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Abstract

In this paper we propose a randomized primal-dual proximal block coordinate updating
framework for a general multi-block convex optimization model with coupled objective function
and linear constraints. Assuming mere convexity, we establish its O(1/t) convergence rate in
terms of the objective value and feasibility measure. The framework includes several existing
algorithms as special cases such as a primal-dual method for bilinear saddle-point problems (PD-
S), the proximal Jacobian ADMM (Prox-JADMM) and a randomized variant of the ADMM
method for multi-block convex optimization. Our analysis recovers and/or strengthens the
convergence properties of several existing algorithms. For example, for PD-S our result leads to
the same order of convergence rate without the previously assumed boundedness condition on
the constraint sets, and for Prox-JADMM the new result provides convergence rate in terms of
the objective value and the feasibility violation. It is well known that the original ADMM may
fail to converge when the number of blocks exceeds two. Our result shows that if an appropriate
randomization procedure is invoked to select the updating blocks, then a sublinear rate of
convergence in expectation can be guaranteed for multi-block ADMM, without assuming any
strong convexity. The new approach is also extended to solve problems where only a stochastic
approximation of the (sub-)gradient of the objective is available, and we establish an O(1/+/t)
convergence rate of the extended approach for solving stochastic programming.
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1 Introduction

In this paper, we consider the following multi-block structured convex optimization model
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z, € X, 1=1,...,N; ijyj,j:1,...,M,

where the variables x = (z1;--- ;zn) and y = (y1;-- - ;yar) are naturally partitioned into N and
M blocks respectively, A = (A1, -+ ,Ay) and B = (By,-- - , By) are block matrices, &;’s and );’s
are some closed convex sets, f and g are smooth convex functions, and w;’s and v;’s are proper
closed convex (possibly nonsmooth) functions.

1.1 Motivating examples

Optimization problems in the form of (1) have many emerging applications from various fields.
For example, the constrained lasso (classo) problem that was first studied by James et al. [26] as a
generalization of the lasso problem, can be formulated as
min 3 [Az — b3 + 7llz[h @)
s.t. Cx <d,
where A € R™*P, b € R™ are the observed data, and C € R™"P, d € R" are the predefined
data matrix and vector. Many widely used statistical models can be viewed as special cases of
(2), including the monotone curve estimation, fused lasso, generalized lasso, and so on [26]. By
partitioning the variable x into blocks as x = (x1;- - ;xx) where x; € RPi as well as other matrices
and vectors in (2) correspondingly, and introducing another slack variable y, the classo problem
can be transformed to
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st. Y. Cixi+y=d, y>0,

i=1
which is in the form of (1).

Another interesting example is the extended linear-quadratic programming [40] that can be formu-

lated as
mxin sz Pr+a'z+ max {(d—Cz)"s—3s"Qs}, )
s.t. Az <b,



where P and () are symmetric positive semidefinite matrices, and S is a polyhedral set. Apparently,
(4) includes quadratic programming as a special case. In general, its objective is a piece-wise linear-
quadratic convex function. Let g(s) = £s' Qs + ts(s), where s denotes the indicator function of
S. Then

1
_ Te _ —oT — _
max {(d Cx)'s 55 Qs} g*(d—Cx),
where ¢g* denotes the convex conjugate of g. Replacing d — Cx by y and introducing slack variable
z, we can equivalently write (4) into the form of (1):
: 1..T T *

min sz Pr+a' x+ ,

min 3 9 () )

st. Ax+z=0b, 2>0, Cx+y=d,

for which one can further partition the z-variable into a number of disjoint blocks.

Many other interesting applications in various areas can be formulated as optimization problems in
the form of (1), including those arising from signal processing, image processing, machine learning
and statistical learning; see [5,8,16,24] and the references therein.

Finally, we mention that computing a point on the central path for a generic convex programming
in block variables (x1;--- ;zN):

min  f(z1, -+ ,zN)
x
st SN A <bx;>0,i=1,2,..,N

boils down to

min  f(x1,---,2n) —pe Inz — pe lny
z7y

s.t. Zi\il Aiz; +y =0,
where p > 0 and e' Inv indicates the sum of the logarithm of all the components of v. This model
is again in the form of (1).

