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Abstract

In a recent paper, Bubeck, Lee, and Singh introduced a new first order method for
minimizing smooth strongly convex functions. Their geometric descent algorithm, largely
inspired by the ellipsoid method, enjoys the optimal linear rate of convergence. Motivated
by their work, we propose a close variant that iteratively maintains a quadratic global
under-estimator of the objective function, whose minimal value approaches the true min-
imum at an optimal rate. The resulting intuitive scheme comes equipped with a natural
stopping criterion and can be numerically accelerated by using accumulated information.

1 Introduction

Consider a function f: R” — R that is S-smooth and a-strongly convex. Thus each point x
yields a quadratic upper estimator and a quadratic lower estimator of the function. Namely,
the inequality ¢(y;x) < f(y) < Q(y;z) holds for all z,y € R™, where we set

Ay @) = f(@) + (VF(@),y —2) + 5 ly — ],
Q) = 1) + (T ().y— ) + 5y~ .

Classically, one step of the steepest descent algorithm decreases the distance of the iterate to
the minimizer of f by the fraction 1 —«/f. This linear convergence rate is suboptimal from a
computational complexity viewpoint. Optimal first-order methods, originating in Nesterov’s
work [8] achieve the superior (and the best possible) linear rate of 1 — /a/f; see also the
discussion in [7, Section 2.2]. Such accelerated schemes, on the other hand, are notoriously
difficult to analyze. Numerous recent papers (e.g. [1,3,6,9]) have aimed to shed new light on
optimal algorithms.

This manuscript is motivated by the novel geometric descent algorithm of Bubeck, Lee,
and Singh [3]. Their scheme is highly geometric, sharing some aspects with the ellipsoid
method, and it achieves the optimal linear rate of convergence. Moreover, the geometric
descent algorithm often has much better practical performance than accelerated gradient
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methods; see the discussion in [3]. In this paper, we propose an intuitive variant of the geo-
metric descent algorithm that maintains a quadratic lower model of the objective function,
whose minimum value converges to the the true minimum at an optimal linear rate. The
algorithm has a number of virtues. First, it comes equipped with a natural stopping criterion.
Second, a formal comparison with the original accelerated gradient method [7,8] is immedi-
ate. Finally, one can significantly speed up the method in practice by utilizing accumulated
information — a limited memory version of the scheme.

The outline of the paper is as follows. In Section 2, we describe the optimal quadratic
averaging framework (Algorithm 1) — the focal point of the manuscript. In Section 3, we pro-
pose a limited memory version of Algorithm 1, based on iteratively solving small dimensional
quadratic programs. Section 4 discusses the close connection between Algorithm 1 and the
geometric descent method of [3]. Section 5 is devoted to numerical illustrations, in particular
showing that the optimal quadratic averaging algorithm with memory can be competitive
with L-BFGS. We finish the paper within Section 6, where we discuss the challenges that
must be overcome in order to derive proximal extensions.

1.1 Notation

We follow the notation of [3] — the motivation for the current work. Given a point € R", we
define a short step x7 =z — %Vf(:n) and a long step 1+ := 2 — éVf(:L‘). Setting y = ™
in the quadratic bound f(y) < Q(y;x) yields the standard inequality

fat) + ;ﬁ IVF@)I? < f(a). (1)

We denote the unique minimizer of f by x*, its minimal value by f*, and its condition number
by k := B/a. Throughout, the symbol B(x, R?) stands for the Euclidean ball of radius R
around z. For any points z,y € R", we let line_search (x,y) be the minimizer of f on the
line between = and y.

2 Optimal quadratic averaging

The starting point for our development is the elementary observation that every point Z
provides a quadratic under-estimator of the objective function, having a canonical form.
Indeed, completing the square in the strong convexity inequality f(x) > ¢(x;Z) yields

—\ (12
@) > <f(i") - W) + 5 o=t @

Suppose we have now available two quadratic lower-estimators:
(07 2 a 2
fl@) 2 Qa(z) == va+ 5 llz — 24l and  f(z) 2 Qp(z) == vp + 5 [z —ap|".
Clearly, the minimal values of @) 4 and of ()p lower-bound the minimal value of f. For any

A € [0,1], the average Q) := AQ4 + (1 — \)@p is again a quadratic lower-estimator of f.
Thus we are led to the question:



