
On the computation of convex envelopes for
bivariate functions through KKT conditions

Marco Locatelli
Dipartimento di Ingegneria dell’Informazione, Università di Parma
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Abstract

In this paper we exploit a slight variant of a result previously proved in [11] to
define a procedure which delivers the convex envelope of some bivariate functions over
polytopes. The procedure is based on the solution of a KKT system and simplifies
the derivation of the convex envelope with respect to previously proposed techniques.
The procedure is applied to derive the convex envelope of the bilinear function xy

over any polytope, and the convex envelope of functions xnym over boxes.
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1 Introduction

The best convex underestimator of a non convex function f over some region X ⊂ R
n is

called convex envelope of f over X , is denoted by convf,X , and is equal to the supremum
of all affine underestimators of f over X , i.e., for each x ∈ X

convf,X(x) = sup{aTx+ a0 : aTy + a0 ≤ f(y) ∀y ∈ X}.

An alternative definition of the convex envelope is the following

convf,X(x) = min
∑k

i=1 λif(xi)
∑k

i=1 λixi = x
∑k

i=1 λi = 1

λ ≥ 0

xi ∈ X i = 1, . . . , k

k ∈ {1, . . . , n+ 1}.

(1)

Note that we can impose k ≤ n+ 1 in view of Carathéodory’s theorem.

Convex envelopes are widely used to define convex relaxations and, thus, lower bounds, of
non convex problems. The literature about convex envelopes encompasses many results,
ranging from general theoretical results to more specific results about certain functions.
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Results about specific functions include those for the bilinear function [1, 2, 3, 10, 15, 20],
the fractional function [4, 6, 22, 26], and the multilinear functions over the unit hyper-
cube [5, 18, 19, 21]. More general results include those about polyhedral convex en-
velopes, i.e., convex envelopes which are the maximum of a finite number of affine functions
[16, 18, 23, 24], and results about non polyhedral convex envelopes [7, 8, 9, 11, 12, 22, 25].
In this paper we discuss the derivation of non-polyhedral convex envelopes for some bivari-
ate functions. The derivation is based on the solution of a KKT system. More specifically,
the paper is structured as follows. In Section 2 we discuss a slight variant of a result proved
in [11] and we introduce the notation which will be used throughout the paper. The result
shows that, under suitable conditions, the convex envelope of bivariate functions over poly-
topes can be computed by solving a convex problem. In Section 3 we show how to employ
the KKT system associated to the convex problem in order to derive the formula of the
convex envelope. In this section a procedure is proposed for the computation of the convex
envelope. Two special cases are discussed in the following sections. In Section 4 we exploit
the results in Section 3 to derive the convex envelope of the bilinear function over general
polytopes, while in Section 5 we do the same for the product of power functions over boxes.
These two examples have been already discussed in previous papers. In particular, in [11]
and [12] it is shown how to derive these convex envelopes through the solution of some
one-dimensional problems. However, the aim of this paper is to show that the derivation
of the convex envelope is simplified if the convex envelope is derived by solving the above
mentioned KKT system.

2 A slight variant of a previous result

In this section we discuss a slight variant of a result proved in [11]. First, we need to
introduce an assumption.

Assumption 2.1 Let f ∈ C2 be a bivariate function and P ⊂ R
2 be a polytope with vertex

set V (P ) such that

Condition 1 the Hessian of f is indefinite in the interior of P ;

Condition 2 the restriction of f along each edge of P is strictly convex over a nonempty
(and, possibly, coinciding with the whole edge) subsegment of the edge, and is other-
wise concave.

The result proved in [11] covered the cases where each ”convex” subsegment coincides
with an edge of the polytope. Under the above assumption, the semi-infinite linear pro-
gramming definition of the convex envelope of f over P as the pointwise supremum of the
underestimating affine functions of f over P , i.e., for each (x, y) ∈ P

Convf,P (x, y) = maxa,b,c c

f(χ, γ)− [a(χ− x) + b(γ − y) + c] ≥ 0 ∀(χ, γ) ∈ P,
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Figure 1: Identification of the subsegment ẽj of the edge ej ∈ Ē(P ).

x̄1
j x̄2

j

ẽj

can be converted into the following problem with a finite number of constraints

Convf,P (x, y) = maxa,b,c c

f(xvi , yvi)− [a(xvi − x) + b(yvi − y)] ≥ c ∀vi ∈ V (P )

min(χ,γ)∈ej f(χ, γ)− [a(χ− x) + b(γ − y)] ≥ c ∀ej ∈ Ē(P ),

(2)

where Ē(P ) denotes the set of edges of P containing a non-empty subsegment along which
f is strictly convex. For each ej ∈ Ē(P )

min
(χ,γ)∈ej

f(χ, γ)− [a(χ− x) + b(γ − y)] ≥ c, (3)

let y = mjx + qj be the line along which the edge lies, and x1
j , x

2
j be the x-coordinates

at the extreme points of the edge (edges parallel to the y-axis should be dealt with in a
different, but analogous way, by considering the interval of the y-coordinates). Let

gj(x) = f(x,mjx+ qj),

be the restriction of f along the line. Let x̄1
j be the tangent point of the tangent to gj

interpolating gj at x
1
j , and x̄2

j be the tangent point of the tangent to gj interpolating gj at
x2
j (see also Figure 1). If x̄1

j > x̄2
j , then the minimum on the left hand-side of (3) is attained

at the vertex (x1
j , mjx

1
j + qj) or at the vertex (x2

j , mjx
2
j + qj). In this case (3) reduces to

the pair of linear constraints

f(x1
j , mjx

1
j + qj)− [a(x1

j − x) + b(mjx
1
j + qj − y)] ≥ c

f(x2
j , mjx

2
j + qj)− [a(x2

j − x) + b(mjx
2
j + qj − y)] ≥ c.
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In other words, if x̄1
j > x̄2

j we can remove ej from Ē(P ).

If x̄1
j ≤ x̄2

j , ẽj ∈ Ẽ(P ) is the subsegment of the edge ej ∈ Ē(P ) with x-coordinates in
the interval [x̄1

j , x̄
2
j ]. The minimization problem on the left-hand side of the constraints

associated to edges in Ē(P ) can be solved as follows. Let

D−
j = {(a, b) : a + bmj ≤ g′j(x̄

1
j )}

D+
j = {(a, b) : a + bmj ≥ g′j(x̄

2
j )}

Dj = {(a, b) : g′j(x̄
1
j ) ≤ a+ bmj ≤ g′j(x̄

2
j)}.

(4)

Let

xj(a, b) =















x1
j if (a, b) ∈ int[D−

j ]

sj(a, b) if (a, b) ∈ Dj

x2
j if (a, b) ∈ int[D+

j ]

(5)

where, int denotes the interior of a set, and sj(a, b) is a stationary point of

gj(χ)− (a+ bmj)χ, (6)

i.e.,
g′j(sj(a, b)) = a+ bmj . (7)

Note that, after the definition of xj(a, b) we can redefine D−
j , Dj, D

+
j as follows

D−
j = {(a, b) : sj(a, b) ≤ x̄1

j}
D+

j = {(a, b) : sj(a, b) ≥ x̄2
j}

Dj = {(a, b) : x̄1
j ≤ sj(a, b) ≤ x̄2

j}.
(8)

Finally, let

xj(a, b) = (xj(a, b), yj(a, b)) where yj(a, b) = mjxj(a, b) + qj.

For each vi ∈ V (P ) we set

xi(a, b) = xvi , yi(a, b) = yvi ,

and
xi(a, b) = (xi(a, b), yi(a, b)).

Now, let
G(P ) = {Ωi : Ωi ∈ V (P ) ∪ Ẽ(P )}. (9)

For each k such that Ωk ∈ G(P ), let

ηk(a, b) = f(xk(a, b))− axk(a, b)− byk(a, b).
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Then, we can rewrite (2) as follows

Convf,P (x, y) = max c+ ax+ by

ηk(a, b) ≥ c k : Ωk ∈ G(P ).
(10)

In [11] it has been proved that problem (10) is a continuously differentiable convex problem.

