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Abstract In this article we present a version of the proximal alternating direction method
for a convex problem with linear constraints and a separable objective function, in which
the standard quadratic regularizing term is replaced with an interior proximal metric for
those variables that are required to satisfy some additional convex constraints. Moreover,
the proposed method has the advantage that the iterates are computed only approximately.
Under standard assumptions, global convergence of the primal-dual sequences computed
by the algorithm is established. Finally, we report some numerical experiments applied to
statistical learning problems to illustrate the behavior of our algorithm.
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1 Introduction

In this paper we develop a special alternating direction method (ADM) for solving approxi-
mately a convex optimization problem with separable structure as follows:

(P) min
x,z

{
f (x)+g(z) | Ax+Bz = b, x ∈C

}
,

where f : Rn→ R∪{+∞} and g : Rm→ R∪{+∞} are closed convex proper functions, A
and B are p×n and p×m real matrices, respectively, and b ∈ Rp is a given vector. Here C
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denotes the closure of C ⊂ Rn, an open nonempty convex set; a typical example being the
strictly positive orthant C = Rn

++ so that x ∈C = Rn
+ corresponds to x≥ 0.

Under the following natural condition: dom f ∩C 6= /0 , we are interested in designing
a method which exploits the separable structure of (P). With such a motivation, we pro-
pose the following iterative algorithm for (P): given (xk,zk,yk) ∈ C×Rm×Rp, compute
consecutively

xk+1 ≈ argminx∈C f (x)+ 〈yk,Ax〉+ λ

2
‖Ax+Bzk−b‖2 +

1
2λ

d(x,xk), (1)

zk+1 ≈ argminz∈Rm g(z)+ 〈yk,Bz〉+ λ

2
‖Axk+1 +Bz−b‖2 +

1
2λ
‖z− zk‖2, (2)

yk+1 = yk +λ (Axk+1 +Bzk+1−b). (3)

Here λ > 0 is a positive scalar and d(·,xk) is a given proximal distance with respect to
C (see section 2, definition 1). The latter enforces that xk+1 ∈ C, that is, the x-iterate lies
in the interior of the additional constraints set C. Two popular choices for d include either
a Bregman distance (see, e.g., Burachick and Iusem (1998), Solodov and Svaiter (2000))
or a proximal distance based on second order homogeneous kernels (see, e.g., Auslender
et al. (1999), Teboulle et al. (1999)). Another possible choice is the double regularization
technique introduced by Silva and Eckstein (2006), which extends the notion of second
order homogeneous kernels. Any of these choices will be covered by our analysis.

In order to explain the ideas behind the iterative scheme given by (1)-(3), let us introduce
the restricted Lagrangian function ` : C×Rm×Rp→ R∪{+∞} given by

`(x,z,y) = f (x)+g(z)+ 〈y,Ax+Bz−b〉, (4)

where 〈·, ·〉 is the Euclidean scalar product in Rp. Throughout this paper, we assume the
following: There exists a saddle point (x∗,z∗,y∗) ∈C×Rm×Rp of ` on C×Rm×Rp, that
is,

`(x∗,z∗,y)≤ `(x∗,z∗,y∗)≤ `(x,z,y∗), ∀(x,z,y) ∈C×Rm×Rp. (5)

In this setting, if we introduce the augmented Lagrangian `λ : C×Rm×Rp→R∪{+∞} by

`λ (x,z,y) = `(x,z,y)+
λ

2
‖Ax+Bz−b‖2, (6)

then, from a given (xk,zk,yk) ∈ C×Rm×Rp, the classical ADM produces iterates via the
following consecutive steps:

xk+1 ∈ Argminx∈C`λ (x,z
k,yk) = Argminx∈C f (x)+ 〈yk,Ax〉+ λ

2
‖Ax+Bzk−b‖2, (7)

zk+1 ∈ Argminz∈Rm`λ (x
k+1,z,yk) = Argminz∈Rm g(z)+ 〈yk,Bz〉+ λ

2
‖Axk+1 +Bz−b‖2,(8)

yk+1 = argmaxy∈Rp `λ (x
k+1,zk+1,y)− 1

2λ
‖y− yk‖2 = yk +λ (Axk+1 +Bzk+1−b). (9)

ADM was originally proposed by Gabay and Mercier (1976), and since then, it has
received intensive attention for others researchers; see, e.g., Tseng (1991). This method is
closely related to the Douglas-Rachford operator splitting algorithm which solves monotone
inclusion problems; see, e.g., Douglas and Rachford (1956), Combettes and Pesquet (2007),
Svaiter (2011), Bot and Hendrich (2013) (see Combettes (2004); Tseng (2000); Briceño-
Arias and Combettes (2011) for others important operator splitting algorithms).
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A substantial improvement on the ADM is to combine the classical proximal point al-
gorithm (PPA) with the ADM, which gives rise to proximal alternating method of multi-
pliers (PADM) introduced by Eckstein (1994), and current literature along this direction of
research is dominated by the utilization of the quadratic proximal regularization. For ex-
ample, Xu (2007) proposed a PADM with quadratic proximal regularization (QPADM)
for variational inequalities and Attouch et al. (2009) for convex optimization in an infinite
dimensional setting (see also Attouch et al. (2011)). The idea of PADM is to regularize
the augmented Lagrangian by adding to it some primal quadratic proximal terms, having a
stronger primal convergence theory than the standard method.

On the other hand, the conceptual primal iterations given by (1) and (2) can be equiva-
lently written as follows:

xk+1 ≈ argminx∈C `λ (x,z
k,yk)+

1
2λ

d(x,xk),

zk+1 ≈ argminz∈Rm `λ (x
k+1,z,yk)+

1
2λ
‖z− zk‖2.

In this alternate proximal procedure, minimization steps are performed consecutively on the
primal variables, first with respect to x by using a regularized interior proximal term so
that all the iteration points lie in the interior of the feasible set (see, e.g., Auslender and
Teboulle (2006)), and then with respect to z using a standard quadratic proximal metric.
Therefore, we call the iterative scheme given by (1), (2) and (3) the regularized interior
proximal alternating direction method (RIPADM).

The main theoretical result in this paper is a general convergence result for a special
approximate version of RIPADM (cf. Theorem 1), bridging two different areas of proximal
algorithm theory: ADM on the one hand, and generalized nonquadratic proximal distance
on the other. To the best of our knowledge, the only partial positive result in this direction is
the recent work by Yu and Li (2011) (see Li et al (2013) for a version with inexact computa-
tions), where these authors investigate a particular PADM for variational inequalities under
non-negativity constraints in which the regularizing proximal term in the ADM subprob-
lems is induced by the logarithmic-quadratic proximal (LQP) kernel, previously developed
in Auslender et al. (1999). In the case of optimization problems, the LQP approach can be
viewed as a particular instance of our general setting.

