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Abstract

Traditional stochastic programs assume that the probability distribution of uncertainty is

known. However, in practice, the probability distribution oftentimes is not known or cannot

be accurately approximated. One way to address such distributional ambiguity is to work with

distributionally robust convex stochastic programs (DRSPs), which minimize the worst-case

expected cost with respect to a set of probability distributions. In this paper we analyze the

case where there is a finite number of possible scenarios and study the question of how to identify

the critical scenarios resulting from solving a DRSP. We illustrate that not all, but only some

scenarios might have “effect” on the optimal value, and we formally define this notion for our

general class of problems. In particular, we examine problems where the distributional ambiguity

is modeled by the so-called total variation distance. We propose easy-to-check conditions to

identify effective and ineffective scenarios for that class of problems. Computational results

show that identifying effective scenarios provides useful insight on the underlying uncertainties

of the problem.

1 Introduction

A crucial task when building stochastic optimization models is finding an underlying probability

distribution to represent the uncertainty. Most often, partial information about the uncertainty

is available through a series of historical data. In such circumstances, traditional stochastic pro-

grams rely on approximating the underlying probability distribution. However, in many real-world

applications, the underlying probability distribution cannot be accurately determined, even when
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historical data are available. For example, even though we may have historical demand data, de-

mands might shift as a result of economic development, technological innovations, and so forth.

This distributional “ambiguity” might lead to highly suboptimal decisions. An alternative mod-

eling approach to handle such an issue is to use “distributionally robust stochastic programs” or

“ambiguous stochastic programs,” which assume the underlying probability distribution lies in an

ambiguous set of distributions and hedges against the worst-case probability distribution in the

ambiguity set.

To formalize these notions, consider a convex stochastic optimization problem of the form

min
x∈X

∑
ω∈Ω

qωhω(x), (1)

where X ⊆ Rm represents the deterministic feasibility set for the decision vector x, assumed to be

a non-empty convex compact set. We assume that there exists a finite set of possible scenarios

that can occur and denote that set by Ω = {ω1, . . . , ωn}. A generic scenario in that set is denoted

by ω. Throughout the paper we shall use bold notation to denote scenario-dependent vectors;

so, in (1), q denotes a known probability vector to represent the uncertainty. We assume that

the cost function hω(·) : X 7→ R is convex and real-valued in an open set containing X, for all

ω ∈ Ω. For x ∈ X, we denote by h(x) the random variable that takes values hω(x), ω ∈ Ω.

Problem (1) contains a wide range of problems, including two-stage stochastic linear programs

with recourse (SLP-2 for short), provided it satisfies the aforementioned assumptions. For instance,

in SLP-2 we have X := {x ∈ Rm : Ax = b, x ≥ 0} (assumed to be non-empty and compact) and

hω(x) = cx +Hω(x), where Hω(x) represents the second-stage cost function given decision x and

scenario ω: Hω(x) = minyω {kωyω : Dωyω = Bωx+ dω, yω ≥ 0} (assumed to be real-valued in an

open set containing X for all ω ∈ Ω).

The distributionally robust version of stochastic program (1), called DRSP for short, can be

formulated as

min
x∈X

{
f(x) := max

p∈P

∑
ω∈Ω

pωhω(x)

}
, (DRSP)

where P is the ambiguity set of distributions and is a subset of all probability distributions on Ω.

The inner maximization problem in (DRSP) hedges against the worst-case probability distribution

in the ambiguity set P. For a given x ∈ X, we refer to this inner problem as the worst-case expected

problem at x.

Several approaches to model the distributional ambiguity have been studied in the literature.

One common approach is moment based, in which the ambiguity set contains all probability dis-

tributions whose moments (typically the first two moments) satisfy certain properties; see, e.g.,

[35, 11, 15, 41]. In another widely studied approach, the ambiguity set is constructed by con-

sidering all probability distributions whose distances to a nominal probability distribution are

sufficiently small. Many distances have been used in the literature to construct the ambiguity set;
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e.g., Prohorov metric [12], Kantorovich metric [31, 42, 29], Wasserstein metric [13, 14, 28], and

ζ-structure probability metric [45]. Recently, a famous class of distances in information theory—

φ-divergences—has attracted increasing attention. The authors in the pioneering work [5], as well

as [23] and [4], study general φ-divergences. Some papers have studied a particular φ-divergence

including Kullback-Leibler divergence [7, 19, 20, 40], χ2 distance [25], and variation distance [24].

More recently, DRSPs in a multistage setting has been studied; see, e.g., [39, 43, 30, 2, 37]. For a

detailed review of different approaches to model the distributional ambiguity, we refer to [16] and

references therein.

The solution of the DRSP problem yields an optimal decision vector x∗ as well as an optimal

probability distribution p∗ := p∗(x∗). A natural question that arises is: what does that distribution

look like? By construction, p∗ is the worst-case distribution corresponding to an optimal decision

x∗. So, presumably, the support of p∗ (i.e., the subset of scenarios for which p∗ω > 0) would indicate

the critical scenarios we are concerned about. Similarly, the scenarios in the complement of that

set appear to have no importance for our optimal decision. Such study of scenarios may help

the decision maker understand their problem better and encourage them to collect more accurate

information surrounding certain scenarios. Consider, for example, a traditional newsvendor model.

In this case, it is intuitive that if we are very conservative—i.e., if we take the ambiguity set to

be very large so we protect against the worst possible distribution—the critical scenario is the one

in which demand is the lowest. But suppose we are not very conservative. Then, what is the

region of demand values that are critical? How far in the tail of the demand distribution are these

scenarios? The answer to these questions may lead the decision maker to do a more careful study to

better estimate that portion of the tail of the distribution, which often gets neglected by standard

goodness-of-fit procedures. Further examples of practical situations are discussed in Section 5.

In this paper we study the issue of critical scenarios in the context of DRSP. One major contri-

bution of our work is a precise definition of what is meant by a critical scenario. Roughly speaking,

critical scenarios according to our definition are those scenarios whose removal from the problem

(defined in a precise way in Section 2) leads to changes in the optimal value; we call those effective

scenarios. Likewise, ineffective scenarios are those that can be removed from the problem without

causing any changes. As it turns out—and perhaps somewhat surprisingly—we cannot determine

whether a scenario is effective simply by looking at the value of p∗ω for that scenario. Indeed, it is

possible to have effective scenarios for which p∗ω = 0, and ineffective scenarios for which p∗ω > 0.

How to determine then the set of effective/ineffective scenarios? One way, of course, would be

to re-solve the problem multiple times, i.e., without each scenario, and observe the cases in which

there were any changes. Clearly, this is not practical, especially for large problems. Our goal is then

to develop criteria for effectiveness/ineffectiveness, but in order to do so, it is necessary to exploit

specific structures of the ambiguity set P. Following the literature on DRSPs with φ-divergences,

we define P as the set of distributions p that are not “too far” from a “nominal” distribution q

that is pre-established by the user or inferred from existing data. Here, “not too far” refers to
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the value of the total variation distance V (p,q) := 1
2

∑
ω∈Ω |pω − qω|, which is a particular case

of φ-divergence. By exploiting the linear structure of this function, we are able to obtain easy-

to-check conditions based on the relationship between p∗ and q that allow us to classify many of

the scenarios. While some scenarios may remain unclassified, in our numerical experiments such

unclassified scenarios represented a small fraction of the total number of scenarios.

Our choice to work with the total variation distance has other benefits. The first one is con-

ceptual: as shown in [4], under the total variation distance it is possible to have p∗ω = 0 for a

scenario for which qω > 0, and we may also have p∗ω > 0 for a scenario for which qω = 0 (these

situations are called respectively “suppressed” and “popped” scenarios in that paper). These pos-

sibilities broaden the set of scenarios for which our easy-to-check conditions apply. The second

benefit is computational: when the total variation distance is used to define P in the DRSP, the

result is a computationally tractable optimization model which can be solved by a decomposition

algorithm. Finally, the third benefit is interpretative: when using the total variation distance, the

resulting DRSP has an attractive interpretation in terms of risk, as it can be expressed as a linear

combination of the worst-case and the Conditional Value-at-Risk (CVaR) of the cost function.

To the best of our knowledge, this is the first work that defines the notion of effective scenarios

for DRSP. There are papers that introduce “support constraints”—which is somewhat similar

to our notion of effective scenarios—in the context of optimization problems subject to convex

constraints parameterized by an uncertainty parameter [8, 9, 10]. They define a support constraint

as any constraint whose removal changes the optimal value of a constraint-sampled problem. By

determining the maximum number of support constraints, the authors in [8] and [9] probabilistically

describe the feasibility of a randomized sample-based solution if a new realization of uncertainty

is observed. Similarly, the authors in [10] use this notion to study the optimality of a randomized

solution to a minimization of the worst-case cost problem.

Our work is also related to the work in [4]. As mentioned earlier, the authors of that paper

define the notions of “suppressing” and “popping” a scenario and provide a categorization of φ-

divergence functions based on these two notions. As it turns out, not all φ-divergence functions

allow for both suppressing and popping of scenarios—but the total variation distance does. There

is, however, no classification of scenarios according to their effect on the problem.

To summarize, the contributions of this article are as follows:

(i) We introduce the notions of effective and ineffective scenarios for a general class of distribu-

tionally robust convex stochastic optimization problems with finite support. We give alterna-

tive definitions for these notions and present some general properties of effective/ineffective

scenarios.

(ii) We provide easy-to-check sufficient conditions to identify the effectiveness of scenarios for a

specific class of (DRSP), namely (DRSP) formed using the total variation distance (DRSP-V).

(iii) As the ambiguity set enlarges, it is perhaps natural to conjecture that the sets of effec-

tive/ineffective scenarios are nested and the number of effective/ineffective scenarios are
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monotone. We examine monotonicity in the number of effective/ineffective scenarios and

nestedness of the corresponding sets in more detail. We illustrate through counterexamples

that these properties do not hold in general.

(iv) We numerically illustrate the concepts introduced in this paper. Computational results indi-

cate that easy-to-check conditions work well by identifying a relatively large set of scenarios

immediately after solution of the problem.

(v) Finally, we investigate how effective and ineffective scenarios can be used to gain insight into

the underlying uncertainties of a problem.

The rest of this paper is outlined as follows. In Section 2, we formally introduce the notions of

effective and ineffective scenarios for a generic DRSP and present some properties of such scenarios.

In Section 3, we review the total variation distance and its risk interpretation for DRSP. In Section

4, we focus on the DRSP-V and provide easy-to-check conditions to identify effective/ineffective

scenarios in that setting. We then present numerical experiments to test the efficacy of easy-to-check

conditions and analyze the insights obtained from the study of effectiveness of scenarios in Section

5. In that section, we also discuss the monotonicity properties of the sets of effective/ineffective

scenarios. We end with conclusions and discussion of future work in Section 6. Some results and

proofs are presented in the Appendix; references to these results are preceded by “A–” in the text.

2 Identifying Effectiveness of Scenarios for DRSP

As mentioned earlier, the idea behind identifying effective scenarios is to verify whether the optimal

value of (DRSP) changes when a scenario (or, more generally, a set of scenarios) is removed from

the problem. The first task is then is to define what is meant by “removing” a set of scenarios

F ⊂ Ω from the problem. We do that by restricting the ambiguity set P to those probabilities

p for which pω = 0, ω ∈ F . This ensures that the scenarios in F are not in the support of any

optimal worst-case probability p∗. We shall call the resulting problem the assessment problem of

scenarios in F . More formally, this problem can be formulated as

min
x∈X

{
fA(x;F) := max

p∈PA(F)

∑
ω∈Fc

pωhω(x)

}
, (2)

where PA(F) := P ∩ {pω = 0, ω ∈ F} is the ambiguity set of distributions for the assessment

problem of scenarios in F . In (2), Fc denotes the complement of set F , i.e., Ω \F . Notice that the

assessment problem does not eliminate scenarios from the sample space; it only enforces pω = 0 for

all ω ∈ F . In Section 4.2, we further investigate the assessment problem when the total variation

distance is used to model the distributional ambiguity; see (9)–(10)

Note that the assessment problem of scenarios in F might not be well defined. For instance,

if too many scenarios are restricted to have a zero worst-case probability, the inner maximization
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problem in (2) might become infeasible, in which case (2) is not well defined. By convention, we

set fA(x;F) = −∞ in such cases.

Based on the definition of the assessment problem in (2), one might think that it suffices to

look at the value of p∗ω to decide about the effectiveness of a scenario ω. After all, if p∗ω is already

zero then it seems that nothing will change if we re-solve the problem with the extra constraint

pω = 0. As it turns out, however, this is not necessarily true, as demonstrated by a simple example

in Section 2.1. We will then present the formal definition and properties in Section 2.2.

