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1 Introduction

It is well known that there exists a mixed strategy saddle point equilibrium for
a two player zero-sum matrix game (see [24]). Nash [I7] showed the existence
of a mixed strategy equilibrium for a finite strategic game. Such equilibrium
is called a Nash equilibrium. For a two-player case, the game can be described
using two payoff matrices (one for each player), and it is called a bimatrix
game. Mangasarian and Stone [I5] showed a one-to-one correspondence be-
tween a Nash equilibrium of a bimatrix game and a global maximum point of
a certain quadratic program.

In [I7, 24], the players’ payoffs are known real values. However, in some
cases the players’ payoffs may be within certain ranges. Such games have
been studied using fuzzy theory [7), 10, 12] [14]. In many practical situations
the players’ payoffs are better modeled using random variables due to the
presence of various uncertain parameters. The wholesale electricity markets
are the good examples [8 [I6] 25| 26]. One way to handle such games is by
taking the expectation of the random payoffs [25] [26]. Some recent papers
on the games with random payoffs using expected payoff criterion include
[9, 13, 19, 27].

The expected payoff criterion is not suitable when the random payoff has
large variance. In this case, players will be more interested in payoffs which can
be obtained with certain confidence. Such situations are better modeled using
chance constraints. The payoff criterion based on chance constraint program-
ming [4, [I8] has received some attention in electricity market [8] [16]. These
games are called chance-constrained games (CCGs). In [I6], the randomness in
payoffs is due to the installation of wind generators in the electricity market.
They considered the case where the amount of wind through different wind
generators are independent normal random variables. In [§], the payoffs are
random due to consumers’ random demand which is assumed to be normally
distributed. Recently, Singh et al. [21] [22] proposed some contributions to de-
velop the theory of CCGs. In [21], the authors showed the existence of a mixed
strategy Nash equilibrium of a CCG when each player’s payoff vector follows
certain probability distributions, namely normal, Cauchy and elliptically sym-
metric distribution. In [22], they considered a CCG where the distribution of
the payoff vector of each player is not completely known and belongs to a
certain distributional uncertainty set. There is a scarce literature on zero sum
CCGs available [2], 3] 5] [6] 23].

In this paper, we develop new techniques to compute the Nash equilibria
of a two player CCG corresponding to different probability distributions. We
consider the case where the entries of the payoff matrix of each player follow
a multivariate elliptically symmetric distribution as well as the case where
the entries are independent normal/Cauchy random variables. For each case
we show an equivalence between a Nash equilibrium of a CCG and a global
maximum of a certain mathematical program. Further, we show that a uni-
formly distributed strategy pair is a Nash equilibrium if the entries of the
payoff matrices are independent and identically distributed normal random
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variables. When the entries of the payoff matrices are independent and iden-
tically Cauchy distributed random variables, all the strategy pairs are Nash
equilibrium. To illustrate our theoretical results, we consider an example of
a random bimatrix game between two manufacturing firms competing on the
same market. Both firms compete for the customers by using different mar-
keting strategies. A similar example in fuzzy setting has been studied in [12].

The rest of the paper is organized as follows. Section [2| contains the defini-
tion of a CCG. Section [3] presents a mathematical programming formulation
for a CCG. Section [ shows the numerical results for various instances of ran-
dom bimatrix game between two manufacturing firms. We conclude the paper
in Section

2 The Model

We consider a two player bimatrix game where the payoff matrix of each
player is random. Let I = {1,2,...,m} and J = {1,2,...,n} be the sets of
actions of player 1 and player 2 respectively. Let A = [a;;] and B = [b;;]
be the m x n random payoff matrices of player 1 and player 2 respectively.
If player 1 chooses an action 7 and player 2 chooses an action j simultane-
ously, the payoff of player 1 is given by a random variable a;;, and the payoff
of player 2 is given by a random variable b;;. Let (£2,F, P) be a probabil-
ity space. Then, for each i € I, j € J, a;; : £ — R and b; : 2 = R.
The sets I and J are also called the sets of pure strategies of player 1
and player 2 respectively. Let X = {z ¢ R™|> , ;2; =1,2; >0, Vi€ I} and
Y={yeR"|>,c,vi=1y; >0, Vje J} be the sets of mixed strategies of
player 1 and player 2 respectively. Then, for each (x,y) € X x Y the payoff
of player 1 (resp. player 2) given by zT Ay (resp. zT By ) is also a random
variable; T denotes a transposition. We consider the case where each player is
interested in payoffs which can be obtained with at least a given level of con-
fidence. The confidence level of each player is given a priori. We assume that
the confidence level of one player is known to another player. Let oy € [0,1]
and ag € [0,1] be the confidence levels of player 1 and player 2 respectively;
a1 and aq also represent the risk levels. Let o = (a1, ae) be a confidence (risk)
level vector. For a strategy pair (x,y) and a given «, the payoff of player 1 is
given by

