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Abstract: In this paper, we propose a new customized proximal point algorithm for linearly
constrained convex optimization problem, and further use it to solve the separable convex
optimization problem with linear constraints. Which is different to the existing customized
proximal point algorithms, the proposed algorithm does not involve any relaxation step but still
ensure the convergence. We obtain the particular iteration schemes and the unified variational
inequality where the parameter matrix is symmetric and positive semi-definite, then the global
convergence and a worst-case convergence rate of the proposed method are proven under some
mild assumptions. Finally some numerical experiments show that, the proposed method is valid

and high efficient comparing with some existing state-of-the-art methods.
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1 Introduction

Proximal point algorithm (PPA for short) could be dated back to Moreau [1], which was ex-
tended by Rockafellar [2], Bertsekas and Tseng [3], and Kaplan and Tichatschke [4], etc. It was
introduced to optimization community by Martinet [5]. The PPA possesses a robust conver-
gence theory for very general problems in finite and infinite-dimensions (Kassay [6] and Gler
[7]), and is also the basis for the splitting methods (Spingarn [8] and Han [9]).

Consider a convex minimization problem of the form
min{f(z)|Az —b=0,z € X}, (1.1)

where 6 : R” — R is convex (not necessarily smooth) function, A € R™*" b € R™, and X C R"
is a bounded closed convex nonempty-set. The solution set of (1.1), denoted by X*, is assumed

to be nonempty.

The iterative scheme of the PPA is:

PLIESD L }(Amk —b),
t

2 (1.2)
#F = argmin {G(x) + gH(x —zF) - }AT)\]“H ‘:E € X}.
r
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where A € R™ is a Lagrange multiplier vector. Let W := X x R™ and w := (z,\) € W. By

the optimality conditions of (1.2), we have

0(z) — 0(z*+1) + (w — wkH)T{F(wkH) + Pwt - wk)} >0, YweW, (1.3)

—AT Tnv
F(w):<A;4—>\b>’ PZ(—IA tj(') ) (L4

He, Yuan and Zhang [10] showed that the PPA could not be necessarily convergent. They

where

proposed a customized proximal point algorithm (CPPA) by choosing a parameter matrix @
instead of the matrix P in (1.4) , where

Q- rl, —AT
\-A ot )
To guarantee convergence, the matrix @ is required to be positive semi-definite. As a conse-

quence, it requires 7t > p(AT A), where p(H) denotes the spectral radius of matrix H. The

corresponding iterative scheme of CPPA first produces a prediction w* = (¥, 5\’“) via

S\k:Ak—%(Ax’“—b), s
ik = argmin{@(x) + gH(x — k) - %AT@S\/C - )\k)Hzlx € X}. (1)

Then, the CPPA usually generates the new iterate w*+! = (2#+1 A**1) by a simple relaxation
step

wht = wk — y(wk — "), (1.6)

where v € (0, 2) is a relaxation factor. Various numerical experiments show that v > 1 provides
the fast convergence. For distinction in this paper, the CPPA (1.5)-(1.6) with v = 1 is named as
the original-CPPA or CPPA for short, and the CPPA with « > 1 is named as the relax-CPPA
or RCPPA for short.

On the other hand, the augmented Lagrangian method (ALM) is also a efficient method for
convex optimization, see Hestenes [11] and Powell [12]. Rockafellar [13] showed that the ALM
is exactly an application of the PPA to the dual problem of (1.1), owning the same iteration

scheme (1.3) where P is replaced by a thin matrix

T
Qz(o, 11m> .
T

However, by He, Yuan and Zhang [10], the CPPA is more efficient than the ALM when the
objective function §(z) is simple in the sense that its resolvent operator of 6(x) , defined by
(I+1860)7', has a close-form representation. Here, O(-) denotes the sub-differential of a convex
function.

The augmented Lagrangian-based methods, especially some splitting forms including alter-
nating direction method of multipliers (ADMM for short) and parallel splitting algorithm [14],

are verified to be very efficient for separable convex optimization problem of the form

min{@l(as)JrHQ(y) AerBy:b,mGX,yGY}, (1.7)



where X C R™ and Y C R™ are nonempty bounded closed convex sets, 1 : X — R and
02 : Y — R are convex (not necessarily smooth), A € R™*™ B € R™*"2 and b € R™. The
iterative scheme of the ALM to the problem (1.7) is:

1
)\k+1 _ )\k _ 7(A:Ck o b)
t

7

(mk+1 yk+1) =arg min 01(x) + 02(y) + éHA‘T +By—b— é)\k—HHQ ' (1.8)
’ rzeX,yeyY 2 9

In the second subproblem of the scheme (1.8), the coupled variable (z,y) makes it intractable.
As a splitting version of the ALM, the ADMM proposed originally by Glowinski [15] and
Gabay [16] overcomes the drawback by discoupling the variable (z,y). Gabay [17] expressed the
ADMM as essentially an application of the Douglas-Rachford splitting method [18]. Eckstein
and Bertsekas [19] proposed a generalized ADMM (GADMM) as follows:

#* = Argmin {91(56) + gHAx + By* —b— g)\kHZI:E € X},
M= \F — B(AZ* + By —b), (1.9)
7% = Argmin {92(3/) + gHAik + By —b— ngHQ‘y € Y}.

