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Abstract

This paper studies the iteration-complexity of a new primal-dual algorithm based on Rockafellar’s
proximal method of multipliers (PMM) for solving smooth convex programming problems with inequality
constraints. In each step, either a step of Rockafellar’s PMM for a second-order model of the problem is
computed or a relaxed extragradient step is performed. The resulting algorithm is a (large-step) relaxed
hybrid proximal extragradient (r-HPE) method of multipliers, which combines Rockafellar’s PMM with
the r-HPE method.
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1 Introduction
The smooth convex programming problem with (for the sake of simplicity) only inequality constraints is
min  f(z) s.t. g(z) <0 (1)

where f : R — R and the components of g = (g1,...,9m) : R* — R™ are smooth convex functions. Dual
methods for this problem solve the associated dual problem

max ((ut )+ (ra(e)) sty 20

and, en passant, find a solution of the original (primal) problem. Notice that a pair (z,y) satisfies the Karush-
Kuhn-Tucker conditions for problem (1) if and only if x is a solution of this problem, y is a solution of the
associated dual problem, and there is no duality gap.

The method of multipliers, which was proposed by Hestenes [3, 4] and Powel [10] for equality constrained
optimization problems and extended by Rockafellar [11] (see also [12]) to inequality constrained convex pro-
gramming problems, is a typical example of a dual method. It generates iteractively sequences (xx) and (y)
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as follows:
op Rarg min - Z(2,ye-1,Ak),  Ye = Yot + AV (Th, Y1, Ak)

where & stands for approximate solution, A\x, > 0, and Z(z,y, \) is the augmented Lagrangian

L(x,y,A) = f(z) + %[”(y + (@)1 = Il
= max @)+ {0 0(0) 55y~ ol

The method of multipliers is also called the augmented Lagrangian method. In the seminal article [12], Rock-
afellar proved that the method of multipliers is an instance of his proximal point method (hereafter PPM) [13]
applied to the dual objective function. Still in [12], Rockafellar proposed a new primal-dual method for (1),
which we discuss next and that we will use in this paper to design a new primal-dual method for this problem.

Rockafellar’s prozimal method of multipliers (hereafter PMM) [12] generates, for any starting point (zg, yo),
a sequence ((:Ek, yk)) pen 8 the approximate solution of a regularized saddle-point problem

. 1 o112 o112
yYK) A a a + Y, + o7 - —ly — 2
(e 0) = g min s (@) + (3. 9(a) + 55 [l = &1 = Iy — 9] 2)
where (2,9) = (zk—1,yx—1) is the current iterate and A = Ay > 0 is a stepsize parameter. Notice that the
objective function of the above saddle-point problem is obtained by adding to the augmented Lagrangian a
proximal term for the primal variable z. If inf A, > 0 and

Y @ yr) = (@i yi) | < oo 3)
k=1

where (27, ;) is the (exact) solution of (2), then ((xx,yr)),cy converges to a solution of the Karush-Kuhn-
Tucker conditions for (1) provided that there exist a pair satisfying these conditions. This result follows from
the facts that the satisfaction of KKT conditions for (1) can be formulated as a monotone inclusion problem
and (2) is the Rockafellar’s PPM iteration for this inclusion problem (see comments after Proposition 3.2).
Although (2) is a (strongly) convex-concave problem — and hence has a unique solution — the computation of
its exact or an approximate solution can be very hard.

We assume in this paper that f and g; (i = 1,...,m) are €2 convex functions with Lipschitz continuous
Hessians. The method proposed in this paper either solves a second-order model of (2) in which second-order
approximations of f and ¢; (i = 1,...,m) replace these functions in (2) or performs a (relaxed) extragradient
step. In its general form, PMM is an inexact PPM in that each iteration approximately solves (2) according
to the summable error criterion (3). The method proposed in this paper can also be viewed as an inexact
PPM but one based on a relative error criterion instead of the one in (3). More specifically, it can be viewed
as an instance of the (large-step) relaxed hybrid proximal extragradient (r-HPE) method [8, 16, 22] which we
briefly discuss next.

Given a point-to-set maximal monotone operator T : R? =3 RP, the large-step r-HPE method computes
approximate solutions for the monotone inclusion problem 0 € T'(z) as extragradient steps

Zp = Zk—1 — TAR Uk, (4)

where zp_1 is the current iterate, 7 € (0,1] is a relaxation parameter, Ay > 0 is the stepsize and vy, together
with the pair (2, ) satisfy the following conditions

vy, € TEH(3), IAkvk + 2k — 261 |* + 22kek < 2|2 — zi-1])?,

MellZk — ze—1l >

(5)



where o € [0,1) and 1 > 0 are given constants and T denotes the e-enlargement of T. (It has the property
that T¢(z) D T'(z) for every z.) The method proposed in this paper for solving the minimization problem (1)
can be viewed as a realization of the above framework where the operator T is the standard saddle-point
operator defined as T'(z) := (Vf(z) + Vg(z)y, —g(z) + Nrr(y)) for every z = (z,y). More specifically, the
method consists of two type of iterations. The ones which perform extragradient steps can be viewed as a
realization of (5). On the other hand, each one of the other iterations updates the stepsize by increasing
it by a multiplicative factor larger than one and then solves a suitable second-order model of (2). After a
few of these iterations, an approximate solution satisfying (5) is then obtained. Hence, in contrast to the
PMM which does not specify how to obtain an approximate solution (zy,yx) of (2), or equivalently the prox
inclusion 0 € A\;T(z) + z — z;,—1 with T as above, these iterations provide a concrete scheme for computing an
approximate solution of this prox inclusion according to the relative criterion in (5). Pointwise and ergodic
iteration-complexity bounds are then derived for our method using the fact that the large-step r-HPE method
has pointwise and ergodic global convergence rates of O(1/k) and O(1/k%/?), respectively.

The paper is organized as follows. Section 2 reviews some basic properties of e-enlargements of maximal
monotone operators and briefly reviews the basic properties of PPM and the large-step r-HPE method. Sec-
tion 3 presents the basic properties of the minimization problem of interest and some equivalences between
certain saddle-point, complementarity and monotone inclusion problems, as well as of its regularized versions.
Section 4 introduces an error measure, shows some of its properties and how it is related to the relative error
criterion for the large-step r-HPE method. Section 5 studies the smooth convex programming problem (1)
and its second-order approximations. The proposed method (Algorithm 1) is presented in Section 6 and its
iteration-complexities (pointwise and ergodic) are studied in Section 7.

2 Rockafellar’s proximal point method and the hybrid proximal
extragradient method

This work is based on Rockafellar’s proximal point method (PPM). The new method presented in this paper
is a particular instance of the (large-step) relaxed hybrid proximal extragradient (r-HPE) method [14]. For
these reasons, in this section we review Rockafellar’s PPM, the large-step r-HPE method, and review some
convergence properties of these methods.

Maximal monotone operators, the monotone inclusion problem, and Rockafellar’s
proximal point method

A point-to-set operator in RP, T : RP = RP, is a relation T' C RP x RP and
T(z) :={v | (z,v) € T}, z € RP.

