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Abstract

Power generation planning in hydrothermal systems is a complex optimization task, spe-
cially due to the high uncertainty in the inflows to hydro plants. Since it is impossible to
traverse the huge scenario tree of the multistage problem, stochastic dual dynamic program-
ming (SDDP) is the leading technique to solve it, originally from an expected-cost minimiza-
tion perspective. However, there is a growing need to apply risk-averse/robust formulations
to protect the system from critical hydrological scenarios. This is particularly important
for predominantly hydro systems, because environmental issues prevent the construction of
large reservoirs, thus reducing their water regulating capability. This paper proposes a two-
level SDDP/Benders decomposition approach to include a new risk averse surface (SAR)
concept for reservoir operation in power generation planning. The upper level problem is a
SDDP solving strategy with expected-cost minimization criterion, where recourse functions
for each time step are built through forward/backward passes. The second level consists
in multi-period deterministic optimization subproblems for each node of the scenario tree,
which are solved to ensure a desired level of protection from a given critical scenario several
months ahead. We apply an inner iterative procedure for each SDDP stage/scenario, where
feasibility cuts are included in the upper level subproblems to derive the SAR surface, which
are multidimensional rule curves for reservoir operation. Such curves ensure that the policy
provided by the SDDP algorithm yields storage levels in the reservoirs that are high enough
to protect the system against such critical scenarios. Results are presented for the large-scale
Brazilian system.

Keywords. OR in energy, power generation planning, stochastic dual dynamic programming,
Benders decomposition, large-scale linear programming.
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1 Introduction

Long term power generation planning under a minimum cost or a risk-averse perspective is a very
complex optimization task. First of all, it is necessary to carefully model the high uncertainty
in the water inflows to the reservoirs [1], [2], which are crucial to ensure power supply, specially
in predominantly hydro systems, such as Brazil [3], Norway [4], Chile [5], Canada [6] and New
Zealand [7]. Moreover, this is a multi-stage optimization problem, because availability of water
in the reservoirs in the future depends on previous power generations levels. In such systems,
there are reservoirs with weekly, monthly or even annual regulation capability, with historical
records that may present long-duration dry periods. There is also a spatial dependency, for two
main reasons: the operation of upstream plants affects the inflow of water to downstream plants
in a same cascade, and transmission lines limit the amount of energy that can be transferred
among different system areas in a given time step. In addition, there are nonlinear relations
for thermal generation costs and the production function of hydroelectric plants [8]. Finally, it
is a large-scale problem, specially for the Brazilian system, which comprises over 120 thermal
units and 140 hydro plants spread in strongly linked river basins. As a result, the long-term
hydrothermal planning problem [LTHTP] is a large-scale nonlinear stochastic program.

The main objective of the [LTHTP] problem is to obtain an optimal operation policy for
the dispatch of hydro and thermal generation plants over time, so as to ensure that the demand
requirements along a multi-year planning horizon are met, taking into account a trade-off be-
tween thermal generation costs and system security. Due to the complexity of the optimization
problem that would be incurred when representing all nonlinear relations and the continuous
distributions for the random variables, the problem is usually formulated as a stochastic linear
program with a finite scenario tree. Since it is impossible to traverse the huge scenario tree
of the multistage problem, the problem is solved by the well-know stochastic dual dynamic
programming approach [9, 10], which is a sampling version of the multistage Benders decompo-
sition approach [11]. There are several applications of SDDP for this type of problem, originally
from an expected value minimization perspective [4, 5, 9], and later by introducing risk-aversion
criteria [7, 12, 13, 14]. In particular, the operation planning in Brazil has been for more than
ten years officially performed through a chain of optimization models [3, 15], in which SDDP
is applied for the long-term planning and multi-stage Benders decomposition is applied for mid
and short-term planning. Recently, there has been a switch from expected value minimization
to a combined mean / conditional value at-risk (CVaR) approach [16]. Other examples of hierar-
chical approaches to address the power generation planning problem in practical hydrothermal
systems can be found in [4, 17, 18, 19].

1.1 A review of rule curves and other risk-aversion approaches for power
generation planning

Several approaches have been proposed in the literature to introduce a given level of protection
against critical situations in power generation planning for different systems. Since there is a
strong relation between the energy shortage risk and load shedding costs, an iterative procedure
was proposed in [20] to calibrate load curtailment cost as a function of the desired reliability level
for system supply, within a stochastic version of the traditional Bellman’s dynamic programming
approach (SDP) [21]. Also in the context of SDP, in [22] a new state variable was included in
the recourse function of the multistage problem to account for the discrete number of load

2



curtailments up to each stage t, and in [23] time-coupling constraints to assess the risk of supply
from each stage t up to the end of the time horizon have been considered. Even though such
procedures have shown to be very efficient under the SDP framework at that time, they could
not be extended later to the SDDP approach due to the lack of convexity. In [24], a penalty was
applied to values of revenue below some specified targets for the [LTHTP] problem in a market-
based framework, where the problem had been solved by a hybrid SDP/SDDP approach.

Probabilistic constraints for minimum storage levels in the reservoirs have been considered
in [25] for the energy management problem, solved by chance constrained programming and
taking into account a continuous distribution for the random variables. Chance constraints
are also formulated in [26] and turned into a hard constraint for a deterministic optimization
problem, by assuming a Normal distribution for the inflows to the reservoirs. That work was
later extended to include CVaR constraints in a rolling horizon strategy [27]. The CVaR risk
measure in a profit maximization framework has been first applied in the SDDP framework in
[28], for a two-stage problem, and extended to a multistage problem in [29], even though no
implementation details have been provided. The application of CVaR criterion in the objective
function for a multistage power generation problem solved by SDDP was presented for the first
time in [7], following the nested CVaR risk measure approach proposed in [30]. Later on, it was
applied in a number of papers [12, 13, 14, 16, 31], with some improvements.

Another alternative to address the security of supply that has been used for a long time
in the literature is to derive the so-called rule curves for reservoir management [32], which are
minimum acceptable storage levels for the reservoirs along time. In [33] such curve is defined
to protect the system from the worst hydrological scenario of the historical record, and thermal
generation should be enforced at its maximum value if system storage falls below its minimum
required levels. A similar concept was later extended in [34] but taking into account the second
worst historical scenario. A time-variant minimum storage zone has also been defined in [35].
Even though the idea of using minimum storage levels is attractive due to its intuitive meaning
for the system operator, to the best of the authors knowledge its consideration under a stochastic
framework is not well established in the literature.

1.2 Motivation, objective and relevance of the work

As can be seen from those recent applications to practical systems [7, 12, 16], there has been
a growing need to apply risk-averse approaches to the [LTHTP] problem. This has become a
critical issue for the operation of predominantly hydro systems, because environmental issues
have prevented those systems from building large reservoirs. As a consequence, water regulation
capacity has been decreasing over time due to a larger relative number of run-of-the-river plants.
The objective of this paper is to propose a combined SDDP / Benders decomposition approach to
obtain a risk-averse operation policy for the long term hydrothermal planning problem, composed
of two levels. The upper level subproblem consists in the traditional SDDP solving strategy with
an expected-cost minimization criterion, where recourse functions for each time step (called
stages) are built based on forward and backward passes. The lower level consists in additional
subproblems for each node of the scenario tree, where a multi-period deterministic optimization
problem should be solved to ensure a desired level of protection of the system from a given
critical scenario several months ahead. We apply an inner iterative procedure for each stage /
scenario of the overall SDDP approach, where feasibility cuts that define the feasible region for
the lower level subproblem are included in the upper level subproblems.
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Besides providing a more risk-averse operation policy, one major advantage of this approach
is that we obtain the so-called Risk-Averse Surfaces (SAR) for system operation, which are
multidimensional rule curves for minimum storage levels in the reservoirs that can be also used
for monitoring the system operation during critical scenarios. We obtain an operation policy
which consists of a the set of recourse functions obtained by the SDDP approach that minimizes
the expected value of thermal generation costs over the entire multistage scenario tree, and at the
same time provides system protection from the occurrence of the specified critical scenario. As a
consequence, the proposed methodology yields an adequate trade off between cost minimization
and a secure operation policy.

In summary, the main contributions of this paper are: (i) from the methodological point of
view, to propose a combined SDDP / two stage-Benders decomposition approach, which can be
used not only for the type of problem considered in this work, but also to ensure satisfaction of
constraints which are not explicitly defined in the upper level SDDP problem, but rather arise as
a result of a lower level optimization problem; (ii) from the practical point of view, to propose
a new risk-averse approach for long term power generation planning, which is more intuitive
as compared to the CVaR approach of [16] in the point of view of system operation, since it
ensures a safe system operation under the occurrence of given critical scenarios from which the
decision makers require the system to be protected. Moreover, this so-called risk averse surface
is an extension, to the multivariate case, of the concept of rule curves that has been traditionally
considered in real hydrothermal generation systems.