3 KKT system and convex envelope

In [13] it has been proved that, given an optimal solution (a∗, b∗, c∗) of problem (10),

(x, y) ∈ chull{xk(a
∗, b∗) : k ∈ A(a∗, b∗, c∗)}, (11)

where
A(a∗, b∗, c∗) = {k : ηk(a

∗, b∗) = c∗}, (12)

is the set of active constraints at such optimal solution. This result is a consequence of the
KKT conditions for problem (10). In fact, we can solve the problem if we are able to solve
the KKT conditions. Thus, we report them in what follows:

∑

k : Ωk∈G(P ) λ
∗
kxk(a

∗, b∗) = x
∑

k : Ωk∈G(P ) λ
∗
kyk(a

∗, b∗) = y
∑

k : Ωk∈G(P ) λ
∗
k = 1

λ∗
k ≥ 0 ∀k : Ωk ∈ G(P )

ηk(a
∗, b∗) ≥ c∗ ∀k : Ωk ∈ G(P )

λ∗
k(ηk(a

∗, b∗)− c∗) = 0 ∀k : Ωk ∈ G(P ).

(13)

Note that
xk(a

∗, b∗) : k ∈ A(a∗, b∗, c∗), λ∗
k ≥ 0 ∀k : Ωk ∈ G(P ),

is an optimal solution of (1). Since k ≤ 3 can be imposed in (1) in view of Caratheodory’s
theorem, we can restrict our attention to solutions of (13) with at most three positive
values λ∗

k, i.e., with at most three active constraints. Thus, if we set

J = {J = {k : Ωk ∈ G(P )}, : 0 < |J | ≤ 3},

in order to compute the formula of the convex envelope, we should solve the following
system:

∑

k∈J λkxk(a, b) = x
∑

k∈J λkyk(a, b) = y
∑

k∈J λk = 1

ηk(a, b)− ηh(a, b) = 0 ∀k, h ∈ J, k 6= h,

(14)
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Algorithm 1: Procedure for the computation of the convex envelope.

Data: Function f : R2 → R; polytope P .
Result: The convex envelope convf,P .
for J ∈ J do

Solve the system (14) parametrically with respect to (x, y) ∈ P ;
Let λJ

k (x, y), k ∈ J, aJ(x, y), bJ (x, y) be the solution of the system;
Set ΓJ = {(x, y) : λJ

k(x, y) ≥ 0, ∀k ∈ J, ηr(aJ(x, y), bJ(x, y)) ≥
ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J};
Set convf,P (x, y) = ηk(aJ(x, y), bJ(x, y)) + aJ(x, y)x+ bJ(x, y)y, k ∈ J ∀(x, y) ∈
ΓJ ;

end

for each J ∈ J . We end up with the procedure described in Algorithm 1 for the compu-
tation of the convex envelope. In fact, the collection J can be reduced in different ways.
We first prove the following observation.

Observation 3.1 Let Ωk ∈ Ẽ(P ) and let ek = [v1,v2], i.e., v1,v2 are the vertices of the
edge ek. Let Ωi = v1 and Ωj = v2. Then:

• if k ∈ J , for some J ∈ J , we can restrict the attention to solutions of the system
(14) for which (a, b) ∈ Dk;

• if v1 ∈ ẽk, then discard all sets J ⊇ {i, k}, and similarly if v2 ∈ ẽk, then discard all
sets J ⊇ {j, k};

• if v1(or v2) 6∈ ẽk, then the equality ηk(a, b) = ηi(a, b) (or ηk(a, b) = ηj(a, b)) reduces
to the linear equation

a +mkb = g′k(x̄
1
k) (or g′k(x̄

2
k)). (15)

Proof. Let k ∈ J . For (a, b) 6∈ Dk, then xk(a, b) = (xk(a, b), yk(a, b)) ∈ V (P ). If
(a, b) ∈ int(D−

k ), then xk(a, b) = v1 and ηk ≡ ηi, i.e., the two functions ηi, ηk are equivalent
over int(D−

k ). This means that we can replace k with i in J . In a completely similar way,
if (a, b) ∈ int(D+

k ) we see that k can be replaced by j in J .

Now, if k ∈ J , in view of the previous part we must have (a, b) ∈ Dk. If (a, b) ∈ Dk \D−
k ,

then ηi(a, b) > ηk(a, b) and i, k ∈ J can not hold. If (a, b) ∈ Dk ∩D−
k and v1 ∈ ẽk we must

have ηi ≡ ηk and we can thus discard i from J . If v1 6∈ ẽk, then i, k can both lie in J and
(a, b) ∈ Dk ∩ D−

k is equivalent to the linear equality (15). In a completely similar way it
can be seen that if (a, b) ∈ Dk \D+

k , then j, k ∈ J can not hold, while for (a, b) ∈ Dk ∩D+
k

we can discard j from J if v2 ∈ ẽk, and reduce to the linear equality (15) otherwise. �

According to the result above, in Algorithm 1 we need to:
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• introduce for each set J ∈ J , the set

J ′ = {k ∈ J : Ωk ∈ Ẽ(P )};

• restrict the attention to solutions of the system (14) for which (a, b) ∈ ∩k∈J ′Dk (in
case J ′ = ∅, we consider (a, b) ∈ R

2);

• redefine ΓJ as follows:

ΓJ = {(x, y) : ηr(aJ(x, y), bJ(x, y)) ≥ ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, ∀k ∈ J,

λJ
k (x, y) ≥ 0, ∀k ∈ J, (aJ(x, y), bJ(x, y)) ∈ ∩k∈J ′Dk

}

.

Note that the restriction to solutions for which (a, b) ∈ ∩k∈J ′Dk allows to overcome the
difficulty related to the fact that for each k ∈ J ′, ηk(a, b), xk(a, b), yk(a, b) are piecewise
defined over R2.

The procedure can be made more efficient with the exclusion of further subsets J . Some
subsets J can be removed from J according to the following observation.

Observation 3.2 If
dim(chull(∪k∈JΩk)) < 2,

then we can exclude J from further consideration.

Proof. For a subset J for which the condition is fulfilled, the corresponding optimal so-
lution of (1) must lie over a region with dimension lower than two (a point or a segment).
Over such regions the convex envelope can be recovered by continuity. �

The following is an immediate consequence of Observation 3.2.

Corollary 3.1 We can restrict our attention to J ∈ J such that |J | ≥ 2. Moreover, we
can also discard all subsets J = {i, j} such that Ωi,Ωj both reduce to a single point (a
vertex of P ).

Further subsets can be removed. We first need to make an observation. For some subset
J , if (x, y) ∈ ΓJ , then the solution of system (14)

xJ
k (x, y) = (xk(aJ(x, y), bJ(x, y)), yk(aJ(x, y), bJ(x, y))), λJ

k (x, y) ≥ 0, k ∈ J, (16)

is an optimal solution for (1). In what follows we will omit the dependency from (x, y).

Observation 3.3 Let {i, j} ⊂ J and consider the optimal solution (16) with λJ
i , λ

J
j > 0.

Then, the following can not hold:

∀z = λxJ
i + (1− λ)xJ

j , λ ∈ (0, 1)

∃z1, z2 ∈ [xJ
i ,x

J
j ] (not necessarily distinct), such that:

z = µz1 + (1− µ)z2, µ ∈ [0, 1]

µf(z1) + (1− µ)f(z2) < λf(xJ
i ) + (1− λ)f(xJ

j ).

(17)
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Proof. The optimal value of (1), attained at the optimal solution (16), is

∑

k∈J
λJ
kf(x

J
k ).

Now, let
x = xJ

i ∈ Ωi

y = xJ
j ∈ Ωj

λ =
λJ
i

λJ
i +λJ

j

∈ (0, 1).

Then, if (17) holds, for some µ ∈ [0, 1]

∑

k∈J\{i,j} λ
J
kf(x

J
k ) + (λJ

i + λJ
j ) [λf(x) + (1− λ)f(y)] >

∑

k∈J\{i,j} λ
J
kf(x

J
k ) + (λJ

i + λJ
j ) [µf(z1) + (1− µ)f(z2)] .

Thus, it turns out that

xJ
k , λJ

k k ∈ J \ {i, j}
z1, (λJ

i + λJ
j )µ

z2, (λJ
i + λJ

j )(1− µ)

is a feasible solution for (1) with a lower function value with respect to the optimal solution
(16), which is a contradiction. �

The following are two corollaries of the previous observation.

Corollary 3.2 Let {i, j} ⊂ J and consider the optimal solution (16). Then, function f

can not be strictly convex along the segment [xJ
i ,x

J
j ].

Proof. It is enough to observe that if f is strictly convex along the segment [xJ
i ,x

J
j ],

then ∀z = λxJ
i + (1− λ)xJ

j , λ ∈ (0, 1), the points z1 = z2 = z satisfy (17). �

Corollary 3.3 Let i, j ∈ {k : Ωk ∈ G(P )}, i 6= j. If ∀x ∈ Ωi, ∀y ∈ Ωj, (17) holds after
replacing xJ

i ,x
J
j with x,y, then, we can exclude from further consideration all subsets J

such that {i, j} ⊆ J .

