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1. Introduction. Consider the following minimax stochastic optimization prob-15

lem16

(1.1) Min
x∈X

sup
Q∈M

EQ[G(x, ξ(ω))],17

where X ⊂ Rn, ξ : Ω → Ξ is a measurable mapping from Ω into Ξ ⊂ Rd, G :18

Rn × Ξ → R and M is a nonempty set of probability measures (distributions), re-19

ferred to as the uncertainty set, defined on a sample space (Ω,F). Such “worst case”20

(minimax) approach to stochastic optimization has a long history. It originated in21

John von Neumann’s game theory and was applied in decision theory, game theory22

and statistics. In stochastic programming it goes back at least to Žáčková [25]. Re-23

cently the worst case approach attracted considerable attention and became known24

as distributionally robust stochastic optimization (DRSO).25

Wide range of the uncertainty sets was suggested and analysed by various authors.26

If the uncertainty set consists of all probability distributions on Ξ, then the DRSO27

is reduced to a so-called robust optimization with respect to the worst realization28

of ξ ∈ Ξ (we can refer to Ben-Tal, El Ghaoui and Nemirovski [5] for a thorough29

discussion of robust optimization). There are two natural, and somewhat different,30

approaches to constructing the uncertainty set of probability measures. One approach31

is to define M by moment constraints. This is going back to a pioneering paper by32

Scarf [21] where it was applied to inventory modeling. In some, rather specific cases,33

this leads to computationally tractable DRSO problems (cf. [7],[11]).34

Another approach is to assume that there is a reference probability measure P35

on (Ω,F) and the set M consists of probability measures Q on (Ω,F) in some sense36

close to P . Of course this leaves a wide range of possible choices for quantifying the37

concept of closeness between probability measures. It also raises questions of practical38

relevance and computational tractability of obtained formulations. In that respect we39

can mention recent paper by Esfahani and Kuhn [12] where it is shown that, under40

mild assumptions, the DRSO problems over Wasserstein balls can be reformulated as41

finite convex programs – in some cases even as tractable linear programs.42

∗ This research was partly supported by NSF grant 1633196 and DARPA EQUiPS program, grant
SNL 014150709.
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2 A.SHAPIRO

In this paper we deal with the second approach assuming existence of a specified43

reference probability measure P . With the set M is associated the functional44

(1.2) ρ(Z) := sup
Q∈M

EQ[Z] = sup
Q∈M

∫
Ω

Z(ω)dQ(ω),45

defined on an appropriate space Z of measurable functions Z : Ω → R. We assume46

further that the probability measures Q are absolutely continuous with respect to P .47

By the Radon - Nikodym theorem, probability measure Q is absolutely continuous48

with respect to P iff dQ = ζdP for some probability density function (pdf) ζ : Ω →49

R+. That is with the set M is associated set of probability density functions50

(1.3) A := {ζ = dQ/dP : Q ∈M}.51

We work with the space Z := Lp(Ω,F , P ), p ∈ [1,∞), of random variables Z : Ω→ R52

having finite p-th order moments, and its dual space Z∗ = Lq(Ω,F , P ), q ∈ (1,∞],53

1/p+ 1/q = 1. For Z ∈ Z and ζ ∈ Z∗ their scalar product is defined as54

〈ζ, Z〉 :=

∫
Ω

ζZdP.55

For p ∈ (1,∞) both spaces Z and Z∗ are reflexive, and the weak∗ topology of Z∗56

coincides with its weak topology. We also consider space Z = L∞(Ω,F , P ) and pair57

it with the space L1(Ω,F , P ) by equipping L1(Ω,F , P ) with its weak topology and58

L∞(Ω,F , P ) with the weak∗ topology. We assume that Zx(ω) := G(x, ξ(ω)) belongs59

to the space Z for all x ∈ X .60

Suppose that A is a subset of the dual (paired) space Z∗. Then the corresponding61

functional ρ can be written as62

(1.4) ρ(Z) = sup
ζ∈A
〈ζ, Z〉.63

This is the dual form of so-called coherent risk measures (Artzner et al [3]). We will64

refer to the set A as the uncertainty set associated with ρ, and use notation ρ = ρA65

for the corresponding functional. In the terminology of convex analysis, ρA(·) is the66

support function of the set A. If the set A ⊂ Z∗ is bounded (in the norm topology of67

Z∗), then ρA : Z → R is finite valued.68

This paper is organized as follows. In the next section we discuss the basic concept69

of law invariance of risk functional ρ and its relation to the corresponding uncertainty70

set A. Section 3 is devoted to study of two generic approaches to construction of the71

uncertainty sets. In section 4 we consider applications of the law invariance to the72

Sample Average Approximation method and Chance Constrained problems.73

We will use the following notation throughout the paper. By saying that Z is a74

random variable we mean that Z : Ω → R is a measurable function. For a random75

variable Z we denote by FZ(z) := P (Z ≤ z) its cumulative distribution function76

(cdf), and by F−1
Z (τ) := inf{z : FZ(z) ≥ τ} the corresponding left-site τ -quantile.77

The notation ζ � 0 means that ζ(ω) ≥ 0 for a.e. ω ∈ Ω. By D we denote the78

set of probability density functions, i.e., a measurable ζ : Ω → R+ belongs to D if79 ∫
Ω
ζdP = 1. Note that D ⊂ L1(Ω,F , P ). We also use80

(1.5) D∗ := Z∗ ∩D81

to denote the set of probability density functions in the dual space Z∗. By IA(·) we82

denote the indicator function of set A, that is IA(x) = 0 if x ∈ A and IA(x) = +∞83
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DISTRIBUTIONALLY ROBUST STOCHASTIC PROGRAMMING 3

otherwise. We also use characteristic function 1A(·), defined as 1A(x) = 1 if x ∈ A84

and 1A(x) = 0 otherwise. By R = R ∪ {−∞} ∪ {+∞} we denote the extended real85

line. The functional ρ : Z → R, defined in (1.4), can take value +∞, but not −∞86

since the set A is assumed to be nonempty.87

2. Law invariance. We say that two random variables Z,Z ′ : Ω → R are88

distributionally equivalent, denoted Z
D∼Z ′, if they have the same distribution with89

respect to the reference probability measure P , i.e., P (Z ≤ z) = P (Z ′ ≤ z) for all90

z ∈ R. In other words two random variables are distributionally equivalent if their91

cumulative distributions functions are equal to each other.92

Definition 1. It is said that a functional ρ : Z → R is law invariant (with respect93

to the reference probability measure P ) if for all Z,Z ′ ∈ Z the implication Z
D∼Z ′ ⇒94

ρ(Z) = ρ(Z ′) holds.95

We discuss now a relation between law invariance of the functional ρ, given in96

the form (1.4), and law invariance of the corresponding uncertainty set A of density97

functions. Note that the uncertainty set A is not defined uniquely by the relation98

(1.4). That is, the maximum in the right hand side of (1.4) is not changed if the set99

A is replaced by the weak∗ topological closure of the convex hull of A. Therefore it100

is natural to assume that the uncertainty set A is convex and closed in the weak∗101

topology of the space Z∗.102

Definition 2. We say that the uncertainty set A is law invariant if ζ ∈ A and103

ζ ′
D∼ ζ imply that ζ ′ ∈ A.104

The relation “
D∼ ” defines an equivalence relation on the set of random variables.