Along a complementary line of research, an entropic proximal decomposition method
(EPDM) has been introduced by Auslender and Teboulle (2001) for solving general vari-
ational inequality problems with particular separable structure. The EPDM combines the
LQP theory for non-negativity constraints with a predictor-corrector proximal multiplier
method developed previously by Chen and Teboulle (1994). EPDM differs from RIPADM
as the predicted multiplier estimate is used to compute proximal steps in parallel for both
primal variables, thanks to the fact that the decoupling is obtained by a sort of linearization
of the squared Euclidean norm in the augmented Lagrangian at the current iterate, following
the strategy proposed by Stephanopoulos and Westerberg (1975). Thus, EPDM is a paral-
lel method in the primal variables, which is different from the ADM approach (the latter is
closer to a Gauss-Seidel scheme).

Outline of the paper. The paper is organized as follows. In section 2, we recall some
preliminaries on generalized proximal distances, we give an approximate version of the
RIPADM (cf. (1)-(2)), in which the stopping criteria for the inner inexact computations
are fairly practical to check, and we identify some examples of interior metrics satisfying
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appropriate conditions for our analysis. In section 3, we prove our main full convergence
result for the inexact version of RIPADM. In section 4, we report the numerical results
obtained when we apply the RIPADM scheme to solve some statistical learning applications.
Concluding remarks are given in section 5.

2 Preliminaries

2.1 Generalized proximal distances

Definition 1 (Auslender and Teboulle, 2006, Definition 2.1) A function d :Rn×Rn→R+∪
{+∞} is called a proximal distance with respect to an open nonempty convex set C ⊂ Rn if
for each v ∈C we have the following properties:

(d1) d(·,v) is proper, closed, convex and continuously differentiable on C;
(d2) domd(·,v)⊂C and dom∂1d(·,v) =C, where ∂1d(·,v) denotes the subgradient map of

the function d(·,v) with respect to the first variable;
(d3) d(·,v) is level bounded on Rn, i.e., lim‖u‖→∞ d(u,v) = +∞;
(d4) d(v,v) = 0.

We denote by D(C ) the family of functions d satisfying Definition 1. The following
proposition guarantees the existence of solutions to the internal problems of the RIPADM
method, that is, due to next proposition the RIPADM method will be well defined.

Proposition 1 (Auslender and Teboulle, 2006, Proposition 2.1) Let F :Rn→R∪{+∞} be a
proper, closed and convex function. Suppose that F∗ = infu∈C F(u)>−∞ and domF∩C 6= /0.
Let d ∈D(C ), and for all v ∈C consider the optimization problem

(P(v)) F∗(v) = inf
u∈C

F(u)+d(u,v).

Then the optimal set S(v) of P(v) is nonempty and compact, and for each ε ≥ 0 there exist
u(v) ∈C, g ∈ ∂ε F(u(v)) such that

g+∇1d(u(v),v) = 0,

where ∂ε F(u(v)) denotes the ε-subdifferential of F at u(v). For such a u(v) ∈C we have

F(u(v))+d(u(v),v)≤ F∗(v)+ ε.

2.2 The inexact RIPADM algorithm

Consider problem (P) and assume that dom f ∩C 6= /0. Let d ∈ D(C ) and λ be a pos-
itive scalar. Starting from a point (x0,z0,y0) ∈ C×Rm ×Rp, we generate the sequence
{(xk,zk,yk)} ⊂C×Rm×Rp, and sequences of errors {ak} and {bk} via the following steps:

Step 1. Find (xk+1,ak+1) ∈C×Rn with rk+1 ∈ ∂ f (xk+1) solving:

ak+1 = rk+1 +At [yk +λ (Axk+1 +Bzk−b)]+
1

2λ
∇1d(xk+1,xk), (10)

where the error ak+1 satisfies the conditions

‖ak+1‖ ≤ εk+1, ‖ak+1‖‖xk+1‖ ≤ ηk+1. (11)
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Step 2. Find (zk+1,bk+1) ∈ Rm×Rm with rk+1 ∈ ∂g(zk+1) solving:

bk+1 = rk+1 +Bt [yk +λ (Axk+1 +Bzk+1−b)]+
1
λ
(zk+1− zk), (12)

where the error bk+1 satisfies the conditions

‖bk+1‖ ≤ εk+1, ‖bk+1‖‖zk+1‖ ≤ ηk+1. (13)

Step 3. Compute
yk+1 = yk +λ (Axk+1 +Bzk+1−b). (14)

The positive scalars εk,ηk,εk,ηk > 0 satisfy the following conditions:

∞

∑
k=1

εk < ∞,
∞

∑
k=1

ηk < ∞,
∞

∑
k=1

εk < ∞, and
∞

∑
k=1

ηk < ∞. (15)

Remark 1 In the exact case where ak = 0 ∈ Rn and bk = 0 ∈ Rm for all k, steps 1 and 2 in
the previous scheme amount to find exact solutions to the minimization problems in (1) and
(2), respectively. Due to Proposition 1, such an exact RIPADM is well defined.

2.3 Compatible proximal pairs (d,H) and examples

Next, we associate with d ∈ D(C ) a corresponding proximal distance H satisfying some
desirable properties needed to analyze the convergence of RIPADM.

Definition 2 Given an open nonempty convex set C⊂Rn and d ∈D(C ), we say that (d,H)
is a compatible proximal pair associated with C if H : Rn×Rn→R+∪{∞} is a finite valued
function on C×C and for each a,b ∈C satisfies:

(i) H(a,a) = 0;
(ii) 〈c−b,∇1d(b,a)〉 ≤ H(c,a)−H(c,b)−κH(b,a), ∀c ∈C, and some fixed κ > 0;
(iii) For all c ∈C, H(c, ·) is level bounded on C.

We write (d,H) ∈ F (C ) when a triple [C,d,H] satisfies the premises of Definition
2. The requested properties for the function H emerge naturally from the analysis of the
classical proximal algorithm (PA) and later extended for various specific classes of IPA (see
Auslender and Teboulle (2006)).

