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Abstract

Nonconvex and nonsmooth optimization problems are frequently encountered in much
of statistics, business, science and engineering, but they are not yet widely recognized as a
technology in the sense of scalability. A reason for this relatively low degree of popularity
is the lack of a well developed system of theory and algorithms to support the applications,
as is the case for its convex counterpart. This paper aims to take one step in the direction
of disciplined nonconver and nonsmooth optimization. In particular, we consider in this
paper some constrained nonconvex optimization models in block decision variables, with or
without coupled affine constraints. In the case of without coupled constraints, we show a
sublinear rate of convergence to an e-stationary solution in the form of variational inequality
for a generalized conditional gradient method, where the convergence rate is shown to be
dependent on the Holderian continuity of the gradient of the smooth part of the objective.
For the model with coupled affine constraints, we introduce corresponding e-stationarity
conditions, and apply two proximal-type variants of the ADMM to solve such a model,
assuming the proximal ADMM updates can be implemented for all the block variables except
for the last block, for which either a gradient step or a majorization-minimization step is
implemented. We show an iteration complexity bound of O(1/e?) to reach an e-stationary
solution for both algorithms. Moreover, we show that the same iteration complexity of a
proximal BCD method follows immediately. Numerical results are provided to illustrate the
efficacy of the proposed algorithms for tensor robust PCA.
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1 Introduction

In this paper, we consider the following nonconvex and nonsmooth optimization problem with
multiple block variables:

N-1

min  f(x1, 29, -, TN) ;1 ri(z;) (1.1)

s.t. Ei\;lAixi:ba r,e€X,1=1,...,N—1,

where f is differentiable and possibly nonconvex, and each r; is possibly nonsmooth and non-
convex, i = 1,...,N —1; A; € R™"_}p € R™, z; € R"; and X; C R™ are convex sets,
i=1,2,..., N — 1. One restriction of model (1.1) is that the objective function is required to
be smooth with respect to the last block variable xy. However, in Section 4 we shall extend the
result to cover the general case where ry(xy) may be present and that 2y maybe constrained
as well. A special case of (1.1) is when the affine constraints are absent, and there is no block
structure of the variables (i.e., x = 1 and other block variables do not show up in (1.1)), which
leads to the following more compact form

min ®(z) := f(x) +r(x), s.t. z € S CR", (1.2)

where S is a convex and compact set. In this paper, we propose several first-order algorithms
for computing an e-stationary solution (to be defined later) for (1.1) and (1.2), and analyze
their iteration complexities. Throughout, we assume the following condition.

Assumption 1.1 The sets of the stationary solutions for (1.1) and (1.2) are non-empty.

Problem (1.1) arises from a variety of interesting applications. For example, one of the
nonconvex models for matrix robust PCA can be cast as follows (see, e.g., [51]), which seeks
to decompose a given matrix M € R™*" into a superposition of a low-rank matrix Z, a sparse
matrix F and a noise matrix B:

pn 11z - XY} +aR(E), st. M =Z+E+ B, ||B|lr <n, (1.3)
where X € R™*" Y € R™ " with r < min(m,n) being the estimated rank of Z; n > 0 is the
noise level, a > 0 is a weighting parameter; R(E) is a regularization function that can improve
the sparsity of E. One of the widely used regularization functions is the ¢; norm, which is
convex and nonsmooth. However, there are also many nonconvex regularization functions that
are widely used in statistical learning and information theory, such as smoothly clipped absolute
deviation (SCAD) [23], log-sum penalty (LSP) [15], minimax concave penalty (MCP) [57], and
capped-{; penalty [58,59], and they are nonsmooth at point 0 if composed with the absolute
value function, which is usually the case in statistical learning. Clearly (1.3) is in the form of
(1.1). Another example of the form (1.1) is the following nonconvex tensor robust PCA model
(see, e.g., [54]), which seeks to decompose a given tensor T € R *"2%X"X"d into a superposition
of a low-rank tensor Z, a sparse tensor £ and a noise tensor B:

Xi,glizl,l&B HZ —-C X1 X4 X9 X2 X3 X(g Xd”%? + aR(E), st. T=Z+E&E+ B, HBHF < 7,
where C is the core tensor that has a smaller size than Z, and X; are matrices with appropriate
sizes, i = 1,...,d. In fact, the “low-rank” tensor in the above model corresponds to the
tensor with a small core; however a recent work [35] demonstrates that the CP-rank of the core
regardless of its size could be as large as the original tensor. Therefore, if one wants to find the
low CP-rank decomposition, then the following model is preferred:

omin 2 [X0, X, XaIP+aR(E) + [BI?, st T = Z+€+5B,



for X; = [, a2, ,aPf] e RW*F 1 <i <dand [X1,Xo, -, X4] = A" RdPT® - ®
r=1
, where“®” denotes the outer product of vectors, and R is an estimation of the CP-rank.

In addition, the so-called sparse tensor PCA problem [1], which seeks the best sparse rank-one
approximation for a given d-th order tensor 7, can also be formulated in the form of (1.1):

R

ad,r

d
min —7 (21,22, - ,Zq) —l—aZR(:ci), st.ax; €8 ={x||z|3 <1}, i=1,2,....,d,
i=1

where T(x1,22, %) = 324, iy Tinseiia(@1)iy -+ (Td)ig-

The convergence and iteration complexity for various nonconvex and nonsmooth optimiza-
tion problems have recently attracted considerable research attention; see e.g. [3,6-8, 10, 11,
19,20, 26,27,29,41]. In this paper, we study several solution methods that use only the first-
order information of the objective function, including a generalized conditional gradient method,
variants of alternating direction method of multipliers, and a proximal block coordinate descent
method, for solving (1.1) and (1.2). Specifically, we apply a generalized conditional gradient
(GCG) method to solve (1.2). We prove that the GCG can find an e-stationary solution for
(1.2) in O(e™?) iterations under certain mild conditions, where ¢ is a parameter in the Holder
condition that characterizes the degree of smoothness for f. In other words, the convergence
rate of the algorithm depends on the degree of “smoothness” of the objective function. It should
be noted that a similar iteration bound that depends on the parameter ¢ was reported for con-
vex problems [13], and for general nonconvex problem, [14] analyzed the convergence results,
but there was no iteration complexity result. Furthermore, we show that if f is concave, then
GCG finds an e-stationary solution for (1.2) in O(1/¢) iterations. For the affinely constrained
problem (1.1), we propose two algorithms (called proximal ADMM-g and proximal ADMM-m
in this paper), both can be viewed as variants of the alternating direction method of multipliers
(ADMM). Recently, there has been an emerging research interest on the ADMM for nonconvex
problems (see, e.g., [2,32,33,38,52,53,55]). However, the results in [38,52,53,55] only show
that the iterates produced by the ADMM converge to a stationary solution without providing
an iteration complexity analysis. Moreover, the objective function is required to satisfy the
so-called Kurdyka-Lojasiewicz (KL) property [9,36,42,45] to enable those convergence results.
In [33], Hong, Luo and Razaviyayn analyzed the convergence of the ADMM for solving noncon-
vex consensus and sharing problems. Note that they also analyzed the iteration complexity of
the ADMM for the consensus problem. However, they require the nonconvex part of the objec-
tive function to be smooth, and nonsmooth part to be convex. In contrast, r; in our model (1.1)
can be nonconvex and nonsmooth at the same time. Moreover, we allow general constraints
x; € Xjyi = 1,...,N — 1, while the consensus problem in [33] only allows such constraint for
one block variable. A very recent work of Hong [32] discussed the iteration complexity of an
augmented Lagrangian method for finding an e-stationary solution for the following problem:

min f(z), s.t. Ar = b,z € R", (1.4)

under the assumption that f is differentiable. We will compare our results with [32] in more
details in Section 3.
Throughout this paper, we make the following assumption.

Assumption 1.2 All subproblems in our algorithms, though possibly nonconvex, can be solved
to global optimality.

We shall show later that solving our subproblems usually corresponds to computing the
proximal mapping of the nonsmooth part of the objective function. Besides, the proximal
mappings of the aforementioned nonsmooth regularization functions, including the ¢; norm,



SCAD, LSP, MCP and Capped-f; penalty, all admit closed-form solutions, and the explicit
formulae can be found in [28].

Before proceeding, let us first summarize:

Our contributions.

(i) We provide definitions of e-stationary solution for (1.1) and (1.2) using the variational
inequalities. For (1.1), our definition of the e-stationary solution allows each r; to be
nonsmooth and nonconvex.

(ii) We study a generalized conditional gradient method with a suitable line search rule for
solving (1.2). We assume that the gradient of f satisfies a Holder condition, and analyze
its iteration complexity for obtaining an e-stationary solution for (1.2). After we released
the first version of this paper, we noticed there are several recent works that study the
iteration complexity of conditional gradient method for nonconvex problems. However,
our results are different from these. For example, the convergence rate given in [56] is
worse than ours, and [43,44] only consider smooth nonconvex problem with Lipschitz
continuous gradient, but our results cover nonsmooth models.