A final remark is that we can deal with the remaining subsets J ∈ J in a different way
according to their cardinality. Indeed, if |J | = 3 we notice that we can first solve over the
region ∩k∈J ′Dk at which we are interested, the following system with two equations and
two unknowns

ηk(a, b)− ηh(a, b) = 0 ∀k, h ∈ J, k 6= h. (18)
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In case J ′ = ∅, the system is a linear one and needs to be solved over R2. In [12] it has been
proved that such system always has a finite number of solutions over the region ∩k∈J ′Dk

at which we are interested. Thus, for each of these solutions (a∗, b∗) we only need to check
whether ηr(a

∗, b∗) ≥ ηk(a
∗, b∗) for each r 6∈ J , k ∈ J and, in such case to define ΓJ as

follows
ΓJ = chull

({

xk(a∗, b∗) : k ∈ J
})

.

Note that over this region the convex envelope is defined by an affine function. If J = {k, h},
i.e., |J | = 2, we first remark that, in view of Corollary 3.1, at least one of the two sets Ωh

and Ωk must belong to Ẽ(P ). Moreover (14) reduces to

λxk(a, b) + (1− λ)xh(a, b) = x

λ(mkxk(a, b) + qk) + (1− λ)(mhxh(a, b) + qh) = y

ηk(a, b)− ηh(a, b) = 0.

(19)

Thus, we end up with Algorithm 2, which is a revised and more detailed version of Algo-
rithm 1. In the following sections we will apply this procedure to two special cases.

4 The bilinear function

In [12] it has been observed that the convex envelope of the bilinear function over any poly-
tope P is characterized by a polyhedral subdivision of P , and that over each member of the
polyhedral subdivision the functional form of the convex envelope is one of three possible
forms: affine, quadratic, and ratio of a quadratic to an affine function. In this section we
exploit the results of the previous section in order to identify the polyhedral subdivision,
given by the different sets ΓJ , J ∈ J , and the functional form over each member of the
subdivision.

When f(x, y) = xy we observe that Ẽ(P ) = Ē(P ). For each edge ej ∈ E(P ) we de-
note by y = mjx + qj the line along which the edge lies, and by (x1

j , y
1
j ) and (x2

j , y
2
j ) the

vertices of the edge. It turns out that

Ē(P ) = {ej : mj > 0},
i.e., the edges along which f is strictly convex are those lying along a line with positive
slope. Moreover, we can further split Ē(P ) into (at most) two subsets Ēℓ(P ) and Ēu(P )
defined as follows

Ēu(P ) = {ek ∈ E(P ) : P ⊂ {(x, y) : y ≤ mkx+ qk}}
Ēℓ(P ) = {ek ∈ E(P ) : P ⊂ {(x, y) : y ≥ mkx+ qk}}.

We can introduce some simplifications within the general Algorithm 2. Before proceeding,
we report the definition of xj(a, b) and of the function ηj(a, b) for Ωj ∈ Ē(P ). We have

xj(a, b) = sj(a, b) =
a+mjb− qj

2mj

over Dj =
{

(a, b) : x
j
1 ≤ sj(a, b) ≤ x

j
2

}

, (20)
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Algorithm 2: Revised procedure for the computation of the convex envelope.

Data: Function f : R2 → R; polytope P .
Result: The convex envelope convf,P .
for J ∈ J do

Set J ′ = {k ∈ J : Ωk ∈ Ẽ(P )};
if |J | = 3 then

Solve the system (18) over ∩k∈J ′Dk (over R2 in case J ′ = ∅), and let T be the
finite set of solutions;
foreach (a∗, b∗) ∈ T do

if ηr(a
∗, b∗) ≥ ηk(a

∗, b∗) ∀r 6∈ J, k ∈ J then

Set ΓJ = chull
({

xk(a∗, b∗) : k ∈ J
})

;
Set convf,P (x, y) = ηk(a

∗, b∗) + a∗x+ b∗y, k ∈ J ∀(x, y) ∈ ΓJ ;

end

end

end

else

Solve the system (19) over ∩k∈J ′Dk parametrically with respect to (x, y) ∈ P ;
Let λJ(x, y), aJ(x, y), bJ (x, y) be the solution of the system;
Set ΓJ = {(x, y) : λJ(x, y) ∈ [0, 1], ηr(aJ(x, y), bJ(x, y)) ≥
ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J, (aJ(x, y), bJ(x, y)) ∈ ∩k∈J ′Dk};
Set convf,P (x, y) = ηk(aJ(x, y), bJ(x, y)) + aJ(x, y)x+ bJ (x, y)y, k ∈
J ∀(x, y) ∈ ΓJ ;

end

end
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and ∀(a, b) ∈ Dj

ηj(a, b) = −mjxj(a, b)
2 − bqj . (21)

Recall that we are interested at the definition of the function ηj only over Dj .

The following observation is a consequence of Corollary 3.3.

Observation 4.1 We can exclude from J all subsets J such that {i, j} ⊆ J , i 6= j, and
Ωi,Ωj ∈ Ēℓ(P ) or Ωi,Ωj ∈ Ēu(P ).

Proof. It is enough to observe that f is strictly convex along each line through any
x ∈ Ωi and y ∈ Ωj , so that for each z ∈ [x,y] we can always choose z1 = z2 = z. �

Next, we prove the following observation, which shows that the only subsets J = {i, j, k}
which need to be considered are those for which Ωi,Ωj,Ωk ∈ V (P ). A generalization of
this result to other functions is given in Appendix A.

Observation 4.2 Let J = {i, j, k} ∈ J . Then, the three points xJ
i ,x

J
j ,x

J
k in (16) must

all belong to V (P ).

Proof. Let xJ
h = (xh, yh), h ∈ {i, j, k}. We assume that Ωk ∈ Ēu(P ) (the case when

Ωk ∈ Ēℓ(P ) is completely analogous) and, by contradiction, we also assume that (xk, yk) 6∈
V (P ). In view of Observation 4.1 at least one among Ωi and Ωj belongs to V (P ). Without
loss of generality we assume that:

• (xi, yi) = (0, 0) (this can always be made true by a translation);

• xj ≥ 0.

Note that Ωk ∈ Ēu(P ) and (xi, yi) = (0, 0) imply mk, qk > 0. Moreover, since yk =
mkxk + qk, we have that yk < 0 implies xk < 0. But in this case f is strictly convex
along the segment between (xk, yk) and (xi, yi), which can not hold in view of Corollary
3.2. Similarly, xk > 0 implies yk > 0, which can not hold for the same reason. Thus, only
xk ≤ 0, yk ≥ 0 is possible. In view of (20), we have

xk =
a +mkb− qk

2mk

, yk = mkxk + qk,

and
ηk(a, b) = xkyk − axk − byk = − (a+bmk−qk)

2

4mk
− bqk

ηj(a, b) = xjyj − axj − byj

ηi(a, b) = xiyi − axi − byi = 0.

After setting
z = a + bmk − qk = 2mkxk ≤ 0, (22)
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and imposing ηk(a, b) = ηj(a, b) = ηi(a, b), we have the equivalent system

b = − z2

4mkqk

a = z −mkb+ qk

(mkxj − yj)z
2 + 4mkqkxjz − 4mkqkxj(yj − qk) = 0.

(23)

The determinant of the last quadratic equation is

∆ = yj(mkxj − yj + qk).

We first discuss the case xj = 0. Then, z = 0 and, thus, also xk = 0. This is not possible
since the three points (xi, yi), (xj , yj), (xk, yk) can not be aligned along the line x = 0. Thus,
we impose xj > 0. We notice that yj > 0 can not hold since in this case the restriction
of f along (0, 0) and (xj , yj) is strictly convex, which is not possible in view of Corollary
(3.2). If yj < 0, we first remark that mkxj − yj + qk > 0, since (xj , yj) ∈ P and can not lie
along the line y = mkx+ qk, i.e., yj < mkxj + qk. Then, ∆ < 0, i.e., the quadratic equation
has no root and, thus, also the system (23) has no solution, from which we are lead to a
contradiction. Thus, we are only left with xj > 0 and yj = 0, for which ∆ = 0 and the
unique root of the quadratic equation is

z = − 2mkqkxk

mkxj − yj
= −2qkxk

xj

≥ 0.

If xk < 0, this is not possible in view of the non positivity of z. Thus, we are only left with
the case xk = 0. But xk, yj = 0 is only possible if z = a = b = 0, which, however, can not
be a solution of the system (23). �

Thus, for the bilinear function the systems (18) are always simple linear systems.