2.1 Motivating Example

Example 1 Let us consider a newsvendor problem to decide on how much inventory, x, should be

ordered to minimize cost, z. Suppose that the unit cost is 2 and unit revenue is 3. The uncertain

demand takes values d = (2, 5, 1), with nominal probabilities q = (0.30, 0.70, 0). Then, we can

write hω(x) = 2x− 3 min{x, dω}. Suppose that the ambiguity set contains all possible probability

distributions on the support of d. Then, the worst-case expected problem reduces to the largest cost

(i.e., 2x−3 min{x, 1}). The optimal x∗ and z∗ are 1 and −1, respectively. Also, p∗ = (0.50, 0.50, 0)

is an optimal solution for the worst-case probabilities corresponding to x∗.

Now, let us look at some restricted versions of the ambiguity set, by removing one scenario at a

time. It can be seen that if either the first or second scenario (a scenario with a positive worst-case

probability, p∗1 = p∗2 = 0.5) is removed, the largest cost would still be 2x − 3 min{x, 1}, and hence

the optimal solution and optimal value do not change. On the other hand, if the third scenario (the

scenario with a zero worst-case probability, p∗3 = 0) is removed, the optimal value changes. Since

the worst-case probability of the third scenario is zero, by looking at the objective function of the

restricted primal problem (i.e., maxp∈P∩{p3=0}
∑

ω∈Ω pωhω(x)), one might expect that the optimal

solution and optimal value would still be 1 and −1, respectively. However, the objective function of

the restricted problem (i.e., 2x− 3 min{x, 2}) reveals that the optimal solution and optimal value

would be 2 and −2, respectively.

The points learned from the above example are as follows:

• The worst-case probability of a scenario—possibly observed after a numerical solution procedure—

is not necessarily an indication of its effect on the optimal value. Hence, a decision maker

interested in identifying the effectiveness of scenarios cannot rely only on the values of the

worst-case probabilities.

• For the sake of illustration, we assumed P is the set of all probability distributions on Ω.

Nevertheless, the ambiguity set P can be any subset of probability distributions on Ω, and a

similar behavior might happen.

• Generally speaking, x∗ is not necessarily unique. On the other hand, given x∗, the worst-

case probability is not necessarily unique as well. In Example 1, worst-case probabilities

p∗ = (0, 0, 1) are also optimal at optimal solution x∗ = 1. This implies there might be a
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connection between these observations and the existence of multiple optimal probabilities.

For DRSP-V, we prove that the existence of multiple worst-case probabilities is a necessary

condition to observe this behavior. In such cases, there exists an alternative worst-case

probability distribution for which the worst-case probabilities of scenarios are more indicative

of their effects on the optimal value (see Section 4.3 for more details).

• In line with the above comment about existence of multiple solutions, one might expect that

the use of numerical methods that ensure unique optimal solutions may resolve this issue. For

instance, one can augment the objective function of the worst-case expected problem with a

quadratic function of p. While this “trick” ensures uniqueness of solutions, as a by-product;

such a numerical method may cause scenarios that do not have effect on the optimal value to

have a positive worst-case probability.

As illustrated above, we must examine worst-case probabilities in more detail. Below we will

provide a precise definition for effectiveness of scenarios. Later on, based on this definition and

subsequent properties, we will present easy-to-check conditions to identify the effectiveness of sce-

narios for DRSP-V. These easy-to-check conditions require low computational cost and are used in

a post-optimality fashion.

2.2 Definition and Properties

Consider a subset F ⊂ Ω. Let S := arg minx∈X f(x) and SA(F) := arg minx∈X f
A(x;F) denote

the set of optimal solutions to (DRSP) and the assessment problem of scenarios in F given in

(2), respectively. Suppose that x∗ ∈ S and x̄ ∈ SA(F). For any x ∈ X, the corresponding inner

maximization problem in (2) is more restrictive than the worst-case expected problem in (DRSP).

Therefore, fA(x;F) ≤ f(x) for all x ∈ X. Combining this argument with suboptimality conditions,

we obtain

fA(x̄;F) ≤ fA(x∗;F) ≤ f(x∗) ≤ f(x̄). (3)

The above inequalities lie at the heart of the definition we present below. Essentially, Definition 1

says a scenario is effective if its removal causes the optimal value of the problem to change.

Definition 1. A subset F ⊂ Ω is called effective if minx∈X f
A(x;F) < minx∈X f(x). A subset

F ⊂ Ω is called ineffective if it is not effective.

Remark 1. If the assessment problem is not well defined, the corresponding subset of scenarios is

effective by definition.

Propositions 1 and 2 below relate effectiveness to the sets of optimal solutions. Proposition 1

shows a sufficient condition for effectiveness in terms of the corresponding sets of optimal solutions.

Proposition 2 provides another characterization of effectiveness by focusing on all optimal solutions

to the assessment problem.
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Proposition 1. A subset F ⊂ Ω is effective if S 6⊂ SA(F).

Proof. Suppose S 6⊂ SA(F), i.e., there exists some x∗ ∈ S such that x∗ 6∈ SA(F). By (3), we have

that f(x∗) ≥ fA(x∗;F), and since x∗ 6∈ SA(F) it follows that fA(x∗;F) > fA(x̄;F). Thus, F is

effective.

Proposition 2. A subset F ⊂ Ω is effective if and only if fA(x̄;F) < f(x̄) for all x̄ ∈ SA(F).

Proof. “=⇒”: By Definition 1, we have fA(x̄;F) < f(x∗), for all x∗ ∈ S and all x̄ ∈ SA(F).

By suboptimality of x̄ to (DRSP), we have f(x∗) ≤ f(x̄), ∀x̄ ∈ SA(F). As a result, fA(x̄;F) <

f(x̄), ∀x̄ ∈ SA(F).

“⇐=”: Suppose fA(x̄;F) < f(x̄), ∀x̄ ∈ SA(F). Consider x∗ ∈ S, and an arbitrary x̄ ∈ SA(F).

If x̄ ∈ S ∩ SA(F), we have f(x∗) = f(x̄). So, fA(x̄;F) < f(x∗) for x∗ ∈ S and such x̄. Otherwise

(i.e., if x̄ ∈ SA(F) but x̄ /∈ S), suppose by contradiction fA(x̄;F) = f(x∗). So, fA(x̄;F) =

fA(x∗;F) by (3) and therefore x∗ ∈ SA(F). As a result, we have found an element x∗ of SA(F)

such that fA(x∗;F) = f(x∗), which is a contradiction.

Remark 2. By Proposition 2, for a subset F to be ineffective, there must exist at least one solution

x̄ ∈ SA(F), for which fA(x̄;F) = f(x̄). We can further classify an ineffective subset of scenarios

according to whether fA(x̄;F) = f(x̄) for all x̄ ∈ SA(F) or not. If this equality holds for all

x̄ ∈ SA(F), we call subset F fully ineffective. Otherwise, we call it partially ineffective. This

subclassification may be suitable for a decision maker more interested in optimal solutions than the

optimal value. However, finding all optimal solutions x̄ ∈ SA(F) may require a large computational

cost. On the other hand, we are interested in easy-to-check conditions that identify the effectiveness

of scenarios without solving the assessment problem. There is clearly a trade-off between obtaining

easy-to-check conditions and having a more refined classification. We opt for deriving the simple

conditions, as these can already yield useful information, without having to solve the assessment

problem.

One can conjecture that the effectiveness of a subset of scenarios might be affected in interaction

with other subsets of scenarios. The following proposition addresses the effectiveness of union of

an effective subset and intersection of an ineffective subset with any other subset of Ω.

Proposition 3. (i) The union of an effective subset with any other subset of Ω is effective. (ii)

The intersection of an ineffective subset with any other subset of Ω is ineffective.

Proof. (i) Suppose F1 is an effective subset and F2 is an arbitrary subset of Ω. First, because

F1 ∪ F2 ⊇ F1, we have minx∈X f
A(x;F1 ∪ F2) ≤ minx∈X f

A(x;F1) by a similar argument

as (3). On the other hand, minx∈X f
A(x;F1) < minx∈X f(x) because F1 is effective. These

imply minx∈X f
A(x;F1 ∪ F2) < minx∈X f(x), and hence F1 ∪ F2 is effective by Definition 1.
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(ii) Suppose F1 is an ineffective subset and F2 is an arbitrary subset of Ω. First, because

F1 ⊇ F1 ∩ F2 ⊇ ∅, we have minx∈X f
A(x;F1) ≤ minx∈X f

A(x;F1 ∩ F2) ≤ minx∈X f(x)

by a similar argument as (3). On the other hand, minx∈X f
A(x;F1) = minx∈X f(x) because

F1 is ineffective. These imply minx∈X f
A(x;F1 ∩ F2) = minx∈X f(x), and hence F1 ∩ F2 is

ineffective by Definition 1.

Corollary 1. A subset of an ineffective subset is ineffective.

Proof. The proof is immediate from Proposition 3(ii).

One can also ask whether the union of two ineffective subsets is ineffective or not. This ques-

tion is more delicate because two individual ineffective subsets may cause a change in the objective

function when removed together. We will give such an example in Section 4.3 (Example 2). Further-

more, we will provide conditions under which union of specific ineffective subsets remains ineffective

for DRSP-V (Theorem 4).

3 DRSP with Variation-Type Distances

We now narrow our focus to DRSP with total variation distance, considering also two variants that

use one-sided deviations (Section 3.1). Then, we present notation that will be used in the rest of

the paper to identify the effectiveness of scenarios for this class of DRSP (Section 3.2).

DRSP-V—(DRSP) formed via the total variation distance—can be formulated as

min
x∈X

{
fγ(x) = max

p∈Pγ

∑
ω∈Ω

pωhω(x)

}
, (DRSP-V)

where

Pγ :=
{

p : V(p,q) ≤ γ,
∑
ω∈Ω

pω = 1, p ≥ 0
}

(4)

and V(p,q) := 1
2

∑
ω∈Ω |pω − qω| denotes the total variation distance between p and q. The

ambiguity set Pγ contains all probability vectors p whose total variation distance to the nominal

probability vector q is limited above by the level of robustness γ. For notational simplicity, we drop

the dependence of the objective function fγ(x) and the ambiguity set Pγ on the total variation

distance.

In total variation distance, both upper and lower deviations from the nominal probability dis-

tribution contribute to the distance. However, one might be interested in two other variation-

type distances, in which only a single-sided deviation is considered. That is, one might consider

VR(p,q) := 1
2

∑
ω∈Ω(pω − qω)+ and VL(p,q) := 1

2

∑
ω∈Ω(qω − pω)+, which we call right-sided

and left-sided variation distance, respectively. In our notation, (·)+ = max{0, ·}. Note that while
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V(p,q) is bounded above by 1, VR(p,q) and VL(p,q) are bounded above by 1
2 . Moreover, V(p,q)

is a metric on Rn, while the other two are not metrics.

3.1 Risk-Averse Interpretation

Because the ambiguity sets VR(p,q), VL(p,q), and V(p,q) are convex compact, the corresponding

worst-case expected problems represent the dual formulation of a real-valued coherent risk measure

[3, 34]. As a result, their corresponding DRSPs are equivalent to a risk-averse stochastic program

involving a coherent risk measure. Proposition 4 presents equivalent risk-averse formulations when

variation-type distances are used to model the distributional ambiguity. Below, CVaR is taken with

respect to the nominal distribution q.

Proposition 4. Consider (DRSP-V) with fγ(·). Let fV
R

γ (·) and fV
L

γ (·) denote the corresponding

worst-case expected values using the right- and left-sided variation distances, respectively. For a

fixed x ∈ X and 0 ≤ γ ≤ 1, we have

fV
R

γ
2

(x) = fV
L

γ
2

(x) = fγ(x) = γ sup
ω∈Ω

hω(x) + (1− γ) CVaRγ [h(x)] .

It is well known that CVaRβ [h(x)] is continuous in β ∈ (0, 1), and limβ→0 CVaRβ [h(x)] =∑
ω∈Ω qωhω(x) and limβ→1 CVaRβ [h(x)] = supξ∈Ω hω(x); see, e.g., [33]. We adopt the convention

that CVaR0 [h(x)] =
∑

ω∈Ω qωhω(x) and CVaR1 [h(x)] = supξ∈Ω hω(x). So, when γ = 0, (DRSP-V)

reduces to the risk-neutral model (1). As γ increases, more weight is put on the worst-case cost, and

(DRSP-V) becomes more conservative. At the highest level of robustness, i.e., γ = 1, (DRSP-V)

reduces to minimizing the worst-case cost.

