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Abstract

For binary polynomial optimization problems (POPs) of degree d with n variables, we
prove that the [(n+d—1)/2]th semidefinite (SDP) relaxation in Lasserre’s hierarchy
of the SDP relaxations provides the exact optimal value. If binary POPs involve only
even-degree monomials, we show that it can be further reduced to [(n 4+ d — 2)/2].
This bound on the relaxation order coincides with the conjecture by Laurent in 2003,
which was recently proved by Fawzi, Saunderson and Parrilo, on binary quadratic
optimization problems where d = 2. We also numerically confirm that the bound is
tight. More precisely, we present instances of binary POPs that require solving at least
the [(n+d—1)/2]th SDP relaxation for general binary POPs and the [(n+d—2)/2]th
SDP relaxation for even-degree binary POPs to obtain the exact optimal values.

Keywords. Binary polynomial optimization problems, the hierarchy of the SDP relax-
ations, the bound for the exact SDP relaxation, even-degree binary polynomial optimiza-
tion problems, chordal graph.
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1 Introduction
We are concerned with binary polynomial optimization problems (POPs):
(1) mini:cmize f(zx)

subject to x € {—1,1}",

where f is a polynomial of degree d and n is the number of variables. Binary POPs of
form (1) arise in various applications. In particular, many applications in combinatorial
optimization can be cast as binary quadratic optimization problems (QOPs), for instance,
the maximum cut problem [6], the maximum stable set problems [9], and the quadratic
assignment problems [14], which are special cases of (1). Moreover, binary POPs represent
important classes of applications such as the maximum satisfiability problems [1] and the
maximum weighted independent set problem [8].
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Lasserre’s hierarchy of semidefinite (SDP) relaxations [12] is one of the most extensively
studied solution methods for general POPs including binary POPs (1). In his hierarchy
of SDP relaxations parametrized by a parameter called the relaxation order w, a sequence
of increasingly large SDP relaxations should be solved for a tight optimal value. The
sequence of SDP relaxations to be solved for the optimal value of general POPs is not
finite. Unlike general POPs, a binary POP has a finite number of SDP relaxations to
be solved in the hierarchy for the exact optimal value. Lasserre [11] showed that binary
POPs were equivalently transformed into the SDP with 2" — 1 variables, or nth SDP
relaxation where w = n in the hierarchy. The result in [11] holds for arbitrary binary
constrained POPs. For binary QOPs of form (1), Laurent in [13] conjectured that solving
the SDP relaxation with the relaxation order w = [n/2] in the hierarchy provided the
exact optimal value. Recently, Fawzi, Saunderson and Parrilo [4] proved the conjecture
by applying their results on optimization problems on a finite abelian group to the binary
QOPs. More recently, Kurpisz, Leppéanen and Mastrolilli [10] presented the hardest binary
problem where n — 1 relaxation order in Lasserre’s hierarchy of SDP relaxations is not
tight. However, any bound smaller than n on the relaxation order for the exact optimal
value of binary POP (1) such as [n/2] for binary QOPs has not been proposed nor proved
to the best of our knowledge.

We prove that the relaxation order w to obtain the exact optimal value of (1) is
[(n+d—1)/2], in particular, [(n + d — 2)/2] if all monomials of f are even degree. For
the binary QOPs where d = 2 and the degree of all monomials of f is even, our result
coincides with [n/2] shown in [4]. However, the relaxation order [(n + d — 1)/2] presented
in this paper includes more general binary POPs of degree greater than or equal to 3. We
note that for the degree of (1), d < n always holds since z7 =1 (i = 1,...,n). Thus, the
relaxation order for the exact optimal value of (1) presented in this paper [(n+d —1)/2]
is bounded by n in [11]. For the binary POP shown to have an integrality gap at w = n—1
in [10] by Kurpisz et al., the degree of the binary POP was n as indicated in Theorem 3
of [10]. Since [(n+d —1)/2] = n if d = n, their result on the binary POP [10] can be
derived by our result in this paper.

For the proof of the relaxation order for the exact optimal value of binary POPs, we use
Theorem 1D of [4] together with the concept of chordal graphs, especially, a chordal cover
constructed from the cliques of the Cayley graph, and a Fourier support. We note that the
Cayley graph is obtained from the monomials of binary POPs (1). To apply Theorem 1D
of [4] to binary POPs, we need to find a chordal cover of the Cayley graph and then a
Fourier support of the chordal cover, which leads to the bound on the relaxation order of
Lasserre’s hierarchy.

The main idea of finding a chordal cover of the Cayley graph corresponding to binary
POP (1) in this paper is to paste cliques together along the complete graphs, utilizing the
result from the graph theory that a graph is chordal if and only if it can be constructed
recursively by pasting the complete subgraphs starting from complete graphs. Then, a
chordal cover from the pasted cliques is found to construct a Fourier support for binary
POP (1). As a result, we obtain the truncated moment matrix that corresponds to the
[(n+d—1)/2]th SDP relaxation in the hierarchy.

The theoretical bounds are confirmed by numerical experiments on random instances
of binary POPs (1) and the binary POP with all-one coefficients of f in (1). We randomly
generated 100 binary POPs with n =8 and d = 1,2,...,8 to see that w = [(n +d — 1) /2]
is necessary to obtain the optimal values of the test problems. The numerical results on all
100 randomly generated test problems show the discrepancy from the theoretical bound.
More precisely, the exact optimal values of the randomly generated test problems are
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obtained by the SDP relaxation with w which is smaller than [(n +d — 1)/2] for binary
POPs and [(n+d —2)/2] for even-degree binary POPs. However, we provide a binary
POP and an even-degree binary POP whose exact optimal values are obtained only at
w=[(n+d-1)/2] andw = [(n + d — 2)/2], respectively, not with any smaller relaxation
order. The problems are the binary POPs in the form of (1) where the coefficients of f
are all ones. Thus, we observe that the numerical result is consistent with the theoretical

bound.
1.1 Notation and symbols

We list the notation used in this paper as follows:

e For a given finite set F', R means the space of real vectors indexed by the elements
of F. Similarly, RF*¥ denotes the space of matrices whose rows and columns are
indexed by the elements of F.

