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Abstract

In this note, we consider the Multi-period Minimum Spanning Tree Problem (MMST), a

variant of the well known Minimum Spanning Tree Problem (MST), that consists in the fol-

lowing. Given a connected and undirected graph G and a finite discrete time horizon, one has

to schedule the moment in time edges are added to a solution. For each time period, a partial

solution consisting of a tree must be built. Once an edge is added to a tree at a given time,

it remains in the solution thereafter. At the end of the planning time, the complete solution

must be a spanning tree of G. Vertices must be spanned by these trees at times that do not

exceed pre-defined dates that depend on each vertex. Edges’ costs represent the discounted cash

flows of the installation cost at the time of installation plus maintenance costs, from that time

until the end of the planning time. The goal is to choose and schedule the installation of the

edges, such that the final spanning tree has a minimum cost. The complexity of MMST was

not addressed before. We show that, unlike the MST case, the decision version of MMST is

NP−Complete.

Keywords: Multi-period Minimum Spanning Tree Problem, NP-Completeness,

Combinatorial Optimization

1 Introduction

The Minimum Spanning Tree Problem (MST) [3, 11, 14] is one of the most celebrated problems in

combinatorial optimization [12]. MST finds applications in many fields like communications and

logistics networks, bioinformatics and production planning just to name a few. Alongside with

the matching problem [4], MST is, very likely, the first example in virtually every optimization

course, of combinatorial optimization problems that gather desirable properties like the efficient

optimization, the efficient convex-hull separation and the existence of integral linear programming

formulations.

MST does not have a temporal dimension. In this note, we consider the Multi-period MST

(MMST) [9], a variant of MST where, given a connected and undirected graph G and a finite

discrete time horizon, one has to schedule the moment in time edges are added to a solution. For

each time period, a partial solution consisting of a tree must be built. Once an edge is added
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to a tree at a given time, it remains in the solution thereafter. At the end of the planning time,

the complete solution must be a spanning tree of G. Vertices must be spanned by these trees at

times that do not exceed pre-defined dates that depend on each vertex. Edges’ costs represent the

discounted cash flows of the installation cost at the time of installation plus maintenance costs, from

that time until the end of the planning time. The goal is to choose and schedule the installation of

the edges, such that the final spanning tree has a minimum cost.

The only study dedicated to MMST that we are aware of is due to Kawatra [9], where an integer

programming formulation and a Lagrangian Relaxation algorithm were proposed. The Multi-

period Degree Constrained Spanning Tree Problem (MDCMST) and the Multi-period Capacitated

Minimum Spanning Tree Problem (MCMST), multi-period analogs to the Degree Constrained

Minimum Spanning Tree Problem [2, 13] and the Capacitated Minimum Spanning Tree Problem

[5, 15], respectively, received more attention in the literature [1, 6, 8, 10].

Let us formally define MMST. Given a connected and undirected graph G = (V,E), with set

of vertices V and edges E, one particular vertex r of V is called the root of the tree. It plays

the role of a service provider for the other vertices in V . The planning time is divided into T

time periods T = {1, 2, . . . , T} of equal duration. Each vertex i ∈ V is assigned to an integer

ti ∈ T ; it is assumed that tr = 1. For each t ∈ T , V t = {i ∈ V : ti ≤ t} denotes the subset of

vertices that must be connected to r at a time period not later than t. For any subset of edges

M ⊆ E, denote by V (M) the subset of vertices of V that are incident to any edge in M . Feasible

solutions for MMST are named multi-period spanning trees (MPSTs) and correspond to T sets of

trees {(V (Et), Et) : t = 1, . . . , T} of G, satisfying the following properties:

1. E1 ⊆ E2 ⊆ · · · ⊆ ET : once an edge is added to the tree at a given time period t, it must

remain at the solution thereafter.

2. Each subgraph (V (Et), Et)) : t ∈ T is a tree spanning vertices V t (and possibly some vertices

in V \ V t). Therefore, every vertex in V t must be connected to r by a path in subgraph

(V (Et), Et), at time t ∈ T . It follows that (V (ET ), ET ) is a spanning tree of G.

Whenever an edge {i, j} is added to a MPST at time period t ∈ T , a cost ctij ∈ Z is incurred.

Define E0 = ∅. The cost of a MPST {(V (Et), Et) : t ∈ T } is
∑T

t=1

∑
{i,j}∈Et\Et−1 ctij . Among all

MPSTs, MMST looks for one with minimum cost.

Several reasons justify our interest on studying the complexity class of MMST. Although some

discussions on why the greedy algorithm of Kruskal [11] does not work for the multi-period case can

be found in some studies [10, 9], the question about the existence of a polynomial time algorithm,

eventually of a different nature, was never formally addressed before. Unlike the case of the decision

version of MDCMST and MCMST, whose complexity status follows from the NP−completeness of

their single period versions (DCMST and CMST), similar conclusions cannot be drawn for MMST,

since MST, on the contrary, is polynomially solvable. On the practical side, a polynomial time

algorithm for MMST, provided it existed, could be a better alternative to the approximate MMST

solution approach introduced in [9]. Since MDCMST and MCMST can be seen as a MMST with

side constraints, polynomial time algorithms for the latter would imply relaxations for the former

two problems, over which one could efficiently optimize. Such an algorithm could be used for

providing Lagrangian Relaxation lower bounds for MDCMST and MCMST, after relaxing and
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dualizing the side constraints. From a polyhedral point of view, the MMST NP-Completeness

proof provided here leaves almost no hope of having a complete compact characterization of the

convex hull of its integer feasible solutions.

