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Abstract This paper discusses several (sub)gradient methods attaining the optimal complexity for
smooth problems with Lipschitz continuous gradients, nonsmooth problems with bounded variation of
subgradients, weakly smooth problems with Holder continuous gradients. The proposed schemes are op-
timal for smooth strongly convex problems with Lipschitz continuous gradients and optimal up to a
logarithmic factor for nonsmooth problems with bounded variation of subgradients. More specifically,
we propose two estimation sequences of the objective and give two iterative schemes for each of them.
In both cases, the first scheme requires the smoothness parameter and the Holder constant, while the
second scheme is parameter-free (except for the strong convexity parameter which we set zero if it is
not available) at the price of applying a nonmonotone backtracking line search. A complexity analysis
for all the proposed schemes is given. Numerical results for some applications in sparse optimization and
machine learning are reported, which confirm the theoretical foundations.
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1 Introduction

Let V be a finite-dimensional linear vector space with the dual space V* as the space of all linear function
on V. We assume f: V — R :=RU {400} is a proper, u¢-strongly convex (uy > 0 for strongly convex
case and py = 0 for convex case), and lower semicontinuous function satisfying

IVf(@) = Vil < Lollz —yl” Va,yeV, (1)

where V f(z) denotes the gradient of f at x for v € (0, 1] or any subgradient of f at z (Vf(z) € 0f(x))
for v = 0. Let the function ¢ : V' — R be simple, proper, p,-strongly convex (n, > 0), and lower
semicontinuous function. We consider the structured convex minimization problem

min h(z) == f(z) + ()
s.t. xeC, (2)

where C' is a simple, nonempty, closed, and convex set. By (1), we have f € Ci’fl”Lu(V)7 i.e., f can be
smooth with Lipschitz continuous gradients (v = 1), weakly smooth problems with Holder continuous
gradients (v € ]0, 1[), or nonsmooth with bounded variation of subgradients (v = 0). Hence the objective
h is p-strongly convex with p := pus + p, > 0. We assume that the first-order black-box oracle of the

objective h is available.
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1.1 Motivation & history

Over the past few decades, due to the dramatic increase in the size of data for many applications, first-
order methods have been received much attention thanks to their simple structures and low memory
requirements. The efficiency of first-order methods can be poor (a large number of function values and
subgradients is needed) for solving the general convex problems if the structure of the problem is not
available. As a result, to develop practically appealing schemes, it is necessary to make an additional
restriction on problem classes. In particular, developing efficient methods for solving large-scale convex
optimization problems is possible if the underlying objective has a suitable structure and the domain
is simple enough. Convexity and level of smoothness are two important factors playing key roles in
construction of efficient schemes for such structured optimization problems.

Let 2* be an optimizer of (2) and x be an approximate solution given by a first-order method. We
call xj, an e-solution of (2) if h(xy) — h(z*) < ¢, for a prescribed accuracy parameter € > 0. In 1983,
NEMIROVSKI & YUDIN in [32] derived optimal worst-case complexities for first-order methods to achieve
an e-solution for several classes of convex problems (see Table 1). If a first-order scheme attains the
worst-case complexity of a class of problems, it is called optimal. A special feature of these methods is
that the corresponding complexity does not depend explicitly on the problem dimension. From practical
point of view, studying the effect of an uniform boundedness of the complexity is very attractive and such
methods are highly recommended when the prescribed accuracy ¢ is not too small, whereas the dimension
of problem is considerably large.

Table 1: List of the best known complexities of first-order methods for several classes of problems with
respect to levels of smoothness and convexity (cf. [31, 32, 33])

Problem’s class Convex problems Strongly convex problems
Smooth problems (v = 1) O(e=1/2) O(In(1/¢))

Weakly smooth problems (v € ]0, 1[) O(e=2/(+3v)) < O(e=(=»)/(+3v)y1n (1/6(3+”)/<1+3"))
Nonsmooth problems (v = 0) O(e72) O(1/¢)

In [32], it was proved that subgradient, subgradient projection, and mirror descent methods possess
the optimal complexity O(¢~2) for Lipschitz continuous nonsmooth problems, where the mirror decent
method is a generalization of the subgradient projection method, cf. [8]. In 1983, the pioneering optimal
method by NESTEROV [34] was introduced for smooth problems with Lipschitz continuous gradients. He
later in [33] proposed some more gradient methods for this class of problems. NESTEROV in [37] proposed
a gradient-type method for minimizing the composite problem (2) with the complexity (’)(5_1/ %), where
f has Lipschitz continuous gradients and ) is a simple convex function. Since 1983 many researchers
have developed the idea of optimal schemes, see, e.g., AUSLANDER & TEBOULLE [5], BAES [6], BAES
& BURGISSER [7], BECK & TEBOULLE [9], CHEN et al. [13, 14], GONZAGA et al. [23, 24], JUDITSKY &
NESTEROV [25], LAN [28, 29], LAN et al. [30], NESTEROV [33], NEUMAIER [39] and TSENG [44]. Com-
putational experiments for problems of the form (2) have shown that Nesterov-type optimal first-order
methods are substantially superior to the gradient descent and subgradient methods, cf. AHOOKHOSH
[1] and BECKER et al. [10]. NESTEROV also in [35, 36] proposed some smoothing methods for a class of
structured nonsmooth problems attaining the complexity O(e~'/2).

In 1985, the first optimal method for weakly smooth objectives with Hoélder continuous gradients
was given by NEMIROVSKI & NESTEROV [31]; however, to implement this scheme, one needs to know
about v, L,, an estimate of the distance of starting point to the optimizer, and the total number of
iterations, which makes the algorithm to some extent impractical. LAN [29] proposed an accelerated
bundle-level method attaining the optimal complexity for all the convex classes considered. This scheme
does not need to know about the global parameters such as Lipschitz or Hélder constants and the level
of smoothness parameter v; on the other hand, as the scheme proceeds, the associated auxiliary problem
becomes more difficult to solve, i.e., even the limited memory version of this scheme involves solving
a computationally costly auxiliary problems. DEVOLDER et al. [15, 16] also proposed some first-order
methods for minimization of objectives with Holder continuous gradients in inexact oracle. The proposed
fast gradient method attains the optimal complexities for convex problems; however, for implementation
it needs to know about v, L,, an estimate of the distance of starting point to the optimizer, and the
total number of iterations. Recently, NESTEROV [38] proposed a so-called universal gradient method for
convex problem classes attaining the optimal complexities and requiring no global parameters at the
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price of applying a backtracking line search. More recently, NESTEROV proposed a conditional gradient
method involving a simple subproblem, which possesses the complexity O(e~1/2). Moreover, GHADIMI
[19] and GHADIMI et al. [20] developed some first-order methods for unconstrained nonconvex problems
of the form (2) where f is an arbitrary nonconvex function.

1.2 Contribution

This paper describes four accelerated (sub)gradient algorithms (ASGA) attaining optimal complexities
for solving several classes of convex optimization problems with high-dimensional data (see Table 1).

We firstly construct an estimation sequence using available local or global information of f and then
give two iterative schemes for solving (2). The first scheme (ASGA-1) requires the level of smoothness v
and the Holder constant L,. Afterwards, we develop a parameter-free variant of this scheme (ASGA-2)
that is not requiring v and L, at the price of applying a backtracking line search. Apart from an initial
point xg and the strong convexity parameter p (p = 0 if it is not available), ASGA-2 requires no more
parameters. We here emphasize that parameter-free methods are useful for black-box optimization when
no information about v and L, is available.

We secondly generalize the estimation sequence of Nesterov [38], by adding a quadratic term including
the strong convexity information of h and develop two (sub)gradient methods. The first one (ASGA-3)
needs the smoothness parameters v and L, ; on the other hand, the second one (ASGA-4) is parameter-free
at the price of carrying out a backtracking line search.

The estimation sequence used in ASGA-1 and ASGA-2 shares some similarities with the estimation
sequence used in ASGA-3 and ASGA-4; however, the iteration sequences used in construction of them
are different. Whereas ASGA-1 requires a single solution of an auxiliary problem, ASGA-3 needs to solve
two auxiliary problems. ASGA-2 requires at least a single solution of an auxiliary problem; in contrast,
ASGA-4 needs to solve at least two auxiliary problems. As apposed to ASGA-1 and ASGA-3, the schemes
NESUN, ASGA-2, and ASGA-4 are parameter-free (except for strong convexity parameter p which we
set u = 0 if it is not available) by applying a backtracking line search. NESUN treats strongly convex
problems by the same way as convex ones; on the other hand, ASGA-1, ASGA-2, ASGA-3, and ASGA-4
possess a much better complexity for strongly convex problems. It is worth mentioning that, for = 0,
ASGA-4 almost reduces to NESUN except for some parameters.

Apart from some constants, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 possess the same complexity
for finding an e-solution of the problem (2), i.e.,

14w 1-%—% _1-v )
O p~ T8 Ly e 148w IH(E 1+u) ,

o).
for pr = 0. Therefore, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 are optimal for smooth, weakly smooth,
and nonsmooth convex objectives. On the other hand, they are optimal for smooth strongly convex
problems and optimal up to a logarithmic factor for nonsmooth strongly convex objectives. For weakly
smooth strongly convex problems, they attain a complexity better than the known complexity for weakly
smooth convex problems.

We finally study the solution of auxiliary problems appearing in ASGA-1, ASGA-2, ASGA-3, and
ASGA-4. The considered auxiliary problems are strongly convex; however, finding their unique solutions
efficiently is highly related to the structure involved in 1 and C'. It is shown that these auxiliary problems
can be solved either in a closed form or by a simple iterative scheme for several functions v and domain
C appearing in applications. Some computational experiments show that the performance of ASGA-2,
ASGA-4, and NESUN are sensitive to large regularization parameters and small € > 0 (because of the
associated line searches); whereas, ASGA-1 and ASGA-3 are less sensitive. In addition, there are many
applications with available smoothness parameters v and L, motivating the quest for designing ASGA-1
and ASGA-3. It is worth noting that the proposed schemes are able to handle sum of nonsmooth functions,
where they behave much better than the traditional subgradient methods in spite of attaining the same
complexity (see Section 5.3). Some encouraging numerical results are reported confirming the achieved
theoretical foundations.

The remainder of the paper is organized as follows. In the next section we give two single-subproblem
accelerated (sub)gradient schemes with their complexity analysis. In Section 3 we generalize the estimation

for > 0, and
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sequence of Nesterov [38] and propose two double-subproblem accelerated (sub)gradient schemes and the
related complexity analysis. In Section 4 we discuss the solution of the auxiliary problems appearing in
the proposed methods. In Section 5 we reports some numerical experiments and comparisons showing
the performance of the proposed methods. Finally, some conclusions are delivered in Section 6.

