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Abstract

Pathfinding problems consist in determining the optimal shortest path, or at
least one path, between two points in the space. In this paper, we propose
a particular approach, based on methods used in Computational Fluid Dy-
namics, that intends to solve such problems. In particular, we reformulate
pathfinding problems as the motion of a viscous fluid via the use of the lam-
inar Navier-Stokes equations completed with suitable boundary conditions
corresponding to some characteristics of the considered problem: position
of the initial and final points, a-priori information of the terrain, One-way
routes and dynamic spatial configuration. Then, we propose and validate
a numerical implementation of this methodology by using Comsol Multi-
physics (i.e., a Finite Element Methods software) and by considering various
experiments. We compare the obtained results with those returned by a clas-
sical pathfinding algorithm. Finally, we perform a sensitivity analysis of the
proposed algorithms with respect to some key parameters.
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1. Introduction

Pathfinding problems are based on the determination of the shortest route
between two points in the space, or at least a reasonable route [47]. This
kind of problem can be found in a wide range of disciplines such as: Artificial
Intelligences (eg., movements of robots [8]), Navigation systems (e.g., GPS
[2]) or Leisure activities (e.g., Video games [52]).

Currently there exist various algorithms which intend to solve this kind of
problems and their variations. For instance, the A* algorithm (e.g., see [53])
or the Any-angle path planning algorithms ([13]) which are both based on a
graph representation of the space. Those algorithms can deal with a variety of
pathfinding problems such as: single or multi-agents cases, limited knowledge
of the spatial domain or dynamic environments. One of the main drawbacks
of those classical algorithms is the fact that they require abstraction methods
to transform the considered spatial area into a compatible domain (e.g., a
graph in the case of the A* or the Dijkstra’s algorithm, see [16]), making
their implementation not straightforward.

One alternative to those algorithms can be found in the use of differen-
tial equations, and in particular those coming from the Computational Fluid
Dynamics (CFD) field [4, 10, 22, 28, 29]. Regarding the existing literature,
a pioneer work introducing this idea was presented in [32]. In this article,
the author propose a method based on the use of an artificial potential func-
tion, determined by solving a partial differential equation, to determine the
path taken by a robot to avoid obstacles in real time. This methodology
was then applied (see, for instance, [12, 43]) to develop general robot navi-
gation algorithms. In [11], 2D and 3D maze problems with static geometries
are solved by using the Laplace’s equation. Later, in [37], a method based
on the incompressible Navier-Stokes equations for handling 2D pathfinding
problems with restriction on the vehicle’s ground friction has been described.
This method was also validated experimentally by using real liquid systems
in [19, 46]. Recently, in [36, 40], some CFD equations were applied to de-
termine the optimal route of a swarm of ground or underwater vehicles in
2D domains with restrictions (e.g., power consumption, avoiding collisions
or forbidden routes). Moreover, in [1, 50], a wave equation is used to build
a cognitive map of the spatial environment and guide a robot in real-time.
From a numerical point of view, in all those works authors have used their
own numerical implementations by considering finite element, finite differ-
ence or level set methods. Finally, we note that Fluid Dynamics equations
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have been also applied to solve problems in other area of transportation,
such as: the modeling of traffic car density [6] or the optimization of road
networks [38].

The objective of this work is threefold. Firstly, we extend the use of CFD
methods for the resolution of pathfinding problems that include:

• Incomplete information of the spatial domain;

• Dynamical evolution of the environment;

• One-way routes;

• and 3D environments for ground or nonholonomic flying vehicles [44].

Secondly, we present and validate a particular implementation of the pro-
posed algorithms by using Comsol Multiphysics 5.0 [48] coupled with Mat-
lab 2014a [24]. Indeed, Comsol Multiphysics is a modeling software based on
Finite Element Methods (FEM) [21, 42]. It allows obtaining easily robust
numerical version of Fluids Dynamics models [22, 26, 27, 28, 29]. In its last
versions (4.0 and later), this program produces accurate solutions of CFD
equations in a reasonable computational time when compared to other com-
mercial software (e.g., ANSYS Fluent) [25]. This software is also used as a
formative tool in order to illustrate the possible applications of FEM to indus-
trial problems [34, 35]. Thus, one of our aim is to propose easy-to-implement
pathfinding algorithms to Comsol Multiphysics users. We note that the use
of Comsol Multiphysics is not mandatory to implement the methods pro-
posed here. Indeed, any other FEM toolbox can be used as an alternative
implementation framework. Thirdly, we perform a sensitivity analysis of the
proposed algorithms in order to study the impact on the solutions of changes
in the values of some key parameters.

To do so, in Section 2, we introduce the continuous equations and algo-
rithms used to model and solve different pathfinding problems that include
some of the characteristics presented previously. Next, in Section 3, we
propose a particular implementation of our approach with Comsol Multi-
physics 5.0 and Matlab 2014a software. Finally, in Section 4, we validate
our approach by considering various benchmark pathfinding problems and
by analyzing the obtained results. When possible, we compare those outputs
with the ones returned by a classical A* algorithm implemented in Matlab.
We note that this A* is only considered as a reference value to be compared
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with other pathfinding methods found in the literature [7, 33, 45]. We also
provide a sensitivity analysis of the considered algorithms with respect to
some parameters.

2. Mathematical models and algorithms

In this Section, we introduce the equations and algorithms used to model
and solve the different classes of pathfinding problems studied during this
work.

2.1. Basic problem

First, we focus on the problem of finding a path between a starting point
S and a final point F in a 2D space delimited by walls. To do so, let Ω ∈
IR2 be the geometrical representation of the space. We assume that S and
F are included in Ω\∂Ω, where ∂Ω is the boundary of Ω. Following [37,
19, 46], we want to model the motion of a fluid entering by a small area
including S and exiting by a small area including F , when this physical
system is at equilibrium. To do so, let BS(ǫ) and BF (ǫ) be the balls of radius
ǫ > 0 centered at S and F , respectively, and included in Ω. A schematic
representation of Ω, BS(ǫ) and BF (ǫ) is given by Figure 1. Then, we consider
the following steady configurations of the laminar incompressible Navier-
Stokes equations [4, 10]:

{

−∇ · (η(∇u+ (∇u)⊤)− pI) + ρ(u · ∇)u = 0 in Ω\{BS(ǫ) ∪ BF (ǫ)},

∇ · ρu = 0 in Ω\{BS(ǫ) ∪ BF (ǫ)},
(1)

where u is the fluid flow velocity vector (m s−1), p is the pressure field (Pa), η
is the fluid dynamic viscosity (kg m−1 s−1) and ρ is the fluid solution density
(kg m−3).