The paper is organized as follows: in section 2 we review the long term hydrothermal plan-
ning problem [LTHTP] in its risk-neutral formulation and discuss one-dimensional and multi-
dimensional rule curves that may be enforced for this problem. In section 3 we describe the risk
averse surface (SAR) concept considered in this paper and in section 4 we detail the combined
SDDP / two stage Benders decomposition approach that has been proposed to handle such
constraints in the [LTHTP] problem. In section 5 we show numerical results for an application
to the real large-scale Brazilian system and in section 6 we state the conclusions of the paper.

2 Long Term Hydrothermal Planning Problem([LTHTP])

The main objective of the [LTHTP] problem is to obtain an optimal monthly policy for operation
of a hydrothermal system, for a planning horizon typically of several years. Due to the huge
computational effort incurred in a detailed representation of both system constraints and the
stochastic process behind the uncertainty on hydro inflows, the hydro generation system is
represented by means of equivalent energy reservoirs [34, 36], one for each of the NS system
areas in which the system is divided. We refer to [37] for details on the specific model of
equivalent energy reservoirs that has been considered in this paper. The stochastic inflows are
represented by a periodic autoregressive model [1] of order P , which takes into account both
temporal and spatial correlations, but alternative models can be used [38, 39]. We make a
finite discrete approximation of the random vector by employing a clustering technique called
selective sampling approach, as described in [40]. Such technique is used to generate forward
and backward scenarios of the SDDP approach described in section 2.1.

We consider a scenario tree with 60 monthly time steps and K = 20 possible realization per
stage, including the first month, as shown in the left part of Fig. 1. Since it is impossible to
traverse this huge scenario tree, the problem is solved by applying the SDDP approach [9] in
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Figure 1: General scheme of the complete scenario tree of the [LTHTP] problem (left) and the
scenarios traversed in the forward and backward scenarios of the SDDP solving strategy (right).

a more general context of temporal correlation among the values of the random variables [10].
The forward pass is performed by choosing S multistage scenarios, whereas in the backward
pass all K one-stage scenarios are taken into account for each corresponding node traversed in
the forward pass. A general sketch of this procedure is presented in the right hand side of Fig.
1, where each node is denoted by a pair (t, s). Alternative strategies to handle such multi-stage
problem under the SDDP solving strategy can be seen for example in [41, 42, 43, 44].

In section 2.1 we present the basic formulation of the [LTHTP] problem and in section 2.2
we describe the traditional one-dimensional rule-curve that has been used in the literature in
the past. In section 2.3 we present the new approach proposed in this paper which consists in
using a multi-dimensional risk averse surface (SAR).

2.1 Problem Formulation

An abstract formulation of the [LTHTP] problem is presented in (1), based on [15]. The problem
can be written in a nested formulation comprising all time steps and scenarios:

Z = E
ξ1|ξ[1],P

[
ϕ1(xv0 , ξ1, ξ[1],P )

]
where:

ϕ1(xv0 , ξ1, ξ[1],P ) = min
x1

c1
>x1 +

(
1

1 + r

)
E

ξ2|ξ[2],P

[
ϕ2(xv1 , ξ2, ξ[2],P )

]
s.t. g1(x1) = b1(xv0 , ξ1)

x1 ∈ X1

and, for all t = 2, . . . , T we have:

ϕt(xvt−1 , ξt, ξ[t],P ) = min
xt

ct
>xt +

(
1

1 + r

)
E

ξt+1|ξ[t+1],P

[
ϕt+1(xvt , ξt+1, ξ[t+1],P )

]
s.t. gt(xt) = bt(xvt−1 , ξt)

xt ∈ Xt

(1)
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where ϕt(xvt−1 , ξt, ξ[t],P ) is the optimal value of the subproblem for the corresponding scenario
of time step t in the nested formulation, and ϕT+1(.) := 0 for the subproblem related to the last
time step T . The subproblem for each time step t has the following state variables:

xvt−1 ∈ <NS : subset of xt−1 related to the vector of energy storages in the reservoirs
at the beginning of time step t (end of time step t − 1). Values of
initial storages xv0 are known;

ξt ∈ <NS : vector of inflows to the reservoirs at the corresponding scenario of time
step t

ξ[t],P ∈ <NS×P : recent history of the stochastic process up to previous time step (t−P ),
defined as the set of vectors {ξt−1, . . . , ξt−P }. We note that ξ[t+1],P =
ξt ∪ ξ[t],P−1 .

We use the conditional notation {ξt|ξt−1, . . . , ξt−P } for the vector of hydro inflows ξt of each
time step t because we take into account the serial correlation among these random variables
by means of the aforementioned periodic autoregressive model [1], whose maximum order is P .
Components {ξ1−p}p=1,...,P correspond to (known) values related to the pth past months previous
to first time step t = 1.

Additional parameters and variables are defined as follows:
S ∈ Z : number of multistage scenarios in each forward pass of the SDDP algorithm,

as shown in the right side of Fig. 1
T ∈ Z : number of time steps;
K ∈ Z : number of discrete scenarios for each time step, as shown in Fig. 1;
T ⊂ Z : set of indices for all time steps ({1, . . . , T});
S ⊂ Z : set of indices for all forward (multi-stage) scenarios in the SDDP algorithm

({1, . . . , S});
Ω ⊂ Z : set of indices of all (single step) scenarios of each time step ({1, . . . ,K});
ct : vector of unitary costs for the decision variables at time step t;
r ∈ < : discount rate applied to costs at future stages;
Xt : feasible set for the decision variables of time step t, defined by lower and

upper bounds, which are time-dependent since some aspects of the problem
(e.g., minimum water outflows for the reservoirs) may vary according to the
season of the year;

gt(.) : left hand side of the set of constraints of the problem;
bt(.) : right hand side of the set of constraints of the problem, which may depend on

state variables xvt−1 and random vectors {ξt−1, . . . , ξt−P } related to previous
time steps;

The subproblem for each time step t ∈ T, each scenario s ∈ S, of the forward pass and each
scenario ω ∈ Ω in the backward pass of the SDDP algorithm is labeled hydrothermal dispatch
subproblem [HT]s,ωt . Its formulation for iteration k of the SDDP procedure is given by (2).

ϕt(x
s,ω
vt−1

, ξs,ωt , ξs,ω[t],P ) = min
xs,ωt

cgt
>xs,ωgtt + cdf

>xs,ωdft +

(
1

1 + r

)
%
(k)
t+1(x

s,ω
vt , ξ

s,ω
[t+1],P ) (a)

s.t. xs,ωght +Mgtx
s,ω
gtt +Mintx

s,ω
intt

+ xs,ωdft = dt (b)

xs,ωvt + xs,ωght + xs,ωst = xs,ωvt−1
+ ξt

s,ω (c)

xs,ωght − ℵ(xs,ωvt ) ≤ 0 (d)

xs,ωt ∈ Xt, (e)

(2)
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The dimensions of the system are as follows:
NS : number of system areas, each one comprising one equivalent hydro plant with an

energy reservoir and several thermal plants;
NI : number of interchanges (tie-lines) among system areas;
NT : number of thermal plants;

The decision vector xs,ωt ∈ <4NS+NT+NI for node (t, s) and scenario ω is split in the following
components:

xs,ωvt ∈ <NS : vector of final storages in all reservoirs;
xs,ωght ∈ <

NS : vector of hydro generations in all reservoirs;

xs,ωst ∈ <NS : vector of spillages in all reservoirs;
xs,ωgtt ∈ <

NT : vector of generations in all thermal plants;

xs,ωdft ∈ <
NS : vector of energy shortages in all system areas;

xs,ωintt ∈ <
NI : vector of energy interchanges among different system areas;

and the vector of state variables is given by:
xs,ωvt−1 ∈ <NS : energy storage in the reservoirs at the beginning of node (t, s) and

backward scenario ω;
ξs,ωt ∈ <NS : vector of inflows to the reservoirs for node (t, s) and backward scenario

ω;
ξs,ω[t],P ∈ <

NS×P : recent history {ξs,ωt−1, . . . , ξ
s,ω
t−P } of the stochastic process in the for-

ward scenario s starting at time step (t − P ), which appear in the
subproblem of time step t, because of the auto-regressive model. We
also note that ξs,ω[t+1],P = ξs,ωt ∪ ξs,ω[t],P−1, where the last (P − 1) com-
ponents of this vector are the same for all backward scenarios ω of a
given node (t, s).