That is, for any random variables X,Y, Z : Ω → R we have that: (i) X
D∼X, (ii) if

X
D∼Y then Y

D∼X, (iii) if X
D∼Y and Y

D∼Z, then X
D∼Z. It follows that the set of

random variables is the union of disjoint classes of distributionally equivalent random
variables. We denote

O(Z) := {Y : Y
D∼Z}

the corresponding class of distributionally equivalent random variables, referred to as105

the orbit of random variable Z. The set A is law invariant iff the following implication106

holds: ζ ∈ A⇒ O(ζ) ⊂ A. Consequently if the set A is law invariant, then it can be107

represented as the union of disjoint classes O(ζ), ζ ∈ A.108

Following is the main result of this section.109

Theorem 3. (i) If the uncertainty set A is law invariant, then the corresponding110

functional ρ = ρA is law invariant. (ii) Conversely, if the functional ρ = ρA is law111

invariant and the set A is convex and weakly∗ closed, then A is law invariant.112

We give a proof of this theorem in several steps. For ζ ∈ Z∗ consider the following113

functional114

(2.1) %ζ(Z) := sup
η∈O(ζ)

〈η, Z〉, Z ∈ Z.115

That is, %ζ = ρA for ζ ∈ D∗ and A = O(ζ). Note that there is a certain symmetry116

between the paired spaces Z and Z∗. Therefore with some abuse of the notation for117

Z ∈ Z we also consider the functional118

(2.2) %Z(ζ) := sup
Y ∈O(Z)

〈ζ, Y 〉, ζ ∈ Z∗.119
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4 A.SHAPIRO

Consider the following conditions.120

(A(i)) For every ζ ∈ Z∗ the functional %ζ : Z → R is law invariant.121

(A(ii)) For every Z ∈ Z the functional %Z : Z∗ → R is law invariant.122

In Lemma 5 below we show that these conditions always hold.123

Lemma 4. (i) If the uncertainty set A is law invariant and condition (A(i)) holds,124

then the corresponding functional ρ = ρA is law invariant. (ii) Conversely, if the func-125

tional ρ = ρA is law invariant, the set A is convex and weakly∗ closed and condition126

(A(ii)) holds, then A is law invariant.127

Proof. (i) We have that128

ρ(Z) = sup
ζ∈A
〈ζ, Z〉 = sup

ζ∈A, η∈O(ζ)

〈η, Z〉 = sup
ζ∈A

%ζ(Z),129

where the second equality follows by the law invariance of A and the last equality130

follows from the definition of %ζ . Hence law invariance of ρ follows from law invariance131

of each %ζ . This completes the proof of (i).132

(ii) Consider the conjugate of ρ:133

ρ∗(ζ) := sup
Z∈Z
〈ζ, Z〉 − ρ(Z).134

Let us observe that ρ∗(ζ) is law invariant. Indeed since ρ is law invariant, for Y
D∼Z135

we have that ρ(Y ) = ρ(Z), and hence136

(2.3)
ρ∗(ζ) = sup

Z∈Z, Y ∈O(Z)

〈ζ, Y 〉 − ρ(Y ) = sup
Z∈Z, Y ∈O(Z)

〈ζ, Y 〉 − ρ(Z) = sup
Z∈Z

%Z(ζ)− ρ(Z).137

If ζ ′ ∈ Z∗ is distributionally equivalent to ζ, then by assumption (A(ii)) we have that138

%Z(ζ ′) = %Z(ζ), and hence it follows that ρ∗(ζ ′) = ρ∗(ζ).139

Furthermore we have that the conjugate of ρ is the indicator function IA(ζ) (e.g.140

[9, Example 2.115]). It is straightforward to see that IA is law invariant iff the set A141

is law invariant. This completes the proof of (ii).142

We show now that conditions (A(i)) and (A(ii)) always hold. Together with143

Lemma 4 this will complete the proof of Theorem 3. It is said that the probability144

measure P is nonatomic if for any measurable set A ∈ F with P (A) > 0 there exists145

a measurable set B ⊂ A such that P (A) > P (B) > 0. If P is nonatomic, then the146

space (Ω,F , P ) is also called nonatomic.147

Lemma 5. Conditions (A(i)) and (A(ii)) hold for any probability space.148

Proof. If the measure P is nonatomic, then (cf. [14, Lemma 4.55])149

(2.4) sup
η∈O(ζ)

∫
Ω

Zη dP =

∫ 1

0

F−1
Z (t)F−1

ζ dt.150

Since Z
D∼Z ′ means that FZ = FZ′ , it follows that for any nonatomic probability151

measure, condition (A(i)) is satisfied, and by the same argument condition (A(ii))152

holds as well.153

When the reference space has atoms we use the following construction. Consider154

a nonatomic probability space (Ξ,G, Q). For example we can use Ξ = [0, 1] equipped155

with its Borel sigma algebra and uniform probability measure. Let (Ω̂, F̂ , P̂ ) be the156

corresponding product space, i.e., P̂ := Q×P is the product measure on F̂ := G ×F .157
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Since Q is nonatomic, the product space is also nonatomic (e.g. [8]). In the product158

space consider sigma algebra F ′ of sets of the form Ξ×A, A ∈ F . This sigma algebra159

is a subalgebra of F̂ = G × F . With marginal measure P ′(Ξ × A) = P (A) on this160

subalgebra, we obtain that the reference probability space is isomorphic to (Ω̂,F ′, P ′).161

We then identify (Ω,F , P ) with (Ω̂,F ′, P ′), and with some abuse of the notation write162

(Ω̂,F , P ) for the embedded space.163

For F-measurable ζ : Ω̂ → R, consider orbit O(ζ) consisting of F-measurable164

ζ ′ : Ω̂→ R distributionally equivalent to ζ. We also consider the orbit Ô(ζ) consisting165

of F̂-measurable ζ ′ : Ω̂→ R distributionally equivalent to ζ. That is, O(ζ) is the orbit166

of ζ in the reference space and Ô(ζ) is the orbit of ζ in the respective nonatomic space.167

Note that O(ζ) is a subset of Ô(ζ).168

For F-measurable Z ∈ Z and F̂-measurable ζ ′ ∈ Z∗ we have that169

(2.5)

∫
Ω̂

Zζ ′dP = E[Zζ ′] = E
[
E|F [Zζ ′]

]
= E

[
Z E|F [ζ ′]

]
,170

where E|F denotes the conditional expectation and the last equality holds since Z is171

F-measurable. That is172

(2.6)

∫
Ω̂

Zζ ′ dP̂ =

∫
Ω̂

Zη dP,173

where η := E|F [ζ ′] is F-measurable. It follows174

(2.7) sup
ζ′∈Ô(ζ)