ut (z,y) =sup {m | P(z" Ay > 1) > a1 }, (1)

and the payoff of player 2 is given by
Q2 o« T
us?(z,y) = sup {72 | P(z" By > 72) > as}. (2)

We assume that the probability distribution of the payoff matrix of one player
is known to another player. Then, for a given o € [0,1]? the payoffs of one
player defined above are known to another player. Therefore, a CCG is a non-
cooperative game with complete information. For a given «, the set of best
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response strategies of player 1 against a fixed strategy y of player 2 is given
by
BR* (y) ={z € X |u{"(Z,y) > ui*(z,y), V2 € X},

and the set of best response strategies of player 2 against a fixed strategy x of
player 1 is given by

BR™(z) ={y € Y | uy*(2,y) =2 u3*(x,y), Vy € Y}.

Definition 1 (Nash equilibrium) For a given a € [0,1]2, a strategy pair
(z*,y*) is said to be a Nash equilibrium of a CCG if the following inequalities
hold:

U’(lll(x*7y*) 2 ullll(;l:’y*)7 vxeX?
us?(x*,y") > ug?(x*,y), Vy e Y.

Notice that a strategy pair (z*,y*) is a Nash equilibrium if and only if
x* € BR* (y*) and y* € BR**(z").

3 Mathematical programming formulation

We consider the case where the entries of the payoff matrix A (resp. B) jointly
follow a multivariate elliptically symmetric distribution. The distributions be-
longing to the class of multivariate elliptically symmetric distributions gen-
eralize the multivariate normal distribution [I1I]. Some famous multivariate
distributions like normal, Cauchy, t, Laplace, and logistic distributions belong
to the family of elliptically symmetric distributions. In this case, we show the
equivalence between the Nash equilibrium problem of a chance-constrained
game and the global maximization of a certain mathematical program. We
also consider the case where the entries of the payoff matrices A and B are
independent normal/Cauchy random variables. For the case of Cauchy distri-
bution, we show that the Nash equilibrium problem of a CCG is equivalent to
a global maximization of a certain quadratic program.

3.1 Payoffs following multivariate elliptical distribution

We represent the entries of payoff matrix A (resp. B) by an mn x 1 vector a =
(a1,a0,...,am)7 (resp. b = (by,ba,...,by)T), where a; = (a1, ai0,...,an)
(resp. b; = (bi1, bia, ..., bin)) for all i € I. We assume that the vector a (resp. b)
follows a multivariate elliptically symmetric distribution with location vector
w1 (resp. po) and scale matrix X (resp. X) which is a positive definite matrix.
Denote, 1 = (pt1,1, 11,25 - - - fi1,m) -, where pu1 3 = (p1,41, 1,32, - - - » f11,in) for all
i € I. The vector s is defined similarly. For a strategy pair (z,y), define a vec-
tor n(x,y) = (N1,M2, -+, 9m)T, where n; = (i1, Mi2, -+ ., Min), @ € I, such that
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Mi; = x;y; for all i € I, j € J. Using these notations, we can write the random
payoff 27 Ay (resp. 27 By) as (n(z, y))Ta (resp. (n(z, y))Tb). A linear combina-
tion of the components of a multivariate elliptically symmetric random vector
follows a univariate elliptically symmetric distribution. Therefore, for a strat-
egy pair (r,y), 27 Ay (resp. 2T By) follows a univariate elliptically symmetric
distribution with location parameter pf n(x,y) (resp. pdn(z,y)) and scale pa-

rameter (n(x,y))TEm(x,y) (resp. (n(a:,y))TEgn(z,y)). Since X; and Y5 are

positive definite matrices, we can write \/(n(x, y))TEm(x, y) = ||Ell/2n(m, i

and \/(77(1‘, y))TEQn(x,y) = ||E;/2n(x,y)\|, where ||-|| is the Euclidean norm.