Furthermore, System (1) is completed with those boundary conditions:

• the effect of the walls on the fluid is modeled by considering

u = 0 (2)

on ∂Ω,
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Figure 1: Schematic representation of the spatial domain Ω, BS(ǫ) and BF (ǫ) associated
to the pathfinding problem presented in Section 2.1. The trajectory obtained by using the
BPA is represented by a dotted line.

• the fluid entering through the boundary of BS(ǫ) (called inlet bound-
ary) is described by

u = u0, (3)

on ∂BS(ǫ), where u0 ∈ IR being the fluid injection velocity,

• the fluid exiting through the boundary of BF (ǫ) (called outlet bound-
ary) is characterized by

(

η
(

∇u+ (∇u)⊤
)

− pI
)

n = 0, (4)

on ∂BF (ǫ), see [23].

We note that the boundary conditions imposed here to BS(ǫ) and ∂BF (ǫ)
are different from the ones proposed in [37] (based on a difference of pres-
sure between the starting and final points). This choice is motivated by the
fact that they generally allow to obtain faster numerical results when using
commercial CFD software, such as Comsol Multiphysics [39].

Once the solution of System (1) is computed, we determine a path linking
S and F by considering one of the streamlines associated to u of shortest
length starting from ∂BS(ǫ) and ending at ∂BF (ǫ) [4]. To determine such a
streamline, we solve the following minimization problem:

min
x∈∂BS(ǫ)

∫

lx

ds (5)
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where lx is the streamline obtained by solving

dlx(t)

dt
= u(lx(t)), (6)

with lx(0) = x. Again, here, our approach is different from the ones proposed
in [37, 40, 36] in which authors aim generating paths with restrictions (e.g.,
minimum ground friction, collision avoidance, etc.).

The process described above can be summarized by the following algo-
rithm, called Basic Pathfinding Algorithm and denoted by BPA:

• Step 1- Let Ω, S and F be the spatial domain, the starting point and
the final point, respectively.

• Step 2- Build BS(ǫ) ⊂ Ω and BF (ǫ) ⊂ Ω, with ǫ > 0 given.

• Step 3- Solve the fluid flow problem by considering Equations (1)-(4).

• Step 4- Solve the minimization Problem (5). The solution is denoted
by xo.

• Step 5- Return lxo.

Remark 1. We note that, despite the fact that the authors in [46] have
assumed the optimality of the routes generated with Equations (1)-(4), the
solution of Problem 5 does not always provide the shortest path between S
and F [37]. This is due to the fact that the curvature and distribution of
the streamlines associated to the Navier-Stokes velocity field depend on the
pressure distribution of the fluid [18]. Thus, in function of the geometry
of the domain boundary, the trajectories does not generally follow straight
lines. Furthermore, due to apparition of secondary flows, not all the possible
combinations of routes between S and F are explored (e.g., streamlines cannot
cross each other [15]). This drawback is illustrated in Section 4.1.

2.2. Incomplete spatial information

Here, we deal with the same pathfinding problem as the one introduced
in Section 2.1. However, we now contemplate the case for which the spatial
information between S and F is incomplete. For instance, we can consider
a robot which is able to analyze its immediate spatial environment by using
sensors and convert the collected information into a 2D or 3D geometrical
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domain [8]. In this case, to solve the problem of determining a route be-
tween S and F , we propose to use the following try-and-error algorithm,
called Dynamic Gathering Information Pathfinding Algorithm and denoted
by DyGIPA:

• Step 1- Let i = 1, ΩI , S and F be the known information on the
spatial domain, the staring point and the final point, respectively.

• Step 2- Define Ω a compact spatial domain (e.g., a rectangle) that
contains ΩI , S and F . We consider u = 0 on ∂Ω.

• Step 3- Compute γi ⊂ Ω, the solution of the BPA, defined in Section
2.1, obtained by considering Ω, S and F .

• Step 4- Follows γi. We have three possibilities:

– Step 4.1- If when following γi a wall is crossed, we consider the
point W which is at a safety distance ds ≥ 0 from this wall and
run:

∗ Step 4.1.1- Add the additional spatial information gathered
during the trip from S to W to ΩI .

∗ Step 4.1.2- Limit γi only to the trajectory from S to W .

∗ Step 4.1.3- Set S = W and i = i+ 1.

∗ Step 4.1.4- Return to Step 2.

– Step 4.2- If when following γi, we exit ΩI at point W , we run
Steps 4.1.1 to 4.1.4.

– Step 4.3- If we reach F : go to Step 5.

– Step 5- Return γ =
⋃i

k=1 γk.

In Figure 2, we illustrate one particular run of the DyGIPA.
We note that, as shown in Section 4, obtaining streamlines is a quite

computationally expensive process. Thus, we are interested in reducing the
number of times that CFD equations are evaluated. To do so, Step 4.2 can
be omitted.
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Figure 2: Schematic representation of one particular run of the DyGIPA described in
Section 2.2: a) A rectangular domain Ω including S, W and ΩI is built. b) the BPA
defined in Section 2.1 is solved. The obtained trajectory (dotted line) left ΩI at point W .
We add the new spatial information to ΩI . c) We set S = W and solve again the BPA.
The obtained trajectory reaches F . d) The algorithm returns the union of trajectories
built during previous Steps b) and c).
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2.3. Dynamic spatial environments

Considering the pathfinding problem introduced in Section 2.1, we now
introduce the case for which the spatial configuration of Ω vary in time. One
way to solve such a problem could be to use the time-dependent versions of
Equations (1)-(4) and techniques from the Fluid-Structure Interaction field to
solve those equations for dynamic spatial domains [5]. However, this method
is quite time expensive and should be applied only for continuous changes in
the spatial configuration of Ω.