Function %
(k)
t+1, which is usually called “future cost function”, is the piecewise linear approx-

imation of the recourse function of the SDDP procedure obtained until iteration k of the SDDP
algorithm described in section 4.1. Such function approximates the optimal expected cost ϕt+1

at later stages, as shown in the nested formulation (1). Its arguments are the state variables for
time step (t+ 1), i.e., storages in the reservoirs at the end of time step t and energy inflows in

the P previous periods to (t+ 1). In particular, we set %
(k)
T+1 := 0 for the last time step T at all

iterations k.
Additional parameters of the problem are as follows:
cgt ∈ <NT : vector of unitary generation costs in all thermal plants;
cdf ∈ <NS : vector of unitary energy shortage costs in all system areas;
dt ∈ <NS : vector of power demand in all system areas at time step t;

Mgt ∈ {0, 1}NS×NT : incidence matrix to define to which area each thermal generator
belongs;

Mint ∈ {−1, 0, 1}NS×NI : incidence matrix to define existence and directions of inter-
changes among system areas;

ℵ(.) ∈ <NS → <NS : maximum generation for the equivalent power a plant as a func-
tion of reservoir levels, due to water head effects. Each component
i is a concave piecewise linear function of the level of reservoir i;

The objective function (2a) is the sum of generation costs for thermal plants, energy shortage
(deficit) costs and the approximated value for future cost given by the approximated function

%
(k)
t+1 obtained so far. The main constraints of subproblem (2) correspond to system-wide energy
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balance equations (2b), water conservation equations (2c) in the reservoirs and the maximum
generation (2d) of reservoirs as a function of storage. A detailed formulation of all constraints
of the problem is provided in [3, 37, 45].

2.2 Traditional risk-averse Curves (CAR) in the [LTHTP] problem

The traditional way of including a certain level of system protection in the [LTHTP] problem
(1) is by the risk averse curve (CAR), which is a rule curve formally defined as follows:

Definition 1. Risk averse curve (CAR). Consists of individual minimum storage levels for
the reservoirs – either in water or in energy – specified in some time periods along the planning
horizon [32, 33, 34, 35]. They are included as inequality constraints, with slack variables to allow
the complete recourse property 1 for the [LTHTP] stochastic program (1), and are formulated in
each subproblem (2) for scenario (s, ω) of time step t as follows:

xs,ωvt + δs,ωCARt ≥ xvt . (3)

where:
xvt ∈ <NS : vector of minimum energy storages in all reservoirs for time step t;

δs,ωCARt ∈ <
NS : vector of violations of minimum storage constraints in all reservoirs, for

scenario (s, ω) of time step t;
The use of such constraints was the official procedure used in the Brazilian system until

Sept. 2013, when it was replaced by the CVaR criterion described in [16]. There are two main
drawbacks of using such individual rules curves:

• the CAR methodology assumes univariate values for the storage levels. However, the
minimum secure level of energy in a given equivalent reservoir should depend on the
storage level (and thus the operation) in the other reservoirs (see Fig. 3 later);

• the interconnection among reservoirs is not taken into account (or is defined a priori) when
computing the CAR values. However, such energy interchanges among system areas are
subject to the current system state and hydrological conditions along the year;

As a consequence, the traditional rule curves may be too conservative, specially when the
reservoirs are in different hydrological conditions in a given time of the year.

2.3 Proposed Risk Averse [LTHTP] problem with risk-averse surfaces (SAR)

The strategy presented in this paper aims to overcome the issues mentioned in the previous
section for the use of traditional rule curves. We propose the use of the so-called risk aversion
surface (SAR), which would turn the original risk-aversion curve into a multivariate surface
that comprises the storage levels in all equivalent reservoirs of the system. This idea was first
mentioned in [46] but no detailed procedure was presented on how to formulate the underlying
risk-averse subproblem and how to compute the cuts. In addition, time and space dependency
between the water inflows to the reservoirs - which are crucial to assess the system performance,
specially in dry periods - had not been discussed.

1the complete recourse property in stochastic programming states that the subproblem related to stage t of
a decomposed problem remains feasible, regardless of the values of the decision variables xτ in previous stages
τ ≤ t.
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However, in the multivariate case it would be very difficult to obtain the complete risk-
aversion surface a priori (as done in the CAR methodology) for two reasons: (i) its much higher
dimension as compared to constraints (3); (ii) the nonlinear variation of power output with
the water head, which should be taken into account when trading-off the storages in different
reservoirs, as described in [15]. As a result, the surface may become smooth, which would make
it impossible to obtain an exact a priori representation with linear cuts. In this paper, since this
approximation is done in an iterative way - in the neighborhood of the system states reached in
each scenario - it is possible to obtain a good approximation with a reasonable number of cuts.

In summary, we neither apply a risk-measure for the operation cost nor specify fixed lower
level curves for the equivalent energy reservoirs. Rather, we enforce a more accurate level of
security by including a lower level deterministic multiperiod problem as a subproblem for each
node (t, s), which represents the system operation under a critical scenario several months ahead.
In such case, even though we still work with the expected value formulation in the objective
function of the overall [LTHTP] problem (1), we favor operation policies that are able to protect
the system against critical scenarios. Such scenarios can be taken from the historical record or
synthetically generated by a periodical autoregressive model, as described in section 3.2.

The concept of risk averse surface (SAR) and the corresponding subproblem that is solved
to obtain its piecewise linear approximation are described in the next section.

3 Risk-Averse Surface

Risk aversion is enforced in our model by defining minimum conditions for the system state at
each time step, in order to ensure that system demand is met in the subsequent months of this
stage in the event of occurrence of a given (pessimistic) dry scenario. First we define the concept
of Risk Averse Surface (SAR), originally sketched in [46] and further improved in [47, 45] and
then formulate the underlying optimization problem that induces the existence of such surface.
Finally, we describe how such risk-averse criterion is embedded in the overall SDDP solving
strategy applied to our [LTHTP] problem (1).

Definition 2. Risk Averse Surface (SAR), for each time step t, is a multidimensional curve
that defines required conditions for the system state - namely, energy storage levels xs,ωvt in the
reservoirs at the end of time step t for each scenario (s, ω) and the vector ξs,ω[t+1],P of past energy

inflows to time step (t + 1), so that it is possible to perform a deterministic operation of the
system under a critical inflow scenario ranging from (t+ 1) until (t+ T tSAR), where T tSAR is the
number of months until the end of the critical scenario, meeting the two following requirements:

• no energy shortage is allowed along this scenario, i.e., the system should be able to fully
satisfy the power demand during this period with its available hydro and thermal resources;

• a minimum energy storage target is met at the end of time step (t + T tSAR) for each
equivalent reservoir, so that the system has not fully exhausted its hydro resources at the
end of such critical period.

The motivation for such deterministic procedure is the assumption that once the system
state falls below (or in the boundary) of the risk averse surface, the independent system operator
would switch from a non-anticipativity operation based on expected value of costs under a set
of possible inflow scenarios to a worst-case operation procedure, where all necessary thermal
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generation resources are used in order to protect the system from the occurrence of critical
inflows. Indeed, this was just the situation recently observed in the Brazilian system operation
during the years of 2014 and 2015 [48].

Conceptually, we consider risk control at every stage, i.e., the combination of final storages
in the reservoirs should be constrained at each time step. However, because of the heavy time-
linking nature of the hydrothermal coordination problem, such secure set of system states should
be set by assessing the system operation several time steps in the future. More specifically, the
two conditions above can be mathematically formulated as a deterministic hydrothermal dispatch
problem along the chosen scenario, which is called “SAR subproblem”, as described next.

3.1 Risk Averse Surface subproblem

The SAR subproblem is a multistage deterministic hydrothermal scheduling problem, whose
aim is to satisfy both the required power demand at all time steps and the end storage targets
with the available resources: initial storages in the reservoirs, the water inflows along the critical
scenario and the thermal plants generation capacity. Each so called [SAR]t subproblem is related
to a given time step t in the outer [LTHTP] problem (1), and is formulated as in (4) below:

βt(x
s,ω
vt , ξ

s,ω
t , ξs,ω[t],P−1) = min

x̃
1
>
T tSARNS

x̃df (a)

s.t. x̃ghτ +Mgtx̃gtτ +Mintx̃intτ + x̃dfτ = dτ , τ = t+ 1, . . . , t+ T tSAR (b)

x̃vτ + x̃ghτ + x̃sτ = xs,ωvt + ξ̃τ |{ξs,ωt , ξs,ω[t],P−1}, τ = t+ 1 (c1)

x̃vτ − x̃vτ−1 + x̃ghτ + x̃sτ = ξ̃τ |{ξs,ωt , ξs,ω[t],P−1}, τ = t+ 2, . . . , t+ T tSAR (c2)

x̃ghτ − ℵ(x̃vτ ) ≤ 0, τ = t+ 1, . . . , t+ T tSAR (d)

x̃τ ∈ Xτ , τ = t+ 1, . . . , t+ T tSAR (e)

x̃vτ ≥ xvSAR , τ = t+ T tSAR (f)

(4)

The length of the horizon of the [SAR]t subproblem for time step t is T tSAR. The decision

variables x̃ := {x̃vτ , x̃ghτ , x̃sτ , x̃gtτ , x̃dfτ , x̃intτ }τ=(t+1),...,(t+T tSAR)
∈ <(4NS+NT+NI)×(T tSAR) are of

the same type as in subproblem (2), thus they are split in the following components, for each
time step τ :

x̃vτ ∈ <NS : vector of final storages in the reservoirs;
x̃ghτ∈ <NS : vector of hydro generations in all reservoirs;
x̃sτ ∈ <NS : vector of spillages in all reservoirs;
x̃dfτ ∈ <NS : vector of energy shortages in all system areas;
x̃gtτ ∈ <NT : vector of generations in all thermal plants;
x̃intτ∈ <NI : vector of energy interchanges among different system areas.