The iterative scheme (1.9) can be recovered by a variational inequality reformulation with the

compact form:
0(u) — (%) + (w — wk)T{F(wk) + Q" — wk)} >0, YweW, (1.10)

where W = X xY x R™ and 0(u) = 61(z) + 02(y), and

g: _AT) 0 0
u = <x> , w=ly|, Flw)= —-BT) , Q=|8BTB -BT|. (1.11)
Y A Az + By —b -B  iI,

The new iterate wF! = (zF+1 y*+1 \F+1) is generated by a relaxation step:
whtt = wk — g(wk — @), (1.12)

Note that matrix @ is not square, which means that the intermediate variable x may not be

involved in the iteration. The matrix

3BTB —BT
Ql = 1 ’
-B I,

which removes the zero row from @ in (1.11), is also required to be symmetric and positive
semi-definite to ensure the convergence of the GADMM. This method was verified to be faster
than ADMM because the approximate computation was permitted. He, et al [20] presented a

general relaxation step as follows:
whtt = wh — Y M (wF — a"), (1.13)

where v is the step-length based on the descent direction M (w* — @F). Let H = QM ™!
and G = QT + Q1 —yMTHM. One can relax the conventional proposition on @; but ensure
symmetric and positive semi-definite property of G. He and Yuan [21, 22] had established the



worst-case O(1/t) convergence rate and non-ergodic convergence rate of the Douglas-Rachford
alternating direction method of multipliers.

However, the relaxation step might be unacceptable or even not be permitted in some practi-
cal applications, although it could accelerate the algorithm and ensure the convergence. There-
fore, the proposed algorithm in this paper is designed to accept with no relaxation, and it could
still have the high numerical performance and ensure the convergence.

The main work is to extend the CPPA without relaxation step in the following two aspects:
The CPPA for the problem (1.1) is generalized by changing the z-update formulation of (1.5)
to

o4 = argmin {0(2) + o - 0%~ TAT[+ )20 o e X} g

Then, the above method is further used to solve the separable convex optimization problem of
the form (1.7), which is called extended CPPA (ECPPA for short).

The rest of the paper is organized as follows. Section 2 proposes two methods including
the generalized CPPA (GCPPA) and its extended version (ECPPA). In Section 3, under some
mild assumptions, the convergence of the proposed methods is proved, and a worst-case O(1/k)
convergence rate is established. In Section 4, some preliminary numerical results, compared with
the CPPA and RCPPA, the ADMM and GADMM, are presented to show the high efficiency
of the GCPPA and ECPPA. Section 5 concludes this paper with some final remarks.

2 The generalized customized proximal point algorithms

For the linear-constrained convex optimization problem (1.1), i.e.,
min{f(z)|Az —b=0,z € X}, (2.1)

the generalized customized proximal point algorithm is proposed as follows.

Algorithm 2.1: Generalized customized proximal point algorithm, GCPPA

For a given w®, the GCPPA produces the new iterate w*+! € W via the following scheme:

AL Z 2k LAk gy,
' T 1 2 (22)
#*+1 = arg min {9(33) T 2@ = a*) = S AT+ )N = ad]| ’x e X},

where a € (0,1] is a constant.

By the optimality condition we have that, for the new iterate w**! € W generated by the
GCPPA, and Yw € W, the following variational inequalities (VIs for short) hold

0(@) = (") + (= )T (= AT[(L+ )AL = adl] 4 r(@+ = ak)) 2 0,

(2.3)
(A — ARH)T [a(Axk CB) AR - Ak)] > 0.
The VIs (2.3) can be rewritten to a compact form:
O(u) — O(uF ) + (w — w"HT(F, (0 + Q™ —wh)) >0, Ywew, (2.4)



where

—AT) rl, —aAT
u=z, Falw)= < a(Az —b) > = ( —aA  tl, ) ’ (25)

It is easy to show that, if & = 1, the GCPPA reduces to the CPPA without a relaxation step,
i.e., the case of v =1 in (1.6).

The GCPPA can be further extended to the separable convex optimization (1.7), which is:
min{ﬁl(m)—&-é’g(y) Az +By=0b, x € X, er}. (2.6)

Let W=X xY x R™, and w = (x,y,A) € W. Then, for the separable convex optimization
problem (2.6), an extended version of the GCPPA is proposed as follows.

Algorithm 2.2: An extension of the GCPPA to separable convex optimization, ECPPA

For a given w”, the ECPPA produces a new iterate w**t! € W via the following scheme:
AR = Nk %(Axk + By* —b),

o argfg(l {91(x) + gH(x — k) — %AT [(a + AR — a¥] Hz}’ (2.7)

k+1 _ ; fH ok LT k+1 k”2
y argggg{ez(yHQ (y—y") - B [(a+1)A a)®] }

where a € (0,1] is a constant.

