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Abstract. We study a class of bilevel binary linear programs with lower-
level variables in the upper-level constraints. Under certain assumptions,
we prove that the problem can be reformulated as a single-level binary
linear program, and propose a finitely terminating cut generation algo-
rithm to solve it. We then relax the assumptions by means of a general
row-and-column generation framework. As an illustrative application we
consider the minimum zero forcing set problem, a variant of the dominat-
ing set problem, and prove that it can be written as a binary linear bilevel
program. Finally, we perform some numerical experiments to showcase
the practical applicability of our methods.

1 Introduction

A Bilevel Mixed-Integer Linear Program (BMILP) is a generalization of a stan-
dard Mixed-Integer Linear Program (MILP) which models a hierarchical decision
process. The general formulation of a BMILP is:

min o'z + o?y

Az > b (1)
Gr+Hy>c (2)
(%) reX (3)

y € argmin [B(z)y

y
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where o' € Q", a? € Q?, A € Q™*", b e Q™, G € QP*", H € QP*4, ¢ € QP,

B(x) € Q7 is a linear function of x, £2(z) is a polyhedron for each z, X =
N™ x R}?, and ) = N% x R%. The variables of the problem are divided into
two classes, the upper-level variables z and the lower-level variables y. Similarly,
the functions (z,y) — o'z + o?y and (x,y) — B(x)y, are the upper-level and
lower-level objective functions, respectively.

* Work carried out as part of the SOGRID project (www.so-grid.com), co-funded
by the French agency for Environment and Energy Management (ADEME) and
developed in collaboration between participating academic and industrial partners.



The BMILP is a non-convex mixed-integer program. To the best of our knowl-
edge no existing approach is able to solve (k) in full generality. However, as the
interest in this problem has grown over the past years, several methods have
been developed to solve some sub-classes of (x). One of the best studied cases
is where the lower-level variables are continuous, i.e., Y = R (see [3]). Under
this condition, the lower-level problem (4) is convex and regular, and it can be
replaced by its Karush-Kuhn-Tucker (KKT) conditions, yielding a single level
reformulation of the problem. Several methods exist to solve this variant [2, 8].

Another well studied case is when H = 0, and B(x) = S, see [6, 9, 14].
In this case, at each iteration, the decision on the upper-level and the lower-
level variables is taken separately. In particular, (i) the values of the upper-level
variables subject to the restrictions of a set of upper-level constraints are found;
(ii) the lower-level variables values are found by solving a MILP obtained by
fixing the upper-level variable values previously found. The process iterates by
updating the value of the upper-level variables.

A classic separation approach is applied to a relaxation of the problem in
[6]. In [9], a basic implicit enumeration scheme is developed in order to find
good feasible solutions within relatively few iterations. In [14], a scheme based
on a reformulation and decomposition strategy is presented. The decomposition
algorithm is based on the row-and-column generation method. The number of
iterations needed for the convergence of this algorithm is shown to be finite.

The case where both sets X and Y are binary and S(z) is a constant is
considered in [13]. The problem is reduced to a multilevel linear program using
a penalty function method. Solving the multilevel LP does not appear to offer
a practically viable solution method. In [5, 10], the lower-level polyhedron £2(x)
does not depend on z, and the problem is solved using row generation.

In this paper we propose, to the best of our knowledge, the first practi-
cal method to solve the following BMILP variant: the upper-level variables x
are binary, G and H are one-row matrices, and B(z) = 8 = H'. Our moti-
vation for studying this particular type of BMILP comes from a problem aris-
ing in the placement of electrical measurement devices on smart grids (see [12]
and http://www.so-grid.com/), though our results apply to (and are therefore
presented in terms of) general abstract BMILP formulations. Our contribution
consists in treating the new case where lower-level variables appear in the upper-
level constraints. We first prove that, under certain assumptions, it is possible to
reformulate the BMILP into a single-level Binary Linear Program (BLP). This
BLP, however, cannot be solved directly since the explicit polyhedral description
of its constraints is not known. We therefore propose a finitely terminating cut
generation algorithm. When the aforementioned assumptions do not hold, we
propose a row-and-column generation framework. We also consider an applica-
tion of our techniques to the minimum zero forcing set problem, introduced in
[1], which consists in finding the minimum set of nodes in a graph that covers
all the nodes given a specific propagation rule. We prove that this problem can
be written as a BMILP problem and solved efficiently with our method.