1.3 Preliminaries & notation

Let the primal space V' be endowed with a norm || - ||, and let the associated dual norm be defined by
* = ) <1},
Islls = max{{s, ) | l|lz]| <1}

where (s, z) denotes the value of the linear function s € V* at x € V. If V. =R", then, for 1 < p < o0,

n l/p
lllp = <Z mz‘p> :
i=1

For a function f: V — R = RU{+o00}, dom f = {z € V | f(z) < 400} denotes its effective domain, and
f is called proper if dom f # () and f(m) > —oo for all z € V. Let C be a subset of V. In particular, if C
is a box, we denote it by x = [z, T], where in which z and T are the vectors of lower and upper bounds on
the components of x, respectively. The vector Vf(x) € V* is called a subgradient of fat x if f(ac) eR
and

fy) = f(@) +(Vf(x),y—z) VyeV.
The set of all subgradients is called the subdifferential of fat x, which is denoted by af(m)
If f is nonsmooth and convex, then Fermat-type optimality condition for the nonsmooth convex
optimization problem

min f(z)
st. xel
is given by _
0€9f(z) + No(x), (3)
where N¢(z) is the normal cone of C at z, i.e.,
Ne(x)={peV|{px—2)>0 VzeC}. (4)
For C CV and y € V, the orthogonal projection is given by
o1
Pe(y) = argmin 1z~ )
zeC
The proximal-like operator proxf}—;(y) is the unique optimizer of the optimization problem
c 1 2 1
prox, 7(y) := argmin g |z —yllz + Af(2), (6)
zeC
where A > 0. From (3), the first-order optimality condition for the problem (6) is given by
0€x—y+Af(z) + Ne(). (7)
If C =V, then (7) is simplified to
0€xz—y+2f(x), (8)

giving the classical proximity operator.
Let w: V — R be a differentiable 1-strongly convex function, i.e.,

) 2 wle) + (Vo) y — ) + gy — o )

It is assumed that w(z) attains its unique minimizer at zy and w(xg) = 0. The function w satisfied these
conditions is called a prox-function. The corresponding Bregman distance is defined by

By(z,y) == w(r) —w(y) — (Vw(y), —y), (10)

where, from (9), it is straightforward to show

1
Bu(w,y) > 5l — yl* (1)
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2 Single-subproblem accelerated (sub)gradient methods

In this section we first give two schemes for solving structured problems of the form (2) attaining the op-
timal complexity for smooth, nonsmooth, weakly smooth, and smooth strongly problems. These schemes
are optimal up to a logarithmic factor for nonsmooth strongly convex objectives. We then investigate the
complexity analysis of these schemes.

To guarantee the existence of a solution of a problem of the form (2), we assume:

(H1) The upper level set Np(zo) := {z € C' | h(z) < h(zo)} is bounded, for a starting point zg € C.

Since h is convex and Np(zg) is closed, (H1) implies that Np(zg) is convex and compact. It therefore
follows from the continuity and properness of the objective function h that it attains its global minimizer
on Np(xzg). This guarantees that there is at least one minimizer z*.

Motivated by NESTEROV [38], we define

P | CO R 410

: (12)
z,yeC, z#y ||$ - y”l/

for the level of smoothness parameter v € [0,1]. If L, < 400, then (12) implies that (1) holds resulting
to

F@) < JW)+ (V@) =)+ oo =yl vayec. (13)

The following proposition is crucial for constructing our accelerated (sub)gradient schemes, where for
the sake of simplicity for v = 1, we suppose 0° = 1 in which L = L, is a Lipschitz constant.

Proposition 1 [38, Lemma 2] Let function f satisfies the condition (1). Then, for § > 0 and

1—v
~ 1—v T+v 2 ~
L>| — Lt =1L 14
_<5(1+V)) , (14)

we have

£(@) < F) + (VS o —9)+ 5Ele—ylP 4§ ayeC (15)

The idea is to generate a sequence of estimation functions {¢x(z)} x>0 of h in such a way that, at each
iteration k > 0, the inequality

S (hlax) = 5) < 65 1= min 6u(a) (16)

holds for x; € V, where Sj is a scaling parameter. We consider the sequence of scaling parameters
{Sk}r>0, which is generated by

Sk := Sk_1 + sk, (17)

where Sy = 0 and s; > 0. We consider the estimation sequence

B, (z,x0) if k=0,
Or+1(x) == .
() + spg1 [qrr (z,yk) +9(2)] if k€N, (18)
]
Gre (@, y8) 1= Flw) + (V£ ()2 = ) + 5l = il
Let us define {2z }x>0 as the sequence of minimizers of the estimation sequence {¢x}r>0, i.€.,

2t = argﬂéin Pr+1(T). (19)
EdS

The next result is crucial for the complexity analysis and for providing a stopping criterion for schemes
will be presented in Section 2.1.
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Proposition 2 Let the sequence {¢x}x>0 be generated by (18). Then

or(x) < Sk h(z) + B, (z,29) Vk > 0. (20)
If in addition (16) holds, then
B,(x*,xg) €

+ = (21)

h(zg) — h(z*) < S, 5

Proof The proof is given by induction on k. Since Sy = 0 and ¢o(z) = B, (z,x¢), the result is valid for
k = 0. We assume it is true for k& and prove it for k£ + 1. By this assumption and (18), we get

brs1(w) = 0u(2) + st (Fe) + (VF)sw = o) + L o = yell? + (@)
< Sih(2) + Bua,zo) + see (F) + (V)@ — ) + Elle =l + v(@))
< Sph(x) + Bu(x, o) 4 spe1h(x) = Sk h(x) + Bu(z, z0).
From (16) and (20), we obtain

completing the proof. O

2.1 Novel single-subproblem algorithms

We here give two new algorithms using the estimation sequence (18) and investigate the related conver-
gence analysis.

The following result shows that how (18) can be used to construct the sequence {z}x>0 guaranteeing
the condition (16).

Theorem. 3 Let [ satisfies (1) with L, < 400 and ag := (sg+1/Sk+1) € |0,1] for sp41 > 0. Let also
the sequence {z}r>0 be generated by (19),

vk = (1 — ag)xg + axzg, (22)

Trt1 = (1 — ar)Tr + ap2rt1, (23)

and (15) holds for © = xyy1, y = yi, 0 := eay, with e > 0. We set

Dips = (——Y = LI (24)
k+1 -— €O[k(1 ¥ l/) v .
Then we have .
1 = Skt (h(xkﬂ) - 5) ; (25)

if 531 L1 = (14 i) Sgr with pu= pug + pp.

Proof The proof is given by induction. Since Sy = 0, the result for k¥ = 0 is evident. Assume that (25)
holds for some k, and we show that is valid for k& + 1.
Let us expand ¢, i.e.,

k

¢r(x) = Bu(z,20) + Y _ 8iqi(,yi-1) + Swib (). (26)

i=1
Since v is p,-strongly convex, (26) implies that ¢y, is (1+ Sku)-strongly convex. This and (18) at zj, yield

14 Skp
2

From the induction assumption and the convexity of f, we obtain

01 2 Si (hew) = 5) 2 S (£e) + (V7 an = wi) +2b(an) 3 ) (28)

or(z) > ¢ + lz — 2z||? VaeC. (27)
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The definition of yj given in (22) leads to

Sk(xr — Yk) + sk+1(2k+1 — Yk) = SkTk — Sk+1Yk + Sk+12k+1 (20)
= Spxr — Sk (1 — aw)xp + i) + Sk12k41 = Spt1 (241 — 2k)-

By this, (18), (27), (28), and (29), one can write

1 > Pr(zr1) + Sk1 (F (k) + (V)5 241 — Yk) + ¥(2k41))

> g4 I P s () + (V) zien — ) + $(ze0))
> §i (£(e) + (Vo — ) + 00a) = 5) + o o —
+ sk [fuw) + (VW) 21 — Yk) + V(2641)] (30)

e 1+
= Skr1f (k) + Sk (wr) + spr19(2h11) — Sug +— M 2y — 2

+(Vf(yr), Se(wr — yr) + skr1(2et1 — yr))

e 148
= Siraf (i) + Sitb(@n) + srav () = Sig + 0 2 =zl

+ 514 1{Vf(Yr), 2141 — 2k)-

By the convexity of 1 and (23), we get
Spp(xr) + skr1¥(2ry1) = Sppr(ant(zry1) + (1 — ap)(zr)) > Sppr¥(wp41)- (31)
The definitions of y, and x1 yield
Trpt1 — Yk = (1 —ag)ag + apzpsr — (1 — ap)xg — apze = ok(2p+1 — 2k)-

From this, (30), and (31), we obtain

* e 1458
B 2 St () + Suenbl@nn) + S (V) 2 — o) = Sy + 55 [z — 2l (32)

By (15) for § = age, we get
L ke
Flom) + (VF i) wrn = ) > flnen) = =5 lan = usll® = =

It follows from this, (11), and (32) that

* 3 1+ Sk
i1 > Skr1 (f(ye) + (VF(r)s Teg1 — Yr) + Skep1¥(Tpg1) — Sk§ R M||Zk+1 - z)?

L aRe e 148

> S | flepe) — 22 e — uel? — == ) + Spar¥(@en) — Sk + Qk'u k41 — yil?

2 2 2" 202

_ e\, 1Sk S 2

= Skt1 (h(:rkﬂ) — 7> + 53 ((1 + Skpt)Sky1 — 5k+1Lk+1) llzers — wwll”
2 25,11

Therefore, Si+1ik+1 = (14 Skp)Sk+1 implies that (25) holds. O

Let us assume that Ek+1 is given. Then sii1 is given by the positive solution of the equation

s2 1 Lip1 = (14 Sk) Sk, e,

1 1 2447 1 1/2
+ Sk + (1 + Skp) :r k+1Sk (1 + Skp)) > 0. (33)
2Lp 41

Sk+1 =

Indeed, Theorem 3 leads to a simple scheme for solving problems of the form (2). We summarize this
scheme in the following.
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Algorithm 1: ASGA-1 (single-subproblem ASGA)
Input: initial point zo € C, v, L,, u > 0; € > 0;
Output: xp, hg;

1 begin

2 while stopping criteria do not hold do

3 compute Lyy1; compute sgi1 by (33); Sk1 = Sk + Sk+1; ok = Sk41/Sk+1;

4 Yk = agz + (1 — ag)zy; compute zpy1 from (19); w1 = (1 — ag)zr + apzpr; k=k+ 15
5 end

6 hk = h(l‘k),

7 end

ASGA-1 has a simple structure and each iteration needs only a solution of the auxiliary problem (19)
(Line 4), i.e., only one call of the oracle is needed per each iteration. Let us denote by N(k) the total
number of calls of the first-order oracle after k iterations. Therefore, we have that N (k) = k for ASGA-1.

For implementation of ASGA-1 one needs to know about Ek+1 in each step. The next result shows
how to compute Ly if the parameters v and L, are available.