1.2 Related works in the literature

Our work relates to two recently very popular topics: the Alternating Direction Method of Mul-
tipliers (ADMM) for multi-block structured problems and the first-order primal-dual method for
bilinear saddle-point problems. Below we review the two methods and their convergence results.
More complete discussion on their connections to our method will be provided after presenting our
algorithm.

Multi-block ADMM and its variants

One well-known approach for solving a linear constrained problem in the form of (1) is the aug-
mented Lagrangian method, which iteratively updates the primal variable (x,y) by minimizing



the augmented Lagrangian function in (7) and then the multiplier A through dual gradient ascent.
However, the linear constraint couples z1,...,zx5 and yi,...,yy all together, it can be very ex-
pensive to minimize the augmented Lagrangian function simultaneously with respect to all block
variables. Utilizing the multi-block structure of the problem, the multi-block ADMM updates the
block variables sequentially, one at a time with the others fixed to their most recent values, followed
by the update of multiplier. Specifically, it performs the following updates iteratively (by assuming
the absence of the coupled functions f and g):

( x]fH = argming cx, Ep(:cl,:c’g,--' ,arlfv,yk,kk),
‘KE?\[—’_1 - argminCENEXNE (‘/Eif—’_lf" 33§€V+117$N73/ 7Ak)7
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yﬂjl = argmlnyMeyM‘C ($k+1ay1+17 7y1\j11ayMa)‘k)7
Metl  — R p(Axk+1 4 BykJrl _ b),
where the augmented Lagrangian function is defined as:
(2, Y, A Zul i +Zv] y;) =\ (Az+ By — b) + —|]Ax+By—b||2. (7)

When there are only two blocks, i.e., N = M = 1, the update scheme in (6) reduces to the classic
2-block ADMM [14, 18]. The convergence properties of the ADMM for solving 2-block separable
convex problems have been studied extensively. Since the 2-block ADMM can be viewed as a
manifestation of some kind of operator splitting, its convergence follows from that of the so-called
Douglas-Rachford operator splitting method; see [13,17]. Moreover, the convergence rate of the
2-block ADMM has been established recently by many authors; see e.g. [1,12,23,25,31,34].

Although the multi-block ADMM scheme in (6) performs very well for many instances encountered
in practice (e.g. [36,43]), it may fail to converge for some instances if there are more than 2 block
variables, i.e., N + M > 3. In particular, an example was presented in [4] to show that the ADMM
may even diverge with 3 blocks of variables, when solving a linear system of equations. Thus,
some additional assumptions or modifications will have to be in place to ensure convergence of
the multi-block ADMM. In fact, by incorporating some extra correction steps or changing the
Gauss-Seidel updating rule, [11,20-22] show that the convergence can still be achieved for the
multi-block ADMM. Moreover, if some part of the objective function is strongly convex or the
objective has certain regularity property, then it can be shown that the convergence holds under
various conditions; see [2,6,19,28,30,31,44]. Using some other conditions including the error bound
condition and taking small dual stepsizes, or by adding some perturbations to the original problem,
authors of [25,32] establish the rate of convergence results even without strong convexity. Not
only for the problem with linear constraint, in [7,29,41] multi-block ADMM are extended to solve
convex linear/quadratic conic programming problems. In a very recent work [42], Sun, Luo and Ye



propose a randomly permuted ADMM (RP-ADMM) that basically chooses a random permutation
of the block indices and performs the ADMM update according to the order of indices in that
permutation, and they show that the RP-ADMM converges in expectation for solving non-singular
square linear system of equations.