The matrices Ei/ % and 221/ % are the unique positive definite square roots
aT Ay—pi n(z.y)
o 1212 n ()l
Z5 = %’E’mji‘y) follow a univariate spherically symmetric distribution.
PR CRY
Let F 5;() and F' 2;() be the quantile functions of a univariate spherically
1 2

of the matrices ¥; and X5 respectively. Then, Zy = and

symmetric distribution. From 7 for a strategy pair (x,y) and a confidence
level a1, the payoff of player 1 is given by

utt (z,y) = sup{m | P(z" Ay > m) > a1}
2T Ay — pTn(z, — p¥n(z,
—sup{’h‘P( 91/2/1177( y)ﬁlyl 1/;177( y>>§10¢1}
12 (2, )] 12 (2, )l
= sup {1 | 1 < n(a.y) + 12 0@yl FZ 0 - an)}

Then,
uf (@, y) = i, y) + 112 0, y)1F2 (1 - a). (3)

Similarly, from , for a strategy pair (x,y) and a confidence level aw, the
payoff of player 2 is given by

ug® (2,y) = sy 0, y) + 1125 0z, y)1F,3 (1 - az). ()

Singh et al. [21I] showed that there exists a mixed strategy Nash equilibrium
for all a € (0.5, 1)%. If the random payoff matrices have strictly positive density
function, a mixed strategy Nash equilibrium exists for all a € [0.5,1]%. At o =
(1,1), Fz_lsl(l —ap) = FZ_2$1(1 — ag) = —oo. Then, ui' (z,y) = ug?(z,y) = —o0
for all (z,y) € X x Y. In this case, each strategy pair (x,y) would be a Nash
equilibrium because there is no incentive for any player to deviate unilaterally.
Therefore, we consider the case where o € (0.5,1)? so that the payoff functions

defined by and have finite values.

Lemma 1 For every y € X, ui*(-,y) defined by is a concave function of
x for all 1 € (0.5,1), and for every x € X, ug?(x,-) defined by is a
concave function of y for all as € (0.5,1).
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Proof The proof follows from Lemma 3.5 of [21].

Remark 1 Lemma [I] holds for all ay € [0.5,1) and asp € [0.5,1) if the payoff
matrices (A, B) have strictly positive density functions [21].

3.1.1 Best response convex programs
From Lemma [} for a fixed strategy y of player 2 and ay € (0.5,1), a best

response strategy of player 1 can be obtained by solving the following convex
quadratic program:

. 1/2 _
P1) min —uin(e,y) - |12 n(2,p)|F5d (1 - ar)

s.t.
> mi=1,
el
z; >0, i€l

Let X* = {z € R™ | 2; > 0,V i € I}. Then, the Lagrangian dual problem of
[P1] is

max min [— uEn(a. ) — 115120, )| FZ (0 - ) + A (1 - Zxﬂ .

MERzeX+ "
el

For a fixed A\; € R, we have

Join, l—u?n(x,y) - \IEi/Qn(x,y)HFZ_;l(l —o1)+ A\ (1 - Zl‘)]

i€l
. Z 1/2 1
:irél)lfr}*' géi)ixl [ x7’<_ : :Mlxijyj § y.] 1 ZS<1_a1)_A1> +)\1
vy N N
[Jo1]]<1 i€l JjeJ jeJ
= e, [Z$f<—2m% 2_ v (e, zs<1—a1>—A1> T
vi = jeJ jeJ

[lvill<1

where (211/21)1)”. is an (ij)*™ element of the vector 211/2111. The first equality
is obtained by using Cauchy-Schwartz inequality. The second equality follows
from Corollary 37.3.2 of |20]. The minimum in the second equality is un-
bounded unless

A < — Z,ulwyj Zyj 1/2 Zsl(lfoq),ViGI.
JjeJ JjeJ

Hence, the Lagrangian dual problem of [P1] is
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[D1]  max\;

A1,v1

s.t.

A < —Z,Ul,ijyj - Zyj (Ei/zvl)ijFZ_fl(l —a), Viel,
jeJ jEJ
[loa]| < 1.

Similarly, for a fixed x € X and ay € (0.5,1), a best response strategy of
player 2 can be obtained by solving the following convex quadratic program:

. 1/2 —
P2 min —pn(e,y) — (120G, )l FZ5(1 - 00)

s.t.
dovi=1
jeJ
y; >0, e

From the similar arguments used above, the dual of [P2] is

[D2] max Ay
A2,v2
s.t.
)\2 < - Z}U’Q,ijxi - in (221/2U2)ijFZ_§1(1 - 042), V] S J,
i€l i€l
o] < 1.