o n]:={1,2,...,n}, 2" :={S: 8 C[n]}, S :={S e 2 :|S| < d}.

e For given S,T € 2", SAT := (S\T) U (T\S). Note that 2"l forms a group with
this operation; the identity element is §) and S~! = S for all S € 2[",

o For S, 7 C 2" SAT := {SAT :¥S € S,¥T € T}.

o 1% :=x"xy? - 20" for a vector of variables z and a nonnegative vector a. (z%)qep

is a vector of monomials z® for all « in the set D of vectors. ({s)sep is a vector of
variables ¢5 with index § € D.

e G = (V,E) is a graph with the vertex set V' and the edge set E.

e If two graphs G; = (V4, E1) and Gy = (Va, E») are induced from the same graph, then
G1 U Go is a graph with the vertex set V1 U V5 and the edge set F1 U Es. Similarly,
g1 N Go denotes a graph with the vertex set V3 N V5 and the edge set Eqy N Eo.

Let a € Z™ be a nonnegative vector, then the polynomial f is expressed as

f(z) = Z cat®,

where ¢, are coefficients and |||}y := Y. ; @;. Since (1) requires z € {—1,1}", we can
assume « € {0,1}". Thus, ||« denotes the number of nonzero elements in «. Note
that d < n and that the set of monomials {z® : o € {0,1}", ||er||1 < d} forms a basis for
real-valued polynomials of degree d on {—1,1}". Hence, (1) can be expressed as

(2) minixmize Z Cax®
a€{0,1}", lall1<d
subject to x € {—1,1}".
1.2 An illustrative example

The following exemplary problem is used throughout the paper to illustrate our discussion.

(3) minimize 1+21+204+ 23+ 2122 + 2123 + 22273
x

subject to € {—1,1}>.
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Since n = 3 and d = 2 in (3), we notice that [n] = {1,2, 3},
2P = {0, {1}, {2}, {3}, {1,2}, {1, 3},{2,3}, {1,2,3}},

and
S = {@, {1}7 {2}7 {3}7 {17 2}7 {17 3}7 {27 3}}
We can also apply our discussion to a binary POP of degree higher than 2, but it is

too complicated to display the Cayley graph of the binary POP, and a chordal cover of
the Cayley graph, thus, (3) is used for illustration.

1.3 Organization

This paper is organized as follows: In Section 2, we introduce basic concepts necessary
for the subsequent discussion such as the group indicator vectors, the moment polytope,
the truncated moment matrix, the Cayley graph, and the Fourier support. We use (3)
to explain the concepts. Section 3 includes the main results of this paper. We describe
pasting the cliques to construct a choral cover and a Fourier support, and how to obtain
the truncated moment matrix. In Section 4, we focus on even-degree binary POPs. The
method to obtain the reduced bound [(n + d — 2)/2] is discussed. In addition, we describe
the method to extract the optimal solution of even-degree binary POPs from the truncated
moment matrix. In Section 5, we test randomly generated binary POPs and the binary
POP with all-one coefficients to confirm the theoretical bound obtained in Sections 3
and 4. Finally, we conclude in Section 6.

2 Preliminaries

We introduce the basics for the subsequent discussion and the results in [4] for z €

(~1,1}"

2.1 The group of indicator vectors

For a given S € 2", let 5 € {0,1}" be the indicator vector of S. We define D := {dg :
S e 2"}, For a given set S C 2", Dg := {d5: S € S}. We often use § € D to express an
element of D, abbreviating its index. The product of dg,dr € D is defined as

8567 := bsar, S, T € 2",

For example, if 07y 2y = (1,1,0) and 6y531 = (0,1,1), then 671 2423y = 01,3y = (1,0, 1).
Note that the aforementioned operation returns the exclusive disjunction for each entry.
For notational simplicity, we frequently identify an indicator vector & with its numeric
string, for instance, d;; 21 = 110.

Note that D forms a group with the multiplication; the identity element is J; and
6~1 = 5. We also remark that {z° : § € D} is the set of all monomials on {—1,1}" and
{2° : 6 € Dsa} is the set of monomials on {—1,1}" whose degree is less than or equal to d.

2.2 Moment polytopes and moment matrices

Linearizing problem (2), we obtain

(4) minimize Z csls
¢eRPS"
0€Ds

subject to  (£s5)sepse € conv {(IE&)(SEDSd e RS e {1, 1}"} ,
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where (5 (V6 € Dsa) are decision variables. The feasible set can be characterized by the
moment polytope defined as follows.

Definition 2.1. The moment polytope M(S) for given S C olnl s defined as the convex
hull of the vectors (2°)seps for v € {—1,1}", i.e.,

M(S) = conv{(m5)5€1)8 eRPs .z e {1, 1}"} .
Note that problem (4) can be expressed with the moment polytope:

(5) minimize Z csls
¢eRPS*
0€Ds

subject to  (£5)sepss € M(S?).

Definition 2.2. For a given vector { € RP, the moment matriz M ({) € RP*P s defined
as a matriz whose (0,0)th element is given by £y for all 6,6 € D.

Example 2.3. For n = 3, the set of indicator vectors is
D = {000, 100,010,001,110,101,011,111}.