(iii) We study two ADMM variants (proximal ADMM-g and proximal ADMM-m) for solving
(1.1), and analyze their iteration complexities for obtaining an e-stationary solution for
nonconvex problem (1.1). In addition, the setup and the assumptions of our model are
different from other recent works. For instance, [38] considers a two-block nonconvex
problem with an identity coefficient matrix for one block variable in the linear constraint,
and requires the coerciveness of the objective or the boundedness of the domain. [53]
assumes the the objective function is coercive over the feasible set and the nonsmooth
objective is restricted prox-requalr or piece-wise linear. While our algorithm assumes
the gradient of the smooth part of the objective function is Lipschitz continuous and
the nonsmooth part does not involve the last block variable, which is weaker than the
assumptions on the objective functions in [38,53].

(iv) As an extension, we also show how to use proximal ADMM-g and proximal ADMM-m to
find an e-stationary solution for (1.1) without assuming any condition on Ay.

(v) When the affine constraints are absent in model (1.1), as a by-product, we demon-
strate that the iteration complexity of proximal block coordinate descent (BCD) method
with cyclic order can be obtained directly from that of proximal ADMM-g and proximal
ADMM-m. Although [11] gives an iteration complexity result of nonconvex BCD, it re-
quires the KL property, and the complexity depends on a parameter in the KL condition,
which is typically unknown.

Notation. ||z||2 denotes the Euclidean norm of vector z, and ||z||% denotes x' Hx for some
positive definite matrix H. For set S and scalar p > 1, we denote diam,,(S) := max, ycs [|[z—y||p,
where ||z]|, = (327, |:|P)/P. Without specification, we denote ||z|| = ||z|2 and diam(S) =
diamsy(S) for short. We use dist(x,S) to denote the Euclidean distance of vector x to set S.
Given a matrix A, its spectral norm and smallest singular value are denoted by ||All2 and
omin(A) respectively. We use [a] to denote the ceiling of a.

Organization. The rest of this paper is organized as follows. In Section 2 we introduce the
notion of e-stationary solution for (1.2) and apply a generalized conditional gradient method
to solve (1.2) and analyze its iteration complexity for obtaining an e-stationary solution for
(1.2). In Section 3 we give two definitions of e-stationarity for (1.1) under different settings and
propose two ADMM variants that solve (1.1) and analyze their iteration complexities to reach
an e-stationary solution for (1.1). In Section 4 we provide some extensions of the results in
Section 3. In particular, we first show how to remove some of the conditions that we assume in



Section 3, and then we apply a proximal BCD method to solve (1.1) without affine constraints
and provide an iteration complexity analysis. In Section 5, we present numerical results to
illustrate the practical efficiency of the proposed algorithms.

2 A generalized conditional gradient method

In this section, we study a GCG method for solving (1.2) and analyze its iteration complexity.
The conditional gradient (CG) method, also known as the Frank-Wolfe method, was originally
proposed in [24], and regained a lot of popularity recently due to its capability in solving
large-scale problems (see, [4,5,25,30,34,37,47]). However, these works focus on solving convex
problems. Bredies et al. [14] proved the convergence of a generalized conditional gradient method
for solving nonconvex problems in Hilbert space. In this section, by introducing a suitable line
search rule, we provide an iteration complexity analysis for this algorithm.
Throughout this section, we make the following assumption regarding (1.2).

Assumption 2.1 In (1.2), r(x) is convex and nonsmooth, and the constraint set S is convex
and compact. Moreover, f is differentiable and there exist some p > 1 and p > 0 such that

f) < F@)+ V@) (g —a) + Sy —alf, Vayes. (2.1)

The above inequality (2.1) is also known as the Holder condition and was used in other
works on first-order algorithms (e.g., [21]). It can be shown that (2.1) holds for a variety of
functions. For instance, (2.1) holds for any p when f is concave, and is valid for p = 2 when
V f is Lipschitz continuous.

2.1 An e-stationary solution for problem (1.2)

For smooth unconstrained problem min, f(x), it is natural to define the e-stationary solution
using the criterion |V f(x)||2 < e. Nesterov [49] and Cartis et al. [17] showed that the gradient
descent type methods with properly chosen step size need O(1/€?) iterations to find such a
solution. Moreover, Cartis et al. [16] constructed an example showing that the O(1/€?) iteration
complexity is tight for the steepest descent type algorithm. However, the case for the constrained
nonsmooth nonconvex optimization is subtler. There exist some works on how to define e-
optimality condition for the local minimizers of various constrained nonconvex problems [18,
22,27,32,48]. Cartis et al. [18] proposed an approximate measure for smooth problem with
convex set constraint. [48] discussed general nonsmooth nonconvex problem in Banach space
by using the tool of limiting Fréchet e-subdifferential. [22] showed that under certain conditions
e-stationary solutions can converge to a stationary solution as ¢ — 0. Ghadimi et al. [27]
considered the following notion of e-stationary solution for (1.2):
1 i 1

Ps(x,7y) = ;(;1: —z%), where 21 = arg min Vi) y+ ;V(y,aj) +7(y), (2.2)
where v > 0 and V is a prox-function. They proposed a projected gradient algorithm to solve
(1.2) and proved that it takes no more than O(1/¢?) iterations to find an z satisfying

|1Ps(x, )3 < e. (2.3)
Our definition of an e-stationary solution for (1.2) is as follows.

Definition 2.2 We call x an e-stationary solution (e > 0) for (1.2) if the following holds:
Vs (x) = ;Ielg{vf(w)T(y —x)+r(y) —r(@)} > —c (2.4)

If e =0, then x is called a stationary solution for (1.2).



Observe that if r(-) is continuous then any cluster point of e-stationary solutions defined
above is a stationary solution for (1.2) as e — 0. Moreover, the stationarity condition is weaker
than the usual KKT optimality condition. To see this, we first rewrite (1.2) as the following
equivalent unconstrained problem

min f(z) + r(x) + 15(z)

where 1g() is the indicator function of S. Suppose that x is any local minimizer of this problem
and thus also a local minimizer of (1.2). Since f is differentiable, r and tg are convex, Fermat’s
rule [50] yields

0€d(f(x)+r(x)+is(x)) =Vf(x)+ 0r(x)+ dus(x), (2.5)

which further implies that there exists some z € dr(z) such that
(Vi) +2) (y—2) =0, Vyes,
Using the convexity of r(-), it follows that
Vi) (y—z)+7r(y) —r(z) >0, Yy €S. (2.6)

Thus, (2.6) is weaker than (2.5), and it is a necessary condition for local minimum of (1.2) as
well. Furthermore, we claim that 1g(x) > —e implies || Ps(x,7)||3 < €/ with the prox-function
V(y,z) = ||y — z||3/2. In fact, (2.2) guarantees that

1

-
(Vf($)+7(:n+—a7)+z> (y—2t)>0, Vyes, (2.7)

for some z € Or(z™). By choosing y = x in (2.7) one obtains
1
Vi) (@ —at) +r(z) —r(@h) > (V@) +2) (@—a") > ;llfﬁ — z[f3. (2.8)
Therefore, if 9g(z) > —e¢, then ||Ps(z,7)||3 < < holds.

2.2 The algorithm

For given point z, we define an approximation of the objective function of (1.2) to be:

Uy; ) = fx) + V() (y =) +r(y), (2.9)

which is obtained by linearizing the smooth part (function f) of ® in (1.2). Our GCG method
for solving (1.2) is described in Algorithm 1, where p and p are from Assumption 2.1.

Algorithm 1 Generalized Conditional Gradient Algorithm (GCG) for solving (1.2)
Require: Given z° € §
for k=0,1,... do
[Step 1] ¥* = arg minges £(y; z*), and let d*¥ = y* — z¥;
Step 2] o = argmingeioa) o V() d +a? Gl + (1 - a)r(at) + ar(y");
[Step 3] Set zF ! = (1 — o) + apy/®.
end for

In each iteration of Algorithm 1, we first perform an exact minimization on the approximated
objective function ¢(y; x) to form a direction dj. Then the step size «y is obtained by an exact
line search (which differentiates the GCG from a normal CG method) along the direction dj,
where f is approximated by p-powered function and the nonsmooth part is replaced by its upper
bound. Finally, the iterate is updated by moving along the direction dj with step size ay.



Remark 2.3 According to Assumption 1.2, we assume that the subproblem in Step 1 of Algo-
rithm 1 can be solved to global optimality. See [46] for problems arising from sparse PCA that
satisfy this assumption.

Remark 2.4 It is easy to see that the sequence {®(xF)} generated by GCG is monotonically
nonincreasing [14], which implies that any cluster point of {x*} cannot be a strict local mazi-
mizer.

2.3 An iteration complexity analysis

Before we proceed to the main result on iteration complexity of GCG, we need the following
lemma that gives a sufficient condition for an e-stationary solution for (1.2). This lemma is
inspired by [26], and it indicates that if the progress gained by minimizing (2.9) is small, then
z must already be close to a stationary solution for (1.2).

Lemma 2.5 Define zy := argmin, g {(x;2). The improvement of the linearization at point z
is defined as
A, = U(z;2) — Lz 2) = =V F(2) T (20 — 2) + 7(2) — 7(20).

Given € > 0, for any z € S, if ANl <€, then z is an e-stationary solution for (1.2) as defined
in Definition 2.2.

Proof. From the definition of zy, we have

Uy; 2) = L(ze;2) = VF(2) T (y — 20) +7(y) — r(z) > 0,Vy € S,

which implies that

Vi) (y—2)+r(y) —r(2)
= V(@) (=20 +ry) —r(z) + V(=) (20— 2) +r(20) = r(2)
> Vf(2) (ze —2)+r(z¢) —r(2),Yy € S.