In principle, the decision vector x̃ should have additional sub/superscripts to indicate the
node (t, s) and the specific backward scenario ω to which the [SAR]t subproblem belongs, but
we suppress such indices in order to alleviate notation.

The vector of hydro inflows for all equivalent reservoirs in each time step τ of the [SAR]
subproblem is a function of past inflows because of the same Par-p autoregressive model [1]
considered previously. In this sense, the critical scenario {ξ̃τ}t=(t+1),...,(t+T tSAR)

may depend on
the inflows from the P time periods previous to t+ 1, which are divided in two parts: the inflow
ξs,ωt in backward scenario ω of node (t, s) and the inflows from time steps (t+ 1− P ) to (t− 1)
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Figure 2: Two-state Benders decomposition to solve each [HT]s,ωt subproblem (2), in order to
include feasibility cuts related to the [SAR]t subproblem (4).

in the forward scenario s of the SDDP procedure, which consists in the matrix ξs,ω[t],P−1. In this

sense, we define the set of state variables for this problem as ut := {xs,ωvt , ξ
s,ω
t , ξs,ω[t],P−1}. The

interplay between each [HT]s,ωt subproblem (2) and its corresponding [SAR]t subproblem (4) is
sketched in Fig. 2.

The objective function βt in (4a) is minimization of the sum of energy shortage in all system
areas and all time steps, which ideally should be equal to zero. The term 1n indicates a vector of
ones with dimension n. Our aim is to check whether the vector of storages xs,ωvt for subproblem
(2) is sufficient to yield β∗t =0 for subproblem (4) i.e., the system is able to operate from (t+1) to
(t+ T tSAR) under the critical scenario ξ̃ without facing energy deficits and meeting end storage
requirements xvSAR defined by (4f). The constraints and related data of this problem for each
time step are similar to the corresponding sets of constraints in subproblem (2), namely, power
balances (4b) for each area, energy balances (4c) and maximum generation (4d) for all equivalent
reservoirs. Finally, the feasible domain Xτ in (4e) is the same of the corresponding time step
t = τ in the upper level subproblem (2).

In order to illustrate the SAR concept, we consider a very simple example of two areas
interconnected by a transmission line, with the data shown in Table 1, where T tSAR = 2. In this
example area 2 has better structural and state conditions, since it has more thermal generation
capacity and its expected inflows are higher as compared to area 1. The corresponding risk
averse surface for the storages in the reservoirs of this system at the beginning of time step
τ = 1 is shown in Fig. 3.

If both areas were completely isolated (i.e., xint1→2 = 0), the minimum storages to ensure
that no deficit occurs would be 65 and 30 for areas 1 and 2, respectively, which are the corre-
sponding values of

∑2
τ=1(dτ − ξ̃τ −xgt), indicated by point P in Fig. 3. However, the system can

benefit from energy interchange among areas, so that each system area is allowed to decrease
its initial storage value as compared to point P , as long as the other area offsets this decrease
by having more storage. This leads to the diagonal portion of the risk averse surface. However,
there are minimum initial storage levels for each system area which are equal to 45 and 10,
respectively, due to maximum interchange limit between the areas.
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Table 1: Data for the example of the [SAR]t subproblem.
area 1 2

time step τ = 1 τ = 2 τ = 1 τ = 2

Demand (dτ ) 50 50 50 50

Hydro Inflows (ξ̃) 10 5 20 10

Max. thermal generation (xgt) 10 10 20 20

Max. Interchange (xint) 10 10 10 10

Figure 3: Risk Averse Surface for the [SAR] subproblem (4) with the data shown in Table 1.

3.2 Master subproblem with SAR constraints

The subproblem (2) for node (t, s) and backward scenario ω with the explicit inclusion of con-

straints related to the approximated recourse function %
(k)
t+1 at the kth SDDP iteration and also

feasibility cuts induced by subproblem (4) is now denoted [HTSAR]s,ωt and becomes as follows:

Zs,ωt (xs,ωvt−1
, ξs,ωt , ξs,ω[t],P ) =

min
xs,ωt

cgt
>xs,ωgtt + cdf

>xs,ωdft + pSARδ
s,ω
SARt

+

(
1

1 + r

)
αs,ωt (a)

s.t. xs,ωght +Mgtx
s,ω
gtt +Mintx

s,ω
intt

+ xs,ωdft = dt (b)

xs,ωvt + xs,ωght + xs,ωst = xs,ωvt−1
+ ξt

s,ω (c)

xs,ωght − ℵ(xs,ωvt ) ≤ 0 (d)

xs,ωt ∈ Xt, (e)

πv
(j)
SARt

>
xs,ωvt + δs,ωSARt ≥ π0

(j)
SARt

−
P∑
p=1

[πξ,p
(j)
SARt

>
ξs,ωt+1−p], j = 1, . . . NCUT tSAR (f)

πv
(j)
FCFt

>
xs,ωvt + αs,ωt ≥ π0(j)FCFt −

P∑
p=1

[πξ,p
(j)
FCFt

>
ξs,ωt+1−p], j = 1, . . . NCUT tFCF (g)

(5)

12



where Zs,ωt is the value of the objective function (5a) and αs,ωt ∈ < is the future cost given
by the approximated model obtained so far for the recourse function of time step t, comprised
by NCUT tFCF cuts indicated in (5g), where each cut j is defined by the following terms:

π0
(j)
FCFt

∈ < : independent term of the jth cut of the FCF;

πv
(j)
FCFt

∈ <NS : vector of coefficients related to storage in the reservoirs, in the jth

cut of the FCF;

πξ,p
(j)
FCFt

∈ <NS : vector of coefficients related to the pth past energy inflows previous
to time step (t+ 1) , in the jth cut of the FCF.

Constraints (5b)-(5e) are exactly the same as (2b)-(2e), and expression (5f) corresponds to
the set of NCUT tSAR SAR constraints obtained so far for time step t, each one defined by the
following terms:

π0
(j)
SARt

∈ < : independent term of the jth SAR constraint;

πv
(j)
SARt

∈ <NS : vector of coefficients related to storage in the reservoirs in the jth

SAR constraint;

πξ,p
(j)
SARt

∈ <NS : vector of coefficients related to the pth past energy inflows previous
to time step (t+ 1), in the jth SAR constraint.

Finally, δs,ωSARt ∈ < is the slack variable of the SAR constraint, to ensure relatively complete
recourse in the SDDP solving strategy, i.e., subproblem [HTSAR]s,ωt remains feasible regardless
of the values of the decision variables in the subproblems of previous time steps. We use the
same slack variable for all SAR cuts, since they can be viewed as a unique piecewise linear
constraint that expresses the requirements for system security. The unitary cost pSAR applied
to this variable is a high penalty parameter for violation of these constraints.

4 Combined SDDP / Two-stage Benders decomposition approach

In our real case presented in section 5, the SAR surface comprises several system areas, which
increases the complexity in determining all its hyperplanes. In this sense, it is very difficult to
obtain an a priori model for the SAR surface and an iterative process is proposed in this paper
in order to define its linear approximations as the [LTHTP] problem is solved by the SDDP
approach. As a consequence, the proposed approach consists in two iterative procedures: the
upper level SDDP algorithm, which comprises a set of forward and backward passes along the
time horizon of the [LTHTP] problem (1), and a lower level two-stage Benders decomposition
to solve the [HTSAR]s,ωt subproblem (4) for each node (t, s) and backward scenario ω shown in
Fig. 1.

