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Abstract

In this paper we exploit a slight variant of a result previously proved in [11] to
define a procedure which delivers the convex envelope of some bivariate functions over
polytopes. The procedure is based on the solution of a KKT system and simplifies
the derivation of the convex envelope with respect to previously proposed techniques.
The procedure is applied to derive the convex envelope of the bilinear function zy
over any polytope, and the convex envelope of functions z"y™ over boxes.
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1 Introduction

The best convex underestimator of a non convex function f over some region X C R" is
called convex envelope of f over X, is denoted by convy x, and is equal to the supremum
of all affine underestimators of f over X, i.e., for each x € X

convyx(x) =sup{a’x+ay : a'y +ayg < f(y) Vy € X}.
An alternative definition of the convex envelope is the following
convy x (x) = min Zle Aif (x3)
Ef:l AiX; = X
k
PN =1
Zz:l (1)
A>0
XiEX Z:]_,,k’
kEe{l,...,n+1}.
Note that we can impose k < n + 1 in view of Carathéodory’s theorem.
Convex envelopes are widely used to define convex relaxations and, thus, lower bounds, of

non convex problems. The literature about convex envelopes encompasses many results,
ranging from general theoretical results to more specific results about certain functions.



Results about specific functions include those for the bilinear function [1, 2, 3, 10, 15, 20],
the fractional function [4, 6, 22, 26], and the multilinear functions over the unit hyper-
cube [5, 18, 19, 21]. More general results include those about polyhedral convex en-
velopes, i.e., convex envelopes which are the maximum of a finite number of affine functions
[16, 18, 23, 24], and results about non polyhedral convex envelopes [7, 8, 9, 11, 12, 22, 25].
In this paper we discuss the derivation of non-polyhedral convex envelopes for some bivari-
ate functions. The derivation is based on the solution of a KKT system. More specifically,
the paper is structured as follows. In Section 2 we discuss a slight variant of a result proved
in [11] and we introduce the notation which will be used throughout the paper. The result
shows that, under suitable conditions, the convex envelope of bivariate functions over poly-
topes can be computed by solving a convex problem. In Section 3 we show how to employ
the KKT system associated to the convex problem in order to derive the formula of the
convex envelope. In this section a procedure is proposed for the computation of the convex
envelope. Two special cases are discussed in the following sections. In Section 4 we exploit
the results in Section 3 to derive the convex envelope of the bilinear function over general
polytopes, while in Section 5 we do the same for the product of power functions over boxes.
These two examples have been already discussed in previous papers. In particular, in [11]
and [12] it is shown how to derive these convex envelopes through the solution of some
one-dimensional problems. However, the aim of this paper is to show that the derivation
of the convex envelope is simplified if the convex envelope is derived by solving the above
mentioned KKT system.

2 A slight variant of a previous result

In this section we discuss a slight variant of a result proved in [11]. First, we need to
introduce an assumption.

Assumption 2.1 Let f € C? be a bivariate function and P C R? be a polytope with vertex
set V(P) such that

Condition 1 the Hessian of f is indefinite in the interior of P;

Condition 2 the restriction of f along each edge of P is strictly convex over a nonempty
(and, possibly, coinciding with the whole edge) subsegment of the edge, and is other-
wise concave.

The result proved in [11] covered the cases where each ”convex” subsegment coincides
with an edge of the polytope. Under the above assumption, the semi-infinite linear pro-
gramming definition of the convex envelope of f over P as the pointwise supremum of the
underestimating affine functions of f over P, i.e., for each (x,y) € P

Convyp(x,y) = maxgp. ¢

fOoy) = lalx —2) +b(y —y)+ ] >0 Y(x,7) € P,



Figure 1: Identification of the subsegment é; of the edge ¢; € E(P).

can be converted into the following problem with a finite number of constraints

Convyp(z,y) = maxg,p. ¢
Fann) = e, —2) +bya -yl Zc Vi eV(P)
min(x,’y)éej f(Xu 7) - [a(X - I) + b(fy - y)] >c vej S E(P>7

where E(P) denotes the set of edges of P containing a non-empty subsegment along which
f is strictly convex. For each e; € E(P)
min f(x,7) — [a(x —2) +b(y —y)] > ¢, (3)
(x7)€e;
let y = m;xz + g; be the line along which the edge lies, and le,x? be the x-coordinates

at the extreme points of the edge (edges parallel to the y-axis should be dealt with in a
different, but analogous way, by considering the interval of the y-coordinates). Let

gi(x) = f(x,m;x + g;),

be the restriction of f along the line. Let :Z’} be the tangent point of the tangent to g,
interpolating g; at x}, and f? be the tangent point of the tangent to g; interpolating g, at
3 (see also Figure 1). If Z; > 77, then the minimum on the left hand-side of (3) is attained
at the vertex (x},m;z; + ¢;) or at the vertex (23, m;z3 + ¢;). In this case (3) reduces to
the pair of linear constraints

fadmyas + g5) = la(e} = 2) + b(ma} + g5 —y)] > ¢

SN So=

f(ad, mat + q5) — la(a? — x) +b(myaF +¢; —y)] > c.
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In other words, if Z} > % we can remove e; from E(P).

If zj < 13, ¢ € E(P) is the subsegment of the edge e; € E(P) with z-coordinates in
the interval [Z},73]. The minimization problem on the left-hand side of the constraints
associated to edges in £(P) can be solved as follows. Let

D = {(a,b) : a+bm; < g)(zh)}
Df ={(a,h) + a+bm; > gi(a3)} (4)
Dy ={(@.b) : g(z}) <a+bm, < gi(#)}.

Let
x; if (a,b) € mt[D ]
zj(a,b) =1 sj(a,b) if (a,b) € (5)
3 if (a,b) € mt[Dﬂ

where, int denotes the interior of a set, and s;(a,b) is a stationary point of

95(x) = (a + bm;)x, (6)

- 6(55(a, b)) = a + bm;. (7)

(a,
Note that, after the definition of x;(a, b) we can redefine D}, D;, D} as follows

Finally, let
x;j(a,b) = (z;(a,b),y;(a,b)) where y;(a,b) =m;z;(a,b)+ g;.
For each v; € V(P) we set
zi(a,b) = x,,, vi(a,b) =y,

and
xi(a,b) = (x;(a, b),yi(a, b)).
Now, let )
GP)={Q : Q,€V(P)UE(P)}. 9)

For each k such that ) € G(P), let
me(a,b) = f(xk(a,b)) — axy(a,b) — byk(a,b).

4



Then, we can rewrite (2) as follows
Convyp(x,y) = max ¢+ azx+ by (10
10
nk(aab) >c k : Q GG(P)

In [11] it has been proved that problem (10) is a continuously differentiable convex problem.

3 KKT system and convex envelope

In [13] it has been proved that, given an optimal solution (a*,b*, ¢*) of problem (10),
(x,y) € chull{xy(a*,b*) : k€ A(a*,b",c")}, (11)

where
Ala® 0%, c") ={k = ne(a”,0%) =}, (12)
is the set of active constraints at such optimal solution. This result is a consequence of the

KKT conditions for problem (10). In fact, we can solve the problem if we are able to solve
the KKT conditions. Thus, we report them in what follows:

Dok - apecp) ARTk(a 0) =
Dk QLeG(P) Aryr(a®,b%) =y
Zk : QREG(P) Ap=1

(13)
Ap >0 Vk Q€ G(P)
ne(a*,b*) > ¢* Vk Q€ G(P)
Ar(me(a®,0%) —¢*) =0 Vk Q€ G(P).