The inverse of T is T~ : RP = RP, T~ := {(v,2) | (2,v) € T}. The domain and the range of T are,
respectively,
D(T):={z|T(z) #0}, RT):={v|3zeRP, veT(2)}.

When T'(z) is a singleton for all z € D(T'), it is usual to identify T" with the map D(T) 5 z — v € R? where
T(z) ={v}. UTy,T5: RP =z RP and A € R, then 71 + T3 : R? = R? and AT} : R? = R? are defined as

(Th + To)(2) :={v1 +va | v1 € Th(2), v2 € Ta(2)}, (AT1)(2) == { v |veTi(z)}.
A point-to-set operator T : RP = RP is monotone if
(z—2,v—1") >0, V(z,v),(z',0") €T

and it is mazimal monotone if it is a maximal element in the family of monotone point-to-set operators in R?
with respect to the partial order of set inclusion. The subdifferential of a proper closed convex function is a



classical example of a maximal monotone operator. Minty’s theorem [5] states that if 7" is maximal monotone
and A\ > 0, then the prozimal map (AT + I)~! is a point-to-point nonexpansive operator with domain RP.
The monotone inclusion problem is: given T : RP = RP maximal monotone, find z such that

0eT(z). (6)
Rockafellar’s PPM [13] generates, for any starting zg € RP, a sequence (zj) by the approximate rule
2~ ()\kT + I)flzk_l,

where (M) is a sequence of strictly positive stepsizes. Rockafellar proved [13] that if (6) has a solution and

oo
2k = T + 1) zpa|| < ex, Y ex < oo, infA, >0, (7)
k=1

then (zx) converges to a solution of (6).
In each step of the PPM, computation of the proximal map (AT + I)~!z amounts to solving the prozimal
(sub) problem

0€ XT(z4) 4 24 — 2,

a regularized inclusion problem which, although well-posed, is almost as hard as (6). From this fact stems
the necessity of using approximations of the proximal map, for example, as prescribed in (7). Moreover, since
each new iterate is, hopefully, just a better approximation to the solution than the old one, if it was computed
with high accuracy, then the computational cost of each iteration would be too high (or even prohibitive) and
this would impair the overall performance of the method (or even make it infeasible).

So, it seems natural to try to improve Rockafellar’s PPM by devising a variant of this method that would
accept a relative error tolerance and wherein the progress of the iterates towards the solution set could be
estimated. In the next subsection we discuss the hybrid proximal extragradient (HPE) method, a variant of
the PPM which aims to satisfy these goals.

Enlargements of maximal monotone operators and the hybrid proximal extragra-
dient method

The HPE method [16, 17] is a modification of Rockafellar’s PPM wherein: (a) the proximal subproblem, in
each iteration, is to be solved within a relative error tolerance and (b) the update rule is modified so as to
guarantee that the next iterate is closer to the solution set by a quantifiable amount.

An additional feature of (a) is that, in some sense, errors in the inclusion on the proximal subproblems are
allowed. Recall that the e-enlargement [2] of a maximal monotone operator T : R? = RP? is

TE ) ={v | (z— 2,0 —V) > —e V(,v) € T}, z€RP >0. (8)

From now on in this section T : R = RP is a maximal monotone operator. The r-HPE method [20] for the
monotone inclusion problem (6) proceed as follows: choose zp € RP and o € [0,1); for ¢ = 1,2,... compute
A; > 0 and (Z;,v;,¢;) € RP x RP x R, such that

vi € TEN(Z), | Nivi + 2 — zica|® + 2hies < 0212 — 21 1%,
choose 7; € (0, 1] and set (9)
Zi = Zi—1 — Tl')\ﬂ)i.

In practical applications, each problem has a particular structure which may render feasible the computation

of \;, Z;, v;, and g; as prescribed above. For example, T' may be Lipschitz continuous, it may be differentiable,
or it may be a sum of an operator which has a proximal map easily computable with others with some of these



properties. Prescriptions for computing A;, Z;, v;, and €; under each one of these assumptions were presented
in [6, 7, 8,9, 15, 16, 19, 21].
Computation of (AT + I)~!z is equivalent to the resolution of an inclusion-equation system:

2y =(AT+ )72 <= eT(24), W+zy —2=0.

Whence, the error criterion in the first line of (9) relaxes both the inclusion and the equality at the right-hand
side of the above equivalence. Altogether, each r-HPE iteration consists in: (1) solving (with a relative error
tolerance) a “proximal” inclusion-equation system; (2) updating z;_1 to z; by means of an extragradient step,
that is, using v; € TI=1(%)).

In the remainder part of this section we present some convergence properties of the r-HPE method which
were essentially proved in [14] and revised in [22]. The next proposition shows that z; is closer than z;_; to
the solution set with respect to the square of the norm, by a quantifiable amount, and present some useful
estimations.

Proposition 2.1 ([22, Proposition 2.2]). For any i > 1 and z* € T~1(0),
(a) (L=0)l|Z = zia] < [Nwill £ X+ 0)[|1Zi — zia || and 2X\ie; < 022 — 2|
(b) llz* = zi—1ll® = 12" = zil1* + (1 = *) |2 — 21 l” > [|2* — 21
(©) 2% = 2002 > [l2* = 2> + (1 = 0?) 5o, 71125 — 25l
(d) llz" = Zll < llz" = ziall/ V1= 0% and ||Zi — zi-a || < ||2" — zica||/V1 — 02,

The aggregate stepsize A; and the ergodic sequences (2%), (0¢), (¢%) associated with the sequences ()\;),
(Zi), (v;), and (g;) are, respectively,

Ai = Z’Tj)\j7
j=1
1 ¢ 1 ¢
Zt = o ZTj/\jéj, v = n ZTj/\jUja (10)
(| =1

a 1 i ~ za a
g; :T ZT]AJ(€J+<ZJ721 yUj — Uy >)
L

Next we present the pointwise and ergodic iteration-complexities of the large-step r-HPE method, i.e., the
r-HPE method with a large-step condition [7, 8]. We also assume that the sequence of relaxation parameters
(1) is bounded away from zero.

Theorem 2.2 ([22, Theorem 2.4)). If dy is the distance from zo to T~1(0) # 0 and
AillZi = zicall 209 >0, 7>7>0 i=1,2,...
then, for anyi > 1,

(a) there exists j € {1,...,i} such that v; € T%l(%;) and

d? o?d3
< % < .
losll < it(l—o)n’ &= (i7)3/2(1 — 02)3/22n’

202
(i) P (V=)

23

o c Tl (30) (e TSRA
(b) v € TIEI(ZD), [of]] < (i7)3/2(1 — o2)n°

, and €] <



Remark. We mention that the inclusion in Item (a) of Theorem 2.2 is in the enlargement of T" which appears
in the inclusion in (9). To be more precise, in some applications the operator T' may have a special structure,
like for instance T' = S+ Ny, where S is point-to-point and Ny is the normal cone operator of a closed convex

set X, and the inclusion in (9), in this case, is v; € (S + N)[Si]) (%), which is stronger than v; € Tl=:1(3;). In

such a case, Item (a) would guarantee that v; € (S’ +N )[ij ]) (Z;). Unfortunately, the observation is not true

for the Item (b).
The next result was proved in [18, Corollary 1]