The rest of the paper is organized as follows: in Section 2 and 3 we describe
the single-level reformulation based on two specific assumptions, and propose a
cut generation algorithm to solve the bilevel problem. In Section 4 we present a
general framework for the case where the assumptions fail to hold. Finally, we
prove that the minimum zero forcing set problem can be modeled as a binary
bilevel program, and propose and test a practically viable solution algorithm in
Section 5. All the proofs are reported in the appendix.

2 Bilevel Binary Linear Program

The standard Bilevel Binary Linear Program (BBLP) formulation is given by
the following equivalent models:

min ax min o
® Ax >b

Az > b i n

IEEO 1 z €{0,1}

6y>cv—Gm = f(x)chfyx

y € argmin By min By
y
veEs yey

where a € Q", A € Q™" b e Q™, G € Q%" c € Q, B € Q% 2x) is a
polyhedron for each z, v = GT, and ) = N& x Rf. The x variables are the
upper-level variables and the y variables are the lower-level variables.

In order to formulate the BBLP as a single level program, we use the well-
known lemma, which states that every subset of hypercube vertices has a linear
description.

Lemma 1. For any X C {0,1}", conv(X) N {0,1}" = X.

Let F = {x € {0,1}" | Az > b A f(x) > ¢ — vz} be a linear description of the
feasible set of the BBLP. By Lemma 1, the BBLP can be rewritten as the
following Binary Linear Program (BLP): H%Ein{ax | x € conv(F) N {0,1}"}.

Notice that, in general, a feasible upper-level variable = for the continuous
relaxation of the above BLP will not be feasible for the continuous relaxation of
the corresponding BBLP. More precisely, in general the continuous relaxation of
the BBLP is not convex, but the continuous relaxation of its linear reformula-
tion (i.e., BLP) is obviously convex, since it is linear. However, if a polyhedral
description of conv(F) is known, the linear reformulation of the BBLP allows us
to solve the later using well known MILP solution methods.

In practice, it is difficult to compute a polyhedral description of conv(F).
We therefore look for a polyhedron P such that P NZ" = F, i.e., a polyhedron



P containing conv(F), but no other binary point than those in conv(F). The
BBLP can thus be formulated as: min{az | z € PN{0,1}"}.

First, we consider the Restricted-BBLP, i.e., the BBLP problem under the
following hypotheses:

Hypothesis 1 For all z,a’ € {0,1}" such that Ax > b and Az’ > b, if x < 2
then 2(x) 2 2(x'). In other words, f is a non-decreasing function over the set
of x such that Ax > b.

Hypothesis 2 For alli € {1,...,n}, v; > 0.

For any S C {0,1}", and a preorder < on S, we say that a point s € S is a
=<-maximal point if no point t € S\ {s} is greater than s. Let us denote by M (.S)
the set of <-maximal points in S, i.e., M(S)={s€ S|Vt S (t>s—t=2s)}.
For any v € {0,1}", let {(v) = {¢ < n | v; = 0} be the complement of the
support of v, where we recall that the support of a vector is the set of indices of
its non-zero elements. Let F = {x € {0,1}" | Az > bA f(z) < ¢ — vz} be the
subset of {0, 1}" which is feasible w.r.t. the “easy” constraints of the upper level,
but infeasible w.r.t. the “hard” constraints (i.e., those involving the lower level).
If 7 = @, the lower level problem can simply be removed. Therefore, assume
in the following that F # @. We prove in the next section that a polyhedral
description of conv(F) is obtained by adding valid inequalities generated using

points in M (F).

3 A solution method for the Restricted-BBLP

3.1 A compact formulation of conv(F)

In this section we describe the approach to build a “compact” polyhedron P
such that P NZ™ = F. We present a valid inequality for F.