In conclusion, for the bilinear case in Algorithm 2 we can:

• restrict the attention to subsets J = {i, j, k} with Ωi,Ωj ,Ωk ∈ V (P ) and, moreover,
such that no pair of these vertices lies along a line with positive slope;

• restrict the attention to subsets J = {h, k} such that Ωh ∈ Ēu(P ), Ωk ∈ Ēℓ(P ), or
Ωh ∈ V (P ) and either Ωk ∈ Ēℓ(P ) or Ωk ∈ Ēu(P ).

For the triples J made up by three vertices the computation of the convex envelope is
rather simple: the convex envelope is the affine function interpolating xy at the three
vertices, while ΓJ is the convex hull of the three vertices. Thus, we will only discuss the
subsets J = {i, j} with cardinality two. We need to discuss the two subcases mentioned
before. It will turn out that for these subsets the definition of ΓJ will only depend on the
vertices of the edge(s) if Ωi and/or Ωj belong to Ē(P ), and on the adjacent edges if Ωi or
Ωj (not both) belongs to V (P ).
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4.1 Ωi ∈ V (P ), Ωj ∈ Ē(P )

We denote by (vx, vy) the coordinates of the vertex Ωi ∈ V (P ). We will omit in what
follows the dependency of xj from (a, b). Recalling (21), system (19) is equivalent to

λxj + (1− λ)vx = x

λ(mjxj + qj) + (1− λ)vy = y

−mjx
2
j − bqj = vxvy − avx − bvy.

The parametric solution of this system is easy to derive. It follows from (20) that a =
2mjxj + qj −mjb. Then, the system can be rewritten as follows

λxj + (1− λ)vx = x

λ(mjxj + qj) + (1− λ)vy = y

mjx
2
j − 2mjxjvx − qjvx + b(qj +mjvx − vy) + vxvy = 0.

The first two equations lead to
λ = x−vx

xj−vx

λ = y−vy
mjxj+qj−vy

,

so that

xj =
x(vy − qj)− vx(y − qj)

mj(x− vx) + vy − y
. (24)

Then
λ(x, y) =

mj(x−vx)+vy−y

vy−qj−mjvx

b(x, y) =
mjx

2
j−2mjvxxj−qjvx+vxvy

vy−mjvx−qj

a(x, y) = 2mjxj + qj −mjb(x, y).

(25)

The convex envelope is equal to

convf,P (x, y) = vxvy + a(x, y)(x− vx) + b(x, y)(y − vy), (26)

over the set

ΓJ = {(x, y) : ηr(aJ(x, y), bJ(x, y)) ≥ ηk(aJ (x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J,

λJ(x, y) ∈ [0, 1], (aJ(x, y), bJ(x, y)) ∈ Dj

}

.

Note that, according to definition (8) (aJ(x, y), bJ(x, y)) ∈ Dj can also be written as x1
j ≤

xj ≤ x2
j . In the following observation we derive a simplified definition of the set ΓJ . It will

turn out that the restrictions ηr(aJ(x, y), bJ(x, y)) ≥ ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J ,
can be replaced by simple restrictions on the values of xj . We will assume in what follows
that vx = vy = 0. This is without loss of generality since it can always be made true by
a translation. We also assume that Ωj ∈ Ēu(P ) (the analysis for the case Ωj ∈ Ēℓ(P ) is
analogous).
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Observation 4.3 Let (vx, vy) = (0, 0) and Ωj ∈ Ēu(P ). Then, the following holds.

• If P ∩ {(αx, αy) : αx > 0, αy < 0} 6= ∅, then ΓJ = ∅;

• If P ⊆ {(αx, αy) : αx ≤ 0, αy ≥ 0}, then

ΓJ = {(x, y) : λJ(x, y) ∈ [0, 1], x1
j ≤ xj ≤ x2

j}. (27)

• If P ∩ {(αx, αy) : αx > 0, αy ≥ 0} 6= ∅, then we need to add the restriction

xj ≤ min

{

x2
j ,−

qj

mj +
√
mjmk

}

in the definition (27) of ΓJ .

• If P ∩ {(αx, αy) : αx < 0, αy ≤ 0} 6= ∅, then we need to add the restriction

xj ≥ max

{

x1
j ,−

qj

mj +
√
mjmh

}

in the definition (27) of ΓJ .

Proof. Since Ωj ∈ Ēu(P ) and (vx, vy) = (0, 0), it holds that qj > 0 and

a(x, y) =
(mjxj + qj)

2

qj
≥ 0, b(x, y) = −

mjx
2
j

qj
≤ 0.

Moreover, xj ≤ 0, yj = mjxj + qj ≥ 0, otherwise the bilinear function is strictly convex
along the segment between (0, 0) and (xj , yj), which can not hold in view of Corollary 3.2.
Thus, we can impose − qj

mj
≤ xj ≤ 0. Next, we need to impose that for each (αx, αy) ∈ P ,

αxαy − a(x, y)αx − b(x, y)αy ≥ ηi(a(x, y), b(x, y)) = 0. (28)

We remark that we could restrict the attention to (αx, αy) ∈ Ωk, for all Ωk ∈ G(P ), but
this would not simplify the following analysis. The inequality (28) can be rewritten as
follows

mjx
2
j (αy −mjαx)− 2mjqjαxxj + qjαx(αy − qj) ≥ 0. (29)

If we consider the above inequality as a quadratic inequality with respect to xj , then its
determinant is

mjqjαxαy(mjαx + qj − αy).

This is < 0 for αxαy < 0 and (αx, αy) 6∈ Ωj . Thus, if αxαy < 0 and αy −mjαx < 0, i.e.,
αxαy < 0, αy < 0, αx > 0, for some (αx, αy) ∈ P , then ΓJ = ∅. Otherwise, if αxαy ≤ 0
and αy −mjαx ≥ 0, i.e., αxαy ≤ 0, αy ≥ 0, αx ≤ 0 for all (αx, αy) ∈ P , then

ΓJ = {(x, y) : λJ(x, y) ∈ [0, 1], x1
j ≤ xj ≤ x2

j}.
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Next, let us assume that αx > 0, αy ≥ 0 for some (αx, αy) ∈ P . In this case the origin
is the vertex of an edge of P lying along a line y = mkx for some mk ≥ 0. Moreover,
P ⊆ {(x, y) : y ≥ mkx}. Thus, since b(x, y) ≤ 0, we have

αxαy − a(x, y)αx − b(x, y)αy ≥ αxαy − a(x, y)αx − b(x, y)mkαx.

Taking into account the definitions of a(x, y) and b(x, y) we have that, in view of αx > 0,
(28) is satisfied if

αy ≥
(mjxj + qj)

2

qj
− mjmkx

2
j

qj
,

Since αy ≥ 0, qj > 0, xj ≤ 0, and yj = mjxj + qj ≥ 0, the above inequality is satisfied if

mjxj + qj +
√
mjmkxj ≤ 0,

or, equivalently

xj ≤ − qj

mj +
√
mjmk

,

which, combined with xj ≤ x2
j proves the result.

Finally, let us assume that αx < 0, αy ≤ 0 for some (αx, αy) ∈ P . In this case the
origin is the vertex of an edge of P lying along a line y = mhx for some mh ≥ 0. Moreover,
P ⊆ {(x, y) : y ≥ mhx}. Thus, since b(x, y) ≤ 0, we have

αxαy − a(x, y)αx − b(x, y)αy ≥ αxαy − a(x, y)αx − b(x, y)mhαx.

Taking into account the definitions of a(x, y) and b(x, y) we have that, in view of αx < 0,
(28) is satisfied if

αy ≤
(mjxj + qj)

2

qj
− mjmhx

2
j

qj
,

Since αy ≤ 0, qj > 0, xj ≤ 0, and yj = mjxj + qj ≥ 0, the above inequality is satisfied if

mjxj + qj +
√
mjmhxj ≥ 0,

or, equivalently

xj ≥ − qj

mj +
√
mjmh

,

which, combined with xj ≥ x1
j proves the result. �

4.2 Ωi,Ωj ∈ Ē(P )

We will assume that Ωj ∈ Ēℓ(P ), Ωi ∈ Ēu(P ), so that

y ≥ mjx+ qj , y ≤ mix+ qi ∀(x, y) ∈ P. (30)
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System (19) becomes (once again we omit the dependency of xi and xj from a, b)

λxj + (1− λ)xi = x

λ(mjxj + qj) + (1− λ)(mixi + qi) = y

mjx
2
j + bqj = mix

2
i + bqi.

