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Abstract

We consider the problem of estimating high dimensional spatial graphical models with a total
cardinality constraint (i.e., the fy-constraint). Though this problem is highly nonconvex, we
show that its primal-dual gap diminishes linearly with the dimensionality and provide a convex
geometry justification of this ‘blessing of massive scale’ phenomenon. Motivated by this result,
we propose an efficient algorithm to solve the dual problem (which is concave) and prove that the
solution achieves optimal statistical properties. Extensive numerical results are also provided.

Keywords: graphical models, £y-constraint method, nonconvex combinatorial optimization, high-
dimensional data, computational complexity

1 Introduction

We consider the problem of estimating high dimensional spatial graphical models. More specifically,
let X = (X1,...,Xq)T be a d-dimensional random vector on a spatial field (e.g., a lattice). We aim
to find an undirected graph G = (V, E) with vertex set V ={1,2,...,d} and edge set E C V x V to
encode the conditional independence of X, i.e., (j, k) € E if and only if X; and X}, are conditionally
independent given the remaining variables. A spatial graphical model also requires the graph G to
be conformed with the spatial proximity. In other words, a necessary condition for the existence of
edge (j,k) € E is that vertices j and k are spatially closed (more details are provided later.).

1.1 Motivating Applications of Spatial Graphical Models

Spatial graphical models find important real-world applications. We provide two concrete motivating
examples. The first application is to infer the topology of sensor network on a 2D surface. The
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wireless sensor network is widely used in various applications including agriculture (Langendoen
et al., 2006), military (Lee et al., 2009) and environmental science (Howard et al., 2002). See Yick
et al. (2008) for a survey. In these applications, it is important to understand how the sensors
interact with one another. In practice, each sensor can only communicate with other sensors that
are geographically close. Also, in applications such as agricultural and environmental studies, all
sensors’ corresponding locations are known. Thus, the spatial proximity information of these sensors
are available a priori. See Figure 1(a) for a simple illustration.

Another example is to estimate the short-range brain network. In these networks, the vertices
are voxels or ROIs (region of interest) embedded in the 3D space. Given the brain imaging data
and the spatial information, we aim to estimate the graphical model under the constraint that each
vertex can only connect to the nodes that are physically close (Cao and Fei-Fei, 2007). See Figure
1(b) for an illustrative example. The estimated graph serves a first step for more sophisticated
downstream analysis (e.g., long-range brain network construction or functional region partition
(Bullmore and Sporns, 2009; Bullmore and Bassett, 2011)).

@ (b)

Figure 1: (a) Sensor network example: In the network, each sensor can only connect to another
sensor if they are physically close on the plane. In the figure, each dashed line represents a possible
connection. For example, sensor A can only possibly connect to B or C, but not others. (b) Brain
network example: In a brain network, each vertex can only connect to another if they are close in
the 3-D space. Taking vertex A for example, it can only possibly connect to vertices B or C.

There are many other applications of spatial graphical models. For example, in global weather
analysis, we are interested in how the weathers at various locations interact with one another, and
two different locations can be conditionally dependent only if they are sufficiently close.

1.2 Main Contributions

Under many statistical models, such as Gaussian or Ising models, we formulate the spatial graphical
model estimation problems as
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For each vertex j, £; : R% — R is some convex loss function associated with the statistical model.
R;(-) is some nonconvex function, such as smoothly clipped absolute deviation (SCAD), minimax
concave penalty (MCP) or the £y-(pseudo)norm function. The feasible set C; is a closed set, and
K is some tuning parameter representing the desired sparsity level. Denote the global minimizer
of the problem by {Bj };l:l. The corresponding estimated graph is G= (V, E), where (j,k) € E if
and only if Ejk %0 or Ekj = 0. Given the spatial proximity information, we have that each node j
can only connect to a set of vertices Nj C {1,...,d}, where |[N| = dj < d. Then, each set C; C R%
is of small dimensions, and this makes each subproblem ming,ec; £;(8;) small dimensional. For
example, under the Gaussian model, we let £;(3;) = n™!(|X; — X, 3]3, where X; € R™ is the data
vector corresponding to vertex X, and Xy, € R"™*% is the data which corresponds to the potential
neighbors of vertex X;.

Our first contribution is the characterization of the complexity of problem (1.1). Suppose that
the number of potential neighbors per-vertex is fixed. We prove that solving problem (1.1) is
NP-complete and thus difficult in general. However, for the special case R;(3;) = ||8;llo, we discover
that the problem becomes polynomial-time solvable by a dynamic programming algorithm. We
further prove that if R; is a vector-valued constraint, the problem becomes fundamentally more
difficult. For example, we cannot solve the problem if R;(3;) = (|/Bjllo, Zijz_ll 118j.k+1 — Bjkllo)T
unless P = NP.

Our second contribution is a scalable algorithm to solve problem (1.1). Although there exists
a polynomial-time dynamic programming algorithm to solve the problem when R;(3;) = ||3;llo,
the algorithm is not tractable in practice. To achieve a more practical algorithm, we develop
a Splitting-Communicating (SPICA) algorithm which solves the Lagrangian dual of the primal
problem (1.1). The algorithm utilizes the separable structure of the dual problem and converges
to a dual optimal solution geometrically. Since problem (1.1) is nonconvex, there exists a positive
duality gap between the primal and dual optimal solutions. We prove that the average-per-vertex
duality gap diminishes at the rate of O(d~!) as the graph dimension d increases. As a result, if the
dimension d is large, the dual optimal solution is close to the primal optimal solution, and achieves
optimal statistical properties. This reveals a “blessing of massive scale” phenomenon.

1.3 Relationship with Existing Literature

The problem (1.1) is highly nonconvex and raises computational challenges. To overcome the
challenges, several existing works rely on solving optimization problems derived from convex
relaxations, such as the ¢; or semidefinite relaxations (Tibshirani, 1996; d’Aspremont et al., 2007).
The motivation of different convex relaxations is to avoid solving nonconvex or combinatorial
optimization problems while still achieves fast statistical rates. Meanwhile, some efficient greedy
methods are proposed (Tropp et al., 2004). Extensive works study the theoretical guarantees of
different relaxations or greedy methods in various models, and achieve optimal minimax lower bounds
under certain regularity assumptions. See Meinshausen and Biithlmann (2006); Zhao and Yu (2006);
Meinshausen and Yu (2009); Zhang (2009); Meinshausen and Biithlmann (2010); Liu and Wang (2012);
Vu et al. (2013) and Lei and Vu (2014). However, some results prove that there are some unavoidable
statistical losses for the estimators derived from these methods in several important problems, such



as sparse PCA (Amini and Wainwright, 2009; Berthet and Rigollet, 2013a,b; Krauthgamer et al.,
2013), low-rank matrix problems (Oymak et al., 2013), and linear regression (Zhang et al., 2014).
For example, in linear regression, it is well-known that the fp-constrained estimator B\o obtains
optimal rate of convergence that n*IE{HX,B\O — XB*3} = O(n"'slogd), where s = ||B*[jo. In
comparison, without restricted eigenvalue-type assumptions, other polynomial-time methods can
only achieve a slower rate (Zhang et al., 2014).

Our work develops a novel framework to estimate high-dimensional spatial graphical models by
directly attacking the nonconvex problem under the total cardinality constraint (1.1). The proposed
algorithm produces a near-optimal solution to the optimization problem, which achieves optimal
statistical properties.

Notations. Let X € R™*¢ be the data matrix, and X; denotes the j-th column of X. Also, Xy;
denotes the columns of possible neighbors of X;, where N is the set of possible neighbors of X;. For

a matrix A € R™?, we denote its maximum eigenvalue by Apax(A), and its minimum eigenvalue

by Amin(A). We denote by [d] ={1,...,d}.

Paper Organization. The rest of this paper is organized as follows. Section 2 characterizes the
complexity of problem (1.1). Section 3 describes the SPICA algorithm and illustrates its main idea
using geometric nonconvex duality. Section 4 provides theoretical guarantees of the “blessing of
massiveness” phenomenon, and we analyze the statistical properties of the estimators. Section 5
provides extensive numerical experiments using both synthetic and sensor network data

2 The Complexity of Spatial-Graphical Model Problem

In this section, we study the complexity of problem (1.1) by relating it to a classical discrete
NP-complete problem - the knapsack problem. For general constraints R;’s, we show that problem
(1.1) is NP-complete. In the special case of R;(8;) = ||3jllo, the problem admits a polynomial-time
solution. In the general setting where the nonconvex constraints R;’s are vector-valued, we prove
that the problem does not admit a fully polynomial-time approximation scheme unless P = NP,
and the problem is fundamentally more difficult. For example, we cannot solve problems under the

. d_
constraint 3.1y R;j(B;) < (K1, K2)", where R;(85) = (850, X5y 18jh+1 — Bikllo)”-

2.1 Knapsack Problem and Complexity

The knapsack problem plays an important role in combinatorics. It is motivated from applications
in resource allocation, where the goal is to maximize the total utility under capacity constraints. Its
simplest form is the following 0-1 knapsack problem:

d d
max » c¢;x;, subject to bjx; <bg, x; € {0,1}, forj=1,..,d, (2.1)
- ; 33 ; 5L j

where ¢;’s, b;’s and by are positive integers. The input to the 0-1 knapsack problem includes: the
constant c¢; which is the value of the j-th item; the constant b; which is the cost of the j-th item,



and the constant by which is the total budget. Let ¢ = (c1, ...,cq)T and b = (by, ..., by)" € RE. We
refer to problem (2.1) as the 0-1 knapsack problem with input (c, b, by). This problem is known to
be NP-complete (Williamson and Shmoys, 2011).

An important variant of the 0-1 knapsack problem is the multiple-row knapsack problem (also
known as the multiple-dimensional knapsack problem):

d d
maXchxj, subject to Zbg.z)mj < b[(f), forall ¢ =1,...,L, zj € {0,1}. (2.2)
R j=1

In comparison with the 0-1 knapsack problem, this problem has multiple-row constraints. The
multiple-row knapsack problem is fundamentally more difficult than the 0-1 knapsack problem. It is
NP-hard to solve the problem to an arbitrary precision. More specifically, it is shown that finding a
fully polynomial time approximation scheme for the multiple-row knapsack problem is NP-hard
(Magazine and Chern, 1984), which is defined below.

Definition 2.1. An approximation scheme for a maximization problem (P) is an algorithm that
takes two inputs: One is the problem instance P, and the other is a desired numerical accuracy € > 0.
Denote by f* > 0 the optimal value of P. The algorithm produces a solution for P with objective
value f(P) such that {f* — f(P)}/f* < e. If the running time for the algorithm is bounded by a
polynomial function of 1/e and the problem size, it is a fully polynomial time approximation scheme.

To facilitate our later discussion, we briefly review some definitions in computational complexity
theory in Appendix Section A. We refer to Williamson and Shmoys (2011) for more detailed
discussion about the knapsack problem and computational complexity theory.

2.2 NP-Completeness of Problem (1.1)

In this subsection, we prove that problem (1.1) is NP-complete. For ease of presentation, we assume
all B;’s are of identical dimensions dy, i.e., 3; € R% for all j, where dg is a given constant.