Proposition 1. For allz € F, Y. x; > 1 is a valid inequality for F.
ie((z)
Let P={x€[0,1]" | Az > bAVz € M(F) > x; >1} and P; =P NZ".
i€¢(T)
By Proposition 1, we have that # C P;. In the following, we prove that Py = F
and for all Z € M(F), constraint >, x; > 1is a facet of P.
i€((z)

Proposition 2. The following statements hold: (i) Pr = F; (ii) for each T €
M(F), > = >1isa facet of P.
ie((x)



3.2 A cut generation algorithm

Now that we have a compact description polyhedron P such that P NZ" = F,
we can build a constraint generation algorithm to solve P under Hypotheses
1 and 2. We assume, without loss of generality, that {2(x) is nonempty for at
least some x € {0,1}"™ such that Az > b. The opposite would yield an infeasible
lower-level problem, implying f(z) = 400 > ¢— vz for any z. In other words, P
would reduce to a single-level MILP.

Algorithm 1 describes our cut generation algorithm for the Restricted-BBLP.
The main idea is the following: assume that, at step k, we have a set P* such
that conv(F) C P* and let ¥ be an optimal solution of the relaxed problem P*:
mgn{ax | z € P*U{0,1}"}. Then z* induces a lower bound for the Restricted-

BBLP. Therefore, if ¥ ¢ F, we have that 2* € F. Since Hypothesis 1 is satisfied,
we can find an element ¥ € M (F) as explained in the next section. Therefore,
at each iteration of Algorithm 1, either we find an optimal solution, or we add
a facet of P. Because rational polyhedra consist of a finite number of facets,
Algorithm 1 will converge in finite number of iterations.

Algorithm 1 Cut generation algorithm to solve the Restricted-BBLP
PYi={x € [0,1]", | Az > b}

k:=0

¥ = o0

Condition := False

while Condition == False do
Solve P* and let 2* be an optimal solution
¥ 2k

if f(z*) > c¢—~vz* then
Condition < True

else
Find = > z* such that x € M(F) (solve FM, see Section 3.3)
"z
Pl =Pl | X @ >1}
i€¢(z”)
k< k+1
return z*

3.3 Finding maximal elements of F

We explain how, for an infeasible solution & € F, we can compute a maximal

infeasible solution 2’ > Z, i.e., ' € M (F). Consider, for a small enough £ > 0,



the following single-level MILP:

max y. &

Y jec(z)
y+yr<c—e
Ax >0

FM = y € 2(x)

r>T

x € {0,1}"

y e Y.

Let z € F. Notice that, as € {0,1}" belongs to a finite set, there exists a
small enough & > 0 such that = satisfies Az > b but not Sy + vz < ¢ — ¢, for
any y. Now, we claim that the optimal solution x* of FM, belongs to M (F).
Indeed, since there exists y € 2(x*) such that Sy + ya* < ¢, we have that
f(z*) < ¢ —~a*, ie., o* € F. Furthermore, 2* > 7 hence * dominates .
If o* ¢ M(F), there must exist 2/ € F such that > af > > =} which
1€¢(x) 1€¢(Z)

implies, by the optimality of z*, that 8y + vz’ > ¢ — ¢ for all y. Therefore, by
the definition of ¢, we have 2’ € F which contradicts the initial assumption.
Notice that if € is not small enough, then the optimal solution z* of FM will
dominate Z but may not be maximal.

4 A solution method for the BBLP

In this section we explain how and to what extent it is possible to generalize
the previous approach when Hypotheses 1 and 2 do not hold, and we propose a
row-and-column generation algorithm.

4.1 Generalized domination in F

Let Be Q™4 C € Q™*", and d € Q" such that for all x € {0,1}"
2(z) ={y e R% | By > d+ Cx}.

Consider now # € F. In the following, we first prove that binary vectors domi-
nated by Z with respect to C and + are infeasible. We also develop some nonlinear
inequalities to separate these infeasible points from the feasible region F. We
then present a linear reformulation of these inequalities.

Lemma 2. Let ¥ € F. For all x € {0,1}" such that Ax > b, Cx < CZ, and
v < Z, we have that x ¢ F.