The case mi = mj is a simpler one for which a solution of the system is easily derived.
Indeed, in this case it follows from (20) that

xj = xi +
qi − qj

2mi

.

The first two equations lead to

λ = 2mi(x−xi)
qi−qj

λ = 2(y−mixi−qi)
qj−qi

,

so that

xi =
y +mix− qi

2mi

.

The third equation reduces to

b(x, y) = xi +
qi − qj

4
,

while (20) implies
a(x, y) = 2mixi −mib(x, y) + qi.

If mi 6= mj the solution of the system is a bit more cumbersome although always based on
standard computations. It follows from (20) that

b =
2mjxj+qj−2mixi−qi

mj−mi

a = 2mjxj + qj −mjb.
(31)

The first two equations lead to

λ = x−xi

xj−xi

λ = y−mixi−qi
mjxj+qj−mixi−qi

.

The system can be rewritten as follows

(mi −mj)xixj + xi(y −mix− qj) + xj(mjx+ qi − y) + (qj − qi)x = 0

(
√
mixi +

√
mjxj)(

√
mjxj −

√
mixi) = (qi − qj)

2mjxj+qj−2mixi−qi
mj−mi

.
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In order to solve it parametrically with respect to (x, y), it is worthwhile to make the
following change of variables

Z =
√
mjxj −

√
mixi

W =
√
mjxj +

√
mixi.

After that, the system is rewritten as follows

(mi −mj)
W 2−Z2

4
√
mimj

+ W−Z
2
√
mi

(y − qj −mix) +
W+Z
2
√
mj

(−y + qi +mjx) + (qj − qi)x = 0

[(
√
mj +

√
mi)Z + qj − qi][(

√
mj −

√
mi)W + qj − qi] = 0.

It is immediately seen that the possible solutions of the second equation are

Z =
qi − qj√
mi +

√
mj

, (32)

or

W =
qi − qj√
mj −

√
mi

, (33)

If (32) holds, then, after a few computations, it can be seen that the solutions of the first
equation are

W1 = 2ℓ1(x, y) +
qi − qj√
mi −√

mj

or W2 =
qi − qj√
mj −

√
mi

,

where

ℓ1(x, y) =

√
mi(mjx− y + qi)−√

mj(mix− y + qj)

mj −mi

.

Solution W2 can be discarded. Indeed, in this case both Z and W do not depend from x, y

and

xi = xj =
qi − qj

mj −mi

.

This is only possible if (xj , yj) ≡ (xi, yi) and the point is the intersection of the two lines
y = mjx+qj and y = mix+qi, so that we can discard this case. If we consider the solution
W1, we have

xi =
y+

√
mimjx−qi√

mi(
√
mi+

√
mj)

xj =
y+

√
mimjx−qj√

mj(
√
mi+

√
mj)

.
(34)

Next, let us assume that (33) holds. In this case we have the two solutions

Z1 = −2ℓ2(x, y) +
qj − qi√
mi +

√
mj

or Z2 =
qi − qj√
mi +

√
mj

,

where

ℓ2(x, y) =

√
mi(y −mjx− qi)−√

mj(mix− y + qj)

mi −mj

.
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Once again, Z2 can be discarded. If we consider Z1 we end up with

xi =
y−√

mimjx−qi√
mi(

√
mi−√

mj)

xj =
−y+

√
mimjx+qj√

mj(
√
mi−√

mj)
.

However, in this case we observe that (30) implies that for each (x, y) ∈ P \ [Ωi ∪ Ωj ]
xi, xj < x if mi > mj , or xi, xj > x if mi < mj (note that over Ωi and over Ωj the convex
envelope is equal to the restriction of the bilinear function to that edge and we do not need
to consider these points). Then, λ(x, y) 6∈ [0, 1], so that we can discard this solution. In
conclusion, the only acceptable solution of the system is (34). Then, we can derive a(x, y)
and b(x, y) from (31). We have

convf,P (x, y) = g(x, y) = −mjx
2
j − b(x, y)qj + a(x, y)x+ b(x, y)y, (35)

over the set

ΓJ = {(x, y) : ηr(aJ(x, y), bJ(x, y)) ≥ ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J

λJ(x, y) ∈ [0, 1], (aJ(x, y), bJ(x, y)) ∈ Dj

}

.

In fact, the following observation gives a simplified definition of the set ΓJ , showing that
we can omit ηr(aJ(x, y), bJ(x, y)) ≥ ηk(aJ(x, y), bJ(x, y)), ∀r 6∈ J, k ∈ J .

Observation 4.4 We have that

ΓJ = {(x, y) : λJ(x, y) ∈ [0, 1], (aJ(x, y), bJ(x, y)) ∈ Di ∩Dj}. (36)

Proof. Let P ′ = chull(Ωi ∪ Ωj) ⊆ P . It turns out that convf,P ′(x, y) is equal to
the function g defined in (35) over the set ΓJ ⊆ P ′ defined in (36). This is an im-
mediate consequence of the fact that in this case r 6∈ J implies that Ωr is a vertex of
one of the two edges Ωi and Ωj of P ′, and ηr(aJ(x, y), bJ(x, y)) ≥ ηi(aJ(x, y), bJ(x, y))
for all r 6∈ J follows from (aJ(x, y), bJ(x, y)) ∈ Di ∩ Dj. What we will prove now
is that g is a convex underestimator of f over the whole polytope P . Then, by def-
inition of convex envelope as the largest convex underestimator of f over P and ob-
serving that P ′ ⊆ P implies convf,P ′(x, y) ≥ convf,P (x, y) ∀(x, y) ∈ P ′, we must have
convf,P (x, y) = convf,P ′(x, y) = g(x, y) over ΓJ .

In what follows we will omit the dependency of a and b from J . In order to see that
g is a convex underestimator of f over the whole polytope P , we need to check whether

g(x, y) = −mjx
2
j − b(x, y)qj + a(x, y)x+ b(x, y)y ≤ xy ∀(x, y) ∈ P.

We rewrite this as

−mjx
2
j − b(x, y)qj + a(x, y)x+ b(x, y)(y +mjx− qj) + b(x, y)qj − b(x, y)mjx− xy ≤ 0,
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or, equivalently

−mjx
2
j + (a(x, y) +mjb(x, y))x+ b(x, y)(y −mjx− qj)− xy ≤ 0.

Since a(x, y) +mjb(x, y) = 2mjxj + b(x, y)qj , and after adding and subtracting mjx
2, we

end up, after a few elementary computations, with

mj(xj − x)2 ≥ (x− b(x, y))(mjx+ qj − y).

By definition of xj and b(x, y) the inequality reduces to

y −mix− qi ≤ 0,

which always holds over P . �

4.3 An example

In order to illustrate the results of this section we consider the following example taken
from [17]. Let

P = {(x, y) : x, y ≥ 0, x ≤ 5, y ≤ x+ 1},
i.e., P is the polytope with vertices v1 = (0, 0), v2 = (5, 0), v3 = (0, 1), and v4 = (5, 6).
We set Ωi = {vi}, i = 1, . . . , 4. We have that Ēu(P ) is made up by the edge Ω5 = [v3,v4],
while Ēℓ(P ) = ∅. The only set J with cardinality three which needs to be considered is
J = {1, 2, 3}, from which we have

convxy,P (x, y) = 0 ∀ (x, y) ∈ chull{v1,v2,v3}.

The only set with cardinality two which needs to be considered is J = {2, 5}. Following
the development of Section 4.1, we have from (24) that

xj =
x+ 5y − 5

y + 5− x
, (37)

from (25) that
λ(x, y) = y+5−x

6

b(x, y) = −x2
j−10xj−5

6

a(x, y) = xj + 1− b(x, y),

so that it follows from (26) that

convxy,P = −
x2
j − 10xj − 5

6
(y − x+ 5) + (2xj + 1)(x− 5),
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Figure 2: Polyhedral subdivision for the convex envelope of f(x, y) = xy over P .

v1
v2

v3

v4

0

y(5y+x−5)
y+5−x

over ΓJ . In order to define ΓJ , we notice that: (i) λ(x, y) ∈ [0, 1] ∀(x, y) ∈ P ; (ii) after
translating v2 into the origin, we remark that we are in the second subcase of Observation
4.3. Thus,

ΓJ = {(x, y) : 0 ≤ xj ≤ 5}.
Recalling (37), we conclude that

convxy,P (x, y) =

{

0 x+ 5y − 5 ≤ 0

y(5y+x−5)
y+5−x

otherwise.

Figure 2 reports polytope P and the corresponding polyhedral subdivision.