In the literature one can find various proximal distances which are obtained compatible
proximal pair (d,H). For example, a Bregman distance Dh, where h is the Bregman kernel,
satisfies the Definition 2 with d = Dh = H. Another class of proximal distances is formed
by second order homogeneous proximal distances. Here, we find the famous logarithmic-
quadratic (Log-quad) proximal distance (see Auslender et al. (1999)) defined by:

dϕ(u,v) =
n

∑
i=1

µ

(
v2

i log
(

vi

ui

)
+uivi− v2

i

)
+

ν

2
(ui− vi)

2, ∀u,v ∈ R++, (16)

where the kernel ϕ(t) = µ(log(t)+ t−1)+ ν

2 (t−1)2, with ν ≥ µ > 0.
Another example of proximal distances are double regularizations introduced by Silva

and Eckstein (2006). Let B be a box set, that is, B = {x ∈ Rn| ai ≤ xi ≤ bi, i = 1, . . . ,n},
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where ai ∈ [−∞,+∞) and bi ∈ (−∞,+∞], ai ≤ bi. A double regularitazion for the box B is
a separable function D̃ : B× intB→ R of the form:

D̃(u,v) =
n

∑
i=1

d̃i(ui,vi) =
n

∑
i=1

di(ui,vi)+
ν

2
(ui− vi)

2, (17)

where ν ≥ 1 is a scalar and functions d̃i satisfy some assumptions (see Assumptions 2.1.1-
2.1.3 of Silva and Eckstein (2006)).

Lemma 1 (Eckstein and Silva, 2010, Lemma 1) Suposse D̃ is a double regularization for
the box B with regularization factor ν ≥ 1. Under the last assumption we have

〈c−b,∇1D̃(b,a)〉 ≤ ν +1
2
(
‖c−a‖2−‖c−b‖2)− ν−1

2
‖a−b‖2, (18)

for any c ∈ B and a,b ∈ intB.

We see that if ν > 1 and H(u,v) = ν+1
2 ‖u−v‖2 it follows that (D̃,H) ∈F (B) is a compat-

ible proximal pair on B.

3 Full convergence of the inexact RIPADM

Let us return to problem (P). Consider the Lagrangian function ` defined by (4). We suppose:

Assumption A

(A1) dom f ∩C 6= /0.
(A2) There exists a saddle point (x∗,z∗,y∗) ∈C×Rm×Rp of ` on C×Rm×Rp (see (5)).

Assumption B
There exists a compatible proximal pair (d,H) associated with C which verifies:

(B1) If {uk} ⊂C and {vk} ⊂C are sequences such that

lim
k

H(uk,vk) = 0,

and one of the sequences ({uk} or {vk}) converges, then the other one also converges to
the same limit.

(B2) The function H : C×C→ R extends by continuity to C×C.
(B3) ∀u ∈C and ∀{uk} ⊂C converging u, we have limk→∞ H(u,uk) = 0.

If d = D̃ is a double regularization, according to the lemma 1 of Silva and Eckstein is
possible to take H = ν+1

2 ‖u−v‖2 with ν > 1, then the pair (d,H) satisfies the assumption B.
On the other hand, Solodov and Svaiter (2000) proved that the Bregman distances satisfy the
condition (B1) (see Theorem 2.4 of Solodov and Svaiter (2000)). Moreover, the Bregman
distances satisfy the condition (B3) but not necessarily the condition (B2).

We will prove some results related to a primal-dual sequence generated by the RIPADM
method. Under Assumption A, the primal-dual sequence (xk,zk,yk) is bounded. Addition-
ally, if the proximal pair (d,H) verify (B1), all limit points of {(xk,zk)} are solutions of
the problem (P), for example this is the case of Bregman distances. Moreover, if the proxi-
mal pair (d,H) satisfy the Assumption B (for example double regularization), the sequence
globally converges to a saddle point of the Lagrangian function ` of the problem (P). Below
we state our principal result:
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Theorem 1 Let {(xk,zk,yk)} ⊂ C×Rm×Rp be a primal-dual sequence generated by the
RIPADM method (10)-(14).

(i) Under Assumptions A and (B1), all limit points of the primal sequence {(xk,zk)} are
solutions of the problem (P).

(ii) If besides the Assumptions (B2) and (B3) are satisfied, the primal-dual sequence {(xk,zk,yk)}
globally converges to a saddle point (x∞,z∞,y∞) of the Lagrangian ` of the problem (P).

We have divided the proof of Theorem 1 into a sequence of lemmas and propositions.
We begin stating two lemmas, the first one is a classical result on scalar sequences, and
the second one gives us two saddle point type inequalities. These inequalities are used in
the proof of the Proposition 2 below which asserts that the sequence {(xk,zk,yk)} generated
by RIPADM is bounded if at least one saddle point (x∗,z∗,y∗) of ` exists. Finally, under
Assumptions A and B, we prove that there exists a unique limit point (x∞,z∞,y∞) of the
primal-dual sequence {(xk,zk,yk)} and so we get the global convergence of our algorithm.

Lemma 2 (Polyak, 1987, Section 2.2) Suppose {wk}, {βk} ⊂ R are sequences such that
{wk} is bounded below, ∑

∞
k=0 βk exists and is finite, and the recursion wk+1 ≤ wk +βk holds

for all k. Then {wk} is convergent.

Lemma 3 Let (d,H) ∈ F (C ). Consider the sequence {(xk,zk,yk)} ⊂ C×Rm×Rp, and
errors sequences {ak} ⊂ Rn and {bk} ⊂ Rm being generated by the RIPADM algorithm
given by (10)-(14). Under Assumption (A1), for all x ∈ dom( f ), z ∈ dom(g), y ∈ Rp, we
have:

`(xk+1,zk+1,yk)− `(x,z,yk) ≤ λ

2
(‖Ax+Bzk−b‖2−‖Axk+1 +Bzk−b‖2 (19)

−‖Axk+1−Ax‖2)+
λ

2
(‖Axk+1 +Bz−b‖2

−‖Axk+1 +Bzk+1−b‖2−‖Bzk+1−Bz‖2)

+
1

2λ

(
H(x,xk)−H(x,xk+1)−κH(xk+1,xk)

)
+

1
2λ

(
‖z− zk‖2−‖z− zk+1‖2−‖zk+1− zk‖2

)
+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉.

`(xk+1,zk+1,y)− `(xk+1,zk+1,yk) =
1

2λ

(
‖y− yk‖2−‖y− yk+1‖2 +‖yk+1− yk‖2

)
.(20)

Proof Lemma 3. From steps (10) and (12) of our algorithm, since rk+1 ∈ ∂ f (xk+1) and
rk+1 ∈ ∂g(zk+1) we have:

f (xk+1)+

〈
−1
2λ

∇1d(xk+1,xk)−At [yk +λ (Axk+1 +Bzk−b)]+ak+1,x− xk+1
〉
≤ f (x),

(21)

g(zk+1)+

〈
−1
λ

(zk+1− zk)−Bt [yk +λ (Axk+1 +Bzk+1−b)]+bk+1,z− zk+1
〉
≤ g(z),

(22)
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for all x ∈ dom( f ) and z ∈ dom(g). Adding and rearranging these inequalities, we obtain

f (xk+1)+g(zk+1)+ 〈yk,Axk+1 +Bzk+1〉

−
(

f (x)+g(z)+ 〈yk,Ax+Bz〉
)
≤ λ 〈Axk+1 +Bzk−b,Ax−Axk+1〉

+λ 〈Axk+1 +Bzk+1−b,Bz−Bzk+1〉

+
1

2λ
〈∇1d(xk+1,xk),x− xk+1〉

+
1
λ
〈zk+1− zk,z− zk+1〉

+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉.