Lemma 2.3. If 2 € R?, A > 0, and v € TI¥l(2), then

Do+2 = 22 +2xe > |2 = OT + D) 75|° + o — (2= AT+ D)712) ||

3 The smooth convex programming problem

Consider the smooth convex optimization problem (1), i.e.,

(P) minf(z) s.t. g(x) <0, (11)
where f:R™ - R and g = (¢1,...,9m) : R” — R™. From now on we assume that:
0.1) f,g1,...,9m are convex € functions;

0.2) the Hessians of f and g1, ..., gm are Lipschitz continuous with Lipschitz constants Ly and Ly, ..., L,
respectively, with L; # 0 for some ¢ > 1;

0.3) there exists (z,y) € R™ x R™ satisfying Karush-Kuhn-Tucker conditions for (11),
Vi) +Vg(x)y =0, g(z) <0, y=0, (y,g(x))=0. (12)

The canonical Lagrangian of problem (11) £ : R™ x R™ — R and the corresponding saddle-point operator
S:R” x R™ — R™ x R™ are, respectively,

—g(x)
The normal cone operator of R™ x R, NRHXR$ :R™ x R™ = R™ x R™, is the subdifferential of the indicator
function of this set (SRTLXRT :R” x R™ — R, that is,

L(x,y) = f(x) +(y,9(x)), S(z,y):= [_vaféz(vg;’y;)]

0, ify=>0;

N n m o= (95 n m., ].4
oo otherwise, R xRy BBy (14)

orn xr (T,Y) = {

Next we review some reformulations of (12).

Proposition 3.1. The point-to-set operator S + Ngnxryp is mazimal monotone and for any (z,y) € R™ x R™
the following conditions are equivalent:

(a) Vf(z)+ Vg(z)y =0, g(x) <0,y >0, and (y,g(x)) = 0;
(b) (x,y) is a solution of the saddle-point problem maxycrm mingern f(x) + (y, 9(x));

(¢) (z,y) is a solution of the complementarity problem

(z,y) e R" x R™; w € R™; S(z,y) — (0,w) =0; y,w>0; (y,w)=0;



(d) (z,y) is a solution of the monotone inclusion problem 0 € (S + NR"’XRT) (z,y).

Next we review some reformulations of the saddle-point problem in (2).
Proposition 3.2. Take (z,y) € R® x R™ and A > 0. The following conditions are equivalent:
(a) (z,y) is the solution of the regqularized saddle-point problem
i, g ma ez £(2) + (0.0(0) + o (e~ 2~y — P);

(b) (x,y) is the solution of the reqularized complementarity problem

(2.9) € R x R™; A(S(x,w(o,w>)+<x,y><f,y°>o; yow > 0; (y,w) = 0:

—1
(©) (@) = (A +Nawazn) +1)  (i,9).
It follows from Propositions 3.1 and 3.2 that (12) is equivalent to the monotone inclusion problem
0 € (S+ Nrwxrr)(2,y)

and that (2) is the PPM iteration for this inclusion problem. Therefore, the convergence analysis of the
Rockafellar’s PMM follows from Rockafellar’s convergence analysis of the PPM.

4 An error measure for regularized saddle-point problems

We will present a modification of Rockafellar’'s PMM which uses approximate solutions of the regularized
saddle-point problem (2) satisfying a relative error tolerance. To that effect, in this section we define a generic
instance of problem (2), define an error measure for approximate solutions of this generic instance, and analyze
some properties of the proposed error measure.

Consider, for A > 0 and (z,y) € R™ x R™, a generic instance of the regularized saddle-point problem to
be solved in each iteration of Rockafellar’s PMM,

1
Inin Toax Fl@) + (y, 9(2)) + 55 (llz — &l* = lly = 911 (15)

Define for A € R and (z,y) € R” x R™

\I/S’(i,’@)’)\ :R™ % RT — R,
| . (10

o) o= iy [A(S69) = 0.0) + @) = )|+ 2A ),

WERY

For A\ > 0, this function is trivially an error measure for the complementarity problem on Proposition 3.2 (b),
a problem which is equivalent to (15), by Proposition 3.2 (a); hence, g ; 5 (7, y) is an error measure for
(15).

In the context of complementarity problems, the quantity (y, w) in (16) is refered to as the complementarity
gap. Next we show that the complementarity gap is related to the e-subdifferential of 6R"'XR$ and to the
e-enlargement of the normal cone operator of R™ x R’'. Direct use of (8) and of the definition of the e-
subdifferential [1] yields

V(z,y) eR" xR, € >0

Oc0anxrp (@,y) = N (2,9) = {=(0,w) | w € RY, (y,w) <&}



Since

argmin [A(S(z,y) — (0,w)) + (z,y) — (£,9)* + 2y, w) = (g(z) + A7'9)-, (18)

weR™
it follows from definition (16) that
Us (2.7 (2.y) = NV f(z) + Vg(@)y) +z — &|° + |ly — (Ag(@) + )+
+2(y, (Ag(@) +9)-) (19)
= [[AS(z,y) + (z,9) — (& 9)|* = |(A\g(z) +9)-|”
for any (z,y) € R" x R
Lemma 4.1. If A >0, 2= (z,9) € R" xR™, z = (z,y) € R™ x R} and w,v,e are defined as
wiz (@) +AG),  0i=SE) - Ow),  e=(yuw),
then
(a) —(0,w) € D:dgn iy (2) = Nigh g (2);

(b) ve(S+ N]ngler)(Z) C (S + Nroxry)El(2), A0+ 2 = £° + 2Xe = Us 5 1 (2);

(© |2 = (A8 + Nansp) + )7 (2)]| < VFs2aa).

Proof. Ttem (a) follows trivially from the definitions of w and ¢, and (17). The first inclusion in item (b)
follows from the definition of v and item (a); the second inclusion follows from direct calculations and (8); the
identity in item (b) follows from the definitions of w and ¢, (16) and (18). Finally, item (c) follows from item
(b) and Lemma 2.3. O

Now we will show how to update A so that Wg ; y(z,y) does not increase when z is updated like z;_1 is
updated to zj in (9).

Proposition 4.2. Suppose that A >0, z = (z,y) € R" x R™, z = (z,y) € R" x R} and define
w = (g(x) + \71g)_, v:=S(z) — (0,w), (1) =z — 1 v =: (2(7),9(7)).
For any T € [0,1],
(1) =& — AV f(z) + Vg(2)y), §(r) =i+ 7Ag(x) + (9(z) + A719)-),
Vs z(r),(1-m)a(2) < ¥sza(2).
If, additionally, y > 0 then, for any T € [0,1], y(7) > 0.

Proof. Direct use of the definitions of w, v and z(7) yields the expressions for &(7) and §(7) as well as the
identity

(1 =7)A(S(2) = (0,w)) + 2z = 2(1) = A(S(2) = (O,w)) + 2 = 2,

which, in turn, combined with (16) gives, for any 7 € [0, 1],

)
Us 2(r),(1-m)a(2) < (L= 7)A(S(2) — (0,w)) + 2 — £(T)[|* + 2(1 — 7)A{y, w)
IN(S(2) = (0,w)) + 2 = 2> + 2(1 = T) Ay, w)
< Usza(2),
where the second inequality follows from (16), (18), the assumption 7 € [0, 1] and the definition of w. To

prove the second part of the proposition, observe that, for any 7 € [0, 1], 9(7) is a convex combination of y
and §(1) = (Ag(z) + )+ =



The next lemma and the next proposition provide quantitative and qualitative estimations of the depen-
dence of Vg (3 4).(2,y) on A.