In this section, we focus on the particular context in which the modifica-
tions of Ω can be approximated by discrete events. More precisely, we assume
that at time tn ∈ IR+, with n ∈ IN, Ω = Ωn such that S and F ∈ Ωn. In
that case, the problem of finding a route from S to F can be solved by using
the following try-and-error algorithm, called Dynamic Spatial Configuration
Pathfinding Algorithm and denoted by DySCoPA:

• Step 1- Let i = 1, Ω0, S and F be the initial spatial domain, the
staring point and the final point, respectively. Set Ω = Ω0.

• Step 2- Compute γi ⊂ Ω, the solution of the BPA, defined in Section
2.1.

• Step 3- Follows γi. We have two sub-cases:

– Step 3.1- If when following γi a wall is crossed, we consider the
point W which is at a safety distance ds ≥ 0 from this wall and
run:

∗ Step 3.1.1- Determine the new spatial configuration Ω = Ωm,
with m ∈ IN.

∗ Step 3.1.2- Limit γi only to the trajectory from S to W .

∗ Step 3.1.3- Set S = W and i = i+ 1.

∗ Step 3.1.4- Return to Step 2.

– Step 3.2- If we reach point F : go to Step 4.

– Step 4- Return γ =
⋃i

k=1 γk.

In Figure 3, we illustrate one particular run of DySCoPA.
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Figure 3: Schematic representation of one particular run of the DySCoPA described in
Section 2.3: a) Initial problem. b) The BPA, defined in Section 2.1, is solved. The
obtained trajectory (dotted line) cross a wall. Thus, we consider the point W which is at
a safety distance ds from this wall. We update the information of Ω. c) We set S = W

and solve the BPA. The obtained trajectory reaches F . d) The DySCoPA returns the
union of trajectories built during previous Steps b) and c).
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Remark 2. Here, we focus on the description of pathfinding methods easy
to implement in Comsol Multiphysics. Thus, DyGIPA and DySCoPA

are based on basic approaches of path replanning to prevent wall collision
scenarios. They present some limitations. For instance, DySCoPA can be
trapped in an infinite loop during Step 3.1 in the case of periodic spatial
environment reconfigurations. To avoid those drawbacks, both algorithms can
be replaced by more efficient replanning methods in dynamic environments
such as the one proposed in [9].

2.4. One-way routes

Here, we add new restrictions to the basic pathfinding problem proposed
previously by considering that some paths of the spatial domain Ω are of the
type One-way route (i.e., the direction when using this path is fixed). This
kind of restriction is used, for instance, in the design of road networks in city
[51].

To model such a restriction, we propose to use a fan boundary condition
(see, e.g., [30]) on interior boundaries added at the beginning and at the
end of each One-way path, denoted by ∂Ωfan. For each One-way path, we
assume that the normal vectors of ∂Ωfan have the same direction than the
one imposed to the path. More precisely, we consider the following equations
on ∂Ωfan











[

p− n⊤[η(∇u+ (∇u)⊤)]n+ ρ(u · n)2
]+

= f(pf , vf ),
[

ρu · n
]−

= 0
(7)

where n is the normal vector, [v]+ and [v]− denote the positive and nega-
tive parts of a vector v, respectively; f is the linear function modeling the
fan static pressure evolution (Pa) and described in [49]; pf is the fan static
pressure at no flow (Pa); and vf is the fan free delivery flow rate (m3. s−1).

Then, considering those additional boundary conditions, we solve the
path-finding problem by using the BPA detailed previously. A schematic
representation of this process is presented in Figure 4.

2.5. 3D spatial environments

Finally, we study the case of a 3D spatial domain Ω. Here, we consider
the following two sub-problems:

11



. .S F

Ω

Figure 4: Schematic representation of the One-way routes pathfinding problem presented
in Section 2.4. The direction of the One-way path is represented by a black arrow. ∂Ωfan

are described by dashed lines and their normal directions by white arrows. The trajectory
obtained by using the BPA, defined in Section 2.1, is represented by a dotted line.
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Figure 5: Schematic representation of the Problem 3DPN presented in Section 2.5. The
trajectory obtained by using the BPA, defined in Section 2.1, is represented by a dotted
line.

The first one, denoted by 3DPN, consists in finding a route from S to
F without restriction on the height (i.e., the z-axis) of the path (e.g., when
determining the trajectory of a nonholonomic flying vehicles). A particular
example of such a case is depicted in Figure 5. In [44], a similar problem was
solved by using a feedback approach. Here, we are interested in proposing a
direct approach based on CFD equations. To do so, we can directly extend
the methods proposed in Sections 2.1-2.4, by redefining BS(ǫ) and BF (ǫ)
as spheres centered at S and F , respectively, of radius ǫ and included in Ω.
Furthermore, we use the 3D versions of Equations (1)-(4) and (7). According
to the pathfinding problem characteristics, the BPA, the DyGIPA or the
DySCoPA described previously can be applied directly.

For the second sub-problem, denoted by 3DPR, the height of the path
between S and F must be equal to the height of the ground of Ω (e.g., when
determining the trajectory of a ground vehicle). Additionally:

• If Ω does not include superposed floors (e.g., bridges or tunnels): the
3D problem can be reformulated as a 2D pathfinding problem by using
projection techniques (see, e.g., [17]) and solved by using the algorithms
presented in Sections 2.1-2.4 (but taking into account the height of the
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ground when computing the length of the streamlines in Problem (5)).
This case is denoted by 3DPR-1.

• If Ω includes superposed floors: one possibility is to solve the Problem
3DPR-1 described above. However, when solving the minimization
Problem (5), streamlines are orthogonally projected on the ground of
Ω. Additionally, a process that avoid non-admissible streamlines (e.g.,
discontinuous trajectories such as the one presented in Figure 6), should
be performed. This case is denoted by denoted by 3DPR-2. A partic-
ular example representing this situation is shown in Figure 7.