Note that
xp(a*,b%) © ke A(a",b",c"), A\, >0 Vk : Qp € G(P),

is an optimal solution of (1). Since k£ < 3 can be imposed in (1) in view of Caratheodory’s
theorem, we can restrict our attention to solutions of (13) with at most three positive
values A\;, i.e., with at most three active constraints. Thus, if we set

T={J={k : QeGP :0<]|J <3}

in order to compute the formula of the convex envelope, we should solve the following
system:

Y kes Mxk(a,b) =

> ket Mry(a;b) =y

D kes Ak =1

ne(a,b) —np(a,b) =0 Vk,h € J, k+#h,

(14)

>



Algorithm 1: Procedure for the computation of the convex envelope.
Data: Function f : R? — R; polytope P.
Result: The convex envelope convy p.
for J € J do
Solve the system (14) parametrically with respect to (x,y) € P;
Let M (z,vy),k € J, aj(z,y), bs(x,y) be the solution of the system;
Set Uy = {(z,y) : \(x,y) >0,Vk € J, n.(as(z,y),bs(x,y)) >
ﬁk(CLJ(SL’,y), bJ(xvy»v VréJ, ke J}7
Set convy p(x,y) = mp(ay(z,y),bs(z,y)) +as(z,y)z +bs(z,y)y, ke J V(r,y) €
L'y;
end

for each J € J. We end up with the procedure described in Algorithm 1 for the compu-
tation of the convex envelope. In fact, the collection J can be reduced in different ways.
We first prove the following observation.

Observation 3.1 Let Q) € E(P) and let e = [vq, V3], i.e., vi,Vy are the vertices of the
edge ey,. Let Q) = vy and Q); = vo. Then:

o if k€ J, for some J € J, we can restrict the attention to solutions of the system
(14) for which (a,b) € Dy;

e if vi € &, then discard all sets J 2O {i,k}, and similarly if vo € €, then discard all
sets J D {j,k};

o if vi(or vq) & é, then the equality ni(a,b) = n;(a,b) (or ni(a,b) = n;(a,b)) reduces
to the linear equation
a+mb = g (73) (or gi (7). (15)

Proof. Let k € J. For (a,b) & Dy, then xx(a,b) = (zx(a,b),yr(a,b)) € V(P). If
(a,b) € int(Dy ), then x;(a,b) = vy and 7, = n;, i.e., the two functions 7;, n;, are equivalent
over int(D, ). This means that we can replace k with ¢ in J. In a completely similar way,
if (a,b) € int(D}) we see that k can be replaced by j in J.

Now, if k € J, in view of the previous part we must have (a,b) € Dy. If (a,b) € Dy \ Dy,
then n;(a, b) > ng(a,b) and i,k € J can not hold. If (a,b) € D, N D, and vy € €, we must
have n; = n, and we can thus discard ¢ from J. If vi & €, then 7, k can both lie in J and
(a,b) € D, N D, is equivalent to the linear equality (15). In a completely similar way it
can be seen that if (a,b) € Dy \ Dy, then j,k € J can not hold, while for (a,b) € D, N Dy
we can discard j from J if vy € €, and reduce to the linear equality (15) otherwise. [

According to the result above, in Algorithm 1 we need to:



e introduce for each set J € 7, the set
J={keld : Qe EP)}
e restrict the attention to solutions of the system (14) for which (a,b) € Ngey Dy (in
case J' = (), we consider (a,b) € R?);
e redefine I'; as follows:
Ly=A{le,y) = mlas(e,y),05(z,9)) = mlas(z,9), bs(x,y)), ¥r & J, Yk € J,
M(z,y) >0, Ve e J, (as(z,y),bs(x,y)) € Nkes D} -
Note that the restriction to solutions for which (a,b) € Ngey Dy allows to overcome the

difficulty related to the fact that for each k& € J', ni(a,b), xx(a,b), yx(a,b) are piecewise
defined over R?.

The procedure can be made more efficient with the exclusion of further subsets J. Some
subsets J can be removed from J according to the following observation.

Observation 3.2 If
dim(chull(Uke %)) < 2,

then we can exclude J from further consideration.

Proof. For a subset J for which the condition is fulfilled, the corresponding optimal so-
lution of (1) must lie over a region with dimension lower than two (a point or a segment).
Over such regions the convex envelope can be recovered by continuity. ([l

The following is an immediate consequence of Observation 3.2.

Corollary 3.1 We can restrict our attention to J € J such that |J| > 2. Moreover, we
can also discard all subsets J = {i,j} such that Q;,Q; both reduce to a single point (a
vertex of P).

Further subsets can be removed. We first need to make an observation. For some subset
J, if (z,y) € 'y, then the solution of system (14)

Xg(l’,y) = (xk(aJ(:L’,y),bJ(x,y)),yk(aJ(x,y),bJ(x,y))), )\i(:c,y) > 07 ke J7 (16>

is an optimal solution for (1). In what follows we will omit the dependency from (z,y).

Observation 3.3 Let {i,j} C J and consider the optimal solution (16) with ], \{ > 0.

79 7\j
Then, the following can not hold:
Vz. = Ax) + (1 - N)x/, Ae(0,1)
Jz1,25 € [x],x]] (not necessarily distinct), such that: )
17

z = piz1 + (1 — p)zo, p € [0,1]
pf(z1) + (1= p) f(z2) < Af(x]) + (1= A) f(x]).



Proof. The optimal value of (1), attained at the optimal solution (16), is

> N

keJ

Now, let
x=x] €

y:ijQj

)\:L.]

Then, if (17) holds, for some u € [0, 1]

Drengigy S )+ N X))+ (1 =N f(y)] >
D ke iy N F )+ N + X)) [f (z1) + (1= p) f(22)].
Thus, it turns out that
x7, Al ke J\{ij}
zi, (N +A)u
zo, (A +A)(1—p)

is a feasible solution for (1) with a lower function value with respect to the optimal solution
(16), which is a contradiction. O

The following are two corollaries of the previous observation.

Corollary 3.2 Let {i,j} C J and consider the optimal solution (16). Then, function f

can not be strictly convex along the segment [x;,x]].

Proof. It is enough to observe that if f is strictly convex along the segment [x;/ ,x;»] ],

then Vz = Ax/ 4+ (1 — A\)x/, X € (0,1), the points z; = z, = z satisfy (17). O

Corollary 3.3 Leti,j € {k : Q. € G(P)},i#j. If Vx € Q;, Yy € Q;, (17) holds after
replacing x;-],xj with x,y, then, we can exclude from further consideration all subsets J
such that {i,5} C J.