Let O(u) = 61(x) + 02(y), and

—AT )
w= <x> . Fa(w) = _BT) . (2.8)
Y a(Axr + By —b)
Then w**! generated by ECPPA satisfies that
O(u) — O(uF+1) + (w — wkH)T{Fa(wk“) Q! — wk)} >0, YweW, (2.9)

where
r1,, 0 —aAT
Q=] 0 sI,, —aBT]|. (2.10)
—aA —aB tl,
If o = 1, then ECPPA reduces to an immediate application (to the separable convex optimiza-
tion problem) of the CPPA (1.5)-(1.6) with v = 1. This application is named as the separable
CPPA (SCPPA in short) for conveniences of quotation in this paper.

3 Convergence analysis

By the previous discussion, for a given w¥, the new iterate w**! € W generated by the GCPPA
and ECPPA satisfies the same condition, that is:

0(u) — O(u*HY) + (w — wkH)T{Fa(wk“) Q! — wk)} >0, VweW (3.1)



Hence, the GCPPA and ECPPA may have the same convergence properties. We will prove in
this section that, if the sequence {w"} satisfies the condition (3.1) in which F,, is monotone and
@ is symmetric and positive semi-definite, it is global convergent and has a worst-case O(1/k)

convergence rate.

By the optimality condition, if z* € X is a solution of the problem (2.1), there exists \* € R™
such that

0(x) — 0(z*) — (x —2*)T(ATA*) >0, VxeX, (3.2)
A=X)T(Az* —b) =0, Ve R™ '

If (z*,y*) € X x Y is a solution of the problem (2.6), there exists A* € R™ such that

01 (x) — 01 (x*) — (x — ") T(ATX*) >0, VureX,

O2(y) — O2(y*) — (y —y")T(BTA) 20, Yyey, (3.3)

A =X)T(Az* + By* —b) =0, Ve R™
If & > 0 is bounded away from 0, then the last equation of (3.2) is identical to
A=2)T [a(Az* —b)] =0, VAeR™, (3.4)

and respectively, the last equation of (3.3) is identical to

A =2" [a(Az* + By* —b)] =0, VAeR™. (3.5)

Hence, the solution sets of the problems (2.1) and (2.6) can be described in a uniform style,

ie.,
Definition 3.1. The solution set, denoted by W* C W, consists of all w* € W satisfying
O(u) — 0(u*) + (w — w*) ' Fy(w*) >0, YweW. (3.6)
For a fixed @ > 0, F,,(w) in (2.4) or (2.9) is a linear mapping thus is obviously monotone

on w € W. The positive semi-definite property of the matrix @ in (2.5) and (2.10) can be
guaranteed by the following theorem.

Theorem 3.1. The following assertions are true:
1). The matriz Q in (2.5) is positive semi-definite on W = X x R™ if r;t > 0 and
rt > a’p(AAT). (3.7)
2).  The matriz Q in (2.10) is positive semi-definite on W =X XY x R™ if r;s,t > 0 and
rt > 1o’ p(AAT), st > Baa’p(BBT), (3.8)

where 1,82 > 0 and 1 + 1 <1.
B Be

Proof. 1). ForVw = (z,\) € W:=X x R™ and

rl, —aAT
@= ( A tl, > ’



we have
" Qu = a2 - 2027 (ATX) + A
= (Il — 2002)7 (ATA) + AT AP) + tAI? — AT A2
= %Hrw — ozATAH2 + tHAHQ — %HaAT)\H?.
Since r > 0, we obtain
W Qu > A7 ~ 0T A2 (3.9)

Note that
laATA||? = AT AAT N < o2 p(AAT)|IN|?,

we get
1
wl Qu > (t - a2p(AAT)) | A[2. (3.10)
r
By (3.7) we have w'Qw > 0 and the assertion 1) is proven.
2). ForVw=(z,y,A\) e W:=X xY x R™ and

r1n, 0 —aAT
Q=1 0 sl,, —aBT|,
—-aA —-aB  tI,

we have

wQuT = r||z)|? - 2027 (ATA) + s|ly||* — 2ayT (BTX) + t]|A|?

1
=~ (lIrz]]? = 2a(ra)T(ATX) + a? | ATA|1)

1 2 2
+- (HsyHQ —2a(sy)T(BTN) + a2||BT)\||2) ST = AT AAT N - %)\TBBT)\
T

(t _ a?p(AAT) a2p(BBT))

1 1
> —flrz — aATAIR + |lsy — aBTA + AT

Since r, s > 0, we obtain

wQu? > (1 CHAL) OB
25(AAT t 2,(BBT
> (; - opadd) )) AP + (52 - PP )) AP

By the condition (3.8) we have w” Qw > 0 immediately and the assertion 2) is proven.
O

Notice that 0 < o < 1, which follows
1) 7t > p(AAT) > a?p(AT A),

2) rt > Bip(AAT) > B1a2p(AAT), and st > Bop(BBT) > Bra’p(BBT).