What choice of A yields the tightest lower-bound on the minimal value of f7

To answer this question, observe the equality
Q
Qx(2) := AQa(2) + (1 = A)Qp(z) = vr + 5 |z — axll?,

where
ex=Aa+ (1= XNzp

and
« «
on=vp+ (va—vp+ 5 laa—wpl?) A= (5 loa —2al”) X (3)

In particular, the average Q) has the same canonical form as Q4 and Q5. A quick compu-
tation now shows that vy (the minimum of @) is maximized by setting

< . 1 vA — VB
A= -4 — .
prOJ[O,l] <2 + a HxA - xBH2>

With this choice of A, we call the quadratic function Q = v + Sl —c||? the optimal averaging
of Q4 and Qp. See Figure 1 for an illustration.
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Optimal Averaging

Figure 1: The optimal averaging of Q4(z) = 1+ 0.5(z + 2)? and Qp(z) = 3 + 0.5(x — 4)2.

An algorithmic idea emerges. Given a current iterate x, form the quadratic lower-model
Q(+) in (2) with & = zj. Then let Q be the optimal averaging of ) and the quadratic lower
model Qx—1 from the previous step. Finally define x4 to be the minimizer of (), and repeat.
Though attractive, the scheme does not converge at an optimal rate. Indeed, this algorithm
is closely related to the suboptimal method in [3]; see Section 4.1 for a discussion. The main
idea behind acceleration, natural in retrospect, is a separation of roles: one must maintain
two sequences of points x; and ci. The points x; will generate quadratic lower models as
above, while ¢ will be the minimizers of the quadratics. We summarize the proposed method
in Algorithm 1. The rule for determining the iterate x; by a line search is entirely motivated
by the geometric descent method in [3].



Algorithm 1: Optimal Quadratic Averaging

Input: Starting point zg and strong convexity constant o > 0.
Output: Final quadratic Qi (z) = vk + § ||z — cx||? and T}
2

Set Qo(x) = vo + § ||z — coll?, where vy = f(xq) — w and co =z ™;
for k=1,..., K do

Set x; = line_search (Ck—lvfg—lﬁ

v 2

Set Q) = (f(a) — LI 4 o — a1+

Let Qi(z) = v, + %[|z — cx]|* be the optimal averaging of @ and Qj_1 ;
end

Remark 2.1. When implementing Algorithm 1, we set 2, = line_search (zy, z — V f(zy)).
This does not impact the analysis as xz still satisfies the key inequality (1). With this mod-
ification, the algorithm does require 5 as part of the input, and we have observed that the
algorithm performs better numerically.

To aid in the analysis of the scheme, we record the following easy observation.

Lemma 2.2. Suppose that Q@ = v + §|| - —&||? is the optimal averaging of the quadratics
Qa=va+$ll —zal? and Qp = vp + $|| - —z||>. Then the quantity v is nondecreasing in
both va and vg. Moreover, whenever the inequality [va —vp| < §|lza — rg||? holds, we have

a ) 1 1 vazvp
U—8||1'A zB|| +2(UA+UB)+2Q<||xA—xB||> .

Proof. Define Ai=14 _vazvs_ Notice that we have
2 alza—zp|

A€ [0,1] if and only if |va —vp| < %HajA —zp*

If X lies in [0, 1], equality A = A holds, and then from (3) we deduce

I T | 1 [ va—vs
o=v5=gllza wm'+2@A+”ﬁ+za<wM—me'

If A does not lie in [0, 1], then an easy argument shows that @ is linear in v4 either with slope
one or zero. If A lies in (0, 1), then we compute

o0v 1+ 1 ( )
A =5t x5a—uB),
dva 2 allzg—zg|?

lva—vp| . S
| s lra—enl? = 27
is nondecreasing in v4, and by symmetry also in vg. O

which is nonnegative because % Since v is clearly continuous, it follows that o

We now show that Algorithm 1 achieves the optimal linear rate of convergence.