∫
Ω̂

Zζ ′dP̂ = sup
η∈O(ζ)

∫
Ω̂

Zη dP.175

Since (Ω̂, F̂ , P̂ ) is nonatomic, we have that if Z ′ : Ω̂→ R is distributionally equivalent176

to Z, then177

(2.8) sup
ζ′∈Ô(ζ)

∫
Ω̂

Zζ ′dP̂ = sup
ζ′∈Ô(ζ)

∫
Ω̂

Z ′ζ ′dP̂ .178

It follows from (2.7) and (2.8) that condition (A(i)) holds for the reference space179

(Ω̂,F , P ). Condition (A(ii)) can be shown in a similar way.180

Theorem 3 now follows from Lemmas 4 and 5.181

Remark 2.1. Recall that we assume that the uncertainty set M consists of prob-182

ability measures absolutely continuous with respect to P . For example let the proba-183

bility measure P be discrete, i.e., there is a countable set Ω′ ⊂ Ω such that P (Ω′) = 1184

and P ({ω}) > 0 for every ω ∈ Ω′. Then Q is absolutely continuous with respect to P185

iff Q is supported on Ω′, i.e., Q(Ω′) = 1.186

Remark 2.2. If the space (Ω,F , P ) is nonatomic and the set A is law invariant,187

then the functional ρ = ρA is law invariant and hence ρ(Z) ≥ EP (Z) for all Z ∈ Z188

(e.g. [24, Corollary 6.52]). It follows that if moreover the set A is convex and weakly∗189

closed, then 1Ω ∈ A. Without the assumption that the space (Ω,F , P ) is nonatomic,190

this may not hold. For example suppose that the reference probability measure P is191

discrete with Ω = {ω1, ...} and respective probabilities pi > 0. Suppose further that192 ∑
i∈I pi =

∑
i∈I′ pi iff the index sets I, I ′ ⊂ N are equal to each other. In such case193

we say that probabilities pi are essentially different from each other. In case of the194

discrete probability space two random variables Z,Z ′ : Ω → R are distributionally195
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6 A.SHAPIRO

equivalent iff P (Z = a) = P (Z ′ = a) for any a ∈ R. If the set {ω ∈ Ω : Z(ω) = a}196

is empty, then P (Z = a) = 0. So suppose that sets I := {i ∈ N : Z(ωi) = a}197

and I ′ := {i ∈ N : Z ′(ωi) = a} are nonempty. Then P (Z = a) = P (Z ′ = a) iff198 ∑
i∈I pi =

∑
i∈I′ pi. By the above condition this happens iff I = I ′. That is, here199

Z and Z ′ are distributionally equivalent iff their level sets do coincide. This means200

that Z and Z ′ are distributionally equivalent iff Z = Z ′. In that case any set A201

and functional ρ are law invariant. Of course for an arbitrary convex closed set A202

(of densities) there is no guarantee that 1Ω ∈ A. In particular, the set A can be a203

singleton.204

3. Construction of the uncertainty sets of probability measures. In this205

section we discuss some generic approaches to construction of the sets M of probability206

measures used in (1.2), and consider examples. We assume existence of a reference207

probability measure P on (Ω,F) and consider probability measures Q in some sense208

close to P .209

3.1. Distance approach. Consider the following construction. Let H be a210

nonempty set of measurable functions h : Ω → R. For a probability measure Q211

on (Ω,F) consider212

(3.1) d(Q,P ) := sup
h∈H

∫
Ω

hdQ−
∫

Ω

hdP.213

Of course the integrals and the difference in the right hand sides of (3.1) should be214

well defined. If the set H is symmetric, i.e., h ∈ H implies that −h ∈ H, then it follows215

that216

(3.2) d(Q,P ) = sup
h∈H

∣∣∣∣∫
Ω

hdQ−
∫

Ω

hdP

∣∣∣∣ .217

Formula (3.2) defines a semi-distance between probability measures Q and P (it could218

happen that the right hand side of (3.2) is zero even if Q 6= P ), while d(Q,P ) defined219

in (3.1) could be not symmetric.220

Assume further that H ⊂ Z and Q is absolutely continuous with respect to P ,221

with the corresponding density ζ = dQ/dP ∈ Z∗. Then222

(3.3) d(Q,P ) = sup
h∈H

∫
Ω

hdQ−
∫

Ω

hdP = sup
h∈H

∫
Ω

h(ζ − 1)dP = sup
h∈H
〈h, ζ − 1〉.223

Since H ⊂ Z and ζ ∈ Z∗ it follows that the scalar product 〈h, ζ−1〉 is well defined and224

finite valued for every h ∈ H. Moreover if the set H ⊂ Z is bounded, then d(Q,P ) is225

finite valued. With the set H ⊂ Z and ε > 0 we associate the following set of density226

functions1 in the dual Z∗ of the space Z,227

(3.4) Aε(H) := {ζ ∈ D∗ : d(Q,P ) ≤ ε} = {ζ ∈ D∗ : 〈h, ζ − 1〉 ≤ ε, ∀h ∈ H} .228

For ε = 1 we drop the subscript ε and simply write A(H). Note that229

(3.5) Aε(H) = A(ε−1H),230

and that 1Ω ∈ Aε(H), where 1Ω(ω) = 1 for all ω ∈ Ω.231

1Recall that D∗ = Z∗ ∩D is the set of probability density functions in the dual space Z∗.
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Definition 6. Polar (one-sided) of a nonempty set S ⊂ Z is the set232

S◦ := {ζ ∈ Z∗ : 〈ζ, Z〉 ≤ 1, ∀Z ∈ S}.233

Similarly (one-sided) polar of a set C ⊂ Z∗ is234

C◦ := {Z ∈ Z : 〈ζ, Z〉 ≤ 1, ∀ζ ∈ C}.235

Note that the set S◦ ⊂ Z∗ is convex weakly∗ closed, and the set C◦ ⊂ Z is convex236

weakly closed.237

We have the following duality result (e.g. [2, Theorem 5.103]).238

Theorem 7. If C is a convex weakly∗ closed subset of Z∗ and 0 ∈ C, then it239

follows that (C◦)◦ = C.240

This has the following implications for our analysis. Consider a convex weakly∗241

closed set A ⊂ D∗ of probability densities and define242

(3.6) H := {h ∈ Z : 〈h, ζ − 1〉 ≤ 1, ∀ζ ∈ A}.243

That is, H = (A − 1Ω)◦ is the (one-sided) polar of the set A − 1Ω. Suppose that244

1Ω ∈ A. Then by Theorem 7 we have that A − 1Ω is (one-sided) polar of the set H,245

i.e.,246

(3.7) A =

{
ζ ∈ Z∗ : sup

h∈H
〈h, ζ − 1〉 ≤ 1

}
.247

We obtain the following result.248

Proposition 8. For any convex weakly∗ closed set A ⊂ D∗ containing the con-249

stant density function 1Ω, there exists a convex weakly closed set H ⊂ Z such that250