4.1 Upper level SDDP solving strategy

As described in [9, 3] and illustrated in Fig.1, the SDDP solving strategy consists in a time
decomposition of the problem, combined with a sampling strategy to select a set of S multistage
scenarios to be traversed in the forward pass of the algorithm, in order to select ”smart” states
in which to approximate the recourse function for each stage. In a backward pass all K possible
scenarios for the corresponding time step t are solved for the current value of the state variables,
and Benders cut to approximate the recourse function of each stage are built. The SDDP
algorithm can be summarized as follows [9]:
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Algorithm 1. SDDP solving procedure
Step 0. Initialization. Set NCUTFCF t = 0,∀t; lower bound Z := 0; upper bound Z :=∞; SDDP
iteration counter iterSDDP = 1.
Step 1. Forward pass. For t = 1, . . . , T , solve subproblem (5) for each forward scenario s, which
is related to a given realization ω for the random variables. Record the vector of final storages
xs,ωvt for all nodes (t, s), which will be the initial system state for scenario s and time step (t+ 1)
in the backward pass.
Step 2. Update upper bound. Set Z := min{Z,Z(iter)}, where Z(iter) is the average present cost,
i.e., excluding future cost αs,ωt of subproblems (5) related to all S scenarios and T time steps.
Step 3. Stopping criteria. Check the following three conditions:

(i) the lower bound Z and upper bound Z for the optimal solution of problem (1) satisfy the
statistical criterion defined in [9];

(ii) the value of Z stabilizes along N iterations;
(iii) A maximum number niterSDDP of SDDP iterations is reached.

If at least one of these conditions is met, STOP: the set of NCUTFCF t cuts for all time steps
t = 1, . . . , T is the output policy for system operation along the planning horizon. Otherwise,
proceed to step 4.
Step 4. Backward pass. For t = T, . . . , 2 and each scenario s ∈ S:

- solve subproblem (2) for all backward scenarios ω ∈ Ω of time step t;
- based on optimal value Zs,ωt

∗
of (5) and optimal Lagrange multipliers λs,ωt

∗
related to con-

straints (5c),(5f),(5g), build a new Benders cut of type (5g) for time step (t− 1);
- update NCUTFCF t−1 := NCUTFCF t−1 + 1.

Step 5. Update lower bound. Set Z = max{Z,Z1}, where Z1 is the average cost of subproblems
(5) related to all S scenarios of time step 1.
Step 6. Recursive loop. Set iterSDDP := iterSDDP + 1. Go to Step 1.

4.2 Lower level iterative approach to solve [HTSAR]
s,ω
t subproblems

As discussed previously, it would be very difficult to identify a priori the set of SAR constraints
(5f) that would ensure that the solution xs,ωvt of subproblem (5) yields a zero value for subproblem
(4). In order to avoid this extra computational effort, we propose in this paper a dynamic
identification of these constraints, where only the necessary cuts are added to (5). In other
words, the SAR surface will be shaped “on demand”, i.e., depending on the values of the state
variables {xs,ωvt−1 , ξ

s,ω
t , ξs,ω[t],P } reached during the course of the SDDP algorithm. However, this

requires an extra two-stage Benders decomposition approach to solve subproblem (5), where an
iterative procedure is performed to include SAR constraints, as described in Algorithm 2 below.

Algorithm 2. Iterative procedure to solve [HTSAR]s,ωt subproblem (5) related to node (t, s) and
backward scenario ω, for a given SDDP iteration iterSDDP .
Step 0. Initialization. If iterSDDP = 1, s = 1 and ω = 1, set NCUT tSAR = 0. Set SAR iteration
counter iterSAR = 1.
Step 1. [HTSAR]s,ωt solving procedure. Solve subproblem (5) for the current number NCUT tSAR
of SAR constraints. Obtain final storages xs,ωvt in all reservoirs.
Step 2. [SAR]t solving procedure. Solve [SAR]t subproblem (4) with input parameters xs,ωvt and
taking as vector of past inflows the composition of ξs,ωt for time step t and ξs,ω[t],P−1 for previous
time steps, which are related to the corresponding multistage forward scenario s.
Step 3. Stopping criteria. If β∗t = 0 or iterSAR reaches the maximum number of iterations
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niterSAR, STOP. Go to the next node/backward scenario of the SDDP procedure. Otherwise,
proceed to step 4.
Step 4. SAR cut construction. Based on the optimal value β∗ of subproblem (4) and Lagrange
multipliers λSARt

∗ related to energy conservation constraints (4c), build a new SAR cut of type
(5f), as described later in section 4.3. Update NCUT tSAR := NCUT tSAR + 1.
Step 5. Recursive loop. Set iterSAR := iterSAR + 1. Go to Step 1.

Such iterative scheme has been illustrated in Fig. 2. We note that the SAR constraints can
be shared for all scenarios of time step t, regardless of the inflow scenario ξs,ωt and the history
ξs,ω[t],P−1 related to the corresponding forward scenario s, as illustrated in that figure. This is due
to the fact that the impact of these variables is already taken into account in the formulation of
the SAR constraint, therefore its right hand side will be properly adjusted according to the values
of such state variables achieved in other forward scenarios and/or further SDDP iterations. For
details on cut sharing we refer to [41].

We note that the scheme in Fig. 2 is performed to solve each subproblem for stage t, forward
simulation s and backward scenario ω of Fig. 1. By merging the SDDP iterative procedure of
Algorithm 1 with the iterative procedure of Algorithm 2 to solve each SDDP subproblem (5),
we obtain the scheme shown in Fig. 4 for the solving procedure of the overall [LTHTP] problem
(1).

4.3 Construction of SAR cuts

The risk averse constraints (5f) are built based on the optimal value β∗t of the [SAR]t subproblem
(4) and sensitivities ∂β

∂ut
(ût) of such objective function related to its state variables ut, evaluated

at their current values ût defined as:

ût := {x̂s,ωvt , ξ̂
s,ω
t , ξ̂s,ω[t],P−1}, (6)

where x̂s,ωvt , ξ̂s,ωt and ξ̂s,ω[t],P−1 are the values used in (4), coming from the solution of the

corresponding subproblem (5). Since the optimal value of subproblem (4) is non-negative, the
requirement of zero deficit in subproblem can be expressed as an inequality of type βt < 0. A
Taylor expansion for the value of the objective function βt around the solution in this subproblem
yields the condition:

β∗t +
∂βt
∂ut

(ût)
>(ut − ût) ≤ 0 (7)

which leads to a new constraint j of type (5f) with the following terms:

π0
(j)
SARt

:= β∗t −
∂βt
∂ut

(ût)
>ût, (a)

πv
(j)
SARt

:= − ∂βt
∂uvt

(x̂s,ωvt ), (b)

πξ,p
(j)
SARt

:= − ∂βt
∂uξp

(ξ̂s,ωt+1−p), p = 1, . . . , P, (c)

(8)

where uvt and uξp are the terms related to xvt and ξt+1−p in the state vector ut.

15



Figure 4: Overall SDDP/two-stage Benders decomposition to solve the stochastic multistage
[LTHTP] problem (1) with subproblems (4) that yield SAR constraints (5g) for the [HTSAR]s,ωt
subproblem (5)
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Figure 5: Graphic interpretation of the SAR constraint: as a sensitivity analysis of the optimal
solution of the [SAR] subproblem (left) and as a feasibility cut included in the upper level
subproblem (5) (right).

4.4 Properties of SAR constraints

Taking into account the particular case where there is no serial correlation among the energy
inflows, it can be seen from the formulation in (5f) that the SAR constraints impose the condition
that a linear combination of energy storages should meet some minimum target value, as shown
in Fig. 3. Any cut that is parallel to one axis corresponds to the case where the storage related
to that axis does not contribute to meeting the requirement due to maximum interchange limits.
In Fig. 5 we present two alternative graphic interpretations of the SAR constraint: the first
one (in the left hand side) shows the hyperplane that indicates how the objective function of
the [SAR]t subproblem varies with the value of its state variables. The second interpretation,
shown in the right hand side of this figure, is the cut that is actually included in the upper level
[HTSAR]s,ωt subproblem (5), which is the interception of the hyperplane in the left side with the
hyperplane that represents the condition βt = 0.

The computation and physical interpretation of coefficients πξ,pSARt related to past inflows
is more involving. Due to application of the coefficientes of the autoregressive model in hydro
balance equations (4c) of the [SAR]t subproblem, the energy inflows in each previous period
(t + 1 − p), for p = 1, . . . , P , may directly impact the right hand side of all such constraints
from time step (t + 1) to (t + 1 − p + P ). By defining φt

p
i as the coefficient of order p for the

autoregressive model of reservoir i at time step t, we can write each component ξti of the vector
ξt of hydro inflows at time step t as follows:

ξti =
P∑
p=1

φpt iξ(t−p)i. (9)

As a result, all terms in the right hand side of equations (4c) for reservoir i from time steps
(t+1) to (t+min{T tSAR, P}) may depend directly on past inflows {ξ̂s,ωti , . . . , ξ̂

s,ω
(t+1−P )i

}, which are

state variables of the [SAR] subproblem. Table 2 summarizes such terms for the more general
case where P ≤ T tSAR.
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Table 2: Terms related to past inflows that may directly impact the right hand side of equations
(4c) of the [SAR]t subproblem, for each time step τ and reservoir i.