Theorem 2.3 (Convergence of optimal quadratic averaging). In Algorithm 1, for every index
k > 0, the inequalities v, < f* < f(a:;) hold and we have

1
VE
Proof. Since in each iteration, the algorithm only averages quadratic minorants of f, the

inequalities vy, < f* < f(z;7) hold for every index k. Set ro = 2(f(zd) — vo) and define
k 0

«

f(xzt)—ka(l— )k(f(fcar)—%)-

k
the quantities rp := (1 — ﬁ) ro. We will show by induction that the inequality vy >

f(xf) — 7y, holds for all k > 0. The base case k = 0 is immediate, and so assume we have

a
Up—1 > flxf_ ) — 5Tk
2
for some index k —1. Next set v4(x) := f(xp) — w and vp := vg_1. Then the function

«
Qr(x) = vp + 5 |z — ex]|?,

is the optimal averaging of Qa(z) = va + ¢ ||z — w;JFHQ and Qp(z) = vp + § ||z — cp—1|®.
An application of (1) yields the lower bound v4 on v4:

Vsl _ o V@) <1 B 1)

= D4.
2a 2 a? K

va = f(xr) > f(zf)

The induction hypothesis and the choice of xj yield a lower bound 95 on vg:
@ o
vp > fla ) — 5Th-12 flog) — 5 k-1
+ 1 2 «
> f(z) + 25 IVf (i)l = Srr—1

2
flaf) 2 = V@) =
=f(x)— = re-1 — —— T = 0p.
k 2 k—1 0621‘{-'/ k B
Define the quantities d := :t:;'F — Cp_1 H and h := W. We now split the proof into
S Tk—1

two cases. First assume h?2 . Then we deduce

Hence in this case, the proof is complete.



Next suppose h? > =1 and let v+ 4| - —c||* be the optimal average of the two quadratics

o4+ %l —={"|? and 05 + §|| - —ck—1]*. By Lemma 2.2, the inequality vy > v holds. We
claim that equality
a (d®+ 2(04 — 0B))?

v =170+ 3 2 holds. (4)
P N _p2
From Lemma 2.2, it suffices to show 3 > %. Note the equality |vf);l§B| = ‘T’“‘Qldgh | The

choice of x;, ensures the inequality h? < d2. Thus we have h? — r_; < h? < d?. Finally, the

. 2 Tk—1 = .
assumption h* > —5— implies

WA—M<%}<Mg&
Hence we can be sure that (4) holds. Plugging in 94 and 95 we conclude

(d2 +rp_1 — h2)2
4d? ’

o 1
v=f( ;)_2<rk_1_nh2_

Hence the proof is complete once we show the inequality

1o (d*+ 71—y —h?)? 1
Tk—1 — ;h — 4d2 S 1-— ﬁ Te—1-

After rearranging, our task simplifies to showing the inequality

2 ) 12)2
Te_1 <h7+(d +7p_1 — h°)

VE T VE Ad?

Minimizing the right-hand side over d satisfying h? < d?, we deduce

fi i (d? 4+ r—1 — h?)? > h72 I 7"1%—1
NG 4d? Vv 4h?’

Minimizing the right-hand side over h satisfying h% > T’“T‘l yields

[y

2 2
hf + Tk—1 > Tk— .
Kk 4h® T /K

The proof is complete. O

g

It is instructive to compare optimal averaging (Algorithm 1) with Nesterov’s optimal
methods in [7,8]. For convenience, we record the optimal gradient method following [7], in
Algorithm 2.

Comparing Algorithms 1 and 2, we see that

e 1} is some point on the line between c;_; and $k+—1’ and

e () is an average of the previous quadratic (Jy_1 and the strong convexity quadratic
lower bound () based at x.

As we discuss in Appendix A, we can modify Nesterov’s method so that like in optimal
quadratic averaging, we set x; = line_search (ck,l,a::_l) in each iteration. After this
change, only two differences remain between the schemes:



Algorithm 2: General scheme of an optimal method [Nesterov]

Input: Starting points x¢ and cg, strong convexity constant a > 0, smoothness
parameter 5 > 0, and initial quadratic curvature vy > «.

Output: Final quadratic Q (z) = vi + 2 ||lz — cx ).

Set Qo(x) = vo + ¥ [l& — col|?, where vo = f(x0) — 35 |V f (20) | ;

fork=1,..., K do

Compute averaging parameter A, € (0,1) from BA2 = (1 — A\g)Ve—1 + Apex ;

Set vk = (1 — M) Ve—1 + Agar. ;

Set z, = (1 — O)cp—1 + 9k$:,1 where 0, = L

X Y1+t Aga
xT le% 2
Set Q(z) = (f(xk) _ vaéak)H > +a Hx _ x?LH :
Let ¢x be the minimizer of the quadratic Qr(z) = (1 — Ag)Qr—1(x) + \eQ(z) ;
end

NG
T/ */

/* If we set 79 =, then we have Vi = a, )‘k:ﬁ’ and 0, =

e the initial quadratic (g is different, and
e the averaging parameter is computed differently.