It then follows immediately that if Al, <e, then Vf(2)" (y —2) +7r(y) —r(z) > —AL, > —. O

4—|

Denoting ®* to be the optimal value of (1.2), we are now ready to give the main result of
the iteration complexity of GCG (Algorithm 1) for obtaining an e-stationary solution for (1.2).

Theorem 2.6 For any ¢ € (0,diam}(S)p), GCG finds an e-stationary solution for (1.2) within
"2(<I>(x0)—<1>*)(diam5(5)p)q*

e€q

1
-‘ iterations, where zl? + % =1.

Proof. For ease of presentation we denote D := diam,(S) and A¢* := Al,x. By Assumption
2.1, using the fact that 55— 5 < 1, and by the definition of oy in Algorithm 1, we have

(e/(DPp)) 7T AL 21/( S (e/D)7 (2.10)
< —(e/(DP) T (V) (0 —ah) 1) —r(ah))
~L(e/ (Do) T |lyt — 2
< —ap (VAT = ") + 1) - r@h)) = BRIt - ot
< VAT - ) () - @) - Dt -
< fah) = fEH) +r@ah) - @) = 0@h) - a@h),



where the third inequality is due to the convexity of function r and the fact that 2**t! — zF =

ar(y* — %), and the last inequality is due to (2.1). Furthermore, (2.10) immediately yields
1
D < (e (D7) 7 (B (k) — B(aMHh) + .
For any integer K > 0, summing (2.11) over £ =0,1,..., K — 1, yields

(2.11)

K-1
K i Ak < APE < DP —i7 B(20) — d(2K EK
e ._;% < (¢/(DPp)) 7 (") — @(a™)) + 5

1

< (¢/(DPp)) T ((a") — ) + SK,

where ®* is the optimal value of (1.2). It is easy to see that by setting K = P(q)(xo)_q)*)([)pp)qil-‘ ,

eq
the above inequality implies Al x+ < €, where k* € argmingeqy g1} AR, According to
Lemma 2.5, ¥ is an e-stationary solution for (1.2) as defined in Definition 2.2. O

Finally, if f is concave, then the iteration complexity can be improved as O(1/e).
Proposition 2.7 Suppose that f is a concave function. If we set ap = 1 for all k in GCG

0\ _H*
(Algorithm 1), then it returns an e-stationary solution for (1.2) within {M—‘ iterations.

Proof. By setting o, = 1 in Algorithm 1 we have zF*!' = ¥ for all k. Since f is concave, it
holds that

Afk _ _vf(xk)'l'(xk—&-l o :Ek) + ’I”(:Ek) o ’I”(:Ek—H) < @(xk) - (I)(xk—&—l)'

Summing this inequality over k = 0,1,..., K — 1 yields K mingeqo 1, x—1} A < B(20) — @,
which leads to the desired result immediately. O

3 Variants of ADMM for solving nonconvex problems with affine
constraints

In this section, we study two variants of the ADMM (Alternating Direction Method of Multipli-
ers) for solving the general problem (1.1), and analyze their iteration complexities for obtaining
an e-stationary solution (to be defined later) under certain conditions. Throughout this section,
the following two assumptions regarding problem (1.1) are assumed.

Assumption 3.1 The gradient of the function f is Lipschitz continuous with Lipschitz constant

L >0, i.e., for any (z},--- ,zk) and (23, ,2%) € X1 x -+ X Xn_1 x R"™W it holds that
1 2 .2 2 2 2 1 2

HVf(x%,x%, 7$N) - vf(xlvx%"' ,-%'N)H <L H(x% - xl"r% — T, TN _xN) ) (3'1)
which implies that for any (x1, -+ ,xny—_1) € X1 X --- X An_1 and xn, T € R™ | we have
. . . L .

fl, L ono1,an) < flon, L an—1, @) +Hav—2n) Vi f(ar, - 7$N717$N)+§”37N_$N”2-

(3.2)

Assumption 3.2 f andr;,i =1,...,N—1 are all lower bounded over the appropriate domains

defined via the sets X1, Xo, -+, Xn_1,R™, and we denote
fr= inf {f(z1, 22, ,oN)}

z, €X;,0=1,....N—1;x yER"N

and r} = ingf {ri(z;)} fori=1,2,...,N —1.
X, €A



3.1 Preliminaries

To characterize the optimality conditions for (1.1) when r; is nonsmooth and nonconvex, we
need to recall the notion of the generalized gradient (see, e.g., [50]).

Definition 3.3 Let h: R" — R U {400} be a proper lower semi-continuous function. Suppose
h(z) is finite for a given T. For v € R™, we say that R

(i). v is a regular subgradient (also called Fréchet subdifferential) of h at T, written v € Oh(Z),
if

> 0;
T£T TT |z — Z||

— )

(ii). v is a general subgradient of h at T, written v € Oh(z), if there ewist sequences {x*} and
{v*} such that x% — T with h(z*) — h(Z), and v* € Oh(x*) with v* — v when k — cc.

The following proposition lists some well known facts about the lower semi-continuous func-
tions.

Proposition 3.4 Let h : R" — RU {400} and g : R — R U {400} be proper lower semi-
continuous functions. Then it holds that:

(i) (Theorem 10.1 in [50]) Fermat’s rule remains true: if T is a local minimum of h, then
0 € Oh(Z).

(ii) If h(-) is continuously differentiable at x, then O(h + g)(x) = Vh(x) + dg(x).

(i1i) (Ezercise 10.10 in [50]) If h is locally Lipschitz continuous at x, then 9(h + g)(z) C
Oh(x) 4 0g(x).

(iv) Suppose h(x) is locally Lipschitz continuous, X is a closed and conver set, and T is a local
minimum of h on X. Then there exists v € Oh(Z) such that (x — ) v >0,V € X.

In our analysis, we frequently use the following identity that holds for any vectors a, b, ¢, d,

(a=0)"(c—d) = (la—dlf —lla—cl3+]b—cl3 —lIb—dl). (3-3)

N |

3.2  An e-stationary solution for problem (1.1)

We now introduce notions of e-stationarity for (1.1) under the following two settings: (i) Setting
1: r; is Lipschitz continuous, and X; is a compact set, for i = 1,..., N — 1; (ii) Setting 2: r;
is lower semi-continuous, and X; = R™, for:=1,..., N — 1.

Definition 3.5 (e-stationary solution for (1.1) in Setting 1) Under the conditions in Set-

ting 1, for e > 0, we call (z7,--- ,z}) an e-stationary solution for (1.1) if there exists a La-
grange multiplier \* such that the following holds for any (x1, -+ ,xn) € X1 X+ -+ X Any_1 X R™N :
(2 —a?)T [g; SV f(t, ) — AJA*} > e, i=1,...,N—1, (3.4)
LT SO B 1 [y (3.5)

N
> A —b| < (3.6)

i=1
where gF is a general subgradient of r; at point x}. If e =0, we call (z7,--- ,x}) a stationary

solution for (1.1).

If X, =R" fori=1,...,N —1, then the VI style conditions in Definition 3.5 reduce to the
following.



Definition 3.6 (e-stationary solution for (1.1) in Setting 2) Under the conditions in Set-
ting 2, for € > 0, we call (z7,...,2%) to be an e-stationary solution for (1.1) if there exists
a Lagrange multiplier X* such that (3.5), (3.6) and the following holds for any (z1,--- ,zN) €
X X oo X Ay x RN

dist (—V,»f(a:*{, i)+ AiT)\*,ﬁri(xf)> <e i=1,...,N—1, (3.7)

where Or;(z}) 1is the general subgradient of r; at z7, i = 1,2,...,.N — 1. If e = 0, we call

(x],---,xy) to be a stationary solution for (1.1).
The two settings of problem (1.1) considered in this section and their corresponding defini-
tions of e-stationary solution, are summarized in Table 1.

Table 1: e-stationary solution of (1.1) in two settings
ri,t=1,...,N—1 X;,i=1,...,N — 1 | e-stationary solution
Setting 1 | Lipschitz continuous X; C R™ compact Definition 3.5
Setting 2 | lower semi-continuous X, =R™ Definition 3.6

A very recent work of Hong [32] proposes a definition of an e-stationary solution for problem
(1.4), and analyzes the iteration complexity of a proximal augmented Lagrangian method for
obtaining such a solution. Specifically, (z*, A*) is called an e-stationary solution for (1.4) in [32]
if Q(z*, \*) < ¢, where

Qz,A) = [[VaLp(z, V)| + || Az — b]J?,
and Lg(x,\) = f(z) — AT (Az —b) + g | Az — b||* is the augmented Lagrangian function of
(1.4). Note that [32] assumes that f is differentiable and has bounded gradient in (1.4). It is
easy to show that an e-stationary solution in [32] is equivalent to an O(4/€)-stationary solution
for (1.1) according to Definition 3.6 with r; = 0 and f being differentiable. Note that there is
no set constraint in (1.4), and so the notion of the e-stationarity in [32] is not applicable in the
case of Definition 3.5.

Proposition 3.7 Consider the e-stationary solution in Definition 3.6 applied to problem (1.4),
i.e., one block variable and ri(x) = 0. Then x* is a y1\/e-stationary solution in Definition

3.6, with Lagrange multiplier \* and v1 = 1/(v/282||A||3 + 3), implies Q(z*,\*) < €. On
the contrary, if Q(z*,\*) < €, then x* is a vya\/€e-stationary solution from Definition 3.6 with

Lagrange multiplier \*, where v = 1/2(1 + 82| A|3).

