, if we do not choose 79 = 1, then the convergence guarantee for
depends on the value G, (@°). The values 8o and o can arbitrarily
be chosen such that they trade off the primal objective residual f(z*) — f* and
the feasibility gap ||AZ* — b||. The initial point (z°,5°) € W can also arbitrarily be
chosen, while setting z° := z° and §° := 3°.

We note that we limit the choice of the proximity functions Lj, and Ly, such
that Ly, = Lp, =1 fori=1,--- ,N. As a standard example, quadratic proximity
functions satisfy this condition. In addition, we choose Zy = (). This choice may
increase the complexity-per-iteration of our method since it requires to handle the
composite prox-functions p;(A4;(-)) instead of p;(-), and may destroy the tractable
proximity of fx,. For general choices of py, p; and Zy;, if we use[ASGARD] then we

can prove that (ASGARD)) can achieve at least the O (ln,ik))—convergence rate.

4.3 The primal-dual algorithmic template
Similar to the accelerated scheme [3}32], we eliminate (¥, 7*) in (ASGARD)) as

~k =k t —1 k Ak tp—1 =k
R+l . % +1+(kwki1 )( +1 _ )_|_(JZ+1)( — &)
@k+1 — §k+1 + tkwkijl(yk+1 Ak tk+1 ( ~k = )

where t;, := %, wp =2 — Pk+1ﬂk__:1[_/A >0 and @ :=2 — )\k+1fyk__ilig > 0 due to
Lemma

Now, we combine all the ingredients presented previously and this step to
obtain a primal-dual algorithmic template for solving as in Algorithm

Algorithm 1 (Accelerated Smoothed GAp ReDuction (ASGARD)) algorithm)
Initialization:

1: Choose y1 > 0 and 79 := 1. Set (1 : Lf” and uy := 2.
g

2: Choose (5: Y ) € W arbitrarily, and set #° := z° an

For k£ =0 to kmax, perform:
3: Update ;41 := ,3%, Br41 = ,3—?2 and ugyq1 = k’fﬁl.
. * ~k . * Ak
4: Compute 23, (§") by (25)) in parallel, and y3, (2 ) by (25).

L _2 /_k — /_k
5: Update Pk+1 = m |:1 + (k1) and Ak+1 : L (k+2) |:1 + (D) |-

6: Update the primal step z°T1 in parallel using the prox of fy as

2

o,
<<
Own
I
I
S}

Zht1 . -k T Nz
* = prOXPk+1fX <x - Pk+1A yEkJrl (:L' )> °
7. Update the dual step g**! as y*t! .= ¢* + Akt1 (Aaz%+1 ") - b)
8: Compute ¢ = k+ 1, tg11 ==k + 2, wp =2 — pk+15k+1LA and @ = 2 —
>\/c+17k+1L .

9: Update the primal and dual vectors

kK —k tpwr—1) =k &k tp—1 —k

L +1+(kwkzil )(x +1 _ )+(i+1)( — ),

gk+1 — gk+1 + tktwkil_l(ykJrl Ak) + (thrl (Ak — )

End for
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The computationally heavy steps of Algorithm [I| are given by Steps 4, 6, and
7. At Step 4, we need to compute x§k+1(g’€), which requires to solve the primal
subproblem in (25| once. This computation can be implemented in parallel using
the structure (7). In addition, yg, (2*) at Step 4 needs a matrix-vector multi-
plication Az. At Step 6, it requires one proximal-step on f + dx, which can also
be implemented in parallel. For this step, we also need one adjoint matrix-vector
multiplication ATy. Step 7 demands only one matrix-vector multiplication Ax. We
also note that the computation of =7, ., and y:};k at Step 4 is independent, which

=k+1 —k+1

can be performed in parallel. Similarly, the update of z at Steps 6

and 7 can also be exchanged.

and y

4.4 Convergence analysis

Under Assumption A the dual solution set Y* of is nonempty and bounded.
Hence, Dy defined in Lemma [3| satisfies Dy« € [0,+0c0). The following theorem
shows the convergence of Algorithm [1 which is proved in Appendix

Theorem 1 Suppose that py and p; are chosen such that Lp, = Lp, = 1 for i =
1,---,N, and Iy = 0. Let {w } be the sequence generated by Algomthml Then, we
have

& L,R2 .
f(xk)_f* < nylko + (162_7_1) (DX + F Py(o))

_ (45)
_ La |- L2R? L _
1A% —b|| < E?(;ﬁq)[c* + \/c* + 2Ly, ( 40 +TDX+py(O))fHScH2} 7
where y1 > 0 is given, & 1= || Lp,y* — 5|+, and R} := Ro(w*)* = ||§° —y*||> +12° -
z*||* and Dy is given in (29).
If we choose py(-) := 5| - H%, then we reach the following guarantees
=k 2v1 D
r@) -1 < 2% Lt T
, (46)
_ L LZR L
| 4" — bll2 < 22Ea 2Dy, + \/2( 0y L DX)} .

Note that —Dy.||AZ* — b|| < —|ly*||«|4Z° —b|| < f(Z*) — f* for any T € X and
y* € YV*. As a consequence, then the worst-case iteration-complezity of Algom'thm to
achieve an e-primal solution zk for in the sense of Deﬁm’tion 18 O(%)

The choice of 49 in Theorem 1| trades off between RZ and Dy on the primal
objective residual f(z*) — f*, while the choice of 8y trades off the feasibility gap
| AZ* — b]|. One limitation of Algorithm [1|is the presence of A; in p;(A;z;) of the
subproblem when 7 € Z;. In this case, if A; is not orthogonal, then A; may
destroy the tractability of the proximal operator for fy, := fi +dx,.

Remark 3 Since the proximal operator of fy at Step 6 of Algorithm [I| can be
computed in parallel, we can substitute it by the following proximal operator that
takes into account the individual Lipschitz constant L 4,
—k Ak T Ak .
+1 — proxpk+1fx,i (:Bi — Pk+1Ai yZ»k_H (:L' )) , Vi eIy,
where fy,(-) := fi(-) + 6x,(-), with éx, being the indicator function of X;. In this
case, the conclusions of Theorem [I] is preserved.
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5 The accelerated dual smoothed gap reduction method

We develop a new primal-dual scheme that can remove one proximal operator
computation in Algorithm [1f (i.e., Step 6) by means of averaging in the primal.

5.1 The accelerated dual gap reduction scheme

We assume that @w¥ := (Ek,ﬂk) € W is given. We derive below the update scheme
for the new point @**! := (zF¥+1 7**1) from @"* such that the MGR condition
holds. This scheme includes two main steps: an accelerated gradient step on
the smoothed dual function g, and an averaging step to construct a primal point

9" = (L= m)i" + ey, (39),
gt =gk 4 Ly, (A%, (%) - b), (ADSGARD)

il = (1 - Tk)i'k + Tkx:'wrl (gk)’
where 7, € (0,1) and the parameters 8 > 0 and ;41 > 0 will be updated in the
sequel. This scheme requires to solve one primal subproblem in to compute

T, (4%), while it needs two dual steps of updating Y5, (z*) from the second line

of , and g’““. Since the accelerated step is applied to gy, we call this scheme
the Accelerated Dual Smoothed GAp ReDuction (ADSGARD)|) scheme.

The following lemma shows that @**! updated by (ADSGARD]) maintains
, whose proof can also be found in Appendix [A.3.1}

Lemma 6 Let o" 1 := (zFT1 5*11) be updated by (ADSGARD)). Let Ly be defined
by , and ¢z be the constant defined by

) Lp.La,
= = Lp,} ¢, 47
&2 maX{Igg,f{ o2 } max { pm}} (47)
where 03 is given in , and L 4, is defined by . Then, if T, € (0,1), B, > 0 and
Yk+1 > 0 are chosen such that

(1463 7)Y > Y Brrn > (L—75) Bk, and (1—74) v Br > Ly, (48)

then @**t1 € W and satisfies the gap reduction condition (38|) with

N

Y, 1 . _ _ _
(NS *Tk;;l f”Ai(x'*yk,H,i(yk) — &) — (L — ) Ai (b, o (5°) — )12 < 0. (49)
1

=1

5.2 Updating the smoothing and gap reduction parameters
Our goal is to find update rules for {(7x, vk, Bx)} such that the condition holds.
One possibility is shown in the following lemma, which is proved in Appendix[A-3.2]

Lemma 7 Let us choose ¢z := max {62, %}, where ¢2 1s defined by . Then, the
parameters (T, v, Br) updated by the following rules
S Lg(k+c2+2)

4= ~vo(é2+1)(k+1)(k+c2+1)’ (50)

C2

__° _(@+1)
k+ca+1

T k+eat1

Tk € (051)5 Tk

satisfies the condition (48)). Moreover, the convergence rate of {Ty} is optimal. In
i e

. e L ey L
addition, B, < 3;@+mE o WPk < GEDREGTD
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From we can derive the tightest condition 8, = #&Zé—m) Hence,
the optimal convergence rate of {yi8r} is kB = O (1712) On the other hand,
by Lemma [3, we see that f(z") — f* = O(y,) and ||AzZ* — b|| = O(B;). Since
YeBr = O(p), if we decrease the rate of ~, i.e., decrease the objective residual
f(Z%)—f*, then the rate of 8y, is increased, i.e., we increase the rate of the feasibility
gap HA:Ek —b||. The same augment can be applied to the case where v, is increasing.

