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Abstract

In traditional nonlinear programming, the technique of converting a problem with in-
equality constraints into a problem containing only equality constraints, by the addi-
tion of squared slack variables, is well-known. Unfortunately, it is considered to be an
avoided technique in the optimization community, since the advantages usually do not
compensate for the disadvantages, like the increase of the dimension of the problem,
the numerical instabilities, and the singularities. However, in the context of nonlinear
second-order cone programming, the situation changes, because the reformulated prob-
lem with squared slack variables has no longer conic constraints. This fact allows us
to solve the problem by using a general-purpose nonlinear programming solver. The
objective of this work is to establish the relation between Karush-Kuhn-Tucker points
of the original and the reformulated problems by means of the second-order sufficient
conditions and regularity conditions. We also present some preliminary numerical ex-
periments.

Keywords: Karush-Kuhn-Tucker conditions, nonlinear second-order cone program-
ming, second-order sufficient condition, slack variables.

1 Introduction

A well-known technique in constrained optimization is the introduction of slack variables,
which converts inequality constraints into equality constraints. It is widely used in linear
programming, in order to transform a polyhedron into an isomorphic one in standard form,
i.e., defined by a system of equations in nonnegative variables [5, 10]. It is also used in many
algorithms for nonlinear programming (NLP), such as the reduced-gradient-type methods
like MINOS [18], the augmented Lagrangian-type methods like LANCELOT [9], and the
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Newton-type methods [21, 22, 23]. As a particular case, the squared slack variables may also
be used in NLP, so that the nonnegativity constraints of the variables can be eliminated, as
considered, for example, in [4, 17, 21, 22, 23]. However, this strategy is usually avoided in
the optimization community, because it increases considerably the dimension of the problem
and may lead to numerical instabilities or singularities [20].

The situation changes in nonlinear second-order cone programming (NSOCP). An NSOCP
problem is an optimization problem with second-order (or Lorentz) cone constraints, where
the involved functions are nonlinear. Various problems can be formulated as an NSOCP prob-
lem [1, 16]. Moreover, it can be viewed as an extension of the NLP problem and a particular
case of the nonlinear semidefinite programming problem [1]. However, it is usually desirable
to treat an NSOCP problem directly, instead of treating it as a semidefinite programming
problem, in order to exploit its particular structure and, consequently, to avoid high compu-
tational costs. Although there exist many methods for the convex case where the involved
functions are linear [1, 8, 16], the research for the general nonlinear, possibly nonconvex,
case is relatively scarce and only a few methods have been developed [12, 13, 14, 15, 24].

Here we observe that the use of squared slack variables is more interesting and helpful for
NSOCP problems than NLP problems. In fact, the reformulated problem with the additional
squared slack variables is no longer an NSOCP problem, but only an NLP problem. This is
important in practice, especially if one regards the second-order cone as an object that is not
so easy to handle. Moreover, this fact indicates that a general-purpose NLP solver may be
used to find a solution, or at least a stationary point, of the original NSOCP problem. One
may still claim that the use of squared slack variables is not a good practice, but we believe
that it is worth a try in many situations, because it is trivial to reformulate an NSOCP as
an NLP using this technique, and since NLP solvers are widely available.

However, the aim of this work is neither to solve NSOCP problems using NLP solvers,
nor to propose an efficient method for NSOCP problems. In fact, the contribution here is in
the analysis between the original NSOCP problem and the reformulated NLP problem, in
terms of Karush-Kuhn-Tucker (KKT) points. We will show that the second-order sufficient
conditions are the key to establish the equivalence of the optimality conditions of both
problems. Although the results are intuitive, especially when the original problem is an NLP,
we will observe that the NSOCP case is difficult to prove. We will also solve numerically
some instances of NSOCP problems, but this is merely for investigating the validity of the
squared slack variables approach.

The paper is organized as follows. In Section 2, we introduce the definition of the
problem, the KKT conditions, and other preliminary results. In Section 3, we prove that
the original problem is equivalent to the reformulated one, in terms of KKT points, and
by means of the second-order sufficient conditions. In Section 4, we show the equivalence
between regularity conditions satisfied by KKT points of the original and the reformulated
problems. In Section 5, we present some numerical experiments using the squared slack
variables technique. We conclude in Section 6, with some remarks and future works.
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2 Preliminaries

We start this section with the following notations, which will be used in the whole paper.
The Euclidean inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖, respectively. The
identity matrix with dimension s is denoted by Is ∈ Rs×s, and for any matrix A ∈ Rs×`,
its transpose is denoted by A> ∈ R`×s. A vector x ∈ Rs with entries xi ∈ R, i = 1, . . . , s,
is written as (x1, . . . , xs)

>, or simply (x1, . . . , xs). We also use the notation x = (x0, x̄),
where x0 is the first entry of x and x̄ is the subvector that consists of the remaining entries.
Also, for a vector x = (x1, . . . , xs) ∈ Rs and an index set I ⊆ {1, . . . , s}, we denote by
diag(x) and diag(xi)i∈I the diagonal matrices with diagonal entries xi, where i = 1, . . . , s
and i ∈ I, respectively. If {Ai}`i=1 and {Bi}i∈I are two sequences of matrices, with I being
an index set, then diag(Ai)

`
i=1 and diag(Bi)i∈I denote the block diagonal matrices with

block diagonal entries Ai, i = 1, . . . , `, and Bi, i ∈ I, respectively. Moreover, the gradient
and the Hessian of a function p : Rs → R at x ∈ Rs are denoted by ∇p(x) and ∇2p(x),
respectively. If p : Rs+` → R, then the gradient and the Hessian at (x, y) ∈ Rs+` with
respect to x are denoted by ∇xp(x, y) and ∇2

xp(x, y), respectively. Also, the Jacobian of a
mapping q : Rs → R` at x ∈ Rs is denoted by Jq(x) ∈ R`×s. Finally, for a closed convex and
pointed cone K ⊂ R`, its interior, boundary, and boundary excluding the origin are denoted
by int(K), bd(K), and bd+(K), respectively.

In this work, we consider the following NSOCP problem:

minimize
x

f(x)

subject to g(x) ∈ K,
(P1)

where f : Rn → R and g : Rn → Rm are twice continuously differentiable functions, and
K := K1 × · · · × Kr is a Cartesian product of second-order cones (or Lorentz cones),

Ki :=
{

(z0, z̄) ∈ R× Rmi−1 : z0 ≥ ‖z̄‖
}
⊂ Rmi , i = 1, . . . , r,

with m1 + · · · + mr = m. It is well-known that Ki is a cone of squares with respect to the
Jordan product operator [1, Section 4]. For any vectors w, z with the same dimension, their
Jordan product is given by

w ◦ z :=
(
〈w, z〉, w0z̄ + z0w̄

)
.

So, the second-order cones can be written as

Ki =
{
z ◦ z : z ∈ Rmi

}
, i = 1, . . . , r. (2.1)

Now, let g := (g1, . . . , gr) with gi : Rn → Rmi , i = 1, . . . , r. Then, the constraints in (P1)
can be rewritten as gi(x) ∈ Ki, i = 1, . . . , r. Adding slack variables y := (y1, . . . , yr) ∈ Rm,
with yi ∈ Rmi for all i = 1, . . . , r in problem (P1), we have the following NLP formulation:

minimize
x,y

f(x)

subject to gi(x)− yi ◦ yi = 0, i = 1, . . . , r.
(P2)

3



This problem is equivalent to (P1) in the sense that if (x∗, y∗) is a global (local) minimizer
of (P2), then x∗ is a global (local) minimizer of (P1). Conversely, if x∗ is a global (local)
minimizer of (P1), then there exists y∗ such that (x∗, y∗) is a global (local) minimizer of (P2).
From the practical viewpoint, it is more important to examine the relation between station-
ary points, or KKT points, of the two problems, because we can only expect to compute
such points in practice. However, the relation between stationary points is less clear than
that between optimal solutions. Once again, we emphasize that the use of slack variables
is interesting and significant here, because the formulation (P2) is no longer an NSOCP
problem, but only an NLP problem.

We now show the relation between KKT points of (P1) and (P2). Before presenting their
KKT conditions, we first show some useful results concerning the Jordan algebra associated
with the second-order cones. For further details, we refer to [1].