With a given vector £ = (Looo £100 Lo10 Yoo1 f110 L101 Lo11 £111) " € RP, the moment matriz
M(£) € RP*P s defined as follows:

[Cooo f100 oo foor f110 ‘101 fo11 111
l100 fooo f110 L1010 foro foor 111 fonn
lo10 f110 fooo fo1r {100 ‘111 foor ‘101

M(f) = loo1 fi01 fo1r fooo f111 ‘100 foio ‘110

l110 Lo f100 f111 fooo fo11 fio1 foor

lio1 Loor f111 f100 fo1r fooo 110 Yoo
lo11 f111 foor foro f1io1 ‘110 Looo f100

111 Lo11 f101 f110 foor foio ‘100 Zoool

Definition 2.4. Let T C 2. For a given vector ¢ € RPTAT | the truncated moment
matriz M7 (¢) € RPTXPT s defined as a matriz whose (5,0)th element is given by lss for

all 6,5 € Dy

Example 2.5. If T C 28 is given by T = {0, {1}, {2}, {3},{1,2},{1,3},{2,3}}, then
TAT = {0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}}. Hence Dy = {000, 100,010,001,
110,101,011} and Dya7 = {000, 100,010,001, 110,101,011,111}. Thus for a given vector
)T

{ = (6000 £100 6010 2001 6110 f101 6011 £111 € RDTAT, the truncated moment matriz

My (¢) € RPTXPT s defined as follows:

[Cooo f100 oo foor f110 L1011 Loit]
li00 fooo f110 fio1 foro foor f111
lo10 f110 fooo fo11 ‘100 f111 foot

M7 () :== [Loo1 ‘101 fo1r fooo ‘111 ‘100 Loio
110 Lo f100 f111 fooo fo11 fio1
lio1 Loor f111 f100 fo11 fooo f110

[Zo11 f111 foor Yoo ‘101 ‘110 fooo]

Notice that for the given moment matriz M({), the truncated moment matriz My (€) is
the submatriz of M(£) such that the rows and columns are obtained from M ({) according
to Dr.
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The moment polytope is characterized by the moment matrix in the following propo-
sition. For the proof, we refer the reader to [4].

Proposition 2.6. The moment polytope with respect to S C 2" can be expressed as
follows:

M(S) = {£ eRPs : 3y e RP s.t. ys = {5 for all § € Ds, ys, = 1, M(y) = 0}.

2.3 Expressing the moment polytope with the truncated moment matrix

In Proposition 2.6, the moment polytope has been represented with the moment matrix.
To describe how the moment polytope can be expressed by the truncated moment matrix,
we briefly introduce the chordal graph, the Cayley graph and a Fourier support. We note
that the chordal completion theorem (see, e.g., [2, §12.3] ) played an important role in the
proof of Theorem 1D of [4], which is the main result for proving the conjecture in [13].

The graph G = (V, E) is chordal if any cycle of length at least four has a chord. A
chordal cover of G is a graph G’ = (V, E') where E C E’' and G’ is chordal. A subset C CV
is a clique in G if {i,j} € E for all i,j € C, i # j. The clique C is called mazimal if it is
not a strict subset of another clique C’ of G.

Definition 2.7. For a gien set S C 2[", the Cayley graph Cay(S) is the graph such that
the vertez set is 2" and two distinct vertices S, T € 2" are connected by an edge if and
only if SAT € S.

Definition 2.8. Let I' be a graph with vertices 2l We say T C 27l s a4 Fourier support
of T if for any mazimal cligue C C 2" of T, there exists a node S¢ € 2" such that
ScAC CT.

Example 2.9. Forn = 3 and S? = {S € 2B : |S| < 2}, Figure 1 displays the Cayley
graph Cay(S?), the chordal cover T', and the Fourier support T of T'. Cay(S?) consists
of all eight vertices of 2131 and edges shown by solid lines. The graph obtained by adding
three dashed lines to Cay(S?) is a chordal cover T of Cay(S?). The vertex set T = {T €
2B - |T| < 2} is a Fourier support of T'. Indeed, the chordal graph T' has two mazimal
cliques Co = {S € 213 . |S| < 2} and C; = {S € 2P : |S| > 1}, for which S¢, = 0 satisfies
Sc, ACo €T and Se, = {1,2,3} does S¢, AC; C T.

We are now in the position to describe Theorem 1D of [4] that gives the expression of
the moment polytope with an appropriately truncated moment matrix. More precisely,
the feasible set of the problems (5) can be expressed with a smaller moment matrix. For
the proof, see [4].

Theorem 2.10. [}/ Let S be a given subset of ol Iy Cay(S) has a chordal cover T' with
Fourier support T C 21" then the moment polytope can be expressed as follows:

M(S) = {E c RPs . Jy € RDTaT ¢p Y57 ls for all § € Dg, } |

ys, = 1, and Mr(y) =0

It is not hard to confirm S C TAT to ensure that 5 (§ € S) is well defined by
ys (0 € DyraT), although the proof in [4] is in a more general setting. Since TAT always
contains (), we now show that arbitrary nonempty S € S is in TAT. If S € S, then
PAS =S € S, thus Cay(S) has the edge (0, .S), which means that the chordal cover I" also
has the edge ((,5). Since any edge is included in some maximal clique, the edge (0, 5)
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Figure 1: For the case n = 3 and &2, the solid lines represent the edges of the Cayley
graph Cay(S?), and its chordal cover I' is obtained by adding the dashed lines to the
edge set. Note that I" does not contain the edge between () and {1,2,3}. The vertex set
T = {T € 2B . |T| < 2} is the Fourier support (indicated by filled circles) of T since, for
all maximal cliques, Co = {S € 23 : | S| < 2} and C; = {S € 2B : [S| > 1} of I, we have
DACy C T and {1,2,3}AC; C T.

is included in some maximal clique C of I'. Therefore, by the definition of the Fourier
support 7, there exists a node S¢ such that ScAQ € T and S¢cAS € T. Hence,

S =0AS = (ScAD)A(ScAS) € TAT,

consequently, S C T AT holds.

3 Truncation of the moment matrix for binary POPs

Recall that M(S?) in Definition 2.1 provides the feasible set of the problem (5). In what
follows, we focus on finding an appropriate Fourier support 7 of a chordal graph I' that
covers Cay(S?). If such 7 is obtained, then we can characterize the moment polytope
M(S?) with a truncated moment matrix M7 (y) using Theorem 2.10.