5.3 Finding initial points for the monotone gap reduction model

In principle, we can start at any initial point @° € W. However, the
worst-case complexity bounds will depend on the value G, 3, (u")o). To simplify this
worst-case complexity bound, we show how to construct a point @° € W such that
condition holds with o < 0. Let g := Vp;;(0™) € R™ be the prox-center of
py. We compute the point @w° := (z°,5°) based on the following scheme:

{ 70 = xf‘m (gC) := argmin {f(gc) + @C’ Az —b) + 'yopm(Ax) T € X}, (51)
)

where 7o > 0 and By > 0. The following lemma shows that @® computed by
satisfies with ¢ < 0, whose proof can be found in Appendix

Lemma 8 If w” := (z°,7") is generated by , then it satisfies
_0 0 2 -1 = 0 2
G’Ynﬁn (w ) < —’yopg;(Ax ) - (QIBOVOLPy) (705 - LgLPy) HAJ? - bH ) (52)
Hence, if vo and Bo are chosen such that yoBo > Lp, Ly, then G- g, (@) < 0.
[ . _
Finally, given o > Olfrom we have 080 = % > %Eng. Hence, if
co > %pr, then voB80 > LgLp,, which is the condition of Lemma ‘We note that
Ly, > 1. Hence, if to choose ¢z = max {62, %pr }, then both conditions in Lemma

and Lemma [8] are satisfied. In Algorithm [2| below, we choose this value for the
constant ca.

5.4 The primal-dual algorithmic template
We combine all the ingredients presented in the previous subsections to obtain a
primal-dual algorithmic template for solving as shown in Algorithm

The main steps of Algorithm [2] are Steps 6, 8 and 9, where we need to solve
the primal convex subproblem , to update two dual steps, respectively. While
solving can be implemented in a parallel or distributed fashion due to the
decomposable structure of f and X as in , the dual steps only require matrix-
vector multiplication Az. Clearly, by Step 10, it follows that AzFtt —p = (1-

) (AZ* —b) + k(A2 —b), and by Step 6, we have gy = Vpy* (B;l(Aik — b)),
which is equivalent to AZ* —b = 8, Vpy (7;). Hence, AT —b = (1—73,) B Vioy (75) +

TLg (=k+1 _ sk : .
%—;(y — ") due to Step 9. Finally, we can derive
_ _ _ Ly, ,_ N
i =9 (5t (- BT + 226 - h) ). 68

Consequently, each iteration of Algorithm [2| requires one solution of the primal
convex subproblem (53)), one matrix-vector multiplication Az and its adjoint ATy.
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Algorithm 2 (Accelerated Dual Smoothed GAp ReDuction (ADSGARD))
Initialization:
1: Choose 7o > 0 (e.g., 70 := v/2Lg), compute & := max {62, %pr}.
Lge2(ea+2 _
2: Set Bp := % and ¢ := Vp,(0™).
3: Solve the following primal convex subproblem

7% := argmin {f(z) + (AT 2) + vopz(Az) s w € X}

4: Compute 7° := Vpy,* (ﬁo_l(Aio - b))
For k£ =0 to kmax, perform:

: —_c — (e — L (k+2242)
5: Update Tk ‘= W%, VYk+1 = Ftcat2 and 6k = 70(62_ﬁ1)%k+1)(k+52+1).

: Compute g5, := Vpy* (,Bk_l(Afk - b))

. Update 3% := (1 — 7,)7" + 7.7}
: Solve the following convex subproblem

[=2]

o

Zhyq = argmin { f(z) + (ATG" ) + ypy1pe(Az) ta € X} (53)

9: Update the dual vector: g*+1 := g* + VE—? (Ad} 4 —b).
10: Update the primal vector: zhtt

End for

=(1- Tk);ik + Tk£,’§+1.

5.5 Convergence analysis

Let Dy« be defined in Lemma The following theorem shows the convergence of
Algorithm [2 while the lower bound on f(z¥) — f* remains as in Theorem [} i.e.:
— Dy [|A3* — b < —ly* ]| AZF ]| < f(7") — f* for any 7" € X and y* € V™.

Theorem 2 Let {'Lbk} be the sequence generated by Algorithm @ Then, the following
convergence bounds hold

=k (E2+1) e3Lgpy (0)(k+e2+2)
f@) - < giEQJr’YlO Dx + %(Ezzil)y(k+52+12)(k+1)’ (55)
—k c2 Ly (kteat2 _ _ _
1A7* = bl < st ay 1Ln,y* —5ell? + V1, " —5el- P
_ 2/ 2
where Py := w + 2Ly, py(0) — 15512, Dx is defined by and y* € Y*.
If we choose py(-) :== 5| - |2, then we have the following guarantees

£ - 1 < B Dy,

— k+ca+1
I ) 56)
_k G2, (k+E2+2) V270 (E2+1) (
1427 — bll2 < SN0 D Grary |2Py + ﬁ} '

As a consequence, if yo := \/I_/g, then the worst-case iteration-complexity of Algorithm
@ to achieve an £-solution T* for in the sense of Deﬁnition is O(%)

Proof Substituting the expression of v, and 3, from Lemma into of Lemma,

2, 2 2, 2
and then using g—’; = 722(22-("_]61—?-6(2]?:_21)) <X (6622; U” we directly obtain (56]).
2+g 2+-g
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With py(y) := (1/2)||yl|3, we substituting ~z, 8, and .6 from Lemma into
of Lemma [3| to obtain the bounds . The remaining conclusions are the
li

consequences of . (]

The choice of 79 in Theorem [2] also trades off the primal objective residual and
the primal feasibility gap. Indeed, the smaller 4o leads to the smaller f(z*) — f*.
One limitation of Algorithm [2]is the presence of A; in the composite prox-function
p;i(A;(+)) of the subproblem . When A4; is not orthogonal, the operator A4; may
destroy the tractability of the proximal operator for fy, := fi +dx,.

6 The accelerated primal smoothed gap reduction method

Even if fy, has a tractable proximity operator when ¢ ¢ Z;, the presence of A4; in
p; can require significant computation. As a result, the ADSGARD] scheme may
have a disadvantage. To overcome this drawback, we propose in this section as a
symmetric variant of that relies on the acceleration of the primal.
In contrast to , we use the following smoother

Py (w) == ypz(z) + Bpy (),

where pz () 1= 3, .7 pi(;), with p; being the prox-function of X; for all i € Z.

Let @" := (%, 7*) € W be given. We update the new point @* := (z"M*, g#1)

from @"* using the following scheme to maintain the MGR condition

i = (1= )zt + e, (7Y)
=k+1 . _ ~k Brt1 4T, ~k
z = Prox%fx (l’ - %A yﬁk+1($ )) ) (APSGARD)

7= (1= gt + b, (@),

where 7, € (0,1) and the parameters 8 > 0 and 7,41 > 0, which will be updated
in the sequel. Since this scheme performs an accelerated proximal-gradient step on
the primal term fg of the smoothed gap G,3, we call this scheme the Accelerated

Primal Smoothed GAp ReDuction (APSGARD)) scheme.
We note that, the point z3, (") = (mik’l(yk), e ,acf;k’N(gk)) at the first line

of (APSGARD)) is computed as follows:
ot (G = argmin {fi(wi) (T, Ay — b)) + () @ € X¢}7 Vi eIy, (57)

without using the composite prox-function p;(A;(-)) for i ¢ Z; as in (ASGARD))
and (ADSGARD)). Hence, we can exploit the tractable proximity of fx, for ¢ ¢ Z;.

However, the downside is that (APSGARDJ|) now requires an additional proximal
step of fx at the second line of (APSGARD)).

Similar to Lemma@ we can show that {w"} generated by main-
tains the MGR condition if the parameters 75, v and By satisfy

- _
Yiet1 = (1= 71)v%, Bren (1 + LTk) > Bk, and (1—73)9Bri1 > Lati. (58)
Py

Under these conditions, we propose one update rule for 74, v, and 8, as follows:

(&3 +1)fo
k—+c3+1"°

. 3 B, = Lac3(k+e3+2)
ke ke Bo(es+1)(k+1)(k+ez+1)

T ktatl (59

and g =
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where ¢3 := max{%pr,Lf,y} and Bp > 0 is given. Clearly, the constant c3 does
not depend on matrix A. If we choose py(-) := (1/2)]| - |3, then &5 := 3.