These differences, however, are fundamental. In Algorithm 1, the quadratic Qg lower bounds
f and therefore optimal averaging makes sense; in the accelerated gradient method, Qg does
not lower bound f, and the idea of optimal averaging does not apply.

3 Optimal quadratic averaging with memory

Fach iteration of Algorithm 1 forms an optimal average of the current lower quadratic model
with the one from the previous iteration; that is, as stated the scheme has a memory size
of one. We next show how the scheme easily adapts to maintaining limited memory, i.e. by
averaging multiple quadratics in each iteration. We mention in passing that the authors of [3]
left open the question of efficiently speeding up their geometric descent algorithm in practice.
One approach of this flavor has recently appeared in [2, Section 4]. The optimal averaging
viewpoint, developed here, provides a direct and satisfying alternative. Indeed, computing
the optimal average of several quadratics is easy, and amounts to solving a small dimensional
quadratic optimization problem.

To see this, fix ¢ quadratics Q;(z) := v; + § ||z — cill?, with i € {1,...,t}, and a weight
vector A\ in the ¢-dimensional simplex A; := {x e Rt Zle =1, x> O}. The average
quadratic

maintains the same canonical form as each Q);.

Proposition 3.1. Define the matriz C = [cl co ... ct} and the vector v = [vl Vo ... U
Then we have

(0%
Qx(z) = vy + ) Iz — e,

7



where

cx=0X\ and vy = <%diag (cTe) + v,)\> - % [CAJ1%.
Proof. The Hessian of @y is simply $1I, and therefore the quadratic Qx(z) has the form
a
nt Sle ol

for some vy and cy. Notice that c) is the minimizer of @, and by differentiating, we determine
that ¢y = 25:1 Aic; = CA. We then compute

t
)\iOé
vy =Qx(ex) = Z <)\ivi + 5 [CA— Ci”2>
=1
o t
—_— — . 2 —_ . . 2
= .0+ 5 DA (ICAIP = 2(Cx ) + el

=1

t t
_ a 2 _ . o e |2
= (@A) + 5 O a<0A,;AZcZ> + 5 Z;)\ il
_ Q. T o 2
—<2d1ag (C C’)+v,)\> ~ ol
The proof is complete. O

Naturally, we define the optimal averaging of the quadratics Q;, with i € {1,2,...,t}, to
be @5, where A is the maximizer of the concave quadratic

vy = <%diag (T C) + v,)\> - % ICA|I2

over the simplex A;. There is no closed form expression for \, but one can quickly find it by
solving a quadratic program in ¢ variables, for example by an active set method. Moreover,
some thought shows that the matrix CTC can be efficiently updated if one of the centers
changes; we omit the details.

We propose an optimal averaging scheme with memory in Algorithm 3. As we see in
Section 5, the method performs well numerically. Moreover, the scheme enjoys the same
convergence guarantees as Algorithm 1; that is, Theorem 2.3 applies to Algorithm 3, with
nearly the same proof (which we omit).

The reader may notice that Algorithm 3 shows some similarity to the classical Kelley’s
method for minimizing nonsmooth convex functions [5]. In the simplest case of minimizing
a smooth convex function f on R", Kelley’s method iterates the following steps

Tp41 = argmin fi(z)
T

for the functions

fr(x) = .maxk{f(mi) +(Vf(x;),z—x;)}.

=1



Algorithm 3: Optimal Quadratic Averaging with Memory

Input: Starting point zg, strong convexity constant o > 0, and memory size ¢t > 1.
Output: Final quadratic Qg () = vg + S ||z — cx 2 and 2%,

P q 2 K

2
Set Qo(x) = vo + § ||z — C()H2, where vg = f(xg) — 7va2(§°)” and co = 2" ;
for k=1,..., K do
Set x; = line_search (ck_l,xgil);
v 2 2

Set My(e) = f(wx) = FLEIE 4 ¢ o — e
Let Qu(x) == vp + § ||z — c||* be the optimal averaging of the

k + 1 quadratics Qg_1, My, Mp_1, ..., M if £ <t, or of the
t + 1 quadratics Qg—1, Mg, Mg—1, ..., Mg_44+1 ifk>t+1;

end

In other words, the scheme iteratively minimizes the lower-models f; of f. Coming back to
the optimal averaging viewpoint, suppose that )5 is an optimal average of the lower-bounding
quadratics @;, for i = 1,..., k. Then we may write

vy = )I\Ieli),i H}Tin Zl: AiQ;(x) = min max zl: AiQi(z) = mxin <<max QZ(:B))