5 Functions xnym over boxes

In this section we consider functions f(x, y) = xnym, withm,n positive integers, over boxes
B = [ℓx, ux] × [ℓy, uy]. We will discuss the more complicated cases, namely those where
m,n > 1 are odd integer values, and ℓxux, ℓyuy < 0, i.e., the origin lies in the interior of
the box B. The vertices of the box will be denoted as

A (ux, ly) B (ux, uy) C (lx, uy) D (lx, ly).

The subsegments of the edges along which f is strictly convex are displayed as thick lines
in Figure 3. We remark that the case m = n has been already discussed in [13]. Here,
however, we propose a simplified way to derive the convex envelope also for that case.
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Figure 3: The box B = [lx, ux]× [ly, uy]. The thick lines are the subsegments of the edges
along which the restriction of xnym, n,m > 1 and odd, is strictly convex.

C B

AD

Following the notation of Section 2 (see also Figure 1), for what concerns the edge e1 = BC,
we have x̄2

1 = ux, while x̄1
1 is the solution of the following equation

(1− n)xn + nlxx
n−1 = lnx . (38)

If x̄1
1 < ux, then ẽ1 = KB, where K = (x̄1

1, uy). Similarly, for what concerns the edge
e2 = AB, we have ȳ22 = uy, while ȳ12 is the solution of the following equation

(1−m)ym +mlyy
m−1 = lmy .

If ȳ12 < uy, then ẽ2 = LB, where L = (ux, ȳ
2
1). In a similar way we can define the values x̄2

3

associated to the edge e3, ȳ
2
4 associated to the edge e4, the segment ẽ3, associated to the

edge e3 = AD, and the segment ẽ4, associated to the edge e4 = CD. The collection G(B)
is made up by the following sets

Ω1 = ẽ1, Ω2 = ẽ2, Ω3 = ẽ3, Ω4 = ẽ4

Ω5 = A, Ω6 = B, Ω7 = C, Ω8 = D.
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In what follows we will assume that x̄1
1 < ux, ȳ

1
2 < uy, x̄

2
3 > lx, and ȳ24 > ly, since the

analysis of the other cases is simpler. After simple computations, it can be seen that:

D1 = {(a, b) : a ∈ [num
y [x̄

1
1]

n−1, num
y u

n−1
x ]}

D2 = {(a, b) : b ∈ [mun
x[ȳ

1
2]

m−1, mun
xu

m−1
y ]}

D3 = {(a, b) : a ∈ [nlmy l
n
x , nl

m
y [x̄

2
3]

n−1]}
D4 = {(a, b) : b ∈ [mlnx l

m
y , mlnx [ȳ

2
4]

m−1]}

x1(a) =
(

a
num

y

)
1

n−1 ∀(a, b) ∈ D1

y2(b) =
(

b
mun

x

)
1

m−1 ∀(a, b) ∈ D2

x3(a) = −
(

−a
nlmy

)
1

n−1 ∀(a, b) ∈ D3

y4(b) = −
(

−b
mlnx

)
1

m−1 ∀(a, b) ∈ D4.

Let y = mx + q be the line along which the diagonal of the box through the two ver-
tices A and C lies, and let

Bℓ = {(x, y) ∈ B : y ≤ mx+ q}
Bu = {(x, y) ∈ B : y ≥ mx+ q},

be the points in the box below and above the diagonal, respectively. The following obser-
vation shows that we can deal with Bℓ and Bu separately.

Observation 5.1 For some J ∈ J , let i, j ∈ J . Then, we must have either Ωi,Ωj ⊂ Bℓ

or Ωi,Ωj ⊂ Bu.

Proof. Let us assume by contradiction that Ωi ⊂ Bℓ \ Bu and Ωj ⊂ Bu \ Bℓ. If we are
able to show that (17) holds, then we are lead to a contradiction. To see that (17) holds,
consider z ∈ [xJ

i ,x
J
j ]. We subdivide the segment [xJ

i ,x
J
j ] into the three portions [xJ

i , s],
[s, t] and [t,xJ

j ], where s and t are the intersection of the segment with the x-axis and with
the y-axis, respectively (see also Figure 4). We should also consider the case when s and
t are the intersection of the segment with the y-axis and with the x-axis, respectively, but
we restrict to the previous case, since the discussion is analogous.

We first remark that the function f(x, y) = xnym is certainly strictly convex along [xJ
i , s]

and along [t,xJ
j ]. Moreover, f(xJ

i ), f(x
J
j ) > 0. Then, if, e.g., z ∈ [xJ

i , s], (17) holds after
choosing z1 = xJ

i and z2 = s (similar if z ∈ [t,xJ
j ]). If z ∈ [s, t], then (17) holds after

choosing z1 = s and z2 = t, since f(s) = f(t) = 0 < f(xJ
i ), f(x

J
j ).
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Figure 4: Subdivision of the segment [xJ
i ,x

J
j ].

C B

AD

xJ
i

xJ
j

ts

�

It is possible to restrict the attention to the subsets J such that Ωk ⊂ Bu for all k ∈ J .
Indeed, the formulae for the other subsets can be immediately derived due to the symmetry
of the function with respect to the origin. Thus, the sets to be considered are

Ω1 = ẽ1, Ω2 = ẽ2, Ω5 = A, Ω6 = B, Ω7 = C.

We remark that in view of Observation 3.1, 6 ∈ J implies 1, 7 6∈ J and also 2, 5 6∈ J . Thus,
Observation 3.2 allows to discard any set J such that 6 ∈ J . After simple computations,
it can be seen that:

η1(a, b) = (1− n)um
y [x1(a)]

n − buy ∀(a, b) ∈ D1

η2(a, b) = (1−m)un
x[y2(b)]

m − aux ∀(a, b) ∈ D2

η5(a, b) = un
xl

m
y − aux − bly

η7(a, b) = lnxu
m
y − alx − buy.

The pairs which need to be considered are:

J = {2, 7}, J = {1, 5}, J = {1, 2}.

All the others can be discarded in view of Observation 3.2. The triples which need to be
considered are

J = {1, 5, 7}, J = {2, 5, 7}, J = {1, 2, 7}, J = {1, 2, 5}.
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We remark that, according to Observation 3.1

1, 7 ∈ J ⇒ x1(a) = x̄1
1

2, 5 ∈ J ⇒ y2(b) = ȳ12,

and, equivalently
1, 7 ∈ J ⇒ a = ā = num

y [x̄
1
1]

n−1

2, 5 ∈ J ⇒ b = b̄ = mun
x[ȳ

1
2]

m−1.

Now, let us consider the two triples {1, 5, 7} and {2, 5, 7}. In both cases η5(a, b) = η7(a, b),
so that

b =
a(ux − lx) + lnxu

m
y − un

xl
m
y

uy − ly
. (39)

If J = {1, 5, 7}, then

η2(a, b) ≥ η5(a, b) ⇒ b ≤ b̄, η1(a, b) = η7(a, b) ⇒ a = ā, (40)

while if J = {2, 5, 7}, then

η1(a, b) ≥ η7(a, b) ⇒ a ≤ ā, η2(a, b) = η5(a, b) ⇒ b = b̄. (41)

Due to (39), (40) and (41) can hold at the same time only if η1(a, b) = η2(a, b) = η5(a, b) =
η7(a, b). In all the other cases, only one of the two triples is acceptable. In particular, if

ā(ux − lx) + lnxu
m
y − un

xl
m
y

uy − ly
< b̄, (42)

then, we can restrict our attention to J = {1, 5, 7}, while if

ā(ux − lx) + lnxu
m
y − un

xl
m
y

uy − ly
> b̄ (43)

then, we can restrict our attention to J = {2, 5, 7}. In fact, the two conditions (42) and (43)
allow to restrict the attention to a collection J made up by only four sets. For instance,
if (42) holds, then J = {2, 7} can be removed. Indeed, in such case

η1(a, b) > η7(a, b) ⇒ a < ā, η5(a, b) > η2(a, b) ⇒ b > b̄,

while
η2(a, b) = η7(a, b) ⇒ (1−m)un

x[y2(b)]
m + buy = a(ux − lx) + lnxu

m
y .