3. Numerical implementation

In this section, we give some details about the numerical implementation
of the models and algorithms described in Section 2.

The considered pathfinding problems are modeled by using Comsol Multi-
physics 5.0 software (www.comsol.com, see [48]). More precisely, to compute
a numerical solution of Equations (1)-(4) and (7), we use Finite Element
Methods with Lagrange P2-P1 elements to stabilize the pressure and to sat-
isfy the Ladyzhenskaya, Babouska and Brezzi stability condition. The 2nd-
order Lagrange elements model the velocity component, while linear elements
represent the pressure. A discrete version of the spatial domain Ω is obtained
by applying a Delaunay mesh. The Navier-Stokes equations are solved by
considering Galerkin Least Square streamline and crosswind diffusion meth-
ods in order to prevent numerical oscillations. Streamlines are estimated by
using a Runge-Kutta method for solving (6). To reduce the apparition of
secondary flows such as Dean vortices[14], parameters ρ, η and u0 in Equa-
tion (1) are set such that the Reynolds number Re = ρusL/η, where L (m)
is a typical length of the domain Ω, is less than 1 [22, 28, 29]. Other model
and solver parameters are fixed to their default values in Comsol [48]. A
complete description of those techniques can be found in [20, 21].

The BPA, DyGIPA or DySCoPA are implemented in Matlab script
(www.mathworks.com, see [24]). They use the outputs of the Comsol models
detailed previously to compute an approximation of the solution of the stud-
ied pathfinding problem. More precisely, we apply the following techniques:

• The solution of the minimization Problem (5) is approximated by re-
turning the shortest streamline starting from a discrete set of Nbound =

14

www.comsol.com
www.mathworks.com


Ω

Ω

a)

b)

Figure 6: Example of a non-admissible trajectory for the Problem 3DPR-2. Ω is com-
pound by a floor and an upper bridge. a) With a dotted line, we represent a part of
a trajectory obtained when solving the Problem 3DPR-1. With a dash-dotted line, we
represent the orthogonal projection on Ω of the previous trajectory. We observe a discon-
tinuity when the trajectory enters and leaves the bridge. b) Wall boundary conditions (in
solid gray) are added to the vertical borders of Ω. In this case, the orthogonal projection
on Ω of the trajectory obtained when solving the Problem 3DPR-1 is admissible.
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Figure 7: Schematic representation of the Problem 3DPR-2 presented in Section 2.5. The
trajectory obtained by using the BPA, defined in Section 2.1, is represented by a dotted
line and its orthogonal projection on the ground by a dash dotted line.

50 points uniformly distributed on ∂BS(ǫ). Furthermore, integrals are
estimated with a trapezoidal approximation formula.

• When using the DyGIPA or DySCoPA, we verify if, at time t ∈ IR+,
a vehicle with known kinetic characteristics and following γi is blocked
by a wall of ∂Ωt, the spatial configuration of the domain at time t, by
using the Matlab command Inpolygon, see:

www.mathworks.com/help/matlab/

• The safety distance between the considered vehicle and a wall can be
computed by using a ray tracing algorithm (see, e.g., [3]) in the tangent
direction of the path.

• When solving a problem of the form 3DPR-2, artificial wall boundary
conditions are added to the vertical borders of Ω to avoid discontinuous
trajectories. A particular example is given in Figure 6.

A file containing the BPA code used during Example 1 (detailed below)
can be downloaded at

http://www.mat.ucm.es/~ivorra/BPA.zip
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4. Numerical Experiments

We now focus on the validation of the algorithms proposed previously by
considering benchmark numerical experiments corresponding to each specific
case detailed in Sections 2.1-2.5. Additionally, in Section 4.6, we propose
a sensitivity analysis of the BPA according to the values of some of its
parameters.

Those simulations are carried out in a 3.6Ghz Intel i7-4790 64bits com-
puter with 32GB of RAM.

4.1. Basic problem

For this first experiment, denoted by Example 1, we consider a 2D
maze Ω, depicted in Figure 8-a, a starting point S = (7, 109) (m) and a final
point F = (10, 125) (m). We set ǫ = 1 (m). The mesh associated to Ω is
presented in Figure 8-b and is composed by Nmesh =4538 elements. The fluid
coefficients are fixed to those of the water, which are ρ = 1010 (kg m−3) and
η = 9.8e − 4 (kg m−1 s−1). To obtain a Reynolds number Re lower than 1
and considering L = 11 (m), which is the length of the shortest wall of ∂Ω,
we use u0=8e-8 (m s−1). The impact on the solutions returned by the BPA

of the values of those parameters is discussed in Section 4.6.
In order to compare the efficiency of our approach with another pathfind-

ing method, Example 1 is also solved by considering the basic A* algorithm
implemented in Matlab script available at [41]. For this algorithm, we con-
sider 4791 points, obtained by building the maze geometry with Comsol and
converting it to a black and white image of size 100x100 pixels, to repre-
sent the spatial domain. Other algorithm parameters are set to their default
values.

Remark 3. The particular A* considered here is only presented as a refer-
ence algorithm and cannot be considered as a fast pathfinding method. Thus,
comparisons with more efficient pathfinding algorithms, such as the D* algo-
rithm [33], can be recovered from the literature (see, e.g., [7, 45]) and we can
deduce that our methodology is not the fastest one. This result should be ex-
pected as, in general, CFD numerical implementations are generally compu-
tationally intensive [39]. However, one of the objectives of this article, is not
to propose computationally cheap pathfinding methods, but easy-to-implement
algorithms based on the use of Comsol Multiphysics.