Previous time Time steps τ within the horizon of the [SAR] subproblem
steps to t+ 1 t+ 1 t+ 2 . . . t+ P − 1 t+ P

(t+ 1)− 1 φ1(t+1)i
ξ̂s,ωti φ2(t+2)i

ξ̂s,ωti . . . φP−1(t+P−1)i
ξ̂s,ωti φP(t+P )i

ξ̂s,ωti

(t+ 1)− 2 φ2(t+1)i
ξ̂s,ω(t−1)i

φ3(t+2)i
ξ̂s,ω(t−1)i

. . . φP(t+P−1)i
ξ̂s,ω(t−1)i

–

. . . . . . . . . . . . – –

(t+ 1)− (P − 1) φP−1(t+1)i
ξ̂s,ω(t+2−P )i

φP(t+2)i
ξ̂s,ω(t+2−P )i

– – –

(t+ 1)− P φP(t+1)i
ξ̂s,ω(t+1−P )i

– – – –

For each time step τ = (t + 1), . . . , (t + T tSAR) within the time horizon of the [SAR]t sub-
problem, the earliest time step that may contribute to the energy inflows for that time step is
(τ − P ). In the case where P < (τ − t), there are no contributions from previous time steps.

We note that Table 2 indicates only the direct contributions of past inflows {ξs,ωt+1−p},p=1,...,P

to the inflows of the [SAR]t subproblem. However, each term ξ̃τ also depends on previous inflows
{ξ̃τ−j,}j=1,...,(τ−t−1) and each of such terms ξ̃τ−j may also depend on past inflows to (t+1), either

directly (as in Table 2) or indirectly (in the same way as ξ̃τ above). All such recursive relations
must be taken into account when applying the chain rule for computing the derivatives of the
SAR constraint regarding the vector of past inflows to time step (t+1), leading to the expression
below:

∂βt
∂ξ(t+1−p)i

(ξ̂s,ω(t+1−p)i) =

T tSAR∑
t′=1

Φ(t′,p)i , p = 1, . . . , P. (10)

Each term Φ(t′,p) corresponds to the contributions of previous inflow ξs,ω(t+1−p)i to the inflow ξ̃τiof

each time period τ = (t+ t′) within the time horizon of the [SAR]t subproblem, which are given
by the recursive formula:

Φ(t′,p)i = φt
′+p−1
(t+t′)i

+

min{t′−1,P}∑
j=1

(φj(t+t′)i
)Φ(t′−j,p)i , t′ = 1, . . . , T tSAR, (11)

where the first term corresponds to the direct contribution and only applies if (t′ + p −
1) ≤ P. The summation in the second term comprises all composite relations of autoregressive
components that link time steps (t− p) and (t+ t′) .

4.5 Practical implementation aspects

In this section we describe several issues that emerged during the practical implementation of
the proposed SDDP / two stage Benders decomposition and the procedures that have been
performed in order to handle such aspects.
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4.5.1 Parallelization and cut sharing

Parallelization is an important feature in SDDP solving strategies [49, 50]. In our proposed
approach, each SAR constraint (5f) of a given time step can be shared with any subproblem
related to that stage. However, we use a parallel processing scheme in the backward pass of the
SDDP approach to solve the subproblems related to each system state generated in the previous
forward pass. Therefore, in order not to lose efficiency of this parallel scheme, we only share the
SAR constraints built at iteration k of the SDDP algorithm in the next SDDP iteration. This
may result in replication of SAR constraints by different processors, but this is less harmful than
the cost of exchanging constraints among processors during the course of the inner two-state
Benders decomposition approach, due to some extra CPU time that would be spent for data
communication and synchronization.

4.5.2 Elimination of redundant constraints

Since SAR constraints are built independently in the parallel SDDP approach, as described
above, it may happen that the same (or a very similar) SAR constraint is built by different
processors for the same time step. In this sense, after we gather all SAR constraints that are
built for a given stage t at the end of a forward or backward pass, we run a checking procedure
that eliminates redundant constraints (5f) in the [HTSAR]s,ωt subproblems.

4.5.3 Penalty for violation of SAR constraints

The inclusion of a SAR constraint in a given upper level [HTSAR]s,ωt subproblem (5) may turn
it to be infeasible, probably because of a poor initial state xs,ωvt−1 that was given by subproblem
(t− 1) in the forward pass of the SDDP procedure. For this reason, it was necessary to include
the slack variable δs,ωSARt in the set of constraints for each time step, as shown in (5a),(5f).
The penalty parameter pSAR applied to such variable had to be tuned in order not to cause a
huge increase in system costs as well as system marginal costs. This may occur due to the fact
that there are some very severe multistage scenarios, where it is impossible to reach the energy
storage levels required by the lower level [SAR]t subproblems (4). In section 5.4 of the numerical
results we provide a discussion on the calibration of the value of this penalty.

5 Numerical results

We present numerical results to a real case for the large-scale Brazilian hydrothermal system,
composed of 149 hydro plants and 127 thermal plants, whose total power capacity are roughly
92GW and 24GW, respectively. The Brazilian National Interconnected System (SIN) is divided
into four major system areas, labeled as Southeast (SE), South (S), Northeast (NE) and North
(N) subsystems. Hydro plants within each area are represented as a single equivalent reservoir.
Fig. 6 shows a sketch of the Brazilian system.

The time horizon is 10 years, split into T = 120 monthly decision stages. We consider a
scenario tree of K = 20 inflows per stage (including the first one), which leads to a decision tree
comprising 20120 leaves at the last stage. As discussed previously, we applied SDDP approach
to solve the problem, with the combined two-stage Benders decomposition approach described
in section 4 in order to handle the risk averse surface constraints. The size of each [HTSAR]s,ωt
subproblem (5) may vary according to time dependent constraints and different number of SAR
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Figure 6: Sketch of the Brazilian system considered in the application of the proposed approach.

constraints that are added, but in average it has 570 decision variables, 80 system constraints
(5b)-(5e), 120 SAR constraints (5f) and 200 FCF constraints (5g) per SDDP iteration. The
largest [SAR]t subproblem (4) has 7 time steps (from May no November) and contains 280
constraints and 590 variables.

5.1 SDDP convergence

First we present convergence results of the SDDP approach in three situations:

• RN: the risk-neutral case, which corresponds to problem (1)-(2) with no rule-curve or
SAR constraints;

• CAR: Problem (1)-(2) with individual rule-curve constraints (3), which have been tradi-
tionally used for reservoir operation and was the official risk criterion in Brazil until late
2013;

• SAR: Problem (1) with subproblems (5), where the multivariate risk-averse surface con-
straints proposed in this paper are built, through the two-stage iterative procedure involv-
ing subproblems (5) and (4), for each node (t, s) and backward scenario ω.

Fig. 7 shows the evolution of lower and upper bounds for convergence of the SDDP approach,
along with the confidence interval for the upper bound, which is used for the statistical stopping
criteria defined in [9]. We note that each case takes a different number of iterations to converge.
It can be seen that both CAR and SAR risk-averse approaches are more expensive than the
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Figure 7: Overall convergence of the SDDP approach for the risk neutral (RN), rule-curve (CAR)
and the risk-averse surface constraints [SAR].

risk-neutral case. Moreover, the proposed SAR approach leads to a much higher operation cost,
which is somehow expected because of the requirement of providing a secure operation for all
[SAR]t subproblems.

5.2 CPU times

The CPU time to solve the problem is heavily dependent on the number of SDDP iterations
until convergence. In order to show comparative results, we present in Table 3 both the CPU
times until convergence and the CPU times with a fixed number of 15 SDDP iterations, for the
RN, CAR and SAR cases. The parallelization scheme comprised 48 processors.

Table 3: CPU times until convergence and for the same number of SDDP iterations for the RN,
CAR and SAR cases.

RN CAR SAR

CPU time until the 15th

SDDP iteration (min)
50.2 48.0 75.4

CPU time until convergence
(min)

71.1 78.2 75.4

The CPU time of the proposed SAR approach is significantly higher than the other two
strategies if the number of SDDP iterations is the same. However, since the SAR surface tends
to restrict the storage values of the reservoirs during the course of the SDDP algorithm (because
slack variables δs.ωSARt in (5) are penalized in the objective function), the SAR methodology might
lead to a lower number of iterations until one of the stopping criteria in Algorithm 1 is reached
(specially, the stability in the lower bound), because of its smaller feasible region.
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Figure 8: Percentage of the total number of cuts (5f) that were built in each iteration of the
SDDP procedure.