These imply that the parameters r, s and ¢ are allowed to be chosen in so wide intervals that
they are more likely to be proper for the specific situation. Moreover, the smaller r and s are,
the closer the resolvent operators (I + 1961)~! and (I + 1965)~! are to (961)~! and (962) ™!
respectively, and the smaller ¢ is, the larger the step-length of the dual iteration is. Thus, the
proposed algorithms with a < 1 could be fast. Without loss of generality, we take o € (0, 1].

Theorem 3.2. Let {w*} be a sequence satisfied the condition (3.1) and w* € W* be a solution
defined by (3.6). If F,, is monotone and the matriz Q) is symmetric and positive semi-definite,
then we have

[ —w Iy < flw* —w[F = [w* =W, (3.11)

Proof. By setting w = w* in (3.1), we get
O(u") — O(uF ) + (0" — wkH)T{Fa(wkH) + Q(wh !t — wk)} > 0.

Hence

* *

(w" — w*HTQWr — w®) > o(uF ) — () — (w" — W HTE, (wh*?). (3.12)
By the monotonicity of F,(w), we get

(Wt — w)TF,(wh 1) > (wb ™ — wh) T F, (w™). (3.13)
Since w* € W* is a solution, it has

O(u" 1) — 0(u*) + (Wt — w*)TF,(w*) > 0. (3.14)

Adding (3.13) and (3.14) yields

O(uF Yy — 0(u") 4+ (W — w )T E, (1) > 0. (3.15)
Substituting (3.15) into (3.12), we get

(w" — w*HTQwr+ — w*) > 0. (3.16)

Using the identity

1 1
=5 (lla=dli} = lla = cll) + 5 (lle = bl — lla - b]3)

to the left side of (3.16), we have

(a=b)"Q(c—d)

1

0< (w* _ wk+1)TQ(wk+1 _ wk) _ 5

("™ = w3 = flw” = Wb — k- w13,
which implies (3.11) immediately and completes the proof. O

Theorem 3.3. If a sequence {w*} satisfies the condition (3.1), where Q is symmetric and
positive semi-definite on W, then it is globally convergent to an element of the solution set W*

satisfying the condition (3.6).



Proof. Adding (3.11) with respect to k yields

k
l ™ — w1 <’ =W =Dl = w G (3.17)
=0

Since @ is positive semi-definite, we get
[t —w"[|f < JJw® —w|g, Y k>0,
which implies that the sequence {w*} is bounded. Moreover, we have

k
Z ”wi _ wi+1||g2 < ||’LUO _ w*Hé _ ||,wk+1 _ ,w»sllg27
=0

which follows

li b wk3 = 0. 3.18

Jm [lwt =™l (3.18)

Thus {w"*} has at least one cluster point. Let w™> := klim wk be a cluster point of {wk}.
— 0

Taking limit on (3.1) and using (3.18), we have
O(u) — 0(u™®) + (w — w) T Fy(w™®) >0, YVweW, (3.19)
which implies that w® € W* is a solution. O

In summary, if the parameters r and ¢ satisfy the condition (3.7), then the sequence {w*}
generated by the GCPPA globally converges to a solution of problem (2.1). Similarly, if the
parameters 7,s and t satisfy the condition (3.8), then the sequence {w*} generated by the
ECPPA globally converges to a solution of problem (2.6).

So far, the global convergence of the GCPPA and ECPPA has been proven. In what follows,
we will investigate the convergence rate of the proposed methods.

Lemma 3.1. If the sequence {w*} satisfies condition (3.1), where Q is a symmetric and positive

semi-definite matriz. Then we have
wh=t — wkH% > ||lw® — wk+1||2Q, VEk>1. (3.20)
Proof. Setting w := w” in (3.1), we get
O(u*) — 0(u**) + (w” — wk“)T{Fa(wk“) +Quwr ! — wk)} > 0. (3.21)
Since the VI (3.1) also holds at the (k — 1)*" iteration, we have
0(u) — O(u*) + (w — wk)T{Fa(wk) Q- w’H)} >0 YweW.
Setting w := w**! in the above inequality, we obtain
O(uF+Y) — O(uk) + (W — wk)T{Fa(wk) Q- wk_l)} > 0. (3.22)
Adding (3.21) and (3.22) yields

(wk o wk+1)TQ{(wk71 o wk) o (wk o wk+1)} > (warl o wk)T(Fa(wk+1) o Fa(wk))



By the monotonicity of F,, we obtain
(w — wk“)TQ{(wk_l — k) — (w — wk+1)} > 0. (3.23)