To prove that problem (1.1) is NP-complete, we shall construct a two-way polynomial time
reduction between problem (1.1) and 0-1 knapsack problem (2.1). We show that given one instance
of the 0-1 knapsack problem or problem (1.1), we can construct another instance of the other
problem within a polynomial-time, and by solving the other instance we can recover the solution to
the original instance. As we discussed in the introduction, the form of loss functions £;’s depends
on the specific statistical model. Without loss of generality, we assume all £;’s are of a same form
(least square or logistic loss for example), and each £; only depends on some input data (X;,Y;).
Thus, each £;(8;) can be represented as £(8;;X;,Y;). We consider finding an e-optimal solution
to the problem

d d
min > £(8;;X;,Y;), subject to > R;(8;) < bo, (2.3)
Pi 13 j=1
with input ({Xj, Y;}ieqars bo, e), where we say a solution is e-optimal if its corresponding objective
value is within e of the optimal value, and the solution is feasible. Problem (2.3) can be continuous
since both objective and constraint functions in (2.3) can be continuous, and 0-1 knapsack problem



is discrete. To connect the two problems, we need to “discretize” problem (1.1). We first consider
the loss functions. We impose the following assumption.

e (A.1) Given positive constants ¢;’s for all j € [d], we can find X;, Y; and a constant ¢y within
a polynomial time such that

L(0;X;,Yj) =co and  min £(5;X;,Y;) = —¢; +co.
J

This assumption is satisfied for most statistical models. For example, if £(5;;X;,Y;) = ||Y; —
X;Bjl13/n, it is easy to verify that letting Y; = (\/co, /o) and X; = (\/cj + ¢, \/cj = c’-)T, where

J
i = +/2¢cjco — ¢, satisfy this assumption.
Next, we look at constraint functions R;’s. Given a problem instance of (2.3), we need to

efficiently construct a knapsack problem of which the constraint is similar to the problem instance
(2.3). Since the knapsack problem is discrete, and problem (2.3) is possibly continuous, we assume
that we can efficiently “discretize” the constraint functions R;’s, where we impose the following
assumption.

e (A.2) For any j, given any 6 > 0 and any set [—7,7]% for some r > 0, we can find a finite
discretization B of the set that for any point B € [—r,]%, there exists a point p € B such
that ||p — 8|2 < 0 and R;(p) < R;(B) in a polynomial time.

This assumption holds for most common R;’s in statistical applications. For example, suppose
R,’s are SCAD functions. We have that the discretization {0, £+/3/do, £2+/5/do, ..., £p*+/5 /do }%
satisfies the assumption, where p* = argmax,cn{py/d/do < 7}, and N is the set of natural numbers.

Next, we provide the main theorem of this section. We show that given one instance of 0-1
knapsack problem (2.1), we can construct an instance of problem (2.3) within a polynomial-time,
and by solving the instance of problem (2.3) we can recover the solution to the original instance
of 0-1 knapsack problem, and vice versa. This proves that problem (2.3) is NP-complete since 0-1
knapsack problem (2.1) is known to be NP-complete.

Theorem 2.2. Under assumptions (A.1)-(A.2), the nonconvex constrained optimization problem
(2.3) is NP-complete.

Proof. See Appendix B for the detailed proof. O

2.3 Polynomial-Time Algorithm in the Case of /)-Constrained Problem

Though problem (2.3) is NP-complete, we show that the special case of problem (2.3) under a total
cardinality constraint, i.e., the case where R;(3;) = ||3jl/o, admits a polynomial-time algorithm.
In particular, given an instance of problem (2.3), we can map it to an instance of multiple-choice
knapsack problem, and by solving the instance of multiple-choice knapsack problem efficiently, we
can recover the solution to the instance of problem (2.3).



Let us first introduce multiple-choice knapsack problem. Denote by C = (cy, ..., cq)T € R¥*%
and B = (by,...,bg)T € R where ¢; = (¢j1,.¢jdy) ., bj = (bj1, ..., bja,)T. Consider the
multiple-choice knapsack problem with input (C, B, bg), where all bj;’s and by are positive integers:

maXZZc]kak, subject to ZZb]kx]k < bo,zl‘]k <1, zj, € {0,1}, (2.4)

Tk
=1 k=1 j=1 k=1

for all j € [d] and all k € [dp]. Given an instance of problem (2.3) under the {y-constraint, we map
the instance to an instance of multiple-choice knapsack problem (2.4). For each j, we solve the
subproblems

~,

ﬁ§k) = argmin £(8;;X,,Y;), subject to ||3jllo <k, for k =0,1,...,do.
B;ieC;

Since we assume that dp is a constant, the cost of computing all B\](-k)’s increases linearly as d
increases. Let bjp =k, b = K and cj; = —E(,@( ). X;,Y; ) + co, where ¢y > max; £(B\§.k);Xj,Yj)
for j € [d] and k € [dyg]. We obtain a multiple-choice knapsack problem of the form (2.4). Denote by
{x;k} an optimal solution to the multiple-choice knapsack problem. We have that {x}"k} recovers an
optimal solution to the £y-constrained problem by setting ,@j = E](-k) if x;‘k =1.

Next, we present a dynamic programming approach to solve the multiple-choice knapsack
problem, which is a variant of Pisinger (1995). We formulate a dynamic program with the state
variable (d', k"), where 1 < d’ < d and 0 < k¥’ < K. The dimension of the state space is d(K +1). We
define the value function of a state (d’, k') to be the optimal value for the multiple-choice knapsack
problem considering only multiple-choice sets 1 to d’ with constraint k’. In another words, let

d do d dy
V(d, ngrclaxZZc]kx]k, subject to Zka]k <K ijk <1, zj; € {0,1}.
jk
j=1k=0 j=1k=0

Thus, V(d, K) is the optimal value for the original multiple-choice knapsack problem. To facilitate
our discussion, fixing c¢;;’s, we denote the knapsack problem with first ¢’ multiple choice set and
constraint variable k' by (M Ky 1), i.e., we let

d  do d  dp
(MKg ) - IgiXZchkx]k, subject to Zka]k <k Zx]k <1, xj; € {0,1}.
J
J=1k=0 J=1k=0

Denote by {z7,} the optimal solution to the problem (M Ky k). Let k' = Z?lzl ZZOZO ka7, To
efficiently solve the problem, a key observation is that the partial solution {x;“k} for j =1,..,d
and k = 0,...,dp is the optimal solution solution for the problem (M Ky j/). This can be proved
by contradiction that if the assertion does not hold, we can replace the partial solution with the
optimal solution to (M Ky i), and we keep the rest of the original optimal solution to (M Kg k)
the same. The sum of the corresponding objectives of the two partial solutions is greater than the
original optimal objective. This leads to a contradiction.



Based on this observation, we find the optimal value V' (d, K) by a recursive algorithm based on

following recursive equations:
V(LK) = max{V(l,kz' —1),max{ciy : k < k/}},
and

V(' K) = max {V(d’, K — 1), max{V(d —1,K — k) +can : k < k;’} for d' > 1. (2.5)

The dynamic programming algorithm for solving the problem (MK ) is summarized in
Algorithm 1. The total number of states is d(K + 1) for the problem, and the computational

Algorithm 1 Dynamic Programming Algorithm for Problem (2.4)
Input: cjy € Ry, K
Output: x;k

1 V(d,-1)« 0, V(0,k') + 0, S(d',k') =0 for all &’ and k’. d' + 0.

2: Let S(1,k') « argmax;{cix : k < k'}.

3: while d' < d do

4:  Let d + d' 4+ 1. Solve (2.5) for 1 <K < K.

50 fork’=0:K do

6: if max; {V(d’ — LK —k)+cop: k<K, V(d -1,k —k)> 0} > V(d,k' —1) then
7: Let S(d', k') « argmaxy {V(d' — 1L,K' — k) + cgp : k <K, V(d — 1,k — k) > 0}.
8: end if

9: end for

10: end while

11: ¥ + K.

12: while d’ > 0 do

13:  Let m:‘l,’s(d,k,) =1L, K+ K-S K),d+d-1.

14: end while

complexity for computing each V (d', k') is O(dy +1). Thus, the complexity of computing V (d, K) is
of the order O(ddpK). In our problem, the number K is upper-bounded by ddy, so the computational
complexity is of the order O(d?*d%). Note that this does not include the computation for the
coefficients c;i’s. To compute all cj;’s, for each sub-problem L£;, we need to enumerate all 2do
possible combinations of the support of 3; € R% . Thus, applying dynamic programming techniques,
the total computational complexity for solving the £o-constraint problem is of the order (2% d—l—de%),
which is still a polynomial order of the dimension d.

In summary, Algorithm 1 is a dynamic programming algorithm that runs in a polynomial-time.
However, it can be very expensive in practice as it requires enumerating and solving all subproblems.
In the next section, we will propose a more practical algorithm.

Meanwhile, we point out that the dynamic programming approach becomes significantly more
expensive when R;’s are some continuous functions instead of the £y norm. When R; is continuous,
our reduction to the multiple-choice knapsack problem requires a fine discretization of R;. This



may result in a large number of choices in the constructed knapsack problem, making the dynamic
programming approach inefficient. In comparison, when R; is the £p-constraint, the values of R;
are naturally discrete. The resulting knapsack problem has at most dy choices, which is a relatively
small number. In general, the dynamic programming approach to problem (2.3) is practically slow,
even though it is a polynomial-time algorithm.

2.4 A “Harder” Result in the Case of Vector-Valued Constraint

In this subsection, we consider the case where the functions R;(3;)’s are vector-valued. Specifically,
we consider the problem:

4

d d
. . l
r%l_n g L(B;;X;,Y;), subject to E R§ )(,Bj) < bé ), foré=1,...,L, (2.6)

7= j=1
where L > 1. This problem contains (2.3) as a special case. In practice, one of the row-constraints
can be the total sparsity constraint, and the other can be a fused-type constraint. Intuitively
speaking, finding an e-optimal solution to the problem (2.6) should not be more difficult than
problem (2.3). However, the next theorem proves that the multiple-row constraints case (2.6) is

fundamentally more difficult.

Theorem 2.3. Under assumptions (A.1)-(A.2), if L > 1, finding a fully polynomial-time approxi-
mation scheme for problem (2.6) is NP-hard.

Proof. The proof is based on constructing a two-way polynomial-time reduction between the
multiple-row knapsack problem (2.2) and the problem (2.6). The argument is analogous to the
proof of Theorem 2.2, and we omit it to avoid repetition. Consequently, as shown in Magazine
and Chern (1984), there does not exist a fully polynomial-time approximation scheme to solve the
two-dimensional multiple-choice knapsack problem unless we assume P = NP. O

This theorem establishes one of the strongest forms of complexity, and shows the problem (2.6) is
fundamentally hard to solve. In comparison, when there exists only one total cardinality constraint,
we can solve the problem within a polynomial-time by dynamic programming.

3 SPICA Algorithm for Spatial-Graph Estimation

In this section, we describe an efficient duality-based algorithm to directly attack the nonconvex
problem (1.1). We illustrate the geometric intuition on why this algorithm generates a near optimal
solution when the dimension d is large. We focus our discussion on the case where the problem
(1.1) is subject to the £y-constraint

d
S RiB) = 1Bl < K.
j=1

j=1
Note that all the analyses of this and the next sections can be generalized to other nonconvex
R;’s. We focus our discussion on the case of {y-constraint, in which the solution achieves optimal
statistical properties.