Lemma 2.1. For any vectors u,w, z ∈ Rmi, the following properties hold:

(a) (commutativity 1) u ◦ z = z ◦ u;

(b) (commutativity 2) u ◦ ((u ◦ u) ◦ z) = (u ◦ u) ◦ (u ◦ z);

(c) (identity) e ◦ u = u ◦ e = u, where e := (1, 0, . . . , 0) ∈ Rmi ;

(d) (distributivity) (w + u) ◦ z = (w ◦ z) + (u ◦ z);

(e) (inner product) 〈w ◦ u, z〉 = 〈u ◦ z, w〉 = 〈w ◦ z, u〉.

We also recall that the Jordan product is not associative. Besides, for any vector z ∈ Rmi ,
the arrow matrix of z is defined by

Arw(z) :=

[
z0 z̄>

z̄ z0Imi−1

]
.

Then, for any vector w ∈ Rmi , we have z ◦w = Arw(z)w. It is well-known [1] that Arw(z) is
positive definite if and only if z ∈ int(Ki). Moreover, from [1, Theorem 3], Arw(z) is singular
if and only if either z ∈ bd+(Ki) or z ∈ bd+(−Ki) or z = 0 or z satisfies z0 = 0 with mi > 2.

Lemma 2.2. The following statements hold.

(a) Let p : Rmi → Rmi be the function defined by p(z) := z ◦ z. Then, Jp(z) = 2Arw(z).

(b) Let q : Rmi → R be the function defined by q(z) := 〈s, z ◦ z〉, where s ∈ Rmi is a given
vector. Then, ∇q(z) = 2z ◦ s and ∇2q(z) = 2Arw(s).

(c) Let z := w ◦ w with w ∈ Rmi and z ∈ bd+(Ki). Then, we have |w0| = ‖w̄‖ 6= 0 and
z = 2w0w. Moreover, w ∈ bd+(Ki) or w ∈ bd+(−Ki), and Arw(w) is singular.

(d) Let z := w ◦ w with w ∈ Rmi and z ∈ int(Ki). Then, we have |w0| 6= ‖w̄‖. Moreover,
w 6= 0, w /∈ bd+(Ki), and w /∈ bd+(−Ki). If in addition, we have wi0 6= 0, then
Arw(w) is nonsingular.
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Proof. Items (a) and (b) follow directly from the definition of Jordan product. To prove
item (c), observe that the definition of z and z ∈ bd+(Ki) imply w2

0 +‖w̄‖2 = 2|w0|‖w̄‖ 6= 0.
But this is equivalent to (|w0| − ‖w̄‖)2 = 0 and w0 6= 0, which in turn is equivalent to
|w0| = ‖w̄‖ 6= 0. Thus, we have z = (w2

0 + ‖w̄‖2, 2w0w̄) = 2w0w, that is, w is a nonzero
multiple of z. Clearly, if w0 > 0 then w ∈ bd+(Ki), and if w0 < 0 then w ∈ bd+(−Ki). Item
(d) can be shown in a similar manner.

Next, we introduce the spectral decomposition of vectors associated with a second-order
cone. Let z = (z0, z̄) ∈ Ki. Then, z can be decomposed as

z = η1c
(1) + η2c

(2), (2.2)

where η1 := z0 − ‖z̄‖ and η2 := z0 + ‖z̄‖ are the spectral values of z, and

c(1) :=

{
(1/2)(1,−z̄/‖z̄‖), if z̄ 6= 0,
(1/2)(1,−w̄), if z̄ = 0,

c(2) :=

{
(1/2)(1, z̄/‖z̄‖), if z̄ 6= 0,
(1/2)(1, w̄), if z̄ = 0

are the spectral vectors of z, with w̄ ∈ Rmi−1 satisfying ‖w̄‖ = 1. We briefly mention some
properties of the spectral vectors: (i) c(1) ◦ c(2) = 0, (ii) c(1) ◦ c(1) = c(1) and c(2) ◦ c(2) = c(2),
(iii) c(1)+c(2) = e, and (iv) c(1), c(2) ∈ bd(Ki). We also refer to {c(1), c(2)} as the Jordan frame
associated to z. If two vectors z and w share a Jordan frame, i.e., z = η1c

(1)+η2c
(2) and w =

γ1c
(1)+γ2c

(2) for a Jordan frame {c(1), c(2)}, then z and w operator commute, or equivalently,
Arw(z)Arw(w) = Arw(w)Arw(z). In particular, from Lemma 2.1 and [1, Theorem 6], z and
z ◦ z operator commute. The following lemma is also useful and straightforward to prove.

Lemma 2.3. Let z ∈ Rmi be a vector with spectral decomposition (2.2). Then, the following
statements hold.

(a) z = 0 if and only if η1 = 0 and η2 = 0.

(b) z ∈ bd+(Ki) if and only if η1 = 0 and η2 > 0.

(c) z ∈ int(Ki) if and only if η1 > 0.

(d) z ∈ bd+(−Ki) if and only if η1 < 0 and η2 = 0.

(e) z ∈ int(−Ki) if and only if η2 < 0.

Let us return to problems (P1) and (P2). We say that (x, λ) ∈ Rn+m is a KKT pair
of problem (P1), with λ := (λ1, . . . , λr) ∈ Rm and λi ∈ Rmi , i = 1, . . . , r, if the following
conditions are satisfied:

∇f(x)−
r∑

i=1

Jgi(x)>λi = 0, (P1.1)

λi ∈ Ki, i = 1, . . . , r, (P1.2)
gi(x) ∈ Ki, i = 1, . . . , r, (P1.3)

λi ◦ gi(x) = 0, i = 1, . . . , r. (P1.4)
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Notice that under a constraint qualification, the above conditions are necessary for optimal-
ity [7]. For the equality constrained problem (P2), a triple (x, y, λ) ∈ Rn+2m satisfies the
KKT conditions if

∇(x,y)L(x, y, λ) = 0,

gi(x)− yi ◦ yi = 0, i = 1, . . . , r,

where L is the Lagrangian function associated with (P2):

L(x, y, λ) := f(x)−
r∑

i=1

〈λi, gi(x)− yi ◦ yi〉. (2.3)

Using Lemma 2.2(b), we observe that the above conditions can be rewritten as follows:

∇f(x)−
r∑

i=1

Jgi(x)>λi = 0, (P2.1)

yi ◦ λi = 0, i = 1, . . . , r, (P2.2)
gi(x)− yi ◦ yi = 0, i = 1, . . . , r. (P2.3)

These conditions are necessary for optimality for (P2) under a constraint qualification.
Let (x, λ) be a KKT pair of (P1). We define the following sets of indices:

I0 := {i ∈ {1, . . . , r} : gi(x) = 0},
IB := {i ∈ {1, . . . , r} : gi(x) ∈ bd+(Ki)},
II := {i ∈ {1, . . . , r} : gi(x) ∈ int(Ki)}.

(2.4)

Clearly, the sets I0, IB and II constitute a partition of {1, . . . , r}. We also define below
some subsets of these sets:

I00 := {i ∈ {1, . . . , r} : gi(x) = 0, λi = 0},
I0I := {i ∈ {1, . . . , r} : gi(x) = 0, λi ∈ int(Ki)},
I0B := {i ∈ {1, . . . , r} : gi(x) = 0, λi ∈ bd+(Ki)},
IB0 := {i ∈ {1, . . . , r} : gi(x) ∈ bd+(Ki), λi = 0},
IBB := {i ∈ {1, . . . , r} : gi(x) ∈ bd+(Ki), λi ∈ bd+(Ki)},
II0 := {i ∈ {1, . . . , r} : gi(x) ∈ int(Ki), λi = 0}.

(2.5)

Observe that all these sets are suitable for a KKT triple (x, y, λ) of (P2) as well. However,
in the latter case, since λi can lie outside the cone Ki, we also have to define the following
index sets:

I0N := {i ∈ {1, . . . , r} : gi(x) = 0, λi /∈ Ki},
IBN := {i ∈ {1, . . . , r} : gi(x) ∈ bd+(Ki), λi /∈ Ki},
IIN := {i ∈ {1, . . . , r} : gi(x) ∈ int(Ki), λi 6= 0},

(2.6)

Note that I00, I0I , I0B and I0N constitute a partition of I0, and that II0 and IIN constitute
a partition of II . Moreover, from (P2.3) and Lemma 2.2(c), if gi(x) ∈ bd+(Ki), then
yi ∈ bd+(Ki) ∪ bd+(−Ki). From (P2.2), in particular it implies that λi /∈ int(Ki). So, IB0,
IBB and IBN constitute a partition of IB.
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3 Equivalence Between KKT Points

We now establish the equivalence between KKT points of the original NSOCP problem (P1)
and the reformulated NLP problem (P2). One of the implications is simple, as shown in the
next proposition.