17



Figure 8: Example 1: a) Spatial domain Ω and position of BS(ǫ) and BF (ǫ). b) Mesh
associated to Ω. c) Solution (black line) and streamlines (gray line) returned by the BPA.
d) Solution returned by the considered A* algorithm.
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For this particular problem, both BPA and A* require around 3.5 (s).
For the BSA, this computational time is distributed on the following way:
0.6 (s) to build Ω and its mesh, 2.4 (s) to compute the solution of the model
and 0.5 (s) to compute and return the best trajectory. For the A*, we
obtain: 0.8 (s) to build the points representing Ω and 2.7 (s) to estimate the
trajectory. This result tends to show that, when considering similar numbers
of mesh elements and points for representing Ω in the BPA and the A*,
respectively, both algorithms require a comparable amount of computational
time to return the solution. In addition, we point out the fact that in [46]
the authors obtain the numerical solution of a similar problem with a finite
difference approach in 10 (s) (however, in this particular reference, the used
computer is not described).

Solutions found by the BPA and the A* are depicted in Figures 8-c
and d. Both methods success in finding a route between points S and F .
The length of the best trajectories returned by the BPA and the A* are
284.5m and 267.4m, respectively. Thus, for this particular example, the
BPA provides a path 6.4% larger than the one given by the A*. Indeed,
due to the reasons explained in Remark 1, the BPA streamlines do not
explores all the possible combinations of routes and, thus, the shortest path
may be a non-admissible path for this algorithm.

However, as we can observe in Figure 8-c, one advantage of using the
BPA instead of the A* is that, considering the whole set of streamlines, we
can directly obtain alternative routes between S and F without requiring ad-
ditional computation. This could be useful, for instance, in case of problems
for which different trajectories should be returned (e.g., healthcare explo-
ration devices [31], moving a swarm of vehicles [36, 40]). Another interest is
that the union of all the streamlines corresponds to all possible direct routes
(i.e., avoiding useless detour) between S and F . Thus, this information could
be used to reduce the complexity of the pathfinding problem (by removing
Dead-End routes). For example, we can consider the BPA* hybrid algo-
rithm which consists in: (i) Run the BPA, (ii) plot all computed streamlines
and convert them into a bitmap image and (iii) solve the A* by using the
previous image as the spatial domain. Applying the BPA* to Example 1

with the same parameters as used before, we obtain the solution in 5.7 (s):
3.5 (s) for running Steps (i) and (ii) and 1.5 (s) for Step (iii). The set of
streamlines computed by the BPA and the solution returned by the A* are
depicted in Figures 9-a and b, respectively. By applying this method, the
spatial domain for the A* is reduced to 1976 points. The BPA* should be
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Figure 9: Example 1: a) Streamlines (black) returned by the BPA. b) Solution returned
by the considered BPA* algorithm.

used for problems for which the A* requires high computational times.
From those previous results, the BPA seems to be a reasonable alterna-

tive to the considered A*.
A file containing the BPA code used during this experiment can be down-

loaded at

http://www.mat.ucm.es/~ivorra/BPA.zip

4.2. Incomplete spatial information

For this experiment, denoted by Example 2, we consider a vehicle mov-
ing at a constant velocity of 0.5 (m.s−1) in a 2D plane and which is able to
obtain visual data from its spatial environment. A safety distance ds = 1
(m) between the vehicle and crossed walls is used. The aim of this vehicle
is to move from S = (30, 150) (m) to F = (150, 30) (m). The full spatial
domain Ω is depicted in Figure 10-a. On the same figure we also present the
solution returned by the BPA in 3.5 (s) with the parameters from Section
4.1.

However, at time t0 = 0 (s), only an incomplete information of the spatial
domain is known. It is denoted by Ω0 and is presented in Figure 10-b.
Starting from this space we run theDyGIPA, without Step 4.2 to accelerate
the computational time, with the same parameters as the ones used in Section
4.1. A graphical representation of each DyGIPA step is depicted in Figures
10-b to e. More precisely:

• At Step 1, solved in 3.4 (s), the algorithm determines a first trajectory
which crosses a wall of ∂Ω. The vehicle reaches the safety distance ds
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from this wall at point W0 = (98.5, 39.5) and at time t1 = 348 (s).
We set S = W0. The new spatial information gathered by the vehicle
during this first trip is added to the pathfinding problem and we now
consider Ω = Ω1, shown in Figure 10-c, as the spatial domain.

• At Step 2, solved in 3.7 (s), the algorithm returns a trajectory which
is blocked by a wall of ∂Ω. The vehicles attains the safety distance at
point W1 = (120.5, 81.5) and at time t2 = 466 (s). We set S = W1
and consider a new spatial domain Ω = Ω2 (see Figure 10-d).

• At Step 3, solved in 3.8 (s), the algorithm generates a trajectory which
is blocked by a wall of ∂Ω. The vehicles attains the safety distance at
point W2 = (203, 64.5) and at time t2 = 466 (s). We set S = W2 and
consider a new spatial domain Ω = Ω3 (see Figure 10-e).

• At Step 4, solved in 3.8 (s), the algorithm determines a trajectory that
reaches F at time t3 = 998 (s). The algorithm finally returns the union
of all trajectories found previously (see Figure 10-f).

The final path returned by the DyGIPA is generated in 14.7 (s) and
measures 499 (m). For this particular problem, we observe that this solution
is shorter than the one returned by the BPA starting from the complete
spatial information, which has a length of 522 (m) and is obtained in 4.2
(s). This can be explained by the high curvatures of the BPA streamlines
produced by the sharp boundaries of Ω [18]. Additionally, we also solve the
problem starting from the complete spatial information with the A* and
considering the parameters presented in Section 4.1. The obtained path,
depicted in Figure 10-a, has a distance of 381 (m) and is returned after 3.8
(s). Thus, for this example, the solution returned by the BPA is 37% larger
than the one given by the A*.

This result tends to show that using theDyGIPA helps generate suitable
solutions for problems with incomplete information of the spatial domain.