3.1 SPICA Algorithm

In this subsection, we propose an alternative algorithm to solve problem (1.1) subject to total
cardinality constraint. It is practically more efficient than the dynamic programming approach
and can handle problems with larger dimensions. We consider the Lagrangian dual of (1.1) when

R;(Bj) = 1Bjllo,

d
%1%; Q;(\) — AK, where Q;(\) = ﬁi%fct{gj(ﬁj) + \|Bjllo} for all j =1,....d. (3.1)

The variable A is the Lagrangian multiplier. According to literatures on duality theory (Bertsekas,
1999), even though the primal problem (1.1) is nonconvex, letting Q(A) = >~ ;c(y Q;(2), the dual
@(A) = Q(A) — AK is a concave function of \. We aim to obtain the dual optimal solution-multiplier
pair defined as

N = argmaxz Q,(A) — AK, where Q;(A) = £;(B;) + MIB;llo,
A>0

(3.2)

d
and 3, :argnéinﬁj(ﬁj) +llBjllo, where Y [|Bjllo < K.
5 €C5 j=1

We adopt the “golden section search” method to solve the dual problem (3.1), which runs
iteratively. Let £ = (—1 + v/5)/2. Given two initial points A\; and Ag, let A3 = Xy + &(A\; — )\2) and
A=\ + E(A2—A1). During each iteration, if O(A3) > O(\4), then we move the points {\2, O(A2)}
to {)\4, O(\4)}, and {)\4, O(\)} to {)\3, O(As3)}, and we update Az to Ay +£(A; — Ag). Otherwise, let
{A1, O(A1)} be {3, O(As)}, and {As, O(A3)} be {As, O(A4)}, and we update g to Ay 4+ £(Aa — A1).
Specifically, at each iteration, we first compute the values of {Q]( )} ;. This can be conducted
efficiently since the dual problem (3.1) “splits” the Lagrangian minimization problem into d small
dimensional nonconvex problems, and we can compute Q;(A;)’s in parallel. We call this a “splitting”
step. Next, we centrally update \;’s according to the golden section search method, which is a
“communicating” step. Thus we call it a “splitting-communicating” (SPICA) algorithm, which is
summarized in Algorithm 2. This algorithm finds a narrow interval that contains the optimal
multiplier of the problem (3.1) after some iterations, and the output solution is the midpoint of the
interval. It is well known that the golden section search method converges é-geometrically to the
dual optimal solution ({Bj}je[d}aj\\) (Bertsekas, 1999), i.e., we have

3O X< p) - a0,

where )\Z( )’ denote the initial points, A(*) = |\ 0 _ g) |/2, and ()\gt) , )\;t) ) denotes the corresponding
point after ¢ iterations.

The SPICA algorithm provides significant computational advantages. However, instead of a
global optimal solution to problem (1.1), it generates an optimal solution to dual problem (3.1).
Since the total cardinality constraint is nonconvex, there exists some duality gap between the dual

10



Algorithm 2 SPICA Algorithm
Input: A\, A2 €R,, >0, &= (—1++/5)/2.
Output: /)\\, {ﬁj}je[d]-
1: A3 < Ao + f(/\1 — /\2), A — N+ 5()\2 — /\1).
2: while ‘)\1 — AQ’ > e do

3: if Q()\g) — 3K > Q()\4) — MK then

4: {2, Q(N\2) — MK} < { g, QA1) — MK}, {1, Q(A\g) — MK} < {A3,Q(A3) — A3K }.
5: )\3(—)\2—|—f()\1—>\2)

6: else

7 {)\1, Q()\l) — )\1K} — {)\3, Q()\g) — >\3K}, {)\3, Q()\g) — >\3K} < {/\4, Q()\4) — )\4K}
8: )\4<—)\1+§()\2—/\1).

9: end if
10: end while
11: A« (M +A2)/2, B; = argming, £;(8;) + Al|Bjl|o for all j € [d].

and the primal optimal solutions. In the next section, we illustrate a convexification phenomenon
that, as d increases, the duality gap diminishes and does not impair any statistical loss in a wide
range of problems.

3.2 The Convexification Phenomenon

Before rigorously proving that the dual optimal solution obtained by the SPICA algorithm is close to
the primal optimal solution of problem (1.1), we illustrate some geometric intuition. The intuition
traces back to some early convex geometry work, namely, the Shapley-Folkman Lemma (Starr,
1969). Consider the averaged Minkowski sum of d sets Aj,...,Aq defined as {d~! D el % ¢ a5 €
Aj for j € [d]}. The lemma reveals a geometric fact that the average of many nonconvex sets tends
to be convex. In particular, letting p(A) be a metric of the nonconvexity of the set A, we have

A1+ A+ -+ Ay

P ( d
We provide an example to illustrate this convexification effect. Let the maximum distance between
two sets A and B be d(A, B) = supycpinfae a{|ja—b| : a € A,b € B}. We measure the nonconvexity
of a set A by the maximum distance between A and its convex hull. Since this distance is 0 if and only

>—>0, as d — oo.

if A is convex, the maximum distance is a reasonable measure of how convex a set is. Considering the
discrete set A = {0,1} and its convex hull A = [0, 1], we have p(A) = d(A, A) = 1/2. The maximum
distance between the average of the Minkowski sum of two A’s, which is Ay = {0,1/2,1}, and its
convex hull is p(As) = d(Az, A) = 1/4. Let the average of d A’s be Ay. We have p(Ay) = 1/2d,
which converges to 0 as d increases. We thus conclude that the average of d A’s tend to be more
convex as d increases. In Figure 2, we provide an geometric illustration of such increase of convexity,
and we provide the mathematical description of Shapley-Folkman Lemma in Appendix C.

Let us return to problem (1.1). The duality gap between the primal problem (1.1) and its dual can

be bounded by the nonconvexity of d—* Zje[d] Aj, where each A; = {(R] (Bj), L; (,Bj)) 1 Bj € Cj}

11
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Figure 2: Left two: The shaded area of the second figure is the convex hull of the averaged Minkowski
sum of four sets illustrated on the first figure. Each of the four sets contains two points, and the line
between them represents the convex hull. Right two: The shaded area on the right is the convex
hull of the averaged Minkowski sum of nine sets. The maximum distance between the averaged
Minkowski sum and its convex hull decreases as the number of sets increases.

characterizes the joint nonconvexity of (Rj(ﬁj), L (,Bj)). By the intuition above, as d increases, the
set 7Y jeld] Aj; tends to be convex, and we expect a diminishing duality gap. This convexification
phenomenon provides a hint that solving the dual problem might be as good as solving the (possibly)
NP-complete primal problem.

4 Theoretical Justification of SPICA Algorithm

In this section, we provide theoretical justifications for the SPICA algorithm. We prove that the
average-per-vertex duality gap diminishes as d increases. We analyze the statistical properties of
the estimators computed by the SPICA algorithm. We also discuss the computational complexities
of the dynamic programming approach and the SPICA algorithm in Appendix E.

4.1 Diminishing Duality Gap

In this subsection, we prove that the average-per-vertex duality gap diminishes at a rate of O(1/d).
This result provides the theoretical justification that the estimator obtained by the SPICA algorithm
(Alg. 2) is near-optimal, i.e., it is close to the primal optimal solution {lgj}je[d] of problem (1.1)
defined as

J

d d
~ 1 .
{B)}j=1 = argmin = > " £;(8;), subject to > [|Bjllo < K,
BicC; © = j=1
As we discussed in the previous section, we consider the Lagrangian dual problem (3.1), and the
SPICA algorithm (Alg. 2) finds the dual optimal solution-multiplier pair ({ﬁj} jeld)s )\) as defined in
(3.2). Since the problem is nonconvex, strong duality does not hold. In this case, we only have weak

duality that

Ul
QU

d d d
S LB+ A 1Bl — K) < 53" £5(8)), (41)
j=1 j=1

Jj=1
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where both {Bj}je[d] and {Bj}je[d} satisfy the total cardinality constraint, but some duality gap
might exist in this case. Note that the duality gap is the difference between primal and dual optimal
objective values. We provide an example to illustrate that the primal and dual optimal solutions B
and B do not necessarily match, which results in a positive duality gap. Let

1 6 5 5 12
X=|8 9 3 2| andy=120
7 10 8 8 25

Considering the fy-constrained problem,

min | X3 — yl3, subject to [|8]o < 2,

the primal optimal solution is 8 = (857/497,0,292/165,0)7. For the dual solution,

B = [IX8 — ylI3 + ABllo-

it is not difficult to check that when A > 1169 — 1669/217, B(\) = 0, if A € [1669/434,1669/217),
B(N) = (0,502/217,0,0,0)T, if A < 1669/434, B(\) = (1,1,1,0)7. This implies that the primal and
dual optimal solutions do not match, and there exists a strictly positive duality gap equals 449/894.

The next theorem proves that, as d increases, the average-per-vertex duality gap vanishes at
the rate of O(1/d). This gives a strong evidence that the dual solution obtained by the SPICA
algorithm is a fairly good approximation to the primal solution, especially when d is large. Usually,
such a large d would cause the “curse of dimensionality” in nonconvex optimization, but our result
reveals a “blessing of massive scale” phenomenon.

Theorem 4.1. The solution ({Bj}je[d],X) obtained by the SPICA algorithm (Alg. 2) is a dual
optimal solution-multiplier pair, which solves the dual problem (3.1), and satisfies

1 PERN c d
G5B < DB+ G and o < K (42)
j=1 j=1 j=1
where {B}je[d] is the primal optimal solution, and the constant Cj is
C, = L;(0) — L; 4.3
y = max |£;(0) — min £;(5;)]. (43)

Proof. First, we need the existence of the optimal dual solution. This is proved in Lemma D.1.
Next, if A = 0, we have 3; = argminﬁ 3(B;) for all j’s as defined in (3.2). Since >,y Hﬁ]HO <K

by the feasibility of ,6] s, we have {,6] }]E[d] is also the primal optimal solution. This implies ﬁj ,6']
for all 7, and our claim follows as desired.
If A > 0, we prove in Lemma D.3 that one of the two cases must hold:

(i) There exists a dual optimal solution-multiplier pair (X, {,@j }iela), such that >~y HB\] o =K
(ii) Case (i) does not hold, and there exist at least two solutions achieve dual optimal objective,

denoted as {ﬁj}je[d] and {Eg‘}je[d]a such that Zje[d] ||Bj||0 < K and Zje[d] ||,§;||0 > K.

13



Next, we consider the two cases separately. For case (i), there exists a dual optimal solution {BJ } jeld)
satisfying > ;e ||Bj”0 = K. By the weak duality (4.1), we have

d d d
>3 < g3 L)+ X (S 1Bl ) éz
j=1 j=1 j=1 j=1

where the first inequality holds by the definition of dual optimal solution that ,Bj = argming, L;(B5)+

-
I/\
&\)—‘

/)\\H,@jHO, and the assertion of the theorem follows as desired. We also point out that since {Bj}je[d}
is the primal optimal solution, the above inequality and the feasibility of {BJ }je[d] guarantee the
primal optimality of {Bj}je[d], i.e., the dual optimal solution {,éj}je[d] is also a primal optimal
solution. This also leads to the certificate of primal optimality result stated in Corollary 4.2.

In the remaining proof, we focus our discussion on case (ii). This case is more complicated and
requires more careful analysis due to the existence of multiple solutions. Recall that, given the
multiplier //\\, a dual solution is obtained by solving d subproblems of the £y-penalized form:

I%inﬁj(ﬁj) —|—/)\\||,3j||0, forall j =1,...,d.
j

Since there are multiple dual optimal solutions, as shown in Lemma D.3, we have that there is at
least one j, such that the above {y-penalized optimization problem has multiple solutions, i.e., for
some j, there exist ,Bj(-l) and ﬁj(.z) such that

£;8) + X1BM 1o = £;(8'7) + XIBPlo- (4.4)

In addition, any combination of the optimal solutions of the subproblems provides a dual optimal
objective without satisfying the feasibility. In what follows, we show that we can select a dual

optimal solution from all possible combinations, such that the selected solution achieves the error
bound (4.2).