Now, we summarize the convergence of Algorithm [2[ using (APSGARD) as
a substitute to (ADSGARD)). The proof of this theorem can be found in Ap-

pendix Here, the lower bound on f(z*) — f* remains as in Theorem

Theorem 3 Let {u_)k} be the sequence generated by Algorithm using the primal-dual
scheme (APSGARD)) and the update rules with given Bo > 0. Then, the following

estimate holds

f(ik) _ f*S . nglA(k'ﬂ'ES‘f‘Z) DX + Bo(Cz+1)py, (0)

(@ot1) (Rtes ) () aros
=k Bo(EsHl) | = _ 2Ly, Lac3(es+2)Dx — o (60)
[|Az"=0b]| < T |G T C*+w+(2prpy(O)_H50H )|
where ¢« = ||Lp,y*—3c||«, Dx is defined by and y* € Y*.
If we choose py(-) := %H |13, then we have the following guarantees

—k 9L 4 (2k+7)D

F@) = F* < o5t
—k 580 3V7LaDx (61)

[AZ" —bll2 < 577% 2Dy + 55— -

As a consequence, if Bo := \/L 4, then the worst-case iteration-complexity of this algo-
rithm to achieve an e-solution T* for in the sense of Deﬁnition is O(%)

We note that we still use the initial point @° as in for this variant. In
Theorem [3] the value Sy trades off between f(z*) — f* and ||Az* — b|| instead of
70 as in Theorem [2]

7 Special instances of the primal-dual gap reduction framework
This section specifies Algorithms 1| and [2| to solve by further exploiting the its
structures as well as using difference choices of the prox-function.

7.1 Accelerated augmented Lagrangian smoothed gap reduction method
When f and X are not decomposable, i.e., N = 1, we can modify Algorithms[I]and
to obtain a new augmented Lagrangian algorithm. For clarity of exposition, we

only present Algorithm [2| using (ADSGARD)) in the sequel. The inexact variant

of this algorithm can be found in our early technical report [49, Section 5.3].
The augmented Lagrangian smoother: Under Assumption A[T] there exists a feasible
point z¢ € X such that Az° = b. We choose the prox-function p; as pe(u) :=
(1/2)|lu—b||3. In this case pz(Az) = (1/2)||A(z—z°)||3 = (1/2)||Az—b||3, which is the
augmented term in the augmented Lagrangian method. Alternatively, we choose
py(-) := (1/2)|| - |3 for the dual smoother. It is well-known that the augmented
Lagrangian method is simply the proximal-point method applying to .

We specify the primal-dual scheme with the augmented La-

grangian smoother for fixed v = vo below
9 = -m)yt Tkﬂ,;;(Af’“ 0.
. . A 0
Ty = argggg {f(z:) +{(g", Az —b) + ?HAJZ - bH%},

gEr = g% + 0 (Adf,, — ),
= (1 - 7)z" + 7@k,

(FALSGARD)
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where 7, € (0,1), vo > 0 is the penalty (or primal smoothness) parameter, and S
is the dual smoothness parameter. As a result, this method is called Fast Augmented

Lagrangian Smoothed GAp ReDuction (FALSGARD)|) scheme.

This scheme consists of two dual steps at lines 1 and 3. However, we can
combine these steps as in (54) so that it requires only one matrix-vector multipli-

cation Az. Consequently, the complexity-per-iteration of (FALSGARD)]) remains
essentially the same as the standard augmented Lagrangian method [g].

The initial point: Similar to (51)), we can initialize (FALSGARD) via

{azo := argmin { f(z) + (y0/2)|| Az — blj3:ze X},

62
g0 =By (Az° —b), (2)

where o is chosen such that v80 > 1 and 3° := Vpy(0™) = 0™. Clearly, with
@ := (z°,%°) computed by this formula, we have Go(w") < 0 due to Lemma

The update rule for parameters: In our augmented Lagrangian method, we can set
Y = Y0 > 0 to be constant, while updating 7, and S such that the two last
conditions of Lemma |§| hold. Using these conditions we can derive an update
rule for 8, and 73, as follows:

/Bk+l = (1 — Tk)ﬁk, and Tk+1 = %(\/7'5?— Tk). (63)

If we choose 7o := 0.5(v/5 — 1), we have Boyo = 1ng0 = 1, which satisfies the
condition in Lemma [8

The algorithm template: We modify Algorithm [2]to obtain the following augmented
Lagrangian variant, Algorithm [3]

Algorithm 3 (Fast Augmented Lagrangian Smoothed GAp ReDuction)

Initialization:
1: Choose an initial value 9 > 0. Set 79 := 0.5(\/5 —1) and By := 761.
2: Compute @ := (z°,7°) by .
For k =0 to kmax, perform:
3: Update Br+1 1= (1 — Tk)ﬂk
4: Update @**! := (zF+1, 7*1) using (FALSGARD)).

5: Update 7441 := 0.57% (\/7'13 +4 - Tk>.

End for

The main step of Algorithm [3]is the solution of the primal convex subproblem
i}, = argmin {f(:n) + (5", Az — ) + (70/2)]| Az — b||3 : z € X}. (64)

In general, solving this subproblem remains challenging due to the non-separability
of the quadratic term || Az — b||3. We can numerically solve it by using either alter-
nating direction optimization methods or other first-order methods. The conver-
gence analysis of inexact augmented Lagrangian methods can be found in [30].
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Convergence guarantee: The following theorem shows the convergence of Algorithm
whose proof is moved to Appendix

Theorem 4 Let {u?k} be the sequence generated by Algom'thm@ Then, we have

{—§||A$’“—b||§—Dy*llAwk—b|2 < f@)- <o, (65)

—k 8D~y
|AZ" —bll2 < m-

As a consequence, the worst-case iteration-complexity of Algorithm @ to achieve an

. . _k . . . D)«
e-primal solution " for in the sense of Deﬁmtzon is O (\/J'y}?)

The estimate (65]) guides us to choose a large value for o such that we obtain
better convergence bounds. However, if v is too large, then the complexity of
solving the subproblem increases commensurately. In practice, vo is often
updated using a heuristic strategy [8/[I0]. The bound shows that the sequence
{f(@")} converges to f* from below, which is different from unconstrained setting,
where f(z¥) > f*. In addition, this bound does not depend on the diameter of
X, which shows that X is not necessary to be bounded as in Assumption A2}
In general settings, since the solution Zj ,, computed by requires to solve a
generic convex problem, it no longer has a closed form expression.

7.2 The strong convexity of the objective function

If the objective function f; of is strongly convex with the convexity parameter
py, > 0 for all i € Iy, then it is well-known that the dual function g defined by
is smooth. Its gradient is given by Vg(y) := Az*(y) — b which is Lipschitz
continuous with the Lipschitz constant L, := Zivzl uﬁlHAiHQ (see [35]), where
z*(y) is the unique solution of the following primal subproblem:

N
2" (y) = argmin { f(z) + (ATy,z)} = 2“‘%52?@ {fim:) + (AT y,zi)}. (66)

When f and X are decomposable as with N > 2, we compute z*(y) in parallel.
The primal-dual update scheme: Principally, we can modify scheme (ASGARD)),

(ADSGARD)|) or (APSGARD) to adapt this strongly convex structure. In this
subsection, we only illustrate the modification of (ADSGARD)) as follows:

i == m)g" g, ()
R = (1= )T + ez (5) (ADSGARD,,)

P = g 1 (e - ).
We note that we no longer have the primal smoothness parameter ~;. Hence, the

conditions of Lemma |§| reduce to B41 > (1 —73)8 and (1 — 73,) 8 > Lg77.
From these conditions can derive the update rule of 7, and 8 as in Algorithm [3]

Thp = 057 [( + 4% — 7] and Byyq = (1 —7)Bs, (67)

where 79 := 0.5(v/5 — 1) and o := f/g.
We can also modify to compute the initial point @° := (io,gjo) as

70 = argnéi}(l {f(z)+(ATF% 2)}, and §°:= 7"+ Vp; (ﬁ;l(AE:O - b)) ,  (68)

where §° := Vp;;(0™) is a the prox-center of py. Clearly, if we choose py(:) :=
(1/2)]| - I3, then z° := argmin {f(z) : = € X} and 3" := L;*(Az° —b).
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Convergence guarantee: The following corollary shows the convergence of the scheme

(ADSGARD,)), whose proof is in Appendix
Corollary 1 Suppose that the objective f; of is strongly convex with the convexity

parameter jiy, > 0 for alli € Iy. Let {u_)k} be a sequence generated by (ADSGARD )
using the initial point (68]) and the update rule (67)). Then

—Dy. || Az" —b| < f(z%) - f* <0,

_k 4ﬁ_ D+y*
HAZC 7b“ S (;&_23}2 ) (69)
_k 4Dy L
HCE’ —$*|l S (k+y2) E;]7
~ 12
where Lg := le\il ”Z‘;” = min {Mfi S IN} > 0, Dy~ is defined in Theorem

@ and ¥ € X*. As a consequence, the worst-case iteration-complexity to attain an

e-solution " of in the sense of Deﬁmtion is O (Dy* %)

We note that the bounds in Corollary |1 does not require the boundedness of X
as assumed in Assumption A In addition, {f(g_ck)} converges to f* from below.