Considering the definition of the Lagrangian function ` and using the relation ‖m− n‖2 =
‖m‖2 +‖n‖2−2〈m,n〉 in the last inequality, we obtain

`(xk+1,zk+1,yk)− `(x,z,yk) ≤ λ

2
(‖Ax+Bzk−b‖2−‖Axk+1 +Bzk−b‖2 (23)

−‖Axk+1−Ax‖2)+
λ

2
(‖Axk+1 +Bz−b‖2

−‖Axk+1 +Bzk+1−b‖2−‖Bzk+1−Bz‖2)

+
1

2λ
〈∇1d(xk+1,xk),x− xk+1〉

+
1

2λ

(
‖z− zk‖2−‖zk+1− zk‖2−‖z− zk+1‖2

)
+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉.

Using (ii) of Definition 2 with a = xk, b = xk+1 and c = x, we have

〈∇1d(xk+1,xk),x− xk+1〉 ≤ H(x,xk)−H(x,xk+1)−κH(xk+1,xk). (24)

From (23) and (24), we obtain the inequality (19).

Finally we prove the equality (20). We have

`(xk+1,zk+1,y)− `(xk+1,zk+1,yk) = 〈y− yk,Axk+1 +Bzk+1−b〉, (25)

but from (14) we have Axk+1 +Bzk+1−b = 1
λ
(yk+1− yk), then

`(xk+1,zk+1,y)− `(xk+1,zk+1,yk) =
1
λ
〈y− yk,yk+1− yk〉

=
1

2λ

(
‖y− yk‖2−‖y− yk+1‖2 +‖yk+1− yk‖2

)
.

�

Proposition 2 Suppose that the hypothesis of Lemma 3 holds.

(i) For any saddle point (x,z,y) of `, the sequence {Ek(x,z,y)} is convergent where

Ek(x,z,y) =
1

2λ

(
H(x,xk)+‖zk− z‖2 +‖yk− y‖2

)
+

λ

2
‖B(zk− z)‖2. (26)
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(ii) If at least one saddle point (x,z,y) of ` exists then the sequence
{
(xk,zk,yk)

}
is bounded

in C×Rm×Rp, the quantities H(xk+1,xk), ‖zk+1− zk‖2 and ‖Axk+1 +Bzk − b‖2 are
summable, hence they vanish as k goes to +∞.

Proof Proposition 2. Let (x,z,y) ∈C×Rm×Rp be a saddle point of ` on C×Rm×Rp, that
is,

`(x,z,y)≤ `(x,z,y)≤ `(x,z,y),∀x ∈C, ∀z ∈ Rm, ∀y ∈ Rp.

Then we have:

`(x,z,yk)− `(xk+1,zk+1,y)≤ 0. (27)

Adding the inequality (19) with x = x and z = z, and (27) we get

`(xk+1,zk+1,yk)− `(xk+1,zk+1,y) ≤ λ

2
(‖Ax+Bzk−b‖2−‖Axk+1 +Bzk−b‖2)

+
λ

2
(−‖Axk+1−Ax‖2 +‖Axk+1 +Bz−b‖2) (28)

+
λ

2
(−‖Axk+1 +Bzk+1−b‖2−‖Bzk+1−Bz‖2)

+
1

2λ

(
H(x,xk)−H(x,xk+1)−κH(xk+1,xk)

)
+

1
2λ

(‖z− zk‖2−‖zk+1− zk‖2−‖z− zk+1‖2)

+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉.

From the equality (20) of the Lemma 3 with y = y we have

`(xk+1,zk+1,yk)− `(xk+1,zk+1,y) =
1

2λ

(
‖y− yk+1‖2−‖y− yk‖2−‖yk+1− yk‖2

)
.

(29)

Replacing the left side of (28) with (29), and since Ax+Bz = b we obtain:

1
2λ

(‖y− yk+1‖2−‖y− yk‖2

−‖yk+1− yk‖2) ≤ λ

2

(
‖Bzk−Bz‖2−‖Axk+1 +Bzk−b‖2

)
+

λ

2

(
−‖Axk+1 +Bzk+1−b‖2−‖Bzk+1−Bz‖2

)
+

1
2λ

(
H(x,xk)−H(x,xk+1)−κH(xk+1,xk)

)
+

1
2λ

(
‖z− zk‖2−‖zk+1− zk‖2−‖z− zk+1‖2

)
+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉,
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and using the equation (14), i.e., yk+1− yk = λ (Axk+1 +Bzk+1−b), results:

1
2λ

(‖y− yk+1‖2−‖y− yk‖2) ≤ λ

2

(
‖Bzk−Bz‖2−‖Axk+1 +Bzk−b‖2

)
(30)

−λ

2
‖Bzk+1−Bz‖2

+
1

2λ

(
H(x,xk)−H(x,xk+1)−κH(xk+1,xk)

)
+

1
2λ

(
‖z− zk‖2−‖zk+1− zk‖2−‖z− zk+1‖2

)
+〈ak+1,xk+1− x〉+ 〈bk+1,zk+1− z〉,

Set

Ek(x,z,y) =
1

2λ

(
H(x,xk)+‖zk− z‖2 +‖yk− y‖2

)
+

λ

2
‖Bzk−Bz‖2.

Rearranging the last inequality we obtain:

Ek+1(x,z,y)+
κ

2λ
H(xk+1,xk)+

1
2λ
‖zk+1− zk‖2

+
λ

2
‖Axk+1 +Bzk−b‖2 ≤ Ek(x,z,y)+ 〈ak+1,xk+1− x〉 (31)

+〈bk+1,zk+1− z〉.