3.1.2  Mathematical program

We denote the decision variables and the objective function of the mathemat-
ical program [MP] by ¢ = (A1, A2, v1,v9,x,y) and ¥(-) respectively. By using
the best response convex programs [P1], [D1], [P2], [D2] we have the following
characterization.

Theorem 1 Consider a random bimatriz game (A, B), where all the entries
of matriz A (resp. B) jointly follow a multivariate elliptically symmetric dis-
tribution with location vector py (resp. ps) and scale matriz Xy (resp. Xs).
Let 31 and X9 be positive definite matrices. Then, for an a € (0.5,1)?

1. If (z*,y*) is a Nash equilibrium of a CCG, there exists a vector (* =
(A5, A5, 07,03, 2%, y*) such that it is a global mazimum of the following
mathematical program [MP]
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MP] max | (M + pf (e y) + 112 ()| (1 - )
+ (/\z + s (e, y) + 155 0, y)||F 3 (1 - ozz)) 1
s.1.
A1 < _Zﬂl,ijyj - Zyj (Ei/Qvl)ijFZZSl(l —ay), Viel, (5)

JjeJ jeJ
Ao < _ZNQ,ijxi — in(E;/2U2)ijFZ_§1(1 — 012)7 Vj € J, (6)

el el
o] < 1, (7)
o] < 1, (8)
Zzi =1, 9)
i€l
doui=1 (10)
jeJ
z; >0, Viel, (11)
Yy 20, Vjel (12)

with objective function value ¥(¢*) = 0.
2. If ¢ = (A}, A5, 07,05, 2%, y") is a global maximum of the mathematical
program [MP], (x*,y*) is a Nash equilibrium of a CCG.

Proof Let (z*,y*) be a Nash equilibrium of a CCG. The constraints @- of
[MP] are satisfied by (z*,y*) because x* and y* are the mixed strategies. From
the definition of a Nash equilibrium, «* is an optimal solution of [P1] for fixed
y*, and y* is an optimal solution of [P2] for fixed z*. The convex quadratic
program [P1] (resp. [P2]) satisfies all the conditions of strong duality Theorem
6.2.4 of [1]. Hence, there exists an optimal solution (v}, A}) (resp. (v3,A})) of
the dual program [D1] (resp. [D2]) such that the objective function values
of [P1] and [D1] (resp. [P2] and [D2]) are the same. That is, the constraints
and (resp. (6) and ) of [MP] are satisfied at (v}, A,y*) (resp.

(v3, N5, 2*)), and
* T * % 1/2 * ok -1
/\1:7/1’177(1’ Y )7H21 77(35 Y )||FZi5‘(17a1)7

% * £ 1/2 £ * —
A5 = =i n(a®,y) = 125 0@ y7) || Fg (1 - az).

Therefore, (* is a feasible point of [MP] such that #(¢*) = 0. Next, we show
that ¢* is a global maximum of [MP]. Let ¢ be a feasible point of [MP]. Multiply
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constraint by x; for each i € I, and sum over all ¢ € I. Then, by using
Cauchy-Schwartz inequality and constraints , @, , we have

M < =i (e, y) = 121 0 y)l| Fp (L - au). (13)

Similarly,
X < —pgn(ay) — 125 n(e y)l| Fd (1 - az). (14)

From and ([T4)), ¥(¢) < 0 for all feasible points ¢ of [MP]. Therefore, ¢*
is a global maximum of [MP].

Let ¢* be a global maximum of [MP]. It follows from the first part of the
theorem that the objective function value at a global maximum point is zero.
Then, 1 (¢*) = 0. Since, ¢* is a feasible point of [MP], ¢* will satisfy and
. Hence, each term of the objective function is non-positive at ¢*. This
implies that and are equalities at (*. For a given (* multiply the
constraint by x; for each i € I, and sum over all ¢ € I. Then, by using
Cauchy-Schwartz inequality, we have

* * 1/2 * —
A< =i, y™) = 120Gyl F i (l—an), Vo € X.