Adding H(wk_1 —wh) — (w* — wk'H)HQQ to the both sides of (3.23), it follows
2
(Wb — wk)TQ{(,wk—l — k) — (wk - wk+1)} > H(wk—l — k) — (wk — wk+1)“Q.
By substituting a = w*~! — w* and b = wF — w**?! to the identity HaHZ — HbHQQ =2aTQ(a —
b) — |ja — bH2Q, we obtain

2 2
e A
Q

Q
2
—o(wh1 wk)TQ{(wkq — k) = (wk - wk+1)} _ H(wkq — k) = (wh — wkH)H
Q
2
ZH(wk_l — k) — (wk - wk+1)H >0,
Q
which follows (3.20) and completes the proof. O
Theorem 3.4. Under the same conditions of Lemma 3.1, we have
+ t+1 2 1 0 *,,2 * *
[w" =™ g < m”w —w g, Yw eW. (3.24)
Proof. By Lemma 3.1 and (3.17), we get
(t+ D’ o lg < 37wk = w TR < o w2,
k=0
which implies (3.24) immediately and completes the proof. O

Notice that the solution set W" is a bounded and closed convex set (see Theorem 2.1 of He
[21]). Let d := inf {||w0 —w*|g ‘ w' € W*}, then for any given € > 0, the proposed methods
need at most k = |d?/e| iterations to ensure that ||w* — w**1||g < . Hence, the worst-case

O(1/k) convergence rate of the proposed methods is established.

4 Numerical results

The section focuses on the numerical performance of the GCPPA and ECPPA comparing with
some existing state-of-the-art methods. The codes of all methods implemented are written in
MATLAB 2010a and run on an Asus laptop computer with Intel(R) Core(TM) i3-2350M CPU
2.30GHz and 4G memory.

Example 4.1. The first test problem is the correlation matrices calibrating problem, which
can be formulated as

1
min{ SIX—Cl3 | diag(X) =e, X sr;}, (4.1)

where e = (1,1,...,1)7 e R"*! and 57 = {H € R"™*" | H" = H,H = 0}. Problem (4.1) can
be reformulated to the form of (1.1) with p(ATA) = 1.

10



We compare the performance of the GCPPA with the CPPA and RCPPA. In the experiment,

the matrix C' is given in a random style:

C = rand(n,n),

C = (C"+ C) — ones(n,n).

For each given n, 20 random instances are tested. To be fair, the initial point of all methods

is set to 20 = eye(n,n),\° = zeros(n, 1), and the termination criterion of all methods is set

to max{||wk*? — wk||} < 1075. Set 7 = 2.00 and ¢t =

1.05
2

which satisfy 7t > p(ATA) = 1,

and set v = 1.50 in the CPPA and RCPPA. Set a = 0.20, » = 0.6 and ¢t = 0.7 which satisfy
rt = 1.05a2 > o?p(ATA) = 1 x o® in the GCPPA. For easy comparisons, the results of the
three methods in terms of matrix dimension n, the average iteration number (iter) and the

average cpu-time (cput, in seconds) are put into Table 4.1, and displayed in Figure 4.1.

Iteration number
©
8

Table 4.1: Numerical results of CPPA, RCPPA and GCPPA (cput in seconds)

CPPA RCPPA GCPPA
" iter cput | iter cput | iter cput
100 31 0.56 23 0.38 19 0.31
200 34 2.48 25 1.75 21 1.51
300 37 6.43 28 4.69 22 3.83
400 38 12.96 27 8.88 23 7.97
500 40 27.54 28 20.44 24 18.97
600 41 44.80 28 33.69 24 29.13
700 42 80.20 29 54.92 26 51.44
800 43  104.81 | 30 72.99 26 64.71
900 44 14255 | 30 94.31 30 98.14
1000 | 51 244.05 | 32 168.69 | 32 165.32
='H'= CPPA 0 ‘-I\‘- CcPPA ‘ [
RCPPA . RCPPA '
=@ = GCPPA ’ =@ = GCPPA i’
. ‘d\{ AZOO* i'l
.a _oaneem R H |
\ ._.‘-B" §1507 ‘Fl i"i
‘ "‘_\_f. £ ol \/\n‘ "‘{'
Le®- -’ & f‘r .f'
e LIEIE 4 B
e P - 50 . _—':’," »
Rt e
(1?0- -2:] ‘‘‘‘‘ Cz)=‘= 4(‘)0 . 5[‘}0 600 7(‘)0 B[‘}U QéD

. . . .
400 500 600 700
Matrix dimension n

Matrix dimension n

Figure 4.1: Comparisons of CPPA, RCPPA and GCPPA. Left: iteration number. Right: cputime.

One can conclude from Table 4.1 and Figure 4.1 that, the GCPPA takes about 60% iterations
of the CPPA, and takes less cpu-time than the CPPA especially for the high dimension problem.
The GCPPA has almost the same numerical performance as the RCPPA with v = 1.50.