The sum ∑
∞
k=0 〈ak+1,xk+1− x〉 exists and is finite. In effect, we have that 〈ak+1,xk+1− x〉=

〈ak+1,xk+1〉−〈ak+1,x〉 and

0≤
∞

∑
k=0
|〈ak+1,xk+1〉| ≤

∞

∑
k=0
‖ak+1‖‖xk+1‖=

∞

∑
k=1
‖ak‖‖xk‖ ≤

∞

∑
k=1

ηk,

0≤
∞

∑
k=0
|〈ak+1,x〉| ≤

∞

∑
k=0
‖ak+1‖‖x‖= ‖x‖

∞

∑
k=1
‖ak‖ ≤ ‖x‖

∞

∑
k=1

εk. (32)

Because of ∑
∞
k=1 εk < ∞ and ∑

∞
k=1 ηk < ∞, we get ∑

∞
k=0 |〈ak+1,xk+1〉| and ∑

∞
k=0 |〈ak+1,x〉|

are finite. Then ∑
∞
k=0 〈ak+1,xk+1〉 and ∑

∞
k=0 〈ak+1,x〉 exist and are finite. In similar way, we

can prove that ∑
∞
k=0 〈bk+1,zk+1− z〉 is convergent.

Now, we apply Lemma 2 to (31) with wk =Ek(x,y,z) and βk = 〈ak+1,xk+1−x〉+〈bk+1,zk+1−
z〉 establishing that {Ek(x,y,z)} is convergent (with that we have proved (i)) and then {Ek(x,y,z)}
is bounded. Moreover, from Definition 2 (iii) we have that H(x, ·) is level bounded on C and
therefore {(xk,zk,yk)} is bounded. From (31) we have that the squares of the quantities
‖zk+1− zk‖ and ‖Axk+1 +Bzk− b‖, and H(xk+1,xk) are summable, hence vanish as k goes
to +∞. The proof is complete. �

Now, we are ready to give the proof of our main result.

Proof Theorem 1.
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(i) By Assumption (A2) we know that there exists a saddle point (x∗,z∗,y∗) of ` on C×
Rm×Rn. From Proposition 2 (ii) it follows that {(xk,zk,yk)} is bounded and then this
sequence has a subsequence {(xk j ,zk j ,yk j )} which converges to some (x∞,z∞,y∞) ∈
C×Rm×Rp (as xk j ∈C in the limit we get x∞ ∈C).

We will demostrate that (x∞,z∞) is a feasible point for (P) and then we’ll prove that
f (x∞) + g(z∞) ≤ f (x∗) + g(z∗). From Proposition 2 (ii) we have that the quantities
H(xk+1,xk) and ‖Axk+1 +Bzk−b‖ vanish as k goes to +∞. Then H(xk j+1,xk j )→ 0, and
due to (B1) we have xk j+1→ x∞. The quantity ‖Axk j +Bzk j−b‖ converge to zero because
‖xk j+1−xk j‖→ 0 and ‖Axk j+1+Bzk j−b‖→ 0. Then, 0= lim j→+∞ ‖Axk j +Bzk j−b‖=
‖Ax∞ +Bz∞−b‖ and so Ax∞ +Bz∞ = b. Therefore, (x∞,z∞) is a feasible point for (P).
Considering the inequality (19) of the Lemma 3 on the sequence {(xk j ,zk j ,yk j )}, and
with x = x∗ and z = z∗ we have:

`(xk j+1,zk j+1,yk j )− `(x∗,z∗,yk j ) ≤ λ

2
(‖Ax∗+Bzk j −b‖2−‖Axk j+1 +Bzk j −b‖2

−‖Axk j+1−Ax∗‖2)+
λ

2
(‖Axk j+1 +Bz∗−b‖2

−‖Axk j+1 +Bzk j+1−b‖2−‖Bzk j+1−Bz∗‖2)

+
1

2λ

(
H(x∗,xk j )−H(x∗,xk j+1)−κH(xk j+1,xk j )

)
+

1
2λ

(
‖z∗− zk j‖2−‖z∗− zk j+1‖2−‖zk j+1− zk j‖2

)
+〈ak j+1,xk j+1− x∗〉+ 〈bk j+1,zk j+1− z∗〉.

From the definition of Ek(x∗,z∗,y∗) (cf. (26)) and since Ax∗+Bz∗ = b, the last inequality
is equivalent to:

`(xk j+1,zk j+1,yk j )− `(x∗,z∗,yk j ) ≤ Ek j (x
∗,z∗,y∗)−Ek j+1(x∗,z∗,y∗) (33)

− 1
2λ

(
‖yk j − y∗‖2−‖yk j+1− y∗‖2

)
−λ

2

(
‖Axk j+1 +Bzk j −b‖2 +‖Axk j+1 +Bzk j+1−b‖2

)
− κ

2λ
H(xk j+1,xk j )− 1

2λ
‖zk j+1− zk j‖2

+〈ak j+1,xk j+1− x∗〉+ 〈bk j+1,zk j+1− z∗〉.

The right side of inequality (33) goes to zero as j tends to +∞. Indeed, from the Proposi-
tion 2 (ii) we have that ‖zk+1− zk‖→ 0, and zk j → z∞, then zk j+1→ z∞ as j goes to +∞.
Moreover, since yk j+1 = yk j + λ (Axk j+1 +Bzk j+1− b), yk j → y∞ and Ax∞ +Bz∞ = b,
we have yk j+1 → y∞. Therefore, the subsequence {(xk j+1,zk j+1,yk j+1)} converges to
(x∞,z∞,y∞) as j goes to +∞. On the other hand, from the Proposition 2(ii) we have
Ek j (x

∗,z∗,y∗)− Ek j+1(x∗,z∗,y∗) → 0. Also, the quantities ‖Axk j+1 + Bzk j − b‖2 and
‖Axk j+1 +Bzk j+1− b‖2 converge to ‖Ax∞ +Bz∞− b‖2 and since Ax∞ +Bz∞− b = 0,
they vanish as j goes to +∞. Moreover, by the Cauchy-Schawrz we have:

|〈ak j+1,xk j+1− x∗〉| ≤ ‖ak j+1‖‖xk j+1− x∗‖.
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From (11), (13) and (15) we have that ‖ak+1‖→ 0. Then

|〈ak j+1,xk j+1− x∗〉| → 0,

as j goes to +∞. In the similar way, we can prove that: |〈bk j+1,zk j+1− z∗〉| → 0.
Taking limit as j goes to +∞ in the inequality (33) we have that the right side goes to
zero, and due to f and g are closed functions we obtain:

f (x∞)+g(z∞)≤ f (x∗)+g(z∗).