Proposition 4 Ift {yk}e>0, {#k}r>0, and {zx}r>0 be generated by ASGA-1 and Si+1ik+1 = (1+
Skt)Sk+1. Then Liy1 can be computed by solving the one-dimensional nonlinear equation

v
Lit1 — (1 + Spp A+ (14 Sep)? + 4Lk11Sk(1 + Skﬂ))lﬂ) T L1 =0, (34)
where
1—v
~ 1—v T+v 2
L = L)t 35
hr (2(1 + Spp)e(1 + u)> (35)

Proof The solution of siﬂzkﬂ = (14 Skp)Sk+t1 is given by (33). The definition of ay and dividing both
sides of 57,1 L1 = (1 + Sipt) Skt by Spr1 vield ag = (1 + Sgp)/sks1Lis1. Substituting (33) into this

equation gives

o = 2(1 + Skp)/ (1 + Skpt+ (14 Spp)? + 4Lk 1 Si(1 + Skﬂ))l/z) .

By substituting this into (24) with § = age, we get

1—v

1—v

) v L;er
14 Spp)e(l+v) ’

L1 = (1 + Sep+ (1+ Sep)® + 4Lg1 Sk(1 + Sku))w) m (2(

giving (34) where L1 is given by (35). It remains to show that the equation (34) has a solution. Let us
define ( : R — R by

) :=0— (1 4 Sp (14 Spp)® + 4054 (1 + Sku))m) Y Desr

Since ]~Lk.+1 > 0, we get €(0) < 0. We also have

1—

Jim 0/ (1 S+ (1 + Sp)? + 4085 (1 + Sku))1/2> T T = 400,

implying there exists 1 > 0 such that for § > 6; we have

1—v
1+

0> (1 S (14 Spp)? + 4085, (1 + Sku))W) ey

This implies that for 8 > 6; we have ((6) > 0. Therefore, the equation (34) has a solution. O
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In view of Proposition 4, if v and L, are available, one can compute Zk.ﬂrl by solving the one-
dimensional nonlinear equation (34). If one solves the equation () = 0 approximately, and an initial
interval [a, b] is available such that ¢(a)e(b) < 0, then a solution can be computed to e-accuracy using
the bisection scheme in O(log,((b — a)/e)) iterations, see, e.g., [40]. However, it is preferable to use a
more sophisticated zero finder like the secant bisection scheme (Algorithm 5.2.6, [40]). For solving this
nonlinear equation, one can also take advantage of MATLAB fzero function combining the bisection
scheme, the inverse quadratic interpolation, and the secant method. On the other hand, if v and L,
are not available, ASGA-1 cannot be used directly, which is the case in many black-box optimization

problems.
The subsequent result gives the complexity of ASGA-1 for attaining an e-solution of (2).

Theorem. 5 Let {zj}r>0 be generated by ASGA-1. Then

(i) If u > 0, we have

14y 1—v \ — 11-:_31," (k—1)
g
> Bw((E*,!IJO)—‘ri,

"< T prE eIy
h(zg) — h(z*) < Ly L ——
QLI

where

(ii) If u =0, we have

143y _ —2_

N 27T 0 L, ; c

h(zg) — h(z*) < | == | Bu(®", 20) + 3
e1tv L T+v

Proof (i) By (24), s} L = (1 + Sk—1/1)Sk, a1 = 51,/ Sk, we get

2 1 S _ 1y —_2
Sk M > (L+ Sg—1p)(eag—1) Ly "7,
Sk Lk

leading to

2

-2 — 2v
2> (14 Sp_1p) Ly T (es5) 70 S1F

This implies
2w v odw 2
68y T > (14 Sp_qp) T etien I, T
It follows from Sky1 > Sk and (39) that
95 _ oTier =195 _ o195 Nt
Sp =51 = (Sk = Sk-1)/ Sk =51 = 55k5),
>2 11+ Sk,lu)%a%lx;ﬁ > 2_1(Sk,1u)%5%L;”%.

By So = 0 and (34), we have S; = Efl, where L is given by (37). Hence we have

1+v 14+v

k—1
dtv _ 1+v  1—v _ — -2 == _ 1+r  1—v _ — -2
SkHSV > (1 +2 1,u THavegitar [, 1+3”> Skli?i, >0 > (1 +2 1:“ v eltsv [, 1+3”> 511+3"

leading to

Lidv (1)
~_1 1 14w 1-v 71+% 1+v
Sp > L7t (1427 et L, .

This inequality and (21) give (36).
(ii) Substituting x = 0 into (39) yields

__2v 1—v 2
sks’k 1+3v Z 5714»31/ LV 1+4+3v .

(36)

(38)
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It follows from Sy > Sk_1 and (39) that

5 T3 e S L == ANUPNIS I EVRNES =
Sk+ — Skily > (Sk —Sk—l)/ Sk R Sk—1+ v > iskSk > 97 eTmar [, T
Let us sum up this inequality for i = 0,..., k, giving
1ty 1—v 2
Skl+3u Z k2_1amL,, 1+3V7
leading to
v v v —_ 2
Sp > kTh T 2T T L, T
This inequality and (21) give (38). O

The next result gives the complexity of ASGA-1 for giving an e-solution of the problem (2).
Corollary. 6 Let {x}}r>0 be generated by ASGA-1. Then

(i) If p > 0, then an e-solution of the problem (2) is given by the complexity
o (uiL+ e ln(61+2V)> . (40)
(it) If w =0, then an e-solution of the problem (2) is given by the complexity

0 (s—ﬁ) . (41)
Proof From the right hand side of (36), we obtain

1—v 1+4v 1—v —11trsuu(k_1)
1 —v 14+v % M1+3V€1+3u * 2
2 —— Ly 1+72 Bw(x ,1'0) §51+V7

1+v o, TF3w
leading to

1430 1ty 1w 2 143y 14 1-v 20
In(A;) —In(e™7) < k—1) In {1427 pFsvetmv L, 7% | < ———— pisetiav [, 7 (k-1
n(Ar) —In(e™) < 57 )n<+ pore T R A

where

This yields

implying that (40) is valid.
By (38), we get

143y _ —2 143v 1—v I3
Tty ,— % _—1-2 *
2T Ly kT T e 1 B, (2, o) + 3 <e,

leading to
v 2 v
k> 275 L% e~ B, (¥, 1) 1497,
implying that (41) is valid. O
In the remainder of this section we give a way to get rid of needing the parameters v and L, using

a backtracking line search guaranteeing (15). This leads to a parameter-free version of ASGA-1 given in
the next result (see Algorithm 2, ASGA-2).

Theorem. 7 Let f satisfies (1) with L, < +00. Let o, := (Sg+1/Sk+1) € |0,1] for sp41 > 0, the sequence
{1k} k>0, {Uktr>0, and {zk}r>0 be generated by (19), (22), and (23), respectively, such that

Litq
2

for Lyt1 > L > 0. Then (25) holds if Spo1Lier = (1+ Skp) Sk

F@in) < S+ (VF@) @i = ve) + 25 e — ol + 25, (42)
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Proof Following the proof of Theorem 3, the inequality (32) is valid. From (42), for § = axe, we obtain

Flw) + (T F )i — ) 2 Flin) — 2 g — g — 24
By this, (11), and (32), we can write
D1 = Serrf (k) + Serr¥(@r1) + Skt (VI (Uk), Trr — yr) — Skg + %szﬂ — z)?
> Ske1 (f(yr) + (Vf(yk), Trar — Uk)) + Skr1t(xgy1) — Skg n 1 +25k,u 2ks1 — 22

L € e 1+8
> St ( F@ern) = 2o lapgr — yall® — 2o ) + Sera¥(zrer) — Sk + U P
2 2 2" 202
- 13 1 Sk+1 2 9
= Sk41 (h(xkﬂ) - *) + 55— (14 Skp) Skt — s2y 1 Lis1) orgr — wrll®.
2 2 841
Therefore, setting S%HL;CH = (14 Skp)Sk+1 yields that (25) holds. O

To guarantee the inequality (42), we assume Lo > 0 and set Ly41 := 27" Ly, for py, > 0, v > 1 and
2 < 1, such that Ly > L guaranteeing that (15) holds for § = eay. We give the detailed results in the
next proposition.

Proposition 8 Let {zx}r>0, {Yr}r>0, and {xi}r>0 be generated by (19), (22), and (23), respectively.
Let also Lo > 0 and

Liyr =" Li,  Spy1Lliyr = (1+ Sep) Sk,

for px, > 0. Then sk41 > 0 and for

1—-v 1-—v 2
>—1 1 L,-1 L 4
Pl =17 %% (ak5(1+y)> N T+v o Oy Sk (43)

the inequality (42) is satisfied.
Proof By Lo >0 and Ly = Y* Ly, we have Lgi1 > 0. The solution of the equation
Liy1sipr — (L+ Sep)sirn — (14 Skp)Sk =0

is given by
14 Spp+ (14 Skp)? + 4Lk Sk(1 + Sep)) /2

— > 0. (44)
2Ly 41

Sk+1 =

By setting § := aje, Proposition 1 suggests that if Lyyq =7 Ly > L, then (42) is valid leading to

1—v
_ 1—v itv 2
L =L > | —m— ot
E+1 =M k_(5(1+y)>

This implies

1 1 1—-v = ! L;J%”
> -
Peifimn =1t (aks(l-i-u)) +hn Ly ’

giving (43). O

Theorem 7 leads to a simple iterative scheme for solving the problem (2), where the sequences {2y }x>0,
{Yr}r>0, and {zx}r>0 are generated by (19), (22), and (23), respectively. Proposition 8 shows that the
condition (42) holds in finite iterations of a backtracking line search. We summarize the above-mentioned
discussion in the following algorithm:
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Algorithm 2: ASGA-2 (parameter-free single-subproblem ASGA)
Input: initial point 29 € C, Lo > 0,71 > 1,72 <1 p=0, p > 0; e > 0;
Output: xp, hg;

1 begin

2 while stopping criteria do not hold do

3 repeat

4 Lyy1 =~V Lg; compute sgi1 by (44); Sk+1 = Sk + Sk+1; k= Skt1/Sk+t1;

5 Yr = arzi + (1 — ax)zr; compute 2341 from (19) Tri1 = kB + (1 —ag)re;p=p+1;
6 until f(Zxi1) < flye) + (VFUR) Borr = ) + 5 L1 [Trsr — vell* + 3oue

7 Tkt = Tht1s Zhi1 = Zkp1s Ska1 = Skt Liepr = v2Lag1s k=k+1;p=0;

8 end

9 hk = h(:rk),

10 end

ASGA-2 in each iteration needs at least a solution of the auxiliary problem (19) until (42) holds. The
loop between Line 3 and Line 6 of ASGA-2 is called the inner cycle, and the loop between Line 2 and
Line 8 of ASGA-2 is called the outer cycle. Hence Proposition 8 shows that the inner cycle is terminated
in a finite number of inner iterations. Since it is not assumed to have

(VF ), e — ) +

S — el + o 0,

one cannot guarantee the descent condition f(zgy1) < f(ag), e, h(xgt1) < h(zk) is not guaranteed.
Therefore, the line search (42) is nonmonotone (see more about nonmonotone line searches in [3, 4] and
references therein).

