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Abstract

In a recent paper we introduced a trust-region method with variable norms for uncon-
strained minimization and we proved standard asymptotic convergence results. Here we will
show that, with a simple modification with respect to the sufficient descent condition and
replacing the trust-region approach with a suitable cubic regularization, the complexity of
this method for finding approximate first-order stationary points is O(ε−3/2). Some numer-
ical experiments are also presented to illustrate the impact of the modification on practical
performance.

Keywords: Smooth unconstrained minimization, cubic modeling, regularization, Newton-
type methods.

1 Introduction

We consider the unconstrained minimization problem

min
x∈Rn

f(x), (1)

where f : Rn → R is a sufficiently smooth function.
In recent years, new ideas for solving (1) have been developed which are based on the

minimization of a cubic regularization model, defined as the standard quadratic model plus a
regularization term that penalizes the cubic power of the step length. These ideas have been
shown to have global convergence properties to second-order minimizers. Moreover, some of
them possess a better worst-case evaluation-complexity bound than their quadratic modeling
trust-region competitors; see e. g., [1, 2, 5, 6, 9, 12, 14, 15, 16, 19, 20].

Recently [18], an alternative separable cubic model combined with a variable-norm trust-
region strategy was proposed and analyzed to solve (1), for which standard asymptotic conver-
gence results were established.
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Venezuela. (mraydan@usb.ve).

1



The method introduced in [18] minimizes a quadratic-cubic model at each iteration. The
quadratic part is the second-order approximation of the objective function and the third-order
term aims to approximate the cubic term of the Taylor expansion by means of a separable model
which is updated according to secant ideas that resemble quasi-Newton motivations of spectral
gradient methods [3]. With a suitable change of variables the solution of the subproblem is
trivialized and an adequate choice of the norm at each iteration allowed us to employ a trust-
region reduction procedure that ensures the fulfillment of global convergence to second-order
stationary points. Moreover, a p-th order generalization was introduced in [18] that may be
useful when the minimization of high-order polynomial models is affordable. In that case, the
separable cubic model method with a trust-region strategy has the same asymptotic convergence
properties as the trust-region Newton method, and numerical experiments suggest that cubic
updates improve the capacity of finding global minimizers.

Well-established line-search gradient-like methods for unconstrained minimization have the
property that, given an initial approximation x0 ∈ Rn and ε > 0, the number of iterations and
function evaluations required to achieve ‖∇f(xk)‖ ≤ ε is O(ε−2) (≤ cε−2), where the constant
c depends on characteristics of the problem and parameters of the algorithm. Unfortunately,
this complexity bound is the same for the classical trust-region Newton method, which does
not reflect the superiority of the Newtonian approach in terms of number of iterations and
evaluations. However, the classical trust-region approach is not the unique procedure that
allows one to provide Newton’s method with global convergence properties. Regularization
procedures serve to the same purpose and are strongly related to trust-region schemes. When
one minimizes the quadratic approximation plus a regularization term (say, ϕ(x−xk)) the result
z is the minimizer of the quadratic approximation subject to ϕ(x− xk) ≤ ϕ(z− xk). Therefore,
every regularization step is a trust-region step with an unknown trust-region size.

The introduction of cubic regularization (in which ϕ(x−xk) = ‖x−xk‖32) for unconstrained
optimization goes back to Griewank [13] and the discovery that this type of regularization may
define Newtonian methods with improved complexity bounds is due to Nesterov and Polyak [19].
In the bibliography cited at the beginning of this introduction different variations of the basic
ideas, where the complexity bound is O(ε−3/2), can be found.

This state of facts motivated us to define a cubic regularization version of the variable norm
cubic-model trust-region method introduced in [18]. This means that we will start with the
separable cubic modeling developed in [18], but we will replace the trust-region approach with
a suitable cubic regularization strategy. We will show that with this simple modification the
standard asymptotic convergence results of the method are retained, and also that the complexity
of the cubic modeling strategy for finding approximate first-order stationary points is O(ε−3/2).

The rest of this document is organized as follows. In section 2, we define the regularized
separable cubic model algorithm and establish its convergence properties, including a worst-case
complexity analysis. In section 3, we describe the practical aspects of the regularized separable
cubic model and present a specialized algorithm. In Section 4, we present some numerical
experiments to illustrate the impact of the modification on practical performance. Finally, in
Section 5 we state some conclusions and lines for future research.
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2 Model algorithm and convergence properties

We will assume that f : Rn → R admits Lipschitz-continuous second derivatives. So, there
exists γ > 0 such that

|f(x+ s)− f(x)−∇f(x)T s− 1

2
sT∇2f(x)s| ≤ γ‖s‖3 (2)

and
‖∇f(x+ s)−∇f(x)−∇2f(x)s‖ ≤ γ‖s‖2, (3)

for all x, s ∈ Rn, where ‖ · ‖ = ‖ · ‖2.

The main model algorithm is given below. In its description we present the algorithm without
stopping criterion, so that, in principle, the algorithm may perform infinitely many iterations.
Moreover, we will talk about an “approximate solution” of a subproblem in a deliberately am-
biguous way, which will allow us to introduce the minimal assumptions that such approximate
solution must satisfy in subsequent lemmas.

Algorithm 2.1
Let α > 0, ρmin < 0 < ρmax, ∆ > 0, σsmall > 0, and η > 1 be algorithmic parameters.
Assume that x0 ∈ Rn is a given initial approximation to the solution. Initialize k ← 0.

Step 1: Choose ρ ∈ [ρmin, ρmax]n and σ ≥ 0.

Step 2: Compute an approximate solution strial of

Minimize
1

2
sT∇2f(xk)s+∇f(xk)T s+

n∑
i=1

(ρi[Q
T s]3i +σ|[QT s]i|3) subject to ‖QT s‖∞ ≤ ∆. (4)

where the columns of Q ∈ R×n are orthonormal. The conditions that this approximate solution
strial must satisfy will be specified later.