Proof. Suppose z* is a 1 /e-stationary solution as defined in Definition 3.6. We have ||V f(2*)—
ATX|| < y14/€ and ||Az* — b|| < v1+/€, which implies that

Q(z*, \*) = ||Vf(z*) — AT + BAT (Az* — b)||*> + ||Az* — b|?
2|V f(z*) — ATN|? + 262 || A||3]| Az* — b||? + || Az* — b||?
2vie+ (2B%(| A3 + 1)rfe = e

On the other hand, if Q(z*, \*) < ¢, then we have |V f(z*) — ATA* 4+ AT (Az* — b)||? < € and
|Az* — b||? < €. Therefore,

IV f(z*) = ATXN|?

<
<

< 2|Vf(a*) — ATA + BAT (Az* —b)||? + 2| — BAT (Az* - b)|?

< 2| Vf(a") — ATA + BAT (Az* = b)||* + 26%|| A 3] Az* — b]*

< 201+ B2lAl3) e

The desired result then follows immediately. O
In the following, we introduce two variants of ADMM, to be called proximal ADMM-g and

proximal ADMM-m, that solve (1.1) under some additional assumptions on Ay. In particular,

proximal ADMM-g assumes Ay = I, and proximal ADMM-m assumes Ay to have full row
rank.

10



3.3 Proximal gradient-based ADMM (proximal ADMM-g)
Our proximal ADMM-g solves (1.1) under the condition that Ay = I. Note that when Ay = I,

the problem is usually referred to as the sharing problem in the literature, and it has a variety
of applications (see, e.g., [12,33,39,40]). Our proximal ADMM-g for solving (1.1) with Ay =TI
is described in Algorithm 2. It can be seen from Algorithm 2 that proximal ADMM-g is based
on the framework of augmented Lagrangian method, and can be viewed as a variant of the
ADMM. The augmented Lagrangian function of (1.1) is defined as

2
2

N-1 N
[,,3(1‘1,‘ o ,$N,)\) = f(a:l,-'- ,.CUN) + z; n(:bz) — <)\,Z;AZ$Z — b> +§

N
Z AZSUZ —-b
=1

where A is the Lagrange multiplier associated with the affine constraint, and 5 > 0 is a penalty
parameter. In each iteration, proximal ADMM-g minimizes the augmented Lagrangian function
plus a proximal term for block variables 1, ..., zx_1, with other variables being fixed; and then
a gradient descent step is conducted for zp, and finally the Lagrange multiplier A is updated.

Algorithm 2 Proximal Gradient-based ADMM (proximal ADMM-g) for solving (1.1) with
Ay =1

Require: Given (x(l),:zg, - ,939\,) EXp XX Xvop x R, N0 ¢ R™
for k=0,1,... do
. 2

[Step 1] wf“ = argming, .y, Eg(m'f“, e ,$fj11,l'i,l'?+1, ook )\k)+% sz - :Bﬂ H, for
some positive definite matrix H;, i=1,...,N —1
[Step 2] x?\,ﬂ = :U]fv — VVNﬁﬂ(xlfH,m’;H, e ,m’fv, AF)
[Step 3] A1 = N — 3 (vazl Agzhtt - b)

end for

Remark 3.8 According to Assumption 1.2, we assume that the subproblems in Step 1 of Algo-
rithm 2 can be solved to global optimality. In fact, when the coupled objective is absent or can be
linearized, after choosing some proper matrix H;, the solution of the corresponding subproblem
is given by the prorimal mappings of r;. As we mentioned earlier, many nonconvexr requlariza-
tion functions such as SCAD, LSP, MCP and Capped-¢1 admit closed-form proximal mappings.
Moreover, in Algorithm 2, we can choose

18v3 +6 61>
8 > max (13 L, i:l,IQI}.Z.%.?%Vfl Umin(Hi)> , (3.8)

and

\/ﬁ_ .
1382—128L—72L 25’_’_00 ’ if B e (2+23\/EL,+00>

982—12BL—T2L>2

v € (3.9)
28—+/1362—128L—T72L2 2B++/1352—128L—T72L2 .
B—+/138 6 3 3 Jé > . ifBe (18\{§+6L7 2+23*/19L] ,

T2L2+12BL—9B82  °  T2L2+12BL—932

which guarantee the convergence rate of the algorithm as shown in Lemma 3.9 and Theorem 5.12.

Before presenting the main result on the iteration complexity of proximal ADMM-g, we
need some lemmas.

Lemma 3.9 Suppose the sequence {(x¥,--- 2%, A\F)} is generated by Algorithm 2. The follow-
ing inequality holds
INHE=AF2 < 3(8 = 1/9)? |2y — 2i 12
N-1
+3((8 = 1/ + L)y — 2k l* +3L% D [l — %, (3.10)
=1

11



Proof. Note that Steps 2 and 3 of Algorithm 2 yield that

AN = (B =1/ =2 + I flay ™o 2l k). (3.11)
Combining (3.11) and (3.1) yields that
H)\k-‘rl _ >\k||2
< NUNFlayt e ak) = VSt ek 2 ) + (8= /) — ai)
—(B=1/7)(ay " = 2Rl
< 3|Vnflarth -, x’fV“l,wN) VS, ol ay DI 4308 = 1/9)? |2l — 23
172
w36 2] ok - ok
N RATI i 2 k|2 k+1 k|2
< 3 6—; H:UN H +3 ﬁ—; —I-L H —xNH +3 r; — @

We now define the following function, which will play a crucial role in our analysis:
1\ 2
\I/G<x17$27"'7*73N7A7'i.):£ﬁ(x17x27”'7$N7)‘)+B (5_7> +L2

Lemma 3.10 Suppose the sequence {(x%,- -+, x%, \¥)} is generated by Algorithm 2, where the

parameters 3 and vy are taken according to (3.8) and (3.9) respectively. Then ¥ (x k'H, e ,:U?:VH, AL k)

monotonically decreases over k > 0.

len — 27, (3.12)

Proof. From Step 1 of Algorithm 2 it is easy to see that

N—
Eﬁ( k+1)"' x]]g\[—i_llva’)\k) S'C'B (xllga7$§€\f’)‘k) Z ‘
From Step 2 of Algorithm 2 we get that

0 = (oh —akt) [Vra ok ak) W+ 8 (S At o —b) - 2 (o - k)]
k

k+1’ 2
H;

< flaht, kL gk - f( k+1 kL) L‘ k k+1

2 T
k k+1
TN 1’95N LTy Ty 2 (|TN — 33N (xN_xN) A
2 B 2
B k+1 B k1 k B k1 k+1 1 k k+1
+y ||k — 2y "'5 o e aAlxi tay —bl =5y — 2y
1=
2
_ k41 k41 k k+1 k4+1 yk L+B 1 k k41
= Lg(zy", - axy" l,xN,)\) Lg(xi™ -,y ,)\)+( 5 —;)HxN z'y H ,

(3.14)

where the inequality follows from (3.2) and (3.3). Moreover, the following equality holds trivially
Eﬁ(l‘llﬂrl’.” ’:Eﬁchrl’)\k-i-l) = Lo k+1 AR+ HAk )\k—HH ‘ (3.15)

Combining (3.13), (3.14), (3.15) and (3.10) yields that

Eﬁ( k+1""a ?VJFI )‘k+1) ‘Cﬁ(xllcv ‘T?\/a)\k)

N
2
. <L+6_1>w%_x?w ’
2 0% 2

T, — T

S|

k+1‘

(523l 32y e
+1:/11< k+1> (3221_in> (ﬁ_%«ﬂ)v

12



which further implies that

‘IJG(xllg+1a"' ’xﬂc\jla)‘k—i_lax{fc\/)_\PG(‘x’fa”' xN7)‘k o 1) (316)
L+ 1 6[ 1]2 32\ || 1 xm
< (B2 g - ) -l
( T 2 T I N
N-1
2
k k+1
S el
i=1 2770 B

It is easy to verify that when 8 > %?)ML, then ~ defined as in (3.9) ensures that v > 0 and

L+p 1 6[, 1]° 3L
5 7+5[5 v] + 5 < 0. (3.17)

Therefore, choosing § > max <w\§+6 L, . max %) and v as in (3.9) guarantees that

Uo(aht - ]fV'H AL k) monotonlcally decreases over k > 0. In fact, (3.17) can be verified

as follows. By denoting z = 3 — = (3 17) is equivalent to

122% + 282 + (6L2 + BL — 5%) < 0

which holds when § > 3346 [ and —3— /1352 — 126L — 7212 < z < —3++/1352 — 128L — 72L2,

ie., =28 — /1382 — 128L — 7202 < —% < =26+ /1332 — 128L — 72L2, which holds when ~
is chosen as in (3.9). O

Lemma 3.11 Suppose the sequence {(x’f, e ,a;é“v, )\k)} is generated by Algorithm 2. Under the
same conditions as in Lemma 3.10, for any k > 0, we have

N-1

Uy ($If+1a“' 7x1]€\]+1’/\k+1’x§cv> > Z 4 fr
i=1
where v} and f* are defined in Assumption 3.2.
Proof. Note that from (3.11), we have
Lo L I]ev+1 pLany)
N-1 N-1 T
_ Zri(l‘erl) T . (Z At 4 gk b) NSt 2k
i=1 i=1
_ 2 T
3 N-1 1
+§ Z Azxk“ + ka (Z A; :z:k+1 + :ckH b) [([5’ - ) (azlf\, ]f\;rl)
i=1 i=1 v
- (Vzvf(a:’f“, ookt k) — Vs @ ek )]
N-1 5 5 L N-1 2
> Z” T S a ZAiI‘fH)vL (2_6_) ZAxk+1+xk+1 b
i=1 i=1
3 (5_ 1>2 2| ok - k—HH
g ol a
N— 2 9
> Z 2 (a- 1) | k- o)

=1

13



where the first inequality follows from (3.2), and the second inequality is due to § > 3L /2. The
desired result follows from the definition of ¥¢ in (3.12). O

Now we are ready to give the iteration complexity of Algorithm 2 for finding an e-stationary
solution of (1.1).