A = A(H).251

For a given uncertainty set A ⊂ D∗, the equation A = A(H) does not define the252

(convex weakly closed) set H uniquely. This is because of the additional constraint253

for the set A ⊂ Z∗ to be a set of probability densities. In particular for any h ∈ Z,254

λ ∈ R and ζ ∈ D∗ we have that 〈h+ λ, ζ − 1〉 = 〈h, ζ − 1〉.255

256

We discuss now law invariance of the set A(H). A function h ∈ H is assumed to257

be measurable and hence can be viewed as a random variable defined on the reference258

probability space (Ω,F , P ). Therefore we can apply derivations of Section 2.259

Proposition 9. Suppose that the set H ⊂ Z is law invariant. Then the set260

A := Aε(H) is law invariant. Conversely, if the set A ⊂ Z∗ is law invariant, then the261

set H := (A− 1Ω)◦ is law invariant.262

Proof. Consider the functional263

ψ(ζ) := sup
h∈H
〈h, ζ − 1〉, ζ ∈ Z∗.264

Note that if ζ ∈ Z∗, then ζ − 1Ω ∈ Z∗, and hence the functional ψ : Z∗ → R is well265

defined. Note also ζ
D∼ ζ ′ iff ζ − 1Ω

D∼ ζ ′ − 1Ω. Since H is law invariant, it follows that266

ψ is law invariant. This can be shown in the same way as in the proof of Theorem 3.267

Since Aε(H) = {ζ ∈ D∗ : ψ(ζ) ≤ ε}, it follows that Aε(H) is law invariant.268

For the converse implication recall that H = (A−1Ω)◦ can be defined as in (3.6).269

By law invariance of A− 1Ω, it follows that H is law invariant.270
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8 A.SHAPIRO

Example 3.1 (Expectation). Let H := L1(Ω,F , P ). Then d(Q,P ) = +∞ for any271

Q 6= P , and hence Aε(H) = {1Ω} and the corresponding functional ρ(Z) = EP [Z],272

Z ∈ L1(Ω,F , P ). Of course, the sets H, Aε(H) and the corresponding functional ρ(Z)273

are law invariant here.274

Example 3.2 (Total Variation Distance). Consider the set275

(3.8) H := {h : |h(ω)| ≤ 1, ω ∈ Ω}.276

The set H ⊂ L∞(Ω,F , P ) is symmetric and is law invariant. The total variation norm277

of a finite signed measure µ on (Ω,F) is defined as278

(3.9) ‖µ‖TV := sup
A∈F

µ(A)− inf
B∈F

µ(B).279

In this example d(Q,P ) = ‖Q − P‖TV (e.g. [19, p. 44]). If we assume further that280

measures Q are absolutely continuous with respect to P , then for dQ = ζdP we have281

d(Q,P ) = sup
h∈H

∫
Ω

h(ζ − 1)dP =

∫
Ω

|ζ − 1|dP = ‖ζ − 1‖1.282

The corresponding set283

Aε(H) = {ζ ∈ D : ‖ζ − 1‖1 ≤ ε} ⊂ L1(Ω,F , P )284

is law invariant. Law invariance of Aε(H) can be verified directly by noting that if285

ζ, ζ ′ ∈ L1(Ω,F , P ) and ζ
D∼ ζ ′, then ‖ζ‖1 = ‖ζ ′‖1. The corresponding functional ρ(Z)286

is defined (finite valued) on L∞(Ω,F , P ) and is law invariant (see Example 3.7 below).287

Remark 3.1. Consider the set H defined in (3.8) and the corresponding distance288

d(Q,P ). Without assuming that Q is absolutely continuous with respect to P , struc-289

ture of the set of probability measures Q satisfying d(Q,P ) ≤ ε is more involved. By290

the Lebesgue Decomposition Theorem we have that any probability measure Q on291

(Ω,F) can be represented as a convex combination Q = γQ1 +(1−γ)Q2, γ ∈ [0, 1], of292

absolutely continuous with respect to P probability measure Q1 and probability mea-293

sure Q2 supported on a set S ∈ F of P -measure zero, i.e., Q2(S) = 1 and P (S) = 0.294

By (3.9) we have that d(Q2, P ) = 2.295

Example 3.3. Consider the set296

H := {h : h(ω) ∈ [0, 1], ω ∈ Ω},297

and probability measures dQ = ζdP absolutely continuous with respect to P . This298

set H is law invariant, but is not symmetric, and299

d(Q,P ) =

∫
Ω

[ζ − 1]+dP.300

The corresponding set A = Aε(H) and functional ρ(Z) are law invariant (see Example301

3.8 below).302

Example 3.4 (Wasserstein distance). Let Ω be a closed subset of Rd equipped303

with its Borel sigma algebra. Consider the set of Lipschitz continuous functions304

modulus one,305

(3.10) H := {h : h(ω)− h(ω′) ≤ ‖ω − ω′‖,∀ω, ω′ ∈ Ω},306
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where ‖·‖ is the standard Euclidean norm on Rd. The corresponding distance d(Q,P )307

is called Wasserstein (also called Kantorovich) distance between probability measures308

Q and P (see, e.g., [15],[19] for a discussion of properties of this metric). It is not309

difficult to see that if h ∈ H and h′
D∼h, then h′ is not necessarily Lipschitz continuous310

modulus one. Hence the set H is not necessarily law invariant.311

Consider for example finite set Ω = {ω1, ..., ωm} ⊂ Rd and the reference probabil-312

ity measure P assigns to each point ωi ∈ Rd equal probability pi = 1/m, i = 1, ...,m.313

A function h : Ω → R can be identified with vector (h(ω1), ..., h(ωm)). Therefore we314

can view H as a subset of Rm, and thus315

(3.11) H = {h ∈ Rm : hi − hj ≤ ‖ωi − ωj‖, i, j = 1, ...,m} .316

By adding the constraint
∑m
i=1 hi = 0 to the right hand side of (3.11) we do not317

change the corresponding uncertainty set A = A(H). With this additional constraint318

the set H ⊂ Rm becomes a bounded polytope. The uncertainty set A = A(H) is also319

a bounded polytope in Rm.320

We have here that two variables h, h′ : Ω → R are distributionally equivalent iff321

there exists a permutation π : Ω→ Ω such that h′ = h ◦ π, where the notation h ◦ π322

stands for the composition h(π(·)) . For a permutation π : Ω → Ω and uncertainty323

set A = A(H) we have that A ◦ π = A(H ◦ π−1), and324

H ◦ π−1 =
{
h ∈ Rm : hi − hj ≤ ‖ωπ(i) − ωπ(j)‖, i, j = 1, ...,m

}
.325

Unless the respective distances ‖ωi − ωj‖ are equal to each other, the set H ◦ π−1 is326

different from the set H and the uncertainty set A is not necessarily equal to the set327

A ◦ π. That is, by changing order of the points ω1, ..., ωm we may change the corre-328

sponding uncertainty set and the associated functional ρ(Z) = supq∈A
∑m
i=1 qiZ(ωi).329

Of course, making such permutation does not change the corresponding expectation330