Step 3: Test the sufficient descent condition

f(xk + strial) ≤ f(xk)− α
n∑
i=1

|[QT strial]i|3. (5)

If (5) is fulfilled, define sk = strial, x
k+1 = xk+sk, update k ← k+1 and go to Step 1. Otherwise

define σnew ∈ [ησ, 2ησ], update σ ← max{σsmall, σnew} and go to Step 2.

Remarks

1. At each iteration we choose a possible different orthonormal matrix Q. (So, Q = Qk.) The
specific choice of Q that trivializes the solution of (4) will be discussed in Section 3.

2. The meaning of the terms ρi[Q
T s]3i and σ|[QT s]i|3 in (4) are quite different. The sum∑n

i=1 ρi[Q
T s]3i approximates the third-order terms of the Taylor expansion of f(xk + s),

while σ
∑n

i=1 |[QT s]i|3 is a regularization term that controls the size of the increment s.
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The constraint ‖QT s‖∞ ≤ ∆ is necessary to ensure the existence of a solution of (4). In
fact, since the parameters ρi may be negative, the existence of an unconstrained minimizer
of the objective function in (4) is not guaranteed.

3. At each iteration, the initial choice σ = 0 for the regularization parameter is admissible.
This choice allows one to take advantage of the local quadratic convergence properties of
the “pure” Newton method and its variations.

In Lemma 2.1 we will prove that each iteration of Algorithm 2.1 is well defined. This means
that, after increasing the regularization parameter σ a finite number of times, an increment
sk = strial that satisfies (5) will be obtained. The assumption with respect to the approximate
solution of the subproblem is quite minimal in this lemma. We will merely assume that the
value of the “quadratic-cubic” objective function of (4) at strial is not bigger than its value at
s = 0. In symbols,

1

2
sTtrial∇2f(xk)strial +∇f(xk)T strial +

n∑
i=1

(ρi[Q
T strial]

3
i + σ|[QT strial]i|3) ≤ 0. (6)

Note that (6) is obviously satisfied when strial is a global solution of (4).
Lemma 2.1 will state that xk+1 is well defined independently of ∇f(xk) or ∇2f(xk). In par-

ticular, even if ∇f(xk) = 0 and ∇2f(xk) is positive definite, and even if xk is a global minimizer
of the unconstrained optimization problem, xk+1 is well defined. In this case, xk+1 would be
equal to xk. As a consequence, after Lemma 2.1 we will always consider that {xk} is an infinite
sequence. First-order complexity results will report how many indices k may exist such that
‖∇f(xk)‖ is bigger than a given quantity ε and second-order complexity results will report the
maximum number of indices k at which the lowest eigenvalue of ∇2f(xk) is smaller than a given
negative quantity.

Lemma 2.1 Assume that xk is an iterate of Algorithm 2.1 and that (6) holds. Then, after a
(finite) number of functional evaluations, bounded independently of k by a quantity that only de-
pends on α, σsmall, ρmax, n, η, and γ, the iteration finishes with the fulfillment of (5). Moreover,
the value of σ for which (5) holds is bounded above by

σmax = max{σsmall, 2η[ρmax + α+ n1/2γ]}. (7)

Proof. When, at iteration k, (5) does not hold, σ is increased by a factor of at least η > 1. This
implies that after a finite number of increases (a number that only depends on , σsmall, α, η, ρmax, n,
and γ), the regularization parameter satisfies:

σ ≥ ρmax + α+ n1/2γ. (8)

So, we only need to prove that (5) holds under the condition (8).
Indeed, using (8), it follows that

(σ − ρmax − α) ≥ n1/2γ

and
(σ − ρmax − α)‖strial‖3 ≥ n1/2γ‖strial‖3.
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Thus, by the orthonormality of the columns of Q,

(σ − ρmax − α)‖QT strial‖3 ≥ n1/2γ‖strial‖3.

Then, since ‖ · ‖3 ≥ n−1/6‖ · ‖2,

(σ − ρmax − α)‖QT strial‖33 ≥ γ‖strial‖3.

Therefore,

(σ − ρmax − α)
n∑
i=1

|[QT strial]i|3 ≥ γ‖strial‖3. (9)

Since |ρi| ≤ ρmax for all i = 1, . . . , n, we have that −ρmax|[QT strial]i|3 ≤ ρi[Q
T strial]

3
i . Hence,

by (9),
n∑
i=1

(ρi[Q
T strial]

3
i + σ|[QT strial]i|3)− γ‖strial‖3 ≥ α

n∑
i=1

|[QT strial]i|3.

Thus,

−
n∑
i=1

(ρi[Q
T strial]

3
i − σ|[QT strial]i|3) + γ‖strial‖3 ≤ −α

n∑
i=1

|[QT strial]i|3. (10)

Now, by (6),

1

2
sTtrial∇2f(xk)strial +∇f(xk)T strial +

n∑
i=1

(ρi[Q
T strial]

3
i + σ|[QT strial]i|3) ≤ 0. (11)

So, adding (10) and (11),

1

2
sTtrial∇2f(xk)strial +∇f(xk)T strial + γ‖strial‖3 ≤ −α

n∑
i=1

|[QT strial]i|3. (12)

Therefore, by (2) and (12),

f(xk + strial)− f(xk) ≤ −α
n∑
i=1

|[QT strial]i|3.