The right end of Proposition 4 is derived in [24, Theorem 1], where an earlier version appeared in

dissertation [22]. Recent work in [36] shows the above risk-averse interpretation for the right-sided

variation distance using a similar method as in [24]. For completeness, we prove this proposition

in the Online Supplement with a different approach, following the proof of Proposition 5. The

equality between fVR
γ
2

(x) and fVL
γ
2

(x) is implied by the equivalence between their corresponding

ambiguity sets (see Proposition A–1 in the Appendix). Proposition 4 also shows that using the

right- or left-sided variation distance results in the same risk-averse model as the total variation

distance, but with an adjustment to the level of robustness. Thus, for the rest of the paper we focus

on the total variation distance, although all results are applicable to right- and left-sided variation

distances with the adjusted level of robustness.

3.2 Primal Categories

Before we proceed, let us define some notation for a fixed x ∈ X. For any B ⊂ R, we use [h(x) ∈ B]

as shorthand notation for the set {ω ∈ Ω : hω(x) ∈ B}. Also, for a fixed η ∈ R, we use Ψ(x, η) to

denote
∑

ω∈[h(x)≤η] qω.
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Given β ∈ [0, 1], let VaRβ [h(x)] be the left-side β-quantile of distribution of h(x) or equiva-

lently, Value-at-Risk (VaR) of h(x) at level β: VaRβ [h(x)] := inf{η : Ψ(x, η) ≥ β} [33]. By our

convention, VaRβ [h(x)] = −∞ for β = 0 and VaRβ [h(x)] = supω∈Ω hω(x) for β = 1. For the rest

of the paper, we assume γ > 0, unless stated explicitly otherwise. We define the following sets that

partition the scenario set Ω:

Ω1(x) := [h(x) < VaRγ [h(x)]], i.e., the set of scenarios strictly below VaRγ [h(x)],

Ω2(x) := [h(x) = VaRγ [h(x)]], i.e., the set of scenarios at VaRγ [h(x)],

Ω3(x) := [VaRγ [h(x)] < h(x) < supω∈Ω hω(x)], i.e., the set of scenarios strictly between VaRγ [h(x)]

and the worst-case cost at x, and

Ω4(x) := [h(x) = supω∈Ω hω(x)], i.e., the set of scenarios at the worst-case cost at x.

Throughout the rest of the paper, we will make references to the dual variables of the worst-case

expected problem. We introduce them next. Let λ(x) and µ(x) denote the optimal dual variables

for the first and second constraints in (4), respectively, for a given x ∈ X. The proof of Proposition

4 (provided in the Online Supplement) gives the values of λ(x) and µ(x) as

λ(x) = sup
ω∈Ω

hω(x)−VaRγ [h(x)] , µ(x) =
1

2

(
sup
ω∈Ω

hω(x) + VaRγ [h(x)]

)
. (5)

Throughout the paper, we will be repeatedly referring to the cases λ(x) > 0 and λ(x) = 0, which, us-

ing (5), correspond to the conditions VaRγ [h(x)] < supω∈Ω hω(x) and VaRγ [h(x)] = supω∈Ω hω(x),

respectively. When λ(x) = 0, we have Ω2(x) = Ω4(x) and Ω3(x) = ∅. Thus, Ω4(x) and its com-

plement, i.e., Ωc
4(x)(= Ω1(x)), partition the scenario set Ω when λ(x) = 0. We collectively refer to

these sets as primal categories. In our notation, we suppress the dependence of these sets on γ for

ease of exposition.

4 Identifying Effectiveness of Scenarios for DRSP-V

In this section we investigate the effectiveness of scenarios for (DRSP-V). First, we derive the

optimal (i.e., worst-case) probabilities of the worst-case expected problem in (DRSP-V) in Section

4.1. We then discuss the assessment problem of (DRSP-V) in Section 4.2. These two sections

provide the necessary foundations to identify the effectiveness of scenarios. We state our main

results regarding the effectiveness of scenarios in Section 4.3, with proofs in Section 4.4.

4.1 Characterization of the Worst-Case Probabilities

For a fixed x ∈ X, suppose p := p(x) solves the worst-case expected problem in (DRSP-V) at x,

λ(x) and µ(x) are the corresponding optimal dual variables, given by (5). Proposition 5 shows that

the worst-case probabilities of scenarios in sets Ω1(x) and Ω3(x) are precisely determined when

λ(x) > 0. Moreover, the worst-case probabilities of scenarios in Ω2(x) and Ω4(x) are bounded by

the nominal probabilities.
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Proposition 5. Consider a fixed x ∈ X and λ(x) given in (5).

(i) When λ(x) > 0, the following characterizes the worst-case probabilities corresponding to x:

pω = 0, ω ∈ Ω1(x),

pω ≤ qω, ω ∈ Ω2(x),

pω = qω, ω ∈ Ω3(x),

pω ≥ qω, ω ∈ Ω4(x),

(6)

coupled with additional constraints∑
ω∈Ω2(x)

pω =
∑

ω∈Ω1(x)∪Ω2(x)

qω − γ, (7)

∑
ω∈Ω4(x)

pω =γ +
∑

ω∈Ω4(x)

qω, (8)

in addition to
∑

ω∈Ω pω = 1 and pω ≥ 0, for all ω ∈ Ω.

(ii) When λ(x) = 0, the conditions can be written as pω ≥ 0 for all ω ∈ Ω4(x), and pω = 0

otherwise (i.e., ω ∈ Ωc
4(x)), in addition to

∑
ω∈Ω pω = 1 and 1

2

∑
ω∈Ω |pω − qω| ≤ γ.

The above proposition can be proved by writing the KKT conditions for a linearized version of

the worst-case expected problem in (DRSP-V). We skip the proof for brevity and present it in the

Appendix.

With λ(x) > 0, when the sets Ω2(x) and Ω4(x) are singletons, the worst-case probabilities

of scenarios in Ω2(x) and Ω4(x) are uniquely determined. A similar argument holds when λ =

0. Corollary 2 summarizes this result. Then, Corollary 3 sheds more light on the worst-case

probabilities of scenarios at the worst-case cost. The proofs of the corollaries are immediate from

Proposition 5 and hence skipped.

Corollary 2. Consider a fixed x ∈ X. The worst-case probability of scenario ω′ is uniquely deter-

mined under the following conditions:

(i) When λ(x) > 0, whenever Ω2(x) = {ω′}, we have pω′ =
∑

ω∈Ω1(x)∪Ω2(x) qω − γ.

(ii) When λ(x) > 0, whenever Ω4(x) = {ω′}, we have pω′ = γ + qω′.

(iii) When λ(x) = 0, whenever Ω4(x) = {ω′}, we have pω′ = 1.

Corollary 3. For a fixed x ∈ X, there is at least one scenario ω ∈ Ω4(x) with pω > qω when

λ(x) > 0. Similarly, there is at least one scenario ω ∈ Ω4(x) with pω > 0 when λ(x) = 0.
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4.2 Assessment Problem: Formulation and Notation

For (DRSP-V), the assessment problem of scenarios in F , defined in (2), can be equivalently written

as

min
x∈X

{
fA
γ (x;F) = max

p∈PA
γ (F)

∑
ω∈Fc

pωhω(x)

}
, (9)

where

PA(F) =

{
p : V(p,q;F) ≤ γ − 1

2

∑
ω∈F

qω,
∑
ω∈Fc

pω = 1, pω ≥ 0, ∀ω ∈ Fc

}
. (10)

Above, V(p,q;F) := 1
2

∑
ω∈Fc |pω − qω|. Let Q(F) :=

∑
ω∈F qω. If 0 < γ < Q(F), then PA

γ (F) is

empty because the first constraint in (10) is violated1. Hence, for such γ, the assessment problem of

scenarios in F is not well defined. In this case, by convention set forth in Section 2, fA
γ (x;F) = −∞,

and such F is effective at these relatively small γ values.

We need to introduce some more notation for the assessment problem in order to state our main

results in Section 4.3 and provide the proofs in Section 4.4. Let us define

γF :=
γ −Q(F)

1−Q(F)
(11)

for Q(F) ≤ γ ≤ 1, i.e., 0 ≤ γF ≤ 1. For a fixed η ∈ R, let Ψ|Fc(x, η) denote the conditional version

of Ψ(x, η). That is, Ψ|Fc(x, η) :=
∑

ω∈Fc∩[h(x)≤η] qω|Fc , where qω|Fc := qω
1−Q(F) is the probability

mass function of scenario ω conditional on Fc. Also, let inf{η : Ψ|Fc(x, η) ≥ γF} be the VaR of

h(x) at level 0 ≤ γF ≤ 1 conditioned on Fc, denoted by VaRγF
[h(x)|Fc].

4.3 Main Results

We summarize our main results in three categories: (i) First, we study the effectiveness of a single

scenario, i.e., F = {ω′} (Theorems 1–3); we call these results “easy-to-check” conditions. (ii) Then,

we study the effectiveness of a non-singleton subset of scenarios (Theorem 4). (iii) Finally, we show

that existence of alternative optimal worst-case probabilities is a necessary condition for having a

zero-probability effective scenario and/or a positive-probability ineffective scenario (Theorem 5; see

also Example 1).

Let us first consider a singleton subset F = {ω′}. When γ = 0, every scenario with a positive

nominal probability is effective because the ambiguity set (10) is an empty set, and hence the

assessment problem is not well defined for such scenarios. On the other hand, every scenario ω′

with a zero nominal probability is ineffective because S = SA({ω′}). We suppose that we are not

in the trivial case γ = 0. As discussed in Section 2.2, we want to provide easy-to-check conditions

1Observe that by the triangle inequality, V(p,q;F) ≥ 1
2
|
∑
ω∈Fc(pω − qω)|. Because the second constraint in (10)

dictates
∑
ω∈Fc pω = 1, we have V(p,q;F) ≥ 1

2
Q(F). When 0 < γ < Q(F), we have γ − 1

2
Q(F) < 1

2
Q(F), resulting

in an infeasibility in (10).
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that help decision makers identify the effectiveness of a scenario by using the information they

obtain from an optimal solution (x∗,p∗) to (DRSP-V) with γ > 0. Theorems 1–3 below summarize

the characteristics of the ineffective and effective scenarios that are identifiable using easy-to-check

conditions.

Theorem 1 (Easy-to-check conditions for ineffective scenarios). Suppose (x∗,p∗) solves (DRSP-V),

and let λ∗ := λ(x∗) and µ∗ := µ(x∗) be the optimal dual variables at x∗, given by (5). For a scenario

ω′ with qω′ ≤ γ, consider the following conditions:

(i) ω′ ∈ Ω1(x∗),

(ii) ω′ ∈ Ω2(x∗) and qω′ = 0,

(iii) ω′ ∈ Ω2(x∗) and
∑

ω∈Ω2(x∗) p
∗
ω = 0,

(iv) ω′ ∈ Ω3(x∗) and qω′ = 0.

When λ∗ > 0, scenario ω′ is ineffective for (DRSP-V) if any of conditions (i)–(iv) holds. When

λ∗ = 0, scenario ω′ is ineffective for (DRSP-V) if condition (i) holds.

Theorem 2 (Easy-to-check conditions for effective scenarios). Consider (DRSP-V) and notation

defined in Theorem 1. For a scenario ω′, consider the following conditions:

(i) qω′ > γ,

(ii) Ω2(x∗) = {ω′} and p∗ω′ > 0,

(iii) ω′ ∈ Ω3(x∗) and qω′ > 0,

(iv) ω′ ∈ Ω4(x∗) and qω′ > 0,

(v) Ω4(x∗) = {ω′}.

When λ∗ > 0, scenario ω′ is effective for (DRSP-V) if any of the conditions (i)–(v) holds. When

λ∗ = 0, scenario ω′ is effective for (DRSP-V) if either condition (i) or (v) holds.

Theorems 1 and 2 identify only a subset of ineffective and effective scenarios. For instance, let us

consider a scenario ω′ with qω′ ≤ γ in the non-singleton VaR and/or the worst-case-cost sets. When

λ∗ = 0, the effectiveness of scenario ω′ ∈ Ω2(x∗)(= Ω4(x∗)) is “undetermined”. When λ∗ > 0, the

effectiveness of scenario ω′ ∈ Ω2(x∗) with qω′ > 0 and
∑

ω∈Ω2(x∗) p
∗
ω > 0, and the effectiveness of

scenario ω′ ∈ Ω4(x∗) with qω′ = 0 are undetermined. All the above sufficient conditions are based

on the cost and probability (worst-case p∗ω or nominal qω) of a scenario. Theorem 3 below uses

additional information about VaRγF
[h(x∗)|Fc] to identify the effectiveness of an undetermined

scenario. This allows us to classify additional scenarios as effective that were not identified by

Theorems 1 and 2.
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Theorem 3. Consider (DRSP-V) and notation defined in Theorem 1. In addition, for a scenario

ω′ ∈ Ω2(x∗) with qω′ > 0, suppose γF is defined as in (11) for F = {ω′}. Suppose that the

effectiveness of scenario ω′ is not identified by Theorems 1 and 2. If

(i) VaRγF
[h(x∗)|Fc] < VaRγ [h(x∗)], and

(ii) either there exists a scenario ω ∈
[
VaRγF

[h(x∗)|Fc] < h(x∗) < VaRγ [h(x∗)]
]

with qω > 0

or Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
> γF ,

then scenario ω′ is effective for (DRSP-V).