A final remark is that we can deal with the remaining subsets J € J in a different way
according to their cardinality. Indeed, if |J| = 3 we notice that we can first solve over the
region Mie Dy at which we are interested, the following system with two equations and
two unknowns

77k(CL> b) - nh(av b) =0 Vk> h e J> k 7é h. (18>



In case J' = (), the system is a linear one and needs to be solved over R?. In [12] it has been
proved that such system always has a finite number of solutions over the region Nge Dy
at which we are interested. Thus, for each of these solutions (a*, b*) we only need to check
whether 7n,.(a*,0*) > nx(a*,b*) for each r ¢ J, k € J and, in such case to define I'; as
follows
Iy = chull ({x"(a*,b*) : k€ J}).

Note that over this region the convex envelope is defined by an affine function. If J = {k, h},
i.e., |J| = 2, we first remark that, in view of Corollary 3.1, at least one of the two sets {2,
and Q; must belong to E(P). Moreover (14) reduces to

Azg(a,b) + (1 — N)zp(a,b) =2
Mmyzg(a, b) + qp) + (1 — A) (mpzp(a,b) +qn) =y (19)
ni(a,b) —np(a,b) = 0.

Thus, we end up with Algorithm 2, which is a revised and more detailed version of Algo-
rithm 1. In the following sections we will apply this procedure to two special cases.

4 The bilinear function

In [12] it has been observed that the convex envelope of the bilinear function over any poly-
tope P is characterized by a polyhedral subdivision of P, and that over each member of the
polyhedral subdivision the functional form of the convex envelope is one of three possible
forms: affine, quadratic, and ratio of a quadratic to an affine function. In this section we
exploit the results of the previous section in order to identify the polyhedral subdivision,
given by the different sets [';, J € J, and the functional form over each member of the
subdivision.

When f(z,y) = xy we observe that E(P) = E(P). For each edge ¢; € E(P) we de-
note by y = m;x + ¢; the line along which the edge lies, and by (z},y;) and (z7,y7) the
vertices of the edge. It turns out that

E(P) ={e; + m; >0},

i.e., the edges along which f is strictly convex are those lying along a line with positive
slope. Moreover, we can further split £(P) into (at most) two subsets E(P) and E*(P)
defined as follows

E'(P)={ex € B(P) : PC{(v,y) + y<mur+aq}}

E(P)={ex € E(P) : PC{(z,y) : y=muz+aq}}
We can introduce some simplifications within the general Algorithm 2. Before proceeding,
we report the definition of x;(a, b) and of the function n;(a,b) for Q; € E(P). We have
a+ mjb —dq;

zj(a,b) = s;(a,b) = S
j

over D; = {(a, b) 2l < sj(a,b) < f%}, (20)



Algorithm 2: Revised procedure for the computation of the convex envelope.

Data: Function f : R? — R; polytope P.
Result: The convex envelope convy p.

for J € J do 5
Set J'={keJ : Q€ E(P)};
if |J| = 3 then

finite set of solutions;
foreach (a*,0*) € T do
if n.(a*, b*) > nr(a*,b*) Vr € J, k € J then
Set I'y = chull ({x*(a*,b") : k€ J});
Set convy p(x,y) = np(a*, b*) + a*x +b'y, ke J V(z,y) ey,

end
end
end
else

Let A (x,y), as(z,y), by(x,y) be the solution of the system;

Set Ty = {(z,y) + M(x,y) €[0,1], ne(as(z,y),bs(z,y)) >
nk(aJ(xvy)vbJ(x7y>>7 vr ¢ ']7 ke ']7 (aJ(xvy)vbJ(xvy)) € mkGJ’Dk};
Set convy p(x,y) = n(ay(z,y),bs(z,y)) + as(z, )z +by(z,y)y, k€
J Y(x,y) ely;

end

end
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Solve the system (19) over Nge Dy, parametrically with respect to (z,y) € P;




and Y(a,b) € D;
nj(a,b) = —mjz;(a, b)2 — bg;. (21)

Recall that we are interested at the definition of the function 7; only over D;.

The following observation is a consequence of Corollary 3.3.

Observation 4.1 We can exclude from J all subsets J such that {i,7} C J, i # j, and

Proof. It is enough to observe that f is strictly convex along each line through any
x € Q; and y € Qj, so that for each z € [x,y] we can always choose z; = 2z, = z. O

Next, we prove the following observation, which shows that the only subsets J = {i, 7, k}
which need to be considered are those for which €;,;, Q) € V(P). A generalization of
this result to other functions is given in Appendix A.

Observation 4.2 Let J = {i,j,k} € J. Then, the three points x],x],x{ in (16) must
all belong to V(P).

Proof. Let xj = (w4,y1), h € {i,j,k}. We assume that €, € E*(P) (the case when
Qi € EY(P) is completely analogous) and, by contradiction, we also assume that (xy, yx) &
V(P). In view of Observation 4.1 at least one among €; and €2; belongs to V(P). Without
loss of generality we assume that:

o (z;,y;) = (0,0) (this can always be made true by a translation);
° &£ Z 0.

Note that € € E*(P) and (z;,%;) = (0,0) imply my,q > 0. Moreover, since y =
mpxr + qr, we have that y, < 0 implies z, < 0. But in this case f is strictly convex
along the segment between (xy,yx) and (x;,y;), which can not hold in view of Corollary
3.2. Similarly, x; > 0 implies y; > 0, which can not hold for the same reason. Thus, only
x < 0,y, > 0 is possible. In view of (20), we have

a + mkb — Qk
Ty = —F5— Yk = MkTr + Gk,
ka
and b 2
nk(a,b) = xpyr — axy — by = _% — by,

nj(a, b) =X;Y; —axr; — by]
ni(a,b) = zy; — ax; — by, = 0.

After setting
z=a+bmy — q, = 2mux, <0, (22)
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and imposing n;(a, b) = n;(a,b) = n;(a,b), we have the equivalent system

2

b= 12

T dmygy

a=z—mpb+ q (23)

(mixj — y;)2° + dmpgra;z — Ampgee(y; — qx) = 0.

The determinant of the last quadratic equation is
A = y;(myz; — yj + i)

We first discuss the case x; = 0. Then, z = 0 and, thus, also z; = 0. This is not possible
since the three points (x;,v;), (¥;,9;), (xk, yx) can not be aligned along the line z = 0. Thus,
we impose x; > 0. We notice that y; > 0 can not hold since in this case the restriction
of f along (0,0) and (z;,y;) is strictly convex, which is not possible in view of Corollary
(3.2). If y; < 0, we first remark that myx; — y; + g, > 0, since (z;,y;) € P and can not lie
along the line y = myx + qi, i.e., y; < mpz; +q;. Then, A <0, i.e., the quadratic equation
has no root and, thus, also the system (23) has no solution, from which we are lead to a
contradiction. Thus, we are only left with z; > 0 and y; = 0, for which A = 0 and the
unique root of the quadratic equation is
C 2mpqere _ 2qkTk

mkxj — yj .CL’j

If z;, < 0, this is not possible in view of the non positivity of z. Thus, we are only left with
the case x;, = 0. But x4, y; = 0 is only possible if z = a = b = 0, which, however, can not
be a solution of the system (23). O

Thus, for the bilinear function the systems (18) are always simple linear systems.

In conclusion, for the bilinear case in Algorithm 2 we can:

e restrict the attention to subsets J = {i, j, k} with Q;,Q;,Q, € V(P) and, moreover,
such that no pair of these vertices lies along a line with positive slope;

e restrict the attention to subsets J = {h, k} such that , € E“(P), Q4 € E(P), or
Q, € V(P) and either Q, € E4(P) or Q4 € E*(P).