3.1 Constructing a chordal cover

If G is a graph with subgraphs G;,Gs such that G = G; U Gy, we say that G arises from
g1 and Gy by pasting these graphs together along H := G; N Gs. We have the following
proposition for the construction of a chordal graph (see [3, Proposition 5.5.1.] for the
proof).

Proposition 3.1. A graph is chordal if and only if it can be constructed recursively by
pasting along complete subgraphs, starting from complete graphs.

For example, in Figure 1, the chordal cover I' is obtained by pasting two complete
graphs Co = {S € 2B : |S] < 2} and ¢; = {S € 2B : |S| > 1} along the complete graph
Co N C1 whose vertex set is {S € 2B : 1 < |S] < 2}.

For notational convenience, let

(6) Ti={Se2M:|S|=k}, k=0,1,...,n.
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Note that 2" = ToUT1U---UT,. We define n —d+ 1 cliques whose vertex sets are given
by

(7) Crh =Tk UTgr1 U UTgrg, k=0,1,....,n—d.

For simplicity, we also use C, to express the clique itself whose vertex set is given by (7).

We now describe how to construct a chordal cover I' of Cay(Sd). Let I' be a graph
obtained by pasting Cj, and Ci41 along the complete graph Cx NCyyq for k=0,1,...,n—
d — 1. Observe that the vertex set of T' is 2[" and that S, T € 2 are connected in T if
and only if ||S| — |T'|| < d holds. Then, I is chordal by Proposition 3.1 since I is obtained
by pasting complete graphs Cr (kK = 0,1,...,n — d) along the complete graph Cx N Cgy1.
Moreover, I’ covers Cay(S?) since all connected vertices S, T € 2" in Cay(S?) satisfy
|SAT| < d, which implies ||S| — |T|| < d.

Co Cy
|
, A ; ‘ \
—————Tg Tagr— - -~ Tin+a-1) 21— == —Tn

I

Figure 2: A sketch of the Cayley graph Cay(S?), the chordal cover I' and the Fourier
support 7. In Cay(S?), there exists a pair of connected nodes S € 7; and T € T;
if and only if | — j| < d. The chordal cover I' is obtained by pasting the cliques Cj
and Cpy1 along Cx N Cryq for k = 0,1,....,n —d — 1 and the Fourier support of I' is
T=ToUTiU---UT[(n+d—1)/2], Which is shown in the next subsection.

3.2 A Fourier support of the chordal cover

Let 7 C 2l" be a vertex set defined as
(8) T::%UﬂU“'Uﬁ7L+gfl"|.

We show that 7 is a Fourier support of I' defined in Section 3.1.

We first examine whether the cliques Cy, (k = 0,1,...,n — d) are maximal in I'. To
show this, we prove that for all S ¢ Cj, there exists T € Ci such that S and T" are disjoint
in I'. Note that all vertices S ¢ Cj satisfy either |S| < k or |S| > k+d. If |S| < k, for a
vertex T' € Tr1q C Cg, we have

|SAT| > ||S| —|T|| > d.

Thus S and 7" are disjoint. Similarly, if |S| > k + d, there is a vertex T' € T, C Ci, that
satisfies |[SAT| > d. Since the aforementioned discussion holds for k = 0,1,...,n — d, the
cliques C;, (k=0,1,...,n —d) are maximal in I".
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We next prove that 7 defined in (8) is a Fourier support of I', i.e., for all maximal
cliques C, (k = 0,1,...,n — d), there exists S¢, € 2 such that Se, AC, € T. Let us
choose S¢, for C;, (k=0,1,...,n —d) as follows:

If k < [2441] — d, then C, C T and thus S¢, = 0.

If k > [2H4=1] — d 4 1, then

n—k<n+d—1- [”er_ﬂ < V”_l]

2 2

Hence,
[n|ACy, = 7;1—(k+d) U 7:1—(k+d)+1 U UTpr CSToUTLU---U 7T7L+¢2171"| =T.

Thus, S, = [n].
As a consequence, we obtain the following result by Theorem 2.10.

Theorem 3.2. Let T be the subset of 2I" defined by (8). Then the moment polytope
M(S?) can be expressed as follows:

M(Sd) = {f € RDsd . Ty e RDTAT st ys = Ls for all 0 € Dsa, }

ys, = 1, and M7 (y) = 0

For binary POP (1), Theorem 3.2 provides the exact SDP relaxation with the truncated
moment matrix indexed by dg € D such that |S| <[]

3.3 [Illustrating the truncation for example (3)

For the problem (3) in Section 1.2, linearizing the moment polytope leads to the following
problem with variables ¢ € RP5:

minimize  £ooo + £100 + Lo10 + foo1 + £110 + f101 + Lo11
¢erRPS

{ Elylll s.t. 6000:1 and

€000 [ 1 lioo oo foor ‘110 frio1 Loir Y11t

t100 lwo 1 1o fior foro foor w111 fonn

foro loro f110 1 foir fioo w111 foor fi01
subject to | £oo1 | € loor ‘101 fo1r 1 w11 fio foo ‘110 “ 0

110 li10 oo o0 w111 1 lorn fior foor|

101 o1 oo w111 ‘1o forr 1 fi0 fowo

fonr o11 y111 foor oo fio1 f1i0 1 Lo

lyi11 foir fior l11i0 oo foio fioo 1 ]

The Cayley graph, the chordal cover and the Fourier support are as shown in Example 2.9.
Since (%CHW = 2 for n = 3 and d = 2, Theorem 3.2 indicates that the moment matrix
can be truncated by T = {0, {1}, {2}, {3},{1,2}, {1, 3},{2,3}} and the above problem can
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be equivalently rewritten as

(9) minimi2ze 5000 + 5100 + 8010 + 5001 + [110 + 5101 + 5011

teRPS
’ £ : Fy111 st. Lopgp =1 and )
000 _ -
100 1 lioo Lo oo liio Lion Loun
loro oo 1 f1i0 fio1 foro foor yin1

subject to | 001 | € loro fiio 1 Loir oo yinr foor
loor fio1 forr 1 wyiir o foo| =0

110
Gio1 o oo lioo yir 1 Lo b
lor1 tior oo Y11 fwo Lo 1 lino

L Woir vi11 Yoor foio fior fiio 1

Note that this problem has the positive semidefinite matrix whose size is one less than the
original one.