The left-hand side is an increasing function with respect to a, so that the above equation
implies that b is an increasing function with respect to a. Moreover, for b = b̄ the equation
reduces to

b̄ =
a(ux − lx) + lnxu

m
y − un

xl
m
y

uy − ly
,
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which, in view of (42) implies a > ā, which is not possible. In a similar way it can be seen
that if (42) holds, then we can remove the set J = {1, 2, 7}. In conclusion, if (42) holds,
then we can restrict our attention to the four sets

{1, 5, 7}, {1, 5}, {1, 2, 5}, {1, 2},

while in an analogous way it can be seen that if (43) holds, we can restrict our attention
to the four sets

{2, 5, 7}, {2, 7}, {1, 2, 7}, {1, 2}.
The case

ā(ux − lx) + lnxu
m
y − un

xl
m
y

uy − ly
= b̄

is a rather peculiar one where

convf,B(x, y) = lxuy − āx− b̄y, ∀(x, y) ∈ chull{A,C,K, L},

while over chull{B,K, L} the convex envelope can be computed by solving the system
associated to the set J = {1, 2}.

In what follows we only discuss the case where (42) holds, since the other cases are analo-
gous. Figure 5 displays the polyhedral subdivision induced by the convex envelope in this
case.

5.1 Set {1, 5, 7}
In this case

η1(a, b) = η7(a, b) ⇒ a = ā, η2(a, b) > η5(a, b) ⇒ b < b̄.

The solution of the system (18) is

a1 = ā, b1 =
a1(ux − lx) + lnxu

m
y − un

xl
m
y

uy − ly
< b̄.

We should also check whether η3(a, b), η4(a, b), η8(a, b) ≥ η5(a, b). It is enough to observe
that a1 > 0 and that b1 > 0. The latter follows by observing that

a1(ux − lx) + lnxu
m
y = um

y

[

n[x̄1
1]

n−1(ux − lx) + lnx
]

> 0.

In view of the definition (38) of x̄1
1, this is equivalent to prove that

n[x̄1
1]

n−1ux + (1− n)[x̄1
1]

n > 0,

or, equivalently
nux > (n− 1)x̄1

1,
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which certainly holds. Then, a1 ∈ D+
3 and b1 ∈ D+

4 . Indeed, D3 and D4 only con-
tain negative a and b values, respectively. Thus, for these a and b values it holds that
η8(a, b) > η3(a, b) = η4(a, b) = η5(a, b) = η7(a, b).

In conclusion, we have ΓJ = chull{A,C,K}, and

convf,B(x, y) = un
xl

m
y − a1(ux − x)− b1(ly − y) ∀(x, y) ∈ ΓJ .

5.2 Set {1, 2, 5}
In this case

η7(a, b) > η1(a, b) ⇒ a > ā, η2(a, b) = η5(a, b) ⇒ b = b̄,

and the solution of the system (18) is

b2 = b̄, a2 =
b2(uy − ly)− lnxu

m
y + un

xl
m
y

ux − lx
> ā.

Then, after defining M = (x1(a2), uy), we have ΓJ = chull{A,M,L}, and

convf,B(x, y) = un
xl

m
y − a2(ux − x)− b2(ly − y) ∀(x, y) ∈ ΓJ .

Note that also in this case we should check whether η3(a, b), η4(a, b), η8(a, b) ≥ η5(a, b), but
the proof is analogous to the one in the previous case.

5.3 Set {1, 5}
In this case (19) is

λx1(a) + (1− λ)ux = x

λuy + (1− λ)ly = y

(1− n)um
y [x1(a)]

n + aux = un
xl

m
y + b(uy − ly),

whose solution (parametric with respect to x, y) is

λ3(x, y) =
y−ly
uy−ly

a3(x, y) = num
y

[

uxy−uxuy+uyx−lyx

y−ly

]n−1

(follows from x1(a) = ux − ux−x
λ

)

b3(x, y) =
(1−n)um

y

[

uxy−uxuy+uyx−lyx

y−ly

]n

+a3(x,y)ux−un
x l

m
y

uy−ly
.

Then, ΓJ = chull{A,M,K}, and

convf,B(x, y) = un
xl

m
y − a3(x, y)(ux − x)− b3(x, y)(ly − y) ∀(x, y) ∈ ΓJ

(we omit to prove that η3(a, b), η4(a, b), η8(a, b) ≥ η5(a, b)).
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5.4 Set {1, 2}
In this case (19) is

λx1(a) + (1− λ)ux = x

λuy + (1− λ)y2(b) = y

(1− n)um
y [x1(a)]

n + aux = (1−m)un
x[y2(b)]

m + buy.

(44)

If we denote by λ4(x, y), a4(x, y), b4(x, y) the parametric solution of the system, then ΓJ =
chull{B,M,L}, and ∀(x, y) ∈ ΓJ

convf,B(x, y) = [x1(a4(x, y))]
n[y2(b4(x, y))]

m−a4(x, y)(x1(a4(x, y))−x)−b4(x, y)(y2(b4(x, y))−y)

(again, we omit to prove that η3(a, b), η4(a, b), η8(a, b) ≥ η1(a, b)). If m 6= n, we are not
able to derive a closed form formula for the parametric solution of the system (44). Thus,
a4, b4 are implicitly defined as solutions of the system (44). If m = n (the case already
discussed in [13]), then it turns out that the last equation in (44) is equivalent to

y2(b) =
uy

ux

x1(a), b =
ux

uy

a.

Thus, the first two equations become

λx1(a) + (1− λ)ux = x

λuy + (1− λ)uy

ux
x1(a) = y,

or, equivalently
λ = ux−x

ux−x1(a)

λ = uxy−uyx1(a)

uxuy−uyx1(a)
,

and, consequently

x1(a) =
uxy + uyx− uxuy

uy

, y2(b) =
uxy + uyx− uxuy

ux

.

In view of the definition of x1(a) and y2(b) we also have

a4(x, y) = muy [uxy + uyx− uxuy]
m−1

b4(x, y) = mux [uxy + uyx− uxuy]
m−1

.
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Figure 5: Polyhedral subdivision for the convex envelope of f(x, y) = xnym over Bu if (43)
holds.
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6 Conclusions

In this paper we proposed a technique for the computation of the convex envelope of some
bivariate functions over polytopes based on the parametric solution of a KKT system. The
technique has been applied in order to derive the convex envelope of the bilinear function
over any polytope, and the convex envelope of the product of power functions over boxes.
The technique could be applied to derive the convex envelope of other functions, such as
the fractional one over polytopes. Moreover, the proposed approach could be extended
to n-dimensional functions. In this case the computation of the n-dimensional functions
ηk and the derivation of closed-form formulae of the convex envelope can be much more
complicated. However, some special cases are still manageable (we refer to [14] for the
derivation of the convex envelope of some quadratic functions over the n-dimensional unit
simplex).
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A Conditions under which J = {i, j, k} implies Ωi,Ωj,Ωk ∈
V (P )

In Section 4 we have seen that when f(x, y) = xy, J = {i, j, k} is possible only if
Ωi,Ωj,Ωk ∈ V (P ). In other words, this means that affine pieces of the convex enve-
lope are possible only over polytopes whose vertices are a subset of V (P ). This is not
always true. For instance, consider the function f(x, y) = (x− 1)2(y− 1)2 and P = [0, 2]2.
In this case the convex envelope is equal to 0 over the square with vertices (0, 1), (1, 2),
(2, 1), and (1, 0), and none of these points is a vertex of P .

We might wonder whether there are general conditions under which we can guarantee
the same result as for the bilinear case. We introduce the following assumption.

Assumption A.1 Function f(x, y) is either strictly convex or concave over each line y =
mx+ q. Moreover, for each triple of not aligned points (xr, yr), r = i, j, k,

(xk, yk) ∈ Ē(P )\V (P ), mk(xj−xi)+yi−yj = 0 ⇒ g′k(xk)(xi−xj) 6= f(xi, yi)−f(xj, yj),

where y = mkx+ qk is the line along which the edge containing (xk, yk) lies, while

gk(xk) = f(xk, mkxk + qk)

is the restriction of f along this line.

Note that the previous example does not fulfill this assumption. Indeed, consider the points
(xk, yk) = (1, 2), (xi, yi) = (0, 1), and (xj , yj) = (2, 1). We have that mk = 0 and qk = 2.
Then, the left-hand side of the implication holds, but g′k(xk) = 0, f(xi, yi) = f(xj, yj) = 0,
so that Assumption A.1 is not fulfilled. We prove the following observation.

Observation A.1 Let Assumption A.1 hold and J = {i, j, k}. Then Ωr ∈ V (P ), r =
i, j, k.

Proof. We prove this by contradiction. Let Ωk ∈ Ē(P ) and let xJ
r = (xr, yr), r = i, j, k,

be derived from the solution of system (18). Assume by contradiction that (xk, yk) ∈
Ē(P )\V (P ), i.e., xk ∈ (x1

k, x
2
k). Let y = mkx+qk be the line along which Ωk lies. Without

loss of generality we assume that P ⊂ {(x, y) : y ≤ mkx + qk}. We also assume that
dim(chull{xJ

i ,x
J
j ,x

J
k}) = 2 (otherwise, similarly to Observation 3.2, we can discard J).