EP [Z] = 1
m

∑m
i=1 Z(ωi).331

That is, for the uncertainty set defined by the Wasserstein distance we are not332

guaranteed that the uncertainty set A = A(H) and the corresponding functional333

ρ = ρA are law invariant.334

3.2. Approach of φ-divergence. In this section we consider the φ-divergence335

approach to construction of the uncertainty sets. The concept of φ-divergence is336

originated in Csiszár [10] and Morimoto [18], and was extensively discussed in Ben-337

Tal and Teboulle [6]. We also can refer to Bayraksan and Love [4] for a recent survey of338

this approach. Consider a convex lower semicontinuous function φ : R→ R+ ∪{+∞}339

such that φ(1) = 0. For x < 0 we set φ(x) = +∞. Let (cf. [1])340

(3.12) A :=

{
ζ ∈ D :

∫
Ω

φ(ζ(ω))dP (ω) ≤ c
}

341

for some c > 0. If ζ
D∼ ζ ′, then

∫
Ω
φ(ζ(ω))dP (ω) =

∫
Ω
φ(ζ ′(ω))dP (ω), and hence it342

follows that the set A is law invariant.343

We view A as a subset of an appropriate dual space Z∗. Consider functional344

(3.13) ν(ζ) :=

∫
Ω

φ(ζ(ω))dP (ω), ζ ∈ Z∗.345

By Fenchel-Moreau Theorem we have that346

(3.14) φ(x) = sup
y∈R
{yx− φ∗(y)} ,347
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where φ∗(y) := supx≥0 {yx− φ(x)} is the conjugate of φ. Note that since φ(x) = +∞348

for x < 0, it suffices to take maximum in calculation of the conjugate with respect349

to x ≥ 0. Note also that φ∗(y) can be +∞ for some y ∈ R, and since φ(x) ≥ 0 and350

φ(1) = 0 it follows that φ∗(0) = 0 and φ∗(y) ≥ y for all y ∈ R.351

By using representation (3.14) and interchanging the sup and integral operators2,352

we can write functional ν(·) in the form3353

(3.15) ν(ζ) = sup
Y ∈Z

{
〈Y, ζ〉 −

∫
Ω

φ∗(Y (ω))dP (ω)

}
.354

That is, the functional ν(·) is given by maximum of convex and weakly∗ continuous355

(affine) functions, and hence ν(·) is convex and weakly∗ lower semicontinuous. It356

follows that the set A ⊂ Z∗ is convex and weakly∗ closed.357

The corresponding functional ρ = ρA is given by the optimal value of the problem:358

(3.16)
sup
ζ∈Z∗+

∫
Ω
Z(ω)ζ(ω)dP (ω)

s.t.
∫

Ω
φ(ζ(ω))dP (ω) ≤ c,

∫
Ω
ζ(ω)dP (ω) = 1,

359

where Z∗+ := {ζ ∈ Z∗ : ζ � 0}. Lagrangian of problem (3.16) is360

LZ(ζ, λ, µ) =

∫
Ω

[ζ(ω)Z(ω)− λφ(ζ(ω))− µζ(ω)] dP (ω) + λc+ µ.361

The Lagrangian dual of problem (3.16) is the problem362

(3.17) inf
λ≥0,µ

sup
ζ�0
LZ(ζ, λ, µ).363

Since Slater condition holds for problem (3.16) (for example take ζ(·) ≡ 1) and the364

functional ν(·) is lower semicontinuous, there is no duality gap between (3.16) and its365

dual problem (3.17) and the dual problem has a nonempty set of optimal solutions366

(e.g. [9, Theorem 2.165]).367

Since the space Lq(Ω,F , P ) is decomposable, the maximum in (3.17) can be taken368

inside the integral (cf. [20, Theorem 14.60]), that is369

sup
ζ�0

∫
Ω

[ζ(ω)Z(ω)− µζ(ω)− λφ(ζ(ω))] dP (ω) =

∫
Ω

sup
z≥0
{z(Z(ω)− µ)− λφ(z)}dP (ω).370

We obtain (cf. [1, Theorem 5.1],[6])371

(3.18) ρ(Z) = inf
λ≥0,µ

{λc+ µ+ EP [(λφ)∗(Z − µ)]} ,372

where (λφ)∗ is the conjugate of λφ. It follows directly from the representation (3.18)373

that ρ(·) is law invariant.374

Note that it suffices in (3.17) and (3.18) to take the ‘inf’ with respect to λ > 0375

rather than λ ≥ 0, and that (λφ)∗(y) = λφ∗(y/λ) for λ > 0. Hence ρ(Z) can be be376

written in the following equivalent form377

(3.19) ρ(Z) = inf
λ>0,µ

{
λc+ µ+ λEP

[
φ∗
(
(Z − µ)/λ

)]}
.378

2This is justified since the space Lq(Ω,F , P ) is decomposable (cf., [20, Theorem 14.60]).
3Of course, it suffices to take maximum in (3.15) for such Y ∈ Z that

∫
φ∗(Y )dP < +∞. Note

that since φ∗(y) ≥ y and
∫
Y dP is finite for every Y ∈ Z, the integral

∫
φ∗(Y )dP is well defined.
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Consider the uncertainty set A = Ac, defined in (3.12), and the corresponding379

functional ρ = ρc as a function of the constant c. Suppose that φ(x) > 0 for all380

x 6= 1. Then for any density ζ ∈ D different from the constant density 1Ω, φ(ζ(·)) is381

positive on a set of positive measure and hence
∫

Ω
φ(ζ(ω))dP (ω) > 0. Thus in that382

case A0 = ∩c>0Ac = {1Ω} and ρ0(·) = EP [ · ].383

Example 3.5. For α ∈ (0, 1] let φ(·) := IA(·) be the indicator function of the384

interval A = [0, α−1], i.e., φ(x) = 0 for x ∈ [0, α−1], and φ(x) = +∞ otherwise. Then385

for any c ≥ 0 the corresponding uncertainty set386

(3.20) A = {ζ ∈ D : ζ(ω) ∈ [0, α−1], a.e. ω ∈ Ω}.387

(For α > 1 the set in the right hand side of (3.20) is empty.) Note that for any λ > 0,388

λφ = φ. The conjugate of φ is φ∗(y) = max{0, α−1y} = [α−1y]+. In that case (cf.389

[1],[4])390

(3.21) ρ(Z) = inf
µ,λ≥0

{
λc+ µ+ α−1EP [Z − µ]+

}
= inf

µ

{
µ+ α−1EP [Z − µ]+

}
.391

That is, here ρ(Z) = AV@Rα(Z) is the so-called Average Value-at-Risk functional392

(also called Conditional Value-at-Risk, Expected Shortfall and Expected Tail Loss).393

Example 3.6. Consider φ(x) := x lnx− x+ 1, x ≥ 0. Here
∫
φ(ζ)dP defines the394

Kullback-Leibler divergence, denoted DKL(ζ‖P ). For λ > 0 the conjugate of λψ is395