In [24], the authors propose a block successive upper bound minimization method of multipliers
(BSUMM) to solve problem (1) without y variable. Essentially, at every iteration, the BSUMM
replaces the nonseparable part f(z) by an upper-bound function and works on that modified func-
tion in an ADMM manner. Under some error bound conditions and a diminishing dual stepsize
assumption, the authors are able to show that the iterates produced by the BSUMM algorithm
converge to the set of primal-dual optimal solutions. Along a similar direction, Cui et al. [8] intro-
duces a quadratic upper-bound function for the nonseparable function f to solve 2-block problems;
they show that their algorithm has an O(1/t) convergence rate, where ¢ is the number of total
iterations. Very recently, [16] has proposed a set of variants of the ADMM by adding some proxi-
mal terms into the algorithm; the authors have managed to prove O(1/t) convergence rate for the
2-block case, and the same results applied for general multi-block case under some strong convexity
assumptions. Moreover, [5] shows the convergence of the ADMM for 2-block problems by impos-
ing quadratic structure on the coupled function f(z) and also the convergence of RP-ADMM for
multi-block case where all separable functions vanish (i.e. u;(x;) = 0, Vi).

Primal-dual method for bilinear saddle-point problems

Recently, the work [9] generalizes the first-order primal-dual method in [3] to a randomized method
for solving a class of saddle-point problems in the following form:

N N
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where = (z1;...;zy) and X = X} x --- x Xy. Let Z =RP and h(z) = —b" 2. Then it is easy to

see that (8) is a saddle-point reformulation of the multi-block structured optimization problem

N

N
min ui(x;), s.t. E Ajx; = b,
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which is a special case of (1) without y variable or the coupled function f.

At each iteration, the algorithm in [9] chooses one block of z-variable uniformly at random and
performs a proximal update to it, followed by another proximal update to the z-variable. More



precisely, it iteratively performs the updates:

SRl { argminziexxfzk,flimi) +ui(x;) + %sz — $f||%, if 1 = 14,

i 2", if i 2 iy,
M = argmin h(2) + (2, A" + QHZ' - 2|3,
ZEZ 2
R = (P — 2Ry 4 R

where i, is a randomly selected block, and 7,7 and ¢ are certain parameters'. When there is only

one block of z-variable, i.e., N = 1, the scheme in (9) becomes exactly the primal-dual method

in [3]. Assuming the boundedness of the constraint sets X and Z, [9] shows that under weak

convexity, O(1/t) convergence rate result of the scheme can be established by choosing appropriate

parameters, and if u;’s are all strongly convex, the scheme can be accelerated to have O(1/t?)

convergence rate by adapting the parameters.

1.3 Contributions and organization of this paper

e We propose a randomized primal-dual coordinate update algorithm to solve problems in the
form of (1). The key feature is to introduce randomization as done in (9) to the multi-block
ADMM framework (6). Unlike the random permutation scheme as previously investigated
in [5,42], we simply choose a subset of blocks of variables based on the uniform distribution. In
addition, we perform a proximal update to that selected subset of variables. With appropriate
proximal terms (e.g., the setting in (21)), the selected block variables can be decoupled, and
thus the updates can be done in parallel.

More general than (6), we can accommodate coupled terms in the objective function in
our algorithm by linearizing such terms. By imposing Lipschitz continuity condition on the
partial gradient of the coupled functions f and ¢ and using proximal terms, we show that
our method has an expected O(1/t) convergence rate for solving problem (1) under mere
convexity assumption.

We show that our algorithm includes several existing methods as special cases such as the
scheme in (9) and the proximal Jacobian ADMM in [11]. Our result indicates that the O(1/t)
convergence rate of the scheme in (9) can be shown without assuming boundedness of the
constraint sets. In addition, the same order of convergence rate of the proximal Jacobian
ADMM can be established in terms of a better measure.

Furthermore, the linearization scheme allows us to deal with stochastic objective function,
for instance, when the function f is given in a form of expectation f = E¢[fe(x)] where € is a
random vector. As long as an unbiased estimator of the (sub-)gradient of f is available, we

! Actually, [9] presents its algorithm in a more general way with the parameters adaptive to the iteration. However,

its convergence result assumes constant values of these parameters for the weak convexity case.



can extend our method to the stochastic problem and an expected O(1/+/t) convergence rate
is achievable.