Hence, (5) holds. As a by-product we proved that the final σ for which (5) is fulfilled is bounded
above by σmax, defined by (7). This completes the proof. 2

In the following lemma we will employ an additional assumption on the trial increment strial.
We will assume that either strial is on the boundary of the feasible region of (4) or the gradient
of the quadratic-cubic objective function of (4) is smaller than a multiple of ‖strial‖2. In other
words, we will assume that there exists β > 0 such that, for all k ∈ N and strial computed at
Step 2 of Algorithm 2.1,

‖QT strial‖∞ = ∆ or

∥∥∥∥∇s[1

2
sT∇2f(xk)s+∇f(xk)T s+

n∑
i=1

ρi[Q
T s]3i+σ|[QT s]i|3

]
s=strial

∥∥∥∥ ≤ β‖strial‖2.
(13)
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This means that either strial is on the boundary of the feasible region of (4) or the gradient of
the objective function approximately vanishes, with a tolerance proportional to ‖strial‖2. As in
the case of (6), note that global minimizers of (4) satisfy (13).

Lemma 2.2 Assume that xk is an iterate of Algorithm 2.1 and that (6) and (13) hold. Then,
for every trial increment strial, at least one of the following properties hold:

‖QT strial‖∞ = ∆ (14)

or
‖∇f(xk + strial)‖ ≤ (3ρmax

√
n+ 3σmax

√
n+ γ + β)‖strial‖2, (15)

where σmax is defined in (7).

Proof. Assume that (14) does not hold, so ‖QT strial‖∞ < ∆. Define

r1(strial) = 3Q(ρ1[QT strial]
2
1, . . . , ρn[QT strial]

2
n)T (16)

and
r2(strial) = 3σQ(sign([QT strial]1)[QT strial]

2
1, . . . , sign([QT strial]n)[QT strial]

2
n)T . (17)

Therefore, by (13) and the direct computation of the gradient of the objective function of the
subproblem, we have that

‖∇2f(xk)strial +∇f(xk) + r1(strial) + r2(strial)‖ ≤ β‖strial‖2. (18)

Now, by (16),
‖r1(strial)‖ ≤ 3ρmax

√
n‖strial‖2

and, by Lemma 2.1, (6), (7), and (17),

‖r2(strial)‖ ≤ 3σmax
√
n‖strial‖2.

Then, by (3) and (18),

‖∇f(xk + strial)‖ ≤ (3ρmax
√
n+ 3σmax

√
n+ γ + β)‖strial‖2.

This completes the proof. 2

In Lemma 2.2 we proved that the the norm of strial is bigger than a fixed multiple of the
squared root of the norm of the gradient of f at xk + strial. This type of result is typical in
Newton-like methods with complexity O(ε−3/2). Moreover, in Lemma 2.1 we had proved that
xk + strial becomes xk+1 after a finite number of functional evaluations. These two ingredients
are enough to prove that our algorithm has complexity O(ε−3/2) both in terms of iterations
and functional evaluations. We will state this result rigorously in Theorem 2.1. Observe that
Theorem 2.1 is the first result for which ε appears in our assumptions.

Theorem 2.1 Assume that {xk} is a sequence generated by Algorithm 2.1, (6) and (13) hold for
all k ∈ N, and fmin ≤ f(x0). Let ε > 0 be arbitrary. Then, the number of iterations generated
by Algorithm 2.1 such that ‖∇f(xk+1)‖ > ε and f(xk+1) > fmin is bounded above by

f(x0)− fmin
αmin{∆3, β3

2ε
3/2}

,
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where σmax is defined by (7) and

β2 = 1/

√
3ρmax

√
n+ 3σmax

√
n+ γ + β.

Proof. By Lemma 2.2 we have that

‖sk‖ ≥ min

{
∆,
√
‖∇f(xk+1)‖/

√
3ρmax

√
n+ 3σmax

√
n+ γ + β

}
.

Therefore, for each k ∈ N such that ‖∇f(xk+1)‖ > ε,

‖sk‖ ≥ min{∆, β2‖∇f(xk+1‖1/2} ≥ min{∆, β2ε
1/2}.

Then, by (5) we have that, for each k ∈ N such that ‖∇f(xk+1)‖ > ε,

f(xk+1) ≤ f(xk)− αmin{∆3, β3
2ε

3/2}.

Therefore, the number of iterations for which ‖∇f(xk+1‖ > ε and f(xk+1) > fmin is bounded
above by

f(x0)− fmin
αmin{∆3, β3

2ε
3/2}

.

This completes the proof of the theorem. 2

From Theorem 2.1 we deduce the following asymptotic result, that says that ‖∇f(xk)‖ tends
to zero and, consequently, every limit point is stationary.

Corollary 2.1 Under the hypotheses of Theorem 2.1, if f(xk) > fmin for all k ∈ N, we have
that

lim ‖∇f(xk)‖ = 0. (19)

Moreover, if x∗ is a limit point of a sequence generated by Algorithm 2.1, we have that

‖∇f(x∗)‖ = 0.

Proof. If (19) is not true, there exists ε > 0 and infinitely many indices such that ‖∇f(xk)‖ > ε.
This contradicts Theorem 2.1. The second part of the thesis is a standard consequence of (19). 2

So far, we proved the first-order convergence results for Algorithm 2.1, as well the corre-
sponding complexity bounds. From now on we will address the problem of proving convergence
and provide complexity bounds related to second-order stationary points. For that purpose we
will assume that

strial is a global minimizer of (4) (20)

for all k ∈ N. Obviously (20) implies both (6) and (13). Note that strial satisfying (20) may
be obtained by the separate minimization (22) described below. We are interested now in the
properties of the algorithm when there exists a negative curvature direction dk.

From now on, similarly to [18], we will assume that the subproblem (4) will be solved
computing the orthonormal matrix Q and the diagonal matrix D in such a way that ∇2f(xk) =
QDQT so that, defining v = QT s, (4) yields the separable problem

Minimize
1

2
vTDv + gT v +

n∑
i=1

ρiv
3
i + σ|vi|3 subject to ‖v‖∞ ≤ ∆, (21)
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where g = QT∇f(xk). Obviously, the decomposition QDQT needs to be computed only once
per iteration. This procedure is worthwhile when the cost of function, gradient and Hessian
evaluations strongly dominates the cost of computing the factorization QDQT ; see [18].