Proposition 3.1. Let (x, λ) ∈ Rn+m be a KKT pair of problem (P1). Then, there exists
y ∈ Rm such that (x, y, λ) is a KKT triple of (P2).

Proof. It is clear that condition (P2.1) holds. Also, from (2.1), there exists yi ∈ Rmi such
that gi(x) = yi ◦ yi for all i = 1, . . . , r. Thus, the condition (P2.3) is satisfied. To prove
(P2.2), we consider three cases:

Case 1. If i ∈ I0, (P2.3) shows that yi = 0 and thus, yi ◦ λi = 0.
Case 2. If i ∈ II , (P1.2) and (P1.4) imply λi = 0. Therefore, yi ◦ λi = 0.
Case 3. Let i ∈ IB. Once again from (P1.2) and (P1.4), we conclude that λi ∈ bd+(Ki)

or λi = 0. In the latter case, yi ◦ λi = 0 holds trivially. Thus, suppose that λi ∈ bd+(Ki).
From (P1.2)–(P1.4) and Lemma 2.3(c), we can write

gi(x) = η1c
(1) and λi = η2c

(2),

where {c(1), c(2)} ⊂ Rmi is a Jordan frame and η1, η2 > 0. Moreover, from (P2.3), it can be
seen that gi(x) and yi operator commute, which implies that they share the same Jordan
frame. Then, we can deduce that yi = η3c

(1) with η23 = η1. This shows that

yi ◦ λi = η2η3
(
c(1) ◦ c(2)

)
= 0,

and the result follows.
We then conclude that (x, y, λ) is a KKT triple of (P2).

The converse implication is not always true. Even if (x, y, λ) is a KKT triple of (P2), it
does not necessarily imply that (x, λ) is a KKT pair of (P1), because λi may lie outside Ki

for some i. We will show now that the converse is true when the second-order sufficient
condition is considered. First, we recall the definition of such a condition for the NSOCP
problem [6].

Definition 3.2. Let (x, λ) ∈ Rn+m be a KKT pair of problem (P1). The second-order
sufficient condition (SOSC-NSOCP)1 holds if〈(

∇2
xL(x, λ) +

∑
i∈IBB

Hi(x, λ)

)
d, d

〉
> 0

for all nonzero d ∈ C(x), where2 ∇2
xL(x, λ) = ∇2f(x) −

∑r
i=1

∑mi
j=1 λi,j∇2gi,j(x) is the

Hessian of the Lagrangian associated with (P1),

C(x) :=

{
d ∈ Rn :

〈∇f(x), d〉 = 0;
Jg(x)d ∈ TK(g(x))

}
1We refer to this condition as SOSC-NSOCP in order to distinguish it from SOSC for NLP.
2Notice that gi(x) =

(
gi0(x), gi(x)

)
=

(
gi,1(x), . . . , gi,mi(x)

)
, i.e., gi0(x) = gi,1(x). Similarly, we have

λi = (λi0, λ̄i) = (λi,1, . . . , λi,mi), i.e., λi0 = λi,1.
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is the critical cone at x, TK(g(x)) denotes the tangent cone of K at g(x), and

Hi(x, λ) := −κiJgi(x)>ΓiJgi(x), (3.1)

with

κi :=
λi0
gi0(x)

and Γi :=

[
1 0>

0 −Imi−1

]
, for all i ∈ IBB. (3.2)

Definition 3.3. Let (x, λ) ∈ Rn+m be a KKT pair of problem (P1). The strict complemen-
tarity condition holds if

gi(x) + λi ∈ int(Ki), i = 1, . . . , r.

In terms of the index sets defined in (2.5), this condition means that

IB0 = I0B = I00 = ∅.

Lemma 3.4. Let (x, λ) ∈ Rn+m be a KKT pair of problem (P1). The critical cone can be
written as follows:

C(x) =

d ∈ Rn :

Jgi(x)d ∈ Ki, i ∈ I00;
〈Jgi(x)d, gi(x)〉 − gi0(x)〈∇gi0(x), d〉 ≤ 0, i ∈ IB0;
Jgi(x)d = 0, i ∈ I0I ;
Jgi(x)d ∈ R+(λi0,−λ̄i), i ∈ I0B;
〈Jgi(x)d, λi〉 = 0, i ∈ IBB

 . (3.3)

Proof. It follows from [6, Lemma 25] and [6, Corollary 26].

Recalling that (P2) is just an NLP problem, the following lemma shows the second-order
sufficient condition (SOSC-NLP) associated with it.

Lemma 3.5. Let (x, y, λ) ∈ Rn+2m be a KKT triple of problem (P2). The SOSC-NLP can
be written as 〈

∇2
xL(x, λ)v, v

〉
+ 2

r∑
i=1

〈wi ◦ wi, λi〉 > 0 (3.4)

for all nonzero (v, w) ∈ Rn+m such that

Jgi(x)v − 2yi ◦ wi = 0, i ∈ II ∪ IB,
Jgi(x)v = 0, i ∈ I0.

Proof. Recall the definition of L given in (2.3). Then, from [4, Section 3.3] or [19, Section
12.4], SOSC-NLP for (P2) holds if〈

∇2
(x,y)L(x, y, λ)d, d

〉
> 0

for all nonzero d ∈ Rn+m such that[
Jgi(x), 0mi×`i ,−2Arw(yi), 0mi×(m−mi−`i)

]
d = 0, i = 1, . . . , r,
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where `i :=
∑

1≤j<imj , and 0mi×s denotes the zero matrix with dimension mi × s, i =
1, . . . , r. Notice that the Hessian of the Lagrangian can be written as

∇2
(x,y)L(x, y, λ) =

[
∇2

xL(x, λ) 0
0 2 diag(Arw(λi))

r
i=1

]
.

Also, for any wi ∈ Rmi , we have

〈wi,Arw(λi)wi〉 = 〈wi, λi ◦ wi〉 = 〈wi ◦ wi, λi〉,

where the first equality holds since Arw(λi)wi = λi ◦ wi and the second one follows by
Lemma 2.1(e). Then, by letting d = (v, w) with v ∈ Rn and w ∈ Rm and observing that
yi = 0 for i ∈ I0, we have the desired result.

Proposition 3.6. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2) and assume that it satisfies
SOSC-NLP. Then, (x, λ) is a KKT pair of (P1).

Proof. Observe that the condition (P1.1) holds trivially. The condition (P1.3) is also satisfied
from (P2.3) and (2.1). For each i = 1, . . . , r, let us prove (P1.2) and (P1.4). We consider
the following three cases:

Case 1. Let i ∈ I0. Then, (P1.4) holds trivially. To prove (P1.2), assume, to the
contrary, that λi /∈ Ki. Then, there exists ui ◦ui ∈ Ki such that 〈ui ◦ui, λi〉 < 0. Since there
is no restriction for wi, i ∈ I0 in the SOSC-NLP, the inequality (3.4) should be satisfied in
particular for wi with wi ◦ wi = αui ◦ ui with any α > 0 arbitrarily large. However, this is
impossible since 〈ui ◦ ui, λi〉 < 0. Thus, (P1.2) holds.

Case 2. Let i ∈ IB. From (P2.3), gi(x) and yi operator commute. Then, they share a
Jordan frame {c(1), c(2)} ⊂ Rmi . From Lemmas 2.2(c) and 2.3(c), and equality (P2.3), we
can write yi = η1c

(1) and gi(x) = η21c
(1), where η1 6= 0. Thus, we have

yi ◦ λi = 0 ⇔ η1c
(1) ◦ λi = 0 ⇔ η21c

(1) ◦ λi = 0 ⇔ gi(x) ◦ λi = 0,

which shows that (P1.4) holds. Since gi(x) ∈ bd+(Ki) and gi(x) ◦ λi = 0, we have λi = 0 or
λi ∈ bd+(Ki) or λi ∈ bd+(−Ki). Let us assume, to the contrary, that λi ∈ bd+(−Ki).
From (P2.3) and (P1.4), we can deduce that yi and λi share the same Jordan frame
{c(1), c(2)}. Moreover, from Lemma 2.3, yi = η1c

(1) and λi = η2c
(2) with η1 6= 0 and

η2 < 0. Observe that the inequality (3.4) should hold in particular when v = 0, wj = 0
for all j 6= i, and wi is a nonzero vector that satisfies yi ◦ wi = 0. Then, we can choose
wi = η3c

(2) for some η3 6= 0 and obtain

〈wi ◦ wi, λi〉 = 〈η23c(2), η2c(2)〉 = η2η
2
3‖c(2)‖2 < 0.