T AEAL i=1,....k

Thus vy is the minimal value of the now different lower-model, max;—; 1 @;, of f. Kelly’s
method is known to have poor numerical performance and convergence guarantees (e.g. [7,
Section 3.3.2]), while Algorithm 3 achieves the optimal linear convergence rate. This disparity
is of course based on the two key distinctions: (1) using quadratic lower-models coming from
strong convexity instead of linear functions, and (2) maintaining two separate sequences cy,
(centers) and xj, (sources of lower model updates).

4 Connection to geometric descent

Algorithm 1 is largely motivated by the geometric descent method introduced by Bubeck,
Lee, and Singh [3]. In this section, we describe the close connection between the two schemes.
4.1 Suboptimal geometric descent method

The basic idea of geometric descent is that for each point z € R”, the strong convexity lower
bound f* > g(z*;z) defines a ball containing x*:

2
v eB <x++, NI 2 4 f*)) -

a

In turn, taking into account (1) yields the guarantee

2
v en (W’ (1 . 1) IVF@I 2 g m) | 5)

K



A crude upper estimate of the radius above is obtained simply by ignoring the nonnegative
term 2 (f(z) — f*). The suboptimal geometric descent method proceeds as follows. Suppose

we have available some ball B (cO,Rg) containing z*. As discussed, the quadratic lower
2
bound at the center ¢g, namely f* > q(z*, cp), yields another ball B (car+, (1 — l) M)

K (0%
containing z*. Geometrically it is clear that the intersection of these two balls must be

significantly smaller than either of the individual balls. The following lemma from [3] makes
this observation precise; see Figure 2 for an illustration.

Lemma 4.1 (Minimal enclosing ball of the intersection). Fiz a center x € R™, square radius
R%? >0, step h € R", and € € (0,1). Then there exists a new center ¢ € R" with

B(x,R))NB (:c Fh(1—e) ||h||2) C B(c,(1-€)R?).

An application of Lemma 4.1 yields a new center ¢; with
1Y [V £(co)]” 1
2 ++ 2
B(CO,Ro)mB<CD ,<1—’€> T CcB Cc1, 1—2 RO .
Repeating the procedure with the new ball B (cl, (1 — %) Rg) yields a sequence of centers ¢

satisfying
*12 1 g 2
llex — x™[|” < 1—; R;.

We note that the centers ¢, and R(% of the minimal enclosing balls in Lemma 4.1 are easy to
compute; see Algorithm 1 in [3].

Figure 2: Minimal enclosing ball of the intersection.

There is a very close connection between finding the minimal enclosing ball of the inter-
section of two balls and of optimally averaging quadratics. To see this, consider again two
quadratics

f@) 2 Qa@)=va+ G lle—wal’  and  f(2) 2 Qp(e) = vp + 5 e sl

10



Let @ be the optimal average of Q4 and Qp. Notice that since Q 4, Qp, and @Q lower bound
f, the minimizer x* of f is guaranteed to lie in the three balls:

B(xA,Ri) where Riz%(f—vA),

B (wB,R2B) where R% = % (f— vB> ,

B(c,R?) where R®= % (f—@),

where f is any upper bound on f*. The following elementary fact is true.

Proposition 4.2 (Minimal enclosing ball and optimal averaging). The ball B (E, RQ) 18
precisely the minimal enclosing ball of the intersection B (:z:A, R%) nB (xB, R%).