The rest of the paper is organized as follows. In Section 2, we introduce our algorithm and present
some preliminary results. In Section 3, we present the sublinear convergence rate results of the
proposed algorithm. Depending on the multi-block structure of y, different conditions and param-
eter settings are presented in Subsections 3.1, 3.2 and 3.3 respectively. In Section 4, we present
an extension of our algorithm where the objective function is assumed not to be even exactly
computable, instead only some first-order stochastic approximation is available. The convergence
analysis is extended to such settings accordingly. In Section 5, we discuss the connections of our
algorithm to other well-known methods in the literature. The proofs for the technical lemmas are
presented in Appendix A, and the proofs for the main theorems are in Appendix B. Finally, we
conclude the paper in Section 6.

2 Randomized Primal-Dual Block Coordinate Update Algorithm

In this section, we first present some notations and then introduce our algorithm as well as some
preliminary lemmas.

2.1 Notations

We denote X = X7 x---xXy and Y = Yy X---x Y. For any symmetric positive semidefinite matrix
W, we define ||z||yr = VzTWz, and in addition, for any convex set Z, we define disty/ (2, Z) =

inf.ez ||Z — z|lw. Given an integer ¢ > 0, [¢(] denotes the set {1,2,---,¢}. We use I and J as index
sets, while I is also used to denote the identity matrix; we believe that the intention is evident in
the context. Given I = {iy, i3, -+ ,i,}, we denote:

e Block-indexed variable: x; = (2,5 Tiy; -+ 5 i, );

e Block-indexed set: X1 = X, X -+ x &} ;

n?

Block-indexed function: wuy(xy) = wiy (z4,) + wiy (i) + - - 4+ w4, (25,3
e Block-indexed gradient: Vif(z) = (Vi f(x); Vi, f(z);--- 5 Vi, f(2));

e Block-indexed matrix: A; = [A;, Ai,, -+, A;,].

2.2 Algorithm

Our algorithm is rather general. Its major ingredients are randomization in selecting block variables,
linearization of the coupled functions f and g, and adding proximal terms. Specifically, at each



iteration k, it first randomly samples a subset [; of blocks of x, and then a subset Jj of blocks of y
according to the uniform distribution over the indices. The randomized sampling rule is as follows:

Randomization Rule (U): For the given integers n < N and m < M, it randomly
chooses index sets I, C [N] with |Ix| = n and J C [M] with |J;| = m uniformly; i.e.,
for any subsets {i1,i2,...,i,} C [N] and {j1,J2,-..,Jm} C [M], the following holds

PrOb[Ik = {i1,i2,...,in}] = 1/ ( ];7 ) 3

PI‘Ob[Jk :{jl,jg,...,jm}] = 1/ < ]T\T{ ) .

After those subsets have been selected, it performs a prox-linear update to those selected blocks
based on the augmented Lagrangian function, followed by an update of the Lagrangian multiplier.
The details of the method are summarized in Algorithm 1 below.

Algorithm 1: Randomized Primal-Dual Block Coordinate Update Method (RPDBU)

1 Initialization: choose 2°,9y° and \%; let 7° = Az® + By" — b; choose p, py, Py

2 for k=0,1,... do

3 Randomly select I, C [N] and J C [M] with |I;| = n and |Ji| = m according to (U).
a Let xf“ =¥ Vi g I} and yf“:yf,ngZJk.