Suppose there exist m solutions achieve dual optimal objective. Let { B](-I)}j clay { ﬂ](z)}j e
{ B](-m) }j eld) be the sequence of solutions ranked by their corresponding primal objective values, i.e.,

d d

d
DoLiBY) <L) << Yo L(87). (45)
=1 =1

Meanwhile, by the dual optimality, we have,

d d
> eABPY+ N8N o] = D [£4BP} + N8P o]

j=1 j=1

= > [£{B™ ) + 8™ o) -

j=1

s

Since A > 0 by assumption, we have

d d

1 2 m
S 1Mo = ST 18P o 2, .., Z B .
j=1 j=1

U
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Consequently, by the assumption that case (ii) holds, we have

d d
S 18NN > K > 3185 .
j=1 j=1

To prove our claim, a key observation is that, for any m’ € {1,...,m — 1}, Zje[d] Ej{ﬁj(»mlﬂ)} —
Zje[d] Ej{ﬁj(-m/)} < Cy, where Cy is defined in (4.3). This is proved in Lemma D.5.
Thus, by the assumption that case (ii) holds, there exist two consecutive solutions [3§m1) and

ﬂ](mlﬂ), such that

d d
>oi{s™y - Li{sm Y < ¢,
j=1 =1

d d
m m 1
and Y8V |lo > K& > 118 o,

Jj=1 Jj=1
In addition, by the dual optimality of the two solutions, it holds that

d
25 8™+ X Z 187" o~ K}
d d
Z {8+ X( Zyﬁml“ - K).
Consequently, as 31y ||ﬁ](»ml)H0 > K>3 e \|ﬁ§ml+l)|]0, and A > 0, we further obtain that

i 1By ) <33 18 Ho—ZIIB o)

7j=1

(4.6)
d
=> LBy - zcj{ﬁﬁ-m”} <G,
j=1 j=1
We have
d d _ R d d _
S8y <3 L (85) - A1 e - K) <> £i(8) + €
j=1 j=1 j=1 j=1

where the first inequality holds by the weak duality (4.1), and the second inequality holds by (4.6).

To conclude, in both cases (i) and (ii), we prove that there exists an dual optimal solution
{Ej }je[d] that achieves the total cardinality constraint, and approximates the primal solution within
a constant error bound even if d increases. O

To interpret the constant Cy, each |£;(0) — ming,ec; £; (,Bj)| is some “divergence” related to
vertex j. It essentially measures the information gain by using neighboring vertices to explain
uncertainties of vertex j. The constant C is the maximumal divergence among all vertices.
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This result indicates that when the maximal divergence Cy is bounded, the average-per-vertex
duality gap decreases to 0 as d increases. By the proof in Appendix D, the next corollary follows
immediately, which provides a criterion to determine if the primal optimality holds for {83;}e[q-

Corollary 4.2. (Certificate for Primal Optimality) Let {BJ }jela) be the dual optimal solution for
problem (1.1) obtained by the SPICA algorithm (Alg. 2). When the equality >y ”Bj”o =K
holds, it holds that the dual optimal solution also achieves the primal optimality, i.e.,

d d

> Li(B) =D Li(By), if i 1Billo = K.

In the later simulation section, we find that empirically, the dual solution {ﬁj }jela) satisfies the
certificate Y 1 || BjHO = K with high probability.

4.2 Statistical Rate

In this subsection, we provide the statistical guarantee that under weak assumptions, the duality
gap does not sacrifice any statistical efficiency when d is large. This matches Theorem 4.1. We
discuss the rates of convergence for the estimator provided by the SPICA algorithm under Gaussian
and Ising graphical models. All technical proofs are provided in Appendix F.

4.2.1 Gaussian Graphical Model

We first apply the SPICA algorithm to estimate Gaussian graphical model. Consider a d-dimensional
random vector X = (X1, X, ..., X4)* ~ N(0,%). Under the Gaussian assumption, the conditional
independence between X; and X}, holds if and only if ®;, = 0, where ® = >~ Extensive
literatures study this problem (Meinshausen and Biithlmann, 2006; Yuan and Lin, 2007; Cai et al.,
2011; Liu and Wang, 2012). Under the spatial graphical modeling setting, taking a neighborhood
pursuit approach, we formulate the graph estimation problem as

d d
. 1 .
min — Y [|X; — Xy, 853, subject to Y [IBjl0 < K,
{BiYjea dn =

J=1

where X € R"*? is the data matrix; Xw; € R™% denotes the columns of X which correspond to
the potential neighbors of X, and K is a pre-specified total cardinality. Given a solution {3; }je[d}a
we obtain the connected neighbors of each X; by taking the corresponding nonzero components of
B;. Consequently, we construct the graph estimator by either “OR” or “AND” rule on combining
the neighborhoods for all X;’s. This approach is based on the fact that
-1 _

X]:Xﬁﬁ;+€]7Where B;: (EM:M) EM:JGRd 176]NN(O’U]2)7 (4 7)
—1 *
and 0 = 3j; — B, (Bnn) T N4

and by the block matrix inversion formula, it holds that

@,; = {Var(e;)} ' = 052, and Oy, ; = —{Var(ej)}_lﬁjf = —a;QB;‘.
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Thus, ©,; = 0 if and only if the corresponding component of ,8;'-‘ is 0.

We point out that there are several advantages of the total cardinality approach over the
¢ or other penalized approaches: (i) Imposing the total cardinality constraint directly handles
the estimator’s sparsity level. This provides a more intuitive approach than penalized methods,
where tuning parameters do not give very interpretable meanings. (ii) Total cardinality constraint
approach does not incur any estimation bias. In comparison, penalized approach induces some
estimation biases. Although such biases are asymptotically negligible under appropriate scaling, the
finite-sample behavior of the penalized approach is indeed outperformed by the total cardinality
approach as demonstrated in later simulation studies.

Next, we analyze the statistical properties of the estimator obtained by the SPICA algorithm.
As the neighborhood pursuit approach formulates the problem as a regression problem, we first
bound the “prediction risk” of the estimator. This leads to the estimator’s fast rate of convergence.

In the following discussion, for ease of presentation, we assume that the numbers of potential
neighbors of the vertices are the same, i.e., [N7| =,...,= [Ny = dp. The next corollary of Theorem
4.1 guarantees that the average-per-vertex risk of our estimator converges at the minimax optimal
rate, and justifies the vanishing gap does not incur statistical loss if the dimension d is large.

Corollary 4.3. Suppose that we have n independent samples of X ~ N(0,X) € R%, and the
spatial information that each vertex j can only connect to a set of vertices Nj C {1,...,d} and
|Nj| = do. Let {B\j}je[d] be the estimator obtained by the SPICA algorithm. Assume s < K, and
2K < ddo, where 3.1y (185 llo = s, and B}’s are defined in (4.7). We further assume diag(¥) < o2.
Then, with probability at least 1 — O(d~!), we have

d
1 ~ . Klogd logd
Y KBy~ Xn B < Cr - = E ey (4.8)
j=1
where C7 and C5 are two constants, and do not depend on K, d and n.
Proof. See Appendix F.1 for the detailed proof. O

This theorem proves that if n < d and if the average-per-vertex degree is larger than 1, the
estimator {B\] }jeq) obtains the optimal rate of convergence. Note that this result does not require
any restricted-eigenvalue type assumptions on X. In comparison, it is shown in Zhang et al. (2014)
that if we do not impose such assumptions, other estimators based on convex relaxations, such as
the Lasso estimator, cannot achieve the optimal rate unless P = NP. In addition, if we impose the
sparse eigenvalue condition that the minimum eigenvalue of the subcovariance matrices ¥ v7;’s
are all bounded below, i.e., there exists a constant p > 0, such that

Amin(zj\fj,./\fj) >p, forall j=1,...d.

We have that the estimator {,é\] }jelq) obtains the fast rate of convergence that

Klogd log d

d

1 2 *

QZHﬂj—ﬁjH%SCr 7
j=1

statistical error  duality gap

+Cy -
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where C7 and Cy are two constants, and do not depend on K, d and n. Note that if the certificate
of primal optimality (Cor. 4.2) holds, the duality gap term disappears.

In graphical model estimation, support recovery is of significant practical interest. The next
corollary provides the support recovery guarantee of the estimator.

Corollary 4.4. Assume that all the assumptions in Corollary 4.3 and the sparse eigenvalue condition
hold and K = s, where Zje[d] ||5;||0 = 5. Suppose that we have the minimal signal strength that

log d
185 (S llin > € -/ ===, (4.9)

where S; denotes the support of 3}, and 3] (S;) denotes the corresponding components of B

for all j,

|V|lmin = min; |v;|, and C' is a constant which does not depend on K, d and n. We have, with
probability at least 1 — O(d™1),

|supp ({85} jeia)) N supp ({8} }jeia))| = 5 — do-
Proof. See Appendix F.2 for the detailed proof. O

This corollary proves that the SPICA algorithm almost exactly recovers the support of the
graph with high probability. As d and s increase, if dy is fixed, the ratio between the number of
correctly estimated support over the number of true support converges to 1 with high probability.
Also, similar to the estimation results, if the certificate of primal optimality (Cor. 4.2) holds, we
have the estimator exactly recovers the true support with high probability.

4.2.2 Ising Graphical Model

In this subsection, we consider the spatial Ising graphical model. Ising graphical model studies the
conditional independences among random variables X; € {£1} for j € [d]. Under Ising graphical
model, the joint distribution of X = (Xi,..., Xg)7 is

1 ﬁjkxjack
exp - ),
7m0 (2 25)

where Z(/3) is some unknown partition function; each ;5 describes the interaction between vertex

P(Xl =, ...,Xd = l’d) =

J and vertex k, and B, = SBy;.

Since the function Z(8) is not given, directly estimating 3;;’s is not tractable. For the i-th
observation x; = (i1, ..., x;a) € {£1}%, let 0;; = P(X; = x| X\; = x;;) be the conditional
distribution of the j-th vertex given others. Adopting the composite likelihood idea, we have

o exp (X Bikwijrin)
exp ( Ljppy Binwijrin) +1

We have that the negative conditional log-likelihood of the j-th vertex is
1 n
L£i(8) = —— > _log(fiy),
i=1
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Incorporating the spatial information, we have the prior information that 3;; = 0 if (j, k) ¢ N; for
each j, where |Nj| = dyp. Adopting the total cardinality approach, we estimate 3;’s by solving the

following problem
d

d
1 :
r%ngcj(ﬁj), subject to > _[|B5llo < K.

7= j=1

Next, we analyze the statistical properties of the estimators {B\j};{:l obtained by the SPICA
algorithm. We impose the following mild assumptions:

Assumption 4.5. Under Ising graphical model with parameters {B;}je[db assume:
e (B.1) [IBjllc < R for some R € (0,00).

e (B.2) The population Hessian matrix with respect to any subset IC C {1, ...,ddy}, satisfies the
local sparse eigenvalue condition that Awin {E[V%,L(8%)]} > 2p, where |K| = K, L(B*) =
Zje[d] Ej(ﬁ;‘), B = (BT, ....3:1)T, and p > 0 is a constant.

Note that assumption (B.1) is used in most literatures. For assumption (B.2), we only assume
such a sparse eigenvalue condition at the point 8*. This is essential for the identifiability of 3*.
Existing work (Ravikumar et al., 2010; Xue et al., 2012) imposes additional assumptions such as
incoherence condition on the population Hessian matrix. Thus, our assumption is weaker than
existing work. The next corollary of Theorem 4.1 provides the fast rate of convergence of the
estimator obtained by the SPICA algorithm.