Let C(Z) = {z € R" |3z € R" (z =T+ 2N Cz < 0Avyz < 0)}. It is easy
to see that Cx < CZ and vx < ~Z if and only if x € C(Z). Let € F and
Az :{0,1}" = Ry be the function defined by min{|lz — 2|1 | 2" € C(2)}.



Lemma 3. Let # € F. A; defines a semimetric to the set C(%), i.e., for all
x € {0,1}™, Az(x) >0 and Az(x) =0 if and only if x € C(T).
The optimization problem associated to Az(x) can be rewritten as follows:
min > e+ Y fi
zef i=1 i=1
r=T+z+e—f
Cz<0
vz <0
e,fe€RY, zeR™

4.2 Valid nonlinear cuts

Proposition 3. If € F then there exists 5z > 0 such that inequality Az(x) >
0z is valid for F.

We now show how to compute 6. Let £ € F, ¢ > 0, and consider the
following equivalent programs:

n n
min 3 e+ > fi
i=1 i=1

x,z,e,
r—z—e+f=2

mxin Az (z) Ax >b
Dyz(e) = Az(z) >e = Cz<0
xz € {0,1}" 72 <0

deit+ ) fize

=1 %

=1
r€{0,1}", e, f €R%}, z € R™

It is easy to see that taking ¢ < éz will give an optimal solution (z*, z*,e*, f*) of
n n

Dz (e) such that Y el + > f = dz. Therefore, if for some ¢ we have Dz(e) <&,
i=1 i=1

then we can decrease the value of € and repeat the process until Dz(g) > e, in

which case Dz(e) = d;z holds.

4.3 Linearizing the cuts

Our inequalities are nonlinear since they are expressed as minimization problems.
However, since these problems are LLPs, we can replace them by their duals.

Proposition 4. Let £ € F. The constraint Az(x) > 0z is equivalent to the
system of inequalities:

_ 7 Toa ) > Sa
(x —2)(C oz +7Uz) > 63 V()
-1<CToz+799; <1

U;EERT, ﬁjeRJ’_



Notice that, if 2 is not fixed, the constraint (z —z)(C T oz +y9z) > 6z is not
linear. Nevertheless, x is a binary variable, and we can reasonably assume that
oz and ¥z are bounded, so we can reformulate the products x;0z;, x;¥z exactly
by means of the Fortet reformulation [4].

4.4 Row-and-column generation algorithm for BBLP

We can now solve the BBLP in the general case using the same iterative frame-

work as in Section 3. Assume that, at step k, we have a relaxation QF of conv(F)

obtained by adding new variables o, 1, and constraints V(z) to F. Let z* be an

optimal solution of the relaxed problem: Q* = mi%{ax | (z,0,9) € QF x €
x,o,

{0,1}"} which generalizes P* introduced in Section 3.2. Then z* induces a
lower bound for the original bilevel problem P independently of Hypotheses 1
and 2. Therefore, if 2% € F i.e., f(2¥) > ¢ —~2*, we know that z* is an optimal
solution of P. Otherwise, by Proposition 4, we add a set of new variables o, ¢
and a set of new valid inequalities V(7*) to QF cutting all the binary points in
C(z"*), where z* is chosen from z* in a similar way as in Section 3.

4.5 Finding <¢-maximal elements of F

Let <¢ be the partial preorder relation on {0,1}" such that 2! >¢ 22 if and
only if Cz' > Cz? and ~z! > 73:2. In order to determine <c-maximal elements
of F, we proceed as in Section 3. From an infeasible element z € F we find
another element z’ € F for which C(2') is largest (so as to cut the largest
number of infeasible points); or, in other words, a C-maximal element 2’ € F
which dominates Z. For any set X C {0,1}", we define M¢(X) as the set of
maximal elements in X under <c.
Let us consider the following optimization problem :

m
max y.e; + f

z,y.e,f i=1
By+vyr<c—e
Cx—e=CT
yr—f=7t
Az >b
y € 2(x)
e>0, f>0
z €{0,1}"
yey

for € > 0 small enough.