11



Example 4.2. The second test problem is the matrix completion problem utilized by Tao,
Yuan and He [23]

1
min { SIX—Cl3 | X e StnSp}, (4.2)
where S7 = {H e R"™" | HT = H,H = 0} and Sp = {H € R"*" | H, > H > Hy}.

By introducing an equality constraint X —Y = 0, problem (4.2) is equivalent to the separable
convex optimization problem of the form

1 1
min{ SIX = ClE+ 3V = Cll} | X ~Y =0, X €57, YeSB}. (4.3)

Obviously, problem (4.3) is a special case of problem (1.7) with p(ATA) = 1 and p(BTB) = 1.
For comparison, the following four methods are used to solve the test problem (4.3): classical
ADMM (ADMM for short), GADMM, separable version of CPPA (i.e., Algorithm 2.2 with
a =1, SCPPA for short) and ECPPA ( Algorithm 2.2 with 0 < g < @ < 1).

In the numerical experiment, we take the matrix C' in the random style
C =rand(n,n), C=(CT+C)— ones(n,n).
To be fair, we set the initial point of all used methods to
2% =ILxn, ¥'=—Inxn, A’ =0,xn.

The termination criterion of all methods is set to

[+ = w*o

<107°.
[w! — w9

The parameter settings of the used methods are stated as follows. The penalty parameter is
set to § = 1.80 in both ADMM and GADMM, the relaxation parameter is set to v = 1.8 in
the GADMM. Let R = 3, the proximal parameters of the SCPPA are set to r = s = R and
t= 1'—122, and those of the ECPPA are set to r = %aﬁl XR,s= %aﬁg X R, t= %oz X %, where
a =0.34 and By = B2 = 2. Tt is obvious that the condition (3.8) is satisfied by this settings.

Table 4.2: Numerical results of ADMM, GADMM, SCPPA and ECPPA (cput in seconds)

ADMM GADMM SCPPA ECPPA
iter cput iter cput | iter cput | iter cput
100 | 120 1.86 60 0.86 57 0.84 40 0.58
200 | 127  14.04 64 7.10 60 6.30 41 4.32
300 | 146  57.34 74 31.08 | 65 23.89 | 40 14.37
400 | 145  61.65 73 30.74 | 68  28.28 | 42 19.30
500 | 153 123.71 77 6285 | 70 53.60 | 45 35.34
600 | 169 283.06 | 84 14191 | 76 125.61 | 50  91.06
700 | 179 427.06 | 89 213.53 | 86 197.87 | 55 130.35
800 | 162 43149 | 80 217.71 | 87 234.48 | 56 155.64
900 | 180 901.00 | 89 446.12 | 99 477.23 | 64 322.01
1000 | 183 1066.22 | 90 523.55 | 101 583.54 | 69 401.29
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Figure 4.2: Comparisons of ADMM, GADMM, SCPPA and ECPPA. Left: iteration number.
Right: cpu time.

We test the methods on 20 random instances for each fixed matrix dimension n. The average
iteration number and the average cpu-time of the methods for problem (4.3) with different
matrix dimension n are listed in Table 4.2 and displayed in Figure 4.2.

Observing from Table 4.2 and Figure 4.2, one can conclude that, the iteration number of
ECPPA is about 30% of ADMM, and about 60% of GADMM and SCPPA. Moreover, ECPPA
takes less cpu-time than the others, especially for the high dimensional problem. Thus, ECPPA
is more efficient than the other three methods.

Example 4.3. This example focuses on the wavelet-based image inpainting and zooming prob-
lems. Let x € R represent an l; x lo image with [ = [1 - I (the two-dimensional images are
tackled by vectorizing them as one-dimensional vectors, e.g., in the lexicographic order), and
let W € R™™ be a wavelet dictionary, i.e., each column of W be the elements of a wavelet
frame. Commonly, the image x possesses a sparse representation under the dictionary W
i.e., x = Wz with x being a sparse vector. The wavelet-based image processing thus considers
recovering the real image x from an observation b which might have some missing pixels or

convolutions. The model for the wavelet-based image processing can be casted as

min{||z||; | BWz = b}, (4.4)

where ||z]|; is to deduce a sparse representation under the wavelet dictionary; and B (also
called mask) is a typically ill-conditioned matrix representation of convolution or downsampling
operators. For the inpainting problem, the matrix B € R'*! in (4.4) is a diagonal matrix whose
diagonal elements are either 0 or 1, where the locations of 0 correspond to missing pixels in the
image and locations of 1 correspond to the pixels to be kept. For the image zooming problem,
the matrix B € R™*! can be expressed as B = SH where S € R™*! is a downsampling
matrix and H € R is a blurry matrix, where H can be diagonalized by the discrete consine
transform (DCT), i.e., H = C~'AC where C represents the DCT and A is a diagonal matrix

whose diagonal entries are eigenvalues of H.