5 For I = I, perform the update

. v 1
ot = argmin(V f(a*) — Af N zp) + ur(ar) + %HAI(xI — )+ 7P + g llzr = zf|[Hr, (10)
rreX
PRt =k Ap(ahtt - gk, (11)

For J = Jj, perform the update

. P 1 1
yitt = argmin(V5g(y") — Bj A ys) + v (ys) + %HBJ(?JJ — ) e+ 5|\@/J - y?HZQk,

ys€Vs
(12)
PRl ket + BJ(y_’}H _ ylj). (13)
Update the multiplier by
R Ly (14)

In Algorithm 1, P* and QF are predetermined positive semidefinite matrices with appropriate
dimensions. For the selected blocks in [ and Ji, instead of implementing the exact minimization
of the augmented Lagrangian function, we perform a block proximal gradient update. In particular,
before minimization, we first linearize the coupled functions f, g, and add some proximal terms to
it. Note that one can always select all blocks, i.e., I = [N] and J; = [M]. Empirically however,



the block coordinate update method usually outperforms the full coordinate update method if the
problem possesses certain structures; see [37] for an example. In addition, by choosing appropriate
P¥ and QF, the problems (10) and (12) can be separable with respect to the selected blocks, and
thus one can update the variables in parallel.

2.3 Preliminaries

Let w be the aggregated primal-dual variables and H (w) the primal-dual linear mapping; namely

x —AT)
w= |y |, Hw)= ~BT)\ : (15)
A Ax+ By —b
and also let
N M
u(z) = Zui(xi)v v(y) = Zvj(yj),
i=1 j=1

Fz) = f(z) +u(z), Gly) =9y)+vly), @(z,y)=Fz)+Gy).

The point (z*,y*) is a solution to (1) if and only if there exists A* such that

(I)(xvy) - (b(x*)y*) + (’U) - U}*)TH(’UJ*) > 07 V(.’E,y) € X X y: V)‘a (16&)
Ax*+ By* =10 (16b)
xrreXx, y el (16¢)

The following lemmas will be used in our subsequent analysis, whose proofs are elementary and
thus are omitted here.

Lemma 2.1 For any two vectors w and w, it holds
(w—0)"H(w) = (w—w)" H(W). (17)
Lemma 2.2 For any two vectors u,v and a positive semidefinite matriz W :

1
u Wo =2 ([lullfy + vl — u—vly). (18)

Lemma 2.3 For any nonzero positive semidefinite matrix W, it holds for any z and Z of appro-
priate size that

|12 - 21y, (19)

where |W||2 denotes the matrixz operator norm of W.



The following lemma presents a useful property of H(w), which essentially follows from (17).

Lemma 2.4 For any vectors w®, w',... w', and sequence of positive numbers B°, 8%, ... B, it
holds that
t T t
) Bkwk > Bkwk 1 t
k=0 k=0 k(o k T k
———w | H|= = —— B’ —w)THw"). (20)
> Bk > Bk > B k=0
k=0 k=0 k=0

3 Convergence Rate Results

In this section, we establish sublinear convergence rate results of Algorithm 1 for three different
cases. We differentiate those cases based on whether or not y in problem (1) also has the multi-
block structure. In the first case where y is a multi-block variable, it requires § = 7; where n
and m are the cardinalities of the subsets of x and y selected in our algorithm respectively. Since
the analysis only requires weak convexity, we can ensure the condition to hold by adding zero
component functions if necessary, in such a way that N = M and then choosing n = m. The
second case is that y is treated as a single-block variable, and this can be reflected in our algorithm
by simply selecting all y-blocks every time, i.e. m = M. The third case assumes no y-variable at
all. It falls into the first and second cases, and we discuss this case separately since it requires

weaker conditions to guarantee the same convergence rate.
Throughout our analysis, we choose the matrices P*¥ and Q¥ in Algorithm 1 as follows:
Pk :pfk 7pIAZCAIk7 Qk:QJk 7pyB(—]rkBJk7 (21)

where P and Q are given symmetric positive semidefinite and block diagonal matrices, and P[k
denotes the diagonal blocks of P indexed by I;. Note that such choice of P¥ and Q¥ makes the
selected block variables zy, in (10) and y;, in (12) decoupled, and thus both updates can be
computed in parallel. In addition, we make the following assumptions:

Assumption 1 (Convexity) For (1), Xj’s and Y;’s are some closed convex sets, f and g are
smooth convex functions, and w;’s and v;’s are proper closed convex function.