Theorem 3.12 Suppose the sequence {(x%,--- 2% \F)} is generated by Algorithm 2. Further-
more, suppose that B satisfies (3.8) and v satisfies (3.9). Denote

wm 4 [(8-2) 422 m= (18- 24L)° ma= mex (diam(x)’
B ¥ ’ v ’ 1<i<N-1 ’

2
1<i<N 1<i<N

and

2 2 2 in (£
T = min{_ <L—2FB a ’1Y +g [B_ i’] " 3§> 7i=1r,~r.l.i,r1{7—1 {_ (3g - Ume(HZ))}} 0
(3.18)

Then the number of iterations that the algorithm runs can be upper bounded by:

’VQmaX{K/LK;Q,KzL'Hg} (WG(J"L Tt ’leVa )‘17 x(])\f) - Zﬁ;l T;( - f*>-| ) fOT’ Setting 1

TE

K =
{—gmax{g;m’m‘} (‘Ifg(l'%, . ,x]lv,)\l,x?\,) — Zf\:l T — f*)—‘ , for Setting 2
(3.19)
and we can further identify one iteration k € argmin SN (fo — T2 4 ||t - :z:fH2>
2<k<K+1
such that (x’f, e ,x?v) is an e-stationary solution for optimization problem (1.1) with Lagrange
multiplier \¥ and Ay = I, for Settings 1 and 2 respectively.
Proof. For ease of presentation, denote
N
O =Y (lzf — &7 + [l =" — 2F)1%). (3.20)
i=1
By summing (3.16) over k = 1,..., K, we obtain that
K N
V(@ B G wg(al, ek AL e < —r S0 Y ‘ ok xf*l‘ . (3.21)
k=1 i=1

where 7 is defined in (3.18). By invoking Lemmas 3.10 and 3.11, we get

N
QSIIi’I%lII%-‘rlek = TiKv [‘IJG(J"%? 7:6}\/7)‘1’:1:9V) +\IJG(Q:%7 737?\/7)‘2"%}\7) _21217‘7, —2f ]

N
2 * *
= ﬁ [\IIG(x%’ 7x}\/7)‘17x9\/) - Z;Ti —f ] :
We now derive upper bounds on the terms in (3.5) and (3.6) through 6. Note that (3.11)
implies that

H)‘k—’—l - VNf(xlf+17 T 7x§€V+1)||
1 k k k k k k k
< 18— ek — o+ TS k) - VS )]
1 k k1
< [w -3 +L] Ik — 2]
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which yields
1 2
INF = Vi fat ™ eI < [IB -l L] 78 (3.22)

From Step 3 of Algorithm 2 and (3.10) it is easy to see that

2
— é”)\]ﬁ_l _ )\k||2

2 2

a2 ok - 3 (-2 2] o -]
2
+%Zf\fll‘ k k—HH

< (1) 2o

Z Akt 4 gkt g

IN

(3.23)

3 3

We now derive upper bounds on the terms in (3.4) and (3.7) under the two settings in Table
1, respectively.

Setting 2. Because r; is lower semi-continuous and X; = R™ ¢ =1,..., N — 1, it follows
from Step 1 of Algorithm 2 that there exists a general Subgradlent g; € Om( k“) such that

dist (—Vif(a:’f“,--- 25 4 ATARL Ori(a k“)) (3.24)
< ’gi—i—Vf(ka,--- 71,k+1) AT)\kHH
= HV f k+17" k+1) v f( k—Ha"' )xf—i_laxf—i—la"' 7'7}];\/)

+BAJ< Z Aj(aht - )> — Hi(zF+1 — oh)

Jj=i+1
N N
< L >0 ek =R 18 Aille Y 14 llllaf T - )
Jj=i+1 Jj=i+1
| H ||| T — 2l
N

< (wa mas (14,12 14 Hz> S [k - ahH 2

j=it1
k k
[ Hill2ll2f = 2|2

< (L N Ail3 H; O
< (£ BVE o [1AE) + ma, 1Fil2) V60

By combining (3.24), (3.22) and (3.23) we conclude that Algorithm 2 returns an e-stationary
solution for (1.1) according to Definition 3.6 under the conditions of Setting 2 in Table 1.
Setting 1. Under this setting, we know r; is Lipschitz continuous and X; C R™ is convex
and compact. Because f(z1,---,zy) is differentiable, we know r;(x;) + f(x1, -+ ,xn) is locally
Lipschitz continuous with respect to x; fori =1,2,..., N — 1. Similar to (3.24), for any x; € X,
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Step 1 of Algorithm 2 yields that

( f:+1) {ZJrvf k:+17m ’xﬁev—&—l)_AiT)\kJrl} (3.25)
> xz_$k+1 |: k+17"' ) ?\]—"_1) v f( k+17"' 7x§+17 ?Jrlv ,JI?\[)

+ﬁAJ< Z Aj(ahth - k)) — Hi(zk+! —xf)]

Jj=t+1
N
> —Ldiam(X;),| > |z — 2512
j=i+1
N
—BllAillz diam (&) > (A ll2ll2ft — 2F|| - diam(X;) || Hyll2 |25 — 2f
j=i+1

> — N A2+ L H; diam(X;)] /0
> (VA g 1AJE) + D o [ )| | ()]

where g; € Or;(z¥*!) is a general subgradient of r; at z¥™!. By combining (3.25), (3.22) and

(3.23) we conclude that Algorithm 2 returns an e-stationary solution for (1.1) according to
Definition 3.5 under the conditions of Setting 1 in Table 1.
O

Remark 3.13 Note that the potential function Vg defined in (3.12) is related to the augmented
Lagrangian function. The augmented Lagrangian function has been used as a potential function
in analyzing the convergence of nonconvex splitting and ADMM methods in [2, 31-33, 38]. See
[32] for a more detailed discussion on this.

Remark 3.14 In Step 1 of Algorithm 2, we can also replace the function

k+1 k+1 k’ k
f(xl s 1T ,[Ez 1,1'1, i—+10 "7 7$N)
by its linearization
k+1 k+1 k & k B\ " k+1 k+1 k _k
F A G PR M A ATEPERE 7$N)+(37i—95i) Vif (@ w7 a TN,

so that the subproblem can be solved by computing the proximal mappings of r;, with some
properly chosen matric H; with H; = LI for i = 1,...,N — 1, the same iteration bound still
holds.

3.4 Proximal majorization ADMM (proximal ADMM-m)

Our proximal ADMM-m solves (1.1) under the condition that Ay has full row rank. In this
section, we use oy to denote the smallest eigenvalue of A NA}. Note that o > 0 because Ay
has full row rank. Our proximal ADMM-m can be described as follows

In Algorithm 3, U(z1,--+ ,2n—-1,2ZN, A, Z) is defined as

Uzy, - an_1, 28, ME) = flz,-- en-1,%) + (ey —2) Vnf(z1,-- a2y 1, 1)

N
L 112 B
+§H$N—l‘|| — <A,;Ale—b>+

2

Moreover, 5 can be chosen as

B> rnax{lSL, max {W}} . (3.26)

oN  1<i<N-1 | oNOmin(Hj)
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Algorithm 3 Proximal majorization ADMM (proximal ADMM-m) for solving (1.1) with Ay
being full row rank

Require: Given (m?,xg, e ,x(])\,) EX XX Xy_1 x R, \0 e R™
for k=0,1,... do

k k k 2
[Step 1] .= = argmin,, .y, Lg( +1,-~ ,.1‘2+11,£L‘2, fﬂ,--- ki, AF) + +3 sz —xﬂ H, for
some posmve deﬁmte matrix H;, i1=1,...,N—1
[Step 2] xﬂ“\,ﬂ := argmin,, U(:z:lfﬂ, e x?\,ﬂl,xN,)\k,:r?V)
[Step 3] AF+1 .= \F — 33 (Zi:l At — b)

end for

to guarantee the convergence rate of the algorithm as shown in Lemma 3.16 and Theorem 3.18.
It is worth noting that the proximal ADMM-m and proximal ADMM-g differ only in Step 2:
Step 2 of proximal ADMM-g takes a gradient step of the augmented Lagrangian function with
respect to z, while Step 2 of proximal ADMM-m requires to minimize a quadratic function of
TN.
We provide some lemmas that are useful in analyzing the iteration complexity of proximal
ADMM-m for solving (1.1).