Corollary 4.6. Suppose that Assumption 4.5 holds, and assume that the samples are generated
from a Ising model with parameters 8} € R% for all j and Zje[d] Hﬂj”o = s < K. We have, with
probability at least 1 — O(d~1),

Klogd

d

~ N 1
> 18 = BilE < - + Gy
j=1

statistical error  duality gap

{

where C7 and (5 are two constants, and do not depend on K, d and n.

Proof. See Appendix F.3 for the detailed proof. ]

5 Numerical Results

In this section, we conduct extensive numerical experiments to test the SPICA algorithm in
comparison with #1-penalized method. We compare the parameter estimation and graph recovery
performances of these two methods using both synthetic and real datasets. For ease of presentation,
we provide the numerical performances under the Gaussian graphical model.
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5.1 Synthetic Data

We first use synthetic data. We consider three different sets of parameters: (i) n = 100, d = 1, 000;
(ii) n = 100, d = 2,000; (iii) n = 100, d = 5,000, and we let the number of potential neighbors
do = 10. We further consider three different models for generating undirected graphs and precision
matrices. Figure 3 illustrates sample graphs under these models. We repeat each setting for 100
times and report the averaged performance.
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(a) Scale-Free (b) Block (c) Band

Figure 3: Examples of the three graph patterns we consider in the simulation study.

x Scale-free graph. We generate the graph by the preferential attachment mechanism. We begin
with a graph with a small chain of 2 vertices. At iteration j, we add a new vertex to the graph. The
new vertex j connects to one of the previous dy vertices, with a probability which is proportional to
the number of degrees of the existing vertex. Mathematically, let p; be the probability that the new

-1

vertex j will connect to the existing vertex i is, p; = k;/ Zf, ki, where k; is the current

=min{1,j—do}
degree of the vertex ¢. Thus, the resulting graph has d — 1 edges. Given the graph, we generate the
corresponding adjacency matrix A by setting the diagonal elements to be 0, and we set the nonzero

off-diagonal elements to be p = 0.1,0.3, or 0.5. Then, we construct the precision matrix © as
© =D[A + {|Anin(A)| + 0.2} - 14| D, (5.1)

where Apin(A) denotes the smallest eigenvalue of A; I; denotes the identity matrix, and D is a
diagonal matrix with D;; = 1 for j = 1,...,d/2 and Dj; = 3 for j = d/2 + 1,...,d. Finally, we
generate the multivariate Gaussian samples: X1, ..., X, ~ Nyg(0, ), where ¥ = @~

+x Block graph. We construct the precision matrix A as a block diagonal matrix. Each block is of
the size 8. We set the nonzero off-diagonal entries to be p and diagonal entries to be 1. This matrix
is positive definite. The graph has 3.5d edges, and we let the precision matrix be ® = DAD.

+ Band graph. Given d vertices indexed by j = 1, ...,d, we generate edges between the vertices
whose corresponding coordinates are at distance less than or equal to 3. The resulting graph has
3d — 6 edges. Given the graph, we construct the precision matrix same as (5.1).
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We first consider the graph recovery performances of SPICA algorithm and the ¢;-penalized
method. In particular, we evaluate the graph recovery performance by looking at the false positive
and false negative rates. In particular, let GK = (V, EK ) be an estimated graph under the total
cardinality constraint with tuning parameter K. The number of false positive discoveries using
tuning parameter K is FP(K) = |EX\E|, where A\B = {a:a € A and a ¢ B}, and the number of
false negative discoveries with K is FP(K) = \E\EK |. Consequently, we define the corresponding
false positive rate (FPR) and the false negative rate (FNR) as

FP(K)
(5) — |E]

We plot the receiver operating characteristic (ROC) curves using {FNR(K),1 — FPR(K)} for
the SPICA algorithm. Also, we plot the averaged ROC curves for the ¢;-penalized method for
comparisons.

FN(K)

FPR(K) = 7
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Figure 4: ROC curves for Scale-Free Model under different settings.

By Figures 4, 5 and 6, we see that the SPICA algorithm performs better than ¢1-penalized
method under the block and band models, and the two methods perform similarly under the
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Figure 5: ROC curves for Block Model under different settings.

scale-free model. Thus, we conclude that the SPICA method works better than the ¢1-penalized
method when the number of edges of the graph is larger. Also, for block and band models, we
observe that the margin of the SPICA method over the ¢1-penalized method increases when p
increases. This phenomenon has an intuitive explanation that the penalization term A} [|8;]1
increases with the signal strength of ,B;f’s, which induces more estimation bias, and results a worse

performance in graph recovery.

We then compare the SPICA algorithm with the ¢1-penalized method from the perspective of
parameter estimation. We select the tuning parameters by stability selection (Meinshausen and

Biithlmann, 2010), and we report the error Z?Zl I Bj -B; |2 under all settings mentioned above. We

observe that the SPICA algorithm performs better than the ¢1-penalized method as the degree or
the signal strength increases. In addition, we observe some interesting phenomenon. In the scale-free
and block models, the errors decrease as p increases for both methods. This is intuitive that as the
increase of signal strength helps graph recovery, and consequently it also helps parameters estimation.
In the band model, same as the scale-free and block models, the errors decrease as p increases for
the SPICA algorithm. However, the errors increase as p increases for the ¢1-penalized method. This
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again confirms the intuition that as the £;-norm > .4 [|8} 1 increases, the penalization terms
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Figure 6: ROC curves for Band Model under different settings.

1

induces more biases. In comparison, the total cardinality constraint approach does not induce any

To summarize, the superiority of SPICA over the ¢;-penalized method is well illustrated from
the perspectives of both graph support recovery and parameters estimation. We also point out

that the certificate of primal optimality, i.e., Zje[d] H,@Hg = K, holds in more than 98% cases,

5.2 Sensor Network Data
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which means that the SPICA algorithm generates the optimal solution to the problem with total
cardinality constraint in these cases. This further shows the reliability of the SPICA algorithm.

We also use wireless sensor network data to conduct tests. Our goal is to estimate how the sensors are
connected. In practical applications, depending on the sensor type, the communication network of
sensors might be known or unknown. In our data, the communication network is given. The reason
we choose this type of data is that our primary goal is to evaluate the two different methods, and
without such information, it is difficult to tell which method works better. In the implementation of



different methods, we do not use the information of how the sensors are connected, and we only use
such information to evaluate the results at a later stage.

As discussed in the introduction, in a sensor network, each sensor can only connect with another
if they are sufficiently close. Thus, estimating the network of sensors fits into the spatial graphical
model framework. In our data, we have d = 3,592 sensors, and each sensor can only connect with
another if they are within 3 meters. On average, each sensor has 24 potential neighbors. We have
in total n = 98 samples. Each sample contains a signal strength of each sensor. Taking a Gaussian
graphical model approach, we test the SPICA method and ¢;-penalized methods. We plot the ROC
curves of the SPICA algorithm and the ¢;-penalized method in Figure 7 . It is clear that the SPICA
method performs significantly better than the ¢;-penalized method. This shows that the SPICA
method is capable of estimating spatial graphical models in practice.

Sensor Network Data
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Figure 7: ROC curve for sensor network data.

6 Conclusion

To conclude, we provide several new fundamental results to better understand the total cardinality
constraint approach for the spatial graphical model. We prove that problem (1.1) is NP-complete.
We also show that for the case R;(8;) = ||3jl|0, the problem is polynomial-time solvable. We further
propose a more practical SPICA algorithm to solve the problem by considering the Lagrangian
dual problem. Though the problem is nonconvex, we prove that the average-per-vertex duality gap
decreases as the dimension d increases, and we achieve optimal statistical properties if the dimension
is sufficiently large. We conduct thorough numerical experiments to backup our theory. For future
work, we will continue to develop efficient algorithms to attack different cardinality constrained
problems without sacrificing statistical efficiencies. In addition, we plan to apply the proposed
method to conduct some real applications, such as brain functional region partition.
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Table 1: Quantitative comparisons of the SPICA and ¢;-penalized method on different models. We
report the averaged Frobenius norm Zil 1B — ,8;‘\\% with sample variance in the parenthes after
repeating the simulation 100 times.

p=20.3 p=0.5 p=0.7
Model n d SPICA I SPICA 2 SPICA 2

61.320  61.670 54.871  54.656 51.3893 51.7357
(1.886) (1.881) (2.045) (2.150) (2.092) (2.195)
122.402 122.635 110.085 110.168 104.119 105.225

Scale-Free 100 1,000

2,000
’ (3.170)  (3.201)  (3.084) (3.276) (2.448)  (2.756)
310.646 312.157 280.662 280.588 266.137  263.420
5,000
(4.266) (3.843) (5.722) (5.353) (9.237) (11.315)
Block 100 1000 102757 10108 86691 93.019 74326 80351
(2.319)  (1.953) (2.684) (2.507) (1.930)  (1.994)
205.958 204.684 172.149 185.602 147.552 159.882
2,000
(4.228) (3.923) (2.964) (3.952) (3.531)  (4.019)
519.001 519.991 434.613 467.328 368.587 399.727
5,000
(5.806) (5.541) (5.650) (5.913) (6.207)  (6.108)
Band 100 1000 5006 91822 83516 07139 80624 103440
(2.598)  (1.788) (2.798) (2.407) (2.405)  (3.390)
180.204 183.039 164.144 189.883 160.774 206.789
2,000
(3.320) (3.073) (4.948) (4.876) (3.981)  (4.964)
s opp 452647 460.142 417.141 483318 398.361 513.636

(7.767)  (7.230) (4.835) (7.448) (5.677) (5.911)

Appendix

A Some Definitions in Computational Complexity

In this section, we introduce some basic definitions in the computational complexity theory. More
detailed explanation and discussion can be found in iterature such as Arora and Barak (2009).

Definition A.1 (Class of P). The complexity class P is defined as all problems that can be solved
by a deterministic Turing machine using a polynomial time.

Definition A.2 (Class of NP). The complexity class NP (Nondeterministic Polynomial time) is
defined as all problems whose solutions can be verified by a deterministic Turing machine using a

polynomial time.

Definition A.3 (Class of NP-hard). A problem H is NP-hard if for any problem L in NP, there
is a polynomial-time reduction from L to H, where a polynomial-time reduction is a method of
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solving one problem by means of a hypothetical subroutine for solving a different problem, that
uses polynomial time excluding the time within the subroutine.

Remark A.4. Roughly speaking, a polynomial-time reduction from L to H is that, given a problem
L of size d, we can construct a problem H in a polynomial-time O(d*) for some k € N, and solving
the problem H will provide a solution to the original problem L. Consequently, finding an algorithm
to solve any one of NP-hard problems within a polynomial-time would provide a universal algorithm
to solve all the problems in NP.

Definition A.5 (Class of NP-Complete). A problem H is NP-complete if it satisfies: (1) H is in
the class of NP, and (2) For every problem L in NP, there exists a polynomial-time reduction from
L to H.

B Proof of Theorem 2.2

Proof. To prove the claim, we construct a two way polynomial-time reduction (i) from a problem
instance of knapsack problem to a problem instance of (2.3) and (ii) from a problem instance of
(2.3) to a problem instance of knapsack problem.