Using the fact that is an equality at ¢*, we have

U (@, y7) 2 U (oy7), V@ € X. (15)
Similarly,

uy® (2%, y") = uy® (2%, y), Vy ey (16)
From and (16), (z*,y*) is a Nash equilibrium of a CCG. O

Remark 2 Theorem [1| holds for all a; € [0.5,1) and ag € [0.5, 1), if the payoff
matrices (A, B) have strictly positive density functions [21].

3.1.3 Special case

We consider the case where the entries of the payoff matrices A and B are
independent normal random variables. For each ¢ € I, j € J, let a;; (resp.
bi;) follows a normal distribution with mean p;; (resp. p2;) and variance
01 .; (resp. 03 ;). It is well known that if a multivariate normal random vec-
tor is uncorrelated, i.e., the covariance matrix is a diagonal matrix, then, its
components are independent normal random variables. A multivariate nor-
mal distribution belongs to the family of elliptically symmetric distributions.
Therefore, the equivalent mathematical program for the case of independent
normal random payoffs can be obtained from [MP] where the mean vector
and covariance matrix of player 1 (resp. Player 2) are p; (resp. pg) and
o= diag(aill, 0%,12; S U%,mn) (resp. Xy = diag((f%,na 03,127 e >0%,mn))
respectively; diag(-) denotes a diagonal matrix. Further if the entries of A
(resp. B) are also identically distributed with mean p (resp. i) and variance
o2 (resp. 62), we show that a uniformly distributed strategy pair is a Nash
equilibrium. The result is summarized in Theorem [2]
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Theorem 2 Consider a random bimatriz game (A, B), where all the entries
of matriz A are independent and identically distributed (i.i.d.) normal random
variables with mean p and variance o, and all the entries of matriz B are
i.i.d. normal random variables with mean i and variance *. The strateqy pair
(x*,y*), where

1 1
r;=—,Viel, y;=-Vje (17)
m n
is a Nash equilibrium of a CCG for all a € [0.5,1)2.
Proof The proof is given in Appendix [A] O

3.2 Payoffs following Cauchy distribution

In general, the components of an uncorrelated random vector do not need
to be independent. It holds only for the case of a multivariate normal distri-
bution. Therefore, we discuss the case of independent Cauchy random pay-
offs separately. We assume that all the entries of the payoff matrix A (resp.
B) are independent Cauchy random variables. For each i € I, j € J, let
a;j (resp. b;;) follows a Cauchy distribution with location and scale pa-
rameters p1;; (resp. p2,i;) and o1, (resp. 02;) respectively. Therefore,
for a strategy pair (z,y), 7 Ay (resp. T By ) follows a Cauchy distribu-
tion with location parameter p1(x,y) = > icr jey TiVik,ij (resp. pa(z,y) =
Zie“e‘] l'iijQ,ij) and scale parameter oy(z,y) = Ziel,jeJ TY;01,45

T
Ay— )
(resp. o2(2,y) = Xics jes TiYjo2,; ). Then, zZ¢ = %W and Z§ =

% follow a standard Cauchy distribution. Let F () and F,2(-)
) 1 2

be the quantile functions of a standard Cauchy distribution. Similar to the
previous case, for a strategy pair (z,y) and a confidence level «aq, the payoff
of player 1 is given by

uSt (z,y) = sup{m | P(a" Ay > 1) > a1}
T _ —
:sup{% P(x Ay — p(,y) <M Nl(%y)> <1—a1}

ol(z,y) T oulz,y)
= sup {’Yl |71 < pa(z,y) + Ul(x,y)Fz_lcl(l - al)}'

Then,

uft(z,y) = > iy <M1,z’j + o1 Fe (- a1)> : (18)

iel,jed

Similarly, for a strategy pair (z,y) and a confidence level s, the payoff of
player 2 is given by

ug?(z,y) = Z T;Y; <ﬂ2,ij + O'Q,ijFZ;cl(l — a2)> . (19)

iel,jed
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The quantile function of a standard Cauchy distribution is not finite at 0 and 1.
Therefore, we consider the case of a € (0,1)? so that the payoff functions
defined by and have finite values.

3.2.1 Equivalent bimatriz game
Define a matrix A(a;) = [dij(al)}, where
aij(on) = pij + Ul,isz_lcl(l —ai),

and a matrix B(ag) = [l;ij (052)}, where

bij(az) = p2,ij + UZ,ingQClv(]. — as).
Then, we can write and as

uft (z,y) = 2" A(ar)y,
ug? (z,y) = 2" Blag)y.