Solving (21) is equivalent to solving the following n separate one-dimensional problems:

Minimize
1

2
div

2
i + givi + ρiv

3
i + σ|vi|3 subject to −∆ ≤ vi ≤ ∆, i = 1, . . . , n. (22)

The following technical lemma implies that ‖QT strial‖3 decreases as a function of σ. More-
over, we will invoke this lemma in forthcoming results regarding problem (21).

Lemma 2.3 Assume that Ω ⊆ Rn, Φ : Ω → R, and N : Ω → R+. For all σ ∈ R, let Pσ be the
problem

Minimize Φ(s) + σN(s) subject to s ∈ Ω. (23)

Assume that s1 is a global minimizer of Pσ1, σ2 > σ1 and s2 is a global minimizer of Pσ2. Then,
N(s2) ≤ N(s1).

Proof. Assume, by contradiction, that N(s2) > N(s1). So, N(s2) > 0. Then, by the definition
of s1 and s2,

Φ(s2) + σ2N(s2) = Φ(s2) + σ1N(s2) + σ2N(s2)− σ1N(s2)

≥ Φ(s1) + σ1N(s1) + (σ2 − σ1)N(s2)

> Φ(s1) + σ1N(s1) + (σ2 − σ1)N(s1) = Φ(s1) + σ2N(s1).

So, Φ(s2) + σ2N(s2) > Φ(s1) + σ2N(s1), which contradicts the definition of s2. 2

In the following lemma we will characterize the solutions of subproblem (22) when di < 0.

Lemma 2.4 Suppose that, at iteration k of Algorithm 2.1 we compute a global solution of (22),
in the context of (4) and (21), and di < 0. Then, the modulus of such solution is not smaller

than min

{
∆, |di|

12(σmax+1)

}
.

Proof. For simplicity, let us drop the sub-index i in (22). In that case, (22) can be written as:

Minimize
1

2
dv2 + gv + ρv3 + σ|v|3 subject to −∆ ≤ v ≤ ∆. (24)

By Lemma 2.1 we have that, every time that subproblem (24) is solved, it holds σ ≤ σmax.
Define σbig = σmax + 1 and consider the problem

Minimize
1

2
dv2 + gv + ρv3 + σbig|v|3 subject to −∆ ≤ v ≤ ∆. (25)

By Lemma 2.3, any global solution of (25) is, in modulus, smaller than or equal to any global
solution of (24). So, we need to consider only the global solutions of (25). By (7), we have that
σbig ≥ ρmax + 1. Therefore,

σbig − ρ ≥ 1 and σbig + ρ ≥ 1. (26)
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Without loss of generality let us assume that g ≤ 0 (the arguments for this case may be
repeated, mutatis mutandi, for the case g ≥ 0). If a global solution vglob of (25) is in the interval
[0,∆] we have two possibilities:

vglob = ∆ (27)

or, since vglob ≥ 0, (
1

2
dv2 + gv + ρv3 + σbigv

3

)′∣∣∣∣
v=vglob

= 0. (28)

Then, if vglob ≥ 0,
dvglob + g + 3(ρ+ σbig)v

2
glob = 0.

This implies that

vglob =
−d±

√
d2 − 12(ρ+ σbig)g

6(ρ+ σbig)
.

Therefore, since g ≤ 0 and d < 0 the cubic polynomial 1
2dv

2 + gv + ρv3 + σbigv
3 has negative

derivative and negative curvature at v = 0. This implies that the minimizer must satisfy

vglob =
−d+

√
d2 − 12(ρ+ σbig)g

6(ρ+ σbig)
.

Therefore, since g ≤ 0, d < 0, ρ+ σbig > 0, and σbig ≥ |ρ|,

vglob ≥
|d|

12σbig
=

|d|
12(σmax + 1)

. (29)

Now consider the case in which a global solution vglob of (25) is in the interval [−∆, 0]. Again,
we have two possibilities:

vglob = −∆ (30)

or, since vglob ≤ 0, (
1

2
dv2 + gv + ρv3 − σbigv3

)′∣∣∣∣
v=vglob

= 0. (31)

This implies that

vglob =
−d+

√
d2 − 12(ρ− σbig)g
6(ρ− σbig)

or vglob =
−d−

√
d2 − 12(ρ− σbig)g
6(ρ− σbig)

.

So, since g ≤ 0, d < 0, vglob corresponds to the lower of the two possibilities above. In addition,
since ρ− σbig < 0,

vglob =
−d+

√
d2 − 12(ρ− σbig)g
6(ρ− σbig)

=
d−

√
d2 − 12(ρ− σbig)g
6(σbig − ρ)

.

Therefore

vglob ≤
d

6(σbig − ρ)
≤ d

12σbig
≤ d

12(σmax + 1)
. (32)
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Taking into account the possibilities (27), (29), (30), and (32), we have that any global solution
vglob of (24) satisfies

|vglob| ≥ min

{
∆,

|d|
12(σmax + 1)

}
.

This completes the proof. 2

Observe that Lemma 2.1, in which we proved that the number of evaluations per iter-
ation required by Algorithm 2.1 is finite and bounded by a quantity that only depends on
(α, σsmall, ρmax, η, γ), remains valid here. In particular, the number of evaluations per iteration
does not depend on ε at all. Therefore, to prove a second-order complexity result, involving
both iterations and evaluations, we only need to compute a bound for the number of iterations.
This is done in the following theorem.

Theorem 2.2 Assume that {xk} is a sequence generated by Algorithm 2.1, the trial increments
strial satisfy (20) for all k ∈ N, and fmin ≤ f(x0). Let ε2 > 0 be arbitrary. Then, the number
of iterations generated by Algorithm 2.1 such ∇2f(xk) has an eigenvalue smaller than or equal
to −ε2 and f(xk+1) > fmin is bounded above by

f(x0)− fmin
αmin{∆3, β3ε3

2}
,

where β3 is a constant that only depends on α and ρmax, n, and γ and σmax is defined by (7).