(i) We first prove that given a knapsack problem instance (2.1) with input (c, b, by), we can find
a problem instance of the form (2.3), and by solving the new problem with a e-optimal solution,
we can recover the optimal solution of the knapsack problem. We consider the general case that
we assume all the coefficients by, b;’s and ¢;’s are rational numbers. This assumption is general in
the sense that computers can only take input as rational numbers. In addition, our analysis can
be generalized to irrational case using numerical analysis techniques, see Trefethen and Bau III
(1997) for example. To facilitate our discussion, denote by c¢ the least common multiple of the
denominators of by, all b;’s and ¢;’s. Since there are only finitely many feasible solutions to the
knapsack problem, we have that there exists a positive gap J between the optimal value and other
feasible solutions’ corresponding objective values. In addition, since we assume all the components
are rational numbers, we have 6 > 1/c. Choosing € = 1/2¢, by (A.1), within a polynomial time, we
can construct X;, Y;, such that

L£(0;X;,Y;) =0, and Iréinﬁ(ﬁj;Xj,Yj) = —cj —¢/d, for all j.
;

Here we let £(0;X;,Y;) = 0 instead of ¢y in (A.1) for ease of presentation, which does not
lose generality. We essentially need to construct X;’s and Y,’s such that the difference between
L£(0,X;,Y;) and ming, £(3;;X;,Y;) is —c; — €/d for all j, and all £(0,X;,Y;) are identical. In
addition, we let R;(53;) = bj||5;llo- This constructs an instance of problem (2.3), and the optimal
solution to this instance of problem (2.3) lies in a compact set that 87 € [—r,r] for all j, where
r = max; || o0, and B} = argming L£(Bj;X;,Y;). Also, since £ is convex, there exists a constant
g > 0, such that |£(5;;X;,Y;) — K(Bj;Xj,Yjﬂ <gl|lB; — Bsz for any Bj,gj € [—r, 7] for all j.
Denote by fr and —f; the optimal objective values of the knapsack problem and the new
problem. First, we show that f; > fi +¢e. Denote by x* an optimal solution to the multiple-choice
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knapsack problem. Looking at the solution

B\. o {argminﬁj ﬁ(ﬁﬁXj,Yj), if .%'; — 17
=

0 otherwise,

we have {Ej}je[d} is a feasible solution to the instance of problem (2.3), and the corresponding
objective value equals —f7 — €. Thus, we conclude f; > fj + €. Consequently, letting an e-optimal
solution’s corresponding value be —f], we have f; > fr.

Next, we show that given an e-optimal solution {8} };c|g to the instance of problem (2.3), w;
have that there exists an optimal solution x* to the knapsack problem that 27 =1 if 37 # 0, and
z; = 0 otherwise. Then, we can recover an optimal solution x* to the knapsack problem by setting
z; =11if B7 # 0 and 0 otherwise.

For any feasible solution {5j}je[d}: suppose that there does not exist an optimal solution x*
to the multiple-choice knapsack problem such that R;(3;) > 0 for z; =1 and R; (Bj) = 0 for

= 0. We have {f;};¢[q’s corresponding objective value is upper bounded by Zj:ﬂj 20Cj +
€+ Zj:ﬁjzo L£(0;X;,Y;), where the term Zj:ﬁjﬂ) ¢; is upper bounded by fj — J, and the term
Zj:ﬁjzo L£(0;X;,Y;) is 0 by construction. By our choices of €, the objective is no greater than
fic- This proves {;};¢c|g cannot be an e-optimal solution to the problem (2.3). Meanwhile, for
any e-optimal solution {ﬁ;‘ }je[d]» we have its corresponding objective value is lower-bounded by
zj:ﬁ;;éo cj+ e+ ijﬁjzo L£(0;X;,Y;) > fj. Since the term Zj:,BJ:O L£(0;X;,Y;) is 0, we have the
term j:8370 i + € is strictly larger than fj — 0, which implies that ) 5810 i is strictly larger than
fle —dsince e < § and >, fro£0 Cj can by difference at least §. Meanwhile, we have . Br£0 b; < bo.
This proves the feasibility of x*. Thus, we have x* is feasible, and its corresponding objective value
is strictly greater than fj — d, which implies its corresponding objective can only be the optimal
value f;. We have that an e-optimal solution {3"};¢(q to the instance of problem (2.3) recovers an
optimal solution to the knapsack problem by setting z} = 1 if 57 £ 0, and z; = 0 otherwise.

(ii) For the other direction, we first introduce the multiple-choice knapsack problem for ease
of presentation. Denote by C = (cy,...,cq)T € R¥>% and B = (by,...,by)T € R¥% where
c; = (¢t Cidg) L by = (bj1, ooy bde)T. Consider the multiple-choice knapsack problem with input
(C, B, by), where all the coefficients are positive rational numbers:

d do d dO
maxZZc]kx]k, subject to Zzbﬂkxﬂk < bo,z%k <1, zj;, € {0,1},
Tjk

Jj=1 k=1 j=1 k=1

for all j € [d] and all k € [dp]. It is well known that there exists a two-way polynomial-time reduction
between the 0-1 knapsack problem (2.1) and the multiple-choice knapsack problem (Williamson and
Shmoys, 2011). Thus, given a problem of the form (2.1), we only need to find a polynomial time
reduction to a problem instance of the multiple-choice knapsack problem.

Without loss of generality, we assume all c;, bji’s and by are rational numbers. Given an
instance of problem (2.3) with input ({Xj, Y;},c(q,bo), the solution belongs to a bounded region
that 37 € [—r,7]% for all j. Since L is convex, we have that there exists a constant g > 0, such

that |£(85:X;,Y;) — L(Bj; X5, ;)| < gllBj — Bjlla for any 8y, 8; € [~r,r]% for all j. For each j,
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we first discretize [—7,7]% into a set of d’ points {pgj ), e pf;)} denoted by Bj, where we discretize
the set sufficiently finely that for any 8; € B;, there exists a pl) e B; such that |pY) — Billoo < ¢
and R(pY)) < R(B;), where & < (dg)~'e. By (A.2), this can be done within a polynomial time by
assumption (A.2). We further compute corresponding objective and constraint values for all points
p,(cj) € Bj. Specifically, for any p,(fj) € Bj, we compute b, = Rj(p,(g)) and ¢ = —E(p,(ij);Xj,Yj).
Also, letting bj, = by, we have an instance of multiple-choice knapsack problem with input (C’, B’, bj,).
It is not difficult to see that an optimal solution of the multiple-choice knapsack problem x* gives a
feasible solution of the original problem (2.3) by assigning Bj = pg ) if ZL’;k = 1. Next, consider an
optimal solution {,BJ* ;;:1 for the problem (2.3), we have, by our discretization, there exists some
feasible point {p)} jela) belongs to the discretized set, and [pY) — ,B;THQ < ¢’ for all j. Consequently,
we have {p1)}’s corresponding objective is lower bounded by ff — dgd’ > f; —e. Thus, we have

that {pV )}je[d] is an e-optimal solution to the problem (2.3).This finishes our proof. O

C Shapley-Folkman Lemma

In this section, we provide the mathematical details of Shapley-Folkman Lemma. This lemma
studies the geometry of Minkowski sum of sets in vector space. The Minkowski sum of sets is defined
as follows.

Definition C.1. The Minkowski sum of sets of vectors is formed by summing one vector of each
set, i.e., the Minkowski sum of sets A;’s, for i =1,..., I is

I
A1 © Ag, ..., DA = {Zai s a; € A; for all 2}

i=1
Shapley-Folkman Lemma is formally stated as follows.

Theorem C.2 (Shapley-Folkman Lemma). Let {A4;}._, be a collection of sets of R¥. Let a belongs
the convex hull of the Minkowski sum @i[:y‘lu ie., aé€ Conv( 69{:1 Ai). If £ < I, we have, a belongs
to the sum of convex hulls of k sets and the Minkowski sum of the rest sets, i.e.,

a € Z Conv(AY) + Ap 1 @ Ajyo, ..., DAT,

1<i<k
where {A¢}]_, is some re-indexing of {A;}/_; depends on the point a.

This Lemma is used to prove the following theorem which bounds the distance between a
Minkowski sum and its convex hull.

Theorem C.3. Let {A;}/_, be a collection of sets of R¥. If I > k, for any point in the convex hull
of a Minkowski sum, Conv(zl-lz1 A;), its distance to the Minkowski sum @leAi is upper bounded
by the sum of the squares of the squares of the k largest circumradii of the sets A;’s, where the
circumradii of a set is defined as the radii of the smallest sphere in R* enclosing the set.
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We point out the the above theorem is independent of the number I as long as I > k holds. In
the constraint of our problem (1.1), the dimension of each set is small, and the number of sets d is
very large. The above theorem provides the intuition behind the decrease of the distance between
the feasible set and its convex hull. This further results the decrease of duality gap, and the distance
is upper bounded in Section 4.

D Lemmas for Proving Theorem 4.1

In this section, we provide lemmas used in the proof of Theorem 4.1.

Lemma D.1. Assume that there exists a feasible primal optimal solution to the problem (1.1).
Then, the dual optimal solution ()\, {/Bj}je[d}) also exists, where the dual optimal solution is defined
as in (3.2).

Proof. We first prove the existence of the dual optimal Lagrangian multiplier Y By the definition
of > icig Qi(A) — AK in (3.1), we have 3~y Qj(A) — AK is the supreme of a collection of sum of
linear functions. This implies that >~ .4 Q;(A) — AK is a concave function. Also, we observe that
if A = oo, then 37,1 Q;(A) — AK — —o0 as shown in Lemma D.2. Thus, >°;c1y Q;(A) — AK has
compact level sets due to its concavity, i.e., for any a € R, the set {A|}2;c Qi(A) — AK = a} is
compact. By Bolzano-Weiestrass Theorem, there exits at least one optimal Lagrangian multiplier P\
that maximizes Zje[d] Q;i(\) — AK o:fer A>0. ~

Next, we prove the existence of {3, }je[d]- Given the optimal Lagrangian multiplier A, for each 7,

the dual solution Bj is

B\j = argmin £;(8;) + XHB]'HO, or equivalently, ,@j = argmin Ej{ﬁj(k)} + Xk:,
Bj B; (k)

where Bj(kj) = argmin g |, <, £;(8;)- Since the primal solution exists, all £;’s are bounded below.
Thus each subproblem j can be solved by branch-and-bound for each k € [dy], and the solution
,@j is obtained by minimizing the objective above over k. Therefore there exists at least one dual
optimal solution ﬁj for each j. O

Lemma D.2. Consider the Lagrangian dual ;¢4 Q;j(A) — AK of the problem (1.1). If a primal
optimal solution {BJ }?:1 exists for the primal problem, we have ) jeld] Q;i(A) —AK — oo as A — o0.

Proof. We consider each Q;(z) separately. For each j, denote Bj(k) as the optimal solution for the
problem
B;(k) = argﬁmin L;(B;), subject to ||Bjllo = k-
J

Since the primal solution exits, it is not difficult to check that, if A\ > Ej{ﬂj(k:)} — Ej{,éj(k + 1)}
for all k=0, ...,d; — 1, we have 0 = argming, £;(8;) + A||B;l|o, which implies Q;(A) = £;(0). Thus,
when A is large, 3 c1q Qi(A) — AK = 32 ;c1q £5(0) — AK, which decreases linearly. Since K > 0,
our claim follows as desired. ]
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Lemma D.3. For the dual problem (3.2), suppose that the optimal Lagrangian multiplier 2> 0.
One of the following two cases holds:

(i) There exists a dual optimal solution-multiplier pair (X, {EJ }iea), where 3 crp ||Bj||0 =K

ii) There exists at least two solutions achieve optimal dual objective, denoted as ,@ iciq) and
n "o e Jsj€ld]
{B}}je[d}v such that Zj:l ||ﬁ]||0 < K and Zj:l ||,@;||0 > K.