Therefore, for a given a € (0, 1)2, a CCG is equivalent to a deterministic
bimatrix game (A(c1), B(az)). Hence, the existence of a Nash equilibrium in
this case follows from [I7].

Remark 3 For the case of i.i.d. Cauchy random variables each strategy pair
(z,y) is a Nash equilibrium because the players’ payoff functions and
are constant.

3.2.2  Quadratic program

We have the following characterization for a CCG corresponding to Cauchy
distribution which follows from [I5].

Theorem 3 Consider a random bimatriz game (A, B), where all the entries
of A are independent Cauchy random variables, and all the entries of B are
also independent Cauchy random variables. For alli € I, j € J, the location
and scale parameters of a;j (resp. bij) are fi1 ;5 (resp. /1427”‘) and o1 4j (resp.
ag,ij) respectively. Then, for an o € (0,1)?

1. If (z*,y*) is a Nash equilibrium of a CCG, there exists a vector (* =
(N5, A5, 2™, y*) such that it is a global maximum of the following quadratic
program

[QP] mgax

(fol(al)y - )\1) + (xTB(ag)y - )\2)]

s.t.

Alan)y < A1,
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BT (az)z < A2 1y,
icl
doui=1,
jed
2; >0, Viel,
yj 2 07 v ] S J7
with objective function value ¥(¢*) = 0.

2. If ¢* = (AT, N5, 2%, y*) is a global mazimum of the quadratic program [QP],
(z*,y*) is a Nash equilibrium of a CCG.

Proof For a given a € (0,1)%, a CCG corresponding to Cauchy distribution

is equivalent to the bimatrix game (/1(041), B(ag)) defined in Section [3.2.1
Then, the proof follows from [15]. O

4 Competition between two manufacturing firms

We consider two manufacturing firms which produce similar products and
compete on the same market. They plan to release a new product with sim-
ilar features. To attract more customers, each firm uses different marketing
strategies, e.g., TV and web advertisements, paid media advertisements, gift
coupons, cash back, special offers, etc. We assume that each firm has finite
number of marketing strategies. In this case, a mixed strategy represents the
percentage allocation of the total marketing budget among different market-
ing strategies. The profit of each firm increases with the number of customers.
The customers’ demand can be random which also depends upon the market-
ing strategies of the firms. Therefore, the payoff of each firm corresponding to
different pair of marketing strategies of both the firms is better modeled by
a random variable. Hence, the competition between the firms can be modeled
as a random bimatrix game. We assume that both the firms are interested in
the payoffs that can be obtained with at least a given probability level. We
study this game theoretic situation using CCG framework developed in this
paper. We consider a general case where there is a correlation among different
marketing strategies. We assume that the entries of the payoff matrix jointly
follow a multivariate normal distribution. For illustration purpose, we consider
the example given below.

Example 1 We consider the case where each firm has three marketing strate-
gies, i.e.,, I = {1,2,3} and J = {1,2,3}. We assume that the entries of the
random payoff matrix A (resp. B) jointly follow a multivariate normal distri-
bution. The mean vector uq (resp. ,ug) and the covariance matrix X (resp.
Eg) for the payoff matrix A (resp. B) are given below:

p1 = (10,9,11,8,12,10,7,8,13), pe = (9,7,8,9, 10,10, 10,9, 8).
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643323424 633332432
463433323 363322334
338423324 336333434
344623332 333632233
Y1=1232262433]|, Yo=1323364223
333326334 223246334
433343843 434223632
222333464 333323363
434234348 244334236

We compute the Nash equilibria of the CCG by solving the math-
ematical program [MP]. Our numerical experiments were carried out
on an Intel(R) 32-bit core(TM) i3-3110M CPU @ 2.40GHzx4 and 3.8
GiB of RAM machine. We solve the equivalent minimization prob-
lem of mathematical program [MP] using fmincon in MATLAB op-
timization toolbox. We run the numerical experiments with an initial
point (o = (-1,-2,0,1,%,2,0,3,0,0,0,0,1,3,%,%,0,0,0,0,3,%,3,%,1 1)
Table [[] summarizes the Nash equilibria for various values of . The exitflag

Table 1: Nash equilibria for various values of «

a Nash Equilibrium
P»(¢*) exitflag
[e%1 s z* y*
2046 6164 1790 2143 3055 4802
0.55 | 0.55 (10000’ 10000 10000) <100007 10000 10000) 0 1
2078 6340 1582 2121 3071 4808
0.6 0.6 (10000’ 10000 10000) (100007 10000 10000) 0 1
07 | 07 (1, 0, 0) (1, 0, 0) 0 1
9804 196
08 | 08 (1,0, 0) (504, 0, 15%55) 0 1

value 1 indicates that the point ¢* is a local maximum. The objective function
value 1 (*) = 0 shows that * is a global maximum of the mathematical pro-
gram [MP)]. Therefore, from Theorem |1} the strategy part (z*,y*) of (* given
in column 3 and column 4 of Table [I]is a Nash equilibrium of the CCG.