Lemma 4.3. If(A) := Vs 3 \(2) for A € R, where z = (2,9) € R" x R™, and z = (x,y) € R" x RT, then
(a) v is convex, differentiable and piecewise quadratic;
d
(b) (V) =2((8(2), A(S(2) = (0,w)) + 2 = 2)) where w = (g(w) + A1)

(©) v(N) < (IAS(2)]| + Iz — 2[))%;

(d) lmy—oo Y(A) < o0 if and only if (x,y) is a solution of (12).
Proof. The proof follows trivially from (19). O
Proposition 4.4. If 2 = (Z,y) € R" x R™, z = (z,y) € R" x R and 0 < p < X then

\/\I’s,s,,\ \/\I’s 2

Proof. Let w := (g(x) + p~19)_ and

Ty = ,u(S(z) - (O,w)) +z—2, ry:i= A(S(z) - (O,w)) +z-z

It follows from the latter definitions, (16) and (18) that Ws : ,(2) = ||r.]|* + 2u(y, w) and

Ellz - 2.

2
We 2 (2) < Iral + 2A(y, w) H B g

A
+f2uy,w
m (y, w)

Irallllz = 2l

2 AA—p
<(u) UVM\+2M@,>)+2”

A—w, )
+( |v—40

A\ 2 A P )
s() s 2 (2) + 20U 27 o~ 2]

1
u 2
|v—a0,

(2

where the first inequality follows from the assumption 0 < g < A. The conclusion follows trivially from the
latter inequality. O

5 Quadratic approximations of the smooth convex programming
problem

In this section we use second-order approximations of f and g around a point £ € R™ to define a second-order
approximation of problem (11) around such a point. We also define a local model of (2), where second-order
approximations of f and g around & substitute these functions, and give conditions on a point (Z, ) under
which a solution of the local model is a better approximation to the solution of (2) than this point.

For & € R", let fz and giz) = (91,(#), - - - » 9m,[3)) Pe the quadratic approximations of f and g = (g1, ..., gm)
around z, that is,

fg(@) = f(@) + V(@) (@ - 7) +

—

(@ —2)'V2f(&)(z — 7)

N |

1 (20)
97 () := g:(2) + V(@) (z — &) + 5(33 —1)"'V2(E) (@ —), i=1,...,m.



We define

(Pz)  minf(z) st ggz) <0 (21)

as the quadratic approximation of problem (11) around #. The canonical Lagrangian of (21), £z : R" xR™ —
R, and the corresponding saddle-point operator, Sjz : R™ x R™ — R™ x R™, are, respectively,

L (2,y) = fiay(2) + (v, 911 (2)),

| VaLa(z,y) | _ [Viig(z) + Vg () (22)
Sp (7, y) == {_vyé[iﬂ(mij)} = [ [2] _gm(mg)[ IR

Since Zj3(w,y) is a 3rd-degree polynomial in (z,y) and the components of Sjz (7,y) are 2nd-degree poly-
nomials in (x,y), neither Z; is a quadratic approximation of .Z nor S is a linear approximation of S;
nevertheless, this 3-rd degree functional and that componentwise quadratic operator are, respectively, the
canonical Lagrangian and the associated saddle-point operator of a quadratic approximation of (P) around
#, namely, (Pjz). So, we may say that Zj; and Sz are approximations of . and S based on quadratic
approzimations of f and g.

Each iteration of Rockafellar’s PMM applied to problem (P ) requires the solution of an instance of the
generic regularized saddle-point problem

. 1 o 12 0112
Ioin mnax Ti)(@) + (v 9121 (@) + 53 (lz = 201 = lly = 91I°), (23)

where A > 0 and (z,79) € R™ x R™. It follows from Proposition 3.2 that this problem is equivalent to the
complementarity problem

(z,y) € R" X RYS ASpg(2,9) + (2,9) — (£,9) = (0,w); y,w =05 (y,w) = 0.
To analyze the error of substituting S by Sz we introduce the notation:
Ly = Loy s Ln)s (Y15 sym)l = (9l lyml)s (w150 ym) € R™ (24)
Lemma 5.1. For any (z,y) € R™ x R™ and & € R"

Lo+ (Lyg, |yl)

L
Lorltlyy gz g Wallyy gy

IS(z,y) = Spz (@, )| <
Proof. Tt follows from triangle inequality, (20) and assumption (O.2) that

IVetia)(@,y) = Vol (z,9)|| < |V fia)(2) = V(@) + [[(Vgrz (z) — Vg(z))yl

Lo ~X~ | L; .
< <2+Zlyi|;> |z — &
=1

and
m ) m Li s 2
gtz (2) — g(2)]| = (93121(2) = gi(2)” <\ | > [ G lle =7
i=1 i=1
L
— H 69” Hx _ jHS
To end the proof, use the above inequalities, (13) and (22). O
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Define, for (z,y) € R™ x R™ and A > 0,

A (Lo + <§g»|y|> + 2|§g||p) p <0,

where p =/ Vs ;5.2 (2,¥)

No((2,9),A) = { (z,y) € R" x R’ (25)

The next proposition shows that, if (zZ,7) € Na((2,9),\) with 8 < 1/4, then the solution of the regularized
saddle-point problem (23) is a better approximation than (Z,g) to the solution of the regularized saddle-point
problem (15), with respect to the merit function g (5 ) 1.

Proposition 5.2. If A >0, (z,y) € R" xR™, (Z,7) € R" x R and

_ : 1 o112 o112
(w,y) =arg min mnax @) + (s 9101 (@) + 55 (le = l1° = lly = 11%) ,

then

1@ 9) — (@, 9 </ ¥s @0 (E 7).

If, additionally, (Z,7) € Np((2,9),\) with 0 < 6 < 1/4, then

\/‘Ps,(i,g),A(L y) < 9\/‘1’5,(93,17»(5’, 0)
and (z,y) € Np=((2,9), A).
Proof. Applying Lemma 4.1 to (23) and using (22) we conclude that

12,9) = @Il < /s 0.0 9).

It follows from (20), (22), and (13) that Si3(2,7) = S(&,7), which, combined with (16), implies that
\Ifs[i],(i’g)’A(:i,gj) = VUg(3,4),A(Z, 7). To prove the first part of the proposition, combine this result with the
above inequality.

To simplify the proof of the second part of the proposition, define

p= Vs eina@ = (o) + A7),
r= )\(S(x,y) - (0,w)> +(z,y) — (&,79).

Since (z,y) is the solution of (23),

A<S[i](z7y)(07u))) +($,y)*(i,ﬂ) :07 Yy, w 207 <y,'LU> = 0.

Therefore, 7 = A(S(x,y) — Siz(x,y)). Using also (16), Lemma 5.1 and the first part of the proposition we
conclude that

s i n (@ y) < VP2 + 20y, w) = X||S(z,y) — Sz (z, ) ||

<) (Lo + <2Lga ly) i ||lég|'5> 7.