Lemma 3.15 Suppose the sequence {(z%, -+, x% \¥)} is generated by Algorithm 3. The fol-
lowing inequality holds

2 6L2
k k k+1 k
e I e 1 e e

’f+1H . (3.27)

Proof. From the optimality conditions of Step 2 of Algorithm 3, we have

N
0 = Vnf(ahtl ... a;lfvﬂl, k) — AN+ gAY (Z At — b) —L (xé“v xlf\,ﬂ>

i=1
k+1 k+1 T yk+1 k k+1
= va(xl-’_f" xN+17‘TN) A )\Jr L(xN_xN+>7

where the second equality is due to Step 3 of Algorithm 3. Therefore, we have

H/\k+l . )\kHZ < O,—IHAT)\kJrl _ A%}\kHZ

-1 k+1 E+1 _k k k k—1 ko gkl k

< oy ||(VNJC(331+ )’ xNjL LTN) = Vnf(ay, - oy g,z 7)) — Lzl — + )‘*’L( xN)HZ
3 k1 k1 k k-1 3L% k1 -1k

< *”VNf(fo ) xN+ 1:331\7) VNf(ﬂfu‘ HIN-1, TN )HQ"‘TN(H@'N_l’NjL ||2+||35N —xNH2)
3L2 . 6L> 302 =2

< 1102 k—1 k|2 k_ k12

< Sl =R o = ek 25 5 ek -t

O

We define the following function that will be used in the analysis of proximal ADMM-m:

2
‘IIL (1‘1,"' ,ZCN,)\,f‘) = ‘Cﬁ(xl" e 7$N?>‘) + H‘TN _:EH2
Bon
Similar as the function used in proximal ADMM-g, we can prove the monotonicity and bound-
edness of function V¥y,.

Lemma 3.16 Suppose the sequence {(x%,--- 2%, \)} is generated by Algorithm 3, whereB is
chosen according to (3.26). Then W (zF+! ... ,:clf\,ﬂ,/\k“,x?v) monotonically decreases over
k> 0.
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Proof. By Step 1 of Algorithm 3 one observes that

N—
2
Ls|x ( AL xlfv"'ll,a:N,)\k) <Ls (a:’f, e ,x?v,)\k) Z ‘ k+1’ . (3.28)
while by Step 2 of Algorithm 3 we have
0 = (xﬁ, — :z:lf\;H VNf(x’f+1, e x’]“\,+11,a:§“v) ATk
+8ANT (SN, At = b) — 1 (o — i)
< ) - A ) — & ok - o
T
— (S5 Ak Al - b) Nt (S, Al —p) X (3.29)
2
[ Attt -4 A
] e
< Laal e kA = Lok A = & [k — ok

where the first inequality is due to (3.2) and (3.3). Moreover, from (3.27) we have

1
Loy afT N — Lot 2l N = BH)\k —AFFL2 0 (3.30)
3L? k12 . 6L k1 2, 3L2 — hHL)2
< 7,, | +TUNH9UN —ayl® + ZHUC o |

Combining (3.28), (3.29) and (3.30) yields that

ﬁﬁ( kJrla"' )xlfv+1aAk+l) —£5(1E11€, a:L"]ﬁV))‘k)
N-1
3L2 k k k 6L2 k112
(G =5 ) Ik =&+ X ot =l Sl =

which further implies that

\I/L(xlfﬂ,--- ,x?vﬂ,)\kﬂ,:clfv) —\IIL(xlf,"- xN,/\k k= 1) (3.31)
9.2 L bt 3L*  owmin(H;) Kkt
(5 = %) b= +Z o~ ) |let et <o
where the second inequality is due to (3.26). This completes the proof. O

The following lemma shows that the function ¥y, is lower bounded.

Lemma 3.17 Suppose the sequence {(x’f, “ee ,acé“v, )\k)} is generated by Algorithm 3. Under the
same conditions as in Lemma 3.16, the sequence {Wr(xF 1 .. 2k N1 2k} s bounded
from below.

Proof. From Step 3 of Algorithm 3 we have

W (ah T RN gk ) > L (bt gk AR
T 2
- ZZ 1 rz(xfﬂ) fz kH"" ) ]JCVH) - (Zz]\il Aﬂerl _b) Ak +§szj\;1 Aix§+l _bH
= SN gty ottt ek LONF = ARH TR L LAk Nk 2
7/ T Y
= Z =1 T‘Z(xi“‘l) flz k—&-l’... IJCV-H) 25”/\]9”2""%”)‘“_1”2""%”)‘k_>‘k+1||2
No1 4
> Strr = gl 4 A
(3.32)
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where the third equality follows from (3.3). Summing this inequality over k£ = 0,1,..., K — 1
for any integer K > 1 yields that

1 K—1 N-1 1
FOIR T G P ) D S A1 N
k=0 i=1

Lemma 3.16 stipulates that {U(z kH, e ,xﬁvﬂ, Ao+ 2k )} is a monotonically decreasing se-
quence; the above inequality thus further implies that the entire sequence is bounded from
below. 0

We are now ready to give the iteration complexity of proximal ADMM-m, whose proof is
similar to that of Theorem 3.12.

Theorem 3.18 Suppose the sequence {(z%,- -, xk. AF)} is generated by prozimal ADMM-m
(Algorithm 3), and B satisfies (3.26). Denote

. 6L2 T2 — i )2
1= gagr, ke i=4L%, k3= | max (diam(A;))

2
Ky = <L+ﬁf max[[[Aif|3] + max HHZ-H2) :
1<i<N

i 9L* L . 3L owin(H,)
T = mm{— <50N_2> ,i:11f?{§1v_1{— <50N - 5 )}} > 0. (3.33)

Then the number of iterations that the algorithm should run can be determined as:

and

Pmax{m’ﬁf’m s} (Up(z}, - zk, AL al) — vallr* f*)1 , for Setting 1

TE 1,
K =
’VW(\PL(I‘%, s ah, AL 2% - vall ri— f*)-‘ , for Setting 2
(3.34)
and we can further identify one iteration k € argmin SN (fo | I fo2>,
2<k<K+1
such that (a:l, -+, ak) is an e-stationary solution for (1.1) with Lagrange multiplier \* and
Apn being full row rank, for Settings 1 and 2 respectively.
Proof. By summing (3.31) over k =1,..., K, we obtain that
K N 5
Uy (2l N ) (el ek ah ) < r Y \ ok — xfﬂ\ . (3.35)

where 7 is defined in (3.33). From Lemma 3.17 we know that there exists a constant ¥} such

that W(zF+! ... 2hFL AR 2k ) > W% holds for any k > 1. Therefore,
2 1 1 1,0 *
< — e — .
2<I£21K+10 = TK [\IIL(xh 7xN7)‘ 7xN) \IJL] ) (3 36)

where 6y, is defined in (3.20), i.e., for K defined as in (3.34), 6; = O(€®).
We now give upper bounds to the terms in (3.5) and (3.6) through 6. Note that (3.28)
implies that

TARNY = W flay ™, -2yl
< Llafy =23+ IV fer™, - ajt al) = Vvt aif |
< 2L|jzf — 2,
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which implies that
JANNHY = W f(af ™, a2 < AL%0;. (3.37)

By Step 3 of Algorithm 3 and (3.27) we have
2

N
1
Do At bl = AR AP (3.39)
i=1
3L2 k k+1 2 6L2 k—1 k+1
B ,820']\7 HxN TN H + B2UN H:I:N H B2O'N H
6L°
< 0.
> 52UN k

The remaining proof is to give upper bounds to the terms in (3.4) and (3.7). Since the proof
steps are almost the same as Theorem 3.12, we shall only provide the key inequalities below.
Setting 2. Under conditions in Setting 2 in Table 1, the inequality (3.24) becomes

dist (—Vif(;g’fﬂ,... k+1)+AT>\k+1 Ori(x k+1))
112 ]
< <L+ﬁ\/ﬁlr§r{g>§v [[1-4:]]3] +1I§%>J<V|Hl||2) V. (3.39)

By combining (3.39), (3.37) and (3.38) we conclude that Algorithm 3 returns an e-stationary
solution for (1.1) according to Definition 3.6 under the conditions of Setting 2 in Table 1.
Setting 1. Under conditions in Setting 1 in Table 1, the inequality (3.25) becomes

(s - xk“) g1+ Var (e, o) — AT (3.40)
1<i<N-1

> (5\ﬁ max, [114:113] +L+1f<nlg>§v||Hi|2> max _[diam(X;)] /0.

By combining (3.40), (3.37) and (3.38) we conclude that Algorithm 3 returns an e-stationary
solution for (1.1) according to Definition 3.5 under the conditions of Setting 1 in Table 1.

O
Remark 3.19 In Step 1 of Algorithm 3, we can replace the function
f(:n’f“, e ,:Efﬂ ,Ti, T fﬂ, o, ,l‘{f\]) by its linearization
T
k+1 k+1 kK k k k+1 k+1 k k
f<$1 7"'71.7, 1,.%'1,372_;'_1,"',xN)+(:L'i—$i) vlf(xl 7"'7x2 17x17$z+17" ,.%'N).

Under the same conditions as in Remark 3.14, the same iteration bound follows by slightly
modifying the analysis above.