7.3 The component-wise strong convexity of the objective function

Let us denote by Zs := {z €1In : pg, = p(fi) > O} the index subset of strongly
convex objective components f;. If there exists ¢ € Zy such that f; is strongly
convex, then Zs # (). Hence, g, defined by can be replaced by the following

(W)=Y g W+ 5, (70)

i€ZL, i€ T

where ¢’ is the dual component defined in and g% is the smoothed dual compo-
nent defined by . We again illustrate a modification of the scheme (ADSGARD))
to adapt this structure. First, the Lipschitz constant L; defined by (21)) becomes

2
L; = % for i € Zs, the prox-diameter Dy defined by (29)) is Dy := Zi€13 Dy,.
Second, the conditions for selecting parameters 7, 75 and (8 remain the same as
in (48), where é; is replaced by

Lp;La,

éq 1= max{ max {17’72‘41}, max {Lpi}}. (71)
1€\ s g; 1€\ Zs

Using these modifications, we obtain a new variant of Algorithm [2] to adapt this

structure. Consequently, the conclusions of Theorem [2| are preserved.

7.4 The Lipschitz gradient continuity of the full objective

If the objective function f of is smooth, and its gradient Vf is Lipschitz

continuous with the Lipschitz constant Ly := L(f) > 0, then we can modify the

proximal step of Algorithm [I| and Algorithm [2| to further exploit this structure.
Instead of using the proximal step of fy := f + dx as in the second line of

(ASGARD)) and (APSGARD)), we use the following projected gradient step

P < (¢ 17L (UE AT ).
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where projy is the projection onto A and L-fﬂk+1 = L¢+ ﬂl;_ilﬂA is the Lipschitz
constant of Vfg, . (-) = Vf() + ATkaH(')' Clearly, the projected gradient step
is generally cheaper than the prox-step prox;, of fy, especially when X is
simple (e.g., bound, box and cone constraints) or f is non-decomposable.

In this case, the last condition for updating parameters in is replaced by

2 Ly+ 8L
Tk 3 S min Tk , f Bk‘:ll_ A ’ (73)
(1_7'k)7-k_1 Vk—1 Lf+/3kz Ly

while the last condition in becomes
(L= 7y > (Ly + By La)mi. (74)

From these conditions, we can derive the update rule for parameters 7, v, and
B, respectively for each case. We omit the derivation details in this section.

7.5 Extension to general cone constraints
The theory presented in the previous sections can be extended to solve the follow-
ing general constrained convex optimization problem:

f*::rrgn{f(x):Ax—beK7xeX}, (75)

where f, X, K, A and b are defined as in .

If K is bounded, then a simple way to process is using a slack variable r €
such that r := Az —b and z := (x,r) as a new variable. Then we can transform
into with respect to the new variable z. The primal subproblem corresponding
to r is defined as min {(—y, r) : » € K}, which is equivalent to the support function
of K, i.e., si(y) := max {(y,r) : r € K}. Consequently, the dual function becomes
9(y) == g(y) — sx(y), where g(y) := min{f(z) + (Az — b,y) : x € X}. Now, we can
apply the algorithms presented in the previous sections to obtain an approximate
solution z¥ := (z*,7*) with a convergence guarantee on: f(z*)— f*, ||Az" —7* —b||,
¥ € X and 7 € K as in Theorems or

If K is a cone (e.g., K := R, K is a second order cone L, or K is a semidefinite
cone ST), then with the choice py(-) := (1/2)||-||?, we can substitute the smoothed
function f3 in by the following one

fo(@) = f(@) +max {(Az — b,y) = (B/D)y)” 1y € -K"}, (76)

where K* is the dual cone of K, which is defined as K* := {z: (z,2) > 0, = € K}.
With this definition, we use the smoothed gap function G. 5 as G‘Wﬁ(w) = fﬂ (z)—
g~(y), where g(y) := min{f(z) + (Az — b,y) + vypz(Az) : z € X'} is the smoothed
dual function defined as before.

In principle, we can apply one of three previous schemes to solve . Let us
demonstrate the (ADSGARD)) for this case. Since K is a cone, we remain using
the original scheme (ADSGARD)) with the following changes:

5, (%) = proj_c- (87 (45" — b)),

gk+1 = proj—IC* (’gk + % (Ax’t’wrl (fgk) - b)) ’
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where projs is the projection onto the convex set S. In this case, we remain having
the convergence guarantee as in Theorem [2|for the objective residual f(z*)— f* and
the primal feasibility gap dist (Aik —b,K ). We note that if K is a self-dual conic
cone, then K* = K. Hence, yj, (z*) and 7**! can often be computed efficiently or
in closed form.

A Appendix: The proof of theoretical results
This section provides the full proof of Lemmas and Theorems in the main text.

A.1 Two technical results
A.1.1 The prorimal-gradient descent lemma
The following lemma has a similar proof as [3, Lemma 2.3], but using [33] (2.1.7)].

Lemma 9 Let f and g be two proper, closed and convexr functions, and f € ]:i’l.
Suppose that we apply the following proximal-gradient step with pLy € (0,2)

Pl = proz,, (:ik - pr(g%k))
to solve the composite conver minimization problem
min {F(z) := f(z) + g(z)} .
TER”

Then, the following estimate holds for any x € dom (F')

N . L
Fe) > i (x) zF(mk+1>+%<5:’f—x’f+3w—ik>+( —f) PAE

1

p 2
1 ey 2

+E\|Vf(ff)—vf($ )l

where by, () := f(&°) + (VF(E"), @ — &%) + 51|V f(2) - V(@)%

A.1.2 The proof of Lemma : Properties of gy and fg

For i € 71, the proof can be found in [35]. We only prove for i ¢ Z;. For fixed
i € I1, we consider U; := {u € R™ : u= A;z — b;, z; € X;} and the function

filu) :=inf {fi(z;) : w = Ajz; — bi, m; € X}

Under Assumption A it is clear that U; is nonempty and convex in R™. The
function fl is also proper, closed and convex in R™, see [I1, Example 3.17].

We have p;(Aiz;) = pi(u+b;) > §[|Ai(zi — )[* = §llu — @), where a® :=
A;x$ — b;. Hence, p;(- + b;) is strongly convex on U; with the convexity parameter
tp; := 1> 0. By definition of ng in , we can easily express g?Y as

9 (7) = min {fi(w) + (@) + pi(u+b;) }. (77)

This function is well-defined due to the strong convexity of p;. Moreover, it is
concave and smooth on R™. Its gradient ng, is given by Vg%(y) = ul(y) =
Azl ;(y) — bi, where u(y) is the unique solution of . The Lipschitz conti-
nuity of Vg.iy with the Lipschitz constant Lj := v~ 'L; = ~v7! can be proved as in
[35, Theorem 1]. Then, the inequalities follows from this property as a direct
consequence due to [33], Theorem 2.1.5].

To prove the second part of Lemma [2] it is sufficient to prove for i ¢ 3.
Otherwise, we substitute A; by the identity matrix I;. We first define gp%(u, v) =
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fi(w) + (F,u) + vpi(u + b;). The function ga% is strongly convex in u and linear in
~. Hence, gi(g) defined by is concave and smooth w.r.t. v > 0. Moreover,
dg:, (9)

dy
u3(y) is the solution of . Using the concavity of g%(gj) w.r.t. 7, we obtain
64,(5) < g4(5)+ (v—7)pi (w3 (5)+b;). Substituting the relation ) (y) = A2 ,(y)—b;
into the last estimate, we obtain .

We note that since gy = Zf\;1 gfy, the properties of g, follow from the ones
of giy. We finally prove the properties of pg and fg. Based on fz = f + pg and
Py (z) = max {(Az — b,y) — Bpy(y) : y € R™}, the convexity and smoothness of pg
follows from [35]. In addition, Vpg is Lipschitz continuous [35] with the Lipschitz
constant Lp, := 81| Al|%. Moreover, since pg(z) = Bp; (8~ (A(-) — b)), the first
inequality of follows from the Lipschitz gradient continuity of pj, while the
second one is a consequence of by substituting gfY by —pg. (]

ly=y = pi(u%(y) + b;) > 0, which shows that g (y) is nondecreasing, where

A.1.8 The proof of Lemma[3: Key bounds for approzimate solutions

Under Assumption A any (z*,y*) € W* is a saddle point of the Lagrange func-
tion L(z,y) := f(x) + (Az — b,y), i.e., L(z*,y) < L(z*,y") < L(z,y*) for all z € X
and y € R™. It leads to g(y) < ¢* = f* < f(z) + (y*, Az — b), and hence

f(@) = g(y) > f(z) = 7> (b— Az, y") > —[ly"||«| Az — b]], (78)

for all (z,y) € W, which proves . By the definition of g and of g,
using (31]) we have . . .
9w (0") = mDx < 9(7") < gy, (7). (79)

Combining 7 , and the definition of fg in we obtain

Az bl < £ - £ 2 £ - o)
BB %)~ 00 @) + D - Bl (57 (45— 1) (50)
Gy (%) + v D — Brpy (B, (AZ" —b)).
Since pj (8, 1 (AZ* — b)) > p}(5°) = —py(0), the last inequality leads to
—ly Il Az" — bl < (@) = 17 < F@*) - 9(5") < S

which is indeed the first estimate of (36)), where Sy, := G-, 5, (@*) 4+, Dx +B1py (0).
Next, by the Li -strong convexity of py and Vpj,(5°) = 0, we have
Y