Moreover, it follows from the Cauchy-Schwarz inequality, the first part of the proposition and the definition
of p that

(Lgs [yl) < (Lg, 191) + [[Lglllly = Gll < (Lgs [9]) + I Lg -

11



Therefore

Lo+ (Lg, l3) | 2IILgll .\ -
\I’S,(i,g))\(l‘,y)g/\( 0+ (Ly \Z/|>+ | g”p) 2.

2 3

Suppose that (Z,9) € Np((Z,9),A) with 0 < 6 < 1/4. Tt follows trivially from this assumption, (25), the
definition of p, and the above inequality, that the inequality in the second part of the proposition holds. To end

the proof of the second part, let p = \/\Ils[i],(gm)yk(z,y). Since p < 0p < p/4 and (Lg, |y|) < (Lg, |9]) + ||Lqllp,

L L 2| L L Ly, |y Lyllp . 2||Lg|l p
(Tl AL o (Bt ol 1l 21,

L Ly, |y 2||L
(bt Ll Al g5 <

where the last inequality follows from the assumption (Z,9) € Np((Z,9),A) and (25). To end the proof use
the definition of p, the above inequality and (25). O

In view of the preceding proposition, for a given (z,y) € R™ x R™ and 6 > 0, it is natural to search for
A >0 and (z,y) € Np((2,9), A).

Proposition 5.3. For any (z,y) € R" x R™, (z,y) € R" x R, and 0 > 0 there exists X > 0 such that
(z,y) € No((2,9), A) for any A € (0, A].

Proof. The proof follows from the definition (25) and Lemma 4.3(c). O

The neighborhoods ANy as well as the next defined function will be instrumental in the definition and
analysis of Algorithm 1, to be presented in the next section.

Definition 5.4. For a > 0 and y € R™, p(y,a) stands for the largest root of

LO+<L97|?J‘> 2||L9H _
( 5 + 3 plp=ca.

Observe that for any A,0 > 0 and (z,7) € R” x R™,

No((@,9),0) = {(z.9) € R* x R | (/s 59 (2 ) < p (5, 6/0)} - (26)

Moreover, since p(y, «) is the largest root of a quadratic it follows that it has an explicit formula.

6 A relaxed hybrid proximal extragradient method of multipliers
based on second-order approximations

In this section we consider the smooth convex programming problem (11) where assumptions O.1, 0.2 and
0.3 are assumed to hold. Aiming at finding approximate solutions of the latter problem, we propose a new
method, called (relaxed) hybrid proximal extragradient method of multipliers based on quadratic approxima-
tions (hereafter rHPEMM-20), which is a modification of Rockafellar’s PMM in the following senses: in each
iteration either a relaxed extragradient step is executed or a second order approximation of (15) is solved.
More specifically, each iteration k uses the (available) variables

(Th—1,y%-1), (Tr, k) € R" xR}, and A\ >0

to generate
(xkuyk)v (£k+17gk+1) S R™ x RT» and )\k+1 >0

12



in one of two ways. Either
(1) (zg,yx) is obtained from (zk_1,yx—1) via a relaxed extragradient step,

Tk, yk) = (Th—1,Yk—1) — TAVk; Uk € (S + Nrnyry )™ (Tk, i)

in which case (Zg41, Jr+1) = (Tk, J) and Agp1 < Ag; or
(2) (zk,yx) = (xg—1,Yk—1) and the point (Tx41,Jk+1) is the outcome of one iteration (at (xg,yx)) of Rock-
afellar’s PMM for problem (21) with & = & and A = Ag41.

Next we present our algorithm, where Ny, fiz), 91z and p(y,a) are as in (25), (20), and Definition 5.4,
respectively.

Algorithm 1: Relaxed hybrid proximal extragradient method of multipliers based on 2nd ord. approx.
(--HPEMM-20)
initialization: choose (zo,y0) = (Z1,71) e R" xRT, 0< 0 <1,0<60 < 1/4;
define h := positive root of (1 + 1) (1 + K (1+1/0))* =1, 7=h/(1+ h);
choose A; > 0 such that (Z1,91) € Mp2((x0,90), A1) and set &k« 1
1 if p(Gk, 0%/ M) < oll(Zk, Gk) — (21—1,Yx—1)|| then
2 A1 = (1 = 7)Ag;
(’fk-i-lv gk-‘rl) = (j:kv gk)?
wg = xp—1 — TV (Zk) + V9(@r) Tkl vk = yk—1 + 7Aeg(@k) + (Mg (Tr) + yr-1)-1;
Ise
Aog1 = (1 — 7)1
@k, y) = (Tr—1,Yr—1);

O OUs W
[¢]

|z — l’k||2 —|ly - yk||2,
22X k41 ’

8 (Zkt1, Ur+1) := arg min max  fiz,1(2) + (y, gz, (x)) +

TER™ yERT
9 end if
10 set k < k+ 1 and go to step 1;

To simplify the presentation of Algorithm 1, we have omitted a stopping test. First, we discuss its initial-
ization. In the absence of additional information on the dual variables y, one shall consider the initialization

(mOJ/O) = (jl,gl) = (.%',0), (27)

where 2 is “close” to the feasible set. If (z,y) € R” x R} an approximated solution of (12) is available, one
can do a “warm start” by setting (zo,y0) = (Z1,%1) = (x,y). Note that h > 0 and 0 < 7 < 1. Existence
of A1 > 0 as prescribed in this step follows from the inclusion (Z1,7;) € R™ x R and from Proposition 5.3.
Moreover, if we compute A = Ay > 0 satisfying the inequality

(2|Lg|||5(wo,yo)||2) X (Lo + (L, [yol)
3 2

|s<xo,yo>||) X _ g2 <,

where the operator S is defined in (13), use Lemma 4.3 (c) and Definition 5.4 we find \/¥s (z0,40),x, (€0, %0) <
A1S(zo, yo) || < p(yo,0?/A1) which, in turn, combined with the fact that (Z1,91) = (20, y0), gives the inclusion
in the initialization of Algorithm 1.

The computational cost of block of steps [2,3,4] is negligible. The initialization A; > 0, together with
the update of A\; by step 2 or 6 guarantee that A\; > 0 for all k. Therefore, the saddle-point problem to be
solved in step 8 is strongly convex-concave and hence has a unique solution. The computational burden of
the algorithm is in the computation of the solution of this problem.

We will assume that (Z1,31) does not satisfy (12), i.e., the KKT conditions for (11), otherwise we would
already have a solution for the KKT system and Z; would be a solution of (11). For the sake of conciseness
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we introduce, for £k = 1,..., the notation
21 = (@1, 06-1)s  Ze= (@ 0), Pk = p(Tk, 07/ Ak). (28)
Since there are two kinds of iterations in Algorithm 1, its is convenient to have a notation for them. Define
A:={k e N\{0} | px < 0l|Zk — 21}, B:={k € N\{0} [ o > ol[Z — z6-1]]}. (29)

Observe that in iteration k, either k& € A and steps 2, 3, 4 are executed, or £k € B and steps 6, 7, 8 are
executed.