The inequality (3.4) should hold for any wi = η3c
(2) with arbitrarily large η3. Since this is

impossible, we conclude that λi /∈ bd+(−Ki). Therefore, λi ∈ Ki.
Case 3. Let i ∈ II . From (P2.2) and (P2.3), we obtain

〈gi(x), λi〉 = 〈yi ◦ yi, λi〉 = 〈yi, yi ◦ λi〉 = 0. (3.5)
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Also, since gi(x) and yi operator commute, by Lemma 2.1(b), we have

0 = gi(x) ◦ (yi ◦ λi) = yi ◦ (gi(x) ◦ λi).

This equality, together with (3.5), shows that

yi ◦ (gi(x) ◦ λi) = yi0(gi(x) ◦ λi) + 〈gi(x), λi〉ȳi = 0 ⇒ yi0(gi(x) ◦ λi) = 0,

that is, yi0 = 0 or gi(x) ◦ λi = 0.
Let us suppose that yi0 = 0. Then, from (P2.3), we have gi0(x) = ‖ȳi‖2 and gi(x) = 0,

which, together with (3.5), shows that ‖ȳi‖2λi0 = 0. Since i ∈ II , ȳi 6= 0 and thus λi0 = 0.
Now, observe that the inequality (3.4) should hold for any (v, w) such that v = 0, wj = 0,
j ∈ (II ∪ IB) \ {i} and wi 6= 0 satisfying yi ◦ wi = 0. But from this equality, we have

yi0w̄i + wi0ȳi = 0 ⇒ wi0ȳi = 0 ⇒ wi0 = 0.

Thus, 〈wi ◦ wi, λi〉 = ‖wi‖2λi0 + 〈2wi0w̄i, λ̄i〉 = 0. It means that with such choice of (v, w),
the inequality (3.4) is not satisfied. Therefore, yi0 6= 0 and we conclude that gi(x) ◦ λi = 0
holds. Recalling (3.5), we obtain gi(x) ◦ λi = 0, which means that (P1.4) holds. Moreover,
since gi(x) ∈ int(Ki), Arw(gi(x)) is nonsingular. Thus, gi(x)◦λi = Arw(gi(x))λi = 0 implies
that λi = 0 and so (P1.2) is also satisfied.

We then conclude that (x, λ) is a KKT pair of (P1).

Corollary 3.7. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2) and assume that it satisfies
SOSC-NLP. If there exists i ∈ II , then we have yi0 6= 0.

Proof. It can be seen easily in the proof of Proposition 3.6, case 3.

Next lemma shows that the condition SOSC-NLP for a KKT triple of (P2) makes the
index sets IB0, I0B and I00 empty. From Proposition 3.6, this means that the corresponding
KKT pair (P1) satisfies the strict complementarity condition.

Lemma 3.8. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2) and assume that it satisfies
SOSC-NLP. Then, we have IB0 = I0B = I00 = ∅.

Proof. Let us first prove that I0B = I00 = ∅. Assume that there exists an index j such that
gj(x) = 0, which also implies yj = 0. Since (x, λ) is a KKT pair of (P1) from Proposition 3.6,
we know that λj ∈ Kj . So, we need to show that λj ∈ int(Kj). Recalling SOSC-NLP of (P2)
and taking v = 0 in (3.4), we obtain

〈wj ◦ wj , λj〉+
∑
i 6=j

〈wi ◦ wi, λi〉 > 0 (3.6)

for all nonzero w ∈ Rm satisfying

yi ◦ wi = 0, i ∈ II ∪ IB. (3.7)
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In particular, the condition (3.6) holds when wj 6= 0 and wi = 0 for all i 6= j. Such a
choice of w shows that 〈wj ◦ wj , λj〉 > 0. Since wj ◦ wj ∈ Kj from (2.1), it turns out that
λj ∈ int(Kj).

Now, let us show that IB0 = ∅. Assume that there exists an index j such that gj(x) ∈
bd+(Kj). We need to prove that λj 6= 0. In the same way as before, taking v = 0 in (3.4), we
have (3.6) for all nonzero w ∈ Rm satisfying (3.7). From Lemma 2.2(c), it follows that either
yj ∈ bd+(Kj) or yj ∈ bd+(−Kj). This means that Arw(yj) is singular, and so there exists a
nonzero wj such that Arw(yj)wj = yj ◦wj = 0. Thus, the condition (3.6) holds particularly
for such wj 6= 0 and wi = 0 for all i 6= j. This choice of w shows that 〈wj ◦ wj , λj〉 > 0,
which clearly implies λj 6= 0.

We can actually show that the KKT pair (x, λ) of (P1), corresponding to a KKT triple
of (P2), also satisfies the SOSC-NSOCP.

Proposition 3.9. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2) and assume that it satisfies
SOSC-NLP. Then, (x, λ) is a KKT pair of (P1) satisfying SOSC-NSOCP and the strict
complementarity.

Proof. From Proposition 3.6, (x, λ) is a KKT pair of (P1) and the strict complementarity
follows from Lemma 3.8. So, we only have to prove that SOSC-NSOCP holds. From (3.3)
and the strict complementarity condition, we have to prove that

〈∇2
xL(x, λ)v, v〉+

∑
i∈IBB

〈Hi(x, λ)v, v〉 > 0 (3.8)

for all nonzero v ∈ Rn such that

〈Jgi(x)v, λi〉 = 0, i ∈ IBB,
Jgi(x)v = 0, i ∈ I0I .

(3.9)

From the SOSC-NLP of (P2), the fact that λi = 0 for i ∈ II0, and the assumption I00 =
IB0 = I0B = ∅, we have, by Lemma 3.5,

〈∇2
xL(x, λ)v, v〉+ 2

∑
i∈IBB∪I0I

〈wi ◦ wi, λi〉 > 0

for all nonzero (v, w) ∈ Rn+m such that

Jgi(x)v − 2yi ◦ wi = 0, i ∈ IBB ∪ II0,
Jgi(x)v = 0, i ∈ I0I .

(3.10)

Note that there is no restriction for wi when i ∈ I0I . Thus, in particular, we have

〈∇2
xL(x, λ)v, v〉+ 2

∑
i∈IBB

〈wi ◦ wi, λi〉 > 0 (3.11)

for all nonzero (v, w) ∈ Rn+m such that (3.10) holds and wi = 0 for all i ∈ I0I .
Now, let v ∈ Rn be an arbitrary nonzero vector satisfying (3.9). We must prove that

(3.8) holds. To this end, we proceed with the following three steps:
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• Step 1: First, we choose w ∈ Rm such that

wi = 0 for all i ∈ I0I ,
Jgi(x)v − 2yi ◦ wi = 0 for all i ∈ II0,
Jgi(x)v − 2yi ◦ wi = 0 and 〈Γiyi, wi〉 = 0 for all i ∈ IBB.

(3.12)

We will actually show that such wi exist for all i.

• Step 2: Next, we will prove that, with wi satisfying (3.12), the condition 〈Jgi(x)v, λi〉 =
0, i ∈ IBB remains true. This means that the inequality (3.11) holds for an arbitrary
v satisfying (3.9), along with w as chosen above.

• Step 3: Finally, we will prove that∑
i∈IBB

2〈wi ◦ wi, λi〉 −
∑

i∈IBB

〈Hi(x, λ)v, v〉 = 0 (3.13)

for any (v, w) satisfying (3.12). Then, we can conclude that (3.8) holds for any v
satisfying (3.9).