4.3. Dynamic spatial environments

To illustrate the interest of the DySCoPA, we consider the case of a
spatial environment which varies in time. This experiment is denoted by
Example 3. At time t = 0 (s), Ω = Ω0. Then, each 300 (s), the spatial
configuration alternates between Ω1 and Ω0 (e.g., simulating the fact that two
doors are periodically opened and closed at the same time), both depicted in
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Figure 10: Example 2: a) Spatial domain Ω, position of BS(ǫ) and BF (ǫ) and solutions
returned by theBPA (black continuous line) and the A* (black dotted line) b) Domain Ω0,
position of BS(ǫ), BF (ǫ) and W0 (X) and solution (black line) returned by the DyGIPA
at Step 1. In dashed line, we represent the wall of ∂Ω that blocks the trajectory. c)
Domain Ω1, position of BS(ǫ), BF (ǫ) and W1 and solution returned by the DyGIPA at
Step 2. d) Domain Ω2, position of BS(ǫ), BF (ǫ) and W2 and solution returned by the
DyGIPA at Step 3. e) Domain Ω3, position of BS(ǫ) and BF (ǫ) and solution returned
by the DyGIPA at Step 4. f) Domain Ω, position of BS(ǫ) and BF (ǫ) and final solution
returned by the DyGIPA.
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Figures 11-a and b. Considering a vehicle moving at a constant velocity of
0.5 (m.s−1) and ds = 1 (m), we want to determine a path from S = (65, 160)
(m) to F = (220, 145) (m).

First, assuming an invariant spatial domain Ω0 or Ω1, the pathfinding
problem is solved with the BPA, using the values of the parameters given in
Section 4.1. Both solutions are found in 3.7 (s) and are presented in Figures
11-a and b. For Ω0, the length of the path is 329 (m) whereas, for Ω1, it
is 498 (m). Both problems are also solved by considering the A* with the
parameters described in Section 4.1. The returned paths, depicted in Figure
11-a and -b, measure 294 (m) and 496 (m) when considering Ω0 and Ω1,
respectively. They are obtained in 2.1 (s) and 2.8 (s), respectively. For those
examples, the BPA generates paths 12% and 0.4% larger than the ones given
by the A*, respectively.

Starting from Ω0 at time 0 (s), we run theDySCoPA with the parameters
introduced in Section 4.1. A graphical representation of eachDySCoPA step
is depicted in Figures 11-c and d. More precisely:

• At Step 1, solved in 3.4 (s), the algorithm returns a trajectory which
is blocked by a wall of ∂Ω1. The vehicle reaches the safety distance ds
from this wall at point W0 = (127, 119) and at time t1 = 404 (s) (see
Figure 11-c). We set S = W0 and Ω = Ω1.

• At Step 2, solved in 3.4 (s), the algorithm determines a trajectory that
reaches F at time t3 = 758 (s). The algorithm finally returns the union
of all trajectories found previously (see Figure 11-e).

The final route returned by the DySCoPA is generated in 6.8 (s), mea-
sures 379 (m) and is depicted in Figure 11-e.

This example seems to indicate that the DySCoPA is a reasonable tool
for solving problems with dynamic environments.

4.4. One-way routes

Here, we consider the same maze as the one introduced in Section 4.1.
The starting point is S = (7, 109) (m) and final point is F = (10, 125) (m).
We impose the direction of 3 routes of the maze. The spatial domain and
the One-way routes are presented in Figure 12-a. We set pf = 100 (Pa) and
vf = 1e− 5 (m3. s−1). This case is denoted by Example 4.

The BPA is solved with the parameters defined in Section 4.1. The final
solution is returned in around 8.4 (s), has a length of 292 (m) and is depicted
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Figure 11: Example 3: a) Spatial domain Ω0, position of BS(ǫ) and BF (ǫ) and solutions
returned by the BPA (black continuous line) and the A* (black dotted line) considering
Ω0. b) Spatial domain Ω1, position of BS(ǫ) and BF (ǫ) and solutions returned by the
BPA (black continuous line) and the A* (black dotted line) considering Ω1. c) Domain Ω1,
position of BS(ǫ), BF (ǫ) and W0 (X) and solution (black line) returned by the DySCoPA
at Step 1. d) Domain Ω0, position of BS(ǫ) and BF (ǫ) and solution returned by the
DySCoPA at Step 2. e) Domain Ω0, position of BS(ǫ) and BF (ǫ) and final solution
returned by the DySCoPA.
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Figure 12: Example 4: a) Spatial domain Ω, position of BS(ǫ) and BF (ǫ) and direction
of the One-way routes (arrows). b) Solution (black line) returned by the BPA.

in Figure 12-b. We can observe on this figure that the obtained trajectory
respects the directions imposed to the One-way routes.

This result tends to show the efficiency of modeling One-way routes by
using Equation (7). However, in this case, the computational time of the
BPA is increased by more than twice.

4.5. 3D spatial environments

Finally, we focus on the application of the BPA to 3D pathfinding prob-
lems of the type 3DPN and 3DPR-2 (as, problems 3DPR-1 are equivalent
to 2D problems).

First, we study the case of a nonholonomic flying vehicle moving into
the 3D space Ω, depicted in Figure 13-a, from S = (0.5, 0.5, 0.5) (m) to
F = (2.5, 0.5, 4.5) (m). This case is denoted by Example 5. We consider
the same parameters as the ones introduced in Section 4.1, except ǫ=0.1
(m). The 3D mesh is compound by Nmesh =10361 elements (see Figure 13-
b). In this case, the BPA needs around 5.8 (s) to solve the pathfinding
problem. Obtained streamlines are shown in Figure 13-c. The length of
the best path found by the BPA is 11 (m) and is depicted in Figure 13-d.
Those results seems to indicate that the BPA proposes a computationally
affordable method to solve 3D problems of the form 3DPN.