For the triples J made up by three vertices the computation of the convex envelope is
rather simple: the convex envelope is the affine function interpolating zy at the three
vertices, while I'; is the convex hull of the three vertices. Thus, we will only discuss the
subsets J = {i,j} with cardinality two. We need to discuss the two subcases mentioned
before. It will turn out that for these subsets the definition of I'; will only depend on the
vertices of the edge(s) if Q; and/or Q; belong to E(P), and on the adjacent edges if ); or
2 (not both) belongs to V' (P).

12



4.1 Q,EV(P), QJEE(P)

We denote by (v,,v,) the coordinates of the vertex €; € V(P). We will omit in what
follows the dependency of x; from (a,b). Recalling (21), system (19) is equivalent to

Arj+ (1 =N, ==

Almjz; +q;) + (1= Nvy =y

—mjx? — bg; = vvy — avy — buy.
The parametric solution of this system is easy to derive. It follows from (20) that a =
2mjx; + qj — m;b. Then, the system can be rewritten as follows

Axj+ (1= Ny, =2
Amjz; +q5) + (1= Moy =y

2 _

mjx]

2m;x v, — gV + b(q; + mjv, —vy) + vyv, = 0.

The first two equations lead to

= .
_ Y=y
A= mT+q;—vy’
so that
x(v, — q;) — v (y — q;
) = ( y QJ) (y QJ)‘ (24)
mj(x —vy) + vy, —y
Then

_ mj(z—vz)tvy—y
)\(Z’,y) - Uy —qj—M; Vg

2 —2m; i—QjVe+VgzV
b, y) = Ty (25)

a(z,y) = 2mjz; + q¢; — m;b(x,y).

The convex envelope is equal to

convy p(z,y) = vvy + a(x,y)(x — v,) + b(z,y)(y — vy), (26)
over the set
FJ = {(xvy) : nT(aJ(xuy)vbJ(xvy» Z nk(aJ($7y>7bJ($7y>>v V’f’ ¢ ']7 k c ']7

N(z,y) € 0,1, (ay(z,y),bs(z,y)) € D;}.

Note that, according to definition (8) (as(z,y),bs(x,y)) € D; can also be written as z; <
z; < x? In the following observation we derive a simplified definition of the set I';. It will
turn out that the restrictions n,(a;(z,v),bs(z,y)) > nx(as(x,y), bs(x,y)), Vr & J, k € J,
can be replaced by simple restrictions on the values of z;. We will assume in what follows
that v, = v, = 0. This is without loss of generality since it can always be made true by
a translation. We also assume that Q; € E%(P) (the analysis for the case Q; € E(P) is
analogous).
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Observation 4.3 Let (v,,v,) = (0,0) and Q; € E“(P). Then, the following holds.
o If PN{(a, ) : ay>0,00p <0} #0, then Ty = 0;
o If P C{(aw, ) : vy <0, >0}, then

;= {(z,y) : N(x,y)e]0,1], :5]1 <z <2} (27)

o If PN{(a, ) : az >0,y >0} #0D, then we need to add the restriction
; < min {:L'?, —#}
m; + /Ty
in the definition (27) of ;.

o If PN{(s,ry) : az <0, ap, <0} #£ 0, then we need to add the restriction

T; 2 max {xj, 9 }
m; + ValZiu
in the definition (27) of T';.
Proof. Since Q; € E*(P) and (v,,v,) = (0,0), it holds that ¢; > 0 and

2

. )2
(m]l'] + q]) >0, b(!)ﬁ',y) _ _
q; 4;

a(r,y) =

Moreover, z; < 0,y; = m;x; + ¢; > 0, otherwise the bilinear function is strictly convex
along the segment between (0,0) and (x;,y;), which can not hold in view of Corollary 3.2.
Thus, we can impose —% < x; <0. Next, we need to impose that for each (o, o) € P,

Qg Oy — a(x, y)a:c - b(l’, y)ay Z ni(a(za y)? b(l’, y)) = 0. (28)

We remark that we could restrict the attention to (o, ay) € Q, for all ; € G(P), but
this would not simplify the following analysis. The inequality (28) can be rewritten as
follows
2

m;x;(ay — mjag) — 2m;q;a.; + o (ay — ;) > 0. (29)
If we consider the above inequality as a quadratic inequality with respect to x;, then its
determinant is

M0y (M + 5 — 0.
This is < 0 for o, < 0 and (o, o) & ;. Thus, if a0 < 0 and ay, — mja, <0, ie.,
azoy < 0, ay <0, a; > 0, for some (ag,a,) € P, then I'j = (. Otherwise, if aza, <0
and o, — mjo, > 0, ie., oz <0, a, >0, a, <0 for all (a,,q,) € P, then
Ly={(z.y) : M(z,y) €[0,1], a;

1 2

14



Next, let us assume that a, > 0, o, > 0 for some (a,,a,) € P. In this case the origin
is the vertex of an edge of P lying along a line y = myx for some my > 0. Moreover,
P C{(x,y): y > mgzx}. Thus, since b(z,y) < 0, we have

Qg Oy — a(z, y)ax - b(l’, y)ay Z Qg Oy — CL(I’, y)ax - b(l’, y)mka:c-

Taking into account the definitions of a(z,y) and b(z,y) we have that, in view of a;, > 0,
(28) is satisfied if
o (myz; +¢;) mjmkx?7
4; qj
Since ay, > 0, ¢; > 0, x; <0, and y; = m;z; + ¢; > 0, the above inequality is satisfied if

mjx; + q; + /mimix; <0,

or, equivalently
B R

zj S )
mj =+ /mimy

which, combined with z; < xf proves the result.

Finally, let us assume that o, < 0, o, < 0 for some (a,,,) € P. In this case the
origin is the vertex of an edge of P lying along a line y = mz for some m;, > 0. Moreover,
P C{(xz,y) : y>mpa}. Thus, since b(x,y) < 0, we have

Qi Oy — a(x, y)a:c - b(l’, y)ay 2 Qi Oy — a(x, y)a:c - b(l’, y)théx.

Taking into account the definitions of a(z,y) and b(z,y) we have that, in view of a;, < 0,
(28) is satisfied if
(mjz; +q;)*  mympas
B q; aG
Since a,, <0, ¢; > 0, z; <0, and y; = m;z; + ¢; > 0, the above inequality is satisfied if

m;x; + q; + \/m.f(fj Z O,

Qy

or, equivalently
4;

T2
mj + /m;mp

which, combined with z; > x; proves the result. OJ

4.2 Q;,Q; € E(P)
We will assume that ; € E‘(P), ; € E*(P), so that

y>miz+q;, y<mr+gq V(z,y) € P (30)
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System (19) becomes (once again we omit the dependency of x; and z; from a, b)
Arj+ (1= Nz, ==
Amjz; +q;) + (1= X)(muz +q;) =y
mys + by = mx; + by;.