5.3 Construction of SAR constraints

Now we assess the efficiency of the proposed two-stage Benders decomposition approach to build
the necessary SAR constraints. Fig. 8 shows in blue and red, respectively, the probability func-
tion and the cumulative distribution of the total number of SAR constraints that are added to
the upper level subproblems for all time steps in each iteration of the outer SDDP procedure.
Since most of the necessary constraints are built up to the 5th iteration, in our further exper-
iments we cease to check feasibility of the [SAR]t subproblems from the sixth iteration on in
order to avoid unnecessary increase in CPU time performance.

5.4 Sensitivity analysis on the model parameters

We present next a sensitivity analysis of the two main outputs of the model - thermal generation
costs and deficit costs - as a function of the two model parameters that have to be set by the
system operator in order to apply the proposed approach: the minimum storage level required
for each equivalent reservoir at the end of the deterministic [SAR]t subproblems and the penalty
pSAR for violation of the SAR constraints in the upper level SDDP subproblem. For the first
parameter we considered three situations: 30% or 40% storage level for both SE and NE sub-
systems and a third variant with 47% and 35% for SE and NE subsystems, respectively, which
were the “ideal” values desired by the Brazilian ISO. For the penalty parameter pSAR we chose
values of $50, $100, $150 and $940/MWh. The highest value is close to the unitary deficit cost,
which is the “intuitive” value that in principle would be adopted by the ISO.

The points in Fig. 9 show the average values of thermal generation costs and deficit costs for
each alternative, for 2000 synthetic hydrological scenarios simulated with the operation policy
(set of recourse functions for each time step) obtained at the end of the SDDD convergence,
performed with the corresponding parameters. Squares, diamonds, circles and triangles indicate
the different values of penalty costs, while the colors distinguish different end target levels. We
note that a decrease in deficit costs is directly related to a lower value for the expected energy
not supplied (EENS), which is intended to be obtained with the SAR approach, at the expense
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Figure 9: Sensitivity analysis of system operation costs and expected value of energy not supplied
(EENS) with the values of the two main parameters of the proposed SAR approach.

of higher operation costs.
The values of deficit and total operation costs should decrease and increase, respectively, as

the penalty value increases. However, we note that when the penalty value is as high as the value
of the first step of the official piecewise linear deficit cost curve used in Brazil ($940/MWh), both
thermal generation and deficit costs increase. This is due to the fact that the incremental cost for
the energy deficit is modeled as a staircase function, with higher values as the relative amount of
deficit is increased. In this sense, the optimization model curtails load in lower percentage levels
in several time steps in order to decrease (or avoid) energy deficits in higher percentage levels.
This is what can been called “energy deficit for optimization purposes”. The advantage of the
proposed risk-averse surface approach as compared to the use of rule-curves (CAR) for penalty
values up to $150/MWh is clear: we both decrease system operation costs and energy deficits as
compared to the methodology that had been used in Brazil. The reason for this is that the SAR
surface can take better advantages of the trade-off between storage values in different energy
reservoirs, while the CAR methodology sets individual minimum storage levels regardless of the
(unknown) energy interchanges values among system areas.

5.5 System Operation

Finally, we assess the behavior of some key variables for the system operation – system marginal
costs, energy storage levels, thermal generation and spillage and – for some combinations of
SAR parameters, as compared to the results obtained by the traditional rule-curve approach
(CAR). The evolution along time for the average values of these variables over 2000 simulated
scenarios are shown in Fig. 10. We can see an increase in system marginal costs and thermal
generation levels as the SAR parameters become stricter. As a consequence, the storage levels
in the reservoirs reach higher levels, which leads to a more secure operation, at the expense of
a higher risk of spillage, as shown in one of the charts.
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Figure 10: Output of key variables for the operation of the larger system area of the Brazilian
system: marginal costs ($/MWh), thermal generation levels (MWmonth), storage levels (% of
maximum storage), spilled energy (MWmonth) and hydro generation levels (MWmonth).
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6 Conclusions

This paper proposes a combined stochastic dual dynamic programming (SDDP)/two-stage Ben-
ders decomposition approach to solve the risk-averse long term hydrothermal planning problem,
taking into account the so-called risk-averse surface (SAR) constraints, which is an extension, to
the multivariate case, of traditional rule-curve constraints that have been used in the literature
of reservoir management. The proposed methodology can be applied either to (static) critical
historical scenarios or to (dynamic) critical scenarios generated by synthetic autoregressive peri-
odical hydrological models. Results for the real large-scale Brazilian system show the efficiency
of the proposed approach, which yields a more secure and economic operation as compared to
the use of a rule-curve, which was the approach that had been officially used in Brazil.

7 Acknowledgments

The authors would like to thank the CPAMP’s Validation Task Force, composed by over 60
people from the Electrical Energy Research Center (CEPEL), the Ministry of Mines and Energy
(MME), the National System Operator (ONS), the Energy Research Office (EPE) and the
Chamber for Commercialization of Electrical Energy (CCEE) who carried out an invaluable
and comprehensive analysis of the SAR methodology in the NEWAVE model. Special thanks go
to A.S.Kligerman, M.P.Soares, V.S.Duarte (ONS), P.A.David, T.C.César, S.Q.Brando (EPE),
G.Arfux, C.Giglio, M.Sierra (CCEE), V.M.Ferreira, A.J.Silva (MME), L.G.B. Marzano, T. C.
Justino, R.J.Pinto, P.E.R.Sangy. We would also like to thank L.C.Santos for the careful review
of the mathematical contents of the paper.

References

[1] M. E. P. Maceira and C. V. Bezerra, “Stochastic streamflow model for hydroelectric sys-
tems,” in Fifth Probabilistic Methods Applied to Power Systems - PMAPS, (Vancouver,
Canada), 1997.

[2] B. A. Faber and J. R. Stedinger, “Reservoir optimization using sampling sdp with ensemble
streamflow predicion (esp) forecasts,” Journal of Hydrology, vol. 249, no. 1-3, pp. 113–133,
2001.

[3] M. E. P. Maceira, L. A. Terry, F. S. Costa, J. M. Damazio, and A. C. G. Melo, “Chain of
optimization models for setting the energy dispatch and spot price in the brazilian system,”
in 14th Power System Computation Conference - PSCC, (Sevilla, Spain), June 2002.

[4] T. A. Rotting and A. Gjelsvik, “Stochastic dual dynamic programming for seasonal schedul-
ing in the norwegian power system,” IEEE Transactions on Power Systems, vol. 7, no. 1,
pp. 273–279, 1992.

[5] E. Pereira-Bonvallet, S. Puschel-Lovengreen, M. Matus, and R. Moreno, “Optimizing hy-
drothermal scheduling with non-convex irrigation constraints: Case on the chilean electricity
system,” in 5th Int. Workshop on Hydro Scheduling in Competitive Electricity Markets,
(Trondheim, Norway), Sep. 2015.

25



[6] Z. K. Shawwash, T. K. Siu, and S. O. Russel, “The B.C. hydro short-term hydro scheduling
optimization model,” IEEE Transactions on Power Systems, vol. 15, no. 3, pp. 1125–1131,
2000.

[7] A. B. Philpott and V. L. de Matos, “Dynamic sampling algorithms for multi-stage stochastic
programs with risk aversion,” European Journal of Operational research, vol. 218, no. 2,
pp. 470–483, 2012.

[8] R. H. Hicks, C. R. Gagnon, S. L. S. Jacoby, and J. S. Kowalik, “Large scale, nonlinear
optimization of energy capability for the pacific northwest hydroelectric system,” IEEE
Transactions on Power Apparatus and Systems, vol. 93, pp. 1604–1612, Sept 1974.

[9] M. V. F. Pereira and L. M. V. G. Pinto, “Multi-stage stochastic optimization applied to
energy planning,” Mathematical Programming, vol. 52, no. 1-3, pp. 359–375, 1991.

[10] M. E. P. Maceira, “Stochastic dual dynamic programming applied to the operation plan-
ning of hydrothermal systems and modelling the stochastic inflows by means of a periodic
autoregressive model,” Tech. Rep. 237/93, CEPEL, Electric Energy Research Center, 1993.
(In Portuguese).

[11] J. R. Birge, “Decomposition and partitioning methods for multistage stochastic linear pro-
grams,” Operations Research, vol. 33, no. 5, pp. 989–1007, 1985.

[12] A. Shapiro, W. Tekaya, J. Costa, and M. Soares, “Risk neutral and risk averse stochastic
dual dynamic programming method,” European journal of operational research, vol. 224,
pp. 375–391, Jan 2013.

[13] A. L. Diniz, M. P. Tcheou, and M. E. P. Maceira, “A direct approach to consider CVaR in
the hydrothermal power generation planning,” in XII SEPOPE - Symposium of Specialists
in Electric Operational and Expansion Planning, (Rio de Janeiro, BRA), May 2012. (In
Portuguese).