We compute the total number of calls of the first-order oracle after k iteration (N (k)) for ASGA-2 in
the subsequent result.

Proposition 9 Let {z)}r>0 be generated by ASGA-2. Then

In 7, 2 n72L
N <211-— 1 —— In ——. 4
(k) < ( lml)<k+>+m%n 1 (45)

Proof From L;+1 =o' L;, i =0,...,k, we obtain

1
Invyy

pPi = (lIlLH_l — hlLi - ln'yg).

By this and Lg1 < 717257 we get

k k
:Z (2p; +2) = Z( (InLiyq — lnLi—ln72)+2)

=0
111")’2) 2 Lk+1 ( 111"}/2) 2 ’Yl’ygz
=2(1- E+1)+ —1In <2(1- E+1)+ —1In ,
< ) Iny o Lo Iny ( ) Iny Ly

giving the result. ]

Proposition 9 implies that ASGA-2 on average requires at least two calls of the first-order oracle per
iteration, whereas ASGA-1 needs a single call of the first-order oracle per iteration.
We derive the complexity of ASGA-2 in the next result that is slightly modification of Theorem 5.

Theorem. 10 Let {zy}r>0 be generated by ASGA-2. Then

(i) If u > 0, we have

) _Lisy (1)
+v 1-v
. ,u1+3u51+3u . e
h(xk) - h(fL ) <Ly |1+ T Bw(x axO) + 5, (46)

2 1+31 L 1+3u
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where L1 = y2" Lo.
(i) If p = 0, we have
¥ 211%VL1% €
h(zy) — h(z*) < 117V71+I;V B, (", x0) + 3

el+v kL 1+v

Proof (i) From Propositions 1 and 8, we obtain

1

ga!

cap_1(1+v
By this, sﬁLk = (1 + Sk—1)Sk, and ai_1 = si/Sk, we get

ii 1+ Sk_1p >

-1 e
1+S._ ) L, +
Sk: Lk: Fyl ( + k LLL) (EOék 1) )

leading to

2

.2 _,  2v
s3>y (14 Sp_1p) Ly, ™7 (gsk)iﬁsk””.

This implies

14v
Siligu > kS % 11;3” 71$3V 71#»2311
sKS, > (14 Sp—1p) TF37 eTF3 Ly :

It follows from Sky1 > Sk and (39) that

11: 3u 11-r 3V 1- 11-r 3U 1- 11-r 3V 1 - 13-?;
Sy = SptY = (Sk — Sk-1)/ | Sy, —Skp1 2 isksk

14+v 2

14v 1—v —_ =T _—= 14v 1—v —_——— —_
> 27 (14 S 1) T Ty L T > 97 () p) T Ty T L

Then we have

14v

11;r3‘/ 1, At 1w _11++3U _1+23 1+3
Sk >(14+2 W TFBY £ TH3 ) L, Sk—l A

Since Sy = 0, we have S; = Lfl leading to

14v 2

1£3v (k1)
S. > (1 271 % 11;73”” “it3v L_ T30 T L—l
=\ 1+2 € "1 v 1 -

This inequality and (21) give (46).
(ii) Substituting = 0 into (48) yields

__2v 1—v _A+v 2
SkSk 430 > 173 v 1130 L, e

It follows from Sy > Sk_1 and (39) that

Let us sum up this inequality for ¢ = 0,...  k, giving
A4y | dmw e 2
Skl-%—Su Z k27 8@71 1+3v Ly 1+3v .
leading to
143y 1430 1-v _—-2

Sy > 'yflk Trv I+ e+ [, T+
This inequality and (21) give (47).

pr—1 l—v 1+V T+v - 7 1Yo
Lo=® ' < (o) B S o) T LI

14+v

1+v

v 1ty 1— kv 1— kv 1 __2v T T
Sl€1+3u _ S};i&iu 2 (Sk; _ Sk}—l)/ Sk 1+3v Sk71+3u Z isksk 1+3v Z 2— Em’yl 1+3v Ly

2
i+3v

2
1+3v

The next corollary gives the complexity of ASGA-2 for attaining an e-solution of the problem (2).

Corollary. 11 Let {zy}r>0 be generated by ASGA-2. Then

(i) If 1 > 0, an e-solution of the problem (2) is attained by the complexity given in (40) apart from some

constants.

(i) If u = 0, an e-solution of the problem (2) is attained by the complexity given in (41) apart from some

constants.
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Proof From L, > E, agp = 1, and the right hand side of (46), we obtain

— sy )

: = REDVR ey T
_ - 2 1+3v ¢ 1+3v
2 v Lo [y AET B (2%, 20) < eTH,
1 "y Atv 2
2711+3u L;+3v
implying
13 S gy 1oy o2
In(42) - Ine™¥) < T2 (k= 1) In (1 H2 Ty Tt L, )
v
1+3v - a4y 1o 220
<« LTV 8y Trsv et [, 1PV (B — 1 s
< 2(1 n V) " n v ( )
where

1-v w 11;; *
A2 =2 1+ov LV Bw(l' ,.’Ko).

This leads to

14v v 0 2
2(1+v) 5 Mf%E*ﬁLrlfw (1n(A2) +In(e" T )) ;

> oY)
“ 13 N

implying that (40) is valid.
From (47), we obtain
v -2 v —v
712%L,f+” kf%sfﬁBw(x*,xo) + % <e,
leading to
14y L2 .
ke > i 2T LI o~ 1 B, (¢, m0) TH

implying that (41) is valid. O

Theorems 5 and 10 provide the complexity of ASGA-1 and ASGA-2 for problems satisfying (1), where
the same complexity is attained apart from some constants.

3 Double-subproblem accelerated (sub)gradient methods

In this section we give two schemes for solving structured problems of the form (2) and investigate their
complexity analysis, where the second one is a generalization of Nesterov’s universal gradient method
[38].

We generate a sequence of estimation functions {¢y(z)}r>0 that approximate h such that, for each
iteration k£ > 0,

€
— ) < =mij
S (h(w) = 5) < 6t = min di (), (49)
where y € V and Sy is a scaling parameter given by (17). Let us consider the estimation sequence
B, (x,x0) if k=0,
D1 () = .
Or(2) + skt [artr (2, 2pg1) +9(2)] if k€N, (50)

W
Q1 (2, 2041) 2= S (@h) + (VI @r41), 2 = Tha) + |2 = 2pga |
Let us define {v; }r>0 as the sequence of minimizers of the estimation sequence {¢x }x>0, i-€.,
Vg1 = argmin @41 (). (51)
zeC

The following result is necessary for providing the complexity of schemes will be given in Section 3.1.
Proposition 12 Let {¢y }i>0 be generated by (50). Then (20) holds, and also if (49) is satisfied, we have

) (e < 2T (52)
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Proof The proof is given by induction on k. Since Sy = 0 and ¢o(z) = By, (z,zg), the result is valid for
k = 0. We assume that is true for k and prove it for k& + 1. Then (50) yields

Orr1(@) = du(@) + sier (f@nrn) + (Vf (wee)ow = anrn) + ELflz — P + v(@) )
< Suh(@) + Bule,20) + sk (F(@ne) + (VF(@en),a = wisn) + Hlle = o] +0())
< Sph(x) + Bu(x, x0) + spy1h(z) = Spy1h(z) + Bu(z, 20).

From (49) and (20), we obtain

Bw (:L'*a iL’())

1 € .
+7¢k < 2+S—Hgé1(5k h(x )+Bw(ar,x0))—§+h(x )+ S, ,

h(ye) < 5

implying (52) holds. O

3.1 Novel double-subproblem algorithms

Here we give two new algorithms using the estimation sequence (50) and investigate the related conver-
gence analysis.

The following theorem shows that how the estimation sequence (50) can be used to construct the
sequence {z}r>0 guaranteeing (49).

Theorem. 13 Let f satisfies (1) with L, < 400, ay = (Sk41/Sk+1) for si41 > 0, the sequence {vi x>0
be generated by (51), and

g1 = (1 — ax)yx + o vg. (53)
Let us also define
i := argmin { B, o) 4 s ((VF i), ) + e =l + o)) (54)
€
Yr+1 = (1 — o)y + g1 (55)

We assume that (15) holds for y = yri1, 2 = Ty1, 0 := ey with € > 0, and (24) holds. Then we have

Giar > S (h(yer) = 35) (56)

if 5%+1Ek’+1 = (14 Spp)Sk11-

Proof The proof is given by induction. Since Sy = 0, the result for £ = 0 is evident. We assume that (56)
holds for some k and show it for k + 1.

Let us expand ¢ as
k

dr(x) = Bu(w,20) + Zszqz(ffaifz) + Sk (). (57)

i=1

Since v is p,-strongly convex, (57) implies that ¢y, is (14 Sgu)-strongly convex. This and (50) at vy yield
L1
0u(@) = 6+ 51+ Sz —wil? Ve € C. (5)
From the induction assumption and the convexity of f, we obtain

o5 > Sk (h(yk) - g) > S (f(xkﬂ) +(Vf(@rt1), yx — Thg1) + U (yr) — %) : (59)

It follows from (53) that

Sk(Wrk — Trg1) + Sk41(@ — Tpg1) = Sy — Sk41Tht1 + Sp41

60
= Skyk — Sky1(arvr + (1 — ag)yr) + k417 = g1 (T — vg)- (60)
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Using this, (50), (54), (58), (59), and (60), one can write

D () = 0(2) + sier (F (i) +(V flann),o = win) + o — 2| + ()

> ¢p + ! +25W 2 = vkl]® + Skt [f (@rg1) + (VF(@rg1), @ — Thgr) + 9(2)]
> Sk (f(ﬂfkﬂ) +(Vf(@rt1), Y& — Trg1) + V(yr) — %) + ! +25W||$ — vg?
+ sk (f(@rs1) + (Vf(@rr1), ® — 241) +9Y(2))

= Spi1f(@rg1) + Skt(yr) + spr1¢(x) — Sk% + ! +25k'u |z — v ||?