The case m; = m; is a simpler one for which a solution of the system is easily derived.
Indeed, in this case it follows from (20) that
4 — 4j

T; =z + —2.
J i
2m2-

The first two equations lead to
)\ — 2m;(x—x;)

qi—4qj
A= A,
q45—qq
so that
Y+ mr —q;
T, =
2m2-
The third equation reduces to
b(l‘,y) =x; + qi;qja

while (20) implies

If m; # m; the solution of the system is a bit more cumbersome although always based on
standard computations. It follows from (20) that

h— 2mjx;+q;—2miTi—g;

T (31)
a = 2m;x; + q; — myb.

The first two equations lead to

T—T;
Tj—xq

— Y—mi®i—g
MG T+ —MiTi— i

The system can be rewritten as follows
(mi —mj)xiz; + xi(y — mye — q;) +xj(mjz + ¢ —y) + (¢, — )z =0
2mjzi+q;—2m;T;—q;
(Vmizi + /mje;) (mje; — miz:) = (g — q;) =0,
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In order to solve it parametrically with respect to (z,y), it is worthwhile to make the
following change of variables

J = NI — /T
W = V15T + /M Z;.

After that, the system is rewritten as follows

2 2 _
(mi = my) g e + 52 (Y — @ — muw) + 3 L2 (=y + ¢ + ) + (g — q:)r =0

(v +vmi)Z + 45 = aill(yT5 = /M)W + ¢; — i) = 0.
It is immediately seen that the possible solutions of the second equation are

qi — gj

J=—_1 32
Vi -

or o
W= 2% (33)

VA LLZ B /T?’li7
If (32) holds, then, after a few computations, it can be seen that the solutions of the first
equation are

W1 = 261(Jf,y) 4 — Qj T W2 4 — qj

T =y O =

O(z,y) = Vmi(mx —y + ¢;) — /my(mz — y+qj)'

mj—mi

where

Solution W5 can be discarded. Indeed, in this case both Z and W do not depend from x,y

and
qi — g5

T; =Tj = .
mj—mi

This is only possible if (z;,y;) = (2;,¥;) and the point is the intersection of the two lines
y = mjr+¢q; and y = m,;x + ¢;, so that we can discard this case. If we consider the solution

Wi, we have

Y+ /M T—g;
ViV mi+y/m;j)
g = Mg
J Vg (vVmi+/my) |

Next, let us assume that (33) holds. In this case we have the two solutions

xTr; =

(34)

q; — 4 q;i — 4j
Zy = =2z, y) + —————— or Ly= ——,
! 2(2,9) vm; + . /m; 2 Vi A+ /my;

where
V(Y — myr — q;) — /mj(miz — y + q;)
62($7y) = .
m; — mj

17



Once again, Zs can be discarded. If we consider Z; we end up with

T = Y—y/mim;r—q;
? Vi (/g — /)

- —y+/Mim;r+q;
J

T my(ymi—mg)

However, in this case we observe that (30) implies that for each (z,y) € P\ [ U Q]
xi,x; < x if m; > m;, or x;, x; > x it m; < m; (note that over Q; and over 2, the convex
envelope is equal to the restriction of the bilinear function to that edge and we do not need
to consider these points). Then, A(x,y) & [0, 1], so that we can discard this solution. In

conclusion, the only acceptable solution of the system is (34). Then, we can derive a(z,y)
and b(x,y) from (31). We have

CO?’LUﬁP(l’, y) = g(:E, y) = _ij? - b(l’, y)Q] + a(x, y)l’ + b(Ia y)ya (35)

over the set

Uy=A(z,y) : nlas(z,9),b5(x,y)) > mlas(z,y),bs(2,y)), Vr & J, ke J
M(z,y) € 10,1, (as(x,y),bs(z,y)) € D;} .

In fact, the following observation gives a simplified definition of the set I';, showing that
we can omit nr(aJ(xu y)7 bJ(xu y)) > nk(aJ(xv y)7 bJ(xv y))’ vr ¢ ']7 kelJ.

Observation 4.4 We have that
Ly={(z,y) : N(z,y) €[0,1], (as(z,y),bs(z,y)) € D; N D;}. (36)

Proof.  Let P’ = chull(; U ;) C P. It turns out that convsp/(x,y) is equal to
the function ¢ defined in (35) over the set I'; C P’ defined in (36). This is an im-
mediate consequence of the fact that in this case r ¢ J implies that €. is a vertex of
one of the two edges €; and Q; of P, and n,(as(z,y),bs(z,y)) > ni(as;(z,y),b;(z,y))
for all » ¢ J follows from (a;(z,y),bs(x,y)) € D; N D;. What we will prove now
is that ¢ is a convex underestimator of f over the whole polytope P. Then, by def-
inition of convex envelope as the largest convex underestimator of f over P and ob-
serving that P’ C P implies convyp(x,y) > convyp(z,y) V(z,y) € P', we must have
convy p(z,y) = convy pr(x,y) = g(x,y) over I';.

In what follows we will omit the dependency of a and b from J. In order to see that
g is a convex underestimator of f over the whole polytope P, we need to check whether

g(x,y) = —myxs —b(x,y)q; + a(z,y)z + b(z,y)y < xy V(z,y) € P.
We rewrite this as

—myas = b(x,y)g; + alx, y)z + b(z,y)(y + mz — ¢;) + b(x, y)g; — bz, y)mz — xy <0,
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or, equivalently
—m;a} + (alz,y) + mb(z, y))x + bz, y)(y — myz — q;) — 2y < 0.

Since a(z,y) + m;b(x,y) = 2m;z; + b(z,y)g;, and after adding and subtracting m;z?, we
end up, after a few elementary computations, with

mj(z; —x)* > (x — bz, y)) (mjz + ¢; — y).
By definition of z; and b(z,y) the inequality reduces to
y—mixz —q; <0,

which always holds over P. 0

4.3 An example

In order to illustrate the results of this section we consider the following example taken
from [17]. Let
P={(z,y) : ©,y=0, <5, y<wx+1},

i.e., P is the polytope with vertices vi = (0,0), vo = (5,0), v3 = (0,1), and v4 = (5,6).
We set Q; = {v;},i=1,...,4. We have that E*(P) is made up by the edge Q5 = [v3, V4],
while E(P) = (). The only set J with cardinality three which needs to be considered is
J =1{1,2,3}, from which we have

convgy p(z,y) =0 V (z,y) € chull{vy,va, v3}.

The only set with cardinality two which needs to be considered is J = {2,5}. Following
the development of Section 4.1, we have from (24) that

5y — 5
;= Hiy’ (37)
y+d—u
from (25) that
Az, y) = 5=
z2—10x;—5
b(l’,y) = —- 6 -

a(x,y) =Ty + 1- b(l’,y),
so that it follows from (26) that

x5 —10z; — 5

G (y —x+5)+ (2z; + 1)(x — 5),

CONUgy p = —
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Figure 2: Polyhedral subdivision for the convex envelope of f(z,y) = zy over P.

over I';. In order to define I'j, we notice that: (i) A(z,y) € [0,1] V(z,y) € P; (ii) after
translating v into the origin, we remark that we are in the second subcase of Observation
4.3. Thus,

I'y=A{(z,y) : 0<z; <5}

Recalling (37), we conclude that

0 x+5y—5<0

Convay, (T, y) = { y(5y+2-5)

i otherwise.

Figure 2 reports polytope P and the corresponding polyhedral subdivision.