4 Extensions

4.1 Relaxing the assumption on the last block variable zy

It is noted that in (1.1), we have some restrictions on the last block variable xy, i.e., rxy =0
and Ay = I or is full row rank. In this subsection, we show how to remove these restrictions
and consider the more general problem

N

min  f(x1, 22, ,2N) + ; ri(wi) (4.1)

(2
s.t. ZZ1A$z—b i=1,...,N,

where z; € R™ and A; € R™*™ §=1,... N.
Before proceeding, we make the following assumption on (4.1).
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Assumption 4.1 Denote n =nj + ---+ny. For any compact set S C R", and any sequence
N € R™ with |N|| — oo, 7 =1,2,..., the following limit

N
lim dist(—V f(z1,--,an) + ATN,D " Ori(a)) — oo

Jj—oo ‘
=1
holds uniformly for all (x1,--- ,xn) € S, where A =[Ay,..., An].

Remark that the above implies A to have full row-rank. Furthermore, if f is continuously
differentiable and dr; maps a compact set to a compact set, and A has full row rank, then
Assumption 4.1 trivially holds. On the other hand, for popular non-convex regularization
functions, such as SCAD, MCP and Capped f1-norm, it can be shown that the corresponding
Or; indeed maps any compact set to a compact set, and so Assumption 4.1 holds in all these
cases.

We introduce the following problem that is closely related to (4.1):

N
min  f(z1, @, xn) + 2 rile) + A2y
i=1 (4.2)

s.t. Zi\ilAiI‘i+y:b,i:1,...,N,

where € > 0 is the target tolerance, and pu(e) is a function of e which will be specified later.
Now, proximal ADMM-m is ready to be used for solving (4.2) because Ayy; = I and y is
unconstrained. We have the following iteration complexity result for proximal ADMM-m to
obtain an e-stationary solution of (4.1); proximal ADMM-g can be analyzed similarly.

Theorem 4.2 Consider problem (4.1) under Setting 2 in Table 1. Suppose that Assumption 4.1
holds, and the objective in (4.1), i.e., f—i—zij\il ri, has a bounded level set. Furthermore, suppose
that f has a Lipschitz gradient with constant L, and A is of full row rank. Now let the sequence
{(ak, - 2k, y%, A¥)} be generated by prozimal ADMM-m for solving (4.2) with initial iterates
Y0 =X =0, and (29,--- ,2%) such that Zi\il A;ix) = b. Assume that the target tolerance €

satisfies
1

1 1
0 < € < min {L’ 6%} , where T = 3 Z':rinin]\[{o'min(Hi)}. (4.3)
Then in no more than O(1/€*) iterations we will reach an iterate (asf(ﬂ, e ,x§+17 yk‘H) that is
an e-stationary solution for (4.2) with Lagrange multiplier NX+1. Moreover, (xf{ﬂ, e ,ngrl)

is an e-stationary solution for (4.1) with Lagrange multiplier AKHL,

Proof. Denote the penalty parameter as $(e). The augmented Lagrangian function of (4.2) is
given by

Lgey(w1, 2N,y A) = f(x1,,2N8) + SN i) + @Hyﬂz — NN Ay - b)
€ N
+ED SN, Aiwi +y — bl

Now we set
u(e) =1/¢, and B(e) = 3/e. (4.4)

From (4.3) we have p(e) > L. This implies that the Lipschitz constant of the smooth part of the
objective of (4.2) is equal to p(e). Then from the optimality conditions of Step 2 of Algorithm
3, we have u(e)y® = \¥ vk > 1.

Similar as Lemma 3.16, we can prove that Lg (CL ,x’f\,, y*, A\¥) monotonically decreases.
Specifically, since u(e)y* = A\¥, combining (3.28), (3.29) and the equality in (3.30) yields,

[’,3(6) (I‘]f+17 T 71'];\7—’—17 ka: )‘k+1) - Eﬁ(e) (.’L"f, T axﬂv\/v yk7 )‘k)

N

1 2
< -3 ; ¥ — 2 7, - (M(QE) - MB((Z)) ) ly* =" <0, (4.5)
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where the last inequality is due to (4.4).
Similar as Lemma 3.17, we can prove that Lg) (az’f, S

i.e., the exists a constant £* = f* + SV

r¥ such that

i=1"1%

£/3(€)(xlf7 T ’x{f\fv ykv )‘k) > L7,

Actually the following inequalities lead to the above fact:

L (5)($If7 T Z‘If\r,y

= f(xlf y L +ZT1 +7|| k||2 <

N

k )\k)

= flah,-- 2 —i—Zn

v

L* + p(e)

[

k
L

=1

Y B(e)
)+ Dy - < (", Y Ak + 9 - > ;
=1
N
ZAia:f+yk—b
=1

(452)

where the second equality is from u(e)y* = A, and the last

denote L0 = Ly (2Y, - -

0
7$N)

S B(e)
NS Ak 4y —b> + ==

,xﬂ“\,, y*, \¥) is bounded from below,

for all k.

(3

i z

2
> L7,

inequality is due to (4.4). Moreover,

y%, A%), which is a constant independent of e.

Furthermore, for any integer K > 1, summing (4.5) over k = 0,..., K yields

Lo P L KL KL KL

where 6 := SN ||k —

Similar as (3.24), it can be shown that fori =1,..., N

dist <—vz‘f(33]f+1, . 7a:l]c\[—f—l) AT/\k:—H 87‘2( k:-i-l))
< (L + B(€)V'N maxi<i< ||Ai[|3 + maxi<i<ny HHz‘H2> V.

y Iy Y

212 4 |jy* — yF 1|2, Note that

1
0, < — (L% — ¥
Ogllcl<nK _TK(

)

K
L0 —7> b, (4.7)
k=0

(4.7) and (4.6) imply that

). (4.8)

(4.9)

Set K = 1/¢* and denote K = argming< < x 0. Then we know 6 = O(e*). As a result,

= K+1 K+1 : 1 K+1 iy e’ K41 K 2 _ 1 4
Aix T 4y bl =—= - A =—== < =0, =0(e).
Z:Z i o5 I1?= Gz I < 50% = O
(4.10)
Note that (4.6) also implies that f(z%, -, zk) + sz\il r;(¥) is upper-bounded by a constant.
Thus, from the assumption that the level set of the objective is bounded, we know (x’f, cee a:?\,) is

bounded. Then Assumption 4.1 implies that A¥ bounded, which results in y* = O(e). Therefore,

from (4.10) we have

which combining with (4. 9) yields that (z] k oL

with Lagrange multiplier

K+1
Ly —b

)\K—i—l

K+1 K+1
by +y -

A

)

, according to Definition 3.6.

22

b =0

is an e-stationary solution for (4.1)
(]

2

2




Remark 4.3 Without Assumption 4.1, we can still provide an iteration complexity of proximal
ADMM-m, but the complexity bound is worse than O(1/e*). To see this, note that because
Lse) (zh, . ,x’fv,yk,)\k) monotonically decreases, the first inequality in (4.6) implies that

2
< L0 — ¥ VE. (4.11)

N
> Ak —b

i=1

M(G)%

Therefore, by setting K = 1/€5, u(e) = 1/€% and B(e) = 3/€? instead of (4.4), and combining
(4.9) and (4.11), we conclude that (21 ... [ a®¥1) is an e-stationary solution for (4.1) with

Lagrange multiplier )\f(“, according to Definition 3.6.

4.2 Proximal BCD (Block Coordinate Descent)

In this section, we apply a proximal block coordinate descent method to solve the following
variant of (1.1) and present its iteration complexity:

N
min - F(1, 22, ,2n) = f(@1, 29, o) + 2 ri(@:) (4.12)
st. wmeX,i=1,...,N,
where f is differentiable, r; is nonsmooth, and &X; C R™ is a closed convex set fori =1,2,..., N.

Note that f and r; can be nonconvex functions. Our proximal BCD method for solving (4.12)
is described in Algorithm 4.

Algorithm 4 A proximal BCD method for solving (4.12)

Require: Given (29,29,---,2%) € X1 x -+ x Xy
for k=0,1,... do
Update block z; in a cyclic order, i.e., for : = 1,..., N (H; positive definite):

k+1 1 k41 k k 1
Z; 1 )+ 3 ’

s 7xi_17x’i7xi+17"' N

= argmin F'(z (4.13)

T, €EX;

end for

Similar as the settings in Table 1, depending on the properties of r; and A}, the e-stationary
solution for (4.12) is as follows.

Definition 4.4 (z},...,2}3,\") is called an e-stationary solution for (4.12), if

(i) r; is Lipschitz continuous, X; is convex and compact, and for any x; € X;, i =1,..., N,
it holds that (g; = Ori(x}) denotes a generalized subgradient of r;)

(2 = 2}) T [Vif (@l o) + 0 — ATV > =4
(ii) or, if r; is lower semi-continuous, X; = R™ fori=1,..., N, it holds that
dist (—Vz’f(;l?’{, L ahy) + AN arz(xf)) <e.

We now show that the iteration complexity of Algorithm 4 can be obtained from that of
proximal ADMM-g. By introducing an auxiliary variable 41 and an arbitrary vector b € R™,
problem (4.12) can be equivalently rewritten as
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N
min f(xy,z2,- - axN)‘i‘Z;”(xi) (4.14)

st. Tyy1=0b ;€ X, i=1,...,N.
It is easy to see that applying proximal ADMM-g to solve (4.14) (with xy11 being the last block

variable) reduces exactly to Algorithm 4. Hence, we have the following iteration complexity
result of Algorithm 4 for obtaining an e-stationary solution of (4.12).