As in the previous section there exists a small enough ¢ > 0 such that if
x satisfies Ax > b, but is infeasible in FMc, then = € F. We claim that the
optimal solution z* of FMc belongs to Mc(F). Notice first that by the second
and third constraint of FM¢, we have that * >¢ Z. Furthermore, since there

exists y € 2(x*) such that Sy + ya* < ¢, we have that f(z*) < ¢ — ya*,



ie., z* € F. If x* ¢ Mc(F), there must exist 2/ € F and (¢, f/) such that
m m
Srel+f > > ef+f*, which implies by the optimality of * that S y+~ a2’ > c—¢

1=1 =1
for all y. Hence by definition of epsilon, we have that 2’ € F, which contradicts

the initial assumption.

5 The minimum zero forcing set problem

We prove in this section that this problem can be modeled as a BBLP satisfying
Hypotheses 1 and 2. The method proposed in this paper is also the first method
solving the minimum zero forcing set problem.

5.1 The BBLP modeling

Let G = (V, E) be a graph where |V| = n and every vertex v € V has to be
assigned an initial color, namely either black or white. We recall the definition
of a zero forcing set of G, as it is given in [1]:

— Color-change rule: if v € V' is a black vertex and all its neighbors (denoted
by I'(v)) are black besides one, say wu, then change the color of u to black.

— Given a coloring of G, the derived coloring is the result of applying the
color-change rule until no more changes are possible.

— A zero forcing set for G is a subset of black vertices Z such that, if all the
remaining vertices V' \ Z are white, the derived coloring of G is all black.

— Z(G) is the zero forcing set with minimum cardinality |Z| over all zero forcing
sets Z C V.

In [1], the authors prove that the size of a zero forcing set gives a bound on
the minimum rank of the graph. We now prove that the problem of finding a
minimum zero forcing set can be modeled as a BBLP. Let Z C V be a nonempty
set of vertices of G colored in black, and let us define S° = Z. For each t =
1,...,n — 1, we define the set S* C V as the set of vertices u € V that are either
in S*=! or whose color can be changed from white to black by an application of
the color-change rule to a vertex v € S*~!. Notice that the derived coloring can
be deduced from S™~1.
Let = € {0,1}™ be the binary variable corresponding to the characteristic vector
of Z (e, zy, =1 v € Z), and let f(x) denote the size of the black vertices in
G in the derived coloring. The minimum zero forcing set problem can be modeled
as the following program:

n

min Y ;
T =1
f(x) = |V|
x € {0,1}".

We are given x € {0,1}". In order to prove that f(x) can be written as a binary
program, we introduce the following function: 6* : {0,1}"™ — {0,1}" such that



each element of the vector 0% (y) is given by:

- [P@) +yut+ > yor
v/ € (u)
ol #£v

Yv € V,07(y) = max | x,,y,, max
uel'(v)

Forallt =1,..,n—1, let 4* € {0,1}" denote the characteristic vector of set S.
We have the following lemma.

Lemma 4. For allt=1,...,n — 1 we have y* = 6% (y*~!) where y° = x.

Let y = ™!, then y models the final colors of the vertexes in the derived
coloring, i.e., 1 if black, 0 otherwise. From Lemma 4, we deduce that y = 6%(y).
Hence y is a fixed point of 6*. Furthermore y is a smallest fixed point of 6%
since if 3 ' < y such that y' = 6*(y’) then the color-change rule cannot be
applied further from the set S’ characterized by y’. Hence |S’| < |S| which is a
contradiction.

From these observations, we deduce that the value of f(x) can be obtained by
solving the following binary linear program:

n
min 3 y;
Y o i=1

yzw

fla) = Yo > 1= [FW)|+yu+ 3 o, YeViue I(v)
U
y € {0, 1}

Notice furthermore that Hypotheses 1 and 2 are satisfied.

5.2 Computational results

We tested the proposed algorithm using IBM ILOG CPLEX 12.6. The experi-
ments were performed on an Intel i7 CPU at 2.70GHz with 16.0 GB RAM. The
models were implemented in Julia using JuMP [7] . All the instances were solved
to optimality and are feasible as n is an upper bound on the feasible solution
value and corresponds to coloring all the vertexes with black from the beginning.