Together, Theorems 1–3 identify the effectiveness of all scenarios, except for some scenarios

in the non-singleton VaR and worst-case-cost sets, with positive and zero nominal probabilities,

respectively. We study the performance of these theorems in identifying the effectiveness of sce-

narios numerically in Section 5.2. Our numerical results indicate that the number of undetermined

scenarios can be relatively small.

All the results we have stated so far considered the effectiveness of a single scenario. We already

know the effectiveness of union of effective scenarios and intersection of ineffective scenarios with

other subsets from Proposition 3. The following theorem addresses the effectiveness of a union of

ineffective scenarios for (DRSP-V).

Theorem 4. For (DRSP-V), the union of any of the ineffective scenarios identified in Theorem 1

is ineffective.

One might ask what happens to the effectiveness of the union of ineffective scenarios that are

not identified in Theorem 1. For instance, one can ask whether the union of two ineffective scenarios

ω′, ω′′ ∈ Ω4(x∗) with qω′ = qω′′ = 0 is ineffective or not. The following example shows the union of

such scenarios might be effective.

Example 2 Let us consider an inventory problem with the following specifics: n = 4, q =

(0, 0.5, 0.5, 0), and d = (1, 2, 3, 4). Also, ordering cost c is 1, backorder cost b is 4, and holding cost

m is 8. For this problem, the cost function is written as hω(x) = cx + b(dω − x)+ + m(x − dω)+.

At γ = 0.15, we have x∗ = 2, fγ(x∗) = 5.2, and scenarios d = 1 and d = 4 belong to Ω4(x∗). Note

that Theorem 1 cannot identify the effectiveness of scenarios d = 1 and d = 4. However, one can

observe by solving the assessment problems of scenario d = 1 and d = 4 that both scenarios are

individually ineffective. However, when the assessment problem of the union of scenarios d = 1 and

d = 4 is solved, the optimal solution and the optimal value are 2 and 4.6, respectively. Thus, the

union of two ineffective scenarios d = 1 and d = 4 is effective.

We now present two necessary conditions to observe either a zero-probability effective scenario

or a positive-probability ineffective scenario for (DRSP-V) as motivated by Example 1.
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Theorem 5. Suppose (x∗,p∗) solves (DRSP-V). If there is either a zero-probability effective sce-

nario ω′ (p∗ω′ = 0) or a positive-probability ineffective scenario ω′ (p∗ω′ > 0) for (DRSP-V), then,

there is a scenario ω′′ with the same cost as that of ω′, i.e., hω′(x
∗) = hω′′(x

∗), and the (primal)

worst-case expected problem at x∗ has multiple optimal solutions.

Theorem 5 connects a zero-probability effective scenario and a positive-probability ineffective

scenario to multiple optimal solutions of the worst-case expected problem (recall Example 1). To

have multiple optimal solutions, the probability of some scenarios must have some leeway (see, for

instance, Proposition 5). Thus, it is possible to observe a zero-probability effective scenario and/or

a positive-probability ineffective scenario among the set of scenarios at VaR and/or the worst-case

cost. In Section 4.4, we look into these sets in more detail in order to detect these anomalies. In

addition, the proof of Theorem 5 provides guidelines to construct an alternative optimal solution

to the worst-case expected problem, for which the worst-case probabilities are more indicative of

the effectiveness of scenarios on the optimal value.

4.4 Proofs

First, we discuss the inner maximization problem in the assessment problem of a subset of scenarios

in more detail. Then, we prove our main results. For the rest of this section, we consider the notation

defined in Theorem 1 for (DRSP-V), unless stated explicitly otherwise.

4.4.1 Preliminary Results for the Assessment Problem

Proposition 6 below shows that the objective function of the assessment problem (9) has a similar

interpretation in terms of risk measures as problem (DRSP-V) (cf. Proposition 4), with the nominal

distribution q replaced by a conditional distribution. Notice however that the objective function

of the assessment problem is not a direct version of the objective function in Proposition 4 for the

conditional distribution q. Here, even though the weights on the sup and CVaR terms are the same

as their original counterparts, the level of CVaR for the assessment problem is adjusted from γ to

γF defined in (11).

Proposition 6. Consider a subset F ⊂ Ω and a fixed x ∈ X, and suppose γF is defined as in (11).

Then, for Q(F) ≤ γ ≤ 1, the inner maximization problem in (9) can be written as

fAγ (x;F) = γ sup
ω∈Fc

hω(x) + (1− γ) CVaRγF
[h(x)|Fc] , (12)

where CVaRγF
[h(x)|Fc] is the conditional CVaR of h(x) at level γF with respect to the conditional

distribution q·|Fc defined in Section 4.2.

Again, we adopted the convention that CVaRβ [h(x)|Fc] = Eq [h(x)|Fc] for β = 0 and CVaRβ [h(x)|Fc] =

supω∈Fc hω(x) for β = 1.
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Proof. For a fixed x ∈ X, the Lagrangian dual formulation of the inner maximization problem in

(9) can be derived as2

fA
γ (x;F) = min

λ,µ

{
µ− λ

2
(1− 2γ) +

∑
ω∈Fc

qω

(
hω(x)− µ+

λ

2

)
+

: µ+
λ

2
≥ sup

ω∈Fc
hω(x), λ ≥ 0

}
(13)

for Q(F) ≤ γ ≤ 1, where λ and µ denote Lagrange multipliers for the first and second constraints

in (10), respectively. This problem can be linearized as

min
λ,µ,r

{
µ− λ

2
(1− 2γ) +

∑
ω∈Fc

qωrω : µ+
λ

2
≥ sup

ω∈Fc
hω(x), µ− λ

2
+ rω ≥ hω(x), rω ≥ 0, ∀ω ∈ Fc, λ ≥ 0

}
.

Let t and zω denote the corresponding dual variables for the first and second constraint above,

respectively. The dual of the above problem can be derived as

max
t,z

{
t sup
ω∈Fc

hω(x) +
∑
ω∈Fc

zωhω(x) : t+
∑
ω∈Fc

zω = 1, t−
∑
ω∈Fc

zω ≤ 2γ − 1, 0 ≤ zω ≤ qω, ∀ω ∈ Fc, t ≥ 0

}
.

(14)

Let us define tF := t−Q(F)
Q(Fc) and ζ := inf{0 ≤ t ≤ 1 : VaRtF

[h(x)|Fc] = supω∈Fc hω(x)}. We

claim the set of optimal solutions (t, z) to the above problem is given by T × ZA
γ (x;F), where

T := [min{ζ, γ}, γ}] and (we will later refer to ZA
γ (x;F))

ZA
γ (x;F) :=



zω = 0, if ω ∈ Fc ∩
[
h(x) < VaRγF

[h(x)|Fc]
]
,

z : zω = qω, if ω ∈ Fc ∩
[
h(x) > VaRγF

[h(x)|Fc]
]
,

zω ∈ [0, qω], if ω ∈ Fc ∩
[
h(x) = VaRγF

[h(x)|Fc]
]
,∑

ω∈Fc∩[h(x)=VaRγF [h(x)|Fc]] zω = Q(Fc)
[
Ψ|Fc

(
x,VaRγF

[h(x)|Fc]
)
− γF

]
.

(15)

To see this claim, note that we can write the dual problem as

max
0≤t≤γ

t sup
ω∈Fc

hω(x) + max
z

{∑
ω∈Fc

zωhω(x) :
∑
ω∈Fc

zω = 1− t, 0 ≤ zω ≤ qω, ∀ω ∈ Fc

}

≡ max
0≤t≤γ

t sup
ω∈Fc

hω(x) + Q(Fc)(1− tF ) max
z′

{∑
ω∈Fc

z′ωhω(x) :
∑
ω∈Fc

z′ω = 1, 0 ≤ z′ω ≤
qω|Fc

1− tF
, ∀ω ∈ Fc

}
,

(16)

where z′ := z
Q(Fc)(1−tF ) . By Lemma A–1, the inner problem in (16) is equivalent to CVaRtF

[h(x)|Fc]

2For details of this derivation, we refer to [5, 26, 27] for the Lagrangian dual formulation of (DRSP) via φ-
divergences.
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and the set of its optimal solutions z′ is given by

Z ′t(x;F) :=



z′ω = 0, if ω ∈ Fc ∩
[
h(x) < VaRtF

[h(x)|Fc]
]
,

z′ : z′ω =
qω|Fc

1−tF
, if ω ∈ Fc ∩

[
h(x) > VaRtF

[h(x)|Fc]
]
,

z′ω ∈ [0,
qω|Fc

1−tF
], if ω ∈ Fc ∩

[
h(x) = VaRtF

[h(x)|Fc]
]
,∑

ω∈Fc∩[h(x)=VaRtF [h(x)|Fc]] z
′
ω = 1

1−tF

[
Ψ|Fc

(
x,VaRtF

[h(x)|Fc]
)
− tF

]
.

Now, let B(t) := t supω∈Fc hω(x) + Q(Fc)(1 − tF )CVaRtF
[h(x)|Fc]. Using the definition of

CVaRtF
[h(x)|Fc], we can write B(t) = t supω∈Fc hω(x) + Q(Fc)

∫ 1
tF

VaRβ [h(x)|Fc] dβ. Observe

that B(t) is non-decreasing and concave in t because B′(t) = supω∈Fc hω(x)−VaRtF
[h(x)|Fc] ≥ 0

and B′(t) is non-increasing in t. Because ζ = inf{0 ≤ t ≤ 1 : B′(t) = 0} by definition, the

maximum of the outer problem in (16) is achieved on T . Now, if ζ < γ, then for all t ∈ [ζ, γ], we

have VaRtF [h(x)|Fc] = VaRγF [h(x)|Fc] = supω∈Fc hω(x) and also Ψ|Fc

(
x,VaRtF

[h(x)|Fc]
)

=

Ψ|Fc

(
x,VaRγF [h(x)|Fc]

)
= 1. Hence, Z ′t(x;F) = Z ′γ(x;F) for all t ∈ [ζ, γ]. As a result, the

set of optimal solutions (t, z′) to (16) is given by T × Z ′γ(x;F). Because for such an optimal z′

we have z′ = z
Q(Fc)(1−γF ) , the set of optimal solutions (t, z) to (14) is given by T × ZA

γ (x;F).

Now, by substituting any optimal (t, z) in the objective function of (14) we obtain (12), where

CVaRγF
[h(x)|Fc] = VaRγF

[h(x)|Fc] + 1
1−γF

∑
ω∈Fc qω|Fc

(
hω(x)−VaRγF

[h(x)|Fc]
)

+
.

Remark 3. Consider a subset F ⊂ Ω and a fixed x ∈ X, and suppose γF is defined as in (11).

Then, for Q(F) ≤ γ ≤ 1, some of the proofs that come later need to calculate CVaRγ [h(x)],

CVaRγF
[h(x)|Fc], and their subdifferentials. By the proof of Proposition 6, we have (1− γ) CVaRγF

[h(x)|Fc] =∑
ω∈Fc zωhω(x) for any z ∈ ZA

γ (x;F), as defined in (15). That is,

(1− γ) CVaRγF
[h(x)|Fc] =Q(Fc)

(
VaRγF

[h(x)|Fc]
[
Ψ|Fc

(
x,VaRγF

[h(x)|Fc]
)
− γF

]
+

∑
ω∈Fc∩[h(x)>VaRγF [h(x)|Fc]]

qω|Fchω(x)

)
.

(17)

By an application of [38, Theorem 6.11], we also have (1− γ) ∂CVaRγF
[h(x)|Fc] =

⋃
z∈ZA

γ (x;F)

∑
ω∈Fc zω∂hω(x).

That is,

(1− γ) ∂CVaRγF
[h(x)|Fc] =

⋃
z∈ZA

γ (x;F)

∑
ω∈Fc∩[h(x)=VaRγF [h(x)|Fc]]

zω∂hω(x)

+
∑

ω∈Fc∩[h(x)>VaRγF [h(x)|Fc]]

qω∂hω(x).
(18)

In particular, when F = ∅, we can obtain (1− γ) CVaRγ [h(x)] from (17) and (1− γ) ∂CVaRγ [h(x)]
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from (18). For future references, we denote ZA
γ (x; ∅) as Zγ(x).