4 Further truncating for even-degree binary POPs

In this section, we assume that only even-degree monomials appear in f of problem (1).
Under the assumption, we prove that the truncated moment matrix My (y) shown in
Theorem 3.2 can be further reduced.

Let the degree of f be 2d throughout this section. We note that the discussion in this
section is a generalization of [4, §4.1], where d is restricted to 1.

As in Section 2.2, problem (1) is linearized in the form of (5) with an appropriate set

S C 2lM. Since f has only even-degree monomials, we define S as S22 :

84— (Secol. |S|=0,2,...,2d).

even

) if and only if |SAT|
) has two connected components

Observe that any two vertices S, T € 2" are connected in Cay(Sg“?en
is even and |SAT| < 2d holds. Thus Cay (S22

even

Teven :==ToU T2 U--- U7—2Ln/2j and Togq :=T1iUT3U--- U7—2(n/2]717

where Ty, (k=0,1,...,n) are defined by (6). More precisely, the Cayley graph Cay(SggAen)
has an edge between S and T if and only if

(i) S,T € Teven and |SAT| < 2d, or,
(ii) S,T € Toaq and |SAT| < 2d.

We define a map ¢ : 2" — 20" by ¢(S) := {1} AS for the succeeding discussion.

Note that ¢ is an automorphism of Cay(S2% ) that exchanges Teven and Toqq. In addition,

even

$(S)Ap(T) = SAT holds for all S,T € 2.

20 ) and the map ¢ for
an even-degree binary POP with n = 4 and d = 1, a modified problem of (3) where all
linear terms are multiplied with an additional variable x4. The resulting problem is

Example 4.1. We show an ezample of the Cayley graph Cay(SQCT

minimize 14+ 2124 + 22024 + 324 + 2129 + T 123 + T2T3
xr

subject to € {—1,1}%.



EXACT SDP RELAXATION FOR BINARY POP 11

{1,2,3.4}

Figure 3: An example of the Cayley graph for the case of n = 4 and S2,, =
{0,{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}. Observe that ¢(S) = {1}AS is the auto-
morphism of the Cayley graph that exchanges Teven and Toqq. The graph generated by
adding dash lines to Cay(S2,,) is a chordal cover I' of Cay(SZ2,,) and the Fourier support

even

T is T = To U Tz (indicated by filled circles) of T

In Section 4.5, we see that the solution for original problem (3) can be obtained by solving
the above problem.

Figure 3 shows the Cayley graph Cay(S2,.,) for the case of n = 4 and S2,, =
{0,{1,2},{1,3},{1,4},{2,3},{2,4},{3,4}}. Cay(S?,,) consists of two connected com-
ponents, Tepen and Togq. The vertex set of Cay(S2,.,) is 2l and edges are shown by solid
lines. Notice that ¢(S) = {1}AS is the automorphism of the Cayley graph that exchanges

Teven and Toqq.

Next, as in Section 3, we find a Fourier support 7 of a chordal graph I' that covers
Cay(S2¢ ). For that, we check whether [%d*q of a given even-degree POP is even

even

%‘H—‘ is even in detail. Then, we briefly

or odd. We first discuss the case where [

mention the required modification for the case where [%H-‘ is odd. Let us first assume

[%d*ﬂ is even.

4.1 Constructing a chordal cover

For the construction of a chordal cover for Cay(S 2d ), we define L%J —d+1 cliques whose

even
vertex sets are given by

n

(10) Chi=ThUThsaU---UT, k:o,z,...,QBJ—ﬁ

+2d°
As previously, we abuse the notation Cp to express the clique itself whose vertex set is
given by (10). Note that the cliques Cy are indexed by even integer k. With the cliques,

we construct a chordal cover T' of Cay(S2¢

oen) as follows:

(i) Paste Cy and Ci 5 along the complete graph Cy NCgyo for k =0,2,...,2 LgJ —2d—2.
We denote the resulting connected component by Ieyven-
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(ii) Paste ¢(Cx) and ¢(Cg+2) along the complete graph ¢(Cx) N ¢(Ci2) for k =0,2,...,
2 L%J — 2d — 2. The obtained connected component is denoted by I'gqq.

Now, define I' := I'gyen U I'oaq, which is chordal by Proposition 3.1. Observe that Ieven
and [',qq satisfy the followings:

(iii) S, T € Teven, which is the vertex set of Ieven, are connected in [eyen if and only if
||S] — |T'|| < 2d holds.

(iv) S,T € Toaa, which is the vertex set of I'sqq, are connected in I'oqq if and only if
1¢(9)] = [o(T)|| < 2d holds.

Thus, I' = I'eyen U T'oqq covers Cay(SQE

even ) N

4.2 A Fourier support of the chordal cover

Let 7 C 2[" be a vertex set defined as

(11) 7':=76U7'2U”'U7Tn+2372w-

We see that T is a Fourier support of T R
First, check that the cliques Ci, and ¢(Cy) for k = 0,2,...,2 L%J — 2d are maximal in
I'. To show this, we observe that for all S ¢ Cy, there exists T € Cy such that S and T are

disjoint in I'. If S ¢ Ci, then S satisfies
(a) S € Toaa or,
(b) S € Teven and |S| < k or,
(¢) S € Toven and |S| > k + 2d.