Now, we study the case of a ground vehicle moving into the 3D space
Ω presented in Figures 13-a to d from S = (0.5, 4.7, 0.2) (m) to F =
(6.5, 4.5, 2.2) (m). We can observe that, due to the presence of superposed
floors, this problem cannot be easily simplified to a 2D domain. For this
particular case, one can build a bijective application from the ground of Ω
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Figure 13: Example 5: a) Spatial domain Ω and position of BS(ǫ) and BF (ǫ). b) Mesh
associated to Ω. c) Streamlines (gray line) returned by the BPA. d) Solution (black line)
returned by the BPA.
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to a 2D domain, but this process cannot be trivially automatized for any 3D
domain and is time consuming. Thus, here, we work directly with the 3D
domain Ω. In order to avoid paths crossing the vertical borders of ∂Ω, we
add to Ω internal walls to those borders. This modified spatial domain is
denoted by Ωm and is reported in Figure 13-e. Then, we run the BPA with
the parameters introduced before and project the obtained streamlines on
the ground of Ωm (see Figure 13-f). The final solution is returned in around
17.2 (s) and is also shown in Figure 13-f. Thus, for 3D problems of the form
3DPR-2, the proposed approach generates reasonable solutions.

4.6. Sensitivity analysis of the BPA

As said in Section 2.1, the BPA requires the values of various parameters
to compute the solution of the considered pathfinding problem.

Here, we are interested in studying the impact of changes in some of those
parameters on the BPA outputs. In particular, we focus on the following
parameters: the Reynolds number Re (obtained by varying, for instance, u0);
the radius of the inlet (∂BS(ǫ)) and outlet (∂BF (ǫ)) boundaries ǫ; and the
number of elements of the mesh Nmesh. Additionally, we analyze the effect
of considering a Stokes flow in the model (i.e., we omit the term ρ(u · ∇)u
in System (1)) instead of the full Navier-Stokes equations.

To do so, we consider the following problems: Example 1, described in
Section 4.1; Example 2, described in Section 4.2, with the whole domain in-
formation and denoted by Example 2wi; Example 3, described in Section
4.3, with the fixed domain Ω0 and denoted by Example 3Ω0

; and Exam-

ple 3, described in Section 4.3, with the fixed domain Ω1 and denoted by
Example 3Ω1

.
Each problem is solved with the BPA and considering the following sets

of parameters:

• SetInit: ǫ = 1 (m), Re = 0.9 (i.e., u0 = 8e−8 (m.s−1)) andNmesh ≈ 4500
elements. System (1) is considered to model the fluid flow. Those values
correspond to the ones used in Section 4.1.

• Setǫ=a: ǫ = a, with a=0.1 (m), 2 (m) and 10 (m) (this last value is
not admissible when solving Example 1), and the other parameters
values are taken from Setinit.

• Setu0=b: u0 = b, with b = 8e − 9 (m.s−1), b = 8e − 7 (m.s−1) and
b = 8e− 6 (m.s−1), corresponding to Re = 0.09, 9 and 90, respectively.
The values of the other parameters are set to the ones of Setinit.
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Figure 14: Example 6: a) Spatial domain Ω and position of BS(ǫ) and BF (ǫ). b) X-Y
view of Ω. c) X-Z view of Ω. d) Y-Z view of Ω e) Spatial domain Ωm. f) Streamlines
(gray line) and solution (black line) returned by the BPA and projected on the ground of
Ωm.
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• SetNmesh=c: Nmesh = c , with c=2500 elements and 7000 elements, and
the other parameters values from Setinit.

• SetStokes: We consider the parameters values from Setinit and a Stokes
flow.

For each case, we compute the length in (m) of the returned path, denoted by
lrp, and the computational time in (s) required to find this solution, denoted
by cti. Furthermore, we determine the number of streamlines starting from
the inlet boundary ∂BS(ǫ) and reaching the outlet boundary ∂BF (ǫ), denoted
by nsl. Indeed, due to numerical errors, some streamlines approximated
numerically do not reach the final destination.

The obtained results are reported on Table 1.
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Example 1 Example 2wi

Set of parameters lrp (m) cti (s) nsl lrp (m) cti (s) nsl

SetInit 285 3.9 43 522 3.6 47

Setǫ=0.1 286 4.0 45 523 3.8 47
Setǫ=2 284 3.9 16 520 3.7 48
Setǫ=10 - - - 510 3.7 47

Setu0=8e−9 285 3.9 44 522 3.4 47
Setu0=8e−7 285 3.9 40 522 3.9 47
Setu0=8e−6 292 4 12 548 4.0 45

SetNmesh=2500 284 3.7 15 521 3.2 45
SetNmesh=7000 286 4 45 522 4.1 49

SetStokes 285 3.7 44 522 3.5 48

Example 3Ω0
Example 3Ω1

Set of parameters lrp (m) cti (s) nsl lrp (m) cti (s) nsl

SetInit 329 3.5 49 498 3.8 47

Setǫ=0.1 330 4.0 48 499 3.9 47
Setǫ=2 328 3.5 48 497 3.9 48
Setǫ=10 360 3.6 28 504 3.9 38

Setu0=8e−9 329 3.8 49 499 3.7 47
Setu0=8e−7 332 3.9 47 499 4.0 47
Setu0=8e−6 350 3.9 47 524 4.1 47

SetNmesh=2500 328 3.6 45 497 3.3 45
SetNmesh=7000 329 4.1 49 499 4.1 49

SetStokes 329 3.3 49 499 3.7 47

Table 1: Results obtained by the BPA when considering different sets of parameters (Set
of parameters) and the cases Example 1, Example 2wi, Example 3Ω0

and Example
3Ω1

: length of the returned path in (m) (lrp); computational time in (s) (cti); and number
of streamlines starting from the inlet boundary and reaching the outlet boundary (nsl).

We observe on this table that for values of ǫ lower than 10 (m) (i.e.,
SetInit, Setǫ=0.1 and Setǫ=2), the outputs returned by the BPA are equiva-
lent between each other (i.e., we obtain similar values of lrp, cti and nsl).
However, when ǫ = 10 (m) the inlet and outlet boundaries are situated at
a close distance of ∂Ω making difficult to evaluate correctly some stream-
lines (e.g., the value of nsl decreases up to 28 and 38 for Example 3Ω0

and
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Figure 15: Solutions returned by the BPA when considering the case Example 3Ω0
and

the sets of parameters SetInit (black dotted line) and Setǫ=10 (black continuous line). The
position of BS(ǫ) and BF (ǫ) are also reported.