Proof. By Lemma 2.1, f(xk+1) ≤ f(xk) for all k ∈ N and, by Lemma 2.4, for each iteration k
such that ∇2f(xk) has an eigenvalue smaller than or equal to −ε2 we have that

|[QT strial]i| ≥ min

{
∆,

ε2

12(σmax + 1)

}
.

Therefore, by (5),

f(xk+1) ≤ f(xk)− αmin

{
∆3,

ε3
2

[12(σmax + 1)]3)

}
.

whenever some eigenvalue of ∇2f(xk) is smaller than or equal to −ε2. Therefore, the number
of iterations k at which this occurs and f(xk) > fmin cannot exceed the quotient

f(x0)− fmin

αmin

{
∆3,

ε32
[12(σmax+1)]3)

} .
By (7), this completes the proof. 2

From now on we denote by λ1(B) the lowest eigenvalue of a symmetric matrix B. The
following result is the asymptotic counterpart of Theorem 2.2. Together with Corollary 2,
it states that limit points of sequences generated by Algorithm 2.1 satisfy the second-order
necessary conditions for unconstrained minimization.

Corollary 2.2 Under the hypotheses of Theorem 2.2, if f(xk) > fmin for all k ∈ N, we have
that

lim min{0, λ1(∇2f(xk))} = 0. (33)
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Moreover, if x∗ is a limit point of a sequence generated by Algorithm 2.1, we have that ∇2f(x∗)
is positive semidefinite.

Proof. If (33) is not true there exists ε > 0 and infinitely many indices k such that

λ1(∇2f(xk)) < −ε,

which contradicts Theorem 2.1. The second part of the thesis comes from the continuity of
eigenvalues of symmetric matrices. 2

3 Separable cubic modeling with cubic regularization

In the standard quadratic model approach, for solving (1), a quadratic model of f(x) around xk
is constructed by defining the model of the objective function as

qk(s) = fk + gTk s+
1

2
sTHks, (34)

where gk = ∇f(xk) is the gradient vector at xk, and Hk is either the Hessian of f at xk or a
symmetric approximation to the Hessian ∇2f(xk). The step sk is the minimizer of qk(s).

In [18], instead of using the standard quadratic model, the separable cubic model

Ĉk(y) = fk + (QTk gk)
T y +

1

2
yTDky +

1

6

n∑
i=1

ρiky
3
i (35)

was considered to approximate the objective function f around the iterate xk. In (35), the
change of variables y = QTk s is used, where the Schur (or spectral) factorization of Hk:

Hk = QkDkQ
T
k , (36)

is computed at every k. Notice that, in (36), Qk is an orthogonal n× n matrix whose columns
are the eigenvectors of Hk, and Dk is a real diagonal n × n matrix whose diagonal entries are
the eigenvalues of Hk. Notice that since Hk is symmetric then (36) is well-defined for all k. The
parameters ρik ∈ R are chosen for 1 ≤ i ≤ n, and for all k, inspired by the secant equation as
follows (see [18] for details):

ρik =
(Dk −QTkHk−1Qk)ii

(QTk sk−1)i
, (37)

with a standard numerical safeguard for the denominator: given a small ε > 0, if −ε <
(QTk sk−1)i < 0, we set (QTk sk−1)i = −ε; and if 0 < (QTk sk−1)i < ε, we set (QTk sk−1)i = ε.
In a practical implementation it suffices to choose ε =

√
µ where µ is the unit roundoff.

In this work, we maintain the separable cubic model (35) and we add a cubic regularization
term to approximate the function f around xk:

Ĉregk(y) = fk + (QTk gk)
T y +

1

2
yTDky +

1

6

n∑
i=1

ρiky
3
i + σk

1

6

n∑
i=1

|yi|3, (38)
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where σk ≥ 0 will be dynamically obtained at every iteration until the sufficient descent con-
dition (5) is satisfied, as indicated at Step 3 in Algorithm 2.1. Notice that we are including a
1/6 factor in the last two terms of (38), as compared to (4), to simplify derivative expressions,
which clearly does not affect any of the theoretical results in Section 2.

Consequently, to comply with Step 2 in Algorithm 2.1, at every k the subproblem

min
y∈Rn

Ĉregk(y) subject to ‖y‖∞ ≤ ∆, (39)

where ∆ > 0 is fixed for all k, must be solved to compute the vector yk, and then the step will
be recovered as

sk = Qkyk.

The gradient of the model Ĉregk(y), given by (38), can be obtained after simple calculations:

∇Ĉregk(y) = QTk gk +Dky +
1

2
ŵk +

σk
2
ûk,

where the i-th entry of the n-dimensional vector ŵk is equal to ρiky
2
i , and the i-th entry of the

n-dimensional vector ûk is equal to |yi|yi. Similarly, the Hessian of (38) is given by

∇2Ĉregk(y) = Dk + diag(ρikyi) + diag(|yi|).

Notice that, since Dk is diagonal, the model (38) is separable. Hence, to solve ∇Ĉregk(y) = 0,
and find the critical points, we only need to solve independently n one-dimensional functions in
the closed interval [−∆,∆].

Before we present our specialized algorithm that represents a practical version of the model
Algorithm 2.1, we need to discuss how to find the global minimizer of a general function in one
real variable, of the following form

h(z) = c0 + c1z + c2z
2 + c3z

3 + c4|z|3,

on the closed and bounded interval [−∆,+∆] for ∆ > 0.