Bp” (B (47" — b)) > Brpy (5°) + %uﬁglmk ~b) -5

1

szt vy + B
pr

. 1 _k 2

2Lp, Bi
Combining this inequality, and , we obtain
(y*,b— AZ") < Gy, (@) + eDix + Brpy (0)

1 _k 2 1 e —k ﬂk —c2
Az” —b||” — 5 ,AZ" —b) — |
or, 7 147 7~ )~ g5

Rearranging this expression and using the Cauchy-Schwarz inequality, we obtain
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—|ly* — Ly, &l | AZ* — b]| < Sy, — (2Ls, Br) " A" — bl|* — Br(2Lp,) " II5°I1%,
which leads to
[ AZ" — bl|* — 2685 [| Ly, y* — 5Nl |AZ" — b]| — (2Lp, BrSk — Brll5°)) <0

Let ¢ := ||AZ* — b||. We obtain from the last inequality the inequation ¢? —
2Bkl Lp, y* — 5|+t — (2pr5kSk — B,§H§CH2) < 0. This inequation of ¢ leads to

- _ _ - _en2y11/2
ti= 147" = bl < B[ Lo,y = 5l + [, " = 512 + (2L, B Sk — 15°17)] 7]
which is the second estimate of , provided that ||Lp,y* — 5|3 + 2prﬂ,:15k -
151 > 0.
If we choose py(y) := (1/2)|y||3, then Vpy(y) =y, Lp, = 1 and 5. = 0. In this

case, the right-hand side Sj, of reduces to S = G, 8, (@") + v, D, which is
in the first estimate of . The right-hand side of the second estimate of

veduces t0 B [ly” 12 + /Iy*I13 + 285 Sk| < 26klly”ll2 + VEBSk, which is in the
second estimate of . O

A.2 The convergence analysis of the ASGARD| method
In this appendix, we provide the full proof of Lemmas [4] and [, and Theorem
A.2.1 The proof of Lemmal[fl: Maintaining the gap reduction condition

By 7 we have pg(z) = Bp;(ﬂfl(Aac —b)). Using the second estimate in ([33))

with & := &, we get

p(x) > pa(@®) + (Vi (i), @ — %) + (28Lp,) "' A(z—2") | (81)

By Lemma EI, " is obtained from z* by applying one proximal- gradlent step
from (ASGARD) to minimize fz := f+pg with pg € .7-'L and Lp, = ﬁ , we have

@) <8, o)+ (¢ - (1~ 34) ||az’“—:z’“+1||2—m A=)

kKl ok 1 LA> ik kL2
<fglz)+—-(@"-2"", 2" —x)— | —— 55 | [|z"—2
fola) - (3-33)1 2~

where 25, (¢) := [(z) + P(#*) + (VP (i), 2 — %) + 55h— | A(z—4%) | for z € .

Alternatively, since 7*™ is obtained from §* by applylng one the gradient ascent
step at line 3 of (ASGARD) to gy € —}'i’17 using again Lemma@to get

_ el 1 Lo\ i
— g (G <0} (y)+ G- gy - (A 2") 19571 — vk (y)

lA@=2")12,  (82)

26L

1, .6 _ . 1 L N -
< —gw(y)+x<yk—yk“, J—y)— (X - 2*") 15 = 7P = i), (83)
where 7, and é’; are defined as

= 3 gz, 15400 -G Y 1A )~ DI,
i€y iZ¢Ty

0 (y) =g, + ng(y’“)»y—y ) — v (y),

() =Y 60,

Vi (y) = Al i (y) — bi,

[_/9 = sz\;l Z’z
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Using the second inequality of with z := z¥ and of with y := g}k, respec-
tively, then summing up the results and using G, g3 = fg — g to obtain

_k _k 1,k k1 ok -k 1 La\, -k -k
Grp (1) < Gop(0) 4 (0¥ = 2,3 - ) - (1= 44 Jat - 2P

1, N 1 L ko ~ -
3@ =) — (;—Q—j) 1§51 — (Bd + 7). (84)

where ¢j, and 7}, are defined respectively by

~ =k __~k\|2
i = g A )2

- 1 _k K (85)
T S P B 7 G S [ o 7 e 7 [
1€y Ai i¢Ty
Similarly, summing up the first inequality of and , we get
k Wk kH Ak 1 La\, .k -k
Gra@™) < Hyg(w) + 1 (3 — 7,3 —z) - <f - 2—) 6% — 2472
p 2B
lAk_—kﬂ & (1 Lg\ -k k12
+30" =90 - ) (A o% 19" =g |7, (86)

for any w € W, where H.5(-) is defined as
Hoyp(w):=[f (@) +05(@") + (Vs ("), 2=")] = [94(5°)+(Vay (5"),y—5")]. (87)

Next, multiplying by 1—74 and by 7 € (0,1] and summing up the results,
we obtain

N 1 )
Gy (0™) < (1-74)Grp(0") + 7o Hop(w) + ;(xkkaﬂ,xkf(lka)mk—Tkx)

1 L R _ 1,. _ R _
- (7 - —A) 1% — 22 + Lk — g gF - (1= 1) — )

s 28 X
(R Za ) gk R - (1= ) (8 ) (88)
by 27 Yy Yy k qe T VTk) -

Using the ﬁrst line of (ASGARD)), we have i - (1- Tk)gjk = 7,5 and 2F — (1-
)T k — 7,.2%. Hence, we can rearrange as

2
_ _ A T ~ ~
Goyp(@™) < (1= 7)) Goyp(0") + 7 g (w) + Tf,, [ka —|® — & - x||2} +

2
7 ok ot 2 .
g (1 il = 15— wl?] = (1= 7 (8 + ) (89)

where L
Gl . 2k _ (2—pB~"La) (i’k _ 7I~c+1)7

Tk
~k+l .~k (=M 'Lg) ek 71@1
+ =7 79( + ),

]
up  =2p—p°B- 1LA,
vy =220 = A2y L.

Here, the two first lines are exactly given by the fourth and fifth lines of (ASGARD)).
Alternatively, using the first estimate in with z := z, 8 := ), and 3 := Br+1>
and with § := ¥, v := v and 7 := Vi+1, We get
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{fﬁk+l (@) < f5,E") +(Bk — Bes1)@ (90)

79’Yk-+1(37k) < =G (gk) +('Yk - 'Yk-',—l)FZ:
where the quantities g;, and 7}, are defined as
_ _k — _k —k
G = py(Wp,, (37) and 7= pi(ad,, 7)) + Y pi(Aiy,, (3%). (91)
i€, i€T

Now, we consider ﬁvg(w) given by (7). Using the definition of fz and
of f, we have

& (2) := f(z) + b (&) + (Vig(e"), = — 2F)
= f(z) + (AZ" — b,y (@) + (AT 5 (EY), 2 — 2%) — Bpy (y5(E"))
= f(z) + (Az — b,y5(2")) — Bpy (y5(E"))
< f(x) + max {(Az — b,y) : y € R"} — Bpy (y5(z"))
F(@) = Bry(y5 (). (92)
Alternatively, using the definition of gy, and of g, we also have
%) = gy (G") + (Vg (§7),y — §7)
= f(@3(5") + (A2 (%) — b,y) + ypa(Adh (5))
> min {f(z) + (Az — b,y) : © € X} + ypa(Az’(5"))

= g(y) + ypa (A5 (7)) (93)
Combining (92), (93), and with G(w) := f(z) — g(y), we can show that
H’Yk+15k+1 (w) S G(w) - (/Bk-&-l(jz: + 7k+1f1:) ) (94)

where the two quantities ¢;, and 7}, are given by

= py(Wh,,, (%) and i =" pi(ad,, () + D pi(Aidh,, (). (95)
i€T, ¢TI

Using with v 1= y41, B := Bgy1 and w = w* € W*, and then combining the
result with both and we achieve

2
_ _ T - -
Gk+1(wk+1) <(1- Tk)Gk(wk) + 7 G(w*) + 2u:+1 [||ylc -y )7 - Hka - y*HQ}
Tk ~k * 12 ~ kA1 * 12
——|||z" — =z — ||z — =« — Ry, 96
s (1 — ") - | 2] - Ry (96)

2 -1 7
where Gy, := G, 8., Ukt1 = Up = 2Pp41 — Pk+1/3k+1LA7 V1 = U\ = 241 —
Ai+1w,;_&1ig, and the last term R, is given as

Ry := [TkBrs1dh + (1 — 1) Bey1@e — (1 — ) (Br — Brt1)Tr) o
+ [mver17h + (U= 1)k 17k — (L= 73) (Ve — Yot1)7h) R (97)

The next step is to lower bound Rj. Using the strong convexity of py and pj,
respectively, and §° := Vp;(0™), we have
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Vv

A% * A 1 * ~ —C
0 = Py (89)) 2 S5, (65— 571 = SV (B (A3 — ) — Vi (0™)
1

>~ |lAz* — )2 98
2 582, Iy, [ I (98)

Alternatively, using the Lipschitz continuity of Vpy and Vpj, and py(§°) = 0, we
can also derive

L L
_ — —k k — — —k
G =y (T (B°) < 55 105y, (B5) =17 = =521 Vg (B (AZ"—)) — Vi, (0™)]?