In Section 2, we provide the main result in the paper, a simple yet elegant polynomial time

reduction of the decision version of Steiner Tree Problem [7] to the decision version of MMST,

D-MMST. In Section 3, we conclude the paper with directions for future research.

2 A reduction from the Steiner Tree Problem

Consider D-MMST and D-STP, respectively the decision versions of MMST and of the Steiner Tree

Problem [7]:

D-MMST:

Instance: a connected and undirected graph G = (V,E), a set of time periods T = {1, . . . , T},
integers {ti ∈ T : i ∈ V }, a root vertex r ∈ V : tr = 1, costs {ctij ∈ Z : {i, j} ∈ E, t ∈ T }, an integer

K.

Question: Does a MPST with cost at most K for such an instance exist ? D-STP :

Instance: an undirected graph G = (V,E), costs {wij ∈ Z : {i, j} ∈ E}, set of terminal vertices

R ⊆ V and integer K.

Question: Does a tree of G that spans R, with cost at most K exist ?

Theorem 1 D-MMST is NP-Complete.

Proof. 2 Take a D-MMST instance whose answer is yes and a MPST {(V (Et), Et) : t ∈ T } with

cost at most K, for that instance. Checking the cost of such a MPST and whether each subgraph

{(V (Et), Et) : t ∈ T } satisfies the feasibility conditions (1)-(2) defined in the previous section can

be carried out in O(T |E|) time. D-MMST thus belongs to NP.

We assume that G, the graph that defines the instance for D-STP, has one connected component

that spans R, so the set of Steiner Trees of G is non-empty. If G itself is not connected, pick any

vertex i ∈ R and add to G edges connecting i to one vertex in every connected component of G,

other than that spanning R. Denote by E′ the set of added edges. For every edge {i, j} ∈ E′, set

wij = K + 1. Redefine E ← E ∪ E′. Note that now (V,E) is a connected graph. Note that these

operations can be carried out in polynomial time.

Given a D-STP instance defined by (V,E), R,K and {wij ∈ Z : {i, j} ∈ E}, an instance for

D-MMST is defined by the same graph (V,E), T = {1, 2} and costs {c1ij = wij : {i, j} ∈ E},
{c2ij = 0 : {i, j} ∈ E}. Define ti = 1 : i ∈ R, ti = 2 : i ∈ V \R and pick i ∈ V : ti = 1 to be the root

node r.

Let {(V (E1), E1), (V (E2), E2)} be a MPST for the D-MMST instance, whose cost is at most

K. Note that E1 ∩ E′ = ∅, otherwise the cost of this MPST would be at least K + 1. Define a

Steiner Tree (V̂ , Ê) as: Ê = E1 and V̂ = V (E1). Since E1 spans V 1, (V (E1), E1) is a tree and

by construction V 1 = R, it follows that (V̂ , Ê) is a Steiner Tree of G. Its cost is
∑

{i,j}∈Ê wij =∑
{i,j}∈E1 c1ij =

∑2
t=1

∑
{i,j}∈Et\Et−1 ctij ≤ K (recall that we defined E0 = ∅).
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To show the converse, let (V̂ , Ê) be a Steiner tree with cost at most K. Note that E′ ∩ Ê = ∅,
otherwise

∑
{i,j}∈Ê wij ≥ K + 1 would apply. We construct a MPST {(V (E1), E1), (V (E2), E2)}

from (V̂ , Ê) as follows. Set E1 = Ê. In doing so, all vertices in V 1 are connected by a tree at time

1. If V = V (E1), set E2 = E1. Otherwise, define E2 as the union of E1 and any subset of edges

in E \ E1 such that (V (E2), E2) is a spanning tree of G. E2 must exist, otherwise (V,E) would

not be connected. Note that conditions (1)-(2) are clearly satisfied by {(V (E1), E1), (V (E2), E2)}
and its cost is

∑2
t=1

∑
{i,j}∈Et\Et−1 ctij =

∑
{i,j}∈E1 c1ij =

∑
{i,j}∈Ê wij ≤ K.

The constructions above can be implemented in O(E) time. Thus, if we have a yes certificate

for one problem in polynomial time, so have we for the other, and the proof is complete. 2

3 Future research

In the light of the NP−Completeness of D-MMST, MMST does not provide relaxations for MD-

CMST and MCMST over which one should expect to optimize in polynomial time. It is equally

unlikely that one may end up with a compact linear integer programming formulation for the convex

hull of feasible solutions for MMST. Nevertheless, the polyhedral structure of MMST may provide

valid inequalities that can be used in exact solution algorithms not only for MMST, but also to

MDCMST and MCMST. In particular, valid inequalities for MMST could be used to strengthen the

MDCMST and MCMST formulations in [1, 8, 10]. We plan to investigate good characterizations of

the convex hull of feasible solutions for these problems, starting with valid inequalities for MMST.
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