Step 1: Let us show that wi satisfying (3.12) exist for all i. When i ∈ I0I , the existence of
wi is trivial. Next, notice that Jgi(x)v−2yi◦wi = 0 is equivalent to Arw(yi)wi = (Jgi(x)v)/2.
Then, for each i ∈ II0, we have wi = (Arw(yi)

−1Jgi(x)v)/2, since Arw(yi) is nonsingular by
Lemma 2.2(d) and Corollary 3.7. Now, let i ∈ IBB. Recall that Arw(yi) is singular because
yi ∈ bd+(Ki) or yi ∈ bd+(−Ki) by Lemma 2.2(c). Then, we have to show that there exists
wi satisfying the overdetermined system of equations

Arw(yi)wi = (Jgi(x)v)/2,
(Γiyi)

>wi = 0.
(3.14)

To this end, define zi := (Jgi(x)v)/2 and let us show first that

〈zi,Γiyi〉 = 0. (3.15)

Let {c(1), c(2)} ⊂ Rmi be a Jordan frame associated to λi. Note that c(1) = Γic
(2). Observing

that λi ∈ bd+(Ki), yi ∈ bd+(Ki) or yi ∈ bd+(−Ki), and yi ◦ λi = 0 by (P2.2), from
Lemma 2.3, we can write

λi = η1c
(1) with η1 > 0 and yi = η2c

(2) with η2 6= 0.

Since v was chosen to satisfy (3.9), we also have 〈zi, λi〉 = 0, which implies 〈zi, c(1)〉 = 0
because η1 > 0. Thus, we obtain

〈zi,Γiyi〉 = η2〈zi,Γic
(2)〉 = η2〈zi, c(1)〉 = 0,
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that is, (3.15) holds. Recall now that zi = (zi0, z̄i) = (zi,1, . . . , zi,mi) and so zi0 = zi,1.
Similarly, we have yi0 = yi,1 and wi0 = wi,1. Rewriting (3.14), we have to show that there
exists wi such that

yi0wi0 +

mi∑
j=2

yi,jwi,j = zi0,

yi,jwi0 + yi0wi,j = zi,j , j = 2, . . . ,mi,

yi0wi0 −
mi∑
j=2

yi,jwi,j = 0.

(3.16)

Since yi0 6= 0 by Lemma 2.2(c), the second line shows that

wi,j =
zi,j − yi,jwi0

yi0
, j = 2, . . . ,mi, (3.17)

that is, wi,j , j = 2, . . . ,mi, are determined by the value of wi0. Once again from Lemma 2.2(c),
we have y2i0 = ‖ȳi‖2 =

∑mi
j=2 y

2
i,j 6= 0. This fact, together with (3.15), yields

yi0zi0 −
mi∑
j=2

yi,jzi,j +

 mi∑
j=2

y2i,j − y2i0

wi0 = 0 for any wi0 ∈ R.

Dividing the above equality by yi0 6= 0, we have

yi0wi0 +

mi∑
j=2

yi,j(zi,j − yi,jwi0)

yi0
= zi0 for any wi0 ∈ R,

which, together with (3.17), shows that the first equality of (3.16) holds for any wi0 ∈ R. In
particular, if wi0 is given by

wi0 =
1

yi0

mi∑
j=2

yi,jwi,j ,

then, the last equality in (3.16) holds. Hence, we conclude that there exists wi satisfying all
equations of (3.16), or equivalently (3.14). Finally, since i ∈ IBB was taken arbitrarily, we
can say that wi satisfying (3.12) exists for all i.

Step 2: Let i ∈ IBB be arbitrary. Then,

〈Jgi(x)v, λi〉 = 2〈yi ◦ wi, λi〉 = 2〈wi, yi ◦ λi〉 = 0,

where the second equality holds from Lemma 2.1(e), and the third one follows from (P2.2).
Thus, the condition in (3.9) remains true.

Step 3: Let i ∈ IBB be arbitrary. Recalling the formula of κi and Γi in (3.2), we have

λi = κi

(
gi0(x),

gi0(x)

λi0
λ̄i

)
= κi

(
gi0(x),−gi(x)

)
= κiΓi gi(x) = κiΓi(yi ◦ yi),

13



where the second equality holds because (P1.4) implies λi0gi(x) + gi0(x)λ̄i = 0 and λi ∈
bd+(Ki) implies λi0 6= 0, and the last equality holds from (P2.3). Then, we have

2〈wi ◦ wi, λi〉 − 〈Hi(x, λ)v, v〉
= 2κi

(
〈wi ◦ wi,Γi(yi ◦ yi)〉+ 2〈yi ◦ wi,Γi(yi ◦ wi)〉

)
= 2κi

(
‖wi‖2‖yi‖2 − 8wi0yi0〈w̄i, ȳi〉+ 2〈wi, yi〉2 − 2y2i0‖w̄i‖2 − 2w2

i0‖ȳi‖2
)

= 4κi
(
〈wi, yi〉2 − 4wi0yi0〈w̄i, ȳi〉

)
= 4κi

(
〈w̄i, ȳi〉 − wi0yi0

)2
= 4κi〈Γiyi, wi〉2 (3.18)
= 0,

where the first equality follows from the definition (3.1) of Hi(x, λ) with Jgi(x)v = 2yi ◦wi,
the third equality follows from the fact that y2i0 = ‖ȳi‖2 by Lemma 2.2(c), and the last
equality follows from the last condition in (3.12). Hence, we conclude that (3.13) holds.

The steps 1, 2 and 3 show that (3.8) holds for all nonzero v satisfying (3.9). Thus, the
proof is complete.

The above result shows that if we find a KKT point of the reformulated problem (P2) that
satisfies SOSC-NLP, then it must be a KKT point of the original problem (P1). Moreover,
such a KKT point also satisfies the SOSC-NSOCP of (P1) and the strict complementarity
condition. We now show that the converse implication also holds under the assumption
below.

Assumption 3.10. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2). For any i ∈ II = II0,
we have yi0 6= 0.

We observe that from Corollary 3.7, the above assumption is necessary to ensure SOSC-
NLP of (P2).

Proposition 3.11. Let (x, λ) ∈ Rn+m be a KKT pair of (P1), and suppose that SOSC-
NSOCP and the strict complementarity hold. Then, there exists y ∈ Rm such that (x, y, λ)
is a KKT triple of (P2) satisfying SOSC-NLP whenever Assumption 3.10 holds.

Proof. From Proposition 3.1, there exists y ∈ Rm such that (x, y, λ) is a KKT triple of (P2).
Suppose y satisfies the condition in Assumption 3.10. Let us prove that SOSC-NLP of (P2)
also holds. Choose an arbitrary nonzero vector (v, w) ∈ Rn+m such that

Jgi(x)v − 2yi ◦ wi = 0, i ∈ II ∪ IB, (3.19)
Jgi(x)v = 0, i ∈ I0.

In view of Lemma 3.5, we have to show that (3.4) holds.
Let us show first that v ∈ C(x), that is, v satisfies the conditions in (3.3). Since Jgi(x)v =

0 for all i ∈ I0 = I00 ∪I0I ∪I0B, the first, third and fourth conditions in (3.3) hold. For the
case i ∈ IBB, we have

〈Jgi(x)v, λi〉 = 2〈yi ◦ wi, λi〉 = 2〈wi, yi ◦ λi〉 = 0, (3.20)
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where the second equality follows from Lemma 2.1(e), and the last equality follows from (P2.2).
It means that the last condition of (3.3) holds. Now, let i ∈ IB0. Recall from (P2.3), that
gi0(x) = ‖yi‖2 and gi(x) = 2yi0ȳi. Moreover, from the choice of wi, Jgi(x)v = 2(yi0w̄i+wi0ȳi)
and 〈∇gi0(x), v〉 = (Jgi(x)v)0 = 2〈yi, wi〉. Thus, we have

〈Jgi(x)v, gi(x)〉 − gi0(x)〈∇gi0(x), v〉
= 4〈yi0w̄i + wi0ȳi, yi0ȳi〉 − 2‖yi‖2〈yi, wi〉
= 4y2i0〈ȳi, w̄i〉+ 4yi0wi0‖ȳi‖2 − 2(y2i0 + ‖ȳi‖2)(yi0wi0 + 〈ȳi, w̄i〉)
= 2y2i0〈ȳi, w̄i〉+ 2yi0wi0‖ȳi‖2 − 2‖ȳi‖2〈ȳi, w̄i〉 − 2y2i0(yi0wi0)

= 0,

where the last equality holds because y2i0 = ‖ȳi‖2 by Lemma 2.2(c). So, the second condition
of (3.3) also holds, and we conclude that v ∈ C(x).