+ (VI (@r11), Sk(yr — Trr1) + spp1(T — Tpy1))

e 1+S
> Skr1f(@rt1) + sk41(Vf (Tt1), © — vi) + Sk (yx) + sk10(z) — Sy + wlt

2

[

(61)
By the convexity of ¢ and (53), we get

Sk (k) + Sk19(Urt1) = Skr (et (unrr) + (1 — aw)(yr)) 2 Sk1¥(yrs1)- (62)
The definition of y; and z41 yield
Ykt1 — Tht1 = g1 + (1 — ag)yr — apvr — (1 — ag)yr = ag(ugpr1 — vk)-
From this, (61), and (62), we obtain
Dht1 = Skr1f(@ra1) + sk41(Vf(Trt1), Uk 1 — vk) + Skt (yr) + skr19(ugs1)

£ 14+ Sk 2
- SkE + 5 lewgs+1 — Uk” (63)
€ 14+ S
> Skt (f(@rg1) + (VS (@rg1), ka1 — Tegr) + 0(Yrs1)) — Seg + 507 B llgss — g |
k

By (15) for 6 = aye, we get

~

Ly, e
J@r1) H(Vf(@rr1), Yrr1 — 1) > fYrar) — ;1 1 Ykt1 — T ||* — —~
This and (63) give
N e 1+ Spp 9
Pr1 = Skt (f(@ry1) + (VF(@ht1), Y1 — Try1) + V(Yrt1)) — Seg + WHykJrl — g1
k
Ek Qe e 14+ Sk
> Skt1 <f(yk+1) - THHka — e |® - 2) + Sk 1Y (Yr+1) — Seg + 52 A
A
B € 1Sk 2 7 2
= Sk+1 (h(yk+1) - *) +5= ((1 + Skp)Skt1 — sk+1Lk+1) lyer1 — zrpa |
2 2 8511
Therefore, setting s§+12k+1 = (1 + Skp)Sk41 implies (56). O

Theorem 13 leads to a simple scheme for solving problems of the form (2), which is summarized in
the following.

Algorithm 3: ASGA-3 (double-subproblem ASGA)
Input: initial point g € C, v, L,, u > 0; € > 0;
Output: yi, hg;
1 begin
2 while stopping criteria do not hold do
3 compute Liy1; compute sgi1 by (33); Skv1 = Sk + Sk+1; ke = Skt1/Sk+15
4 Try1 = vy + (1 — ag)yr; compute ugq1 from (54); yry1 = apupyr + (1 — ar)yw;
5 compute v from (51); k=Fk+1;
6
7
8

end
hi = h(yr);
end
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ASGA-3 is a simple scheme which needs only two calls of the oracle per each iteration. Therefore,
we have that N (k) = 2k for ASGA-3. The same as ASGA-1, in ASGA-3 it is required to compute L1
in each step. If the parameters v and L, are available, then Proposition 4 shows how to compute Ek+1.
Although ASGA-1 and ASGA-3 share some similarities, they have some basic differences: (i) they use
different estimation sequences; (ii) while ASGA-1 needs a single solution of (19), ASGA-3 requires one
solution of (51) (Line 4) and a single solution of (54) (Line 5).

The subsequent two results give the complexity of ASGA-3. In view of Theorem 13, the proofs are
the same as Theorem 5 and Corollary 6.

Theorem. 14 Let {yi}r>0 be generated by ASGA-3. Then

(i) If u > 0, we have

atr a-w \ e (k-1)
‘LL1+3V€1+3V

£
2 BW(I*,I())"’*,
2L;+3V 2

hiy) — h(a*) < Ly (1 +

where

(i) If p =0, we have

* 2 1+:LV1% * g
h(yx) — h(z*) < | === | Bo(z 7330)-5-5.

eT+v kv

Corollary. 15 Let {yi}r>0 be generated by ASGA-3. Then

(i) If 1 > 0, an e-solution of the problem (2) is attained by the complexity given in (40) apart from some
constants.

(i) If u = 0, an e-solution of the problem (2) is attained by the complexity given in (41) apart from some
constants.

In the following we give a version ASGA-3 which does not need to know about the parameters v and
L, using a backtracking line search guaranteeing (15). We describe the new scheme in the next result.

Theorem. 16 Let f satisfies (1) with L, < 400, oy 1= (Sk+1/Sk+1) for si41 > 0, the sequences {vi } x>0,
{zk}r>0, {wkte>0, and {yx}r>0 be generated by (51), (53), (54), and (55), respectively, such that

QL€

lykt1 — Thgr||* + 5 (64)

Ly
2

FWrt1) < f(@rt1) +(VF(@r41), Ybr1 — Teg1) +

for Lgy1 > L >0. Then (56) is valid if S%+1Lk+1 = (14 Skp)Sks1-
Proof Following the proof of Theorem 13, the inequality (63) is valid. By (64), for 6 = aye, we get

QL€

Ly
f($k+1) + <Vf<33k+1)7yk+1 - $k+1> > f(ylc+1) - T+Hyk+1 - $k+1||2 - T

By this and (63), we can write

* g 1+ Sk,u
Ori1 > Skt (f(@rgr) + (VI (@rs1), Yhs1 — Teg1) + Sep19¥(Yrs1)) — Seg + 50 lyk+1 — zrra|?
k
Lyy1 age e 14 Sgp
> Sirr [ Fes1) — = ks — zeall* = —— ) + Sk419(Wna1) — Skz + 5 lyks1 — zppa|)?
2 2 2" 202
B € 1Sk 2 2
= Skt (hlyen) = 5) + 52 (14 Skp)Skt1 — st1Litr) ke — 2 l®.
k+1

Therefore, setting 5i+1Lk+1 = (14 Skp)Sk+1 yields that (25) is valid. ad



18 Masoud Ahookhosh

In the light of Theorem 16 we give a simple iterative scheme for solving the problem (2), where
the sequences {vg}tr>0, {Zk}r>0, {uktr>0, and {yx}r>0 are generated by (51), (53), (54), and (55),
respectively. Proposition 8 shows that the condition (64) holds if finite iterations of a backtracking line
search is applied. We summarize the above-mentioned discussion in the subsequent algorithm:

Algorithm 4: ASGA-4 (parameter-free double-subproblem ASGA)
Input: initial point xg € C, Lo > 0,71 > 1,v% <1, p=0, u>0;e > 0;
Output: yi, hi;

1 begin

2 while stopping criteria do not hold do

3 repeat

4 Lyt = WLy compute siy1 by (44); Spp1 = Sk + spw1s g = Sk41/Sk1

5 Tr1 = apvg + (1 — ag)yk; compute ugi1 by (54); Uk+1 = g1+ (1 —ag)ye; p = p+1;
6 until f(yer1) < f(@e1) + (V(@r11) Y1 = 1) + sLies1llyrr1 — Togrl® + Fone
7 Tht1 = Tht1; Ykl = Ukt15 Ukt1 = Ugt1; Skr1 = Sk415 L1 = YaLkt1;

8 compute vgy1 by (51); k=k+1; p=0;

9 end
10 | hi = h(ye);
11 end

The loop between Line 3 and Line 6 of ASGA-4 is called the inner cycle and the loop between Line
2 and Line 9 of ASGA-4 is called the outer cycle. Hence Proposition 8 shows that the inner cycle is
terminated in a finite number of iterations. ASGA-4 ans ASGA-2 share some similarities; however, they
use different estimation sequences; in each iteration ASGA-2 needs some solutions of (19), while ASGA-4
requires a single solution of (51) (Line 8 in the outer cycle) and some solutions of (54) (Line 5 in the
inner cycle).

The following result gives the number of oracles N (k) needed after k iterations of ASGA-4.

Proposition 17 Let {yx}r>0 be generated by ASGA-4. Then

In o 2 ’yyygz
N(k)<2(1- k+1 1 .
(k) < ( 11171)( " )+ln71 "I,

Proposition 9 implies that ASGA-4 on average requires at most two calls of the first-order oracle per
iteration, while ASGA-3 needs exactly a single call of the first-order oracle per iteration. The proofs of
the following two results are the same as Theorem 10 and Corollary 11.

Theorem. 18 Let {yx}r>0 be generated by ASGA-4. Then

(i) If u > 0, we have

14v  1—v - llquy (k—1)
% ’u1+3u€1+3u % £
h(ye) = h(z®) < Ly | 1+ ———— B, (x ,$0)+§,
F3v L;+3u

2711

where Ly = 2P L.
(i) If p = 0, we have
712%L1§+%

* * 9
h(yx) — h(z*) < | =z | Bu(® >~T0)+§~

e1tv k1o

Corollary. 19 Let {zy}r>0 be generated by ASGA-4. Then

(i) If 1 > 0, an e-solution of the problem (2) is attained by the complexity given in (40) apart from some
constants.

(i) If u = 0, an e-solution of the problem (2) is attained by the complexity given in (41) apart from some
constants.
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We here emphasis that the Nesterov-type optimal methods do not guarantee the convergence of
the sequence of iteration points in general; however, the next result shows that the sequence {zy}i>0
generated by ASGA-1 or ASGA-2 (the sequence {yx } x>0 generated by ASGA-3 or ASGA-2) is convergent
to x* if the objective h is strictly convex and z* € int C, where int C' denotes the interior of C.

Proposition 20 Let h be strictly convex. Then the sequence {xy}r>0 generated by ASGA-1 or ASGA-2
is convergent to x* if x* € int C.

Proof Strict convexity of h implies that (2) has the unique minimizer z*. Since z* € int C, there exists
a small § > 0 such that the convex and compact neighborhood

N(@z*) ={x e C| |z —a*|| <}
is included in C. We set x5 as a minimizer of the problem

min h(z)

s.t. = € ON(z*), (65)

where ON(z*) denotes the boundary of N(z*). Let us define €5 := h(xs) — h* and consider the upper
level set
Np(zs5) :=={x € C| h(z) < h(zs) = h" + &5}

For given €5, Theorems 5 and 10 show that ASGA-1 and ASGA-2 attain an es-solution of (2) in a
finite number of iterations, say k. Hence after k iterations the best point x; satisfies h(xp) < h* + &5,
ie., xp € Np(xs). It remains to show Np(xzs5) C N(x*). By contradiction, we suppose that there exists
Z € Np(xs) \ N(z*). Since T € N(z*), we have || — z*|| > 0. Therefore, there exists Ay € |0, 1] such that

[IAoZ 4+ (1 — Ag)x™|| = 4.
From A\oZ + (1 — A\g)z* € ON(z*), (65), h(Z) < h(xs), and the strictly convex property of h, we obtain
h(zs) < h(MT + (1 — Xo)z™) < Aoh(Z) + (1 — Xo)h(z™) < Aoh(xs) + (1 — Ao)h(zs) = h(zs),
which is a contradiction, i.e., Nj(xs5) C N(z*) implying x, € N(z*) giving the results. a

Note that the same proposition can be proved for ASGA-3 or ASGA-4 if we replace the sequence
{zk x>0 by the sequence {yx}r>0. It is also valid for other Nesterov-type optimal methods.

4 Applicability of accelerated (sub)gradient methods

In this section we discuss some important aspects of efficient implementation of ASGA-1, ASGA-2,
ASGA-3, and ASGA-4 for solving the problem (2).