< g llAzt b))%, (99)
Bk+1
Using the deﬁnitlo and 1 f g, (jk and gy, respectively, and the two
estimates and | the ﬁrst term []11 of ( can be lower bounded as

[ = Brt1 [Tk(iz + (1 =7m)q — (1 - Tk)(ﬁk_hﬂk - 1)5?2]
1 . _ . — _
> m [ﬁc“‘%“z + (1—Tk)‘|ak—ak||2 —(1—7¢) (Bkilﬂk — 1) L;,Q,yHakHQ]
1

= o B [k = (1 = m)ael” + (1= 7o) [ = (BkaBe — 1) £, lawl?]

where dj, := Az* — b and @, := Az" — b. This expression shows that [l >0 if

<1 + 7) Br+1 = Brs (100)

py

which is the first condition in (40)).
Next, using the property of p; in Assumption AE[, it is easy to show that

it — DI <pied) < BlAites - 2)IP, Vie T,

S Aiw; — | <pi(Aizg) < - ugll?,  VigIn.
Let us abbreviate 1:* = OEA,HM(?JIC) ¥ = xiﬂhi(gk) Then we define & :=
Al(:i —zf) and € = ( —z¥) for i € 71, and éi = A; x —u§ and éf =

Ak 4 — g for i € Il We can estlmate the second term []j of . using the
deﬁmtlon ., . and . of 7y, 7; and 7}, respectively, and the two last
inequalities as follows:

Fiar 1= e [mui + (L= 77— (L= ) (ke — 1) 7]

'Yk 1-— ~k LilfT i
> 20 3 | et O by - 2nlom) (e 4 gl

%

=

’y é _,
LS Lol + 1= mle = b1 = 21 =) (22 = 1) ek

‘ Ve+1
¢TIy

L zL _

7k+12 |:||€k*(1 m)eRl? + (1—7) [ﬂr(ﬁy—k—l) piLa, ] el ]
i, A Vi1 O‘z

V1 o 2 Tk i 2
+ RS g — (1-m)el® + (1- (1) Ly, 1P
5 {H r—(1=m)erll” + (1—7%) [Tk <7k+1 ) p] ller }

i¢1y
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This expression shows that [-];5) > 0 if
‘2
(1+ i Tk)’Yk-',-l >V Vi€,
(1+ 2 )ml >, VigT

Consequently, if both conditions (100) and (101f) hold, then Ry > 0. We summarize
that the condition (101 holds if 441 (1 + Z é > 7k, which is the second condition

of (40), where .
~ i A,
¢1 = max {?é%)f {paf} ,grézz({Lpi}} .

This quantity ¢; is indeed (39).
Next, let us choose ug41 = 2pp 41— 1ﬁk+1LA =2 p41— )\k+1fyk+1Lg = Vkt1
i

(101)

as given in Lemmal We obtain from (96| that
2
Gropr (@) < (1 = 1) G (@) + 7,G(w*) — R + Uk+ Dy,
where Dy =} [I7" =y |12 = [§* = y*I12] + § [I&* - o*|2 = l5* — o*)?]. This

inequality is in fact since G(w*) = 0 and Ry, > 0.
Finally, let E} := §||g’“ —4*[|>+ 1 [|7% —2*||%. Then, on the one hand, by dividing
both sides of by Tk_2uk+1, we have

Uk41 iy (1 — 73 )uy s .
T; Gropr (@) + Ejy1 < T—HGk(w ) + Ex,

2 k
One the other hand, using the condition (1 — 73)77_jup41 = Tpug, we have
1 . . . . . .
% = uf_—gl Using this relation into the last inequality, we get

2

- - §
(1= Thp1 ) ungo G (@) 4+ Bfpy < & G (0P Bl ( Tk)uchrlG (T LB
Theta k Tk

By induction, we obtain from this inequality. O
A.2.2 The proof of Lemmal[8: The update rule for pammeters
First, since ¢1 = 1 and Ly, = 1, both conditions in lead to 5k+1(1 + 1) > B

and 'ykJrl(l + 1) > ’Wc Now assume that we choose TE = . Then 0 = 1. This
is the first update in

Second, from the condition (1 = 1) TR upyr = TPug, we have

7',3 k
T G Ry R N
By induction, we obtain uj41 = k“—_‘_ll, which is the last rule of .
Third, let us assume that B is updated by Biyq1 = 15_’;}9 = (’Z;;l_)g" By

induction, we have fBy11 = Similarly, if we update Vht1 = then we

k+2
also have vy, = % There are two update rules in .
Fourth, we need to find pk from the condition We have 2p; — pﬁﬁk_lﬁA =

20r — (k+1)pF 2%‘ = uy, = 4. This leads to a quadratlc equation in py as

1+r )

(k1)L

A 2 ur
T 2pp+ 5 =0
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B1
1 if Lqui < B1. Under this condition, we obtain two positive solutions p, =
% 144/1— “glﬁi(l’jj”
the update rule for pj in ([44).
Fifth, similar to p;, we can find an update rule for A\, from the condition .
We have 2\, — /\ivk_lﬁg = v = u = . With the same argument as before, this
quadratic equation in A; has solution if Lyui < 1. Under this condition, it has

. Lgul(k+1)
271k

This equation has solution if (%) % < 1. This condition holds for all & >

} of the above quadratic equation. This is indeed

two positive solutions A\, = 22 [1 +4/1

Lg(k+1)
rule for )\ in .
Finally, we note that pkﬁlzlf/A =144/1- L“‘glﬁi(ﬁjl) € (0,2), which implies

wi =2 ppBr La > 0. Similarly, Ay 'Ly = 1 % 1/1 — Le2EED ¢ (0 2) which

, which is is the update

- 271k
leads to @y, := 2 — )\kfyk_ng > 0. O
A.2.3 The proof of Theorem[I} The convergence guarantee of Algorithm[1}
. _ _ 1 _ _ .
Using 0 = 1, 7, = i and ugyq = k’j_ll = Eg(7cl+1) into of Lemmawe
obtain
2 *\2 T *\2
_ T «  Ro(w”) LgRo(w*)
G (wh) < k = =29 . (k> 1),
R(@7) < (1 —7g)ugs1 0 2uik 271k (Vk > 1)

where Ro(w*)? i= 25 = [|§° —y*|> + 2 — a*|| = [7° — y*|” + 2° — * > due to

the choice 2° = z° and §° = 3°. Finally, by using this bound, 8 = ,?fll = ;L(;‘_le)
g9

and v, = 5—]_11 from Lemma |5, and Lemma |3) we can easily derive (45) by noting

that%§2foranyk21. O

A.3 The convergence analysis of the ADSGARD| method
In this appendix, we provide the full proof of Lemmas @, and for (ADSGARD)).

A.3.1 The proof of Lemma[§: Maintaining the gap reduction condition
We abbreviate Gy := G, 5,, Ur, := yj, (&%), 2} = 2%, (9%) and 7} := a2, (5").
Using the definition of Gy and fg, the third line gt = (1—Tk):Ek—|—TkﬂEZ) in

(ADSGARD)), py(y) > py(y°) =0, and Br1y > (1 — 7%) B, we can derive

AT kel AT
Gk—‘rl(w + ) = f5k+1 (w + ) ~ 9Vkh (y + )

23) _ _ _
— max {f($k+1) =+ <A9Uk+1*b, y) — ﬁk+1py(y) ‘ye Rm} = 9Vkn (Z/k+1)

2 maX{f((lka)fk-FkaZ)) + (1 = m,) (AT —b) + 7 (A} ), )

— (1 —73)Bepy(y) sy € Rm} — G (@)

< max {(1—Tk,) [f(ik) +(AZ" —b,y) — ﬂkpy(y)}

B

(1]
+ i [0) + (A8F — b)) )y €R™ = g G, (102)

Now, we estimate the terms [-]) and []p) in (102) separately. Since g} is the
solution of the strongly concave maximization problem , using we have
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[y = FE) + (A7 — b,y) — Bipy ()

< max {f(a_:k) + (AZ" —b,y) — kay(y)} - %Hy - gil?

= (@)~ Zy - 52 (103)

By (24)), we have Gr(wh) = 18, (%) = g, (5*) which implies I8, (%) = Gp(a®) +
g (T7). Substituting this into (103)) we get

[y < G@®) + 920 (7) — Ll — G, vy e R™ (104)
Alternatively, we expand the term [-]jz) of (102) as
[Tj21 == (k) + (A} — b,y)
= f(&F) + (AZk = b,9") + Yeppa(AZ]) + (Ad], — b,y — ) — Yepapa (AF)
= Gouns (0°) + (Vgmen (), y = §°) = Wearpa (A7), (105)

where, in the last line, we use Vg, (§%) = A2} — b. Let us denote p}, := pz (AZ}).