Proposition 6.1. Fork=1,...,
(a) Zr € Ng2(2k—1, Ak);
(b) /sy x (Zi) < P
(€) zx—1 ER" xR} .

Proof. We will use induction on & > 1 for proving (a). In view of the initialization of Algorithm 1, this
inclusion holds trivially for & = 1. Suppose that this inclusion holds for £ = ky. We shall consider two
possibilities.

(i) ko € A: Tt follows from Proposition 4.2 and the update rules in steps 2 and 4 that

\/\I]S,ka)\koﬂ (Zko) < \/\IIS,ZkOAJ\kO (Zko) < P(Uko» 92/>‘k0) < p(Uko» 02/>‘k0+1)

where the second inequality follows from the inclusion Zg, € Np2(2zk,—1,Ak,) and (26); and the third in-
equality follows from step 2 and Definition 5.4. It follows from the above inequalities and (26) that Z, €
Noz (21, Akgt1)- By step 3, Zg,+1 = Z,. Therefore, the inclusion of Item (a) holds for k = ko + 1 in case (i).

(ii) ko € B: In this case, by step 7, zp, = zr,—1 and, using definition (29), the notation (28), and the
assumption that the inclusion in Item (a) holds for k = kg we conclude that

Héko - Zko” < pko/av Zry € Nop2 (ka Ako)v \I]S,Zko,)\ko (gk‘o> < Pho-

Direct use of the definitions of h, 7, and step 6 gives Ag,41 = (1 + h)Ag,. Defining p’ = \/‘I’S,z;co,AkOH(éko)a

it follows from the above inequalities and from Proposition 4.4 that,

p/ < (]- + h) \Ilsyzk07)\k0 (’gko) + hHZko - Zk‘o” < (1 + h(]- + 1/0))pk0'

Therefore,

Lo+ (Lo, |§ 2||L 1\ ?
Ak0+1< 0 <2g ko) ||39”p’>p’<(1+h) <1+h<1+0>>

Lo+ (Ly, |7 9L
e (Bt iLelin | ALl Y,

=(1+h) <1+h<1+i>>292:9’

where we also have used Definition 5.4 and the definition of A (in the initialization of Algorithm 1). It follows
from the above inequality, the definition of p’ and (25) that

Zky € No(Zkg» Akg+1)-

Using this inclusion, step 8 and Proposition 5.2 we conclude that the inclusion in Item (a) also holds for
k=ko+1.

Item (b) follows trivially from Item (a), (26) and (28). Item (c) follows from the fact that yo > 0, the
definitions of steps 3, 4, and the last part of Proposition 4.2. O
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Algorithm 1 as a realization of the large-step r-HPE method

In this subsection, we will show that a subsequence generated by Algorithm 1 happens to be a sequence
generated by the large-step r-HPE method described in (9) for solving a monotone inclusion problem associated
with (11). This result will be instrumental for evaluating (in the next section) the iteration-complexity of
Algorithm 1. In fact, we will prove that iterations with k € A, where steps 2, 3, 4 are executed, are large-step
r-HPE iterations for the monotone inclusion problem

0€T(:) = (S+Nawxrp ) (), 2= (,y) €R" xR™, (30)

where the operator S is defined in (13).
Define, for £k =1,2,...,
wp = (9(&) + M twe—1) =, vk =S(Gk) — (O,wr), ek = (Gk, wr), (31)

where Zj, is defined in (28). We will show that, whenever k € A, the variables Zy, vg, and &, provide an
approximated solution of the proximal inclusion-equation system

v € (S + Nrnxry)(2), ARV + 2z — zp—1 =0,

as required in the first line of (9). We divided the proof of this fact in two parts, the next proposition and the
subsequent lemma.

Proposition 6.2. Fork=1,2,...,
(a) —(0,wy) € aek(s]R"x]RT(gk) = N]E@LRT(ZIC);
(b) vi € (8 + Nt gy ) (1) C (S + Nansrp )4 (5);

(€) kv + 2k — ze—1l1® + 2Mkek = s 2 1a (Zr) < p3.

Proof. Ttems (a), (b) and the equality in Item (c) follow from definitions (28), (31) and Items (a) and (b) of
Lemma 4.1. The inequality in Item (c) follows from Proposition 6.1(b). O

Define
A :={j e N|j <k, steps 2, 3, 4 are executed at iteration j},

32
By :={j e N|j<kE, steps 6, 7, 8 are executed at iteration j} (32)

A:UAk, B= UBk.

keN keN

and observe that

From now on, #C' stands for the number of elements of a set C. To further simplify the converge analysis,
define

I={ieN|1<i<#A}, ko=0, k;=7i-thelement of A. (33)
Note that kg < k1 < ka---, A= {k; | i € I} and, in view of (29) and step 7 of Algorithm 1,
2k = Zk;_1 for ki1 <k<k; Viel. (34)
In particular, we have

Zk;—1 = Rk;_q Viel. (35)

In the next lemma we show that for indexes in the set A, Algorithm 1 generates a subsequence which can
be regarded as a realization of the large-step r-HPE method described in (9), for solving the problem (30).
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Lemma 6.3. The sequences (zx,;)icr, (Zk,)ier, (Vk;)icr, (€k;)icr, (Ak,;)icr are generated by a realization of the
r-HPE method described in (9) for solving (30), that is, 0 € (S 4+ Ngnxry)(2), in the following sense: for all
iel,

Uk, € (S + N]EQEJ:;]RK})(Z&) - (S + NR"XRT)[Eki](Zki)’

[ AWk, + 2k, — 2oy I+ 220,60, < 07, < 0|2k, — 20,4 |17, (36)

2y = Zhy_q — Tk Uk, -

Moreover, if I is finite and iy := max [ then z, = Zhiy, for k> ki, .

Proof. The two inclusions in the first line of (36) follow trivially from Proposition 6.2(b). The first inequality
in the second line of (36) follows from (35) and Proposition 6.2(c); the second inequality follows from the
inclusion k; € A, (29), step 1 of Algorithm 1 and (35). The equality in the last line of (36) follows from the
inclusion k; € A, (29) step 4 of Algorithm 1, (35) and (31). Finally, the last statement of the lemma is a direct
consequence of (28), (29) and step 7 of Algorithm 1. O

As we already observed in Proposition 3.1, (30) and (12) are equivalent, in the sense that both problems
have the same solution set. From now on we will use the notation K for this solution set, that is,

K= (s + NRHXM)_1 (0)
={(z,y) eR" xR™ | Vf(z) + Vg(2)y =0, g(z) <0, y >0, (y,9(z)) =0} .

