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Abstract

We consider a class of augmented Lagrangian methods for solving
convex programming problems with inequality constraints. This class
involves a family of penalty functions and specific values of parameters
p,q,y € R and ¢ > 0. The penalty family includes the classical mod-
ified barrier and the exponential function. The associated proximal
method for solving the dual problem is also considered. Convergence
results are shown, specifically we prove that any limit point of the pri-
mal and the dual sequence generated by the algorithms are optimal
solutions of the primal and dual problem respectively.

Key words: Multiplier methods, proximal point methods, convex
programming.

1 Introduction

Consider the convex programming problem given by

(P) ff=mf{f(x) : gi(z) <0 i=1,...,m}
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where f,g; : IR" — IR for i = 1,...,m are closed proper convex functions.
Let £: IR" x R™ — IRU{+0o0} be the usual Lagrangian function defined by

Uz, p) = f(2) + ) pigil@). (1)
i=1

The dual convex problem associated with (P) is defined as
(D) d* = inf{—d(u) : p > 0}

where d(p) = inf{l(z, ) : z € R"}.

We suppose that the following conditions are satisfied:
(A1) The set of optimal solutions of problem (P) is nonempty and compact.
(A2) There exists T € dom f such that g;(¥) < 0 for i = 1,...,m (Slater’s
condition).

Remark 1: Note that (A2) implies that the set of optimal solutions of
problem (D) is nonempty and compact and f* = d*. Furthermore, for each
B > d*, the level set

{peRY : —d(p) < B}
is compact.

2 Primal method

In this section, we present a class of multiplier methods for solving the
primal problem. The approach used in the augmented Lagrangian method
coincides to that one considered in [I], but in this case with the convergence
results for a particular class of penalty functions.

We consider the family F of penalty functions 6 : IR — IR U {400} with
dom @ = (—o0,b) and 0 < b < 400, that satisfy the following properties:
(1) 0 is a proper twice differentiable strictly increasing convex function.
(62) lim 6'(t) = +oo0.

t—fb* ,
(03) tl}r_nooﬁ (t) =0.

1
(64) There exists M > 0 such that §”() > —

M
for all ¢ € [0, b]. A
Consider € F, p,q € IR. The penalty function with shift P(®%) :
R™ xR, x Ryy xRy — IRU{+00} is defined by

m

p(PuQ) (y7 Wy T, C) = Z P(pﬂ) (yu iy T, C)a (2)
i=1
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where PP9 : IR x Ry 4 x Ry, x Ry — IR U {+o0} is given by
p—q 4
PPD(y; 7, c) = rt [0 < py_21 +ﬂi> - 9(3%)] (3)
w, r

with g; satisfying ¢'(g;) = cpf, foralli=1,...,mand 0 <r <r <.
By [9, Corollary 23.5.1],

@) =cpui = Gi=(0")(cu), (4)

where 6* is the conjugate function of 6.
In almost all cases known we take ¢ = 1 but the generalization allows us to
introduce some variants in the approach.

Note that, for all i = 1,...,m, we have P®9(0, y1;,7,¢) = 0 and

1—q
(P(pq)) (ylaﬂlvr C) & o < pyzl +gl> )

& Mz r
opPP.9)
where (PP9); = o0
So, using the definition of §;, we obtain, for all i = 1,...,m,
T
(PmmKQmwmﬁiﬁjy@0=m- (5)

As was pointed out in [I], the shift given in is a translation that allows
us to write ().

We define the augmented Lagrangian function L®9) : R" xR, XIR 44 ¥
R++ —RU {+OO} by

m

1,(P:9) (2, p,7,¢) = f(x) + Z pra) (gi(), pisryc),

=1

with P(®%) defined in . Next we state the algorithm that define the
multiplier method for solving the problem (P).

Algorithm 1.

Data: p,qE]Rc>0 0<r<r e, ),uOGIRm
Let ;° € R such that ¢'(3;°) = ¢ (u?)?, for i = 1,...,m.
k=0

REPEAT
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Compute zF*! € argmin,cpn {L(p”) (x, pF, ¥, c)}
ﬁﬂzomkqg<mu“w

' c (pkyp=trk
gt = (6*) (c(uf“)q) , fori=1,...,m.
Choose 7*+1 € (r, 7).
k=k+1.

—I—y}k), fori=1,...,m.