Let (x, y) ∈ int(chull{xJ
i ,x

J
j ,x

J
k}), i.e.,

(x, y) = λ∗
k(xk, yk) + λ∗

j(xj , yj) + λ∗
i (xi, yi),

with λ∗
k, λ

∗
j , λ

∗
i > 0 and λ∗

k + λ∗
j + λ∗

i = 1. In (1) fix λs = 0, ∀s 6∈ J , fix (xi, yi) and (xj , yj)
and let x′

k, λi, λj, λk be variables, while we impose y′k = mkx
′
k + qk, i.e., we allow to move
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the point (x′
k, y

′
k) only along the edge Ωk. Then, we end up with the following problem

min λkf(x
′
k, mkx

′
k + qk) + λjf(xj , yj) + λif(xi, yi)

λkx
′
k + λjxj + λixi = x

λk(mkx
′
k + qk) + λjyj + λiyi = y

λk + λj + λi = 1 = 1

λk, λj, λi ≥ 0

x1
k ≤ x′

k ≤ x2
k.

In view of the assumption by contradiction we must have that xk, λ
∗
k, λ

∗
j , λ

∗
i is an optimal

solution of this problem. Thus, it must satisfy the KKT conditions (it is easily seen that a
constraint qualification is satisfied). We remark that λ∗

k, λ
∗
j , λ

∗
i > 0 and xk ∈ (x1

k, x
2
k) imply

that the Lagrange multipliers of the corresponding constraints are null. Thus, the KKT
conditions read as follows:

gk(xk) + µ1xk + µ2mkxk + µ2qk + µ3 = 0

f(xi, yi) + µ1xi + µ2yi + µ3 = 0

f(xj , yj) + µ1xi + µ2yi + µ3 = 0

λ∗
1g

′
k(xk) + λ∗

1µ1 + λ∗
1mkµ2 = 0,

where µ1, µ2, µ3 are the Lagrange multipliers of the three equality constraints. Since λ∗
1 > 0,

the last equation becomes g′k(xk) + µ1 + mkµ2 = 0. After a few computations, the KKT
conditions lead to the following equation

g′k(xk)[(xi − xk)Aj + (xj − xk)Bi] + gk(xk)(Aj +Bi) = Bif(xj , yj) + Ajf(xi, yi), (45)

where
Aj = mkxj + qk − yj > 0

Bi = yi −mkxi − qk < 0.

Note that Aj+Bi = mk(xj−xi)+yi−yj. If Aj+Bi = 0, then the above equation becomes

g′k(xk)(xi − xj) = f(xi, yi)− f(xj , yj),

which is not possible in view of Assumption (A.1). Thus, let us assume that Aj +Bi 6= 0.
Then, after setting

γ =
Aj

Aj +Bi

,

we can rewrite (45) as follows

g′k(xk)[γxi + (1− γ)xj − xk] + gk(xk) = (1− γ)f(xj , yj) + γf(xi, yi). (46)
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We remark that Aj > 0, Bi < 0 imply that γ 6∈ [0, 1]. We also remark that in view of
Assumption A.1, gk is strictly convex over the whole line y = mkx+ qk, so that

gk(γxi + (1− γ)xj) > g′k(xk)[γxi + (1− γ)xj − xk] + gk(xk),

provided that γxi + (1 − γ)xj 6= xk. We first prove that equality can not hold. Assume
that γxi + (1− γ)xj = xk. By the definition of γ, it turns out that

(1− γ)yj + γyi = mk((1− γ)xj + γxi) + qk, (47)

which, together with γxi + (1 − γ)xj = xk, implies that (xi, yi), (xj , yj) and (xk, yk) are
aligned, which is not possible in view of Observation 3.2. Moreover, in view of Corollary
3.2, f must be concave along the line through (xi, yi) and (xj , yj). Thus, γ 6∈ [0, 1] implies

(1− γ)f(xj , yj) + γf(xi, yi) ≥ f((1− γ)xj + γxi, (1− γ)yj + γyi).

Thus, from (46) we should have

gk(γxi + (1− γ)xj) > f((1− γ)xj + γxi, (1− γ)yj + γyi).

In view of (47) we have

f((1− γ)xj + γxi, (1− γ)yj + γyi) = gk((1− γ)xj + γxi),

i.e.,
gk(γxi + (1− γ)xj) > gk(γxi + (1− γ)xj),

which is, obviously, a contradiction. �

We remark that the bilinear function satisfies Assumption A.1. Indeed, along each line
y = mx + q the restriction of the bilinear function is mx2 + qx which is either a concave
(if m ≤ 0) or a strictly convex (if m > 0) function. Moreover, mk(xj − xi) + yi − yj = 0
can not hold, since in this case we would have

yi − yj

xi − xj

= mk > 0,

which is not possible in view of Corollary 3.2.

In some cases, Assumption A.1 is not fulfilled since the restriction of the function along a
line is not defined over the whole line. This is the case, e.g., of the fractional function y

x
,

which is not defined at x = 0. All the same the above proof can be sometimes adapted.
We show this for the fractional function.

Observation A.2 Let f(x, y) = y

x
and P ⊂ {(x, y) : x > 0}. Then, for J = {i, j, k} it

must hold that Ωr ∈ V (P ), r = i, j, k.
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Proof. Note that the restriction of f(x, y) = y

x
over a line y = mx+ q is either concave

or strictly convex for x > 0. Indeed,

f(x,mx+ q) = m+
q

x
,

so that the restriction is concave if q ≤ 0, and strictly convex if q > 0. We remark that in
view of Corollary 3.2, we must have that the restriction of f along the segments through the
points (xi, yi) and (xj , yj), through (xi, yi) and (xk, yk), and through (xk, yk) and (xj , yj)
must be concave, which implies that

(xi − xj)
(

yi
xi
− yj

xj

)

≥ 0

(xi − xk)
(

yi
xi
− yk

xk

)

≥ 0

(xk − xj)
(

yk
xk

− yj
xj

)

≥ 0,

(48)

and, moreover, one of the two factors in each of the above inequalities must be non null.
The proof of Observation A.1 can be repeated up to

g′k(xk)[(xi − xk)Aj + (xj − xk)Bi] + gk(xk)(Aj +Bi) = Bif(xj, yj) + Ajf(xi, yi).

We observe that in case Ai +Bj = 0,

g′k(xk)(xi − xj) = f(xi, yi)− f(xj , yj) =
yi

xi

− yj

xj

,

can not hold. Indeed, in view of (48) the left-hand side has opposite sign with respect to
the right-hand side since g′k(xk) < 0 (gk is a decreasing function). If Aj + Bi 6= 0, we end
up again with (46). If γxi + (1 − γ)xj > 0, then we can repeat the previous proof. But
if γxi + (1− γ)xj ≤ 0, we can not repeat it and we need some different argument. Let us
rewrite (46) as follows

g′k(xk)[xj + γ(xi − xj)] = (1− γ)

[

yj

xj

− yk

xk

]

+ γ

[

yi

xi

− yk

xk

]

.

We assume that xi > xj (the proof for the other case is analogous). Then, (48) implies
yi
xi
− yj

xj
> 0. Recall that γxi + (1− γ)xj ≤ 0, otherwise we can repeat the previous proof.

In particular, this implies γ < 0, i.e., Aj +Bi < 0. Since yi > xi
yj
xj
,

Aj +Bi = yi − yj +mk(xj − xi) >
yj

xj

(xi − xj) +mk(xj − xi).

Moreover,
yk

xk

= mk +
qk

xk

,
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so that

Aj +Bi > (xi − xj)

[

yj

xj

− yk

xk

+
qk

xk

]

.

If xj ≥ xk, then
yj
xj
− yk

xk
> 0, so that Aj+Bi > 0 and γ > 0. Thus, we restrict the attention

to xk > xj. If xj < xk ≤ xi, then

g′k(xk)[xj + γ(xi − xj)] > 0,

while

(1− γ)

[

yj

xj

− yk

xk

]

+ γ

[

yi

xi

− yk

xk

]

< 0,

which is not possible. Thus, we are only left with xk > xi > xj . In this case the left-hand
side is still positive. We prove that the right-hand side is negative. We need to show that

(1− γ)

[

yk

xk

− yj

xj

]

> −γ

[

yk

xk

− yi

xi

]

.

This is true since 1− γ > −γ > 0, while, in view of (48)

yk

xk

− yj

xj

>
yk

xk

− yi

xi

.

�
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