4.4.2 Proof of Easy-to-Check Conditions

Before we proceed with proving our main results stated in Section 4.3, we comment on the proof

technique of the following intermediate results. Many of these proofs share a similar foundation as

follows: First, for a subset F of scenarios, if the primal category of scenario ω′ ∈ F is not given, we

determine the primal category to which ω′ belongs using the optimality conditions in Proposition 5,

given p∗ω′ and/or qω′ . Next, if needed, we calculate CVaRγF
[h(x∗)|Fc], supω∈Fc hω(x∗), fA

γ (x∗;F),

and their subdifferentials and compare them to CVaRγ [h(x∗)], supω∈Ω hω(x∗), fγ(x∗), and their

subdifferentials, respectively, to check the optimality of x∗ for the assessment problem. This is

summarized in Lemma 1. Finally, we use Definition 1 to identify the effectiveness of subset F .

We first state a useful lemma. Note that the lemma makes references to the sets ZA
γ (x;F)

and Zγ(x) = ZA
γ (x; ∅), defined in (15). Propositions 7 and 8 then show sufficient conditions for a

scenario to be effective or ineffective.

Lemma 1. Consider a subset F such that Ω4(x∗) ∩ F = ∅, and suppose γF is defined as in (11).

If the set ZA
γ (x∗;F) coincides with the restriction of the set Zγ(x∗) to Fc, then

(i) CVaRγF
[h(x∗)|Fc] = CVaRγ [h(x∗)] and ∂CVaRγF

[h(x∗)|Fc] = ∂CVaRγ [h(x∗)],

(ii) supω∈Fc hω(x∗) = supω∈Ω hω(x∗) and ∂ supω∈Fc hω(x∗) = ∂ supω∈Ω hω(x∗), and

(iii) F is ineffective for (DRSP-V).

Proof. Part (i) is immediate from Remark 3. In part (ii), the fact that Ω4(x∗) ∩ F = ∅ im-

plies supω∈Fc hω(x∗) = supω∈Ω hω(x∗) and also ∂ supω∈Fc hω(x∗) = ∂ supω∈Ω hω(x∗) by [18, Corol-

lary 4.3.2]. Finally, using parts (i) and (ii), we have fA
γ (x∗;F) = fγ(x∗) and ∂fA

γ (x∗;F) =

γ∂ supω∈Fc hω(x∗) + (1− γ) ∂CVaRγF
[h(x∗)|Fc] = γ∂ supω∈Ω hω(x∗) + (1− γ) ∂CVaRγ [h(x∗)] =

∂fγ(x∗). By optimality of x∗ to (DRSP-V), there exists a subgradient s ∈ ∂fA
γ (x∗;F) = ∂fγ(x∗)

with s>(x − x∗) ≥ 0 for all x ∈ X. Then, by convexity of fA
γ (x;F) in x, we have fA

γ (x;F) ≥
fA
γ (x∗;F) + s>(x − x∗) ≥ fA

γ (x∗;F) for any x ∈ X. This implies x∗ is a global minimum to the

assessment problem with the optimal value fA
γ (x∗;F) = fγ(x∗). Therefore, by Definition 1, subset

F is ineffective.

Proposition 7. Consider a scenario ω′ with qω′ = 0. If ω′ /∈ Ω4(x∗), then scenario ω′ is ineffective

for (DRSP-V) with p∗ω′ = 0.

Proof. First, note that we must have p∗ω′ = 0 by Proposition 5. Let F = {ω′}. Because qω′ = 0,

we have γF = γ and qω|Fc = qω on Fc. As a result, VaRγF
[h(x∗)|Fc] = VaRγ [h(x∗)] and the set

ZA
γ (x∗;F) coincides with the restriction of the set Zγ(x∗) to Fc. Now, Lemma 1 completes the

proof.

19



Proposition 8. Consider a scenario ω′ with qω′ > 0. If ω′ /∈ Ω2(x∗), then scenario ω′ is ineffective

for (DRSP-V) if p∗ω′ = 0; and scenario ω′ is effective for (DRSP-V) if p∗ω′ > 0.

The proof of the above proposition uses Lemma A–2.

Proof. First, suppose ω′ /∈ Ω2(x∗) and p∗ω′ = 0. Then, we must have ω′ ∈ Ω1(x∗) by Proposition

5. Let F = {ω′}. We first claim VaRγF
[h(x∗)|Fc] = VaRγ [h(x∗)]. To see the claim, note

that by the definition of VaRγ [h(x∗)], we have Ψ
(
x∗,VaRγ [h(x∗)]

)
=
∑

ω∈Ω1(x∗)∪Ω2(x∗) qω ≥ γ

and thus,
∑

ω∈Fc∩
(

Ω1(x∗)∪Ω2(x∗)
) qω ≥ γ − Q(F), which implies Ψ|Fc

(
x∗,VaRγ [h(x∗)]

)
≥ γF . So,

VaRγF
[h(x∗)|Fc] ≤ VaRγ [h(x∗)]. By definition, we have Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
≥ γF , which

implies Q(F) +
∑

ω∈Fc∩[h(x∗)≤VaRγF [h(x∗)|Fc]] qω ≥ γ. Suppose now that

ω′ ∈
[
VaRγF

[h(x∗)|Fc] < h(x∗) < VaRγ [h(x∗)]
]
.

Then, we have that
∑

ω∈[h(x∗)≤hω′ (x∗)]
qω ≥ Q(F) +

∑
ω∈Fc∩[h(x∗)≤VaRγF [h(x∗)|Fc]] qω ≥ γ, which is

a contradiction to the definition of VaRγ [h(x∗)] because hω′(x
∗) < VaRγ [h(x∗)]. It follows that

we must have ω′ ∈
[
h(x∗) ≤ VaRγF

[h(x∗)|Fc]
]

and thus, Ψ
(
x∗,VaRγF

[h(x∗)|Fc]
)

= Q(F) +∑
ω∈Fc∩[h(x∗)≤VaRγF [h(x∗)|Fc]] qω ≥ γ, i.e., VaRγF

[h(x∗)|Fc] ≥ VaRγ [h(x∗)]. Therefore, VaRγF
[h(x∗)|Fc] =

VaRγ [h(x∗)]. Finally, because ω′ ∈ Ω1(x∗), we have that

Q(Fc)
[
Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
− γF

]
= Ψ

(
x∗,VaRγ [h(x∗)]

)
− γ.

Therefore, the set ZA
γ (x∗;F) coincides with the restriction of the set Zγ(x∗) to Fc. The result

follows then from Lemma 1.

Now, suppose ω′ /∈ Ω2(x∗) and p∗ω′ > 0. By Proposition 5, we must have λ∗ > 0 and ω′ ∈
Ω3(x∗) ∪ Ω4(x∗). Then, by Lemma A–2, we conclude that scenario ω′ is effective.

Remark 4. Propositions 7 and 8 hold in both cases λ∗ > 0 and λ∗ = 0. Recall that when λ∗ = 0, we

have VaRγ [h(x∗)] = supω∈Ω hω(x∗) by (5). Thus, in that case, if ω′ /∈ Ω4(x∗), then by Propositions

7 and 8, we have that scenario ω′ is ineffective and p∗ω′ = 0, regardless of qω′ .

The next proposition states a sufficient condition for a scenario at the worst-case cost to be

effective.

Proposition 9. Suppose that Ω4(x∗) = {ω′} for some scenario ω′. Then, scenario ω′ is effective

for (DRSP-V).

Proof. Let F = {ω′}. Then, we must have p∗ω′ > 0 by Corollary 3, and p∗ω′ > 0 is uniquely

determined by Corollary 2. Thus, for any feasible solution p̂ to the worst-case expected problem at

x∗ with p̂ω′ = 0, we must have
∑

ω∈Fc p̂ωhω(x∗) <
∑

ω∈Ω p
∗
ωhω(x∗) = fγ(x∗). Otherwise, p̂ would
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be optimal to the worst-cased expected problem at x∗, which is a contradiction with Corollary

3. Now, if p̄, with p̄ω′ = 0, solves the inner maximization problem of the assessment problem

of scenario ω′ at x∗, we have fA
γ (x∗;F) =

∑
ω∈Fc p̄ωhω(x∗) <

∑
ω∈Ω p

∗
ωhω(x∗) = fγ(x∗). Hence,

scenario ω′ is effective by Definition 1.

In the following proposition, we provide a sufficient condition to observe only ineffective scenarios

in Ω2(x∗). When this sufficient condition is satisfied, sum of nominal probabilities of the scenarios

in Ω1(x∗) ∪ Ω2(x∗), i.e., the set of scenarios below and at VaRγ [h(x∗)], is exactly γ.

Proposition 10. Suppose that λ∗ > 0. If
∑

ω∈Ω2(x∗) p
∗
ω = 0, then the subset F = Ω2(x∗) is

ineffective for (DRSP-V).

Proof. Let F = Ω2(x∗). We first show the set ZA
γ (x∗;F) coincides with the restriction of the set

Zγ(x∗) to Fc. Then, by Lemma 1, we conclude F is ineffective.

Because
∑

ω∈Ω2(x∗) p
∗
ω = 0, we have

∑
ω∈Ω1(x∗)∪Ω2(x∗) qω = γ by (7). This implies for any

z ∈ Zγ(x∗), we must have zω = 0 on F because
∑

ω∈Ω2(x∗) zω =
∑

ω∈Ω1(x∗)∪Ω2(x∗) qω − γ. Also,

note that
∑

ω∈Fc∩
(

Ω1(x∗)∪Ω2(x∗)
) qω = γ − Q(F) implies Ψ|Fc

(
x∗,VaRγ [h(x∗)]

)
= γF . Thus,

VaRγF
[h(x∗)|Fc] < VaRγ [h(x∗)] by definition and the fact that F = Ω2(x∗). Moreover, we

must have qω = 0 for all ω ∈ Fc ∩
[
VaRγF

[h(x∗)|Fc] < h(x∗) < VaRγ [h(x∗)]
]

because γF ≤

Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
≤ Ψ|Fc

(
x∗,VaRγ [h(x∗)]

)
= γF . Now, it is easy to verify that the set

ZA
γ (x∗;F) coincides with the restriction of the set Zγ(x∗) to Fc.

Note that the condition in Proposition 10 is not necessary. Moreover, we restricted the propo-

sition to the case λ∗ > 0 because otherwise the sufficient condition is not satisfied according to

Corollary 3.

In the following proposition, we provide a sufficient and necessary condition so that a scenario

ω′ in the singleton set Ω2(x∗) is effective. We restrict the proposition to the case λ∗ > 0 because

otherwise scenario ω′ is effective by Proposition 9.

Proposition 11. Suppose that λ∗ > 0 and Ω2(x∗) = {ω′} for some scenario ω′. Then, scenario ω′

is effective for (DRSP-V) if and only if p∗ω′ > 0.

Proof. Let F = {ω′}.
“=⇒”: Follows directly from Proposition 10.

“⇐=”: By Corollary 2(i), p∗ω′ is uniquely determined. So, a similar argument as the proof of

Proposition 9 proves the result.

Proof of Theorem 1. Part (i) is immediate from Propositions 7 and 8; part (ii) is immediate from

Proposition 7; part (iii) is immediate from Proposition 10 and Corollary 1; and part (iv) is imme-

diate from Proposition 7. Case λ∗ = 0 is proved by Remark 4.

21



Proof of Theorem 2. Part (i) is trivial by definition; part (ii) is immediate from Proposition 11;

part (iii) is immediate from Proposition 8; part (iv) is immediate from Proposition 8; and part (v)

is immediate from Proposition 9. When λ∗ = 0, the non-trivial part (v) is proved by Proposition

9.

Proof of Theorem 3. Because the effectiveness of scenario ω′ is not identified by Theorems 1 and

2, then there exists a scenario ω′′ such that hω′(x
∗) = hω′′(x

∗). So, regardless of λ∗, we have

supω∈Fc hω(x∗) = supω∈Ω hω(x∗), where F = {ω′}. Also, notice that
∑

ω∈Fc∩
(

Ω1(x∗)∪Ω2(x∗)
) qω ≥

γ −Q(F) implies Ψ|Fc

(
x∗,VaRγ [h(x∗)]

)
≥ γF . So, VaRγF

[h(x∗)|Fc] ≤ VaRγ [h(x∗)].