Observe that, for all p,g € IR, ¢ > 0 and k > 0,
0 € O, LPD(aF*1 pk vk o) o 0 € 902+, ph ) (6)

where ¢ is the Lagrangian function defined in .

2.1 Examples

In this section we discuss the above approach by considering some particular
penalty functions in the family F.

Example 2.1.

Consider 6;(t) = —log(a — t), with a > 0. Substituting in (), we have

p—q
C

a—Y;
13

~ Y
a—Y; — =1
pyoor

From 1} 01 (9:) = ajji =cul. So,a—7; = cu% and

1

p—q
T cu?
b,q . . — 1 i
p(J(yl’M“r,c) = - log P —
i —CH Y
B T
c,uguf T

B ruf_q log r
o ey,

pP—q
_ TG CYi
= log <1 — rufq1> . (7)

The penalty function represents a family of modified log-barrier penalty
functions which yields to different multiplier methods.
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Note that if we choose p = 2,q¢ =c =1, we get
P(271)(yivui77ﬂ7 1) = Tl lOg <1 - %) )
r

which is the modified log-barrier penalty function considered by Polyak, [7].
If we choose p=¢qg=c=1 we get

POY (g i 1) = rlog (1 - Myi) ,
which corresponds to the M2BF penalty function considered in [6]. They
did’t show convergence results for the primal sequence generated by the
multiplier method. A remarkable fact is that our convergence result include
it.

Choosing p=p, g =0, ¢ =1 we get

P(p70)(yinu’iar7 1) =-r /’Lflog <1 - y_il ) )
pe T

considered in [2] for p > 2.

Note that from proposition .4 convergence results for new particular
cases can be gotten considering p + ¢ > 2. For example, with p = 2.5,¢ =
2,c=1 we get

PE52(y;, iy, 1) = 1/ log (1 - \/fy)

Example 2.2.

. . . 1 . ~ 1
Similarly, if we consider 0a(t) = -5 — a, a > 0 with 05(7;) = i =
cpl we get
pa 1 1
P(p,q) (yia Mgy Ty C) = s Yi ~ ~
c \e— Gt -0 a7

()
Vvt /)

Ifc=p=1and ¢ = 0 we get PO (y;, pir 1) = rpu; (ﬁ%;}%) the
modified inverse barrier multiplier method considered by Polyak [7]. In
the same way, if we consider any translation of the inverse barrier function
0(t) = %_t — 1 € F given by 6, our approach yields to the modified inverse
barrier penalty function.
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Example 2.3.
Consider 03(t) = €' +a, a > 0 with 05(7;) = €% = cu? we get

p—q Vi g
ruk 2+ _
pP.9) (s, pri, €)= i (euf I _ eyi>

Il
<
7;
Q .
/N
] 9]
) Y
—
a
T
@
1R
S
|
—_
S~—
N————

If p =1 we get P9 (y;, i,y c) = 7 (eyTi — 1> the classical exponential
multipier method.

3 Dual method

In this section we consider the proximal method associated with the mul-
tiplier one. The distance-like function to be used was introduced in [I], in
this case, involving the conjugate functions of members in the family F

The conjugate function of #, namely ¢ = 6%, satisfies the properties given
in next proposition:

Proposition 3.1. Consider 6 € F. Then the function ¢ = 0%, which is the
conjugate function of 0, verifies the following properties:

(pl) ¢ is a strictly convex and differentiable function on domp = (0,+00).
(2) p(r) = 0 k> 0.

(¥3) ¢'(k) =

(¢4) llmsﬁow( ) = —oo.

(905) lzms—H—ooSD ( ) =b.

(p6) There exists M > 0 such that ¢"(s) < M for s > k.

Proof: We show (¢4), (p5) and (¢6), for the rest see [§], Proposition
3.1.
From (62)
lims_y 1000 (5) = limg_y 100 (8")1(s) = b,
and so (¢5) holds.
By other hand
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From (¢1), (¢2) and (¢3), ¢'(s) > 0 for s > &, and by (p5) and continuity
of ¢/ we can consider ¢'(s) satisfying

s>k =0<¢(s) < +oo. (9)

1
Finally, from , (EI} and (06), we have ¢”(s) < i for s > k. O

Remark 2: From (¢1), (¢2) and (¢3) it follows ¢ is decreasing on (0, k)
and increasing on (k, +00).
We call ® to the class of functions that verify the properties in Proposition

B.1

3.0.1 The distance-like function

We use the distance-like function introduced in [I] involving the function
ped

Given p,q € IR, the distance-like function csz’q) R x R, — {400} is
defined by

m

dPD (s, 1) =y dPD (s, ;) (10)
i=1
where fori=1,...,m
p—q ; p—q o
dg(pp)Q)(Si»/J'i) =K ® ( 018q> _ K o(epd) — pl L) (cud)(si —pi).  (11)
& Ni C
Note
@)Y (o :M: p—1 rf s\ g
(a7), (ouom) = =505 =7 () (7 | = (@Y (es)| - 12

It was proved in [I] that[10]is a divergence measure [5, Def. 2.1] for a general
class of functions that includes the functions in our families. So we consider

with ¢ € ®.