(37)

We assumed in (O.3) that this set is nonempty. Let z* = (z*,y*) be the projection of zg = (¢, yo) onto K
and dy the distance from zg to IC,

ek, do=|z" -2l = rzrél)ICle — zp]|- (38)

To complement Lemma 6.3, we will prove that the large-step condition for the large-step r-HPE method
(stated in Theorem 2.2) is satisfied for the realization of the method presented in Lemma 6.3. Define

02

Lo+ (Lg,|yol) , [1  1/2+20/3

= -+ —— | dp||L : . 39
C 2 2 + m OH 9”7 n oc ( )

Proposition 6.4. Let z* € K and dy, and n as in (38), and (39), respectively. For all i € I,

* * P do ~ do
[2% = 21, | < do, [[2" = 2k, | < Nir=i 12k — 28,0 || < Nl (40)
As a consequence,

Akl 2k, = 260 [l 2 - (41)

Proof. Note first that (40) follows from Lemma 6.3, items (c) and (d) of Proposition 2.1, (35) and (38). Using
(28), (29), (33) and step 1 of Algorithm 1 we obtain

JHgki - Zki—1|| > p(gkmez/)\lﬁ) Viel,
which, in turn, combined with the definition of p(-,-) (see Definition 5.4) yields

LO + <Lga |gl€b > 4 2”qu|
2 3

- N 62 .
ollz, — zmn) ook~ il 2 4 Vil (12)

7

Using the triangle inequality, (38) and the second inequality in (40) we obtain

~ o~ 1
||Z() —Zk,iH S d0+ HZ —ZkiH S do <1+ m) .
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Now, using the latter inequality, the fact that ||z — Zx,|| > ||lyo — Uk, || (Vi € I) and the triangle inequality we
find

<Lga |Qk1 + <Lg’ |y0‘>

) < lILgllllzo — 2k,

< do|| Ly (1 + Viel (43)

1
— | + (L ,
s )+ (Lo o
To finish the proof of (41), use (35), substitute the terms in the right hand side of the last inequalities in (40)
and (43) in the term inside the parentheses in (42) and use (39). O

7 Complexity analysis

In this section we study the pointwise and ergodic iteration-complexity of Algorithm 1. The main results
are (essentially) a consequence of Lemma 6.3 and Proposition 6.4 which guarantee that the (sub)sequences
(2k,)iers (Zk,)icr, - .. can be regarded as realizations of the large-step r-HPE method of Section 2, for which
pointwise and ergodic iteration-complexity results are known.

To study the ergodic iteration-complexity of Algorithm 1 we need to define the ergodic sequences associated
to (Ak;)iers (Zk; )ier, (Vk,;)ier and (e, )icr, respectively (see (10)), namely

i
AN,=71 Z Ak
j=1
1 < 1
z = (27,07) = N, TZ)"%'E’%’ vit = A, TZ)"“J'U’“J" (49)
j=1 Jj=1

1 d z za a
6;’« = T TZ)‘kj(ekj + <ij — 2, Uk; — U >)
1 ]:1
Define also

L(x,y) =
() —00, otherwise.

— {f(x) +(,9(x)), y=0 (45)

Observe that that a pair (x,y) € K, i.e., it is a solution of the KKT system (12) if and only if (0,0) €
I(Z(-,y) — Z(z,-))(x,y). Since (30) and (12) are equivalent, the latter observation leads us to consider in
this section the notion of approximate solution for (30) which consists in: for given tolerances § > 0 and & > 0
find ((z,y),v,€) such that

vED(L(vy) — L@, ))(x,y), v <o, e<E (46

~

We will also consider as approximate solution of (30) any triple ((z,v), (p,q),¢) such that ||(p,q)| < 9,
e <% and

p=Vf(x)+Vgx)y, gx)+¢<0, y>0, (y,9(x)+q) =—¢ (47)
or
P € 8@5’?(5& y)7 g(x) + q S 07 ) Z 07 <y7g($) + Q> 2 —-g, (48)

where &’ := ¢+ (y,g(z) + q).

It is worthing to compare the latter two conditions with (12) and also note that whenever &’ = 0 then (48)
reduces to (47), that is, the latter condition is a special case of (48). Moreover, as Theorems 7.3 and 7.4 will
show, (47) and (48) are related to the pointwise and ergodic iteration-complexity of Algorithm 1, respectively.

We start by studying rates of convergence of Algorithm 1.
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Theorem 7.1. Let (Zk,;)icr = ((Zk,, Uk, ))ict, (Vk;)ier and (gx,)icr be (sub)sequences generated by Algorithm
1 where the the set of indexes I is defined in (33). Let also (Z8)icr = ((Z2,9%))icr, (v8)ier and (€%)icr be as
in (44). Then, for any i € I,

(a) [pointwise] there exists j € {1,...,i} such that

Uk; € afkj ( Z (5 Tr;) = y(‘%kj")) (T 5 O ) (49)
and
@2 o2d3
< —"0 _ .
Hvkj H “it(l—o)y’ Ehi = (iT)3/2(1 — 02)3/22’ (50)

(b) [pointwise] there exists j € {1,...,i} and (p;,q;) € R" x R™ such that

pj = Vf(Zx,) + Vg(Tr, )k, »

- R o (51)
9(@k;) +q; <0, Tk, >0, (Gk;, 9(Tk;) + q5) = —€x;
and
d? o*d}
gl < ——m— < ; 52
s a0)ll < it(l—o)n’ Tk = (iT)3/2(1 — 02)3/22’ (52)
(c) [ergodic] we have
’U;l € 88‘: (y(vgg) _y(i‘ga)) (i'gag;l) (53)
and
2d3 2d;
vl < — 0 ) €& < —=m— (54)
(i7)*2(V1 = a%)n (i7)3/2(1 = o%)n
(d) [ergodic] there exists (p?,q*) € R™ x R™ such that
¢ €0y L(EL T,
pz ~a 751(1. ( y"‘?l ~Q ~a a a (55)
9(@) +af <0, g =0, (F,9(F) +q) = —¢
and
2d? 2d3
1§ a1l < o , < 0 (56)

(iT)*2(V1 = a®)n (i7)3/2(1 = o?)n’

where €} := € + (g, 9(ZF) + ¢ff).

xl
Proof. We first prove Items (a) and (c¢). Using Lemma 6.3, the last statement in Proposition 6.4 and (30)
we have that Items (a) and (b) of Theorem 2.2 hold for the sequences (Zg,)icr, (v, )ier and (eg,)icr. As a
consequence, to finish the proof of Items (a) and (c) of the theorem, it remains to prove the inclusions (49)
and (53). To this end, note first that from the equivalence between Items (a) and (c) of Proposition A.1 (with
¢’ = 0) we have the following equivalence for all ¢ € T

Vg, € (S + N]EQESQRT)(‘%ICN gkz) — Uk, € 85k7 (Dzﬂ(’gkz) - z(i'k'n )) (ikugkz)
Hence, using the latter equivalence, the first inclusion in (the first line) of (36), the inclusion in Theorem
2.2(a), the remark after the latter theorem, and (30) we obtain (49). Likewise, using an analogous reasoning
and Proposition A.2 we also obtain (53), which finishes the proof of Items (a) and (c).

We claim that Item (b) follows from Item (a). Indeed, letting (p;,q;) := vk, (for all i € I), using the
definition of vg; and ey, in (31), the definition of S in (13) and the equivalence between Items (a) and (b)
of Proposition A.1 (with ¢’ = 0) we obtain that (p;,q;) := vy, satisfies (51) and (52). Using an analogous
reasoning we obtain that Item (d) follows from Item (c). ' O
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Next we analyze the sequence generated by Algorithm 1 for the set of indexes & € B. Direct use of
Algorithm 1’s definition shows that

1 #Br—# Ak
Ak+1 = <1 — T) A1 Vk > 1. (57)

Define

_ 20
p= . (58)

Lo Lo\? 8||L,l6?
A 5 + \/( 5 > + 3N

In the next proposition we obtain a rate of convergence result for the sequence generated by Algorithm 1
with k£ € B.