Suppose now that scenario ω′ is ineffective. By (3) and Definition 1, we must have fA
γ (x∗;F) =

fγ(x∗). Consequently, we have CVaRγF
[h(x∗)|Fc] = CVaRγ [h(x∗)] because supω∈Fc hω(x∗) =

supω∈Ω hω(x∗). Let us define V :=
[
VaRγF

[h(x∗)|Fc] < h(x∗) < VaRγ [h(x∗)]
]
. By Remark 3,

(1− γ)
[
CVaRγF

[h(x∗)|Fc]− CVaRγ [h(x∗)]
]

can be derived as

VaRγ [h(x∗)]
∑

ω∈Fc∩Ω2(x∗)

qω +
∑
ω∈V

qωhω(x∗)

+ Q(Fc)
[
Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
− γF

]
VaRγF

[h(x∗)|Fc]−
[
Ψ
(
x∗,VaRγ [h(x∗)]

)
− γ
]
VaRγ [h(x∗)] ,

which can be rearranged as∑
ω∈V

qω

(
hω(x∗)−VaRγ [h(x∗)]

)
+ Q(Fc)

[
Ψ|Fc

(
x∗,VaRγF

[h(x∗)|Fc]
)
− γF

](
VaRγF

[h(x∗)|Fc]−VaRγ [h(x∗)]
)
.

Now, the results of the theorem will be implied by setting the above equation equal to zero to

ensure CVaRγF
[h(x∗)|Fc] = CVaRγ [h(x∗)].

4.4.3 Proof of Effectiveness of Union of Scenarios

Proof of Theorem 4. Let F denote the union of all ineffective scenarios identified in Theorem 1.

We first show F is ineffective. Then, Corollary 1 completes the proof.

Suppose λ∗ > 0. Let us consider two further cases.

Case 1.
∑

ω∈Ω2(x∗) p
∗
ω > 0. Consider the union of scenarios in parts (i), (ii), and (iv) in Theorem

1. Then, we can argue VaRγF
[h(x∗)|Fc] = VaRγ [h(x∗)] and the set ZA

γ (x∗;F) coincides

with the restriction of the set Zγ(x∗) to Fc, with a similar argument as that in the proof of

Proposition 8. Therefore, we conclude F is ineffective by Lemma 1.

Case 2.
∑

ω∈Ω2(x∗) p
∗
ω = 0. Consider the union of scenarios in parts (i), (iii), and (iv) in Theorem 1.

Note that
∑

ω∈Ω1(x∗)∪Ω2(x∗) qω = γ by (7); so, γF = 0. Thus, we have VaRγF
[h(x∗)|Fc] = −∞

following our convention. As a result, for any z ∈ ZA
γ (x∗;F), we have zω = qω for all
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ω ∈ Fc, including ω ∈ [h(x∗) > VaRγ [h(x∗)]]. Now, it is easy to verify that the set ZA
γ (x∗;F)

coincides with the restriction of the set Zγ(x∗) to Fc; therefore, F is ineffective by Lemma 1.

Now, suppose λ∗ = 0 and let F = Ω1(x∗). The rest of the proof follows a similar argument as that

for Case 1.

4.4.4 Proof of Alternative Optima

The proof of Theorem 5 is based on Lemmas A–3 and A–4.

Proof of Theorem 5. Suppose that ω′ is effective and p∗ω′ = 0. We first claim that there is a scenario

ω′′ such that hω′(x
∗) = hω′′(x

∗) and p∗ω′′ > 0. Then, we show that there is ε > 0 such that solution

p∗∗, with p∗∗ω′ = ε, p∗∗ω′′ = p∗ω′′ − ε, and p∗∗ω = p∗ω, ω /∈ {ω′, ω′′}, is another optimal solution to the

(primal) worst-case expected problem at x∗.

By Theorems 1 and 2 and Proposition 5, when λ∗ > 0, either ω′ ∈ Ω2(x∗) with qω′ > 0, or

ω′ ∈ Ω4(x∗) with qω′ = 0. First, suppose ω′ ∈ Ω2(x∗) and qω′ > 0. By Theorem 1(iii), there is a

scenario ω′′ ∈ Ω2(x∗) with 0 < p∗ω′′ ≤ qω′′ , otherwise all scenarios ω ∈ Ω2(x∗), including ω′, would

be ineffective. Now, we choose ε ≤ min{qω′ , p∗ω′′} so that p∗∗ is feasible to the worst-case expected

problem at x∗. On the other hand, the change in the optimal value of the worst-case expected

problem at x∗ is zero for p∗∗ because both scenarios ω′ and ω′′ belong to the same primal category

Ω2(x∗). Now, suppose ω′ ∈ Ω4(x∗) and qω′ = 0. By Corollary 3, there is a scenario ω′′ ∈ Ω4(x∗)

with p∗ω′′ > qω′′ ≥ 0. Now, choosing ε ≤ p∗ω′′ − qω′′ yields the desired result with a similar argument

as above. When λ∗ = 0, according to Remark 4, we must have ω′ ∈ Ω4(x∗). By Corollary 3, there

is scenario ω′′ ∈ Ω4(x∗), with p∗ω′′ > 0. Now, we choose ε following similar steps as in the proof of

Lemma A–3.

Now, suppose ω′ is ineffective and p∗ω′ > 0. We first claim that there is a scenario ω′′ such that

hω′(x
∗) = hω′′(x

∗). Then, we show that there is ε > 0 such that either p∗∗ or p̄∗∗ is optimal to the

(primal) worst-case expected problem at x∗, where p∗∗ is defined as p∗∗ω′ = p∗ω′+ε, p
∗∗
ω′′ = p∗ω′′−ε, and

p∗∗ω = p∗ω, ω /∈ {ω′, ω′′}, and p̄∗∗ is defined as p̄∗∗ω′ = p∗ω′−ε, p̄∗∗ω′′ = p∗ω′′+ε, and p̄∗∗ω = p∗ω, ω /∈ {ω′, ω′′}.
When λ∗ > 0, we consider two cases based on Proposition 5.

Case 1. qω′ = 0. According to Proposition 7, we must have ω′ ∈ Ω4(x∗). By Proposition 9, there

is a scenario ω′′ ∈ Ω4(x∗) with p∗ω′′ ≥ qω′′ . Now, we choose ε ≤ p∗ω′′ − qω′′ for p∗∗ or ε ≤ p∗ω′

for p̄∗∗.

Case 2. qω′ > 0. According to Proposition 8, we must have ω′ ∈ Ω2(x∗). By Proposition 11, there

is a scenario ω′′ ∈ Ω2(x∗) with p∗ω′′ ≤ qω′′ . Now, we choose ε ≤ min{qω′ − p∗ω′ , p∗ω′′} for p∗∗ or

ε ≤ min{qω′′ − p∗ω′′ , p∗ω′} for p̄∗∗.

When λ∗ = 0, according to Remark 4, we must have ω′ ∈ Ω4(x∗). By Proposition 9, there is

a scenario ω′′ ∈ Ω4(x∗) with ω′ 6= ω′′. Now, we choose ε following similar steps as in the proof of

Lemma A–4.
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5 Numerical Illustration

In this section we present numerical results. First, we explain our experimental setup in Section

5.1. We study the efficacy of our proposed easy-to-check conditions in identifying the effectiveness

of scenarios in Section 5.2. Then, we investigate how the effective and ineffective scenarios can be

used to gain insight about the underlying uncertainties of the problems. Finally, we examine the

sets of effective and ineffective scenarios at different levels of robustness in Section 5.4.

5.1 Experimental Setup

To conduct numerical analysis, we used a number of problems from the literature, including APL1P,

PGP2, and Water Allocation problem. APL1P [21] and PGP2 [17] are power capacity expansion

models. In both problems, the first stage decides on what capacities must be installed on the

generators. The second stage decides on the purchase of additional capacities to fulfill the unmet

demands. APL1P and PGP2 have 1280 and 576 scenarios in total, respectively. The Water Alloca-

tion problem is a water resources allocation problem [44]. This problem has originally four stages,

and its goal is to allocate Colorado River water among different users, while meeting uncertain

water demand and not exceeding uncertain water supply over the next 41 years. We generated a

smaller two-stage variant of this problem, with a 16-year planning horizon and 200 scenarios.

The level of robustness parameter, γ, is set between 0 and 1, and in increment of 0.05. Hence,

each test problem is solved a total of 21 times. All problems were solved on a 64-bit Windows

environment using C++\CPLEX 12.6 on a single core of a PC with an Intel 2.30 GHz processor

and 4.00 GB of RAM. To solve the problems, we used a decomposition method discussed Section

A–2 of the Appendix. Alternatively, a variant of the L-shaped method, capable of handling the

CVaR function, can be used. We refer to [44] for a survey of different decomposition schemes to

handle the CVaR function.

5.2 Performance of the Easy-to-Check Conditions

We tested the performance of easy-to-check conditions in identifying the effectiveness of scenarios

on APL1P, PGP2, and the Water Allocation problem. Table 1 presents the number of scenarios in

each primal category, as well as the number of ineffective and effective scenarios identified by the

easy-to-check conditions for APL1P. The results for PGP2 and the Water Allocation problem are

presented in the Online Supplement. The trends are similar for these two problems except that

there are no undetermined scenarios for the Water Allocation problem.

Several trends are clear from results. As stated before, the easy-to-check conditions might

not be able to identify the effectiveness of all scenarios. However, for APL1P, the undetermined

scenarios form a small portion of total number of scenarios. Moreover, as the level of robustness

increases, the total number of scenarios in Ω1(x∗) and Ω2(x∗) decreases, and the total number of

scenarios in Ω3(x∗) and Ω4(x∗) increases. This is because as the level of the robustness increases,
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Table 1: Number of scenarios in each primal category, and number of ineffective, effective, and
undetermined scenarios for APL1P, n = 1280.

# of scenarios # of scenarios

γ Ω1(x∗) Ω2(x∗) Ω3(x∗) Ω4(x∗) ineffective effective undetermined

0.00 0 3 1276 1 0 1280 0
0.05 74 2 1203 1 74 1205 1
0.10 136 1 1142 1 136 1144 0
0.15 189 1 1089 1 189 1091 0
0.20 226 1 1052 1 226 1054 0
0.25 267 1 1011 1 267 1013 0
0.30 312 4 963 1 312 966 2
0.35 353 4 922 1 353 924 3
0.40 384 3 892 1 384 893 3
0.45 431 6 842 1 431 843 6
0.50 471 6 802 1 471 803 6
0.55 510 7 762 1 510 763 7
0.60 561 7 711 1 561 712 7
0.65 600 6 673 1 600 674 6
0.70 671 3 605 1 671 609 0
0.75 728 11 540 1 728 541 11
0.80 804 10 465 1 804 466 10
0.85 899 9 371 1 899 379 2
0.90 988 12 279 1 988 280 12
0.95 1076 12 191 1 1076 192 12
1.00 1279 1 - - 1279 1 0

the problem is concentrated more on the tail of the cost distribution (i.e., Ω3(x∗) and Ω4(x∗)),

and the number of scenarios in the tail decreases. On the other hand, roughly speaking, effective

scenarios are those in the tail of the distribution, and ineffective scenarios are those that are not in

the tail of the distribution. Consequently, as shown in Table 1, as the level of robustness increases,

the number of ineffective scenarios decreases and the number of effective scenarios increases. We

further investigate this behavior in Section 5.4.

5.3 Managerial Insights

In Section 5.2, we reported the number of effective scenarios at each level of robustness. However,

we have not commented yet on the specifics of effective scenarios. In this section we provide

insight on the effective scenarios for APL1P, PGP2, and the Water Allocation problem in order

to help decision makers recognize most important scenarios on the optimal value and gain more

information about the underlying uncertainties of their problems. In particular, we are interested in

the insight obtained from the effective scenarios identified by the easy-to-check conditions. To this

end, we considered each scenario in the problem. Then, we reported the percentage of cases that

scenario is identified as effective by the easy-to-check conditions out of the 21 DRSPs with varying

γ. Ideally, we like to report these percentages in the space of all random variables that represent the

uncertainty in the problem. However, the uncertainty is expressed by multi-dimensional random

variables, and it is not possible to visualize the results. On the other hand, the uncertainty in these

problems can be categorized into supply and/or demand stochasticity. To visualize the results,
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Figure 1: The percentage of cases a scenario is effective for APL1P.
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Figure 2: The percentage of cases a scenario is effective for PGP2.

for each scenario, we reported the percentage of cases a scenario is identified effective versus the

average supply and/or demand corresponding to that scenario.

The results for APL1P are depicted in Fig. 1. Generally speaking, at a fixed level of demand, the

percentage of cases a scenario is effective increases as the generator availability decreases (Fig. 1a).

In addition, generally speaking, at a fixed level of the generator availability, the percentage of cases

a scenario is effective increases as the demand increases. Fig. 1b shows that a scenario with a higher

demand and a lower supply is more likely to be an effective scenario. On the other hand, a scenario

with a lower demand and a higher supply is less likely to be effective.