(λφ)∗(y) = λ(ey/λ−1). In this case it is natural to take Z = L∞(Ω,F , P ) and to pair396

it with L1(Ω,F , P ).397

By (3.18) we have398

(3.22) ρ(Z) = inf
λ≥0,µ

{
λc+ µ+ λe−µ/λEP

[
eZ/λ

]
− λ
}
.399

Minimization with respect to µ in the right hand side of (3.22) gives µ̄ = λ lnEP [eZ/λ].400

By substituting this into (3.22) we obtain (cf. [1],[13],[16])401

(3.23) ρ(Z) = inf
λ>0

{
λc+ λ lnEP [eZ/λ]

}
.402

For c = 0 the functional ρ = ρ0 is given by the minimum of entropic risk measures403

λ lnEP [eZ/λ]. Here φ(x) > 0 for any x 6= 0, and hence for c = 0 the corresponding404

functional ρ0(·) = EP [ · ].405

Example 3.7. Consider φ(x) := |x − 1|, x ≥ 0, and φ(x) := +∞ for x < 0.406

This gives the same uncertainty set A as in Example 3.2. It is natural to take here407

Z := L∞(Ω,F , P ) and to pair it with L1(Ω,F , P ). We have that408

(λφ)∗(y) =

{
−λ+ [y + λ]+ if y ≤ λ,
+∞ if y > λ.

409

Hence410

(3.24)

ρ(Z) = inf
λ≥0,µ

ess sup(Z−µ)≤λ

{λc+ µ− λ+ EP [Z − µ+ λ]+}

= inf
λ≥0,µ

ess sup(Z)≤µ+2λ

{λc+ µ+ EP [Z − µ]+} .
411
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The minimum in µ in the right hand side of (3.24) is attained at µ̄ = ess sup(Z)− 2λ.412

Suppose that c ∈ (0, 2). Then413

ρ(Z) = ess sup(Z) + inf
λ>0
{λ(c− 2) + EP [Z − ess sup(Z) + 2λ]+}

= ess sup(Z) + inf
t<0
{t(1− c/2) + EP [Z − ess sup(Z)− t]+}

= ess sup(Z) + (1− c/2) inf
t∈R

{
t+ (1− c/2)−1EP [Z − ess sup(Z)− t]+

}
.

414

Note that since Z − ess sup(Z) � 0 the minimum in the last equation is attained at415

some t ≤ 0, and this minimum is equal to416

AV@R1−c/2[Z − ess sup(Z)] = AV@R1−c/2[Z]− ess sup(Z).417

Hence we obtain (cf. [17])418

(3.25) ρ(Z) = (c/2)ess sup(Z) + (1− c/2)AV@R1−c/2[Z].419

Example 3.8. Consider φ(x) := [x − 1]+, x ≥ 0, and φ(x) := +∞ for x < 0.420

This gives the same uncertainty set A as in Example 3.3. It is natural to take here421

Z := L∞(Ω,F , P ) and to pair it with L1(Ω,F , P ). We have that422

(λφ)∗(y) =

{
[y]+ if y ≤ λ,
+∞ if y > λ.

423

Hence424

(3.26) ρ(Z) = inf
λ≥0,µ

ess sup(Z−µ)≤λ

{λc+ µ+ EP [Z − µ]+} .425

Similar to the previous example, the minimum in the right hand side of (3.26) is426

attained at µ̄ = ess sup(Z)− λ. Suppose that c ∈ (0, 1). Then427

ρ(Z) = ess sup(Z) + inf
λ>0
{λ(c− 1) + EP [Z − ess sup(Z) + λ]+}

= ess sup(Z) + inf
t<0
{t(1− c) + EP [Z − ess sup(Z)− t]+}

= ess sup(Z) + (1− c) inf
t∈R

{
t+ (1− c)−1EP [Z − ess sup(Z)− t]+

}
.

428

Hence429

(3.27) ρ(Z) = c ess sup(Z) + (1− c)AV@R1−c[Z].430

4. Implications of law invariance. In this section we discuss some implica-431

tions of the property of law invariance. Unless stated otherwise we assume that the432

uncertainty set A and the respective functional ρ = ρA are law invariant. As it was433

discussed in section 2 there is a close relation between law invariance of A and ρ.434

Consider the set435

(4.1) C(Z) := {F : F (z) = P (Z ≤ z), Z ∈ Z}436

of cdfs associated with the space Z. Since the functional ρ is law invariant, it can be437

considered as a function of the cdf F = FZ , and we sometimes write ρ(F ), F ∈ C(Z),438

for a law invariant functional.439
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4.1. Sample Average Approximation method. Given a sample Z1, ..., ZN440

of the random variable Z, we can approximate the corresponding cdf F (z) = P (Z ≤ z)441

by the empirical cdf442

(4.2) F̂N (z) :=
1

N

N∑
j=1

1(−∞,z](Zj).443

Consequently we can approximate ρ(F ) by ρ(F̂N ). In case of φ-divergence, when the444

uncertainty set A is of the form (3.12), we can use (3.18) to write445

(4.3) ρ(F̂N ) = inf
λ≥0,µ

λc+ µ+
1

N

N∑
j=1

(λφ)∗(Zj − µ)

 .446

In general we can proceed as follows. We can write the functional ρ(F ) as (e.g.447

[14, section 4.5])448

(4.4) ρ(F ) = sup
σ∈Υ

∫ 1

0

σ(t)F−1(t)dt,449

where Υ is a set of monotonically nondecreasing functions σ : [0, 1) → R+ such that450 ∫ 1

0
σ(t)dt = 1 (referred to as spectral functions). Consequently451

(4.5) ρ(F̂N ) = sup
σ∈Υ

∫ 1

0

σ(t)F̂−1
N (t)dt = sup

σ∈Υ


N∑
j=1

Z(j)

∫ γj

γj−1

σ(t)dt

 ,452

where Z(1) ≤ ... ≤ Z(N) are the sample values arranged in increasing order and γ0 = 0,453

γj = j/N , j = 1, ..., N . Note that
∑N
j=1

∫ γj
γj−1

σ(t)dt =
∫ 1

0
σ(t)dt = 1 for any σ ∈ Υ.454

455

Consider now the distributionally robust stochastic programming problem (1.1).456

Suppose that for every x ∈ X the random variable G(x, ξ(ω)) belongs to Z. Let457

ξ1, ..., ξN be a sample of the random vector ξ = ξ(ω). The Sample Average Approxi-458

mation (SAA) of problem (1.1) is obtained by replacing the cdf of the random variable459

G(x, ξ) by the corresponding empirical cdf based on the sample G(x, ξj), j = 1, ..., N .460

It is possible to show that, under mild regularity conditions, the optimal value and461

optimal solutions of the SAA problem converge w.p.1 to their true counterparts as462

the sample size N tends to infinity (cf. [23]).463

In particular, in the setting of φ-divergence the distributionally robust stochastic464

program (1.1) can be written in the form465

(4.6) Min
x∈X ,λ≥0,µ

EP [Ψ(x, λ, µ, ξ)],466

and the corresponding SAA problem as467

(4.7) Min
x∈X ,λ≥0,µ

1

N

N∑
j=1

Ψ(x, λ, µ, ξj),468

where469

Ψ(x, λ, µ, ξ) := λc+ µ+ (λφ)∗(G(x, ξ)− µ).470
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Note that471