Then, substituting (104)) and (105 into (102) we get

G (@) < (1 = 1) Gr(@") = gy (T) — Te vkt Pk
_ 1—r7 L
+ max {(1 — ) g (7°) — %Hy —5ll?

+ 71 (990 (7) + (Vo 0),y =) sy e R . (106)

Since Vgi,., (3%) = A;Zy, ;—bi and Vb (77) = Az}, ;—b; for i € Iy, we have

N N
- 1 i _ i R 1 _ o
Phi= D 5 IV (7) = Vo GO = X g lu(@ks — 2kl (107)

=1 =1

For each i € Ty, using of Lemma with y := gjk and g := g’f, we obtain

gy (@) < g4 (") + (Vb (). 5" - i) - 2% IV () — Vb ()13
1

By summing up this inequality from ¢ = 1 to ¢« = N, and using v := 7x41, the
definition of g, (-) = Zfil ¢4 (-) and (I07), we get
_k .k kN -k ek e
G (T7) < 9y (07) + (Vg (07), 07 = 07) — YViea Pie- (108)

Now, using (32)) of Lemma [2| with 7 := Tl v =, and 7 := Yi1, then summing
up the results from ¢ =1 to i = N, and combining with (108]), we have

) N »
9 () < 9y () + (V& — Yo )02 (AZE)

X e e B »

< Gy (07 + (Varun G°), 7" =3%) + (% — ver1)Ph — WeaBh,  (109)

where p;, := pz(Az}). Substituting (109)) into (106]) we further deduce
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G (@) < (1 = 1) Gi (@) = Tyl — (1= 70) [veraPh — (W — Vo2 )1
+ max { gy (7°) + (Vgrn (57, (1 = 77" + 74y — )

1— 7 x _
— %Ily —gilP iy e Rm} — g (@), (110)

Let us define u := (1—13,)7" 4+ 71,y. Since y € R™, we have u € R™. Moreover, using
the first line 7% := (1 —71,)5" + 7155 of (ADSGARD]), one has u — 7* =y — Ti)-
Using this expression into (110)) we obtain

G (@) < (1 — 7)) Gp(@*) = gy @) — T,

+ max {90 (9%) + (Vg (7),u— 57) -

(1 271;)5k I — ng2}

<(1- Tk)Gk(w ) — 9vin (y ) -

~ N ~ Lg ~
+ max {gye () + (Vo (y’“>,ufy’“>——”’*1 le=g*1?} . (1)
u€R™ 2 [3]

where the last inequality follows from the last condition of , ie., % >
’Yk+1 = Yen Zz 1 L Lg%ﬂ, and the quantity 7 is given by
T := TPk + (L= 7) [V Bk — (V% — Viep1 )Pk - (112)

Using line 2 of (ADSGARD), we can easily bound the term [-]5) of (L11)) as

~ ~ ~ Lf] ~
[][3) := max {gm (5) + (Vg (§7),u — §%) — ;’““ lu—g*1% s u e Rm}

L
~k kN k1 N g Kk Ak 2

= Gyun (1) + (Vren (7). 57 = 57) = =577 =3
—k

Sg'mﬂ(y +1)7

where the last inequality follows from Lipschitz continuity of Vgy in Lemma
Using this inequality into (111)) we eventually get

G (@) < (1 — 1) G (@) — Ty (113)

Finally, we lower bound the quantity 7. From the definition (112]) of 7, we write

T = ’Yk+1{ > {Tkpz‘(fclt,i)‘f' (12_]:16) 1A (25, — 5017 — (1*%)(%* )pi(fi,i)}

€T,

+> [Tkpz(A ki) + (1 Tk) | As(&h i — 2kl - (1_77@)(%_ )Pi(AifZ,i)]}-

1T

From Assumption A since p; is 1-strongly convex, and its gradient is Lp,- Lips-
chitz continuous, we have

. _ _ Ly, _ _ .
ﬁ”Ai(mZ,i - z)|F < pi(T;) < ﬁ“Ai(mz I, ied

N _ _ L _ .
sl Ay ; — g <pi(AiTy ;) < StllATy, - a2, i¢ T
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Let us denote by of = A, (%3, (5%) — z§) and oF = A;(a OV s = z8) for
i€, and 0F = A, T, (%) — @ and oF = A, ST (%) — @ for i € Z;. Using
the two last inequalities, we can lower bound 7}, as

> Tk k- 1— 7)) (e — Vo) Lpi -
> B0 S [rfob1 + (1 - mlfok — o2 — TR Ok = e o 2

e, Ve
4 Tha T—71) (Ve — Vet ) Lpi LA, |
TS L [l st~k Uom) O ) s 2]
€Ty L Tkt

’Yk+12[ﬁ 1—Tk)Uz||*+(1_77€)(k w)”z”}

T Vi1

+ 288 57 L[t = - + (1) (e — D=2 B e,

0’
1611 Ai V105

From this estimate, we can see that if

Lp.La
(Tfk—Fl) Vierr > Ve, With é2 = max{max{Lpi},max{p%Al}}, (114)
(&) 1€Zy 3

¢TIy o
then 7;, > &2 50 1 Ll [6F — (1 —73,)5F||2 > 0. Hence, ) leads to G (w k+1) <
(1 — 72,)Gr(@") + Ty, Wthh is (49) with ¢y := —77c < 0. Moreover, is
exactly the second condition of (48]). O

A.3.2 The proof of Lemma[7: The update rule for parameters.

The tightest conditions obtained from are v = (14 & '7%) v, Brp =
(1 — )8k and (1 — 7)1 B = Lg7f. By induction, we can derive from these
equalities the tightest condition for 7 as

2 Tk+1 (1+ oy Tk—i-l)
T =

1 —Tk+1

Similar to the proof of Lemma |5, we can show that 7, = O (%), which is optimal.

Let us choose 7, := 2 for some r > é;. With this choice, 7o = % ¢(0,1). We

k -
(1+'rk/éz) = Wlf_i(_r_t?. By induction, we get v, =

B, from the last condition of to get

choose Yy =

k+r We compute

Lotip  _ Ly&(k+r+1)
L—=m)vn vor(k+r)(k+r—é2)

Br = ( (115)

It remains to check the second condition of , ie., Bgn > (1 — 7)Bk. Using
(115), this inequality is equivalent to

k+r+2 o k+r+1 _(k+r+1)
Dkt 1—62) — <1_k+r> <(k+r)(k+r—ég)> = gz (16

Let k ==k +r, - is equivalent to (¢é2 — 1)k? + (2¢2 — 3)k + (é2 — 1) > 0. This
condition holds if é; > 3/2 and k > 0.

We now define ¢ := max {éa, 2} and take 74 := p22o7. Then, 75, € (0,1) and
all the conditions in are satisfied. Using the update formula of 7, 75 and S
as above, we obtain the last conclusion of Lemma m O
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A.3.3 The proof of Lemmal[8: Finding a startmg point
Given 7 = Vp,(0™) € R™, we denote by =z = x3, (y°). Using (30) with
Lg,, =7 1Ly, we can derive

L .
50(8°) 2 070 (7) + (Voo (7, 7° = 7 = =5 15" — 5°)?

* =% — =% —| — — L — —
= J(Z5) + (ATG—b,5°) + (AZ5 b, 5°~5%) + 70pa (ATD) — = 17°~5°|1*
L
= £@%) + (A" = ,5%) = =3 15° = 51 + vopa(47°).

Using this inequality, and 3° := Vp;(ﬁal(AiO — b)), we have
G (0°) := £5,(2°) = 920 (8°) = F(@°) + Bopy (B ' (AZ° = b)) — g0 (5°)
< Bopyy (By ' (AZ°=b)) — (AZ°=b,5°) — Yopa(AZ°) + (Lg,, /2) 117" —5°II?
= Bo[py (g (AZ" — b)) = (Vpy (By ' (Az” — b)), B ' (Az° —b))]
+ (Lo /2N5° = 5117 = 70p2(AZ°). (117)

By the L;yl—strong convexity of py, we have

Py (0) (T} (), ) <2 (0)— 57— 0l = max (=)} =7~ ol <~ — o

Using this inequality with v := 37 1(A:Ico —b), and then substitute the result into

(117) we obtain

Gy (1°) < —70pz(AT°) —

L
A7 _ 2 91170 — 79|12
o AL B A

Finally, using §° := Vp;(0™) and the 1- Lipschitz continuity of Vpy, we have

15° = 5l = 11Vpy(By " (AZ° — b)) = VP (0)]| < (185 ' (Az° = b)]| = fg '[|AZ" — b].
Substituting this bound into the last inequality we obtain . The remaining
statement of this lemma consequently follows from (52)). O

A.4 The proof of Theorem [3} The convergence analysis of the[APSGARD] method
Let us abbreviate 7} :=z%, (7*), 9} ':yEM(Ak) Ui = Y8 (z¥), and Gy =G, 5, .