3.0.2 The proximal point method

The proximal point method for solving the dual problem (D) using the
distance-like function generates a sequence {u*} such that p° € RT",
and

pF L = argmin{—d(u) + rkdff’q)(u, 1Y, (13)
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where 0 <1 < r¥ <7 and p € ®.
Remark 3:

Note from @ that, 2**! minimize LP9 (z, u*, r* c) se e somente se x

minimize I(z, p, rk ,C).

On the other side, we have
d(p) = inf{l(z,u):zecR"}

= inf{f(z) + Z pigi(z

< f(xk-i-l)_i_zuigi(wk—kl)
i=1
o p(ghtl +Zuzgz K1y _’_Zﬂk-ﬂ 2
m m
_ k—l—l Jrzukﬂgl k+1 JrZ(M Micﬂ
i=1
m
_ k—l—l +E k+1 k+1)
= d(p k+1)+(f1( ML @) (= .
Therefore

(f1@), o fn@FINT € d(ph ).
By updating formulae of the multiplier, for ¢ =1,...,m

kil (Mf)1q9/<(gi(xk+l) +§5>

i

c pr )Ptk
and using (0')~! = ()’ we have, fori = 1,...,m
k
CulJrl _ gi($k+1) _'_‘ka
(uf)t=1 (uf)p=trk =70 )7
k
(9/) ci; +1 B gi($k+1) _|_gk
) = A= L gk
(uf)t=e (uf)p=tok

c k+1 'ZL'k 1
(o) ( i ) ST ) el

(pf Ptk

(Ui )

k+1

k+1

(14)



A multiplier method with a class of penalty functions 9

Then, for i =1,...,m,
(k1Y ko1, k n—1 CM?:H . / k\q
gi(z") = (i)' r" | (0) ()T () (c(u™)?) (15)
and so from and ,
okt
(ufyrtrt [w')—l ((Mﬁ?)lq) - (90)’(0(//“)‘1)] € ad(ut+)

which is the optimality condition for .
So next proposition ensures that the sequence (u*) generated by the Algo-
rithm |1 coincides with the sequence given in ([13)).

Proposition 3.2. Let {fi*} be the sequence generated by for solving the
dual problem (D) and let {x*} and {i*} be the sequences generated by the
Algorithm |1| for solving the primal problem (P). If u® = u°, then p* = p*
for all k > 0.

Proof. Follows from Thm 7.1 in [4]. O

4 Convergence results

This section is inspired by the convergence results presented in [10] and [g].
We show a convergence study of the sequences generated by and by the
Algorithm

Proposition 4.1. The sequence {—d(u*)} is non-increasing and bounded,
s0 it converges.

Proof: : From , since dg”q) (p, 1) > 0 and ¥ > 0, we have, for all
p € R, olho

—d(pF ) < —d(pFh) A PO (W i) < —d(uF) 4+ rFap (i, i),

but Jff’q)(uk,ﬂk) = 0 and so —d(p**1) < —d(p¥), then {—d(u*)} is non-
increasing. Furthermore, by weak duality, —d(u*) > —f*, and consequently
{—d(p*)} is convergent. O

Proposition 4.2. The sequence {u*} is bounded.
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Proof: : By (A2), the set of optimal Lagrange multipliers is nonempty
and compact, so one level set of —d is compact. Since —d is a closed proper
convex function then all its level sets are compact, in particular A = {u €

—d(u) < —d(p)}. But by proposition pF € A for all k, so {u*} is
bounded. O

Lemma 4.1. Let 0 be a strictly convex function t,qe R, ¢c>0 andy as

defined in such that t +y € dom @, then t ————= ( @ > tud.