(4.8) (λφ)∗(G(x, ξ)− µ) = sup
z≥0

{
z(G(x, ξ)− µ)− λφ(z)

}
.472

Suppose that the set X is convex and for every ξ ∈ Ξ the function G(·, ξ) is convex.473

Then the right hand side of (4.8) is the maximum of a family of convex in (λ, µ, x)474

functions. Consequently the function Ψ(·, ·, ·, ξ) is convex for all ξ ∈ Ξ, and hence475

problems (4.6) and (4.7) are convex.476

Let ϑ and ϑ̂N be the optimal values of problems (4.6) and (4.7), respectively.477

Theorem 10. Suppose that: (i) the sample ξ1, ..., ξN is iid (independent iden-478

tically distributed) from the reference distribution P , (ii) the set X and function479

G(·, ξ), for all ξ ∈ Ξ, are convex (iii) problem (4.6) has a nonempty and bounded480

set S ⊂ Rn × R+ × R of optimal solutions, (iv) there is a (bounded) neighborhood481

V ⊂ Rn × R+ × R of the set S and a measurable function C : Ξ → R+ such that482

EP [C(ξ)2] is finite and483

|Ψ(x, λ, µ, ξ)−Ψ(x′, λ′, µ′, ξ)| ≤ C(ξ)(‖x− x′‖+ |λ− λ′|+ |µ− µ′|)484

for all (x, λ, µ), (x′, λ′, µ′) ∈ V and ξ ∈ Ξ, (v) for some point (x, λ, µ) ∈ V the expec-485

tation EP
[
Ψ(x, λ, µ, ξ)2

]
is finite.486

Then487

(4.9) ϑ̂N = inf
(x,λ,µ)∈S

1

N

N∑
j=1

Ψ(x, λ, µ, ξj) + op(N
−1/2).488

Moreover, if problem (4.6) has unique optimal solution, i.e., the set S = {(x̄, λ̄, µ̄)} is489

a singleton, then N1/2(ϑ̂N − ϑ) converges in distribution to normal N (0, σ2) with490

σ2 = VarP [Ψ(x̄, λ̄, µ̄, ξ)].491

Proof. Since the set S, of optimal solutions, is nonempty and bounded and the492

problem is convex, an optimal solution of the SAA problem (4.7) converges w.p.1 to493

the set S (e.g., [24, Theorem 5.4]). Let V ⊂ Rn×R+×R be a compact neighborhood494

of the set S. Then it suffices to perform the optimization in the neighborhood V. That495

is, restricting minimization in problem (4.6) to the set V clearly does not change its496

optimal value ϑ; and for N large enough w.p.1 ϑ̂N = ϑ̂′N , where ϑ̂′N is the optimal497

solution of the restricted problem498

(4.10) Min
(x,λ,µ)∈V

1

N

N∑
j=1

Ψ(x, λ, µ, ξj).499

The results then follow from a general theory of asymptotics of SAA problems applied500

to the restricted problem (cf. [22], [24, section 5.1.2]).501

For iid sample the rate of convergence of the SAA estimates typically is of order502

Op(N
−1/2), provided that Z = Lp(Ω,F , P ), p ∈ [1,∞) (e.g. [24, section 6.6]). It is503

interesting to note that in Examples 3.7 and 3.8 the space Z = L∞(Ω,F , P ), and the504

corresponding functional ρ is a convex combination of the Average Value-at-Risk and505

the essential sup operators. In that case statistical properties of the SAA estimates506

are different, we elaborate on this in Example 4.1 below. In Examples 3.7 and 3.8507

the conjugate function φ∗ is discontinuous and condition (iv) of Theorem 10 does not508

hold.509
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Example 4.1. Let us consider the essential sup operator ρ(·) := ess sup(·) and510

Z := U1 + ...+ Um, where U1, ..., Um are random variables independent of each other511

and each having uniform distribution on the interval [0,1]. We have that ρ(Z) = m.512

On the other hand, for large m by the Central Limit Theorem, Z has approximately513

normal distribution with mean µ = m/2 and variance σ2 = m/12. The probability514

that Z > 0.9m, say, is given by the probability that Z > µ + 1.38
√
mσ and is very515

small. More accurately, by Hoeffding inequality516

P
{
Z ≥ (0.5 + τ)m

}
≤ e−2τ2m, 0 < τ < 0.5.517

For example for m = 100 and τ = 0.4 it follows that P (Z ≥ 0.9m) ≤ e−32 ≈ 1
6×1013 .518

That is, one would need the sample size N of order 1014 to ensure that probability of519

the event “ρ(F̂N ) ≥ 0.9m”, i.e., that the sample estimate is within 10% accuracy of520

the true value, to be close to one. This is in a sharp contrast with ρ := AV@Rα and521

say α = 0.05. In that case ρ(F̂N ) will converge to ρ(F ) at a rate of Op(N
−1/2).522

4.2. Ambiguous chance constraints. Consider the following so-called am-523

biguous chance constraint524

(4.11) Q{C(x, ω) ≤ 0} ≥ 1− ε, ∀Q ∈M,525

where C : X ×Ω→ R and ε ∈ (0, 1). It is assumed that for every x ∈ X the function526

C(x, ·) is measurable. For a measurable set A ∈ F we have527

(4.12) sup
Q∈M

Q(A) = sup
Q∈M

EQ[1A] = sup
ζ∈A

∫
A

ζ(ω)dP (ω) = ρ(1A),528

where the last equality follows by the definition of the functional ρ. Therefore we can529

write (4.11) in the form530

(4.13) ρ(1Ax) ≤ ε,531

where532

Ax := {ω ∈ Ω : C(x, ω) > 0}.533

Note that for two measurable sets A,A′ ∈ F the functions 1A and 1A′ are distribu-534

tionally equivalent iff P (A) = P (A′).535

We make the following assumption.536

Assumption (B) The following implication holds for any A,B ∈ F :537

(4.14) P (B) ≤ P (A)⇒ sup
Q∈M

Q(B) ≤ sup
Q∈M

Q(A).538

This assumption implies that every Q ∈M is absolutely continuous with respect
to P . Indeed consider B ∈ F such that P (B) = 0 and let A := ∅ be the empty set.
Then P (A) = 0, and hence by assumption (B)

sup
Q∈M

Q(B) ≤ sup
Q∈M

Q(A) = 0.