First, we consider the case that v 6= 0 and w ∈ Rm is an arbitrary vector. Since v ∈ C(x),
by the SOSC-NSOCP of (P1), the inequality

〈∇2
xL(x, λ)v, v〉+

∑
i∈IBB

〈Hi(x, λ)v, v〉 > 0 (3.21)

holds. Now, observe that adding the term

2

r∑
i=1

〈wi ◦ wi, λi〉 −
∑

i∈IBB

〈Hi(x, λ)v, v〉 (3.22)

to the left-hand side of (3.21) yields that of the inequality (3.4). Recalling that (v, w)
was taken arbitrarily so as to satisfy (3.19) and v 6= 0, if we prove that the above term is
nonnegative, then, by Lemma 3.5, we obtain the SOSC-NLP of (P2). From (3.18) in the
proof of Proposition 3.9, we obtain

2〈wi ◦ wi, λi〉 − 〈Hi(x, λ)v, v〉 = 4κi〈Γiyi, wi〉2 ≥ 0

for all i ∈ IBB, since κi > 0 in this case. So, it remains to show that

2〈wi ◦ wi, λi〉 ≥ 0, i = {1, . . . , r} \ IBB.

But this is true, because from (2.1) and (P1.2), wi ◦wi ∈ Ki and λi ∈ Ki for all i = 1, . . . , r,
which implies that 〈wi ◦ wi, λi〉 ≥ 0 for all i = 1, . . . , r. Therefore, the term (3.22) is
nonnegative, and SOCP-NLP of (P2) is satisfied.

Now, consider the case that v = 0 and w ∈ Rm is an arbitrary nonzero vector. From
Lemma 3.5, we have to show that

r∑
i=1

〈wi ◦ wi, λi〉 > 0
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for all nonzero w ∈ Rm such that yi ◦ wi = 0 with i ∈ II ∪ IB. Considering also the strict
complementarity condition and λi = 0 for any i ∈ II0, it means that we have to prove that∑

i∈I0I∪IBB

〈wi ◦ wi, λi〉 > 0 (3.23)

for all nonzero w ∈ Rm such that yi ◦wi = 0 with i ∈ II0 ∪ IBB. In order to prove it, let us
analyze the following three cases.

Case 1. Let i ∈ I0I . In this case, λi ∈ int(Ki) and wi ◦wi ∈ Ki show that 〈wi ◦wi, λi〉 > 0
unless wi = 0.

Case 2. Let i ∈ IBB and consider {c(1), c(2)} ⊂ Rmi a Jordan frame associated to yi.
Since gi(x) ∈ bd+(Ki), we can write yi = η1c

(2) and g(x) = η21c
(2) with η1 6= 0. Moreover,

λi ∈ bd+(Ki) and (P1.4) gives λi = η2c
(1) with η2 > 0, and yi ◦ wi = 0 implies that

wi = η3c
(1) with η3 ∈ R. Thus, 〈wi ◦ wi, λi〉 = η2η

2
3 > 0 unless wi = 0 (i.e., η3 = 0).

Case 3. Let i ∈ II0. In this case, yi0 6= 0 by Assumption 3.10, and from Lemma 2.2(d),
Arw(yi) is nonsingular. Hence, 0 = yi ◦ wi = Arw(yi)wi implies that wi = 0.

Recalling that the vector w is taken such that wi 6= 0 for some i, we obtain the inequality
(3.23), which concludes the proof.

4 Equivalence Between the Regularity Conditions

We now proceed with results concerning the regularity conditions. For an NLP problem,
we say that the linear independence constraint qualification (LICQ) holds at a point if the
gradients of the equality constraints and the gradients of active inequality constraints are
linearly independent (see, for example, [4, Section 3.3] or [19, Section 12.1]). Under the
LICQ, the KKT conditions are necessary for optimality. For the NSOCP problem (P1),
we recall the definition of nondegeneracy [6], which is shown to be a generalization of LICQ.

Definition 4.1. Let x ∈ Rn be a feasible point of (P1). Then, it is called nondegenerate if
and only if

Jgi(x)>Γigi(x), i ∈ IB and ∇gi,j(x), j = 1, . . . ,mi, i ∈ I0

are linearly independent, where ∇gi,j(x) is the gradient of the j-th entry of gi at x, and Γi

is defined as in (3.2).

For problem (P2), we observe that a feasible point (x, y) ∈ Rn+m satisfies LICQ if and
only if the matrix  Jg1(x) −2Arw(y1) 0 0

... 0
. . . 0

Jgr(x) 0 0 −2Arw(yr)


has full row rank. Without loss of generality, we can write

Jg(x)>= [JgII (x)>, JgIB (x)>, JgI0(x)>],
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where JgII (x), JgIB (x) and JgI0(x) correspond to the submatrices of Jg(x) consisting of
Jgi(x) with i ∈ II , i ∈ IB and i ∈ I0, respectively. Recall that Arw(yi) = 0 for all i ∈ I0.
Then, the LICQ condition of (P2) means that the matrix JgII (x) −2diag(Arw(yi))i∈II 0

JgIB (x) 0 −2diag(Arw(yi))i∈IB
JgI0(x) 0 0

 (4.1)

has full row rank.

Proposition 4.2. Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2) and assume that it satisfies
LICQ and SOSC-NLP. Then, (x, λ) is a KKT pair of (P1) that satisfies the nondegeneracy
condition.

Proof. From Proposition 3.6, it is sufficient to prove that (x, λ) is nondegenerate. First,
recall that the LICQ condition of (P2), satisfied by (x, y, λ), means that the matrix (4.1)
has full row rank. In particular, we can say that its submatrix[

JgIB (x) −2diag(Arw(yi))i∈IB
JgI0(x) 0

]
has linearly independent rows. More precisely, denoting the j-th column of Arw(yi) by
[Arw(yi)]j , if the equalities

∑
i∈IB

mi∑
j=1

ψ̃i,j∇gi,j(x) +
∑
i∈I0

mi∑
j=1

ν̃i,j∇gi,j(x) = 0,

mi∑
j=1

ψ̃i,j [Arw(yi)]j = 0, for all i ∈ IB
(4.2)

hold, with ψ̃i,j ∈ R, j = 1, . . . ,mi, i ∈ IB, and ν̃i,j ∈ R, j = 1, . . . ,mi, i ∈ I0, then these
scalars are all zero.

Now assume, for the purpose of contradiction, that the nondegeneracy condition of (P1)
does not hold, which means that there exist scalars θi, i ∈ IB and νi,j , j = 1, . . . ,mi, i ∈ I0,
not all zero such that ∑

i∈IB

θiJgi(x)>Γigi(x) +
∑
i∈I0

mi∑
j=1

νi,j∇gi,j(x) = 0. (4.3)

For all i ∈ IB, define

ψi,1 := θigi0(x) and ψi,j := −θigi,j(x) = −ψi,1gi,j(x)

gi0(x)
, j = 2, . . . ,mi. (4.4)

Then, in view of the definition (3.2) of Γi, we can restate that the nondegeneracy condition
does not hold if and only if there exist scalars ψi,j , j = 1, . . . ,mi, i ∈ IB, and νi,j , j =
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1, . . . ,mi, i ∈ I0, not all zero such that

∑
i∈IB

mi∑
j=1

ψi,j∇gi,j(x) +
∑
i∈I0

mi∑
j=1

νi,j∇gi,j(x) = 0. (4.5)

Now, observe that for all i ∈ IB,

gi(x) = [Arw(gi(x))]1 =

mi∑
j=2

gi,j(x)

gi0(x)
[Arw(gi(x))]j .

From Lemma 2.2(c), we have Arw(gi(x)) = 2yi0Arw(yi) and thus,

[Arw(yi)]1 =

mi∑
j=2

gi,j(x)

gi0(x)
[Arw(yi)]j ,

which along with (4.4) yields

mi∑
j=1

ψi,j [Arw(yi)]j = 0 for all i ∈ IB.