• If c2 = c3 = c4 = 0 then h(z) is a polynomial of degree less than or equal to one, and the
bounded global minimizer is given by

z∗ = argmin {h(−∆), h(+∆)}. (40)

• If c2 6= 0 and c3 = c4 = 0 then h(z) is a polynomial of degree two. In that case we compute
the critical point zcrt = −c1/(2c2). If zcrt ∈ (−∆,+∆) then the bounded global minimizer
is given by

z∗ = argmin {h(−∆), h(zcrt), h(+∆)}. (41)

If either zcrt < −∆ or zcrt > +∆ then the bounded global minimizer is given by (40).

• If c3 6= 0 and c4 = 0 then h(z) is a polynomial of degree three. In this case, to compute
the critical points of h(z), we solve the quadratic equation h′(z) = c1 + 2c2z + 3c3z

2 = 0.
If the discriminant of h′(z) is negative, i.e. if

ξ = 4c2
2 − 12c3c1 < 0,
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then h(z) has no real local minimum or maximum, and hence the bounded global minimizer
is given by (40). If ξ ≥ 0, we compute the critical points (

√
ξ ± 2c2)/(6c3) and choose the

one that yields the minimum value at h(z): zlmin. If zlmin ∈ (−∆,+∆) then the bounded
global minimizer is given by

z∗ = argmin {h(−∆), h(zlmin), h(+∆)}. (42)

If either zlmin < −∆ or zlmin > +∆ then the bounded global minimizer is once again given
by (40).

• If c4 6= 0 then we need two consider two cases: z > 0 in the interval [0,+∆], and z < 0 in
the interval [−∆, 0]. For the first case we set c3 := c3 + c4, −∆ := 0, and +∆ := +∆, and
we apply the previous item to the cubic polynomial h(z) = c0 + c1z + c2z

2 + (c3 + c4)z3,
to obtain the global minimizer z∗+ ∈ [0,+∆]. For the second case we set c3 := c3 − c4,
−∆ := −∆, and +∆ := 0, and we apply the previous item to the cubic polynomial
h(z) = c0 + c1z + c2z

2 + (c3 − c4)z3, to obtain the global minimizer z∗− ∈ [−∆, 0]. Finally,
we set

z∗ = argmin {h(z∗+), h(z∗−)}. (43)

We now present our practical algorithm for the regularized separable cubic model (38).

Algorithm 3.1

Given x0 ∈ Rn, H0 = HT
0 , H0 = Q0D0Q

T
0 , g0 = ∇f(x0), ∆ > 0, ρmin < 0 < ρmax, ρ ∈

[ρmin, ρmax]n, σsmall > 0, α > 0, η > 1, and tol > 0. Set k = 0.

while ‖gk‖2 > tol, do

Step 1: set σ = 0 and compute bk = QTk gk.

Step 2: solve the subproblem (39) for yk:

for i = 1, 2, . . . , n

set c0 = 0, c1 = (bk)i, c2 = 1
2(Dk)ii, c3 = 1

6ρ
i
k, and c4 = σ

6 .

set (yk)i = z∗ using only one out of: (40), (41), (42), or (43).

end for

Step 3: set strial = Qkyk, and compute: ϑ = α
∑n

i=1 |yi|3

if f(xk + strial) > f(xk)− ϑ, set σnew = ησ, σ = max{σsmall, σnew},

and go to Step 2.

end if

Step 4: set sk = strial, x
k+1 = xk + sk, evaluate Hk+1 = HT

k+1 and gk+1.

Step 5: Compute Hk+1 = Qk+1Dk+1Q
T
k+1, set k = k + 1, compute ρk using (37),

and set ρik = min{max{ρik, ρmin }, ρmax } for 1 ≤ i ≤ n.

end while

13



From Lemma 2.1, after a finite number of increases of the regularization parameter σ at
Step 3, a vector strial that satisfies f(xk + strial) ≤ f(xk) − α

∑n
i=1 |yi|3 will be obtained, and

a new iterate xk+1 will be computed at Step 4 of the algorithm. Therefore, Algorithm 3.1 is
well-defined and it generates a sequence {xk} that possesses all the properties established in
Section 2.

4 Illustrative numerical experiments

We now present some experiments where we study the numerical behavior of the cubic mod-
eling, developed in [18], when one replaces the trust-region approach with the proposed cubic
regularization strategy. For that we compare Algorithm 3.1 with the trust-region cubic modeling
algorithm in [18] (denoted as TR cubic model), using for both schemes the parameters ρik given
by (37), where we set ρmax = 1. × 103 and ρmin = −ρmax. For a fair comparison, we use for
both methods the same procedure, described in Section 3, to find the global minimizer of each
one of the n one-dimensional cubic functions at Step 2, except that for the TR cubic model we
always set c4 = 0. Notice that the most important difference between both schemes is at Step
3, in which we now add a regularization term and use instead a simple strategy to increase the
regularization parameter. For completeness we now describe the Step 3 in the TR cubic model
algorithm, where 0 < ηs < ηv < 1, γ > 1, 0 < γd < 1:

Step 3 ([18]): set sk = Qkyk, and compute:

Ared = f(xk)− f(xk + sk), Pred = f(xk)− ck(sk), and R = Ared
Pred

.

if R ≥ ηv, set xk+1 = xk + sk and δk+1 = γδk.

else if R ≥ ηs, set xk+1 = xk + sk and δk+1 = δk.

else δk = γdδk and go to Step 2.

end if

end if

All computations were performed in MATLAB, which has unit roundoff µ ≈ 1.1 × 10−16.
In our implementation, the values of the key parameters are ρi0 = 1 for all i, α = 1. × 10−4,
σsmall = 0.1, and η = 10. The parameter ∆ > 0 is chosen in advance for each experiment, and
then it remains fixed for all iterations. For the trust-region cubic modeling algorithm we use
the following parameters: ηv = 0.9, ηs = 0.1, γ = 2, γd = 0.5. For all experiments, we report
the initial guess, the limit point x∗ at which each method converges, the number k̄ of required
iterations, the initial δ0 and the last δk̄ for the TR cubic model algorithm; and the value of ∆
and the largest σ (denoted as σmax) observed during the convergence process for Algorithm 3.1.
If one of the algorithms fails to converge in less that 50 iterations we report a failure using the
symbol (> 50).