(ii) We will demonstrate that (x∞,z∞,y∞) is a saddle point of ` on C×Rm×Rp, that is,

`(x∞,z∞,y)≤ `(x∞,z∞,y∞)≤ `(x,z,y∞),∀x ∈C, ∀z ∈ Rm, ∀y ∈ Rp. (34)

From part (i), we know (x∞,z∞) is a feasible point of (P), then

`(x∞,z∞,y) = `(x∞,z∞,y∞), ∀y ∈ Rp. (35)

Now we’ll prove the rigth inequality of (34). Consider the inequality (19) in Lemma 3
where (xk,zk,yk) and (xk+1,zk+1) are replaced by (xk j ,zk j ,yk j ) and (xk j+1,zk j+1) respec-
tively. Moreover, applying the Cauchy-Schwarz inequality we get

`(xk j+1,zk j+1,yk j )− `(x,z,yk j ) ≤ λ

2
(‖Ax+Bzk j −b‖2−‖Axk j+1 +Bzk j −b‖2

−‖Axk j+1−Ax‖2)+
λ

2
(‖Axk j+1 +Bz−b‖2

−‖Axk j+1 +Bzk j+1−b‖2−‖Bzk j+1−Bz‖2)

+
1

2λ

(
H(x,xk j )−H(x,xk j+1)−κH(xk j+1,xk j )

)
+

1
2λ

(
‖z− zk j‖2−‖zk j+1− zk j‖2−‖z− zk j+1‖2

)
+‖ak j+1‖‖xk j+1− x‖+‖bk j+1‖‖zk j+1− z‖. (36)

Taking liminf as j→ ∞ on both sides of (36), and since Ax∞ +Bz∞−b = 0 we obtain

liminf
{
`(xk j+1,zk j+1,yk j )− `(x,z,yk j )

}
≤ liminf

{
1

2λ

(
H(x,xk j )−H(x,xk j+1)

)}
.

From the assumption (B2) we have that limH(x,xk j ) = H(x,x∞) = limH(x,xk j+1), and
since f and g are closed functions we obtain:

`(x∞,z∞,y∞)≤ `(x,z,y∞), ∀x ∈ dom( f ), ∀z ∈ dom(g). (37)

From (35) and (37) we have (x∞,z∞,y∞) is a saddle point of `.

Now we prove that the sequence {(xk,zk,yk)} globally converges to the saddle point
(x∞,z∞,y∞). From Proposition 2.(i) the following limit exists: E = limk→∞ Ek(x∞,z∞,y∞).
But for the subsequence {k j} we have that (xk j ,zk j ,yk j ) → (x∞,z∞,y∞) and by As-
sumption (B3) we have limk→∞ H(x∞,xk j ) = 0. Hence lim j→∞ Ek j (x

∞,z∞,y∞) = 0. Then
E = lim j→∞ Ek j (x

∞,z∞,y∞) = 0, and so H(x∞,xk)→ 0. Moreover, due to (B1) we obtain
xk→ x∞, consequently, we get (xk,zk,yk)→ (x∞,z∞,y∞), and the proof is complete. �
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4 Numerical Experiences

In this section, we study three types of problems in the form (P) with C = Rn
++, that is, of

the form:

(P) min
x,z
{ f (x)+g(z) | Ax+Bz = b, x ∈ Rn

+}.

The first problem is the constrained lasso problem, the second one is a modification of the
constrained lasso problem, and the third one is a learning machine problem. In order to solve
each of these problems, we apply three methods: our approach (RIPADM), the proximal
method of multipliers (PMM), and the classical ADM (cf. (7)-(9)). Recall that the PMM
(proposed by Rockafellar (1976)) is obtained by applying the proximal algorithm to the
primal-dual system, that is, it generates a sequence {(xk,yk,zk)} via the following iterates

(xk+1,zk+1) = arg min
x≥0,z

`λ (x,z,y
k)+

1
2λ

(‖x− xk‖2 +‖z− zk‖2) (38)

yk+1 = yk +λ (Axk+1 +Bzk+1−b), (39)

where `λ denotes the Lagrangian augmented of the problem (P) (cf. (6)). On the other hand,
in the RIPADM scheme a non-quadratic proximal distance is used to treat positivity con-
straint x ≥ 0. In our numerical experiments will use the Log-quad distance with µ = 1 and
ν = 2 (cf. (16)).

The numerical experiments were done on a laptop with Intel Core i3 processor, 1.80
GHz, 4 GB RAM. The operating system of the laptop is Windows 8, and the program used
is MATLAB version 8.2.0.701 (R2013b).

In our experiments, the following stopping rule was taken: |valk− val∗| < 10−5, where
valk denotes the value of the objective function at the iteration k of the appropriate algorithm,
and val∗ denotes the optimal value obtained by CVX solver, which is available in http:

//cvxr.com/cvx. This solver also was used for solving the inner problems that appear in
the three methods: RIPADM, PMM and ADM.

4.1 Constrained Lasso problem

Consider the standard linear regression model:

d = Dz+ ε,

where D ∈ Rr×m is a matrix of predictors, d ∈ Rr is a response vector, z ∈ Rm is a vector of
regression coefficients, and ε ∈Rr is a vector of random noises. In high-dimensional setting
where the number of responses is much smaller than the number of regression coefficients,
r� m, the traditional least-squares method does not perform well. To overcome this diffi-
culty, certain sparsity conditions are assumed on the vector of regression coefficients, that
is, one consider the following problem

min
z

{
1
2
‖Dz−d‖2

2 + γ‖z‖1

}
,

where γ > 0 is a running parameter, and ‖ · ‖1 denotes the 1-norm in Rm. This problem is
known as Lasso problem and it can be interpreted as finding a sparse solution to a least
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squares or linear regression problem, that is, the lasso problem is L1-regularized linear re-
gression (Tibshirani (1996)).

Inspired by significant applications such as portfolio selection (Fan et al. (2012)) and
monotone regression (James et al. (2012)), the following problem was proposed recently in
James et al. (2012):

min
z

{
1
2
‖Dz−d‖2 + γ‖z‖1 | Bz≤ b

}
, (40)

where D ∈ Rr×m, d ∈ Rr, B ∈ Rn×m, b ∈ Rn, and γ > 0 are problem data. This problem is
known as constrained Lasso problem.

By introducing a slack variable x ∈ Rn, we can rewrite the problem (40) like (P) with
f (x) = 0, g(z) = 1

2‖Dz−d‖2 + γ‖z‖1, and A = I. Thus, the RIPADM, PMM, and ADM are
applicable.

RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argminx 〈yk,x〉+ λ

2
‖x+Bzk−b‖2 +

1
2λ

d(x,xk),

zk+1 ≈ argminz
1
2
‖Dz−d‖2 + γ‖z‖1 + 〈yk,Bz〉+ λ

2
‖xk+1 +Bz−b‖2 +

1
2λ
‖z− zk‖2,

yk+1 = yk +λ (xk+1 +Bzk+1−b). (41)

Remark 2 If we replace the distance d by the Log-quad distance (16), the x-problem is
rewrite as:

xk+1≈ argminx 〈yk,x〉+ λ

2
‖x+qk‖2+

1
2λ

n

∑
i=1

[
µ

(
(xk

i )
2 log

(
xk

i
xi

)
+ xixk

i − (xk
i )

2
)
+

ν

2
(xi− xk

i )
2
]
,

where qk = Bzk − b. The optimality condition of this problem give us the following
equations:

yk
i +λ (xk+1

i +qk
i )+

1
2λ

(
−µ

(xk
i )

2

xk+1
i

+µxk
i +νxk+1

i −νxk
i

)
= 0, i = 1, . . . ,n.