This equality, together with (4.5), contradicts the fact that (4.2) holds only if ψ̃i,j , j =
1, . . . ,mi, i ∈ IB, and ν̃i,j , j = 1, . . . ,mi, i ∈ I0, are all zero. Hence, the KKT triple
(x, y, λ) is nondegenerate.

Unfortunately, the converse implication is not true. We give a counterexample to illus-
trate this fact.

Example 4.3. Let r = 1, n = 3, and m = m1 = 3, with

f(x) := x21 + x22 + x23, g(x) = g1(x) :=

 2 + x1
x1 − x22
−x1 + x33

 .

If x∗ = (0, 0, 0), λ∗ = (0, 0, 0), and y∗ = (0, 1,−1), then it is easy to see that (x∗, λ∗) and
(x∗, y∗, λ∗) satisfy the KKT conditions of problems (P1) and (P2), respectively. Moreover,
we have g(x∗) = (2, 0, 0), II = {1} and IB = I0 = ∅. Clearly, it satisfies the nondegeneracy
condition of (P1). On the other hand, the LICQ condition of (P2) means that the matrix

[
Jg(x∗),−2Arw(y∗)

]
=

 1 0 0 0 −2 2
1 0 0 −2 0 0
−1 0 0 2 0 0


has linearly independent rows, which is not true. Observe that if we have y∗ = (0, 1, 1) instead
of y∗ = (0, 1,−1), then the KKT conditions and the nondegeneracy condition of (P1) still
hold; moreover, the LICQ condition of (P2) also holds in this case.
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If the original problem is an NLP problem instead of an NSOCP problem, then the
situation is different. In such a case, the LICQ conditions of the original and reformulated
problems at KKT points are equivalent [4, Section 3.3]. The equivalence in the NSOCP
case is not guaranteed when the index set II , which is equivalent to II0 at a KKT point, is
nonempty, and a slack variable yi, i ∈ II satisfies yi0 = 0. However, the equivalence can be
established if the second-order sufficient condition is assumed.

Proposition 4.4. Let (x, λ) ∈ Rn+m be a KKT pair of (P1) that satisfies the nondegeneracy
condition and SOSC-NSOCP. Then, there exists y ∈ Rm such that (x, y, λ) is a KKT triple
of (P2) that satisfies LICQ.

Proof. The existence of y such that (x, y, λ) is a KKT triple of (P2) follows from Proposi-
tion 3.1. From the nondegeneracy assumption of (P1), if the equality

∑
i∈IB

θ̃iJgi(x)>Γigi(x) +
∑
i∈I0

mi∑
j=1

ν̃i,j∇gi,j(x) = 0

holds with θ̃i ∈ R, i ∈ IB and ν̃i,j ∈ R, j = 1, . . . ,mi, i ∈ I0, then all these scalars are
zero. For all i ∈ IB, define ψ̃i,1 := θ̃igi0(x) and ψ̃i,j := −θ̃igi,j(x), j = 2, . . . ,mi. With these
scalars, the nondegeneracy assumption of (P1) means that if

∑
i∈IB

mi∑
j=1

ψ̃i,j∇gi,j(x) +
∑
i∈I0

mi∑
j=1

ν̃i,j∇gi,j(x) = 0,

then the scalars ψ̃i,j , ν̃i,j are all zero.
Assume, for the purpose of contradiction, that (x, y, λ) does not satisfy LICQ of (P2),

which means that the matrix (4.1) has linearly dependent rows. Then, there exist ψi,j ∈ R,
j = 1, . . . ,mi, i ∈ IB, νi,j ∈ R, j = 1, . . . ,mi, i ∈ I0, and µi,j ∈ R, j = 1, . . . ,mi, i ∈ II ,
not all zero, such that

∑
i∈IB

mi∑
j=1

ψi,j∇gi,j(x) +
∑
i∈I0

mi∑
j=1

νi,j∇gi,j(x) +
∑
i∈II

mi∑
j=1

µi,j∇gi,j(x) = 0, (4.6)

mi∑
j=1

ψi,j [Arw(yi)]j = 0, for all i ∈ IB,

mi∑
j=1

µi,j [Arw(yi)]j = 0, for all i ∈ II . (4.7)

Let us consider two cases.
Case 1. Assume that µi,j = 0 for all j = 1, . . . ,mi, i ∈ II . Then, from (4.6) and the

nondegeneracy assumption, ψi,j , νi,j are all zero, and we obtain a contradiction.
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Case 2. Assume that there exists i ∈ II such that µi,j 6= 0 for some j. For such i,
it follows from (4.7) that Arw(yi) is singular. This means that either yi ∈ bd+(Ki) or
yi ∈ bd+(−Ki) or yi = 0 or yi satisfies yi0 = 0 with mi > 2. Since gi(x) = yi ◦ yi, if one
of the first three conditions holds, then gi(x) ∈ bd+(Ki) or gi(x) = 0, and we obtain a
contradiction. So, we must have mi > 2 and yi0 = 0. However, since SOSC-NSOCP of (P1)
holds, by Proposition 3.11, SOSC-NLP of (P2) also holds. We then obtain a contradiction
from Corollary 3.7.

Therefore, we can conclude that (x, y, λ) satisfies LICQ of (P2).

Finally, summarizing the discussions of this section and the results of Section 3, we state
the main result of this work.

Theorem 4.5. The following statements hold.

(a) Let (x, λ) ∈ Rn+m be a KKT pair of (P1). Assume that it satisfies the nondegeneracy
condition, the strict complementarity and SOSC-NSOCP. Then, there exists y ∈ Rm

such that (x, y, λ) is a KKT triple of (P2) satisfying LICQ and SOSC-NLP whenever
Assumption 3.10 holds.

(b) Let (x, y, λ) ∈ Rn+2m be a KKT triple of (P2). Assume that it satisfies LICQ and
SOSC-NLP. Then, (x, λ) is a KKT pair of (P1) satisfying the nondegeneracy condi-
tion, SOSC-NSOCP and the strict complementarity.

Proof. The item (a) follows from Propositions 3.11 and 4.4, and the item (b) follows from
Propositions 3.9 and 4.2.

It is clear that the above theorem also holds when the original problem is an NLP problem.
In fact, in such a case, the nondegeneracy condition means LICQ, while SOSC-NSOCP
reduces to SOSC-NLP. To the authors’ knowledge, the same analysis for NLP problems has
apparently not been published in the literature, except for some particular results shown,
for example, in [4, Section 3.3]. A comprehensive treatment of the NLP case is also under
investigation.

5 Numerical Experiments

In this section, we present some preliminary numerical results to examine the validity of
squared slack variables technique. The problems data were all modeled in AMPL [11], and
the NLP solver that we used to solve the reformulated problem is the ALGENCAN [2, 3],
which is an augmented Lagrangian method implemented in Fortran. The experiments were
carried out on a computer with core i7 3.4GHz, 16GB of RAM, and with Linux (Ubuntu
14.04) as the operating system.
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Example 5.1. Let us consider Example 4.1 from [13]. The problem has a nonconvex
quadratic objective function and the single second-order cone constraint x ∈ K3, where K3

denotes3 the second-order cone in R3.

The solution of the above example is shown to be unique, satisfying the strict comple-
mentarity and the SOSC-NSOCP. Using squared slack variables, we obtain a reformulated
NLP problem with six variables, i.e., (x, y) ∈ R3 × R3. Using ALGENCAN as the NLP
solver, we have the results shown in Table 1, where k denotes the outer iteration count.
The corresponding objective function value, the infeasibility measure, and computed point
xk = (xk1, x

k
2, x

k
3) at iteration k are presented, but the slack variables yk = (yk1 , y

k
2 , y

k
3 ) are

omitted to save space. The starting point, shown as x0 in Table 1, is feasible and chosen
randomly from the box [0, 2]6 ⊂ R6. We observe that the obtained solution is exactly the
one shown in [13].

k obj. function infeasibility xk1 xk2 xk3
0 1.716761e+00 4.440892e–16 1.782184e+00 8.129517e–01 1.517723e+00
1 6.844777e–01 2.217315e–01 8.068516e–01 1.150896e+00 7.786648e–02
2 1.002432e+00 2.595151e–02 1.001192e+00 9.987463e–01 -7.996669e–03
3 1.000359e+00 9.468084e–04 1.000180e+00 9.998198e–01 1.935266e–03
4 1.000025e+00 2.019148e–04 1.000017e+00 9.999921e–01 -3.236138e–04
5 1.000028e+00 1.706357e–05 1.000016e+00 9.999877e–01 -2.864587e–04
6 1.000005e+00 4.974331e–05 1.000005e+00 1.000000e+00 1.001607e–04
7 1.000000e+00 9.124102e–07 1.000000e+00 1.000000e+00 -2.181132e–06
8 1.000000e+00 2.458561e–08 1.000000e+00 1.000000e+00 4.929157e–08
9 1.000000e+00 2.515123e–10 1.000000e+00 1.000000e+00 3.920419e–08

Table 1: Numerical results for Example 5.1, a nonconvex NSOCP problem.