If S € Toaa, then all vertices in Cy are not connected to S. If S € Teven and [S| < k, then
all vertices in 7;€+23 C Cy are not connected to S. If S € Toven and |S| > k + 2d, then
all vertices in T C Cj are not connected to S. Therefore, for any S ¢ Ci, there exists
T € Cy, such that S and T are disjoint in I', which implies C (k =0,2,...,2 L%J — 23) are
maximal in I'. Since ¢ is an automorphism of I"; the cliques ¢(Cy) are also maximal in T

We then prove that 7 defined in (11) is a Fourier support of I To show this, we
examine that for all Cy, (k =0,2,...,2 L%J —2d), there exists S¢, € 2[" such that Se, ACr, C
T . This is sufficient because, for the cliques ¢(C), we have ¢(Se, ) Ap(Cr) = Sc, AC, C T

The following gives an appropriate choice of Sg, :

o Ifk < [%J—ﬂ —2d, then C; C T and thus Sg, = 0.
o If k> [%‘i_ﬂ —2d+2 and n is even, we have

n+23_ﬂ . {n+23—2w

—k<n+2d-2-—
n <n-+ { 5 5

Thus,

MIACK = T, jr2a) Y T pr2dy 2V U Tk ST0oU T U--- U ﬁnﬂ&ﬂ =T.

Thus, Se, = [n].
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o If k> [%@2-‘ —2d+2 and n is odd, we have [%@21 = [%W +d—1=n-— [%w +d
and thus

~ 2d — 2 ~ 2d — 2
n—k+1<n+2d—-1- |Vn+w =n— {2—‘—1—61: |Vn+“

2 2 9
Hence,
o([n])ACy = [n]Ad(Cy)
C ATt U T U U Ty oa,0)
C T k2d1 Y Thesaa VoY Tk
CToUuTaU---U 7‘[(

n+2d—2)/2|
=T.

As a result, S¢, = ¢([n]) ={2,3,...,n}.

Consequently, 7 is a Fourier support of I' that covers the Cayley graph Cay(Sﬁ

even) °

Example 4.2. As in Figure 3, if n = 4 and d= 1, the graph obtained by adding dash lines
to Cay(S2,.,) is a chordal cover T of Cay(S2,.,). The Fourier support T is T = ToU Tz
(indicated by filled circles). Note that there are four maximal cliques for I'; from the left
component in Figure 3, Cy := To U Tz (induced by small filled circles), Co := To U Ty (by
large open circles), and from the right component, ¢(Cy) := {1} ACy (by small open circles),
#(Co) := {1}ACy (by large open circles). We can make sure that T = ToU Tz is a Fourier
support from the following

o DACH C T,

o [4JAC, C T,

o p(0)Ap(Co) =0ACH C T and
o o([4])Ad(C2) = [4]AC, € T

4.3 A Fourier support for the odd case

In the case where [%‘HW is odd, we define the cliques

Ck::EUﬁ+2U"‘U7;+2J, k:173772|'g-‘_26/l\_1

Note that Cy are indexed by odd integers. Then we construct 'eyen, and I'gqq as follows:
e Construct I'yqq by pasting C, and Cyyo along CpNCryo for k =1,3,...,2 {%1 —2d-3.

e Construct Ieven by pasting ¢(Cx) and ¢(Cr+2) along ¢(Cx) NP(Cr2) for k =1,3,...,
2[2] —2d-3.

Thus we obtain the chordal cover I' := T'o4q U leven for Cay(Sggen). The maximal cliques
of ' are Cy for k=1,3,...,2 [%w — 2d — 1 together with the corresponding ¢(Cg).

The Fourier support of I' is given by
T::TIUEU”.UTP&Q;—QT
2

We check this by choosing Se, satisfying S¢, AC;, € T for each maximal clique Cj as
follows:
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o If k< [™24=2] _ 94, then S¢, = 0.

o If k> _%‘5_2_ —2d + 2 and 7 is even, then Se, = [n].

o If k> _%‘2_2_ —2d + 2 and n is odd, then Se,, = o([n]).

Thus, our desired result for the case with odd {%‘H—‘ follows. By the discussion up to

this point and Theorem 2.10, we present the following result:

Theorem 4.3. Let T be the subset of 2" defined as

ToUTaU---U 7'[“23_2} if [”+22d_21 is even
2

TUTU U)o |22 s odd

Then, the moment polytope ./\/l(SQC7

20 n) can be erpressed as

ys = Ls for all 6 € Ds2i,,.,
Ys, = 1, and My(y) =0 '

Thus, if the objective function f consists of only even monomials, problem (1) can be
equivalently transformed into a smaller size SDP whose moment matrix is truncated with

T:Z%UEU"‘UﬁMW orT::ﬂU%U"'UﬁMW'

Note that for the binary QOPs where d = 1 and all monomials have even degrees,
the above 7 becomes ToU 7o U -+ U T(ﬂ or TUT3U---U T(ﬂ The result coincides
2 2

with Laurent conjecture in [13] that solving the SDP relaxation with the relaxation order
w = [n/2] in the hierarchy gives the exact optimal value, which is recently shown in [4].

4.4 Computing the optimal solution for the original problem

By solving the SDP relaxation with the truncated moment matrix, the optimal solution
of linearized decision variables £* € RPS&en can be obtained. However, the variables
65{1},65{2}, ey 65{71} corresponding to x1,Zs, ...,z are not included in £ € RPS&en | and
thus it is not trivial to extract the optimal solution z* = (z7, 23, ..., z} ) from the truncated
moment matrix for the original problem.

For even-degree binary POPs, we describe a method to extract the optimal solution x*
from ¢* € RPS&en. The map ¢(S) := {1} AS is applied to G, vS e {0,{1,2},{1,3},...,
{1,n}}, which leads to the optimal solution £5 , VS € {{1},{2}, {3},...,{n}}. First,

define a vector £ € {—1,1}"! using the elements of £* as follows:

A._ * * *
l .= (65{1’2},85{13}, . ,Eé{l’n}).