In Table 1 we report the results of applying Algorithm 1 to the minimum
zero forcing set problem on networks with topologies of standard IEEE n-bus
systems [15], with n € {5,7,14,24,30,39,57}. In Table 2, we report the results
on randomly generated graphs with n nodes and 1.4 x n edges for n = {5 xi,i =
1,...,10} where 1.4 is the average rate of edges over nodes in standard IEEE
bus systems. The instances can be forests and no node is isolated. For each tuple
(n,|E|), 10 instances are generated. In both cases, we report (the average over
the 10 instances in Table 2):

— the CPU time expressed in seconds;
— the number |Iter|, of iterations of the algorithm;
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— the optimal value Val;

— the effectiveness of the cuts when computed starting from the solution of
problem FM (see Algorithm 1), i.e., maximal infeasible solution;

— the effectiveness of the cuts when computed starting from the solution of
problem P* (see Algorithm 1), i.e., a potentially non-maximal infeasible
solution.

The effectiveness reported in columns “FM” and “no_FM” is computed as the
distance of the hyperplane represented by the cut and the infeasible point it-
self. In particular, we report the average distance over all the iterations for the
proposed algorithm with or without solving FM, respectively. Note that for the
“no_FM” case we report a best-case estimation because we do not consider that
the number of iteration could also change, more precisely increase. Thus, the
average effectiveness in this case could be worse than the one reported.

As expected the CPU time and the number of iterations needed to find the
optimal solution increase as the size of the instance increases. Note also that
the results presented in the two tables are comparable. In both case we can
clearly see that solving FM provides always more effective cuts, thus showing
the importance of generating the cut from a maximal infeasible solution.

In summary, the proposed algorithm appears to be a practical method to
solve medium size instances of BBLP problem in a limited and reasonable
amount of time.

n |E| Time (s) |Iter|] Val FM no FM
5 6 2.46 3 2 058 0.50

7 8 2.43 4 2 054 042
14 20 2.67 20 4 041 0.29
24 34 2.89 35 6 037 0.23
30 41 3.65 59 7 035 0.20
39 46 4.65 90 7 030 0.17
57 60 931.00 1150 9 0.23 0.14

Table 1: Results obtained for the minimum zero forcing set problem on networks
with topologies of standard IEEE n-bus systems
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A  Proofs

In the following, we provide the missing proofs of all the results stated in the
paper.

Proposition 1. For all z € F, > x; > 1 is a valid inequality for F.
i€¢(z)

Proof. Assume there exists x € F such that > x; < 1. Since z € {0,1}"
i€((z)
we have that Y x; = 0, which implies that, for all ¢ € {(Z), x; = 0. Hence
1€¢(T)
x < Zand f(z) < f(Z) < ¢ —vT by Hypothesis 1. Therefore by Hypothesis 2,
we conclude that f(x) < ¢ — vz, contradicting the assumption. O

Proposition 2. The following statements hold: (i) Pr = F; (ii) For each T €
M(F), > = >1isa facet of P.
(@)

Proof. (i) Let € P; and suppose, to get a contradiction, that x ¢ F. By

definition, x € F. Pick a € M(F) such that £ > . Since x € Pr and

T € M(F), we have, by definition of P, that > x; > 1 (). However, since

ie((z)
Z,x are binary vectors and T > =z, it follows that x; = 0 for all i« < n such
that Z; = 0. This means that >  a; = 0, against (x). Therefore z € F and
i€((@)
PNZ" =F as claimed.
(ii) Let Z € M(F). Let us now prove that > x; > 1 (}) is a facet of P.
i€¢(T)

Suppose, to get a contradiction, that removing (f) from the definition of P

yields P again. Since T € M(F), T € F. Note that for any 2’ € F we have
>z} = 0 by definition of ¢. Thus by Proposition 1 and by definition of P,

ie((z’)

2’ ¢ P and in particular T ¢ P. Then there must be some inequality in the

definition of P which cuts off Z, and none of the inequalities in Az > b qualify

since, by definition of F, AZ > b. Hence it must be one of the other inequalities,

say Y, x; > 1 forsomea’ € M(F) with 2’ # Z. This means that > Z; =0

i€¢(x’) ie((x’)
which implies that z; = 0 for all i < n such that 2} = 0. Together with 2’ # ,
it follows that T < ', which contradicts the maximality of Z in F. a

Lemma 2. Let & € F. For all x € {0,1}" such that Ax > b, Cz < CZ, and
~yx < T, we have that x ¢ F.