Example 3Ω1
, respectively). A similar phenomenon occurs for Example

1 with Setǫ=2, as the width of the pipes composing the spatial domain is
thinner than in the other examples. As a consequence, the solution of Ex-
ample 3Ω0

is significantly different from the one returned with SetInit (both
solutions are presented in Figure 15) and its length is 360 (m).

Focusing on the value of the Reynolds number Re (or, equivalently, the
value of u0), if Re ≤ 9 (i.e., u0 ≤ 8e − 7 (m.s−1)), no noticeable changes in
the outputs are observed. However, when Re = 90 (i.e., u0 = 8e− 6 (m.s−1))
the apparition of vorticity in the fluid flow produces an increase of the length
of the returned paths between 2% and 10% with respect to the case SetInit.
Those solutions are shown in Figure 16.

Regarding the value of Nmesh, if the mesh is coarse (i.e., Nmesh = 2500
elements), due to the lack of quality in the numerical approximation of Sys-
tem (1), the number of streamlines starting from the inlet and reaching the
outlet, nsl, is drastically reduced. However, in the considered examples this
does not impact the final solution. Building a finer mesh (i.e., Nmesh = 7000
elements) does not improve the results in a significant way.

The use of a Stokes flow produces similar results than considering the full
Navier-Stokes equations. Furthermore, the computational time is reduced by
around 5% when working with the Comsol implementation.
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Figure 16: Solutions returned by the BPA when considering the sets of parameters SetInit
(black dotted line) and Setu0=8e−6 (black continuous line) and the cases: a) Example
1, b) Example 2wi, c) Example 3Ω0

(c) and d) Example 3Ω1
. The position of BS(ǫ)

and BF (ǫ) are also reported.
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Those results seem to indicate that, in order to not deteriorate the effi-
ciency of the BPA, the Reynolds number Re (or equivalently the value of u0)
should be lower than 9 and the radius ǫ should be chosen to generate the inlet
and outlet boundaries far enough from ∂Ω. Additionally, the mesh should
be fine enough (here, at least 4500 elements) in order to obtain a reason-
able amount of streamlines for studying several alternative routes from the
starting point to the final point. Moreover, the use of a Stokes flow seems to
produce similar results than the ones obtained with a Navier-Stokes model,
for a slightly reduced computational time.

Finally, we are also interested in studying the effect on the solutions of
changes in the geometry of Ω. In particular, we focus on the impact of nar-
rowing some parts of the spatial domain on the fluid flow. To this aim, we
consider two experiments, denoted by Example 7-1 and Example 7-2,
whose spatial domains, initial points and final points are depicted in Fig-
ure 17. We observe that the only difference between both problems is that
one pipe of the spatial domain (near the outlet) is narrowed. We solve those
problems by considering the BPA and the set of parameters Setǫ=0.1. On the
one hand, Example 7-1 is solved in 3.4 (s) and the length of the returned
path is 2.0 (m). On the other hand, Example 7-2 is solved in 3.3 (s) and the
solution measures is 2.2 (m). The returned paths and the computed stream-
lines are presented in Figure 17. We observe that those solutions present
some differences. Furthermore, the configurations of streamlines have been
modified in the area near the narrowed pipe. Those changes in the velocity
field can be in part explained by the evolution of the pressure distribution
in the narrowed zones (see, e.g., the Bernoulli’s principle detailed in [4]).
Those results show the importance of the spatial domain when using CFD
techniques for determining paths. Indeed, in some cases, the spatial domain
could be modified to avoid that the vehicle be close from areas of danger
(e.g., near a cliff) and a particular attention should be paid when narrowing
parts of this domain.

5. Conclusions

In this article, we have applied the idea of using models coming from
the Computational Fluid Dynamics field to solve pathfinding problems with
spatial constraints. Those problems may include: incomplete spatial infor-
mation; dynamical evolution of the environment; One-way routes; and 3D
environments for ground or nonholonomic flying vehicles.
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Figure 17: Solutions (black line) and streamlines (gray lines) returned by the BPA when
considering the set of parameters Setǫ=0.1 and the cases: a) Example 7-1 and b) Ex-
ample 7-2. The position of BS(ǫ) and BF (ǫ) are also reported.

For solving those problems, we have detailed three specific algorithms: the
BPA, the DyGiPA and the DySCoPA. Those algorithms allow obtaining
paths between a starting and a final points.

Then, we have proposed a particular implementation of this approach by
using Comsol multiphysics and Matlab software.

Next, we have studied the interest our method by considering several
benchmark cases including all the difficulties detailed previously. We have
observed that the paths returned by our algorithms are not the shortest
ones. For instance, in the considered examples, the BPA has generated
paths larger than the ones given by the A*, in a range from 0.4% to 37%
. However, those paths correspond to reasonable solutions of the considered
problems. Furthermore, the computational times required by our algorithms
for solving those test cases are similar to the ones needed by a simple A*

algorithm, but are greater then the ones produced by efficient pathfinding
algorithms found in the literature [7, 45, 33]. However, one of the objectives
of this work is to propose easy-to-implement pathfinding algorithms in Com-
sol Multyphysics, a software known to be computationally expensive when
solving CFD equations.

All those results tend to show that our methodology helps to quickly
implement algorithms to solve complex pathfinding problems, for which the
resolution computational time is not primordial.

Finally, we have performed a sensitivity analysis of the BPA regarding
some of its key parameters. We have observed that, in order to avoid a de-
terioration of the BPA performances in the considered numerical examples,
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attention should be paid when choosing the value of the Reynolds number,
the radius of the inlet and outlet boundaries and the number of elements of
the mesh and when narrowing some parts of the spatial domain. Addition-
ally, the use of a Stokes flow seems to reduce the computational time and
seems to produce similar results than the ones obtained with the Navier-
Stokes equations.

In future works, we will focus on the application of incomplete models (see
[26, 28]) or other type of PDEs to reduce the complexity of those algorithms.

A file containing the BPA code used during Example 1 can be down-
loaded at

http://www.mat.ucm.es/~ivorra/BPA.zip
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