5 Functions 2"y over boxes

In this section we consider functions f(z,y) = z"y™, with m, n positive integers, over boxes
B = [ly,u] X [€y,u,]. We will discuss the more complicated cases, namely those where
m,n > 1 are odd integer values, and l,u,, ¢,u, < 0, i.e., the origin lies in the interior of
the box B. The vertices of the box will be denoted as

A (unly) B (uguy) C (lvuy) D (laly).

The subsegments of the edges along which f is strictly convex are displayed as thick lines
in Figure 3. We remark that the case m = n has been already discussed in [13]. Here,
however, we propose a simplified way to derive the convex envelope also for that case.
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Figure 3: The box B = [l,, u,| x [l,,u,]. The thick lines are the subsegments of the edges
along which the restriction of x"y™, n,m > 1 and odd, is strictly convex.

Following the notation of Section 2 (see also Figure 1), for what concerns the edge e; = BC,
we have 77 = u,, while 7] is the solution of the following equation

(1 —n)z" + nla"t =17 (38)

If i < u,, then é; = KB, where K = (Z7,u,). Similarly, for what concerns the edge
es = AB, we have ¢35 = u,, while g5 is the solution of the following equation

(1 —m)y™ +mly™ " = L'

If y3 < u,, then é; = LB, where L = (u,,¥}). In a similar way we can define the values 3
associated to the edge e3, 77 associated to the edge e4, the segment €3, associated to the
edge e3 = AD, and the segment é,, associated to the edge e4 = C'D. The collection G (1)
is made up by the following sets
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In what follows we will assume that Z} < wu,, §3 < uy, 3 > I, and y3 > [, since the

analysis of the other cases is simpler. After simple computations, it can be seen that:

Dy ={(a,b) : a € [nup[E]"" nughup~'}
Dy = {(a,b) : b€ [mug(g;]™~" muguy ']}
Dy ={(a,b) : a € [nlply, nlp(5]" ']}
Dy ={(a,b) : b€ [miyly, mi [y}

xl(a):( a ) V(a,b) € D

y2(b) = (mf;g)ll V(a,b) € D,

1

z3(a) = — (75) " V(a,b) € Dy

ya(b) = — (W_lel) " Y(a,b) € Dy.

Let y = mx 4 ¢ be the line along which the diagonal of the box through the two ver-
tices A and C' lies, and let

B ={(z,y) € B : y <mzx+q}
B* = {(z,y) € B: y > mz +q},

be the points in the box below and above the diagonal, respectively. The following obser-
vation shows that we can deal with B* and B* separately.

Observation 5.1 For some J € J, leti,j € J. Then, we must have either Q;,Q; C B*
or Qi, Qj C B".

Proof. Let us assume by contradiction that ; C B*\ B* and Q; C B*\ B’. If we are
able to show that (17) holds, then we are lead to a contradiction. To see that (17) holds,
consider z € [x/,x]]. We subdivide the segment [x/,x/] into the three portions [x;,s],
[s, t] and [t,x/], where s and t are the intersection of the segment with the z-axis and with
the y-axis, respectively (see also Figure 4). We should also consider the case when s and
t are the intersection of the segment with the y-axis and with the x-axis, respectively, but

we restrict to the previous case, since the discussion is analogous.

We first remark that the function f(z,y) = 2"y™ is certainly strlctly convex along [x/, s]
and along [t,x? ] Moreover, f(xi), f(x;’) > 0. Then, if, e.g., z € [x/,s], (17) holds after
choosing z; = XJ and zo = s (snmlar if z € [t,x]]). If z € [s,t], then (17) holds after
choosing z; = s and zy = t, since f(s) = f(t) =0 < f(x/), f(x]).

J

22



Figure 4: Subdivision of the segment [x7, x}-] ].

C B
1 x]
S {/
x;
D A

O

It is possible to restrict the attention to the subsets J such that Q, C B* for all k € J.
Indeed, the formulae for the other subsets can be immediately derived due to the symmetry
of the function with respect to the origin. Thus, the sets to be considered are

M=é, Qu=2¢6, A=A Qs=DB, & =C.

We remark that in view of Observation 3.1, 6 € J implies 1,7 ¢ J and also 2,5 ¢ J. Thus,
Observation 3.2 allows to discard any set J such that 6 € J. After simple computations,
it can be seen that:

m(a,b) = (1 —n)uy'[zi(a)]" — bu, V(a,b) € Dy
m2(a,b) = (1 = m)uzly>(0)]™ — au,  V(a,b) € Dy
ns(a, b) = uply — au, — bl
n(a,b) = uy — al, — bu,

The pairs which need to be considered are:
J=A{2,7}, J=A{1,5}, J={1,2}.

All the others can be discarded in view of Observation 3.2. The triples which need to be
considered are

J={1,57}, J=1{2,5,7}, J={1,2,7}, J=1{1,2,5}.

23



We remark that, according to Observation 3.1

and, equivalently
L7e] = a=a=nm'[5]""
2,5€J = b=b=mulg™ "

Now, let us consider the two triples {1,5,7} and {2,5,7}. In both cases 15(a, b) = n7(a,b),

so that
a(uy — ) + Lugt — uply

b= - L. (39)
If J={1,5,7}, then
m(a,b) > ns(a,b) = b<b, m(a,b)=n;(a,b) = a=a, (40)
while if J ={2,5,7}, then
m(a,b) > ns(a,b) = a<a, mlab)=ns(a,b) = b= (41)

Due to (39), (40) and (41) can hold at the same time only if 7, (a, b) = n2(a, b) = n5(a,b) =
n7(a,b). In all the other cases, only one of the two triples is acceptable. In particular, if
a(ug — L) + Du™ — ™

LY L < 42
- , (42)

then, we can restrict our attention to J = {1,5,7}, while if

a(uy = lp) + Lugt —uplt

>b (43)

Uy — 1y

then, we can restrict our attention to J = {2,5,7}. In fact, the two conditions (42) and (43)
allow to restrict the attention to a collection J made up by only four sets. For instance,
if (42) holds, then J = {2,7} can be removed. Indeed, in such case

771(@7 b) > n7(a7 b) = a< C_Lv 775(6% b) > 7]2(a7 b) = b> Ev

while
m2(a,b) = n7(a,b) = (1 —m)ugly2(b)]™ + buy = a(u, — ) + Lu,".

The left-hand side is an increasing function with respect to a, so that the above equation
implies that b is an increasing function with respect to a. Moreover, for b = b the equation

reduces to . i
r_ a(uy = lp) + Lpugt — ully

Uy — 1y
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which, in view of (42) implies a > a, which is not possible. In a similar way it can be seen
that if (42) holds, then we can remove the set J = {1,2,7}. In conclusion, if (42) holds,
then we can restrict our attention to the four sets

{1,5,7}, {1,5}, {1,2,5}, {1,2},

while in an analogous way it can be seen that if (43) holds, we can restrict our attention
to the four sets

{2,5,7}, {2,7}, {1,2,7}, {1,2}.

The case
a(ug — lp) + Dul — ™

uy — 1l

is a rather peculiar one where
convyp(z,y) = lLyu, — ax — by, V(x,y) € chull{A,C, K, L},

while over chull{B, K, L} the convex envelope can be computed by solving the system
associated to the set J = {1, 2}.