Theorem 4.5 Suppose the sequence {(x¥,---  2%)} is generated by prozimal BCD (Algorithm
4). Denote

L H, 6= diam(X;))2.
= ( +lr<nax |1 Hll2)?, lgl;g;v( iam(X;))

Letting

"Hj;(s (‘IIG(QCL T 71‘}\[’)‘171‘%) - Zz 17 f*)-‘ fO’I” Setting 1
K =

’77’152 (\Ifg(l‘%, ax}v>>‘1?$9\f) _Zz 17 f*)—‘ fOT Setting 2

with T being defined in (3.18), and K := g}gng Zl 1 <Hx f'HHQ), we have that (x{(, e ,m%)

is an e-stationary solution for problem (4.12).

Proof. Note that Ay =--- = Ay =0 and Axy1 = I in problem (4.14). By applying proximal

ADMMe-g with 8 > max {18L max, {UGL&)}} Theorem 3.12 holds. In particular, (3.24)
/[/ min 1

and (3.25) are valid in different settings with 5v/N  max  [||Ajl2] |4illa =0fori=1,..., N,

i+1<j<N+1
which leads to the choices of k5 and kg in the above. Moreover, we do not need to consider the

optimality with respect to zy11 and the violation of the affine constraints, thus x; and kg in
Theorem 3.12 are excluded in the expression of K, and the conclusion follows. O

5 Numerical Experiments

5.1 Robust Tensor PCA Problem

We consider the following nonconvex and nonsmooth model of robust tensor PCA with £; norm
regularization for third-order tensor of dimension I; x Iy x I3. Given an initial estimate R of
the CP-rank, we aim to solve the following problem:

ming pozes |2 - [A B, ClI* +al&ll + (I8

St Z4E+B=T, (5-1)

where A € RIVXE B ¢ REXE O ¢ RI3*E, The augmented Lagrangian function of (5.1) is
given by
Eﬁ(A,B,C,Z,g,B,A)
= 2~ [AB.CII* +allElh + B = (A, 2+ +B-T) + §|yz+5+B—T||2.
The following identities are useful for our presentation later:
|Z = [A,B,C]|I” = 1Za) — A(COB) |* = Z@) - BC o A)T|> =||Z5 — C(Bo A) |,

where Z(;) stands for the mode-i unfolding of tensor Z and © stands for the Khatri-Rao product
of matrices.
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Note that there are six block variables in (5.1), and we choose B as the last block variable.
A typical iteration of proximal ADMM-g for solving (5.1) can be described as follows (we chose
H; =61, with 6; >0,i=1,...,5):

. ((@)f)(C* @ BF) + G4%) ((CH)TC*) o ((BY)TBY) + %foR)_l
B = ((2)ly(CF 0 A1) 4 $BY) ((CH)TCF) o (A TA) 4 S Lper)
Rl _ ((Z)’(“S)(Bk“ © AR+ 4 %gck) (((Bk—l—l)TBk—H) o ((AF+1)T Ak+1) 1 %fopL)_l
B3 = S (a2 (T + §Alk - BY, - 25) + 335 By 535
ZE = by (2ARTHCHT 0 BRYYT 4265 (Z))k + Ay - BUERT! + By~ Toy))
BES = Bl — (2B - Ay + BER + 26+ BY ~Tw)
A = by -8 (2 B B - Ta)

where o is the matrix Hadamard product and S stands for the soft shrinkage operator. The
updates in proximal ADMM-m are almost the same as proximal ADMM-g except B(y) is updated
as

1
k+1 _ k k k+1 k+1
Byy =155 (£ =28 + Ay —BET + 2"~ Ty)

On the other hand, note that (5.1) can be equivalently written as

min _[|Z - [A,B,Cl|I*+ |+ 12 +E-TI|? (5.2)
A,B,C.Z.E
which can be solved by the classical BCD method as well as our proximal BCD (Algorithm 4).
In the following we shall compare the numerical performance of BCD, proximal BCD, prox-
imal ADMM-g and proximal ADMM-m for solving (5.1). We let a = 2/ max{v/T1,VI2,VI3}
in model (5.1). We apply proximal ADMM-g and proximal ADMM-m to solve (5.1), and apply
BCD and proximal BCD to solve (5.2). In all the four algorithms we set the maximum iteration
number to be 2000, and the algorithms are terminated either when the maximum iteration
number is reached or when 6 as defined in (3.20) is less than 107%. The parameters used in
the two ADMM variants are specified in Table 2.

H; i=1,....,5]| 8
proximal ADMM-g 581 4
proximal ADMM-m % 61 5

1@l 2

Table 2: Choices of parameters in the two ADMM variants.

In the experiment, we randomly generate 20 instances for fixed tensor dimension and CP-
rank. Suppose the low-rank part Z° is of rank Rcp. It is generated by

Rop
z0 _ Z al,r ® a2,7" ® a3,7"’
r=1
where vectors a’” are generated from standard Gaussian distribution for i = 1,2,3, r =
1,...,Rcp. Moreover, a sparse tensor £V is generated with cardinality of 0.001 - I;I5I3 such

that each nonzero component follows from standard Gaussian distribution. Finally, we generate
noise B° = 0.001 l';’, where B is a Gaussian tensor. Then we set 7 = Z0 + £9 4+ B0 as the
observed data in (5.1). We report the average performance of 20 instances of the four algorithms
with initial guess R = Rgp and R = Rop + 1 in Tables 3 and 4, respectively.
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Rep proximal ADMM-g proximal ADMM-m BCD proximal BCD
Iter. Err. Num Iter. Err. [ Num Iter. [ Err. [ Num ITter. [ Err. [ Num
Tensor Size 10 x 20 x 30
3 371.80 | 0.0362 19 395.25 | 0.0362 19 678.15 | 0.7093 1 292.80 | 0.0362 19
10 632.10 | 0.0320 17 566.15 | 0.0320 17 1292.10 | 0.9133 0 356.00 | 0.0154 19
15 529.25 | 0.0165 18 545.05 | 0.0165 18 1458.65 | 0.9224 0 753.75 | 0.0404 15
Tensor Size 15 x 25 x 40
5 516.30 | 0.0163 19 636.85 | 0.0437 17 611.25 | 0.8597 0 434.25 | 0.0358 18
10 671.80 | 0.0345 17 723.20 | 0.0385 17 1223.60 | 0.9072 0 592.60 | 0.0335 17
20 776.70 | 0.0341 16 922.25 | 0.0412 15 1716.05 | 0.9544 0 916.90 | 0.0416 14
Tensor Size 30 x 50 x 70
8 909.05 0.1021 13 1004.30 | 0.1006 13 1094.05 | 0.9271 0 798.05 0.1059 13
20 1304.65 | 0.1233 7 1386.75 | 0.1387 6 1635.80 | 0.9668 0 1102.85 | 0.1444 5
40 1261.25 | 0.0623 10 1387.40 | 0.0779 7 2000.00 | 0.9798 0 1096.80 | 0.0610 9
Table 3: Numerical results for tensor robust PCA with initial guess R = Rop
Rep proximal ADMM-g proximal ADMM-m BCD proximal BCD
Iter. [ Err. [ Num Iter. [ Err. [ Num Iter. [ Err. [ Num Iter. [ Err. [ Num
Tensor Size 10 x 20 x 30
3 1830.65 | 0.0032 20 1758.90 | 0.0032 20 462.90 | 0.7763 0 1734.85 | 0.0032 20
10 1493.20 | 0.0029 20 1586.00 | 0.0029 20 1277.15 | 0.9133 0 1137.15 | 0.0029 20
15 1336.65 | 0.0078 19 1486.40 | 0.0031 20 1453.30 | 0.9224 0 945.05 | 0.0106 19
Tensor Size 15 x 25 x 40
5 1267.10 | 0.0019 20 1291.95 | 0.0019 20 609.45 | 0.8597 0 1471.10 | 0.0019 20
10 1015.25 | 0.0019 20 1121.00 | 0.0164 19 1220.50 | 0.9072 0 1121.40 | 0.0019 20
20 814.95 | 0.0019 20 888.40 | 0.0019 20 1716.30 | 0.9544 0 736.70 | 0.0020 20
Tensor Size 30 x 50 x 70
8 719.45 | 0.0009 20 608.25 | 0.0009 20 1094.10 | 0.9271 0 508.05 | 0.0327 18
20 726.95 | 0.0088 19 817.20 | 0.0220 17 1635.10 | 0.9668 0 539.25 | 0.0254 17
40 1063.55 | 0.0270 16 1122.75 | 0.0322 15 1998.05 | 0.9798 0 649.10 | 0.0246 16
Table 4: Numerical results for tensor robust PCA with initial guess R = Rocp + 1

In Tables 3 and 4, “Err.” denotes the averaged relative error of the low-rank tensor over 20

instances where Z* is the solution returned by the corresponding algorithm; “Iter.”

Z0
denotes the”avggaged number of iterations over 20 instances; “Num” records the number of
solutions (out of 20 instances) that have relative error less than 0.01.

Tables 3 and 4 suggest that BCD mostly converges to a local solution rather than the global
optimal solution, while the other three methods are much better in finding the global optimum.
It is interesting to note that the results presented in Table 4 are better than that of Table 3 when
a slightly larger basis is allowed in tensor factorization. Moreover, in this case, the proximal

BCD usually consumes less number of iterations than the two ADMM variants.
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