It follows that Q(B) = 0 for every Q ∈M, and hence Q is absolutely continuous with539

respect to P .540
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Remark 4.1. In case the functional ρ is law invariant and the reference probabil-541

ity measure P is nonatomic, assumption (B) holds automatically. Indeed if A,B ∈ F542

and P (B) ≤ P (A), then since P is nonatomic there is B′ ∈ F such that P (B) = P (B′)543

and B′ ⊂ A. Since 1B′ � 1A it follows by monotonicity of ρ that ρ(1B′) ≤ ρ(1A),544

and by law invariance of ρ we have that ρ(1B′) = ρ(1B). Without assuming that P545

is nonatomic, assumption (B) may not hold even if ρ is law invariant. For example,546

suppose that the set Ω = {ω1, ..., ωm} is finite with respective probabilities pi > 0547

being essentially different from each other (see Remark 2.2). Then any uncertainty set548

A and functional ρ = ρA are law invariant. In particular we can take A = {Q} to be a549

singleton. Then assumption (B) holds iff {pi ≥ pj} ⇒ {qi ≥ qj}, i, j ∈ {1, ...,m}. On550

the other hand, if probabilities pi are equal to each other, i.e. pi = 1/m, i = 1, ...,m,551

and ρ is law invariant, then assumption (B) holds.552

Consider function p : [0, 1]→ [0, 1] defined as553

(4.15) p(t) := sup
{
Q(A) : P (A) ≤ t, A ∈ F , Q ∈M

}
.554

By definition of the functional ρ we can write555

(4.16) p(t) = sup
{
ρ(1A) : P (A) ≤ t, A ∈ F

}
.556

Also for ε ∈ [0, 1] consider557

(4.17) p−1(ε) := inf{t ∈ [0, 1] : p(t) ≥ ε}.558

Clearly p(·) is nondecreasing on [0,1] and because of assumption (B) we have that559

for A ∈ F and t∗ := P (A) it follows that p(t∗) = ρ(1A). Therefore we can write560

constraint (4.13) in the following equivalent form561

(4.18) p(t) ≤ ε subject to t ≥ P (Ax).562

Moreover condition p(t) ≤ ε can be written as t ≤ p−1(ε), and hence constraint (4.18)563

as P (Ax) ≤ p−1(ε). We obtain the following result.564

Proposition 11. Suppose that assumption (B) is fulfilled. Then the ambiguous565

chance constraint (4.11) can be written as566

(4.19) P{C(x, ω) ≤ 0} ≥ 1− ε∗,567

where ε∗ := p−1(ε).568

This indicates that if assumption (B) is fulfilled, then the computational complexity569

of the corresponding ambiguous chance constrained problem is basically the same as570

the computational complexity of the respective reference chance constrained problem571

provided value p−1(ε) can be readily computed.572

4.2.1. Law invariant case. In this section we consider the case of law invariant573

functional ρ = ρA. We also assume that the reference probability space is nonatomic.574

Then as it was pointed in Remark 4.1, assumption (B) follows, and hence the ambigu-575

ous chance constraint (4.11) can be written as (4.19). Since P is nonatomic, P (A)576

can be any number in the interval [0,1] for some A ∈ F . Thus function p(·) can be577

defined as p(t) = ρ(1A) for t = P (A). Alternatively p(t) can be defined as follows. Let578

Zt ∼ Ber(t) be Bernoulli random variable, i.e., P (Zt = 1) = t and P (Zt = 0) = 1− t,579

t ∈ [0, 1]. By law invariance of ρ we have that ρ(Zt) is a function of t, and p(t) = ρ(Zt).580
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In case of nonatomic reference space function p(·) has the following properties581

(cf. [24, Proposition 6.53]): (i) p(0) = 0 and p(1) = 1, (ii) p(·) is monotonically582

nondecreasing on the interval [0, 1], (iii) p(·) is monotonically increasing on the interval583

[0, τ ], where584

(4.20) τ := inf{t ∈ [0, 1] : p(t) = 1} = p−1(1),585

(iv) if M = {P}, then p(t) = t for all t ∈ [0, 1], and if M 6= {P}, then p(t) > t for all586

t ∈ (0, 1), (v) p(·) is continuous on the interval (0, 1].587

For γ := limt↓0 p(t) and ε ∈ (γ, 1), value p−1(ε) can be computed by solving588

equation p(t) = ε. It can happen that γ > 0, in which case p−1(ε) = 0 for ε ∈ [0, γ]589

(see Example 4.4 below). In some cases function p(·) and modified significance level590

ε∗ can be computed in a closed form. Consider the setting of φ-divergence discussed591

in section 3.2. By (3.18) in that case we have592

(4.21) p(t) = inf
λ≥0,µ

{
λc+ µ+ E[(λφ)∗(Zt − µ)]

}
, t ∈ [0, 1],593

where Zt ∼ Ber(t). Since Zt can only take value 1 with probability t and value 0594

with probability 1− t, it follows that595

(4.22) p(t) = inf
λ≥0,µ

{
λc+ µ+ t[(λφ)∗(1− µ)] + (1− t)[(λφ)∗(−µ)]

}
, t ∈ [0, 1].596

We have here that p(·) is given by minimum of a family of affine functions, and hence597

p(·) is a concave function. It could be noted that in general the function p(·) does598

not have to be concave. Indeed let ρ1 and ρ2 be law invariant functionals of the form599

(1.4), with the corresponding functions p1 and p2. Then ρ(·) := max{ρ1(·), ρ2(·)}600

is also a law invariant functional of the form (1.4) with the corresponding function601

p(·) = max{p1(·), p2(·)}. Maximum of two concave functions can be not concave.602

This indicated that not every convex, weakly∗ closed and law invariant set A can be603

represented in the form (3.12) (see Example 4.3 below).604

Example 4.2. Consider the setting of Example 3.5 with the set A of the form605

(3.20) and ρ = AV@Rα. Here the function p = pα is606

(4.23) pα(t) =

{
α−1t if t ∈ [0, α],

1 if t ∈ (α, 1],
607

and hence ε∗ = αε. In this example the constant τ , defined in (4.20), is equal to α.608

Example 4.3. Consider risk measure ρ : Z → R of the form

ρ(Z) :=

∫ 1

0

AV@Rα(Z)dµ(α),

where µ is a probability measure on the interval (0, 1]. The function p(t) of this risk609

measure is given by p(t) =
∫ 1

0
pα(t)dµ(α), where pα is given in (4.23). Since each610

function pα is concave, it follows that p is also a concave function.611

In particular, let ρ(·) := βAV@Rα(·) + (1 − β)AV@R1(·) (note that AV@R1(·) =612

EP (·)), for some α, β ∈ (0, 1). Then (cf., [24, p.322])613

p(t) =

{
(1− β + α−1β)t if t ∈ [0, α],
β + (1− β)t if t ∈ (α, 1],

614

is a concave piecewise linear function. Maximum of such two functions can be non-615

concave.616
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Example 4.4. Consider the uncertainty set A of Example 3.7. In this example,617

by using (3.25), it can be computed that p(0) = 0 and p(t) = min{t + c/2, 1} for618

t ∈ (0, 1]. In this example the function p(t) is discontinuous at t = 0. Also for619

ε ∈ [0, c/2] we have that ε∗ = p−1(ε) = 0. That is, for ε ∈ [0, c/2] the ambiguous620

chance constraint (4.11) is equivalent to the constraint that C(x, ω) ≤ 0 should be621

satisfied for P -almost every ω ∈ Ω.622
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