We test the algorithms on the 256 x 256 images of Peppers.png and Boat.png for the image
inpainting and image zooming problems, respectively. Both the clean and degraded images are

displayed in Fig.4.3. The dictionary W is chosen as the inverse discrete Haar wavelet transform
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Figure 4.3: Original Peppers, degraded Peppers, original Boat, degraded Boat

with a level of 6. Below we give the detail of how the tested images are degraded.

e For the image inpainting problem, the original image Peppers is first blurred by the out-
of-focus kernel with a radius of 7. Then 60% pixels of the blurred images are lost by

implementing a mask operator S. The positions of missing pixels are located randomly.

e For the image zooming problem, the original image Boat is downsampled by a down-
sampling matrix S with a factor of 4. Then, the downsampled image is corrupted by a
convolution whose kernel is generated by fspecial (gaussian,9,2.5) of MATLAB.

On the above problems, the performance of the GCPPA (compared with CPPA and RCPPA)
is tested. Since the dictionary W has the property WW7T = I, the blurry matrix H can be
diagonalized by DCT and the binary matrix (both mask and downsampling matrices) S satisfies
|IS|| = 1, we have [|ATA|| = 1 (where A := BW ) for the wavelet-based image inpainting and
zooming problems. Therefore, the requirement rs > || AT A|| reduces to rs > 1 for CPPA or
RCPPA, and rs > o2 for GCPPA. The implementation details about how to choose the involved
parameters are described as below.

e For the image inpainting problem, we take the initial point (z°, \°) = (W7 (b),0), and
ro = 0.6, sg = 1;02, ~ =1 for CPPA and v = 1.9 for RCPPA; a = 0.5, r; = %a X T,

s1= 2a x =2 for GCPPA;

e For the image zooming problem, we take the initial point (%, \°) = (0,0), and ro = 0.55,
S0 = %, ~v =1 for CPPA and v = 1.2 for RCPPA; a = 0.5, r; = ga XTg, 81 = %a X %
for GCPPA;

As usual, the quality of the reconstruction is measured by the signal-to-noise ratio (SNR) in
decibel (dB)

X
SNR:=20 IOglo ﬁ, (45)

where X is a reconstructed image and x is a clean image.

In Fig.4.4, we plot the evolutions of SNR with respect to iterations and computing time for
all the tested algorithms. It shows that RCPPA is better than CPPA, and GCPPA converges

to the nearly same solutions in inpainting and zooming problems as fast as RCPPA. Then, we

14



22 T T T T T 22

20t 20+
o 18r @ 18f
S =
X X
& 16! & 16l
14 14t
— GCPPA
12 . . . . : 12 . . . . :
0 50 100 150 200 250 300 0 20 40 60 80 100 120
Iteration No. CPU time(s)
20 ! ! ; ! 20
15+ 4 15¢
o )
=) ke
¥ 10f X 10
-4 4
7] [7)]
5 5t
CPPA CPPA
——RCPPA —— RCPPA
—— GCPPA —— GCPPA
0 . . . . 0 . . . . .
0 10 20 30 40 50 0 2 4 6 8 10 12
Iteration No. CPU time(s)

Figure 4.4: Evolutions of SNR with respect to the number of iterations (Iteration No.) and

computing time (CPU time) (Up row: for image inpainting; Bottom row: for image zooming).

display the reconstructed images in Fig.4.5 by executing 300 iterations. It verifies our assertion:
the GCPPA could be at least as efficient as the RCPPA on the inpainting and zooming problem.
We have to emphasize that, the GCPPA does not involve any relaxation step while the RCPPA
has a relaxation step with v =1.5 > 1.

Example 4.4. This example focuses on the total variation (TV) uniform noise removal model:
min{||Vx|1 || Hx — x°|| < 0}, (4.6)

where x° € R' is an observed image corrupted by a zero-mean uniform noise; H € R"*! is the
matrix representation of a blurry operator as in Example 4.3, ||V - ||1 is the TV norm (see e.g.,

[22]), o is a parameter indicating the uniform noise level and ||x|| := maxi<;<; ||%;]].

0 _
A= H , and b:= X —oe ,
—-H —x0 —ge

with e = (1,1,...,1)T € R, the model (4.6) amounts to

By denoting

min{||Vx|1|Ax < b}, (4.7)

We also test the algorithms on the 256-by-256 images of Peppers.png and Boat.png. The clean
images are degraded by either the Gaussian (fspecial (gaussian,9,2.5)) or the out-of-focus

(fspecial(disk,3)) convolution. Then, the degraded images are further corrupted by the
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GCPPA

Figure 4.5: Reconstructed images by CPPA, RCPPA and GCPPA (Up row: for image inpaint-
ing; Bottom row: for image zooming).

zero-mean uniform noise with ¢ = 0.2 or 0.5. We take r = 0.6, s = 1.02/r and v = 1.8 for
CPPA and RCPPA; a = 0.5, r; = goz X Tg, 81 = %a X % for GCPPA. The initial points for

all the tested algorithms are taken as zeros and the stopping criterion is set to
<107°, (4.8)

For the TV uniform noise removal model (4.7), the iteration scheme of CPPA or RCPPA can
be decribed as

L PR+{>\’“ - %(Axk - b)},

£ = argmin { [Vl + L lx— %k — (23 X9 Px e X, .
and the relaxation step
(ALY = (xF, XF) — (e, 4F) = (%5, 00)) (4.10)
is used. The GCPPA has the different scheme decribed as
AL = PR+{Ak - %(Axk - b)},
(4.11)

1
x**+1 = arg min {||VX||1 v ng —xf — [+ DAF - a)\k]||2‘x € X}.