4.1 Solving the auxiliary problems

To apply ASGA-1, ASGA-2, ASGA-3, and ASGA-4 to large problems of the form (2), we need to solve
the auxiliary problems (19), (51), and (54) efficiently. In general, these problems cannot be solved in a
closed form; on the other hand, they can be handled efficiently if ) and C are simple enough and w is
selected appropriately. In this section we show that they can be solved in a closed form for several ¢ and
C appearing in applications. Let us emphasis that the following results can be used in other Nesterov-type
optimal methods either by the same solution or by slightly modifications.

In the following two results we give a simplification of the auxiliary problem (19) for the special case
puy=10and ¢ = 0.

Proposition 21 Let f be convex (1 = 0) and 1 = 0 in (2). Then the estimation sequence ¢y (z) (18)
satisfies

or(z) = &) + Bu(z, 21). (66)
Moreover, the auxiliary problem (19) is simplified to

Zp1 = argnéin By(%, zk) + sk+1(V f(yx), T). (67)
xTE
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Proof We first show (66) by induction. For k = 0, since g € C, we have

* — 1 = i B -
¢o =1min ¢o(x) = min By, (z,z0) =0,

leading to ¢o(z) = ¢f + Bu(x, 20). We assume that is true for k — 1 and prove it for k. By substituting
(66) into (18), we get

on(x) = o1 + B, zp—1) + 56 (f(yr—1) + (Vf(Yr-1), 2 — yr—1)). (68)

The first-order optimality condition of this identity gives

VBw(~, zk_l)(zk) + ska(yk_l) =0,

leading to
(VB (- 2k-1)(2k), # — 2k) = =5k (V. (Yr-1), & — 21). (69)
Setting & = z; in (68) yields
¢ = Gr—1 + Bu(zr, 2-1) + sk (f(yr—1) + (VI (Yr-1), 26 — yr—1))- (70)

By subtracting (70) from (68), we get
¢k (z) = ) + Bu(w, 25-1) — Bu (2, 26-1) + s6(V f(yr-1), T — 21).
From this and (69), we obtain
or(z) = ¢ + Bu(w, 2k—1) — Bw(2k, 2k—1) — (VB (, 2—1) (2k), T — 2k)
=¢; +w(z) —w(zp—1) — (Vw(zp—1), 2 — 25—1) — w(zx) + w(zk—1)

+ (Vw(zk_1), 2k — 2k-1) — (Vw(z) — Vw(zgk_1), T — 2k)
= (Zs;; + w(:c) - w(zk) - (Vw(zk),:c - Zk> = QSZ + Bw(xa Zk)a

giving (66).
It follows from (67) and (66) that

Zht1 = argrginmﬂ(l") = al"gﬂéin O% + Bu(, 2) + spr1 (f(yr) + (VI (yr), © — yr))
S xre

= argnéin B (x, zk) + sk+1(V f(yx), z),
TE

giving the result. ad
Let us consider the prox-function

wlw) = gl — oll3 ()

From the definition of the Bregman distance B, (z,y), we obtain

1 1 1
Bu(w,y) = 5llo = olld + 5y — 2ol = (@ = w0,y — &+ 2 — w0} = 5|lz — yll,

which is the Euclidean distance. We note that using (26) the auxiliary problem (19) with w defined by
(71) is strongly convex and then has an unique solution.
We are in a position to give the solution of (67) for convex problems with ¢ = 0.

Proposition 22 Let f be convex (i = 0) and ¢ = 0 in (2). Then the global minimizer zyy1 of (67)
satisfies

Vw(zi) = Vw(2k+1) = sk+1VF(Yr) € 84100 (2k41) + Ne(2k41)- (72)

Moreover, if w is given by (71), the solution zxy1 of (67) is given by

21 = Po(zk — sk+1V f(yr))- (73)
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Proof From (3) for (67), we obtain

0€ VBu(21) (2 41) + sk41V f (k) + 8k410¢(2841) + No(2r41)
= Vw(zr+1) — Vw(zk) + 8641V F(Yk) + s6+100(2k41) + Ne(2k41),
implying (72) is valid.
By ¥ =0 and (7), we get
2k — Zey1 — Sk V. (Ur) € No(2ry1)-
This is the optimality condition of the problem

Izrélél f||z — (k. — sk VI (i) I3,

which is the orthogonal projection of z; — sp+1V f(yx) onto C, giving the result. O

For uy =0, ¢ =0, and w given by (71), Proposition 22 implies that the auxiliary problem (19) can be
solved efficiently if the orthogonal projection onto the convex domain C' is cheaply available. There are
many important convex domains that the orthogonal projection onto them is efficiently available either
in a closed form or by a simple iterative scheme (see Table 5.1 in [2]).

The auxiliary problems (19) and (51) have the same structure; in contrast, (19) involves {yj }x>0 while
(51) includes {xy }x>0. Therefore, we only consider (51) in the remainder of this section. The next result
gives optimality conditions for (51) and (54).

Proposition 23 Let viy11 and ugy1 be the global minimizer of (51) and (54), respectively. Then

k+1
Ve(wo) = Vw(vrrn) = si(VF(@0) + iy (vk1 — 1)) € Sy108(vp41) + Ne(vps), (74)
1=1
Vw(vk) = Vw(ukt1) = k41 (Vf(@rg1) + pp(Unr — Tig1)) € sp+109%(2541) + Ne(wrt). (75)

Proof From (10), we obtain VB (-, z¢)(x) = Vw(z) — Vw(zp). By this, (3), and (57) for the auxiliary
problem (51), we get

k+1
0 € VB, (,20)(vk+1) +Z (Vf(i) + pg (k1 — xi)) + Sk+10¢(vk11) + No(vg41)

k+1
= Vw(vps1) — Vew(zo) +Z (V£ (i) + s (kg1 — 1)) + Sk4109 (V1) + Ne (i),

implying (74) is valid.
It follows from (3) and (54) that

0 € Vw(ug+1) = Vw(vk) + sk+1(Vf (@r41) + sy (uks1 — Trg1)) + k4100 (ur41) + Ne(upgr),
giving (75). O

We now consider a simple case of (2) with C' = V. We verify the solution of the auxiliary problems
(51) and (54) in the following result.

Proposition 24 Let C =V and w be given by (71). Then the solution vii1 of the auxiliary problem
(51) is given by

V1 = proxg,,(7), (76)
where
B S 1 k41
A=——"F—— yi=——— 29— s$i (Vf(zy) — prx;) |- 7
s T T (0 o (V) (1)
Moreover, the solution upt1 of the auxiliary problem (54) is given by
Uk+1 = PTOX;w@)’ (78)
where
~ — Sk+1 ~ 1

VS T e et Y - : 79
Lt pipsier’ 0 1+ pirsem (0 = sp1 (VI (@ht1) = pyTr41)) (79)
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Proof By (74) for (51) with C =V, we get

k+1
20— vkp1 = O si(VF(x:) + g (i1 — 7)) € S99 (vk11),
i=1
or equivalently
k+1
0€ (14 ppSern)vnsr —xo + 3 5i(V (i) + pip(vns1 — ) + Skr100 (Ve 11)-
=1

This is the optimality condition (8) of the problem
1 ~ _
min [z = gll3 + Sk (1 + pySke1) T (2),
2eV 2

where 211 is the unique minimizer of this problem with X and ¥ given by (77).
By (74) for (54) with C' =V, we get

0€ (1 + ppspr1)ursr — (v = k1 (VI (@r41) + 15 2h41)) + k109 (Up1).

This is the optimality condition (8) of the problem
1 ~ -
min o[z = gl3 + sk (1 + pysia) T(2),
2€V 2

where 211 is the unique minimizer of this problem with X and 7 given by (79). O

Proposition 24 implies that if C' = V, then the auxiliary problems (51) and (54) are reduced to
proximal problems which is a well-studied subject in convex optimization. More precisely, the proximal
problems (76) and (78) can be solved for many simple convex functions v appearing in applications either
in a closed form or by a simple iterative scheme (see, e.g., Table 6.1 in [2]).

In the reminder of this section we consider cases that both ¢ and C are simple enough such that
the auxiliary problems (51) and (54) can be solved in a closed form. In particular we discuss the box
constraints C' = {z € R" | z € x = [z, T]}.

Proposition 25 Let C = {z € R" |z € x = [,T]|} and w be given by (71). There exists g € OY(vi+1)
such that the solution viy1 of the auziliary problem (51) satisfies

_ &j if (14 MfSk-',-l)Qj: - fvé + 2;?11 5 (Vf(xi) — Mfl'i)]: + 5k+1gj: >0,
Vi=1,on, vl =03 if (L+ ppSep) —ad + 300 si (Vi) — i)’ + Sepag? <0, (80)

tif 2 <t] <7,

where
1 . k+1
tp = e 2 =) si(VF(z) — ppri) — Skr1g’ |
1 1+,Ufsk+1<0 1:21 (Vf(z:) 1353 ) k+19>

There exists g € O (ugy1) such that the solution ugy1 of the auziliary problem (54) satisfies

. 2/ if (14 ppspen)z’ — U% + se41 (Vf(Trg1) — fok-',-l)? + sk’ >0,
Vi=1...on =7 if (14 ppsie)T — o)+ sepr (Vi (@rp1) = praesr)’ + sipg? <0,
thif 2 <) <7,
(81)
where
1

tg i = ——m8—
T+ sk

(”i — 8141 (Vf (@p41)? — ppopsr) — 5k+1gj> .
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Proof From (74) and the definition of Ny(viy1), there exists g € 01(vg41) such that

k41

0e {(1 =+ ;LfSk+1)vk+1 — X + Z Si (Vf(l’z) — [LfiEi) + Sk+1g +q <q,vk+1 — Z> >0 Vze X} . (82)
i=1

Deriving the jth component of vg41 involves three possibilities: (i) viﬂ = 27; (ii) viﬂ = 77; (iii)

2l < ”i+1 <77 In Case (i), ”i+1 — 27 <0 for all z € x implying ¢/ < 0. Then (82) implies that

k+1

(1+ Mfsk""l)vi-‘rl —z)+ Zsi (VS (i) = ppws)’ + Sperg? > 0,
=1

for viﬂ = z7. In Case (ii), viH — 27 >0 for all z € x so that ¢/ > 0. Hence (82) yields

k+1

(1+ pySep)vl g — 2 + Z si (Vf(2;) — pya;)’ + Spy1g” <0,
i=1

for v}, = 7. In Case (iii), we have vl — 27 >0 for some z € x and v}, — 27 < 0 for some other
z € x. This leads to ¢ = 0 implying

k41
(1 + “fsk'f'l)vi—i-l — l‘g) + Zsi (Vf(fﬂz) - foi)] + Sk+1gj =0.
i=1
These three cases lead to
) ) k+1 ) > 0 if U‘]]p;+1 = £J7
(L4 1Sk )iy — g+ Y 50 (VF(@i) = ppas)’ + Skag’ § <0 if Uk =T,
i=1 =0 if 2’ <o, <T.