In what follows we only discuss the case where (42) holds, since the other cases are analo-
gous. Figure 5 displays the polyhedral subdivision induced by the convex envelope in this
case.

5.1 Set {1,5,7}
In this case

m(a,b) = nr(a,b) = a=a, n(a,b) >ns(a,b) = b<b.
The solution of the system (18) is

ay(uy — ) + 0wt —ull
a; = a, b = 1( ) Y Y <b.
uy — 1

We should also check whether ns(a, b), n4(a,b), ns(a,b) > ns(a,b). It is enough to observe
that a; > 0 and that b; > 0. The latter follows by observing that

ar(ugy — 1) + Ly = uy [n[i"}]"_l(ux — 1)+ lﬁ > 0.
In view of the definition (38) of Z{, this is equivalent to prove that

n[zy]" tu, + (1 —n)[z}]" > 0,

or, equivalently
nu, > (n — 1)z,
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which certainly holds. Then, a; € Di and by € Df. Indeed, D3 and D, only con-
tain negative a and b values, respectively. Thus, for these a and b values it holds that

ns(a, b) > ns(a,b) = n(a, b) = ns(a, b) = n:(a,b).
In conclusion, we have I'y = chull{A,C, K}, and

convyp(z,y) = uply" — ar(u, — ) —bi(ly —y) V(x,y) €Ty

5.2 Set {1,2,5}
In this case

mr(a,b) > m(a,b) = a>a, ma,b)=mns(a,b) = b=0,
and the solution of the system (18) is

by =0, ay= baluy =) l%u;” * uﬁl;” > a.
Uy — by

Then, after defining M = (x;(az), uy,), we have I'j = chull{A, M, L}, and
convyp(x,y) = uply — ag(tuy —x) — bo(ly —y) V(z,y) €T

Note that also in this case we should check whether ns(a, b), n4(a, b), ns(a, b) > ns(a, b), but
the proof is analogous to the one in the previous case.

5.3 Set {1,5}
In this case (19) is
Azi(a) + (1 —Nu, =2
Ay, + (1 =N, =y
(1 = n)uylzi(a)]™ + au, = uply + b(uy, — 1),

whose solution (parametric with respect to z,y) is

o y—ly
)\3 (:I;7 y) uy_ly
o m | Uzy—uzuytuyr—Ilyx n—l f H f - Uy —T
az(z,y) = nuy =" (follows from z1(a) = u, — “=)
(1—n)u;”[uzyiuzsg:ryuyzilyz]n+a3(x,y)u3¢—u¥l7y”
b3 (I’ y) = uy_ly

Then, I'j = chull{A, M, K}, and
convy(x,y) = ugly' — as(z,y)(ue —x) — bs(z,y)(ly —y) V(z,y) €Ty

(We omit to prove that 773(6% b)v 774(6% b)v 7]8(a7 b) > n5(a7 b))
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5.4 Set {1,2}

In this case (19) is
Az (a) + (1= Nug = =
Auy + (1= A)y2(b) =y (44)
(1 =n)uy[z1(a)]" + aug, = (1 — m)upy2(b)]™ + bu,,.

If we denote by A\y(z,y), as(z,y), bs(z,y) the parametric solution of the system, then I'j =
chull{B, M, L}, and V(z,y) € 'y

convy(x,y) = [w1(aa(z, y))]" [y2(ba(2, )™ —aa(z, y) (21 (as(2,y)) —2) = ba(z, y) (y2(ba(2,y)) — )

(again, we omit to prove that ns(a,b), ns(a,b),ns(a,b) > ni(a,b)). If m # n, we are not
able to derive a closed form formula for the parametric solution of the system (44). Thus,
a4, by are implicitly defined as solutions of the system (44). If m = n (the case already
discussed in [13]), then it turns out that the last equation in (44) is equivalent to

u Uy

yo(b) = “La1(a), b=

Uy Uy
Thus, the first two equations become
Azy(a) + (1= Nu, =2
Ay + (1= A)2ai(a) =y,

or, equivalently
>\ — Uy —T

uz—x1(a)

_ UsY—uyTy (a)
Uz Uy —uyx1(a)’

and, consequently

L Uy T UyT — Uyl

z1(a) , Ya(b) =

Uy Uy

UzY + Uy — Uy Uy

In view of the definition of x1(a) and y2(b) we also have

as(z,y) = muy [uy + uyx — uxuy]m_l

ba(z, ) = Mg [upy + uyx — uguy)™ .
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Figure 5: Polyhedral subdivision for the convex envelope of f(z,y) = z"y™ over B" if (43)
holds.

6 Conclusions

In this paper we proposed a technique for the computation of the convex envelope of some
bivariate functions over polytopes based on the parametric solution of a KKT system. The
technique has been applied in order to derive the convex envelope of the bilinear function
over any polytope, and the convex envelope of the product of power functions over boxes.
The technique could be applied to derive the convex envelope of other functions, such as
the fractional one over polytopes. Moreover, the proposed approach could be extended
to n-dimensional functions. In this case the computation of the n-dimensional functions
. and the derivation of closed-form formulae of the convex envelope can be much more
complicated. However, some special cases are still manageable (we refer to [14] for the
derivation of the convex envelope of some quadratic functions over the n-dimensional unit
simplex).
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A Conditions under which J = {i, j, k} implies €, 2;, Q;, €
V(P)

In Section 4 we have seen that when f(x,y) = zy, J = {i,j,k} is possible only if
Q;,9Q;,Q, € V(P). In other words, this means that affine pieces of the convex enve-
lope are possible only over polytopes whose vertices are a subset of V(P). This is not
always true. For instance, consider the function f(x,y) = (z —1)?(y — 1)? and P = [0, 2]*.
In this case the convex envelope is equal to 0 over the square with vertices (0, 1), (1,2),
(2,1), and (1,0), and none of these points is a vertex of P.

We might wonder whether there are general conditions under which we can guarantee
the same result as for the bilinear case. We introduce the following assumption.

Assumption A.1 Function f(x,y) is either strictly convezr or concave over each line y =
mx + q. Moreover, for each triple of not aligned points (z,,y,), r =1, j, k,

(2, yx) € E(P\V(P), my(zj—z)+yi—y; =0 = g (o) (@wi—x;) # f (i yi)— (25, 95),
where y = myx + qi, is the line along which the edge containing (xy, yx) lies, while

gi(wr) = f (e, mezy + qr)
is the restriction of f along this line.

Note that the previous example does not fulfill this assumption. Indeed, consider the points
(zk, i) = (1,2), (x;,y;) = (0,1), and (z;,y;) = (2,1). We have that m; = 0 and ¢, = 2.
Then, the left-hand side of the implication holds, but g; (zx) =0, f(z;,v:) = f(z;,y;) =0,
so that Assumption A.1 is not fulfilled. We prove the following observation.

Observation A.1 Let Assumption A.1 hold and J = {i,j,k}. Then Q, € V(P), r =
i g, k.

Proof. We prove this by contradiction. Let Q € E(P) and let x/ = (z,,y.), r = 1,7, k,
be derived from the solution of system (18). Assume by contradiction that (zg,yx) €
E(P)\V(P),i.e., 2 € (z},22). Let y = mypx + q be the line along which €, lies. Without
loss of generality we assume that P C {(z,y) : v < myx + qx}. We also assume that
dim(chull{x],x7,x]}) = 2 (otherwise, similarly to Observation 3.2, we can discard J).