Proof: If t > 0 then t + 7 > ¥, since 6 is an strictly convex function 6’
is an increasing function, €'(t +3) > 6'(y) = cu?, then
Ot+y 0’ (t
vt +y) Ll U l)
c c

> pu? and finally ¢

In a similar way for ¢ < 0. O

Proposition 4.3. Let v, w be positive numbers.

/
1) We have v > w if and only if (dg)’q)>1 (v, w) > 0.
2) If v > w, then

[CRRERN

(p:a)
dg (v, w) 2 2cMwpr+a—2

Proof: 1) Since ¢ is an increasing function, we have

v>w & —~ > cw?
& ( ) ©) (cw?)
& (w1 ) (p) (cw?) >0

y
a0 (o) — @ (ewn) >0
0

2) Consider the quadratic function

alt) = q(v) + (¢ = v) (dff:@)ll (v, w) + %(t —v)2eMwPti72

SO
/
d(0) = (42) (,0) + (1~ v)erur*s->
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and /
Jt)=0s (dg’»Q))l (v, w) + (t — v)eMuwPti=2 =

then ,
B (dg’Q)> 1 (v, w)

t* =
cMwprta—2

+v (16)

is a minimizar of ¢(-).
/
By item 1) since v > w > 0 we have (dfpp’q)>1 (v,w) > 0 and so from

we have t* < v, using the fact that dg’Q) (w,w) = 0 and the mean value

theorem, there exists @ € [w, v] such that
)’ — a0 _ (g0
<d‘P )1 (v, w) = (d‘P )1 (v, w) (d‘p )1 (w,w)
"
= (v—w) () (@)
= -ty (5 )

wl—a
< (v —w)wPt2eM.

(42?) ) (a2 ) (ww)
cMyp+q*2 cMyvaq*?
Using again the mean value theorem, for all ¢ € [w, v], there exists t € (¢,v)

such that

Hence <v—wand w<wv-— =t sow <tF <w.

!/

(dg@)'l(v,w)—(dg»q)) (tw) = (1) (d29)" Fw)

1

So, for t € [w,v]

/ /

(a29) o) < (429 (t.) + (0~ 0?2l and so
!/ /

(dsop,q))l (t,w) > (d%’#ﬂ) X (v,w) + (t — v)wPTI72eM = ¢(t),

then /
(dg,q)>l (t,w) > ¢'(t) for all w < t < .
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Since w < t* < v, integrating from t* to v we have
dff’q) (v,w) — dff’q)(t*,fw) > q(v) — q(t").
So df") (v,w) = q(v) — q(t") + AV (", w) = g(v) — q(t") and

(p,a) _ —(4* — pa) L e p+q—2
d2D(v,w) = g(v) = q(v) = (¢ =) (d2?) (v.w) = 5 (¢ = v)%eMw? 2,

From and we have o
, 2
(a2, )]
A9 (v, w) > ST
O

Proposition 4.4. Consider p+ q —2 > 0 and the sequences {x*}, {u*}
generated by the algoritm[1], then

1) {lgi(z®)]+} = 0 fori=1,...m.

2) pkgi(a*) =0 fori=1,--- ,m.

3) f(z¥) = f*. Moreover, the sequences {z*} and {u*} are bounded and
each of their limit points are optimal solutions of problems P and D respec-
tively.

Proof: 1) Suppose by contradiction that there exists an infinite set of
indices {k;} and € > 0 such that [f;(z%/)]; > € for some [ € {1,...,m}.

From and we have
/ . .
(ki) = s (d@’q)) (7 ) for 1 e {1,..m},
since 0 < r < r* < 7 for all k, Wehave >fso
Pkl ks fi(zkith)
(dff’Q)>1 () = ——F—>

_ > 0. (18)
rii

Sl e

By lemma item 1) we have i *i+t > ;i

k+1 ng,q) (u,

Since p* ' = argmin{—d(un) + 1F)}, we have

—d(pb ) 4+ dPO (Y k) < —d(phh) + dDD (b ity = —d(ub),

then d(pk 1) —d(uks) > dfa ) gkt ks Zd(pq g+1 )> d(pq)( kj+1 ij)'
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By proprosition {u*} is bounded, that is, there exists N > 0 such

that
1 1

> (19)
wo N

pk < ||p¥|| < N for all k, and so

By item 2) of lemma and using we have

2
, ! ki+1 k;
) |:(d(pq)>1([lj , Ll])]

2cM (ij )p+q—2

62

>7
~ 2cM Npta—2

d(p Ty —d(ph) >

=J>0.