The results for PGP2 are depicted in Fig. 2. Generally speaking, at a fixed level for each

demand, the percentage of cases a scenario is effective increases as the average of the other two

demands increases. In addition, generally speaking, at a fixed level of average demand 2 and 3, the

percentage of cases a scenario is effective increases as demand 1 increases (Fig. 2a). However, as

shown in Figs. 2b and 2c, the percentage of cases a scenario is effective remains constant as demand

2 and 3 increases, respectively. These imply demand 1 is most critical to the optimal value.
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Figure 3: The percentage of cases a scenario is effective for Water Allocation problem across
different levels of robustness. The two distinct portions in the graph correspond to a drought in
the Colorado River (low avg. supply) and no drought in the Colorado River (high avg. supply).

A similar trend occurs for the Water Allocation problem, as shown in Fig. 3. Generally speaking,

at a fixed level of the water supply, the percentage of cases a scenario is effective increases as the

demand increases. In addition, a scenario with a higher demand is more likely to be an effective

scenario (Fig. 3). This is because a higher demand scenario is more costly to the system, and

therefore the problem must consider such a scenario. This is even true when there is normal supply

of Colorado River water (higher avg. supply in Fig. 3) because the system is quite constrained even

under normal water supply conditions.

5.4 Monotonicity and Nestedness of Effective/Ineffective Scenarios

In this section, we analyze the following three conjectures on effectiveness of scenarios:

(C1) Monotonicity in the number of effective/ineffective scenarios: The number of ineffective sce-

narios is non-decreasing and the number of effective scenarios is non-increasing as the level

of robustness increases (see, for instance, Table 1).

(C2) Nestedness of the sets of effective/ineffective scenarios: If a scenario is ineffective at some

level of robustness, it must be ineffective at all larger levels of robustness, and if a scenario is

effective at some level of robustness, it must be effective at all smaller levels of robustness.

(C3) Monotonicity in the effectiveness of scenarios: If a scenario switches its effectiveness from

ineffective to effective (or from effective to ineffective) at some level of robustness, it will keep

its effectiveness the same and will not change anymore as the level of robustness increases.

Note that (C1) and (C3) are implied by (C2). However, neither of them imply (C1); see, for

instance, Table 2a.

For APL1P, PGP2, and the Water Allocation problem, not only is the number of effective/ineffective

scenarios monotone, but also the sets of effective/ineffective scenarios are nested and the effective-

ness of scenarios is monotone. It might be thought that such trends happen in all problems. In the
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following, we present some counterexamples to demonstrate the breakage of the monotonicity and

nestedness.

Example 3 (Breakage of (C1), and hence breakage of (C2), while (C3) does hold.) Let

us consider an inventory problem with the following specifics: n = 6, q = (0, 0.2, 0.25, 0.2, 0.35, 0),

and d = (1, 2, 3, 4, 5, 6). Also, ordering cost c is 4, backorder cost b is 5, and holding cost m

is 5. For this problem, the cost function is written as hω(x) = cx + b(dω − x)+ + m(x − dω)+.

Table 2a shows that the number of effective scenarios (equivalently, ineffective scenarios) is not

monotone since γ = 0.95 breaks down the monotonicity. Moreover, the nestedness of the sets of

effective/ineffective scenarios breaks down, because, for instance, the first scenario is not effective

at the levels of robustness smaller than 0.95. However, the monotonicity in the effectiveness of

scenarios holds.

Example 4 (Breakage of (C3), and hence breakage of (C2), while (C1) does hold.) For

this counterexample, we generated a variant of APL1P, but with a smaller number of scenarios. In

this variant, the availability of the second generator as well as the first and third demands are set

to their expected values. Thus, we have two random variables, one representing the uncertainty

in the availability of the first generator, and the other representing the uncertainty in the second

demand. Thus, in total, we have 16 scenarios. Table 2b shows that the effectiveness of scenario #

5, with 900 units of demand and 90% generator availability, is not monotone. However, the number

of effective/ineffective scenarios is monotone.

The two examples above illustrate different mechanisms monotonicity can break. Example 3

contains a high-cost scenario with zero nominal probability (d1 = 1). For high-enough γ, this sce-

nario is “popped” (that is, given a positive probability p∗1), and it eventually becomes an effective

scenario. Observe that total variation distance can pop scenarios, and only the highest-cost sce-

narios can be popped [4]. Thus, this first type of monotonicity breakage may be observed if there

are high-cost scenarios with zero nominal probabilities.

In contrast, Example 4 contains no scenarios with zero nominal probabilities. Here, there are

several scenarios of similar cost (e.g., 1000 units of demand with 100% generator availability and

900 units of demand with 90% generator availability). When x∗ changes at different γ values, these

similar scenarios exchange primal categories (e.g., from Ω2(x∗) to Ω1(x∗) and back) because the

order of their costs change at different x∗. This exchange of primal categories causes an effective

scenario to become ineffective and return back to being effective. This is exactly what happens to

scenario # 5 in Table 2b. Observe that for a lower resolution of 0.1-steps in the γ values, we do not

observe breakage of monotonicity. In our numerical experiments with other problems, we observed

similar breakage of monotonicity at higher resolutions of 0.005-steps in the γ values, depending

on the total number of scenarios and the nominal probabilities of similar-cost scenarios. While

obtaining general conditions under which one can guarantee monotonicity may be difficult, in [32]

we show monotonicity for newsvendor problems under appropriate assumptions.
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Table 2: Counterexamples

(a) Breakage of (C1) and (C2), while (C3) holds
for the inventory problem.

# of scen.s scen. #

γ I E 1 2 3 4 5 6

0.00 2 4 I E E E E I
0.05 1 5 I E E E E E
0.10 1 5 I E E E E E
0.15 1 5 I E E E E E
0.20 1 5 I E E E E E
0.25 1 5 I E E E E E
0.30 1 5 I E E E E E
0.35 2 4 I E I E E E
0.40 2 4 I E I E E E
0.45 2 4 I E I E E E
0.50 2 4 I E I E E E
0.55 3 3 I E I I E E
0.60 3 3 I E I I E E
0.65 4 2 I I I I E E
0.70 4 2 I I I I E E
0.75 4 2 I I I I E E
0.80 4 2 I I I I E E
0.85 4 2 I I I I E E
0.90 5 1 I I I I I E
0.95 4 2 E I I I I E
1.00 4 2 E I I I I E

I: Ineffective; E: Effective.

(b) Breakage of (C3) and (C2),
while (C1) holds for the variant
of APL1P.

# of scen.s

γ I E scen. # 5

0.00 0 16 E
0.05 1 15 E
0.10 2 14 I
0.15 2 14 E
0.20 3 13 I
0.25 3 13 I
0.30 4 12 I
0.35 5 11 I
0.40 5 11 I
0.45 6 10 I
0.50 8 8 I
0.55 8 8 I
0.60 9 7 I
0.65 9 7 I
0.70 9 7 I
0.75 10 6 I
0.80 10 6 I
0.85 11 5 I
0.90 12 4 I
0.95 13 3 I
1.00 15 1 I

I: Ineffective; E: Effective.

6 Discussion and Future Research

In this paper, we investigated distributionally robust convex stochastic optimization problems with

finite support to hedge against the distributional ambiguity. We analyzed the critical scenarios

we are concerned about in this setting, and we illustrated that one cannot necessarily identify

critical scenarios by examining the worst-case probabilities. This led us to define the notions of

effective and ineffective scenarios for a general class of distributionally robust convex optimization

problems. In particular, we studied problems where the distributional ambiguity is modeled by the

total variation distance, motivated by the conceptual, computational, and interpretative benefits

of the resulting model. By exploiting the specific structures of the ambiguity set formed via the

total variation distance, we proposed easy-to-check conditions to identify effectiveness of scenarios

for DRSP-V.

A summary of conclusions from this study are as follows:

• The notion of effectiveness of scenarios is applicable to a general class of problems. For DRSP,

the effectiveness of a scenario can be identified by re-solving the corresponding assessment

problem and using the general definition.

• For DRSP-V, we proposed easy-to-check conditions. Theoretically, easy-to-check conditions

identify the effectiveness of all scenarios, except for some scenarios in certain primal cat-
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egories. Numerical results showed that these conditions work quite well and the number

of undetermined scenarios is small relative to the total number of scenarios for the tested

problems.

• We investigated three conjectures on the effectiveness of scenarios as the level of robustness

increases: monotonicity in the number of effective/ineffective scenarios, nestedness of the

corresponding sets, and monotonicity in the effectiveness of scenarios. We illustrated through

counterexamples that these conjectures do not hold in general. However, we observed that

for APL1P, PGP2, and the Water Allocation problem they do hold.

• Effective scenarios can provide managerial insight into the underlying uncertainties of the

problems and encourage decision makers to collect more accurate information surrounding

certain scenarios.

Future work includes investigating the effectiveness of scenarios for other DRSPs formed by

e.g., other φ-divergences, or DRSPs that result from the dualization of other commonly used risk

measures. One example is minimization of spectral risk measures, which can be written as convex

combinations of CVaRs [1]. Another topic for future research is the study of conditions under which

monotonicity properties of effective scenarios hold. Moreover, the notion of effective scenarios opens

avenues to study the value of data from this perspective. Other future work includes studying

distributionally robust multistage stochastic programs, in particular the notion of effectiveness of

scenarios in that setting.
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Appendix

In Section A–1, we provide the results and proofs that were relegated to the Appendix. Then, in

Section A–2, we propose a decomposition method to solve (DRSP-V).

A–1 Proofs

In this section, we first provide the proof of Proposition 5. Then, in Section A–1.2, we present

Proposition A–1. In Section A–1.3, we state Lemma A–1, used in the proof of Proposition 6. In

Section A–1.4, we provide Lemma A–2, used in the proof of Proposition 8. Finally, in Section

A–1.5, we preset Lemmas A–3 and A–4, which are used in the proof of Theorem 5.
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A–1.1 Proof of Proposition 5

Proof of Proposition 5. For a fixed x ∈ X, the worst-case expected problem can be written as

follows

max
p,e

∑
ω∈Ω

pωhω(x) (A–1a)

s.t. pω − eω ≤ qω, ∀ω, : [u′ω] (A–1b)

− pω − eω ≤ −qω, ∀ω, : [u′′ω] (A–1c)

1

2

∑
ω∈Ω

eω ≤ γ, : [λ(x)] (A–1d)∑
ω∈Ω

pω = 1, : [µ(x)] (A–1e)

pω, eω ≥ 0, ∀ω. (A–1f)

where u′ω, u′′ω, λ(x), and µ(x) are the associated dual variables for the constraints. Define now

λ(x) = sup
ω∈Ω

hω(x)−VaRγ [h(x)] , µ(x) =
1

2

(
sup
ω∈Ω

hω(x) + VaRγ [h(x)]

)
.

We consider two cases (i) VaRγ [h(x)] < supω∈Ω hω(x) and (ii) VaRγ [h(x)] = supω∈Ω hω(x). In

case (i), we have λ(x) > 0. Then,

pω = 0, u′ω = 0, u′′ω = λ(x)
2 , eω = qω, ω ∈ Ω1(x),

pω ≤ qω, u′ω = 0, u′′ω = λ(x)
2 , eω = qω − pω, ω ∈ Ω2(x),

pω = qω, u
′
ω =

hω(x)−µ(x)+
λ(x)
2

2 , u′′ω = λ(x)
2 −

hω(x)−µ(x)+
λ(x)
2

2 , eω = 0, ω ∈ Ω3(x),

pω ≥ qω, u′ω = λ(x)
2 , u′′ω = 0, eω = pω − qω, ω ∈ Ω4(x),

together with
∑

ω∈Ω pω = 1, is primal-dual feasible. For the complementary slackness condition to

hold, (A–1d) must hold with equality at an optimal (p, e, µ(x), λ(x),u′,u′′) when λ(x) > 0. Indeed,

we have∑
ω∈Ω

eω =
∑

ω∈Ω1(x)

qω +
∑

ω∈Ω2(x)

(qω − pω) +
∑

ω∈Ω4(x)

(pω − qω)

=
∑

ω∈Ω1(x)∪Ω2(x)

qω −
∑

ω∈Ω4(x)

qω −
∑

ω∈Ω2(x)

pω +
∑

ω∈Ω4(x)

pω (A–2)

=1− 2
∑

ω∈Ω4(x)

qω −
∑

ω∈Ω3(x)

qω −
∑

ω∈Ω2(x)

pω +
∑

ω∈Ω4(x)

pω [because
∑
ω∈Ω

qω = 1]

=1− 2
∑

ω∈Ω4(x)

qω −
∑

ω∈Ω3(x)

pω −
∑

ω∈Ω2(x)

pω +
∑

ω∈Ω4(x)

pω [because pω = qω on Ω3(x)]
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=2
∑

ω∈Ω4(x)

(pω − qω), [because
∑
ω∈Ω

pω = 1]

=2γ,

where the last equality follows from (8). Now, by substituting (8) in (A–2) we obtain (7).