*2 %

Since ¢35  is the linearization of zjzj, we have 2705 = = a7z = 27 for i =2,3,...,n.
{1,i} v {1,i v g

}
As a result, we have two candidates for the optimal solution z* corresponding to the two

cases z] = £1 as follows:

~

xt = (x],x5,...,2,) = (x],2]0) = ~ .
(@1, a% - 23) = (2,210 {(_1’_5) o

Note that f is an even function, and thus, both of these two solutions give the optimal

~ ~

value, i.e., the optimal value is f((1,¢)) = f(—(1,¢)).
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4.5 Formulating general binary POPs as even-degree binary POPs

The objective function f of general binary POP (1) can be written as the sum of the
monomials of odd and even degree. Let ¢, denote the coefficients of the monomials of
even degree and ¢, the coefficients of the monomials of odd degree. Then,

flx) = Z Cux® = Z Cax™ + Z Caz™.

llafl1<d llafl1<d llafl1<d

By introducing the additional variable x,4+1 € {—1,1}, binary POP (1) can be expressed
as the following even-degree binary POP on {—1,1}"*!, to which Theorem 4.3 can be
applied:

(12) minimize  f(z) = Z Cax® + Z CaZ™Tnt1
llofl1<d llofl1<d
subject to € {—1,1}"*L.
Let the degree of fbe d. Obviously, d=difdis even, and d=d+1ifdis odd. Therefore,

d<d.
If problem (12) has an optimal solution z* € {—1,1}""! with 2%, , = 1, then an

optimal solution for the original problem (1) is obtained as (z7,z3,...,z)). We note
that problem (12) always has an optimal solution with z}, , = 1. More precisely, if
problem (12) has an optimal solution z* such that z;,, = —1, then —z* is also an

optimal solution since fis an even function. Therefore, any general binary POP (1) with
the constraint x € {—1,1}" can be formulated as an even-degree binary POP with the
constraint x € {—1,1}"*L.

However, we mention that applying Theorem 4.3 to problem (12) results in a larger
truncated moment matrix than the one obtained by applying Theorem 3.2 to problem (1).
To see this, we define 7;* := {S € 2"l : | S| = k}. Observe that the size of [n] is included
in the definition of 7,". If Theorem 3.2 is applied to problem (1), the moment matrix is
truncated by the following Fourier support:

T"::%”Uﬂnu‘--UTFHd_q.

On the other hand, if Theorem 4.3 is applied to problem (12), the moment matrix is
truncated by the Fourier support defined as follows:

BT U T i [P s oven
_— pee e
7—1n+1 U EnJrl U---U Tfl(:ilHi—ﬂ if {W-‘ is odd
(b1 si2

We now prove |7 < |T""|. Let w := [(n4+d—1)/2] and & := {(n—kcj— 1)/2—‘.
Notice that w < w by d < c?, and thus

(13) IT"\=’E)"|+I7E”!+"'+‘7:un’:§:<?><§%<?>'

=0
We show that the right hand side of (13) coincides with [7™+!| by considering the two
cases where w is even and where @ is odd. If @ is even, then

/2 w/2

(0= ()5 {60 )= (- (3) -5 5 -
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Similarly, if w is odd, then

& 2/2] 520
Z%(z) =2 {<2@> + <2¢+1>}= ; <2¢+1> = |7+

i=0
Consequently, the desired result [77| < [T"1| follows.

Example 4.4. In Section 3.3, we have seen that the truncated moment matrix of the
problem (3) is T3 = T3 U T2 U TS where the size of the truncated moment matriz is
T3 =7.

We can reformulate problem (3) as an even-degree binary POP in Example 4.1 using an
additional variable z4. Then the Fourier support is T* := THUT = {0,{1,2},{1,3}, {1,4},
{2,3},{2,4},{3,4}} which gives a truncated moment matriz with the size |T*| = 7. Con-
sequently, problem (3) can be equivalently rewritten with the truncated moment matriz by

T4 as

minimize  foooo + 1001 + o101 + Loo11 + £1100 + L1010 + Lo110

EGRS%ven
/ ( { E|y1111 s.t. 50000 =1 and )
0000 _ -
(1100 L lioo liowo oot forio Lotor oot
(1010 liioo 1 Lonio Lloror  tioo oo yuin

subject to | f1001 | € tioio forio 1 foorr frio0 Y1 Lioor
01 o101 foorn 1 yiur f1o0 fioo| =0

Lo110
o101 Corio Cio10 fiioo Yy 1 oot Lotor
Loo11 loior Ci001 Y1111 frioo Lootr 1 doio

20011 y1111 Y1001 Y1010 lotor lorio 1

As shown in Section 4.4, we can retrieve an optimal solution (x3,x%, x5, x}) from (631005
Cio10s Uioor)- We note that solving the above modified problem does not have any computa-
tional advantage over solving problem (9) generated by T3 := T UT2 U TS since the sizes
of the moment matrices of the two problems are the same.

5 Numerical experiments

We performed numerical experiments to see whether the bounds shown theoretically in
Sections 3 and 4 could be obtained numerically. We tested our theoretical bound with
100 randomly generated binary POP (1) with n = 8 and the binary POPs with all-one
coefficients of f for d = 1,2,...,8. The numerical results on these problems are presented
in Section 5.1. In Section 5.2, we show the numerical results for even-degree binary POPs.

5.1 General binary POPs
In the case of general binary POP (1), the relaxation order w means that the moment
matrix is truncated by 7 = ToUT1 U--- U T,.

5.1.1 Random instances

We generated 100 test problems randomly by choosing the coefficient ¢, (o € {0,1}®) of
binary POP (2) such that
cq = 10 X ugq,
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where u,, is sampled from the standard normal distribution. We increased the relaxation
order from [d/2] to see what relaxation order is needed to obtain the optimal values of
the test problems.

In Table 1, we observe that the optimal values of all randomly generated test problems
could be obtained with the relaxation order w, which is smaller than the theoretical bound
w = (%‘H] The underlined numbers in Table 1 mean that all test problems with
specified d could be exactly solved with the relaxation order w in the corresponding row in
the first column. For instance, when d = 2, the optimal values of all test problems could
be obtained with w = 2.