Proof. Define the quantity A = %+ —va=vp __ Tf ) lies in the unit interval [0, 1], then a quick

i ) ales—ep)®” T
computation using Lemma 2.2 shows the expressions

2
(lkea = 28] + B3 - R3)

R*=Rj —
4wa —zp|”
and
_ _ 1 R2 — R2
c=Xra+(1—Nzxp= *($A+33B)—A—BQ($A—JCB).
2 2|z — sl

Now observe

A< 0 ifandonlyif |zq—zg|* < R%— R%
Ae[0,1] ifandonlyif |24 —2g|?® > |R% — R%|, and

A>1 ifandonlyif |24 —2z5|? < R%L — RY.
Comparing with the recipe [3, Algorithm 1] for computing the minimal enclosing ball, we see
that B (6, R2) is the minimal enclosing ball of the intersection B (x A, R2A) NnB (m B, R%;). O

4.2 Optimal geometric descent method

To obtain an optimal method, the authors of [3] observe that the term 2 (f(zT) — f*) in the
inclusion (5) cannot be ignored. Exploiting this term will require maintaining two sequences
¢k, (the centers of the balls) and xj, (points for generating new balls). Suppose in iteration k,
we know that x* lies in the ball

B (e it - 2 (1) - 1)),

Consider now an arbitrary point, denoted suggestively by zj1. Then (5) implies the inclusion

2
¥ eB (ﬁfw (1 _ 1) M — % (f(xk++1) _ f*)> . (6)

K o?

11



If we choose x41 to satisfy f(xgi1) < f(x,j) and apply inequality (1) with x = zx11, we can
get a new upper estimate of the initial ball,

2
iL'*EB(Ck,Ri— —a(f(:rLl)—f*))- (7)

K o?

It seems clear that if the centers ¢, and xzrjl of the two balls in (6) and (7) are “sufficiently
far apart”, then their intersection is contained in an even smaller ball. This is the content of

following lemma from [3].

Lemma 4.3 (Two balls shrinking). Fiz centers z4,xp € R"™ and square radii ri,r% > 0.
Also fiz € € (0,1) and suppose ||z — zp|]* > r%. Then there exists a new center ¢ € R"™ such
that for any 6 > 0, we have

B(za,m% —erp —8)NB (x5, (1—€)rp —6) C B(c,(1— Ve —9).
A quick application of this result shows that provided the estimate

H2 > va(CCkH)HZ

oy — e

holds, there exists a new center cx41 with

z* € B <ck+1, <1 — \}E> R — % (flaf ) - f*)) .

One way to ensure that zj;; satisfies the two key conditions, f(zx4+1) < f(z}) and
inequality (8), is to simply let xx41 be the minimizer of f along the line between ¢; and
z;. Trivially this guarantees the inequality f(zj+1) < f(2]), while the univariate optimality
condition V f(zyy1) L (ck — xk+1) ensures that (8) holds. This is exactly the motivation for
the line-search procedure in Algorithm 1. Repeating the process yields iterates ¢ that satisfy

the optimal linear rate of convergence

* 112 1 F 2
llex — x*]|” < 1—ﬁ R;.

The precise method is described in Algorithm 4.

5 Numerical examples

In this section, we numerically illustrate optimality gap convergence in Algorithm 1, and
explore how Algorithm 3, the variant of Algorithm 1 with memory, aids performance. To
this end, we focus on minimizing two functions: the regularized logistic loss function

N
1 T o « 2
— yiwTa; ) L &
L(w) ==~ ;1: log (1+¢ )+ 5wl
where z; € R” and y; € {£1} are labeled training data, and the Rosenbrock function

n—1 n
f(z) = g ((1 —z1)’ + Z(D«“i —xip1)’ + ﬂ?i) + ;2%2

For the logistic regression examples, we use the LIBSVM [4] data sets ala (N = 1605,
n = 123) and colon-cancer (N = 62, n = 2000).

12



Algorithm 4: Geometric Descent Method [Bubeck, Lee, Singh]

Input: Starting point zg, strong convexity constant o > 0.

Output: x}g

Set co = 2§ " and R2 = L|Vf§;0)ll2 _ % (f(zo) = f(zg)) ;
for k=1, ..., K do
Set x; = line_search (mﬁ_l, ck,l) ;

Set 24 =z, — a” 'V f(2g) and R = AIIVfggk)nQ — 2 (f(xr) — f())) 5
Set zg = c,_1 and RzB = Rz_l — % (f(l’;,l) — f(xlj)) :

Let B (ck, R%) be the smallest enclosing ball of B (:L'A, R124) NB (xB, RQB) ;
end

5.1 Optimality gap convergence
From inequality (2), we get the well-known optimality gap estimate for strongly convex

functions 9
o) - g+ < VI )

How does this estimate compare with the gaps gi := f (ac;) — v generated by Algorithm 17
Obviously the answer depends on the point where we evaluate the gap estimate in (9).