Then, from this, we can obtain the following closed-form solution

xk+1
i =

−b̃i +
√

b̃2
i −4aci

2a
, i = 1, . . . ,n, (42)

where a = λ + ν

2λ
, b̃i = yk

i +λqk
i +((µ−ν)/2λ )xk

i , and ci = (−µ/2λ )(xk
i )

2.

PMM: Here, we compute the sequences {(xk,zk,yk)} via (38)-(39) with augmented La-
grangian

`λ (x,y,z) =
1
2
‖Dz−d‖2 + γ‖z‖1 + 〈y,x+Bz−b〉+ λ

2
‖x+Bz−b‖2. (43)

ADM: This method computes the sequences {(xk,zk,yk)} via (7)-(9) with augmented La-
grangian given by (43).
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r n RIPADM PMM ADM
10 30 CPU time(s) 192.29 291.33 225.80

Objective Value 1.309512 1.309514 1.309513
Iterations 231 299 178

30 50 CPU time(s) 79.21 113.56 149.75
Objective Value 3.343769 3.343757 3.343770

Iterations 93 88 90
50 100 CPU time(s) 140.17 90.47 162.56

Objective Value 4.103247 4.103251 4.103239
Iterations 123 51 72

70 200 CPU time(s) 337.70 388.60 648.58
Objective Value 6.354824 6.354806 6.354807

Iterations 158 102 128
100 300 CPU time(s) 765.18 725.76 1168.11

Objective Value 7.855478 7.855494 7.855478
Iterations 151 73 100

Table 1 Numerical results for the constrained lasso problem with λ = 1.

In Table 1 we present the numerical results obtained when we apply the RIPADM, PMM,
and ADM schemes for solving the problem (40). For each scheme, we take the same starting
point (x0,z0,y0) = (1,1,3) ∈ Rn×Rm×Rn, γ = 1, and set m = n. The problem data were
randomly generated from the uniform distribution and with a single stream fixed, that is,
s=RandStream(’mt19937ar’,’Seed’,1), D=rand(s,r,m), B=rand(s,n,m), d=rand(s,r,1),
and b=rand(s,n,1).

Table 1 shows the average of runtime in seconds (run five times), the objective values
and the number of iterations of the RIPADM, PMM, and ADM schemes apply to Problem
(40) for different values of r and n. The best results in terms of CPU time and number of
iterations is highlighted in bold type. From Table 1, we observe that the PMM scheme uses
fewer iterations (four out of five experiments) in comparison with the other two methods,
however our approach uses less CPU time in three out of five experiments.

4.2 Constrained Lasso problem with a cost function

In this section, we consider a cost function associated to the problem (40), specifically, we
consider the following problem

min
x,z

{
1
2
‖Dz−d‖2 + γ‖z‖1 +

β

2
‖x‖2 | x+Bz = b, x≥ 0

}
, (44)

with β > 0. Clearly, this problem has the form of (P), thus the RIPADM, PMM, and ADM
are again applicable.

RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argminx
β

2
‖x‖2 + 〈yk,x〉+ λ

2
‖x+Bzk−b‖2 +

1
2λ

d(x,xk),

zk+1 ≈ argminz
1
2
‖Dz−d‖2 + γ‖z‖1 + 〈yk,Bz〉+ λ

2
‖xk+1 +Bz−b‖2 +

1
2λ
‖z− zk‖2,

yk+1 = yk +λ (xk+1 +Bzk+1−b).
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Remark 3 In a way similar to Remark 2, if we replace the distance d by the Log-quad
distance (16), we can obtain the following closed-form solution for the x-problem

xk+1
i =

−b̃i +
√

b̃2
i −4aci

2a
, i = 1, . . . ,n, (45)

where a = β +λ + ν

2λ
, b̃i = yk

i +λqk
i +((µ−ν)/2λ )xk

i , and ci = (−µ/2λ )(xk
i )

2.

PMM: Here, we compute the sequences {(xk,zk,yk)} via (38)-(39) with augmented La-
grangian

`λ (x,y,z) =
1
2
‖Dz−d‖2 + γ‖z‖1 +

β

2
‖x‖2 + 〈y,x+Bz−b〉+ λ

2
‖x+Bz−b‖2. (46)

ADM: This method computes the sequences {(xk,zk,yk)} via (7)-(9) with augmented La-
grangian given by (46).

In Table 2 we summarize the numerical results obtained when we apply the RIPADM,
PMM, and ADM schemes for solving the problem (44). For each scheme, we take the same
starting point (x0,z0,y0) = (1,1,3)∈Rn×Rm×Rn, γ = β = 1, and set m = n. The problem
data were randomly generated in similar way to the above case.

r n RIPADM PMM ADM
10 30 CPU time(s) 232.71 355.69 479.47

Objective Value 3.715823 3.715823 3.715823
Iterations 324 326 315

30 50 CPU time(s) 41.10 133.51 111.32
Objective Value 6.855128 6.855116 6.855122

Iterations 51 104 67
50 100 CPU time(s) 140.34 249.80 286.16

Objective Value 10.501275 10.501275 10.501275
Iterations 131 141 143

70 200 CPU time(s) 220.39 427.66 505.65
Objective Value 14.609375 14.609376 14.609376

Iterations 100 112 114
100 300 CPU time(s) 658.07 1152.91 1560.74

Objective Value 23.198968 23.198968 23.198968
Iterations 137 139 146

Table 2 Numerical results for the constrained lasso problem with cost function and λ = 1.

It can be seen in Table 2 that the RIPADM scheme is much faster than the other two
methods (see highlighted in bold type) for the different values of r and n. For instance, for
r = 70, n = 200 the PMM scheme needs almost twice the CPU time of the RIPADM one,
while the ADM scheme requires more than twice of CPU time of our approach. This can be
see in Figure 1, where we show the evolution of objective function values with respect to
CPU time for the three schemes.
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Fig. 1 Objective function values versus CPU time (in seconds).