Proof. We prove the lemma by contradiction. Assume to the contrary that either Zje[d] HBJ lo> K

for all solutions {B\j }jela) achieve dual optimal objective (for the case Eje[d] 1Bjllo < K, the claim
follows by similar arguments.). We have

d d
> Q)0 = Ak = min { 3 £,(8) + A( (318l K)}
j=1 7=1

7=1
d

el { ;LJ{Bj(kj)} + A(; ki — K)},

where 3;(k;) = argmin”,@jnogkj Li(B;).
By the assumption, it holds that . jeld) k; is strictly greater than K. As shown in Lemma D 4,
we have that for small € >0 (or e < 0if 3 05 k;j < K), we obtain

d

d d
S Q0+ -(+gK = min_ [Z@{Bju@)} + A+ (Y ki — K]
j=1 T =1 j=1

> min [S"£{Bi0)} + (D ks — K)]
I T =1 j=1

d
ZZEE:QL(X)—-XF(

j=1

Meanwhile, since \ is the optimal Lagrangian multiplier by assumption, it maximizes the function
> jeiq Qi(A) — K. The above result yields a contradiction. O

Lemma D.4. Suppose that the dual optlmal Lagrangian multiplier X > 0. Let k;j = H,B]HO
for some optimal dual solution ,6] s, and let ,3]( j) = argmingg <k, £;(8;). It holds that if

0 < e < minje {E (Bj —1)) — j(ﬁj( ki) }s
d d
> QR+ -+ oK = min {Zﬁ{ﬁj Ok - K)
=1 J=1

Proof. By the definition of Q;(-) in (3.1), when we perturb the optimal Lagrangian multiplier \ to
A + ¢, the corresponding dual solutions become

B = argmin £;(8;) + (A + €)[|B;lo, for all j =1,....d.
B

J
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We have, if
Li{Bi(k)} + N+ )k < Li{B(kj — 1)} + (X + €)(k; — 1) for all j,

letting ,/3\; = Bj for all 5 provides dual optimal solutions. Meanwhile, by our assumption of ¢, it is
not difficult to check that the above inequality holds for all j. Thus, our claim holds as desired. [

Lemma D.5. Let {5;-1)}3‘6[(1],---a{ﬁj('m)}je[d] be the sequence of dual solutions ranked by their
corresponding primal objective values as defined in (4.5). We have, for any m’ € {1,...,m — 1}, it
holds that the difference of primal objective values of two consecutive solutions is bounded by C; as

defined in (4.3), i.e
d

d
LBy =3 £i(8) < ¢
j=1 J=1

Proof. By the dual optimality of the solutions and the separable structure of the dual objective,
given the optimal Lagrangian multiplier A > 0, we have,

Bj(.m”) € argmin £,;(8;) + XHB]'HO, forall j=1,...,dand m”" =1,...m
Bj

In addition, due to the {y-penalization term, we have

B € (B(k) brepay)s for all j =1,....d, and m" =1,...,m

where ,@](k) = argmin) g |, <k £;(53;)-

Thus, for each optimal solution {ﬁ§ml,)}j€[d], it is a combination of the optimal solutions of
the ¢p-penalized subproblems. By the dual decomposition structure as seen in (3.2), we have, for
any solution achieves dual optimal objective {B](-m“)}, there exists solution achieves dual optimal

objective {B](m )}, such that these two solutions differ by at most one 3j for some j', i.e., for any
m’ € {1,...,m — 1}, there exists one j' € {1,...,d}, such that

B £ 85, and ™) = ™) for all j € {1, ..., 5 — 1,5 +1,...,d}. (D.1)

Consequently, we have

S8 =SB | = |es(8) - 58|
Jj=1 j=1
<163(0) = jmip £ (5y)
< C,,
where the first inequality holds by £5(0) > £;(B,(1)) 2, ... £;(B;(d;)) = ming,cc, £;(8;) for

any j, and the second inequality holds by the definition of Cg in (4.3).
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Since the sequence {B](-l)}je[d], {B](-Q)}je[d],..., {,Bj(m)}je[d] is ordered by their corresponding
objective values, It follows immediately from the above inequality that the difference between any
two consecutive objective values is bounded by Cy also, i.e.,

d d
‘ S8y =S Lyt >)] < C,, forany m' = 1,...,m — 1,
j=1 j=1
and our claim holds as desired. O

E Computational Complexity

We briefly discuss the computational complexities of the dynamic programming approach and the
SPICA algorithm in this section. We denote by d,, the average degree per-vertex, so we have

d'K = 0(d,,).

We are interested in the computational complexity for solving the problem (1.1). The dual method
proposed in this paper involves iteratively calling a solver to solve the subproblems

max £;(8,) + Al By o
J

for every j = 1,...,d. Each subproblem is a combinatorial problem with dimension dy. We assume
that each call to this subproblem solver incurs an identical time complexity, which is a function of
dp, and we denote by T (dp).

In the SPICA algorithm, we use the golden section method for maximizing the dual function.
To achieve an e—optimal numerical solution, the golden section method requires O (log %) iterations.
Each iteration involves calling the subproblem solver for d times. The total computational complexity
is

0 (d - log% - T(d0)> .
M)
dn

Suppose the optimal statistical error is of the order O( . Consider the regime where the duality

gap is no larger than the statistical error, i.e., 5 = O(%), we need n = O(K logd) = O(d,,dlogd).

We also require that the optimization error € to be bounded by the statistical error, i.e., € = @(K Lli‘;gd),

which means that the computational complexity becomes

1
d - log . T (do) = d - log - T (dp)

n
Klogd
=d- (logn —logd,, —loglogd) - T (dp)
= d - (log(dmdlog d) —log dy, — loglogd) - T(dy,)

- O(d-logd-T(dm)).

This is the time complexity to obtain an overall error rate O (K (li‘:lgd> .
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For comparison, let us consider the scheme in which we enumerate all possible subproblem
solutions and solves the problem using dynamic programming as discussed in Section 2. This approach
provides an exact solution, and its computational complexity is ddg/K. However, enumerating all
possible subproblem solutions is costly. For each node, there are dy subproblems. The total
computational complexity is

@ (ddo T (do) + ddoK) .

Now we compare the time complexity for these two methods if they both achieve the optimal
statistical rates. Suppose that the sample size n is fixed. We consider the relation between the
graph’s property and the algorithms’ computational complexity. Clearly, the SPICA algorithm is
more time efficient for graphs with more potential local neighbors such that dy > log(d), and the
dynamic programming approach is more efficient if dy < log(d). Meanwhile, suppose that dj is
fixed. The SPICA algorithm is faster if logn — logd,, — loglogd < d,,, i.e.,

n < (’)(dm logd - min{ed’",d}>;

and the dynamic programming approach is faster otherwise. To summarize, there always exists an
algorithm that achieves an statistical error

o(*5e%) ~ o)

within computational complexity

O(d -min{log d, dy,} - T(do)).

F Proof in Section 4.2

F.1 Proof of Corollary 4.3

Proof. The proof is a consequence of the following two lemmas. The first lemma quantifies the risk
of the estimator, which involves the duality gap. The second lemma quantifies the duality gap Cy
incurred by the SPICA algorithm.

Lemma F.1. Suppose we have n independent samples of X ~ N(0,%) € R? and the prior
information that each X; can only connect to a set of nodes N; C {1,...,d}, i.e.,, @, = 0if k € Nj.
Let {Bj}je[d] be the estimator obtained by the SPICA algorithm. Assume 2K < ddy, s < K,
> jeia 18llo = s, where B;’s are defined in (4.7). We further assume diag(3) < o2. Then, for any
6 > 0, with probability at least 1 — §, we have

d
1 2 *
~> X 85 — X 85113
j=1

(F.1)
2 2K 9 2
o ddy 1280° K 640 1
< — -
< 64n log{;1 ( j >}+ - log 6 + - log(c™") + 20,

where the constant Cj is the duality gap incurred by the SPICA algorithm.
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Proof. By Theorem 4.1, we have

d d

1 ~ 1 i

55 IXa; 85 — X3 < 55 X 87 — X5+ Co,
j=1

=1

where Cj is a constant does not scale with d.

Let
Xy, O - 0
S,i _ 0 XNQ e 0 E Rndxdod’
0 o X,
~ F.2
X1 él 61 ( )
X ~ B2 B85
y=|  |er andg=|""|.8=| | er¥e
Xq Ba B

Let y — 32,8* = ()., eg)T =€’ € R™. Tt holds that each component of € follows a Gaussian
distribution with marginal variance at most o?. We have

ly = XBl5 < |y — X8"[5 +nCy = |l€]l5 +nCy.

Meanwhile, it holds that

ly = XBII3 = |X8" + e — XBI3 = 1X5 — X713 — 26"K(B — 57) + ||el3.
Combining the above two relations, we have
2"X(B-67) |
1X8 — XB*[l2
By the assumptions that s < K and 2K < ddy, letting Bo(2K) = {v € R : |lv|g < 2K} we
have that 6 B* € By(2K). Denote by K= supp(,B* ,8) and let the nd x |IC] submatrix of X be

X , where K C {1,2,....,dod}. Assume that X is of rank 7. Let ¥, = [¢1,...,4,] = R">*" be an
orthonormal basis for the column space of X We have that there exists a vector v € R",

IXB — XB*||3 < 2¢"X(B — B*) + nC,y = |XB — XB*||2 nCy. (F.3)

X(B -5 =X {BK) -5 (K)} = oo

Plugging the above equation into (F.3), we have

TX 2 g T\If
GAA(’BA ) _ &P < max sup [e]V,]v,
X8 — X8| 121 r<2K ycgr-1

where S"~! = {z € R" : ||z||2 < 1}. Then, by (F.3) and some algebraic manipulation, we have

HX,@ XB*)3 < 8max sup (e-v)?+ 2nCy,
<2K vesSr—1
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where €, = ¥l is a Gaussian random vector with marginal variance at most 0.
Taking a union bound, we have that for any ¢ > 0,

T N2
P{Tlggﬁ zg})l(e v)? >t} <T§KIP’{‘,21§1};>_1(ETV) >t}

By Lemma G.1, we have

P{ max sup (€/v)? >t} <6 exp{ —1t/(80%)} < 6> exp{ —t/(80%)]}.
r<2K ycgr-1

Combining the above three inequalities, we have, for any ¢ > 0,
L 2K /o
P(|X8 — XB*[3 > 8t + 2nCy) < ) | ( ,°> 62K e 502
; J
7j=1
To ensure that the RHS of the above inequality is bounded up by §, we need to ensure that

2K

t > 802 log <Z (d;l())) + 16K 0°log(6) + 802 log(1/9),

Jj=1

and the claim (F.1) holds as desired. O

The following lemma provides a bound for the duality gap C|.

Lemma F.2. Suppose we have n independent samples of X ~ N(0,%) € R% Let £;(3;) =
|X; — X, 3513 be the least square loss. We have,

max {£;(0) — i%inﬁj(,ﬁj)} <no? +C -nlogd,
j i

with probability at least 1 — O(d~!), where C is a constant.

Proof. For each j, since the loss function £;(-) is nonnegative, we have,
L;(0) — minE i (Bj) < Ly( wa

Since each X follows a normal distribution with variance at most o2, we have v~ Zié[n] :U?j follows
a chi-squared distribution with n degrees of freedom, where v < o2 is a positive constant. Denote
by Z; =v~1 Zze[n} .. By Vempala (2005), we have,

(|n71Z —1’>t <2exp{ -4~ In(#? } for any ¢ > 0.
Using Bonferroni’s method, we have
P(‘n_l I;lga;(Zj - 1‘ > t) < 2dexp{ — 47 n(t? - tg)}, for any ¢ > 0.
Consequently, our claim follows by performing some algebraic manipulations. O

Combining the above two lemmas, and plugging G.1 into (F.1), our claim follows as desired. [
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F.2 Proof of Corollary 4.4

Proof. We first prove the global minimum of the total cardinality approach recovers the support
with high probability. By (D.1), the estimator obtained by the SPICA is an optimal solution under
the constraint } iy [B;llo = K —k, where 0 < k < dn,. When K = s, it is not difficult to generalize
the proof to prove that this estimator recovers s — s; components of true support.