IV

2
Nonetheless, we can say that the gaps gp are tighter than the gaps Gy, : 23;’“)” . Indeed,

by the definition of vy, we trivially have vy > f(xr) — Gi and thus
gk = () — vk < f(2r) — v < Gy

On a relative scale, the difference between g; and Gy, is striking; see Figure 3. Notice that
G, is an optimality gap estimate before averaging, and g is an optimality gap estimate after
averaging; the plots in Figure 3 show that optimal quadratic averaging makes great relative
progress per iteration.

In Figure 4, we plot g, the true gaps f(x,j) — f*, and the gap estimate in (9) at xg,
x:, and ¢, for the Rosenbrock function and the logistic loss function. The true gaps are the

2
tightest, albeit unknown at runtime. Surprisingly, the gaps W are quite bad: several

orders of magnitude larger than gx. So even though the centers c; may appear to be the focal
points of the algorithm, the points a:;: are the ones to monitor in practice. Finally we note

[vsehl”
that the gaps g and *—= -
information at :c,j

are comparable, even though gr does not rely on gradient

5.2 Optimal quadratic averaging with memory

To demonstrate the effectiveness of optimal quadratic averaging with memory, we use it
to minimize the logistic loss (see Figure 5). The speedup over the memoryless method is
significant, even when taking into account the extra work per iteration needed to solve the
small dimensional quadratic subproblems. In Figure 6, we compare Algorithm 3 with L-
BFGS. The two schemes are on par with each other, and neither is better than the other in
all cases. L-BFGS with memory size m actually stores m pairs of vectors, whereas Algorithm 3

13
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Comparison of Optimality Gaps on Logistic Loss
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Comparison of various optimality gaps on the Rosenbrock function (B = 109,

n = 200), and on the logistic loss on the ala data set with regularization o = 0.0001.

with memory size t only stores ¢t vectors. Thus it is perhaps fairer to compare L-BFGS with
memory size m to Algorithm 3 with memory size ¢t = 2m (see Figure 7).

Empirically, we’ve noticed that the small dimensional quadratic program in Algorithm 3
must be solved to high accuracy, especially on poorly conditioned problems. In Figure 8, we
again compare L-BFGS and Algorithm 3 on logisitic regression, but with less regularization.
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Figure 5: Algorithm 3 with various memory sizes t. The case t = 1 corresponds to the
memoryless optimal averaging method in Algorithm 1. The task is logistic regression, with
regularization o = 0.0001, on data sets ala and colon-cancer.
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Figure 6: Algorithm 3 with memory size t versus L-BFGS with memory size m. The task is
logistic regression, with regularization o = 0.0001, on data sets ala and colon-cancer.

6 Comments on proximal extensions

It is natural to try to extend geometric descent and optimal quadratic averaging to a proximal
setting. For the sake of concreteness, let us focus on geometric descent. We can easily extend
the suboptimal version of the algorithm to the proximal setting, but some difficulties arise
when accelerating the method. Suppose we are interested in solving the problem

min f(z) := g(x) + h(z).
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Figure 7: A fairer (equal memory) comparison of Algorithm 3 and L-BFGS. The task is still
logistic regression, with regularization @ = 0.0001, on data sets ala and colon-cancer. We
focus on lower accuracy than we did in Figure 6.

where ¢g: R" — R is S-smooth and a-strongly convex, and h: R" — R U {400} is closed,
convex, and is such that the proximal mapping

1
proxy, (x) i= axgmin {h(2) + o |2 — |}
z

is easily computable. In the analysis of first-order methods for such problems, the gradient

mapping Gy(x) = 1 (x — prox,,(z — tVg(x))) plays the role of the usual gradient. The

following is a standard estimate; see for example [7, Section 2.2.3]. We provide a proof for
completeness.

Lemma 6.1. Fiz a step length t > 0 and define a prozimal gradient step xt = x — tGy(z).
Then for every y € R™ the inequality holds:

1) = £a) 4 Gl =)+ (1= 5 ) Gt + 5 Iy - ol

Proof. Appealing to S-smoothness of g, we deduce
42
@) < glw) =t (Vg(x), Go(w)) + = | Ge(@)|* + h(a™).
Furthermore, strong convexity of g implies
+ + o 2, B 2 +
Fa) < gu) + (Vo). a* —y) = 5 ly = 2l + - 1Ge(@) | + hla).