4.3 Twin support vector machine classifier

Support vector machines (SVM) is a new machine learning method which is developed on
the basic of statistical learning theory and structural risk minimization Cortes and Vapnik
(1995); Vapnik (1995). One of the most popular SVM in classification is the “maximum
margin” one that attempts to find the optimal separating hyperplane maximizing the margin
between two disjoint half planes (associated to positive and negative samples). The resulting
optimization task involves the minimization of a convex quadratic function subject to linear
inequality constraints.

In order to reduce the computational cost of SVM, Jayadeva et al. (2007) proposed a
nonparallel hyperplane classifier, called Twin support vector machines (TWSVM) for bi-
nary classification. TWSVMs constructs two nonparallel hyperplanes such that each one is
closer to one of the two training dataset and is as far as possible from the other. The above
hyperplanes are obtaining by solving two small quadratic programming problems.

On the other hand, an important task in classification is to identify a subset of features
which contribute most to classification. The benefit of feature selection is crucial for achiev-
ing good classification accuracy in the presence of redundant features. To select important
groups of features automatically and simultaneously, Zou and Yuan (2009) proposed to
consider the F∞-norm SVM.

Motivated from the works on TWSVM, and F∞-norm SVMs, for linearly separable case,
we propose to consider the norm-mixed TWSVM given by the following problems

min
w1,t1
‖D1w1 +e1t1‖∞

+
c1

2
(‖w1‖2 + t2

1 )

s.t. − (D2w1 +e2t1)≥ e2,
(47)
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and

min
w2,t2
‖D2w2 +e2t2‖∞

+
c2

2
(‖w2‖2 + t2

2 )

s.t. (D1w2 +e1t2)≥ e1,
(48)

where ‖ · ‖∞ denotes the infinity-norm in Euclidean space, D1 ∈ Rm1×n and D2 ∈ Rm2×n are
matrices containing the training dataset of positive and negative class, respectively, c1, and
c2 are positive parameters, and e1 ∈ Rm1 and e2 ∈ Rm2 are vectors of ones.

We will focus on solving the problem (47). Set z = [w>1 , t1]
> ∈ Rn+1. Then the problem

(47) can be write in the form:

min
z

{
‖[D1 e1]z‖∞ +

c1

2
‖z‖2| − [D2 e2]z≥ e2

}
. (49)

By introducing a slack variable x ∈ Rm2 to the inequality constraints of the above problem,
we can reformulate it in the form of (P) with f (x) = 0, g(z) = ‖[D1 e1]z‖∞ + c1

2 ‖z‖
2, A = I,

B = [D2 e2] ∈ Rm2×n+1 and b =−e2. Then, the RIPADM, PMM, and ADM are applicable.

RIPADM: This iterative scheme consists of the following steps:

xk+1 ≈ argminx 〈yk,x〉+ λ

2
‖x+Bzk−b‖2 +

1
2λ

d(x,xk),

zk+1 ≈ argminz ‖[D1 e1]z‖∞ +
c1

2
‖z‖2 + 〈yk,Bz〉+ λ

2
‖xk+1 +Bz−b‖2 +

1
2λ
‖z− zk‖2,

yk+1 = yk +λ (xk+1 +Bzk+1−b).

PMM: Here, the sequences {(xk,zk,yk)} are compute via (38)-(39) with

`λ (x,y,z) = ‖[D1 e1]z‖∞ +
c1

2
‖z‖2 + 〈y,x+Bz−b〉+ λ

2
‖x+Bz−b‖2. (50)

ADM: This method computes the sequences {(xk,zk,yk)} via (7)-(9) with augmented La-
grangian given by (50).

In order to solve numerically the norm-mixed TWSVM problem (49) with the RIPADM,
PMM, and ADM schemes, we use four real data sets taken from the UCI Repository (Asun-
cion and Newman (2007)): Liver Disorders (BUPA), Australian Credit (AUS), Wisconsin
Breast Cancer (WBC), and Pima Indians Diabetes (DIA). A brief information regarding
each of the data sets is given below:

– BUPA: It contains m = 345 samples of patients, divided into m1 = 145 and m2 = 200,
with n = 6 attributes.

– AUS: It concerns credit card applications and contains m = 690 samples, divided into
m1 = 145 and m2 = 200, with n = 14 features.

– WBC: It contains m = 569 observations of tissue samples (m1 = 212 diagnosed as ma-
lignant and m2 = 357 as benign tumors) described by n = 30 features.

– DIA: It contains m = 768 samples of patients, divided into m1 = 268 (tested positive)
and m2 = 500 (tested negative), with n = 8 attributes.

For each scheme and data set, we take the same starting point (x0,z0,y0) = 1
10 (1,0,0) ∈

Rm2 ×Rn+1×Rm1 and c1 = 1. In Table 3, we present the results that have been obtained
in the numerical tests. The best method in terms of CPU time and number of iterations is
highlighted in bold type.
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Data set RIPADM PMM ADM
BUPA CPU time(s) 922.73 1342.85 684.79

Objective Value 1.350705 1.350714 1.350709
Iterations 306 192 192

AUS CPU time(s) 486.00 1815.14 724.12
Objective Value 1.260135 1.260127 1.260134

Iterations 101 148 99
WBC CPU time(s) 5434.05 18213.59 7826.76

Objective Value 1.496976 1.496976 1.496976
Iterations 1407 1469 1406

DIA CPU time(s) 83.83 318.25 82.04
Objective Value 1.500000 1.500002 1.499990

Iterations 13 24 9

Table 3 Numerical results for the learning machine problem with λ = 1.

From this Table we observe that the best results (in number of iterations) were achieved
using the ADM scheme in all data sets, however, the RIPADM one has better CPU time in
two data sets (AUS and WBC). Both schemes have relatively similar performance in one
data set (DIA).

5 Concluding remarks

In this work, we have proposed an inexact proximal alternating direction method using a reg-
ularized interior proximal term, called RIPADM, for solving a convex problem with linear
constraints and a separable objective function (see Problem (P)). Under standard assump-
tions, we have established that the sequences generated by the RIPADM converge glob-
ally. Then, we have applied the RIPADM, PMM and ADM scheme for solving three type
of problems that appear in statistical learning applications: Lasso constrained, Lasso con-
strained with a cost function and twin support vector machines. The numerical experiments
show that the RIPADM method achieves better results, in terms of CPU time and number
of iterations (see Table 2), for the second application (cf. (44)). However, in the other two
applications the RIPADM scheme has better performance (in terms of CPU time) in some
tests.

These numerical results could be improved if we consider a relaxation factor for the
dual sequence {yk}, such as the works of Glowinski (1984); He et al. (2003); Xu (2007).
Specifically, the idea would be to replace (14) by

yk+1 = yk +θλ (Axk+1 +Bzk+1−b),

with θ ∈ (0, θ̄), where θ̄ is a value to be determined. This analysis will be a future work.
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