So d(p*it1) > d(p*7) 4+ 6 which is a contradiction because d is bounded
above.

We now proof 2).

Suppose by contradiction that there exist I € {1,...,m}, € > 0 and an infinite
set of indices {k;} sucht that

|ufj+lgl(:vkj+1)\ > €, so using we have |g;(z% 1) > % (20)

But {[gi(z")]+} converges to 0 for all ¢ = 1,...,m, hence g(z% 1) > £
is true only for a finite set of index k;, so we can consider without lost of
generality

gi(zFith) < —% for all j. (21)

Since (g1 (xF*1), ..., gm (¥ 1))t € 0d(1F+1), and d is a concave function, then

m

3 gl Y (T ) < (b - d(u). (22)
=1

ky1— . . X
Since uf“ = (“il o ((Zlk(fpkjllr)k + yk> for ¢ = 1,...,m we have

kj—}—l
) ki+1 k; k; . H,
g (" = ) = iy galah ) (l’ff - 1)

, 1 (bt
— ijgi(xkj+1) - 0/ gk([,U J ) 4 ykj -1 (23)
C('U“’L )q (’uiJ)pflrk‘j
B 9i($kj+1)9/ gi(xkj+1)
T AN (TR Lt

i k; v
+ykj> — i’ gi(@®i ). (24)
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Since 6 is a strictly convex function, €’ is increasing, using (24]) and lemma
4.1] we have

ki, kiyp— kj+1 kj+1
. kj+1 k; ()P gi(@™ ) gi(z" 1) ~k; kj j
gi(@™ (" — ) = . et Al G w7 DR 1 CREY
Wy \ (it
k; . k. .
> gy gi (@) — i gi(a%)

hence, by

m

. ki+l  kj . _

0< Y g (T — u) < d(utt) — d(t),

i=1
by proposition {d(1*)} is convergent, so 'lir+n [d(p* ) — d(pk)] = 0.

j—+oo
Then
m

Tim > g (T - ) =0,
fjﬂ — ufj) >0foralli=1,...m

k;

7

Since g;(«*71) (u
we have lim gi(a:kﬁl)(ufﬁl —u’)y=0foralli=1,..,m.
Jj—+oo

Then from ,

, 1 i(zhth
lim /,ijgi(xij) [ 3 4 ((g (z57) —I—ykj> — 1] =0foralli=1,...,m.
c q

j—rtoo ij ij yp=1pk;
(25)
By other hand, using
kj+1
xi -y —€ i e
L,V)erkfﬁ - + <y,
i (7 )P i (py? JPTIN
since ¢ is increasing
kj+1
x"i .y vy ,
o | I g | <o) = ey,
k; J
5 ()
so
1 k‘j-i-l N
— 0 fl($k_ pzl +3% | < 1. (26)
()T \rks ()
From and

Jim g =0
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Since - i
dimgi(a ) - ) =0
J—r+oo
in particular for the indice [, Aligl ,ufjﬂgl(xkf“) = 0, which is a contra-
]_> o
diction.
Consequently

pFgi(z%) — 0

para todo i =1,...,m.
3) By 1) {z*} is asymptotically feasible, so that given € > 0 and k suffi-
ciently large.

flab) > f* e (27)
Note by Remark

f* = > dt) = it (i, 1)) = 18 ) = f@) + Y ). (28)
i=1
Using item 2), and we have that for all € > 0
m
froe<f@h) < =) pbgiah) < frte
i=1

for k sufficiently large.

Therefore
li My =f* 2
Jm St =1 (29)
From items 1) and 3), given € > 0, for i = 1,...,m and k sufficiently large
f(z®) < f* + ¢, and g;(z*) < e. (30)

From (A1), for any «, 3, the set
{r eR":¢9i(x) <a, f(x) <p fori=1,...,m}

is compact, see Corollary 20 in [3].
Taking oo = € and 8 = f* + € we have that the set

F={zeR":g(z)<e flx) < f*+e fori=1,...,m}

is compact and so bounded. Using , zF € T for k sufficiently large ,
therefore the sequence {z¥} is bounded.
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Note that by proposition the sequence {*} is bounded.

Let z* and p* be limit points of the sequences {(2*} and {u*)} respectively.
From item 1) and we have z* is an optimal solution of problem (P).
This joint with item 2) and (28)), we get d(u*) = f§ = d*. Then p* is an
optimal solution of problem (D).

O
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