Example 5.2. We now consider Example 4.2 from [13]. The problem has a nonlinear
convex objective function, containing exponentials and polynomials of order up to 4, and the
second-order cone constraint x ∈ K3 ×K2.

Applying the squared slack variables technique, we obtain a reformulated NLP problem
with ten variables, i.e., (x, y) ∈ R5×R5. Table 2 shows the results with ALGENCAN, where
we omit xk4, xk5, as well as the slack variable yk. The starting point is feasible and generated
randomly from the box [0, 2]10 ⊂ R10. Here, we also could find the solution shown in [13].

Another experiment was done with the Example 4.3 from [13], which has a linear objective
function, the second-order cone constraint x ∈ K3 ×K3 ×K3, and additional linear equality
constraints. The strict complementarity condition does not hold for this problem. Also in
this case, the squared slack variable technique using ALGENCAN could find successfully the
unique solution in 11 iterations. We omit the details of the experimental results.

3Note the difference between K` and K`. The former denotes the second-order cone in R`, and the latter
means the `-th second-order cone in the Cartesian product K = K1 × · · · × Kr.
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k obj. function infeasibility xk1 xk2 xk3
0 4.142282e+00 7.993606e–15 5.114961e–01 4.075672e–01 1.711482e–01
1 2.363085e+00 2.251076e–01 1.882522e–01 -7.577021e–02 1.928192e–01
2 2.478229e+00 8.897084e–02 2.054357e–01 -8.573544e–02 2.210883e–01
3 2.532257e+00 5.650648e–02 2.194107e–01 -8.961111e–02 2.193602e–01
4 2.597236e+00 7.737408e–03 2.340394e–01 -9.711915e–02 2.156772e–01
5 2.607188e+00 1.178006e–03 2.360426e–01 -9.820783e–02 2.150642e–01
6 2.605668e+00 7.385796e–03 2.341680e–01 -7.099665e–02 2.203726e–01
7 2.597607e+00 2.284736e–05 2.324113e–01 -7.310262e–02 2.206101e–01
8 2.597576e+00 7.211111e–07 2.324027e–01 -7.307876e–02 2.206136e–01
9 2.597575e+00 6.413911e–09 2.324025e–01 -7.307919e–02 2.206136e–01
10 2.597575e+00 2.919317e–09 2.324025e–01 -7.307929e–02 2.206135e–01
11 2.597575e+00 1.181701e–11 2.324025e–01 -7.307929e–02 2.206135e–01

Table 2: Numerical results for Example 5.2, a convex NSOCP problem.

The above mentioned problems were also solved by replacing ALGENCAN with MINOS,
a reduced-gradient-type method [18], implemented in Fortran. For all the problems, MINOS
could also obtain the same solutions.

Next, we consider examples with larger dimensions that can be generated randomly. The
following problem is presented in [14], and also used in [12].

Example 5.3. Let us consider the following convex NSOCP:

minimize
x

〈Cx, x〉+

n∑
i=1

(pix
4
i + qixi)

subject to Aix+ bi ∈ Ki, i = 1, . . . , r,

(5.1)

where C ∈ Rn×n is symmetric positive semidefinite, pi, qi ∈ R for all i = 1, . . . , n, and Ai ∈
Rmi×n, bi ∈ Rmi for all i = 1, . . . , r. Also, we have K = K1×· · ·×Kr and m1+ · · ·+mr = n.
Here, the scalars pi, qi, and the entries of Ai are generated randomly from the intervals [0, 1],
[−1, 1] and [0, 2], respectively. The matrix C is defined by C := Z>Z, where the entries of
Z ∈ Rn×n are chosen randomly from the interval [0, 1]. Moreover, the vectors bi are defined
as bi0 = 1 and b̄i = 0. Then, x = 0 is a feasible point of the problem.

Observe that this problem allows for a variable number of cone constraints. We consider
problems with K = K5×K5, K = K5×K5×K20, and K = K5×K5×K20×K20. Thus, the
squared slack variable technique gives NLP reformulations with 20, 60 and 100 variables,
respectively. For each K, we generated 10 problems randomly, with random feasible starting
points. Once again, we used solver ALGENCAN, and the results are given in Table 3. It
shows the median, minimum and maximum numbers of outer and inner iterations needed to
solve the problems. We recall that an outer iteration of ALGENCAN consists of updating
Lagrange multipliers and penalty parameters, while an inner iteration consists of solving an
unconstrained (or box-constrained) minimization problem.
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outer iterations inner iterations
K median min max median min max

K5 ×K5 7 6 8 112 63 3535
K5 ×K5 ×K20 7 6 8 246 113 2482

K5 ×K5 ×K20 ×K20 7 5 13 308 173 9168

Table 3: Numerical results for Example 5.3, a convex NSOCP problem.

In this case, we were able to find solutions for all the generated problems. In order to
check the validity of these solutions, we solve the same problems with the exact penalty
method [12], developed for NSOCP problems, and implemented in Python. We should note
here that the method deals with the original second-order cone problems directly, without
reformulating them as NLP problems. So, the number of variables is equal to n, instead of 2n.
Since the objective functions of the problems are all convex, we can expect to obtain the same
optimal values as those obtained by solving the reformulated problems using ALGENCAN.
The result matches the expectation, showing the validity of the squared slack variables
strategy. However, concerning the computational time, the exact penalty method performed
better than ALGENCAN in 21 out of 30 problems.

We now consider nonconvex NSOCP problems generated randomly.

Example 5.4. Let us consider problem (5.1) defined as in Example 5.3, except that C ∈
Rn×n is a symmetric indefinite matrix, with entries chosen randomly from the interval
[−1, 1]. The problem turns out to be a nonconvex NSOCP problem.

In the same way as before, we use ALGENCAN as the NLP solver, and the results are
shown in Table 4. We could also find solutions for all the generated problems, and most of
them are exactly the same as the solutions found by the exact penalty method. Different
solutions were found for some problems, but all of them have been confirmed to be, at least,
KKT points of the original NSOCP problems. An interesting result here is that, in contrast
with Example 5.3, ALGENCAN performed better than the exact penalty method in 23 out
of 30 problems, in terms of computational time. This shows that, although the number of
variables increases with the addition of squared slack variables, efficient NLP solvers, like
ALGENCAN, could still outperform a recent method developed for NSOCP, like the exact
penalty method.

outer iterations inner iterations
K median min max median min max

K5 ×K5 7 6 9 84.5 53 581
K5 ×K5 ×K20 7 6 8 162.5 91 1291

K5 ×K5 ×K20 ×K20 7 7 7 231.5 175 2316

Table 4: Numerical results for Example 5.4, a nonconvex NSOCP problem.
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In the above experiments, we observe that the squared slack variables approach can really
solve NSOCP problems successfully. The comparison with the exact penalty method was
made in order to see that efficient NLP solvers can cover the disadvantage of increasing the
number of variables. Depending on the problem, as well as the solver and its programming
language, one may prefer to adopt the squared slack variables approach. As usual, the
squared variables technique may not be suitable for some problems, because of possible
instabilities and singularities. Nevertheless, we believe that it should be a try for many of
the users, because at least in the present moment, NSOCP algorithms and solvers are much
less developed than the NLP ones.

6 Conclusions

We have analyzed the use of squared slack variables in the context of NSOCP. We have proved
that, under the second-order sufficient conditions and the regularity conditions, KKT points
of the original and the reformulated problems are essentially equivalent. Moreover, we have
presented preliminary numerical experiments, showing that the approach can be competitive
in practice, depending on the choice of the NLP solver. Concerning the theoretical analysis,
we expect that the tools developed here is possibly valuable in other analysis involving
NSOCP problems, or even in problems with other symmetric cones.
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