Table 1: The number of random instances solved.

wld=1|d=2|d=3|d=4|d=5|d=6|d=7|d=28
1 100 15

2 100 100 100 100

3 100 100 100 100 100 100

4 100 100 100 100 100 100 100 99
5 100 100 100 100 100 100 100 100
w 4 5 ) 6 6 7 7 8

5.1.2 Binary POPs with all-one coefficients

For binary POP (2) where ¢, = 1 for all a € {0,1}%, the degree of f was varied as
d=1,2,...,8 for numerical experiments. The optimal values of the problems are known
as shown in Table 2. The last row shows the theoretical bound w := [%‘H} As
previously, the underlined number for each d in Table 2 denotes that the exact optimal
value of the test problem was obtained with the corresponding order w in the first column,
which is the minimum order for the exactness.

Notice that the exact optimal values of the problem of d = 2,8 were obtained at the
theoretical bound w, while the exact optimal values of the other problems were obtained
with w smaller than the theoretical bound.

Table 2: The objective values obtained for the all-ones instances using w =1 to 8.

d=1|d=2|d=3|d=4|d=5|d=6|d=7|d=38
—7.00 | —3.50
—7.00 | =3.50 | =35.0 | =7.67
-7.00 | =3.50 | —=35.0 | —=7.67 | —21.0 | —8.19
—-3.50 | =35.0 | —=6.18 | —21.0 | =5.00 | —2.88 | —2.74
—7.00 | =3.00 | —=35.0 | =5.00 | —21.0 | —5.00 | —1.05 | —4.24e-1
—7.00 | =3.00 | =35.0 | —=5.00 | —21.0 | —=5.00 | —=1.00 | —5.38e-2
—7.00 | =3.00 | =35.0 | —=5.00 | —21.0 | —=5.00 | —1.00 | —3.94e-3
—-7.00 | =3.00 | =35.0 | —=5.00 | —21.0 | —5.00 | —1.00 | —1.28e-12
OptV. -7 -3 —-35 -5 -21 -5 -1 0

w 4 ) ) 6 6 7 7 8

0~ O U W =&
|
3
o
S
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5.2 Even-degree binary POPs

In the case of even-degree binary POPs, the relaxation order w indicates that the moment
matrix is truncated by

ToUTU---UT, 1ifwiseven
TTUT3U---UT, ifwisodd

5.2.1 Random instances

As in Section 5.1.1, we generated 100 test problems randomly by choosing the coefficient
ca (o € {0,1}®) of even-degree binary POP (2) such that

cq = 10 X ugq,

where u,, is sampled from the standard normal distribution, and solved them via the SDP
relaxations with the truncated moment matrices.

The underline in Table 3 stands for the minimum order w, with which the exact optimal
values of all test problems with specified d could be obtained. We observe that the optimal
values of randomly generated test problems could be obtained with the relaxation order
smaller than theoretical bound @ := [%d_z]

Table 3: The number of random instances solved

w|d=2|d=4|d=6|d=38
1 0

2| 100 | 100

3 100 100 100

4 100 100 100 100
S 100 100 100 100
w 4 5 6 7

5.2.2 Binary POPs with all-one coeflicients

We consider even-degree binary POP (2) where ¢, = 1 for all a € {0,1}® such that ||a||;
is even. Even-degree binary POP (2) of degree d = 2,4,6,8 with all-one coefficients were
tested. The optimal values of the problems are known as in Table 4.

The meaning of the underline in Table 4 is the same as the previous tables. We observe
that the exact optimal value of the problem of d = 8 is obtained at the theoretical bound
W= [%H], while the exact optimal values of the problems of d = 2, 4,6 were obtained
with w smaller than the theoretical bound.
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Table 4: The objective values obtained for the all-ones instances using w =1 to 7.

d=2|d=4|d=6|d=8

~3.00 | —5.17
~3.00 | —5.17 | —3.63
~5.00 | —1.36 | —8.66e-1
~3.00 | =5.00 | =1.00 | —1.11e-1
~3.00 | =5.00 | —1.00 | —7.94e-3
~3.00 | =5.00 | —1.00 | —1.75e-14
Opt.V. 31 -5| -1 0

@ 4 5 6 7

EN e NG, BTSSR OIS (S
|
w
o
)

6 Concluding remarks

We have shown that the exact optimal values of binary POPs are obtained by solv-
ing the [(n+d—1)/2]th SDP relaxation of Lasserre’s hierarchy of SDP relaxations,
and the [(n+d—2)/2]th SDP relaxation for even-degree binary POPs. The bound
[(n+4d—2)/2] for even-degree binary POPs is the generalization of the result in [4] for
binary QOPs. We have also discussed on the construction of the optimal solution from
the truncated moment matrix for even-degree binary POPs. These bounds have been
confirmed by the numerical results in Section 5.

The moment matrix of a given binary POP has been truncated using a chordal graph
of the Cayley graph from the binary POP in this paper. In [7], the sparse SDP relaxation
was proposed by exploiting the sparsity of a given POP. Specifically, the sizes of the
moment matrices for the sparse SDP relaxation were reduced using the maximal cliques
of an extended chordal graph obtained from the sparsity pattern graph of the given POP.
It will be interesting to investigate the relationship between the two approaches.

Solving POPs by the hierarchy of SDP relaxations is a very challenging problem since
it requires to solve increasingly large SDP relaxations for the desired accuracy. More-
over, the SDPs induced from POPs are frequently degenerate, causing a great deal of
numerical difficulties for SDP solvers. It is well-known that the SDP solvers based on
the interior-point methods [5, 15, 16] cannot handle the SDPs with more than several
thousand variables, as a result, POPs with moderate size n and d cannot be solved by the
solvers. From the computational viewpoints, it is essential to have the size of the SDPs
as small as possible for accurate solutions of POPs. The bounds presented in this paper
for binary POPs provide the important information on the largest size of the SDP to be
solved for the exact optimal value of binary POPs in advance.
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