To test our theoretical results for large game instances, we per-
form numerical experiments by considering different sizes of randomly
generated instances. For each i, i = 1,2, we take the mean vector
w; =randi([m +n,m+n+2],mn,1). It generates mn X 1 integer vector
within interval [m + n, m + n + 2]. For each ¢, i = 1,2, we take the covariance
matrix X; = B+ BT + 0 - Inxmn, where B = randi(2,mn) is an mn x mn
integer random matrix with entries not more than 2, and 0 is sufficiently large
so that X; is a positive definite matrix, and I,,,xmn 1S an mn X mn iden-
tity matrix. In our experiments, we take & = m + n. For these games, the
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mathematical program [MP] has 2 4+ 2mn + m + n variables and 44-2m + 2n
constraints. We take a; = as = 0.6. We run the numerical experiments with a
randomly generated initial point ¢, = rand(1, 2+ 2mn + m + n), where rand
is a random number generator. Table [2| summarizes the numerical results for
different sizes of the considered games. The columns 1-3 represent the size

Table 2: Average time for computing Nash equilibrium

Number of Number of Average‘ order Average Average exitflag (all
instances actions of mag*nltude k time (s) P(¢*) instances)
of %(C*)
m n k=-2| k< -3

10 5 5 20% 80% 3.55 —1.4x 1073 1

10 10 10 10% 90% 21.44 —5.1x 1073 1

10 15 15 20% 80% 56.15 —4.6 x 1073 1

10 20 20 10% 90% 387.91 —2.6 x 1073 1

of the game problem. The order of magnitude for ¥(¢*) is k if its value is
a constant multiple of 10*. In 10%-20% of the instances 1({*) is a constant
multiple of 1072 as given in column 4. In 80%-90% of the instances ¥(¢*) is
a constant multiple of 107%, k < —3, as given in column 5. The average time
to solve the mathematical program [MP] is given in column 6. The average
value of ¥(¢*) is given in columns 7. The exitflag value 1 given in column 8
shows that every time we get a local maximum. In most of the time t(*) is
zero or close to zero. This implies that we obtain a global maximum of the
mathematical program [MP] or very close to it in most of the cases. Based
on our computational experience, we can see that solving the mathematical
program [MP] is not time consuming. Therefore, we can solve large instances
in reasonable time.

5 Conclusions

We formulate a two player random bimatrix game as a CCG. We consider
multivariate elliptically symmetric as well as independent normal/Cauchy dis-
tributed payoffs. For each case we show that a Nash equilibrium of a CCG
can be obtained by computing a global maximum of a certain optimization
problem. To illustrate our theoretical results, we consider a random bimatrix
game between two manufacturing firms producing similar products. Both firms
compete for the customers by using different marketing strategies. We take dif-
ferent sizes of random instances of the game. We use MATLAB to perform nu-
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merical experiments. Our approaches can be used for solving large instances as
shown by the low computational effort in the considered numerical examples.

Appendix A Proof of Theorem

Proof Fix a € [0.5,1)2. To show (z*,y*) defined by is a Nash equilibrium,
it is sufficient to show that there exists a vector (A}, A3, v}, v3) which together
with (2*,y*) is a feasible point of [MP] with objective function value zero
(see Theorem . By using i.i.d. property, we have 211/2 = 0lmnxmn, 221/2 =
I mnxmn- Take,

) o FZ_fl(l —aq)
Al = - — ﬁmn ’
. TF(-m)

Ay =~ —

17”717

where 1; denotes a k x 1 vector of ones. It is easy to check that (* =
(AT, A5, 07,05, 2%, y*) is a feasible point of [MP] and ¢(¢*) = 0. Hence, (z*, y*)
defined by is a Nash equilibrium of a CCG.
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