Proposition 7.2. Let pi for all k > 1 be as in (28) and let also p > 0 be as in (58). Then, for all k € B,
vk € 0, (L, 0k) — L (En,-)) (T, Tn)

and

(1+1/0)px < Pr

< —.
ol < SRy < L

Moreover, if A\, > A1 then pr < P.
Proof. First note that the desired inclusion follows from Proposition 6.2(b) and the equivalence between items
(a) and (c) of Proposition A.1. Moreover, by Proposition 6.2 (c) we have

||/\kvk—|—2k—zk_1H2+2)\kak Spi Vk > 1.

Note that the desired bound on ¢ is a direct consequence of the latter inequality. Moreover, this inequality
combined with the definition of B (see (29)) gives |[A\gvg] < [|Aevk + 2k — ze—1l| + |2k — zk—1l] < 1+ 1/0)pi
for all k € B, which proves the desired bound on ||v]|.
Assume now that Ay > A\;. Using Definition 5.4 and (28) we obtain for all k£ > 1
. 262
pr = p(Ur, 02 /A1) = - =
L Ly, |y L Ly, |y 8||Ly||6
s [ Lot (o lih \/( o Lo i), 3|

2 2 3k

which, in turn, combined with (58), the assumption that Ay > A; and the fact that (L, |gx]) > 0 gives
Pr < P [

Next we present the two main results of this paper, namely, the pointwise and ergodic iteration-complexities
of Algorithm 1.

Theorem 7.3 (pointwise iteration-complexity). For given tolerances § > 0 and € > 0, after at most

d? o*/3d?
=2 {ma" { dr(L—opm’ EPr(1 - a2)(2n)* H
N max {log* ((1+ 1/0)p/(0\1)) ,log™ (p°/(22A\1)) }
log(1/(1—17))

iterations, Algorithm 1 finds ((z,y), v, €) satisfying (46) with the property that ((x,v), (p,q),e) where (p,q) == v
also satisfies

(59)

p=Vf(z)+Vg@)y, gx)+¢<0, y>0, (y,9(z)+q) =—¢,

3 60
(p,q)|| <6, e <= (60)

19



Proof. First define

d2 04/3d2
M, = [max{ 0 - 0 H and My := M —2M;. (61)
61(1 — o)y’ E2/37(1 — 02)(2n)2/3

The proof is divided in two cases: (i) #A4 > M; and (ii) #A < M; . In the first case, the existence of
((z,y),v,€) (resp. ((z,y), (p,q),e)) satisfying (46) (resp. (60)) in at most M iterations follows from Theorem
7.1(a) (resp. Theorem 7.1(b)). Since M = 2M; + My > My, it follows that, in this case, the number of
iterations is not bigger than M.

Consider now the case (ii) and let &* > 1 be such that #A = # A« = # A for all k > k*. As a consequence
of the latter property and the fact that #4 < M; we conclude that if # By > M; + Ms, for some k > k*, then

Br = #By — # A, > #B, — My > M,. (62)
Using the latter inequality, (59) and (61) we find

max {logt ((1+ 1/0)p/(0\1)) ., log™ (P°/(22A\1)) }

ez iz log(1/(1 - 7)) |

which is clearly equivalent to

o () ) e (i) 2 (3) ()
o (7)) woe () 2 (1), (o)

Now using the definition in (62), (63) (resp. (64)) and (57) we obtain log(Ax/[(1 + 1/0)p]) > log(1/8) (resp.
log(2\x/p?) > log(1/£)) which yields

1+1/0)p - 02
ﬁwg (resp_ pSE)_
k

It follows from the latter inequality and Proposition 7.2 that ((z,y),v,¢) := ((Zk, Uk ), Uk, €k ) satisfies (46) and,
due to Proposition A.1, that ((z,v), (p,q),e) := (&, k), vk, ) satisfies (60). Since the index k has been
chosen to satisfy #Ay < My and # By > My + My we conclude that the total number of iterations is at most
My + (M + My) = M. O

Theorem 7.4 (ergodic iteration-complexity). For given tolerances 6 > 0 and € > 0, after at most

— 2/3 4/3 2/3 72
M:=2 ’Vmax{Q/B 2 dO 2/37 —2/3 2 dO 2\1\2/3 }-‘
é T(T}\/l—d) eir (n(l —o?))

. ’Vmax {log* (1 4+ 1/0)p/(8\1)) , log™ (,;2/(2&1))}}

log(1/(1— 7)) (65)

iterations, Algorithm 1 finds ((z,y), v, e) satisfying (46) with the property that ((z,v), (p,q),e) where (p,q) == v
also satisfies

pE O L(xy), glx)+q<0, y>0, (y,g(x)+q)>—e,

) (66)
I(p, @)l <9, e <E,

where €' :=¢e + (y,9(x) + q).

Proof. The proof follows the same outline of Theorem 7.3’s proof. O
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A Appendix
Proposition A.1. Let (Z,7) € R xR}, v = (p,q) € R x R™ and € > 0 be given and define
w = —(g(i‘)—‘,—q), 5/ ::€_<ng>'

The following conditions are equivalent:

(a) ved:(Z(-9)

~Z(,)) (2.9);
(b) w>0, (gw)<e, pedho (7, 7);
() 0<e <eand —w e N[?E’](g), p €0y Z(,7).
Proof. (a) <= (b). Note that the inclusion in (a) is equivalent to
ZL(@,g) - ZL(&,y) 2 px—2) +{gy—J)—e  V(,y) ER" xRY,
which, in view of (45) and (67), is equivalent to

y(x7g)_§(i.ag)+ 12% <w7y> > <p,x—$f> _E/ Vz € R™.
y=

The latter inequality is clearly equivalent to (b).

(b) <= (c¢). Using (17), the fact that § > 0 and the definition of &’ in (67) we obtain that the first
inequality in (b) is equivalent to &’ < ¢ and the second inequality in (¢). To finish the proof note that the

second inequality in (b) is equivalent to &’ > 0.

O

Proposition A.2. Let X CR" andY C R™ be given convez sets and ' : X XY — R be a function such that,
for each (x,y) € X XY, the function T'(-,y) — T'(z,-) : X x Y — R is convex. Suppose that, for j =1,...,1,

(;,75) € X xY and (pj,q;) € R™ x R™ satisfy
(P, a5) € Oc; (L(,55) — D(Z5,-)) (%5, ;) -
Let ay, -+ ,a; > 0 be such that 22:1 o =1, and define

i i

(i?,g?)zzaj(jj,gj), (p;’l7q$)zzaj(pjaqj)7

j=1 j=1

el =Y ajle; + (& —&,p) + (0 — 0 45)] -
j=1
Then, €} > 0 and
(p(ila q;l) € a&’; (F(5 g?) - F(jfv )) (‘i;lvgg) .

Proof. See [6, Proposition 5.1].
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