Computing vkt from this equation implies (80).
By (75) and the definition of Nx(uj+1), there exists g € dv(ugy1) such that

0 € {(1+ prsk+1)ubt1 — vk + Sk1 (VI (@ht1) — pp@11) + k419 + [ (@ up41 —2) >0 Vz € x}.
, . , , (83)
To compute U4 we consider three possibilitieg: (i) wpyq = 27; (i) uj,, =27; (i) 27 < wj,, <7/. In
Case (i), uj,,, — 27 <0 for all z € x implying ¢/ < 0. Then (83) leads to
(L + pypsern) gy — Vi 4 sk (VF(@h11) = ppenn)’ + sepg? >0,

for ”i+1 = 27. In Case (ii), 'Ui+1 — 29 >0 for all z € x so that ¢/ > 0. This, together with (83), implies

(L4 ppsip)ulyy — Vi + sk1 (VF (@ra1) = ppznga)’ + skag? <0,

for viH = EJ In Case (iii), we have uiH — 29 > 0 for some z € x and uiﬂ — 29 < 0 for some other
z € X, i.e., ¢ = 0 leading to

(L + prpsia)ud g — o+ sker (Vf(@rar) = pp241)” + serag’ = 0.
These three cases leads to
>0 ifugﬁ_1 :gji,

(14 ppsian)ul = Vi + St (VF(@rr1) = ppzgr)’ + spp1g? <0 if Uppr =T,
=0 if2) <up,, <7,

giving (81). O

To show the applicability of Proposition 25, we consider a special case ¥(-) = || - |1, which has been
widely used in the fields of sparse optimization and compressed sensing, see, e.g., [12, 17]. We first need
the following proposition. We use this result in Section 5.2.
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Proposition 26 [2, Proposition 2.3] Let ¢ : V — R, ¢(x) = ||z|. Then

&%w_{we el <) &
{9 eV gl =1, (g.a) = llall} if = £ 0.

Proposition 27 Let C = {z € R" |z € x = [z, T|} and w be given by (71). Let also

w(p) =D P+ ) 0T, (84)

<0 p>0

where p = xg — Zfill si(Vf(xs) + prxi) — Sp1l (1 is the vector of all ones) for (51) and p = vy, —
Sk41(Vf(@rg1) + fpTrg1) — Sp+11 for (54). Then the global minimizer of the auxiliary problem (51) for
Y(x) = ||z||1 is given by

2/ if k(q) >0, ¢ >0,

(
‘ T if k() >0, ¢ <0,
Vi=1,...,n, v =14¢ if k@ >0, >0, (85)
¢ if k(g) >0, ¢ <0,

0  otherwise,

where
k41
c1 = (14 psSpp1)z — zo + Y si(VF (i) + pyzi) + Sepasign(z),
B
co = (14 pfSk41)T — xo + Z si(Vf(xs) + pra;) + Skyasign(z),
1 k+1l:1
= (wo = S si(V (@) + ppai) — Spal |,
C3 1+Mf5k+1 (330 ;5( f(x) #fm) k+1 )
1 k41
= — W(Vf(x) + i)+ Sk+11 | .
= T S (330 ;8( f(@i) + ppwi) + Sk )

The global minimizer of the auziliary problem (54) for ¥(x) = ||z||1 is given by

QJ if k(q) >0, cg >0,
4 0 if k(g) >0, ¢ <0,
Vi=1...n, uj,=3%d if k@G>0, c >0, (86)
ck if k(@) >0, ¢ <0,
0  otherwise,

where
cs = (14 ppspyr)r — vk + Skt (Vf (@ha1) + ppoiyr) + spg1sign(z),
ce = (1+ /ifsk+1)f — vk + $p+1(Vf(@ps1) + lf'f-TkJrl) + s418ign(T),

cr = ——— (U — Spp1 (VI (Tht1) + pp2h11) — Sk411)
1+ N{5k+1

Cg 1= ST (k — Skt1(Vf (T1) + HpThg1) + Sk+11)
Proof Proposition 26 for ¢(x) = ||z||; leads to
{geR" [ |lglloe <1} if 2 =0,
Ozl =

87
(g €R |llglo =1, {g,2) = [l2|1} if & #£0. (87)

We first show v41 = 0 if and only if x(p) < 0. By the definition of the normal cone of x at 0, we have

Nx(O){pevlvze[x,x},<p,z>§0}{peV] > pix+ ng()}.

pi<0 pi>0
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From (82), z;+1 = 0 if and only if there exists

k+1
p € Ne(0)() <x0 = iV (@) + ppi) — Skﬂaw(o)) .

i=1
By (87), this is possible if and only if

k+1
min { > pizt+ Y pT ‘ p=x0—Y_ si(Vf(x:)+ psr:) = Ski1g, gl < 1} <0.
pi<0 p; >0 i=1

The solution of this problem is p = xg — Ziﬁll $i(Vf(x;) + pyx;) — Sk+11. Hence the minimum of this
problem is given by (84). This implies vg4+1 = 0 if and only if x(p) < 0.
Let us assume vg+1 # 0, i.e., k(¢) > 0. From (87), we obtain

MNvisillr = {9 € R" [ |glloc = 1, (g5 vkt1) = [vr41ll1},

leading to
n . .
Z(gjvi-u - |Ui+1|) =0
j=1
By inductiqn On nonzero elements of viy1, we get giv,i+l = |v,i+l|, for i = 1,...,n. This implies that
g' = sign(z") if vy, # 0. This implies
k+1 >0 if v,%+17:cj
(1+ pySea)vi g — o) + Z (Vf (i) + ppz) + Spy1(Ollvesa 1) § <0 if Vg1 = T/,
i=1 =0 if 2f <vk+1<x
for j =1,...,n, leading to
_ k1 , >0 if vl =ad,
(14 pfSpr1)viyy — ) + Z 8i(V f(xs) + ppas) + Sprasign(vg ) § <0 if Ui_-u =7, 4 (88)
i=1 =0 if 2/ <ol <T.

Substituting viﬂ =a’ in (88) implieb A >0.1If ka =77, we have ¢] < 0. If 2/ < ka < 77, there are
three possibilities: (i) ka > 05 (i) vy <05 (iii) vy, , = 0 In Case (i), mgn(vkﬂ) =1 and (88) lead to
Ui+1 = ¢ > 0. In Case (i), sign(2’) = —1 and (88) imply Uk-i—l = ¢} < 0. In Case (c), we get vi_H =0.
Now let us consider the solution of the auxiliary problem (54). By (83), we get ug41 = 0 if and only
if there exists p € No(0) N (v — Sk+1V f (2rt1) — Sx+10¢(0)). From (87), this is possible if and only if

n { > pizt Y pT ‘ p =k = sk11(V(2ri1) + pronsr) — sk19s (9l < 1} <0.

pi<0 pi>0

The solution of this problem is p = v, — sp41(V f(@ky1) + 1f2k41) — Sk+11. Thus the minimum of this
problem is given by (84). This suggests ug+1 = 0 if and only if x(p) < 0.
The definition of N¢(ug+1) and (83) imply

, , >0 if “2+1 =2/,
(L + ppser)uwg g — v+ sk1(Vf(@41) + pparsr) + spp1 Oluga 1) § <0 if uy =7,
=0 if 2/ <uj,, <7,
for j =1,...,n. Equivalently for ugy; # 0, we get

4 4 , >0 if u,;H = xj
(T4 ppsiqn)ug g — vp + sk (Vi (Trg1) + pprg) + spprsign(ug, ) § <0 if ukJr1 =7 (89)
=0 if 27 < ukle <7l

If uiH = 27, we have ci 2.0. Substituting uiH =77 in '(89) implies ci < 0. If 27 <_ uiﬂ < 77, there
are three possibilities: (i) wpyq > 05 (ii) u;H < 0; (iil) uy,, = 0. In Case (i),’ sign(uj,,) = 1 and (89)
imply uj,, = ¢§ > 0. In Case (ii), sign(z') = —1 and (89) lead to uj,; = ¢ < 0. In Case (c), we get
up 4 = 0. 0
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A particular case of box constraints is the nonnegativity constraints (x > 0) appearing in many
applications because = describes some physical quantities, see, e.g., [18, 26]. Propositions 25 and 27 can
be simplified for nonnegativity constraints.

5 Numerical experiments

In this section we report some numerical results to compare the performance of ASGA-1, ASGA-2,
ASGA-3, and ASGA-4 with some state-of-the-art solvers. More precisely, we compare them with NSDSG
(nonsummable diminishing subgradient algorithm [11]), PGA (proximal gradient algorithm [42]), FISTA
(Beck and Teboulle’s fast proximal gradient algorithm [9]), NESCO (Nesterov’s composite gradient algo-
rithm [37]), NESUN (Nesterov’s universal gradient algorithm [38]).

The codes of all algorithms are written in MATLAB, where the codes of ASGA-1, ASGA-2, ASGA-3,
and ASGA-4 are available at

http://homepage.univie.ac.at/masoud.ahookhosh/.

For ¢; and elastic net minimization (Sections 5.1 and 5.2), ASGA-2 and ASGA-4 use y1 = 4 and 2 = 0.9,
while for support vector machine (Section 5.3) ASGA-2 uses y; = 4 and 5 = 0.9 and ASGA-4 uses y; = 4
and 5 = 0.6. The other considered algorithms use the parameters proposed in the associated literature.
In our implementation, NSDSG uses the step-sizes ay, := ag/ Vk, where we set ag = 107! in Sections 5.1
and 5.2 and ap = 5 x 107! in Section 5.3. All numerical experiments are executed on a PC Intel Core
i7-3770 CPU 3.40GHz 8 GB RAM.

5.1 /1 minimization

We consider solving the underdetermined system

where A € R™*" (m < n) and y € R™. Underdetermined system of linear equations is frequently
appeared in many applications of linear inverse problem such as those in the fields signal and image
processing, geophysics, economics, machine learning, and statistics. The objective is to recover x from
the observed vector y and matrix A by some optimization models. Due to the ill-conditioned feature of the
problem, a regularized version of the problem is minimized, cf. [41]. We here consider the ¢; minimization

.1
min Sy — Az[3 + Az, (91)
where A > 0 is a regularization parameter. This is a nonsmooth convex problem of the form (2) with
f(@) = 3lly — Az||3 and ¢ (z) = Al|z[;. It is straightforward to see that f is Lipschitz continuous with
v=1and L, = ||A]|2 implying that ASGA-1 and ASGA-3 can be applied to this problem.