Finally, using the observation that Gi(x) — Vg(z) belongs to Oh(z™), we have

a 2
F@®) < fy) + (Gil@), 2™ —y) — 5 lly - z||* + Tt IGa ()1

Rearrangement completes the proof. O
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Figure 8: Algorithm 3 with memory size t versus L-BFGS with memory size m. The task is

logistic regression on data sets ala and colon-cancer, with o = 10~% (top row) and a = 1078
(bottom row).

If we let y = 2* in Lemma 6.1 and rearrange we get

1 3 2

* € B (x - éGt(x), <O€2 — %t + at2> |Gy (x)||> = - (f(a™) - f*)) .

How should we choose the step length t?7 A simple approach is to choose t to minimize the

quantity i — %t + gtz, ie., sett= % With this choice of ¢, we deduce the inclusion
1\ [Gs@]” 2
wreB (ot (1-— ) =5~ (f@") - ) |,
K Q@ Q@

where 7 = x — éGl/B(ac) is a long step and v+ =z — %Gl/ﬁ(x) is a short step. A proximal
version of the suboptimal geometric descent follows easily from Lemma 4.1.
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To accelerate the proximal geometric descent algorithm we assume in iteration k£ that x*
lies in some ball

B<%Jﬁ—iﬁww—ﬂ0-

We then consider a second minimizer enclosing ball derived from information at some point

Th+1: 9
G
* € B (‘r—k’_—:—l’ <1 _ i) M —_ % (f(x—l:-i-l) — f*)) .

a2

Following the same pattern as in Section 4.2, if we choose zy41 to satisfy f(zry1) < f(yk)

and appeal to the smoothness inequality f(xal) < f(xre1) — % HGl/ﬁ(ackH)HQ, we deduce
the inclusion

a2

2
1 ||G1/a(@k+1) 2
feB<%Rg_”“"—Umao—ﬁ).
K «
By Lemma 4.3 there is a new center ci41 with

* 1 2 2 + *
¥ €B <0k+1a (1 — \/E) Ry, — o (flziy) — f )) )
provided the old centers a:;jfl and ¢ are far apart; specifically, we must be sure that the
inequality
2
1G1/5(zein)

oty e 2 122

holds.

2
. G
How do we choose zj1 to satisfy both f(zp4+1) < f(yx) and Hazzjl - CkH2 > %?
The desired xy1 does exist; for example, zp11 = z* is such a point. In the proximal setting,
it is not clear how to choose x;1 to ensure these two inequalities (even for specific problem

classes). This is an interesting topic for future research.
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A Exact line search in accelerated gradient descent

Nesterov’s method is based on an estimate sequence; that is, a sequence of functions Q). and
nonnegative numbers A with

Ap =0 and Qi(r) < (1 —Ag)f(x) + ApQo(x).

Estimate sequences are useful because if y, satisfies f(yx) < vy := mingern Qx(z), then

Flyr) = 5 < A (Qo(2™) — f7);

that is, f(yx) approaches f* with error proportional to Ay, see [7].

The quadratics in Algorithm 2 (with appropriately chosen Aj) form an estimate sequence.
To explain, for k¥ > 1, pick vectors zj and numbers A\ € (6,1) with § > 0. Next, recursively
define

Qo(z) = v + % ||z — COH2 and

2
Qulz) = (1~ MW)Qur(a) + M (f(:vk) RSB, ay, w;:*HQ) -

k

Then the quadratics @ and numbers A, = HFl

Nesterov’s method is designed to ensure the inequality f (.%—,:) < v with the added optimal
rate condition \p > \/%

The scheme in Algorithm 2 with x;, = line_search (ck_l,:z:g_l) also guarantees these

(1 — ;) are an estimate sequence for f.

conditions. Trivially we have f(zJ) < vo. Assume, for induction, that we have f(z; ) <
vg—1. From [7, Lemma 2.2.3], we know

2
Vi = (1 — )\k)vk,l—l-)\kf(xk) — ﬁ

(1l — A _
n k( k)%c 1
Yk

IV f (@) |* +

(5 ek = enalP + (Vo) et — )
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Since x;, = line_search (ck_l,:c',:_l), we have f(zy) < f(a:;_l) < vg—1 and (Vf(xg), k1 — zk) =
0, and therefore

)\2
vk > fak) — ﬁ IV f()l* = flax) - 215 IV F(@i)|® > faf).

Provided we set v9p > a, we get the optimal rate condition A\ = , /%’“ > \/% .
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