Proof. Let § € £2(Z) such that f(Z) = By < ¢—~Z. Since Cz < CZ, we have that
By > d+ Cxz. Hence §j € 2(x). Therefore f(z) < f(Z) < ¢ — v (x). However,
since yr < 4Z and T is subtracted from ¢ in the RHS of (x), we deduce that
f(z) < ¢ — vz and therefore x ¢ F. O

Lemma 3. Let & € F. A; defines a semimetric to the set C(%), i.e., for all
x € {0,1}™, Az(z) >0 and Az(x) =0 if and only if x € C(T).
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Proof. The function Az is positive by definition. Assume that there exist z €
{0,1}" such that Az(z) = 0 and let 2* be the optimal solution of the optimiza-
tion problem associated to Az(z). By definition, x = z*, and then =z € C(Z).
Conversely, if € C(Z) then we can set 2’ = x which conclude the proof.

O
Proposition 3. If € F then there exists 5z > 0 such that inequality Az(x) >
0z is valid for F.

Proof. Let 6z = mig Agz(z). Since F is a finite set, 05 exists. Suppose, to get to
fAS

a contradiction, that dz = 0. Then there must exist @ € F such that Az(z) =0,
which implies that « € C(Z) by Lemma 3. Also, since z € F, we have in particular
that Az > b. However, Lemma 2 states that for each Z € F and z € {0,1} with
Az > b, if © € C(z) then = ¢ F, which contradicts the assumption = € F; hence
0z > 0. Furthermore, by definition of dz, we have that the inequality Az(x) > 6z
is valid for F. 0

Proposition 4. Let # € F. The constraint Az(z) > 6z is equivalent to the
system of inequalities:

(z = 2)(CT oz +79z) > bz

oz € qu 195 S R+.

Proof. Let us recall the LP formulation of Az(z):

min Y e+ ) fi
zef =1 i=1
r=T+z+e—f
Cz<0
vz <0
e,feRY z€R"”

Az(x) =

For all z € {0,1}", we introduce its dual, ITz(x):

max (z—Z)(Coz +v9z)
oz € R:_, 19;5 S R+

Since Az(z) has always a finite optimal solution, by the strong duality theorem
of LP, we have that the optimal values of the primal and of the dual are equal.
Therefore the constraint Az(x) > 0z is equivalent to ITz () > dz. However, given
the expression of the dual, we conclude that IT;(x) > 0z if and only if there exist
oz € R, ¥z € Ry such that:

V@) = { 1< CToy 05 < 1

is verified, as claimed. a
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Lemma 4. For allt =1,...,n we have:

where y° = z.

Proof. Let v € V. By definition, 6%(y'~!) = max(z,,y! ™!, Q) where Q =

mlz}g()(l — D) +y5 P+ Y vl t). We have Q < 1, hence 67 (y*~1) € {0, 1}.
uel(v v/ e (u)
ol #v

e Ifz, =1ory ! =1, then v € S~ and hence v € S*. Therefore y! =
O5(yt) = 1.

e Assume now thatz, = y!~! = 0. We prove that @ = 1 if and only if the color
of v can be changed from white to black using a vertex u € I'(v). Indeed,
Q =1 if and only if there exists a vertex u € I'(v) such that y!~! = 1 and
y'o!t =1 for all v/ € I'(u) with v' # v. Such a case happens when v has
a neighbor u colored in black with all its other neighbors v' € I'(u) \ {v}
colored in black. Then v € S*. Therefore the function % models the color-
change rule of G when the initial vertices colored in black are modeled by
x.

Therefore, y* = 6% (y'~1). O
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