The problem is generated by
[A,z,x] = i_laplace(n), y=z+0.1x*rand, (92)

where n = 5000 is the problem dimension and i_laplace.m is an ill-posed problem generator using the
inverse Laplace transformation from Regularization Tools package (cf. [27]), which is available at

http://www.imm.dtu.dk/~pcha/Regutools/.

We here run NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 to solve this /; minimization problem.
The algorithms are stopped after 30 seconds of the running time. The results are summarized Table 2,
where f, and fy denote the best function value and the number function evaluations, respectively.
From the results of Table 2 we will see that NESUN, ASGA-2, and ASGA-4 are more sensitive to
regularization parameters than ASGA-1 and ASGA-3; however, ASGA-1 is much less sensitive than
NESUN and ASGA-2. It can also be seen that NESUN attains the worst results for A = 10 and A = 1.
For A < 107!, we see that ASGA-2 and ASGA-4 outperform the others, while NESUN, ASGA-1 and
ASGA-3 perform to some extent comparable. During our experiments we spot a disadvantage of NESUN,
ASGA-2, and ASGA-4 which is the sensitivity to the small accuracy parameter . In this case we found
out that the associated line search does not terminate because of the possible round-off error that is a
usual problem in Armijo-type line searches (cf. [3]). For A = 10!, we show this in Subfigures (a) and
(b) of Figure 1 with e = 10! and e = 10~*, respectively. Therefore, it would be much more reliable to
apply ASGA-1 and ASGA-3 for the accuracy parameter smaller than e = 102 if v and L, are available.



Accelerated first-order methods for large-scale convex minimization 27

Table 2: Best function values f; and the number of function evaluations Ny for NESUN, ASGA-1,
ASGA-2, ASGA-3, and ASGA-4 for solving the ¢; minimization problem (91) with several regularization
parameters

Reg.par. NESUN ASGA-1 ASGA-2 ASGA-3 ASGA-4

fo fn fo fn fo fn fo fn fo N
A=10 3134.81 622 357.39 612 363.34 611 356.77 605 3051.31 605
A=1 284.88 618 60.94 623 68.46 617 60.86 605 59.76 608
A=10"1 7.89 621 7.73 627 7.59 603 7.80 606 6.16 601
A =102 1.78 656 2.64 588 0.98 597 2.57 595 0.98 588
A=10"3 1.80 619 1.42 609 0.92 600 1.46 587 0.97 616
A=10"4 0.21 635 0.20 614 0.20 639 0.20 632 0.20 613
A=10"° 0.04 641 0.03 606 0.02 610 0.03 615 0.02 616

10° 10°

function values
function values

.
10' 10
iterations iterations

10

(&) A=10"1 e=10"1 (b)) A=10"1, e=10"4

Fig. 1: A comparison among NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 for solving the ¢; min-
imization problem (91). For A = 107!, Subfigures (a) and (b) display the results for ¢ = 107! and
e = 107%, respectively. The algorithms stopped after 30 seconds.

5.2 Elastic net minimization

Let us consider the underdetermined system (90), where the data is generated by (92). Since this problem
is ill-conditioned, we apply a regularized least-squares with the elastic net regularizer, i.e.,

1 1
min o ly = Azll3 + S (23 + Aol (93)
o 1 1
min Ly Az} + Ll + Aallal, 08

st. zex=|zT,

where A1, A\ > 0 are regularization parameters. This problem is nonsmooth and strongly convex. By

setting f(z) = 1|ly — Az||3 + 2 \1]|z[|3 and ¥ (z) = Az|z|1, we have that f is A;-strongly convex and has

Lipschitz continuous gradients with v = 1 and L, = || A3 + A;.

We now run NSDSG, PGA, FISTA, NESCO, NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 for
solving the elastic net minimization problem (93) and NSDSG, NESCO, NESUN, ASGA-1, ASGA-2,
ASGA-3, and ASGA-4 for solving the box-constrained version (94). The auxiliary problems of NESCO,
NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 are solved using the statements of Proposition 27. For
(94), we set x = [—ones (5000, 1), ones (5000, 1)]. We stop the algorithms after 20 seconds of the running
time. The results are summarized in Table 3.
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Fig. 2: A comparison among NSDSG, PGA, FISTA, NESCO, NESUN, ASGA-1, ASGA-2, ASGA-3, and
ASGA-4 for solving elastic net minimization problems (93): Subfigures (a) and (b) display comparisons
of function values versus iterations for A\; = 1073, Ao = 1072 and \; = 1073, Ay = 1073, respectively. The
algorithms stopped after 20 seconds.

The results of Table 3 shows that the optimal methods FISTA, NESCO, NESUN, ASGA-1, ASGA-
2, ASGA-3, and ASGA-4 outperforms NSDSG and PGA significantly as confirmed by their complexity
analyses. It can also be seen that in many cases ASGA-2 and ASGA-4 performs better than NSDSG,
PGA, FISTA, NESCO, NESUN, ASGA-1, and ASGA-2; however, in several cases they are comparable
with FISTA, where FISTA is not generally applicable for constrained version (94). In addition, it is
observable that ASGA-1 and ASGA-3 stay reasonable for a wide range of regularization parameters
in contrast to ASGA-2 and ASGA-4. We therefore draw your attention to the Subfigures (a) and (b)
of Figure 2 which give the function values versus iterations for (93) with two levels of regularization
parameters \; = 1073, Ay = 1072 and A\; = 1073, Ay = 1073,

5.3 Support vector machine

Let us consider learning with support vector machines (SVM) leading to a convex optimization problem
with large data sets. In particular, we consider a binary classification, where the set of training data
(1,91)y -+ (T, Ym) with 2; € R™ and y; € {-1,1}, for ¢ = 1,...,m, are given. The aim is to find
a classification rule from the training data, so that when given a new input x, we can assign a class
y € {—1,1} to it. As SVM uses a classification rule that decides the class of x based on the sign of
(x,w) + wp, we need to choose the vector w and the scalar wy. These may be determined by solving the

penalized problem
m

min Z [1—y;({x;,w) + wo)]+ + Ao(w) (95)
i=1
st. weR™ wyeR,
where [2] = max{z,0}, and ¢ can be ||-||; (SVMLIR), ||-||3 (SVML22R), and 3 ||-|[3-+]|-|x (SVML22L1R)
(see, e.g., [43, 45] and references therein). For (z,w) = wlz, let us define

ylfflT
X = : ER™ ™ A:=(X,y) e R™HD 5= <Z ) € R
: 0
ymxvj;z

The problem (95) can be rewritten in the form

min (1, [1 — Aw], ) + Ap(w)

st. we R (96)
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where [1 — Aw], = sup{l — Aw,0} and 1 € R™ is the vector of all ones. Typically A is a dense
matrix constructed by data points x; and y; for i = 1,...,m. By setting f(w) = (1,[1 — Aw],) and
P(x) = Ap(w), it is clear that (96) is of the form (2), where f is nonsmooth and its corresponding
subgradient at w is given by

Vf(w) =—A"s,
with
1 if Ayw <1,

Vi=1,...,m, 51':{0 i AT 1

For all wy,wy € R™, we have
[V f(w1) = Vf(wa)ll2 = [|AT (61 = 82)[l2 < [[AT [[2]161 — 8l < vm|| AT ||z := Lo,

where A;, denotes the ith row of A, for i = 1,...,m. Therefore, f satisfies (1) with v =0 and L, = L.

Let us consider the problems SVML1R, SVML22R, and SVML22L1R for the leukemia data given by
GOLUB et al. in [21], available at the website [22]. This dataset comes from a study of gene expression in
two types of acute leukemias (acute myeloid leukemia (AML) and acute lymphoblastic leukemia (ALL))
and it consists of 38 training data points and 34 test data points. We apply SVMLI1R, SVML22R,
and SVML22L1R to the training data points (¢ = 38 and n = 7129) with six levels of regularization
parameters for each of SVML1R, SVML22R, and SVML22L1R. Since for SVMLIR and SVML22L1R
both f and v are nonsmooth functions, the algorithms PGA, FISTA, and NESCO cannot be applied to
theses problems. Therefore, we only consider NSDSG, NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-
4 for solving these 3 problems with six levels of regularization parameters. In our implementation, the
algorithms are stopped after 3 seconds of the running time. The associated results are given in Table 4
and Figure 3.

In spite of the fact that all the considered algorithms attain the complexity O(¢~2) for the problem
(96), the results of Table 4 show that NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 outperform
NSDSG significantly, for all three problems (SVMLI1R, SVML22R, and SVML22L1R). For cases A €
{10,1}, NESUN and ASGA-4 attain the better results than the others. For A € {1071,1072,1073,1074}
and for all three problems, NESUN, ASGA-2, and ASGA-4 perform comparable but better than ASGA-1
and ASGA-3. However, ASGA-2 outperforms NESUN and ASGA-4 in the later case. We display the
function values versus iterations of the considered algorithms in Subfigures (a) and (b) of Figure 3 for
SVML22L1R with A = 1 and A = 107!, respectively. In Subfigure (a), NESUN and ASGA-4 outperform
the others, while in Subfigure (b) ASGA-2 possesses the best result.

function values
function values

- - - NSDSG - - - NSDSG
¢ ¢ NESUN
1 vV  ASGA-1

107 ASGA-2

v
. ) PR [ SRR R ® ASGA-3 ' .

* - %% *  ASGA-4 N ek

= M =X

10° : 10% . . \

L v K
10° 10° 10 10 ’

iterations iterations

10

(a) SVML22LIR, A=1 (b) SVML22LIR, A =101

Fig. 3: A comparison among NSDSG, NESUN, ASGA-1, ASGA-2, ASGA-3, and ASGA-4 for a binary
classification with linear support vector machines (SVML22L1R) with A = 1 and A = 10~!. The algo-
rithms were stopped after 3 seconds.
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6 Final remarks

In this paper, we propose several novel (sub)gradient methods for solving large-scale convex composite
minimization. More precisely, we give two estimation sequences approximating the objective function with
some local and global information of the objective. For each of the estimation sequences, we give two
iterative schemes attaining the optimal complexities for smooth, nonsmooth, weakly smooth, and smooth
strongly convex problems. These schemes are optimal up to a logarithmic factors for nonsmooth strongly
convex problems, and for weakly smooth strongly convex problems they attain a much better complexity
than the complexity for weakly smooth convex problems. For each estimation sequence, the first scheme
needs to know about the level of smoothness and the Holder constant, while the second one is parameter-
free (except for the strong convexity parameter which we set zero if it is not available) at the price of
applying a backtracking line search. We then consider solutions of the auxiliary problems appearing in
these four schemes and study the important cases appearing in applications that can be solved efficiently
either in a closed form or by a simple iterative scheme. Considering some applicationsin the fields of
sparse optimization and machine learning, we report numerical results showing the encouraging behavior
of the proposed schemes.

Acknowledgement. I would like to thank Arnold Neumaier for his useful comments on this paper.
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