We start with a simple two-dimensional separable function:

minimize f(x, y) = (1/4)x4 + (1/4)y4 − (5/3)x3 − (5/3)y3.

Notice that f(x, y) has saddle points at (0, 0)T , (0, 5)T and (5, 0)T ; and a global minimum at
(5, 5)T . The points (0, 5)T , (5, 0)T , and (5, 5)T are second-order stationary points.
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TR cubic model Algorithm 3.1

x0 x∗ k̄ δ0 δk̄ x∗ k̄ ∆ σmax

(0.1, 0.1)T (5, 5)T 7 2 4 (5, 5)T 6 2 100
(0.1,−0.1)T (5, 5)T 7 2 4 (5, 5)T 7 2 10
(0.2, 4.8)T (5, 5)T 5 2 1/8 (5, 5)T 8 2 1000
(0.2, 4.8)T (5, 5)T 13 3 1/10 (5, 5)T 5 3 1000

(4.9,−0.1)T (5, 5)T 7 2 1/8 (5, 5)T 8 2 1000
(4.9,−0.1)T (5, 5)T 7 4 1/8 (5, 5)T 6 4 1000
(4.9, 0.1)T (5, 5)T 13 2 4 (5, 5)T 10 2 1000
(4.9, 0.1)T (5, 5)T 10 3 0.8 (5, 5)T 7 3 1000
(4.9, 4.8)T (5, 5)T 3 2 4 (5, 5)T 3 2 0

(3, 2)T (5, 5)T 5 2 1/2 (5, 5)T 10 2 1000
(1, 2)T (5, 5)T 27 2 1/8 (5, 5)T 6 2 1000
(1, 2)T (5, 5)T 5 4 1/2 (5, 5)T 9 4 1000

Table 1: Performance of the TR cubic model and Algorithm 3.1 to find a minimizer of the
separable function f(x, y) = (1/4)x4 + (1/4)y4 − (5/3)x3 − (5/3)y3, when tol = 1.d-8; for
different values of δ0 and ∆, and different initial points.

Table 1 shows a summary of the obtained result when Algorithm 3.1 and the TR cubic model
algorithm are applied to f(x, y) from several different initial points, and different values of δ0

and ∆, for tol = 1.d-8. We can observe that if we start close to any of the stationary points,
the sequence generated by the TR cubic model algorithm, as well as the sequence generated by
Algorithm 3.1, converges to the global minimizer (5, 5)T regardless of the initial point. We notice
that although both methods can escape from the neighborhood of a saddle point, in some cases
Algorithm 3.1 needs significantly less iterations, indicating the practical advantages of using a
cubic regularization strategy.

For our second example, let us consider the multi-dimensional separable function:

minimize f(x) =
1

2
xTAx−

n∑
i=1

(5i) sin(xi) =

n∑
i=1

(
1

2
i x2

i − (5i) sin(xi)),

where x ∈ Rn, and A is a diagonal matrix with nonzero entries ai,i = i, for 1 ≤ i ≤ n.
Notice that each of the one-dimensional functions ((0.5 i)x2

i − (5i) sin(xi)), for 1 ≤ i ≤ n,
has a local minimizer at ` ≈ −3.8374, a global minimizer at τ ≈ 1.30644, and a maximizer
in the interval (`, τ). Therefore, f(x) has many local minimizers in Rn, one for each possible
combination of the values ` and τ in the i-th entries of the vector, i = 1, . . . n. Nevertheless,
there is only one global minimizer xτ for which (xτ )i = τ for all i. Let us consider, for our
experiment, the following two local minimizers x`1 = (`, `, . . . , `)T , and x`2 = (τ, `, . . . , `, τ)T ,
and the following initial guesses xτ0 = (1.3, 1.3, . . . , 1.3)T , x`10 = (−3.8,−3.8, . . . ,−3.8)T , and
x`20 = (1.3,−3.8, . . . ,−3.8, 1.3)T , which are very close to the global minimizer xτ and the local
minimizers x`1 and x`2 , respectively.

Table 2 shows a summary of the obtained result when Algorithm 3.1 and the TR cubic
model algorithm are applied to f(x, y) from several different initial points, and different values
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n = 10 TR cubic model Algorithm 3.1

x0 x∗ k̄ δ0 δk̄ x∗ k̄ ∆ σmax

x`10 xτ 7 2 16 x`1 3 2 0

x`10 xτ 5 5 20 xτ 5 5 0

10x`10 xτ 14 2 8 x`1 21 2 0

10x`10 xτ 10 5 5 xτ 13 5 0

x`20 xτ 7 2 2 x`2 3 2 0

x`20 xτ 5 5 10 xτ 5 5 1000
xτ0 xτ 2 2 8 xτ 2 2 0
xτ0 xτ 2 5 20 xτ 2 5 0

10xτ0 xτ 9 2 16 xτ 10 2 0
10xτ0 xτ 9 5 10 xτ 8 5 100

n = 40

x`10 xτ 7 2 8 x`1 3 2 0

x`10 xτ 5 5 20 xτ 5 5 0

10x`10 xτ 14 2 8 x`1 21 2 0

10x`10 xτ 10 5 5 xτ 13 5 0

x`20 xτ 10 2 8 x`2 3 2 0

x`20 xτ 5 5 20 xτ 5 5 1000
xτ0 xτ 2 2 4 xτ 2 2 0
xτ0 xτ 2 5 10 xτ 2 5 0

10xτ0 xτ 10 2 4 xτ 10 2 0
10xτ0 xτ 8 5 10 xτ 8 5 100

Table 2: Performance of the TR cubic model and Algorithm 3.1 to find a minimizer of the
separable function f(x) = 1