7 ] Y
Let (z,y) € int(chull{x],x],x]}), ie.,

with Aj, A5, A7 > 0and A + A+ A7 = 1. In (1) fix A\, = 0, Vs € J, fix (2;,9;) and (75,9;)
and let zj, A\;, A\;, Ay be variables, while we impose y;, = myx}, + g, i.e., we allow to move
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the point (z},y;) only along the edge €. Then, we end up with the following problem

min A f (@, mury + qr) + A f(25,95) + Aif (20, vi)

ATy, + Nz + Ny = @

Ak(mery, + qr) + Ajy; + Aivi = y

A +A+N=1=1

My Aj, Ay >0

rp < ) < ai.
In view of the assumption by contradiction we must have that zj, Aj, A7, A is an optimal
solution of this problem. Thus, it must satisfy the KK'T conditions (it is easily seen that a
constraint qualification is satisfied). We remark that Af, A%, A¥ > 0 and zy, € (g, 27) imply

that the Lagrange multipliers of the corresponding constraints are null. Thus, the KKT
conditions read as follows:

Gk (k) + paTp + oMy + poqr + p3 =0
f (@i, ys) + pxi + poys + p3 =0
f(xj,95) + paxs + poy; + pz =0
M) + A + AMmyps = 0,

where (11, pto, p3 are the Lagrange multipliers of the three equality constraints. Since A} > 0,
the last equation becomes g (xr) + p1 + mepe = 0. After a few computations, the KKT
conditions lead to the following equation

9 (o) [(2i — w) Aj + (25 — ) Bi] + g(xa) (A + Bi) = Bif (xj,y;) + A f (vi,yi),  (45)

where
Aj = MgTj + qk — Y; >0

B; = y; — mypx; — qp < 0.
Note that A;+ B; = my(x; —z;) +vy; —y;. If A;+ B; =0, then the above equation becomes

Ge(wr) (i — x5) = fza,ys) — f(25,95),

which is not possible in view of Assumption (A.1). Thus, let us assume that A; + B; # 0.
Then, after setting

_ 4
T Aj+ By’
we can rewrite (45) as follows
() lyws + (1 =) — we] + grlzn) = (1 =) f (25, 95) + 7 (i, 4i). (46)
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We remark that A; > 0,B; < 0 imply that v ¢ [0,1]. We also remark that in view of
Assumption A.1, g, is strictly convex over the whole line y = mgx + ¢, so that

gy + (1= y)x5) > gp(we) [ye; + (1 = v)2; — i) + gz,

provided that vz; + (1 — v)z; # x,. We first prove that equality can not hold. Assume
that yx; + (1 — v)z; = z. By the definition of v, it turns out that

(1 =)y, + vy = ma((1 = y)z; + v23) + G, (47)

which, together with yz; + (1 — v)z; = xy, implies that (x;,v;), (z;,y;) and (xg,yx) are
aligned, which is not possible in view of Observation 3.2. Moreover, in view of Corollary
3.2, f must be concave along the line through (x;,y;) and (x;,y;). Thus, v ¢ [0, 1] implies

(L= f (g, y5) +7f(@i,9:) > FI(1—v)25 +y28, (1= 7)y; +7Y0)-

Thus, from (46) we should have

ge(vai + (L —=y)x;) > f((1 =)y + vz, (1= 7)y; + vyi)-

In view of (47) we have

f( =)z + @i, (1 =)y +vy:) = ge(1 — 7)a; + v2i),

ie.,
ge(yrs + (1= 7)x5) > ge(yas + (1 —7)z5),

which is, obviously, a contradiction. O]

We remark that the bilinear function satisfies Assumption A.1. Indeed, along each line
y = ma + ¢ the restriction of the bilinear function is ma? + gx which is either a concave
(if m < 0) or a strictly convex (if m > 0) function. Moreover, my(z; — ;) +v; —y; = 0
can not hold, since in this case we would have

Yi —Yj

— =my >0,
l’i—l’j

which is not possible in view of Corollary 3.2.

In some cases, Assumption A.1 is not fulfilled since the restriction of the function along a
line is not defined over the whole line. This is the case, e.g., of the fractional function Z,
which is not defined at x = 0. All the same the above proof can be sometimes adapted.
We show this for the fractional function.

Observation A.2 Let f(z,y) =% and P C {(x,y) : x> 0}. Then, for J = {i,j, k} it
must hold that Q. € V(P), r =1i,7, k.
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Proof. Note that the restriction of f(z,y) = ¥ over a line y = ma + ¢ is either concave
or strictly convex for z > 0. Indeed,

f(x,mx + q) :m—l—%,

so that the restriction is concave if ¢ < 0, and strictly convex if ¢ > 0. We remark that in
view of Corollary 3.2, we must have that the restriction of f along the segments through the
points (z;,v;) and (z;,y;), through (z;,y;) and (zx,yx), and through (zx,yx) and (z;,y;)
must be concave, which implies that

(z; — ) (y— - —) >0 (48)

and, moreover, one of the two factors in each of the above inequalities must be non null.
The proof of Observation A.1 can be repeated up to

g (@) (2 — 2x) Aj + (25 — ) Bi] + gr(wn) (A + Bi) = Bif (x5, ;) + Aj f (i, vi)-
We observe that in case A; + B; = 0,

Ghlan) (i — 23) = fw ) — flg) = 2= 2,

ZT; X
can not hold. Indeed, in view of (48) the left-hand side has opposite sign with respect to
the right-hand side since g, (zx) < 0 (gi is a decreasing function). If A; + B; # 0, we end
up again with (46). If yx; + (1 — y)x; > 0, then we can repeat the previous proof. But
if yz; + (1 — v)x; < 0, we can not repeat it and we need some different argument. Let us
rewrite (46) as follows

dhCan)ley + (o= )] = (=) |2 2] gy |2 2]

We assume that z; > z; (the proof for the other case is analogous). Then, (48) implies
:yc—i_ — z—; > 0. Recall that yx; + (1 — v)z; < 0, otherwise we can repeat the previous proof.

In particular, this implies v < 0, i.e., A; + B; < 0. Since y; > :Bzi—j,

Yj

Aj + BZ =Yi —Yj -+ mk(xj — LL’Z) > x—(l’l — LL’j) + mk(xj — SL’Z)
J
Moreover,
T Tk
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so that

Aj+Bi>(£Ei—lL'j) [&—%—l—q—k}
X Ty Ty

If x; > y, then £ — % > 0, so that A;+B; > 0 and v > 0. Thus, we restrict the attention
J
to xp > x;. If 2; <z, < x;, then

i) [ + (2 — ;)] > 0,

=) |2 - 2] 4

X Ty

while

X Tk

which is not possible. Thus, we are only left with x; > x; > x;. In this case the left-hand
side is still positive. We prove that the right-hand side is negative. We need to show that

Yk Y Yk Yi
@[t ] s o[ o],
T ZT;

T Z;
This is true since 1 — v > —~v > 0, while, in view of (48)

Ye _Yi S Yk _ Y
Ty T T T
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