The numerical results are put in Table 4.3 for comparison. Each set of - \ -\ - represents the

number of iterations, the computing time in seconds and the restored SNR when the stopping
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Table 4.3: Numerical results of CPPA, RCPPA and GCPPA

Blur o | Images CPPA RCPPA GCPPA
0.2 | Peppers | 72/16.1/16.75  87/20.0/17.13  61/14.5/17.40
Gaussian Boat 65/15.1/16.58  79/18.4/17.01  58/13.1/17.31
0.5 | Peppers | 103/22.3/16.00 121/27.2/16.38 71/16.6/16.58
Boat 83/19.6/15.85  101/24.8/16.33 72/16.3/16.61
0.2 | Peppers | 71/16.8/17.67  88/19.3/18.12  53/11.9/18.36
Out-of-focus Boat 65/16.4/17.53  82/20.7/18.07 54/12.8/18.37
0.5 | Peppers | 94/22.0/16.65 108/24.7/17.01 65/15.5/17.17
Boat 86/21.6/16.57 104/24.1/17.05 64/14.7/17.25

criterion (4.8) is reached. Observing from table 4.3, we can conclude that: RCPPA has better
performance comparing with CPPA in SNR but worse in the number of iterations and cpu-time,
while GCPPA has better performance comparing with CPPA in all terms including SNR, the
number of iterations and cpu-time.

The images Peppers.png and Boat.png are degraded with the Gaussian or the out-of-focus
convolution. The degraded images and the restored images by all the tested algorithms are

shown in Figures 4.6 and 4.7, respectively.

5 Conclusions

In this paper, a new customized proximal point algorithm, GCPPA, is proposed for convex
optimization problem. The new method is essentially a generalization of the customized prox-
imal point algorithm (CPPA) proposed by He, Yuan and Zhang [10]. The primal iteration
subproblem of CPPA is

k= argmin{a(x) + g”(x — k) - %AT(QS\’“ - )\k)||2’x € X}7 (5.1)
and
(A0 W) = (o 40 o ((,A8) - (35,30, (52)
While the primal iteration subproblem of the proposed GCPPA is
"t = argmin {G(x) + g”(x — k) — %AT[(l + a) AP a)\k]H2‘x € X}, (5.3)

where 0 < o < 1. The CPPA with v = 1 is a special case of the GCPPA with a = 1. A
superiority of GCPPA is that, the CPPA has to take a relaxation step (i.e. v > 1) for fast
convergence, while GCPPA does not involve any relaxation step and has better performance
comparing with CPPA. Hence, the GCPPA is more suitable to some real applications in which
the relaxation step is not permitted, such as some real-time control systems and game theory
models.

In this paper, the GCPPA is further used to the separable convex optimization problem with
linear constraints, and the extended version is named as ECPPA for short. Global convergence
and the worst-case O(1/k)-convergence rate of both GCPPA and ECPPA are proved in a

uniform framework. Some numerical experiments have shown that:
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Figure 4.6: Degraded image by the Gaussian convolution and restored image(Up row: corrupted
by o = 0.2; Bottom row: corrupted by o = 0.5 )

1) For the correlation matrices calibrating problem, GCPPA outperforms CPPA with (or
without) the relaxation step.

2) For the matrix completion problem, the ECPPA has higher efficiency comparing with
some existing state-of-the-art methods such as ADMM, GADMM and a separable-version
of CPPA.

3) For inpainting and zooming problems, GCPPA outperforms the CPPA without relaxation
step, and it could be at least as efficient as the CPPA with the relaxation step.

4) For the TV uniform noise removal model, GCPPA obtains better restored images with
less cpu-time and fewer iterations than the CPPA with (or without) the relaxation step.

In summary, the proposed algorithms (GCPPA and ECPPA) in this paper do not involve
any relaxation step while they still keep the same convergence properties as the CPPA with
some relaxation steps. Numerical results have demonstrated that the proposed methods are

more effective and high efficiency than some existing state-of-the-art methods.

Acknowledgments The authors are very grateful to Doctor W-X Zhang at University of
Electronic Science and Technology of China for his help on numerical experiments on image

processing problems.
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Figure 4.7: Degraded image by the out-of-focus convolution and restored image (Up row: cor-
rupted by o = 0.2; Bottom row: corrupted by ¢ = 0.5 )
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