2x
TAx −

∑n
i=1(5i) sin(xi), when tol = 1.d-8; for different values of

n, δ0 and ∆, and different initial points.

of n, δ0 and ∆, for tol = 1.d-8. We can observe that for this separable function, the sequence
generated by the TR cubic model algorithm converges to the global minimizer xτ regardless
of the initial point and the dimension n. On the other hand, if ∆ = 2 and we start close to
any of the local minimizers, the sequence generated by Algorithm 3.1 converges to that local
minimizer, with very few iterations. However, if we choose a larger fixed interval, ∆ = 5, then
the sequence generated by Algorithm 3.1 converges to the global minimizer xτ regardless of the
initial point and the dimension n. We would like to recall that the TR cubic model algorithm
uses a separable cubic model (without regularization), and hence the separability of the func-
tion f(x) is a convenient scenario to illustrate its capacity to escape from local stationary points
towards minimizers at which the objective function has a lower value. Nevertheless, it is worth
noticing that choosing a suitable value for ∆ > 0 in this example, Algorithm 3.1 also exhibits
this attractive behavior.
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For our third example, we consider a nonseparable multi-dimensional quartic function:

minimize f(x) = (x1 − 2)2 + 10
n∑
i=2

x2
i + 10(xTx− 1)2,

where x ∈ Rn. For any n, f(x) has a local minimum at x` ≈ (−0.917, 0, . . . , 0)T for which
f(x`) ≈ 8.76, a global minimum at xτ ≈ (1.023, 0, . . . , 0)T , for which f(xτ ) ≈ 0.976; and
a local maximum near the origin; for further details concerning f(x) see [18]. For this ex-
periment we consider the following initial guesses: xτ0 = (1, 0, . . . , 0)T , x1

0 = (−1, 0, . . . , 0)T ,
and x2

0 = (−0.75, 0.1, 0, . . . , 0)T , which are closely related to the stationary points, and also
x3

0 = (2, 0.5, 0, . . . , 0)T .

n = 10 TR cubic model Algorithm 3.1

x0 x∗ k̄ δ0 δk̄ x∗ k̄ ∆ σmax

xτ0 xτ 3 2 1/8 xτ 3 2 1000
10xτ0 xτ > 50 2 xτ 12 2 1000
10xτ0 xτ 13 5 1/10 xτ 11 5 1000
x1

0 x` 3 2 1/10 x` 4 2 1000
10x1

0 x` 3 2 1/10 x` 13 2 106

x2
0 x` 6 2 1/10 x` 6 2 1000
x3

0 xτ 8 2 1/8 xτ 11 2 108

10x3
0 > 50 2 xτ 20 2 1000

10x3
0 > 50 1 xτ 16 1 1000

n = 20
xτ0 xτ 3 2 1/8 xτ 3 2 1000

10xτ0 xτ 14 2 1/8 xτ 12 2 1000
10xτ0 xτ 13 5 1/10 xτ 11 5 1000
x1

0 x` 3 2 1/10 x` 4 2 1000
10x1

0 x` 3 2 1/10 x` 13 2 106

x2
0 x` 6 2 1/10 x` 6 2 1000
x3

0 xτ 8 2 1/8 xτ 11 2 108

10x3
0 > 50 2 xτ 20 2 1000

10x3
0 xτ 18 1 1/8 xτ 27 1 1000

Table 3: Performance of the TR cubic model and Algorithm 3.1 to find a minimizer of the
nonseparable function f(x) = (x1 − 2)2 + 10

∑n
i=2 x

2
i + 10(xTx − 1)2, when tol = 1.d-8; for

different values of n, δ0 and ∆, and different initial points.

Table 3 shows a summary of the obtained result when Algorithm 3.1 and the TR cubic model
algorithm are applied to f(x) from several different initial points, and different values of n, δ0

and ∆, for tol = 1.d-8. For this nonseparable function, we clearly observe that Algorithm 3.1 is
more robust than the TR cubic model algorithm, exhibiting a regularized convergence behavior
in all cases, wether the initial guess is close of far from the stationary points, and regardless of
the value of ∆. For some initial guesses we notice that the convergence process of Algorithm
3.1 requires a significant increase in the regularization parameter σ, up to 108. We also observe
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that if any of the two methods starts from an initial guess related to the local minimizer x`,
i.e. x1

0 or x2
0, then the sequence of iterates converges to x` regardless of the dimension and the

values of δ0 and ∆. For all other initial guesses, when the number of iterations does not exceed
the limit, both methods converge to the global minimizer xτ .

5 Final remarks

The examples exhibited in [4] may be used to show that the complexity of the straight Newtonian
trust-region method for finding first-order stationary points is not better than O(ε−2) [21]. Since
our trust-region method [18] coincides with the Newtonian TR in one-dimensional problems, we
can also state that the complexity of [18] is not better than O(ε−2) either. Both, the ARC
method [5, 6] and the method introduced in [2] (in the case p = 2) may be considered “cubic
regularization counterparts” of the classical TR Newtonian approach.

Our experiments indicate that the cubic regularization version of [18] is quite competitive
with its original trust-region formulation. Since we were able to implement the new method
with essentially the same work per iteration as [18], it seems to be clear that future efforts
for improving the idea of incorporating third-order approximations of third-order terms of the
Taylor series in the objective function should be concentrated in the cubic-regularization version
of the method.

The existence of higher-order variable-norm algorithms under the framework of [18] and the
introduction of higher-order methods in [2] lead us to the practical problem of finding suitable
implementations of p-th order methods with different p+1-regularizations in the context of [18].

On the other hand, many trust-region algorithms for constrained optimization problems have
been introduced in the last 30 years which can be probably reformulated with cubic regularization
and analyzed from the point of view of complexity [7, 8, 10, 11]. Trust-region inexact-restoration
algorithms [17] also require this type of analysis as well as judicious implementations with
regularizations.
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