Using the definition of g, the third line gy gt = =(1-m)y k—|—7'kﬁk of (APSGARD))
and the first condition i1 > (1 — 7% )y, of (58)), we have

Gk+1( Pt ) - fﬁk+1 (‘IEkJr ) ~ 9vrn (yk-H)
+ f k+1( k+1) min {Tk [f(x) + (Az — b, QZ)} (1]
+ (1= 1) [f(@) + (A0 = b5 + s (@)] o€ X} (118)
Since f5(-) = f(:) +pp(-) = f(-) + Bpy (B~ (A - —b)) due to (28), we can estimate
the first term []1; of as
['][1 = f(z) + (Az — b, 4z)
F(@) + (A" = b,37) = Brapy (§0) + (AT 55, @ — %) + Bryapy (97)
( ) +p,8k+1( ) + <V]5/8,€+1 (i’ )7 T —Z > + 5k+1py(yk)~ (119)
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Next, we bound [][z) of (L18) as follows. Using the definition of g with pz(A(-)) «
pz(-) and g+, (7%) = I8, (%) — G (@"), we can derive

[z := f(z) + (Az — b, 7Y + Ypa(2)
> min { £(2) + (A2 = b,7%) + pe(2) s 0 € X | + (w/2) |2 — 7
= 97 (@) + (0e/2) e —Z4]* = f5,(Z°) — Gr(@) + (/) e —Z5%.  (120)

Substituting 8 := Sy and z := z* into , we have
_ 1
2Lp, Byt

Using this inequality, the first inequality of as in the proof of Lemma and
the convexity and Lipschitz gradient continuity of pg, we have

5. (@) > o, () = (B — B )py (yhy (B))
= f(@") + D () — (B — mmpy(y;m ("))
> f(z") +255H1(~’3k) Vpﬁw(fﬂ ), Z° — &%) + T, (121)
where Ty, := muA(x —&#)|1> = (B — Brar)py (yf,,, (&*)). Substituting (T21),

and into (| , we obtain

GkH(w )s <1—m>ak< ")+ foa (@)
— QIE%IE {Tk {f(:v) + DB &%) + (VDB (&%), x — &%) + 5k+1py@75)}

—k

B (B°) > By (&%) + (VBg,,, (37), 2" —2%) + A" —2%))1.

(U= [F@) P () (TP, (2), 2=+ B o= + T ] |

< (1—7)Gr(@®) + IBrn (@) = 7 Brapy (1) — (1 = 7) T

—min {1 7)1 (55) F7f (2) g, (%) + LT 2

+ (Vg (@), (1 = 7)7" + 7w — ik)}. (122)

To further estimate (122)), we now define the quantity Tr as
Tie 1= TkBrapy () + (1 = 73) Tk

= 7B py (G7) + M||A<a-s‘“—a:~’“>||2—(1—Tk><5k—ﬁk+1>py(gz>. (123)
2Lp, B

For any z € X, the pomt z:= (1—7)@" + 7, € X. Moreover, by using the first line
=(1- Tk)x + 1,75, of (APSGARD)), we have z—ikF = Tk(l’ —Zy)- Usmg these
relatlons and the convexity of f with (1—7)f(Z") + 7 f(z) > f((1—73,)3" +7p2) =
f(2) into (122)), we can further derive
Gk—H (u_)k-i—l) < (1 - Tk)Gk(u_)k) + f5k+1 (fk+1) - 776
. — ~k — ~k ~k
— min { (=) + B, (&) +(VBp,,, (), 2 =) +

58] -
(1 m)Cu@®) + fa, @)~ T,

. _ _ . L .
= min{f(2) + P () + (TP, (), 2 =) + 52 2=}, (124)

(177—]6)7]6 ||Z—i‘k|l2}

2
27




An optimal first-order primal-dual gap reduction framework 39

where, in the last inequality, we use (1—73 )y B > LATE in . Since Vpg,,, (&%) =
ATQQ,:, the second line of (APSGARD)) can be expressed as

1 = argmin { £(2) + (V.. (2), 2=3") + (La/(2Bra)) =" P | (125)
Since Vpg(-) is Lipschitz continuous with Lp, = 87 1(|A||> = B~ 'L, we have

_ _ _ _ . La - .
Qu(™ ) 1= F(E™) + Py (27) + (Vp, (87), 2" —3%) 4+ 522 27

2Bk
> f@) + Dy, (@),
Using this inequality and (125) into (124)), we get
G (0" < (1= 74) G (@) — T (126)

Finally, using and we can estimate the quantity T}, as

T = 7 Buiau (3 >+2(L,, T AG )17 = (1= 1) (8~ B
Br
> g 1 e+ mm) (- (25 1) 22, ) 1nd?] . a2)

where 7, := Az" — b and 7, := Az* — b. Similar to the proof of Lemma {4 we can
show that 75, > 0 if Bri1 (1 + ) > Bk, which is the second condition of .
Py

Using with the same argument as the proof of Lemma we can derive the
update rule for 7, v and B as in . The remainder of this theorem is proved
similarly as in Theorem [2] O

A.5 The proof of Theorem 4} The accelerated augmented Lagrangian method
Let L (z,y) := f(z) + (y, Az — b) + F||Az — b||2 be the augmented Lagrangian of
. Under Assumption A by the well-known properties of £+ [§], we have

[”Y(m*7y) S [”'Y(m*ay*) = ‘C(x*7y*) - f* - g* S £7(m7y*)7
for all z € X,y € R™, (z*,y*) € W* and v > 0. This expression leads to

99(y) < J(@) + (", Az = b) + [ Az = b3 < (@) + ly" Il Az — bll2 + 5 || Az — b5,

Hence, for any y* € Y*, we obtain

(@) = gv(y) = f@) = £ 2 =lly" [ Ax = bl — S Ax b5, (128)

for all (z,y) € W. Let t := ||AZ* — b||2. By combining and G g(w) = fg(x) —
g+(y), we obtain U=3EBLL¢2 _ 9|t — 2G4, (@F) < 0. Slnce ﬁ,m = (1 —72)Bk,

we have .8c = 708 = (1 — 70)(1 = 71) -+ (1 = 7_1)Bovo = [[}g (1 — i) < 1 for
k > 1. Hence, the last inequality leads to

laz — bl < (72— Iy ||+\/uy 24+ 208 @] a2)
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2
To prove , we note from the update rule that (1 —71) = T;’“

2
Hence, 8, = Bo Hk Y1-7) = (1_:# = Bo77. By elementary calculations, we can
0
YoBk YoBoTh _ T 4
for k > 0. Hence, 1305 < 1057 = 1-57 < D) <

W' In addition, G, g, (@ k) <0 due to Lemma@ Using these estimates into

(129), we obtain ||AZ* — b|2 < %, which is the first inequality of (65).
Yo(k+1)

From (128)) and G, 5(w) = fz(x) — gy(y) we have F@%) — f* < (@35 - g1 (FF) =
Gy B (@*) < 0. This inequality and (128) imply the second inequality of . The
remaining conclusion consequently follows from . O

show that 7, < k+3

A.6 The proof of Corollary [I} The fully strong convexity of the objective function
Let us define G3(w) := f5(z)—g(y), where fz is defined by (23)) and g is defined by
. By the update scheme (ADSGARD,)) and (67)), the gap reductlon condition
ngH( k'H) < (1 — 74)Gg, (W7) + Tkwk < (1- Tk)Gﬁk(w ) in Lemma |§| holds.
Hence, G, (w") < WkGﬁo (@°). Since @w° is computed by (68)), we have Gﬁo( 9 <o.
Consequently, Gg, (@ ) < 0 for £ > 0. Similar to the proof of Lemma [3| we can
show that

_ _ _ _ _ _ 1 _
~[ly* Il Az" 0] < f(@*) — £ < f@*) 97" = f5,E") - 9(G") - %HAx’tan
_ 1 _k 2 1 _k 2
=G wk — —||Az" — bl < ———||AZ" — b||”.
5 (@) = 5| I* < =551 I
This inequality leads to
— Dy« || AZ" — b < f(7*) - 7 <0, and [|AZ" —b|| < 26Dy (130)

Now, by using [54, Theorem 4], we can show that {8;} updated by . ) satisfies
Br < 260 (k—|—2)_2 Since o := Ly = Z —1 M, 21 A4;))?, substituting these expressions
into , we obtain the first and the second estimates of .

Finally, we prove the last estimate of . Indeed, by the strong convexity
of f;, we have f;(z}) — fi(z}) > (€p(ai), 27 —a7) + (ufi/Q)Hf? — z;|3, where
£, (x7) € 8f;(x]) is one subgradient of f; at x} for i € Zy. On the other hand, since

*

2™ is the optimal solution of . using the optlmahty condition of this problem,
we have ( ff(x*)—i—A y*,x; —xf) > 0 for any z; € X; and y* € Y* and Az} = b;
for i € Zy. Using these expressions, we can show that

N
_ Ifi _ By -
F@) =12y e llet-ai] — (Az"=b,y") = St~ P~ lly" |1« Az b,
i=1

where py = min {15, : i € Zy }. This estimate leads to |ZF — 2% < %[f(i:k) -
K By
1+ %HA@ —b||l < E"ﬁy{) /ﬁg/ﬁf, which is the third estimate of (69). O
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