Adopt the notations in (F.2). For any subset T C {1, ..., dod}, let

F(T) = min_|y — X787|>
BeRITI

For a fixed set S, let A(K) = f(K) — f(S) and G = {K C {1, ...,dod} : |[K| = 5,K # S}. Then

P(K # S) = P(Uxeg {A(K) < 0}) <> P(A(K) <0).
Keg
Denote the least square estimator restricted to the support K by
AR = (XkXe) ™' Khy = AXi) " KE (KBt + X + o)
= Bt + (XEXx) "Xk (XpBp + €).
Let the difference between S and K be D = S\K. We have,
ly — X813
=lle + Xk Bk + XpBp — XieBi — X (XxXx) ™' X (XpBp + )13
=[1{Tna — X (XEXk) "KL S + (T — X (XEXk) ™' XL} KpBp I3
=" Pice + 2¢" PicXpfp + |PiXpBpll3,
where P,% =1,4 — Px, and P = X;C(X%X;C)_lgz is a projection matrix, i.e., P% = Py, which
implies that P,% is also a projection matrix.

By the same argument, we have
f(S) = €'Pie.

We have, when A(K) < 0,
TPEe + 26T PERpB) + [PEEnBpl2 < TPe.

Let §; = supp(8;) and K; = supp(ﬁf-(), and let s’ be the number of S; # K;. By Lemma G.3, we
have
A(K) = A(K) = 2¢PXpBp + |PxXnBpl3 — o°R,

where R follows a chi-square distribution with s'dy degrees of freedom.
We have, when A(K) < 0 holds,

~26"PiXppBp > |PrXpBpl3 — o”R.
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Using the techniques in the proof of Theorem 4.3, we get,
IPEXpBpl3 <8 sup (eu)® +20°R.
ucRlPI
With probability at least 1 — 29, it follows that, by Lemma G.1 and Lemma 10 of Kolar and Liu
(2013),
IPEXpB53 < 6402|D|log 6 + 6402 log 6" + 2(s'dyo® + C'/s'dy log 6-1),

for some constant C.

By Lemma G.2 and the sparse eigenvalue assumption, Amax(X%XK) > AmaX(FA{lT)P,%XD) >
Amin(X%P,%XD) > Amin(i£§§/c) > p with probability at least 1 — O(d~!). Let s; be the number
of different support of S and K, i.e., s; = |D|. Taking § = {(ddo*s) (SfSI)d}_l, as s > s1, it is not

S1

difficult to see that the dominating term is 6402 logé~', and by Lemma G.1,

log 5! = log { (ddzl— s) } +log { (si) } +logd

< (Cis1logddy + Casylog s + logd,

where the dominating term is s; log ddy.
Consequently, we have that, with probability at least 1 — O({ (ddo_s) (s_""’sl)d}A),

S1

. 64dgs10? logd
81||/8D||?nin < 0

for some constant C, which violates our assumption (4.9). This implies that A(X) < 0 holds with
probability at most (’)({ (ddo_s)( y )d}_1>. Taking a union bound, we have

P(K # 8) = 0(d™"),

as desired. ]

F.3 Proof of Corollary 4.6

Proof. Recall that the logistic loss of the j-th variable is

1 n
£i(B;) =~ > log {1+ exp(—zijxin, 8))},
=1

and its gradient at 37 is

* 1 . *
Vﬁj(,@j) = injxi,]vj{l + exp(xijxi’Nj,@ )}
=1

Taking expectation, by tower rule, we have

X,
BLVL,85) = BBl oty P = 1)
XN _
1 +exp(—XNjﬁ]’f)P(Xj B _1|XNJ')‘XNJ”

= 0.
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Note that each component of V.L;(8*) € € R% is bounded in [—1, 1]. By Hoeffding’s inequality,
we have that, for any k € Nj, and any ¢ > 0, VxL;(8]) satisfies

P(|ViLi(B])] > t) < 2exp(—nt?/2).

Using Bonferroni’s method, we have, with probability at least 1 — O(d~!), for some constant C' > 0

. logd
max [V£5(8) |ow < €/ <55,

(F.4)

Next, we look at the Hessian matrix of £;(3;),

V2L (B;) . i: XL BT XL
J\P3) =
ne— {1+ exp(a:ijxg:j\/jﬁj)P

Also, the Hessian of £(3) is a block diagonal matrix of V2L1(81), ..., V2L4(B4). By assumptions
(B.1) and (B.2), it has been shown by Lemma 5 of Ravikumar et al. (2010) that Z?Zl L;(B;) is
p-strongly convex with respect to the support S UK with probability at least 1 — O(d~1).

Let £ : RsTK 5 R be the empirical loss function restricted to the support K U S, where K is
the support of {B\] };-l:l. By the definition of p-strongly convexity, we have, with probability at least

1—-0(d™),

d
24“ B)) > ZC’C (89 +Zvc 87 (B;

I\D\b

d
Z 18; - B; 5.

Next, by the blessing of massiveness result, we have, since the logistic loss is bounded under the

d
STLiB) <D L)+ Cy
j=1

where Cy = max; {£;(0) — ming, £;(8;)}. Under the assumption (B.1), we have the logistic loss is
bounded, which implies that Cj is a bounded constant. Thus, together with (F.4), we have, with
probability at least 1 — O(d™1),

d

~ K)logd C
Bz < (e floed Gy
];HIBJ IGJH2 — C( npg + o )7

for some constant C' > 0, as desired. O

G Technical Lemmas

Lemma G.1. Let X € R? be a sub-Gaussian random vector with mean 0 and variance proxy o2.
Then,

P( max 07X >t) < 6Zexp(—t2/802).
feSd—1
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Proof. Let N be a 1/2-net of S¥! with respect to the f3-norm that satisfies |N| < 6¢, where such
a net exists by Boucheron et al. (2013). For any 8 € S, there exists z; € N and ||z[s < 1/2
such that @ = z; + z5. We have

1
max 87X < maxz! X + max 2zl X = maxz! X + - max zl X.
gesd-1 z1eN 29:||72]|2<1/2 zeN 2 zpesd-1

Therefore, we have

max 07X < 2maxz! X.
fcSd—1 zeN

Consequently, it holds that

P( max 07X >1t) <P(2maxz’ X >t) < ’N‘e—ﬂ/&ﬂ < glet7/80%9
fecsd—1 zeN

where the second inequality follows by taking a union bound and the fact that any sub-Gaussian
random variable X with variance proxy o2, we have P(X > t) < exp(—t/8c?). O

Lemma G.2. Given any Z; € R™% and Zy € R™*% let Z = (Z1,7Z9) € R%(d1+d2)  We have
Amax(ZTZ) > Amax(Z{P2Z1) > Ain(Z{ P3Z1) > Amin(Z7'Z),
where Py = (I, — Zo(Z172)71Z1).

Proof. Observe that

2Ty _ ¥z, 777,
- \zlz, 7T75)°
9 41 9 442

and its the inverse of Z17Z is

-1
¥z, 777,
7¥7, 787,
_ (Z11 — Z12Loy L)~ ~L{ Lo (Lop — Lon Ly L) ™
Loy Lo (211 — Tr2Zgy Loy ) ™ (Zag — Ton 77} Z12) " 7
where Zj, = L] Zy for j,k =1,2.
It is seen that (ZTZy — ZT Zo(ZE 72) =1 2L 7Z1)~! is a submatrix of (ZTZ)~!. Our claim follows im-

mediately that the eigenvalues of (Z1 Z1 —Z1 Zo(ZL 75) 1 7L 7Z1) ! is in the range [Amin (ZT Z), Amax (ZT 7).
O

Lemma G.3. Suppose each €; = (€1, ...,ejd)T € R? where €;;7’s are i.i.d normally distributed
with mean 0 and variance 032- for j =1,...,d. Let 0 = max;—1,..d 0]2. Using the notations used

in Theorem 4.4, let Px = X (XEXk)1Xk and Ps = Xs(XEXs) 'Xs. Let K; = supp(Bj) and
S; = supp(,B;) for j =1,...,d, and let s’ be the number of KC; # S;. We have,

e'Pse — e'Pre > —0%Z,

where Z is a random variable follows a chi-square distribution with dys’ degrees of freedom.
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Proof. Let D = {71,445, .-, 7%} be the indices that Sy # Ky for k=1, .., s'. It is readily seen that
(—:TPge — eTP;CeT

s, (XE Xs,)7'Xs €6 — €1 X, (XE X)) X g

||M&

_ Z (efxsj(xgjxgj)*lxsjej—eJTX,Cj(XaXKj)*lx,@eQ
je{1,...d\D

+ 3 (7%, (XE Xs,) !X €5 — €] X, (XF, X, ) ' X5
j€D
d
T T -
> = > € X, (XE, X)) X5
j€D
Since GJTXKJ. (X%JX;CJ.)AX;C]. €; is a projection matrix, its eigenvalues are 1’s and 0’s. In addition,
the matrix’s rank is |[KC;] < dp as n > dy. We have
— Z €] Xic, (X, X)X 65 = — Z 02Z; > —0°Z
jeb jeD
where Z; ~ X|21Cj\ and Z ~ X?/ do» and the claim holds as desired. O
Lemma G.4. For any integer k, such that k € [1,d|, we have
k
d d\F
> () =(5) @)
, J k
7=0
Proof. Since the function f(x) = (z7'ed)? is increasing when z > 1, if k > d/2, we have

k

> ( ) <29 < (22 = £(d/2) < f ().

J=

When k < d/2 and let Z ~ Bin(d,0.5). We have

Thus, we have

k
> <d> =2'P(Z —E(Z) < k —d/2).

=0 ™
Taking a Chernoff bound, we have that for any &’ > 0
MP(Z — B(Z) < k — d/2) < exp {dqb(k’) (k- d/2) + dlog 2}

, (G.2)
= exp {kk’ + dlog(1 + ek )},
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where we let U ~ Ber(0.5) and
n_ wap-u) _ K Ky _
o(k') =logE|e =5 +log(l1+e™ ") —log2.
Next, we bound the term kk’ + dlog(1 + e~ *". Taking k* = log(“HE) and z = k/d < 1/2, we have
e 142 z
* k*y - < —
E*k+dlog(1+e %) d{zlog( . )+log(1+1+z)}_d{z zlogz},

where the inequality follows by Lemma G.5. Plugging this into (G.2), we have

k

3 (j) < exp {k + klog(d/k)} = (%)k

=0
which finishes the proof. O

Lemma G.5. The function

¥(z) = 2log () +log (1+ 1)

satisfies
¥(z) < ¢(z) = z — zlog(z), for any z € (0,1/2].

Proof. 1t is not difficult to verify that the function ¥ (z) — zlog(z) is convex. Thus, we only need to
prove that ¥(z) — zlog(z) < z for z = 0 and 1/2. By L’Hospital’s rule, we have

z

1+z):0'

lim zlog(l+ z) + log (1 +
z—0t

Next, by some computation, we have ¢(1/2)—log(1/2)/2 < 1/2, and our claim follows as desired. [
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