On the other hand, in case (ii), we have λ(x) = 0, Ω3(x) = ∅ and Ω2(x) = Ω4(x). Then, all

u′ωs and u′′ωs are zero, and we have µ(x) = supω∈Ω hω(x). In this case, if hω(x) = supω∈Ω hω(x),

we have eω = |pω − qω| and pω ≥ 0 is chosen so that it satisfies
∑

ω∈Ω pω = 1 and 1
2

∑
ω∈Ω eω ≤ γ.

Otherwise, pω = 0.

A–1.2 Proposition A–1

Proposition A–1 shows the equivalence of the ambiguity sets induced by the right- and left-sided

variation distances.

Proposition A–1. The ambiguity sets induced by the right- and left-sided variation distances are

the same.

Proof of Proposition A–1. Let PVR

γ and PVL

γ denote the ambiguity set induced by the right- and

left-sided variation distances, respectively. Recall VR(p,q) = 1
2

∑
ω∈Ω(pω − qω)+ and VL(p,q) =

1
2

∑
ω∈Ω(qω−pω)+. Now, if we show VR(p,q) and VL(p,q) are equal, it would show the equivalence

of PVR

γ and PVL

γ . Let M := {ω ∈ Ω : pω ≥ qω}. So, we can write VR(p,q) = 1
2

∑
ω∈M (pω − qω) =

1
2

∑
ω∈M c(qω − pω) = VL(p,q) by using the facts that

∑
ω∈Ω pω = 1 and

∑
ω∈Ω qω = 1.

A–1.3 Lemma A–1

In this section, we state Lemma A–1, which is used in the proof of Proposition 6. The proof of this

lemma is presented in the Online Supplement.

Lemma A–1. Consider a fixed x ∈ X and level β ∈ [0, 1). Then, CVaRβ [h(x)] = maxz∈Aβ
∑

ω∈Ω zωhω(x),

where

Aβ :=

{
z :

∑
ω∈Ω

zω = 1, 0 ≤ zω ≤
qω

1− β
, ∀ω ∈ Ω

}
. (A–3)

Moreover, the set of all optimal solutions z is given by

Dβ(x) :=


zω = 0, if ω ∈ [h(x) < VaRβ [h(x)]] ,

z : zω = qω
1−β , if ω ∈ [h(x) > VaRβ [h(x)]] ,

zω ∈ [0, qω
1−β ], if ω ∈ [h(x) = VaRβ [h(x)]] ,∑

ω∈[h(x)=VaRβ [h(x)]] zω = 1
1−β

[
Ψ
(
x,VaRβ [h(x)]

)
− β

]
.

(A–4)
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A–1.4 Lemma A–2

In this section, we present Lemma A–2, which is used in the proof of Proposition 8.

Lemma A–2. Consider a scenario ω′ with qω′ > 0. If hω′(x
∗) > VaRγ [h(x∗)], then scenario ω′ is

effective for (DRSP-V).

Proof of Lemma A–2. Suppose x̄ solves the assessment problem of F = {ω′} with qω′ > 0. By (3),

we have fA
γ (x̄;F) ≤ fA

γ (x∗;F) ≤ fγ(x∗). Consequently, fγ(x∗) − fA
γ (x∗;F) gives a lower bound

on fγ(x∗) − fA
γ (x̄;F). If this lower bound is positive, then scenario ω′ is effective. To check this

lower bound, let us consider the objective function of the dual problem of (A–1) (presented in

the proof of Proposition 4 in the Online Supplement) and (13), both evaluated at x∗. Note that

(µ∗, λ∗) belongs to the feasible region of (13) because µ∗ + λ∗

2 = supω∈Ω hω(x∗) ≥ supω∈Fc hω(x∗)

and λ∗ ≥ 0. Thus, we have

fγ(x∗)− fA
γ (x∗;F) ≥ µ∗ − λ∗

2
(1− 2γ) +

∑
ω∈Ω

qω

(
hω(x∗)− µ∗ +

λ∗

2

)
+

−[
µ∗ − λ∗

2
(1− 2γ) +

∑
ω∈Fc

qω

(
hω(x∗)− µ∗ +

λ∗

2

)
+

]

= qω′

(
hω′(x

∗)− µ∗ +
λ∗

2

)
+

= qω′
(
hω′(x

∗)−VaRγ [h(x∗)]
)

+
,

where the last equality follows from the fact µ∗ − λ∗

2 = VaRγ [h(x∗)] by (5). Now, dividing by qω′

shows that the lower bound is positive if hω′(x
∗) > VaRγ [h(x∗)].

A–1.5 Lemmas used in the Proof of Theorem 5

For the following two lemmas, we consider a fixed x ∈ X. Also, we suppose p solves the worst-case

expected problem in (DRSP-V) at x, and (µ, λ) are the optimal dual variables at x, given by (5).

Lemma A–3. For a fixed x ∈ X, suppose λ = 0 and there is a scenario ω′ ∈ Ω4(x) with pω′ = 0.

Then, Ω4(x) is not a singleton set, and for a scenario ω′′ ∈ Ω4(x) with pω′′ > 0, there is always

ε > 0 such that p′, with p′ω′ = pω′ + ε, p′ω′′ = pω′′ − ε, and p′ω = pω, ω /∈ {ω′, ω′′}, is feasible to the

worst-case expected problem at x.

Proof of Lemma A–3. Note that Ω4(x) is not a singleton set by Corollary 3. To show the exis-

tence of another feasible solution p′, we first examine the left-hand side of the distance constraint
1
2

∑
ω∈Ω |pω − qω| ≤ γ in (4). Then, we find ε > 0 such that the change in the left-hand side of the

distance constraint in (4) in smaller than or equal to zero; hence, p′ is feasible to the worst-case

expected problem at x. We consider two cases.
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Case 1. qω′ = 0. Let us consider two further cases.

Case 1.1. There is a scenario ω′′ ∈ Ω4(x) with pω′′ > qω′′ . By choosing ε ≤ pω′′ − qω′′ for p′,

the change in the left-hand side of the distance constraint is zero.

Case 1.2. For all ω′′ ∈ Ω4(x), we have pω′′ ≤ qω′′ . Then, set Ωc
4(x) is either empty or there is

no scenario ω ∈ Ωc
4(x) with qω > 0. Otherwise,

∑
ω∈Ω pω ≤

∑
ω∈Ω4(x) qω < 1. Moreover,

we must have pω′′ = qω′′ for all ω′′ ∈ Ω4(x). Otherwise,
∑

ω∈Ω pω <
∑

ω∈Ω4(x) qω = 1.

Consequently, the left-hand side of the distance constraint for p is zero. Because for p′

the change in the left-hand side of the distance constraint is ε, we choose ε ≤ γ.

Case 2. qω′ > 0. Then, there is a scenario ω′′ ∈ Ω4(x) with pω′′ > qω′′ . Otherwise,
∑

ω∈Ω pω ≤∑
ω∈Ω4(x)
ω 6=ω′

qω < 1. By choosing ε ≤ min{qω′ , pω′′ − qω′′} for p′, the change in the left-hand side

of the distance constraint is −ε.

Lemma A–4. For a fixed x ∈ X, suppose λ = 0 and there is a scenario ω′ ∈ Ω4(x) with pω′ > 0.

Moreover, suppose there is a scenario ω′ 6= ω′′ ∈ Ω4(x). Then, there is always ε > 0 such that either

p′ or p′′ is feasible to the worst-case expected problem at x, where p′ is defined as p′ω′ = pω′ + ε,

p′ω′′ = pω′′ − ε, and p′ω = pω, ω /∈ {ω′, ω′′}, and p′′ is defined as p′′ω′ = pω′ − ε, p′′ω′′ = pω′′ + ε, and

p′′ω = pω, ω /∈ {ω′, ω′′}.

Proof of Lemma A–4. Similar to Lemma A–3, we examine the left-hand side of the distance con-

straint and find ε > 0 such that p′ or p′′ is feasible to the worst-case expected problem at x. We

consider two cases.

Case 1. pω′ ≥ qω′ . Let us consider two further cases.

Case 1.1. There is a scenario ω′′ ∈ Ω4(x) with pω′′ ≥ qω′′ . By choosing ε ≤ pω′′− qω′′ for p′ or

ε ≤ pω′ − qω′ for p′′, the change in the left-hand side of the distance constraint is zero.

Case 1.2. For all ω′ 6= ω′′ ∈ Ω4(x), we have pω′′ < qω′′ . By choosing ε ≤ min{pω′ − qω′ , qω′′ −
pω′′} for p′′, the change in the left-hand side of the distance constraint is −ε.

Case 2. pω′ < qω′ . Then, there is a scenario ω′′ ∈ Ω4(x) with pω′′ > qω′′ . Otherwise,
∑

ω∈Ω pω <∑
ω∈Ω4(x) qω ≤ 1. By choosing ε ≤ min{pω′′−qω′′ , qω′−pω′} for p′, the change in the left-hand

side of the distance constraint is −ε.

A–2 Primal Decomposition

As the number of scenarios increases, solving (DRSP-V) becomes computationally expensive.

Decomposition-based methods could significantly reduce the solution time and allow larger prob-

lems to be solved efficiently. In the following, we propose a cutting-plane approach, referred to

as Primal Decomposition, to solve (DRSP-V) and obtain an optimal solution x∗ and an optimal

worst-case probability distribution p∗.

Let us consider, Pγ , the ambiguity set induced by the total variation distance. Let {pk}k∈K
denote the set of extreme points of the polytope Pγ . Then, (DRSP-V) can be written equivalently
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as

min
x∈X

θ

s.t. θ ≥
∑
ω∈Ω

pkωhω(x), k ∈ K. (A–5)

One can solve this problem using a cut generation approach. That is, the restricted master problem

is solved with a smaller subset of constraints (A–5) in order to get (x̂, θ̂). Then, the worst-case

expected problem is solved at x̂ to obtain optimal value fγ(x̂). If θ̂ < fγ(x̂), then the optimality

cut (A–5)—corresponding to the extreme point pk, k ∈ K, that solves the worst-case expected

problem at x̂—is added to the restricted master problem. The Primal Decomposition approach to

obtain x∗ and p∗ is presented in Algorithm A–1.

Algorithm A–1 Primal Decomposition approach

STEP 0. Initialization
Set k ← 0, z̄ ← +∞. Add initial cuts (e.g., θ ≥ 0), if available.
STEP 1. Update lower bound
Set k ← k + 1.
Solve the current restricted master problem and obtain (x̂, θ̂).

Set lower bound z = θ̂.
STEP 2. Forward pass to obtain h(x̂)
for ω do

Solve hω(x̂)
end for
STEP 3. Backward pass to obtain pk

Solve the worst-case expected problem at x̂ and obtain pk and fγ(x̂).
STEP 4. Update upper bound
if fγ(x̂) < z̄ then

Set z̄ = fγ(x̂), x∗ = x̂, and p∗ω = pkω ∀ω.
end if
STEP 5. Check stopping criterion
if z̄ = z then

STOP.
Output x∗ and p∗ as an optimal solution/worst-case probability pair.

end if
STEP 6. Backward pass to generate cut
Augment the current restricted master problem’s set of cuts with θ ≥

∑
ω∈Ω p

k
ωhω(x).

Go to STEP 1.

Since the restricted master problem is a relaxation of (DRSP-V), θ̂ provides a lower bound on

the optimal value of (DRSP-V). Moreover, since x̂ ∈ X, fγ(x̂) gives an upper bound on the optimal

value of (DRSP-V). The algorithm continues until θ̂ = fγ(x̂), where x̂ and the extreme point

that solves the worst-case expected problem at x̂ are an optimal x∗ and p∗, respectively. Because

the polytope Pγ has finitely many extreme points, finitely many optimality cuts (A–5) are added

before x∗ and p∗ are obtained. In other words, the Primal Decomposition algorithm converges in
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a finite number of iterations. However, at each iteration a convex optimization problem is solved.

For algorithms to solve these problems, we refer interested readers to [6] and references therein.

In the particular case of SLP-2, one can apply a decomposition-based method to obtain an outer

approximation to hω(x). In fact, this is what we use in our numerical illustration in Section 5.

Algorithm A–1 decomposes primal formulation of (DRSP-V) and obtain x∗ and p∗ concurrently

and directly. Because the Primal Decomposition exploits the polyhedral structure of the ambiguity

set formed using the total variation distance, it might have computational benefits over those

decompositions methods that solve the dual formulation. A comprehensive computational study

will provide more insight on the performance of these algorithms; however, such a study is out of

the scope of this paper.
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