[14] A. Philpott, V. de Matos, and E. Finardi, “On solving multistage stochastic programs with
coherent risk measures,” Operations Research, vol. 61, pp. 957–970, Feb 2013.

[15] M. E. P. Maceira, V. S. Duarte, D. D. J. Penna, L. A. M. Moraes, and A. C. G. Melo,
“Ten years of application of stochastic dual dynamic programming in official and agent
studies in brazil description of the Newave program,” in 16th Power Systems Computation
Conference - PSCC, (Glasgow, SCO), July 2008.

[16] M. E. P. Maceira, L. Marzano, D. Penna, A. L. Diniz, and T. Justino, “Application of
CVaR risk aversion approach in the expansion and operation planning and for setting the
spot price in the brazilian hydrothermal interconnected system,” International Journal of
Electrical Power and Energy Systems, vol. 72, pp. 126–135, Nov 2015.

[17] N. Tufegdzig, R. J. Frowd, and W. O. Stadlin, “A coordinated approach for real-time short-
term hydro scheduling,” IEEE Transactions on Power Systems, vol. 11, pp. 1698–1704, Nov
1996.

26



[18] R. A. Ponrajah and F. D. Galiana, “Systems to optimize conversion efficiencies on ontario
hydros hydroelectric plants,” IEEE Transactions on Power Systems, vol. 13, pp. 1044–1050,
Aug 1998.

[19] E. Gil, J. Bustos, and H. Rudnick, “Short term hydrothermal generation scheduling model
using a genetic algorithm,” IEEE Transactions on Power Systems, vol. 18, pp. 1256–1264,
Nov 2003.

[20] A. J. Askew, “Optimum reservoir operation policies and the imposition of a reliability
constraint,” Water Resources Research, vol. 10, no. 1, pp. 51–56, 1974.

[21] R. E. Bellman and S. E. Dreyfus, Applied Dynamic Programming. Princeton University
Press, 1 ed., 1962.

[22] M. Sniedovich, “Reliability-constrained reservoir control problems - 1. methodological is-
sues,” Water Resources Research, vol. 15, no. 6, pp. 1574–1582, 1979.

[23] T. A. A. Neto, M. V. F. Pereira, and J. Kelman, “A risk-constrained stochastic dy-
namic programming approach to the operation planning of hydrothermal systems,” IEEE
Transactions on Power Apparatus and Systems, vol. 104, pp. 273–279, Jun 1985.

[24] B. Mo, A. Gjelsvik, and A. Grundt, “Integrated risk management of hydro power scheduling
and contract management,” IEEE Transactions on Power Systems, vol. 16, pp. 216–221,
Feb 2001.

[25] L. Andrieu, R. Henrion, and W. Romisch, “A model for dynamic chance constraints in
hydro power reservoir management,” European journal of operational research, vol. 207,
no. 2, pp. 579–589, 2010.

[26] V. Guigues and C. A. Sagastizabal, “A robust approach to handle risk constraints in mid
and long-term energy-planning of hydro-thermal systems,” in EngOpt 2008 - International
Conference on Engineering Optimization, (Rio de Janeiro, BRA), June 2008.

[27] V. Guigues and C. A. Sagastizabal, “Risk averse feasible policies for stochastic linear pro-
gramming,” Mathematical Programming, vol. 138, no. 1-2, pp. 167–198, 2013.

[28] L. G. Marzano, Portfolio optimization of energy contracts in hydrothermal systems under
a centralized dispatch. PhD thesis, PUC-RJ, (In Portuguese), 2004.

[29] N. A. Iliadis, M. V. F. Pereira, S. Granville, R. M. Chabar, and L. A. N. Barroso, “Bench-
marking of financial indicators implemented in hydroelectric stochasticrisk management
models,” in 19th Mini-EURO Conference(ORMMES06), (Coimbra, POR), Sept 2006.

[30] A. Shapiro, “Analysis of stochastic dual dynamic programming method,” European Journal
of Operational Research, vol. 209, no. 1, pp. 63–72, 2010.

[31] V. Kozmik and D. Morton, “Evaluating policies in risk-averse multi-stage stochastic pro-
gramming,” Mathematical Programming, vol. 152, no. 1, pp. 275–300, 2015.

[32] J. D. Little, “The use of storage water in a hydroelectric system,” Operations Research,
vol. 3, no. 2, pp. 187–197, 1955.

27



[33] R. N. Brudenell and J. Gilbreath, “Economic complementary operation of hydro storage and
steam power in the integrated tva system,” AIEE Transactions, pt III (Power Apparatus
and Systems), vol. 78, pp. 136–156, June 1959.

[34] N. V. Arvantidis and J. Rosing, “Composite representation of multireservoir hydroelec-
tric power system,” IEEE Transactions on Power Apparatus and Systems, vol. 89, no. 2,
pp. 319–326, 1970.

[35] S. Stage and Y. Larsson, “Incremental cost of water power,” AIEE Transactions, pt III
(Power Apparatus and Systems), vol. 80, pp. 361–365, Aug 1961.

[36] L. Terry, M. Pereira, T. A. Neto, L. Silva, and P. Sales, “Coordinating the energy generation
of the brazilian national hydrothermal electrical generating system,” Interfaces, vol. 16,
pp. 16–38, Feb 1986.

[37] M. E. P. Maceira, V. S. Duarte, D. D. J. Penna, and M. P. Tcheou, “An approach to consider
hydraulic coupled systems in the construction of equivalent reservoir model in hydrothermal
operation planning,” in 17th Power Systems Computation Conference PSCC, (Stockholm,
Sweden), Aug. 2011.

[38] T. Lohman, A. S. Hering, and S. Rebennack, “Spatio-temporal hydro forecasting of
multireservoir inflows for hydro-thermal scheduling,” European Journal of Operational
Research, vol. 222, pp. 243–258, 2016.

[39] G. Pritchard, “Stochastic inflow modeling for hydropower scheduling problems,” European
Journal of Operational Research, vol. 246, no. 2, pp. 496–504, 2015.

[40] D. D. J. Penna, M. E. P. Maceira, and J. M. Damzio, “Selective sampling applied to long-
term hydrothermal generation planning,” in 17th Power System Computation Conference
- PSCC, (Stockholm, Sweden), Aug. 2011.

[41] G. Infanger and D. P. Morton, “Cut sharing for multistage stochastic linear programs with
interstage dependency,” Mathematical Programming, vol. 75, pp. 241–256, Nov 1996.

[42] D. P. Morton, “An enhanced decomposition algorithm for multistage stochastic hydroelec-
tric scheduling,” Annals of Operations Research, vol. 64, pp. 211–235, 1996.

[43] Z. L. Chen and W. B. Powell, “Convergent cutting-plane and partial-sampling algorithm
for multistage stochastic linear programs with recourse,” Journal of Optimization Theory
and Applications, vol. 102, no. 3, pp. 497–524, 1999.

[44] C. J. Donohue and J. R. Birge, “The abridged nested decomposition method for multi-
stage stochastic linear programs with relatively complete recourse,” Algorithmic Operations
Research, vol. 1, pp. 20–30, 2006.

[45] A. L. Diniz, C. L. Vasconcellos, M. E. P. Maceira, and D. D. J. Penna, “Alternative risk
aversion criterion for the Newave model - risk aversion surface,” tech. rep., CEPEL - Electric
Energy Research Center, 2013. (In Portuguese).

[46] PSR, “Possible improvements in the risk-aversion curve.” 2008.

28



[47] CEPEL, “Analysis of the proposal and discussion of alternatives for implementation of risk-
averse surface (SAR) in the Newave model.” Presentation at the Brazilian Electric Power
Sector Monitoring Committee (CMSE) (In Portuguese), 2008.

[48] M. E. P. Maceira, A. C. G. Melo, and M. P. Zimmermann, “Application of stochastic pro-
gramming and probabilistic analysis as key parameters for real decision making regarding
implementing or not energy rationing - a case study for the brazilian hydrothermal inter-
connected system,” in 19th Power Systems Computation Conference PSCC, (Genoa, ITA),
Aug 2016.

[49] R. J. Pinto, C. L. T. Borges, and M. E. P. Maceira, “An efficient parallel algorithm for large
scale hydrothermal system operation planning,” IEEE Transactions on Power Systems,
vol. 29, pp. 4888–4896, Nov 2013.

[50] B. H. Dias, M. A. Tomim, A. L. M. Marcato, T. P. Ramos, R. B. S. Brandi, I. C. Silva,
and J. A. Passos, “Parallel computing applied to the stochastic dynamic programming for
long term operation planning of hydrothermal power,” European Journal of Operational
Research, vol. 229, no. 1, pp. 1–16, 2013.

29