Assumption 2 (Existence of a solution) There is at least one point w* = (x*,y*, \*) satisfying
the conditions in (16).

Assumption 3 (Lipschitz continuous partial gradient) There exist constants Ly and Lg such

that for any subset I of [N] with |I| =n and any subset J of [M] with |J| = m, it holds that
IVrf(z+Urt) = Vif(z)| < Lglzl], Ve, Z, (22a)
IVg(y +Us9) = Vgl < Lgllgsll, Yy, 7, (22b)

10



where Uk keeps the blocks of T that are indexed by I and zero elsewhere.

Before presenting the main convergence rate result, we first establish a few key lemmas.

Lemma 3.1 (One-step analysis) Let {(z*,y* % \F)} be the sequence generated from Algorithm
1 with matrices P* and Q defined as in (21). Then the following inequalities hold

Elk |:F(:L.k+1) o F(:C) + (xk'H _ x)T(—AT)\k"H)
b (py — p) (@t — ) TAT PR+ (b1 _ )T AT p(yetd _ yk)}
s L
+E1k({£k+1 _ x)T(P — prTA)(karl . l‘k) _ %E],@ka _ xk+1H2

< (1= %) [FEb) = F@) + @ —a) T (=ATA) + pa(a* —2)TATr"], (23)

and

EJk [G(yk’-i-l) - G(y) + (yk-i-l _ y)T(_BT/\k—H}J_i_ (Py . p)(yk-i—l _ y)TBTrk“]
FE5, (0 = 9) Q= py B BYW — o) = Byt —
— _m k_  ANTRT k+1 _ _k

(1 mM) py(y" —y) B Az k)

< (1- ) |60~ W) + 6 =) (=BTN) + 0,0 —y) BT, (24)

where By, denotes expectation over I, and conditional on all previous history.

Note that for any feasible point (z,y) (namely, z € X,y € Y and Az + By =),

A Ap - ;—)O\k SR (ByR by 4 (By — b)
_ ;(Ak _ Y Byt ) (25)
and
By" - By = ;1)(>‘k1 =A%) = (Az" —b) + (Az — b)
_ ;(Ak—l “F) — A(aF — a), (26)

Then, using (18) we have the following result.

Lemma 3.2 For any feasible point (x,y) and integer t, it holds

t
Z(l,k-‘rl o l,)TATB(yk—H _ yk) (27)
k=0
1< 1 i
= ;Z(Ak =N TBMT = b - 5 (IIyt+1 —yll5 s = I’ =yl B+ D I - y’“IIQBTB>
k=0 k=0

11



and

t
> W —y)TBTAGH! —aF) (28)
k=0
1o 1 :
_ ;Z()‘k_l o )\k)TA(xk—H _ xk) + 5 (on - $”,247A _ th—i—l o x||,24TA + Z ka—&—l o kaQATA) )
k=0 k=0

Lemma 3.3 Given a continuous function h, for a random vector w = (&, 7, 5\), if for any feasible
point w = (z,y, \) that may depend on w, we have

E[®(&,7) - ®(z,y) + (b — w) " H(w)] < E[h(w)], (29)
then for any v > 0 and any optimal solution (z*,y*) to (1) we also have
E[®(z,§) — ®(2", y") + 7 AL + By — bf|] < e h(z™,y", A).
<y
Noting
O(z,y) — D(z*,y") + (w — w*) "H(w") = ®(z,y) — (", y*) — (\*) T (Az + By — b),

we can easily show the following lemma by the optimality of (z*,y*, A*) and the Cauchy-Schwarz
inequality.

Lemma 3.4 Assume (z*,y*, \*) satisfies (16). Then for any point (&,9) € X x ), we have
(2,9) — @(2*,y") = —[|A\"| - Az + By — b (30)

The following lemma shows a connection between different convergence measures, and it can be
simply proved by using (30). If both w and w are deterministic, it reduces to Lemma 2.4 in [15].

Lemma 3.5 Suppose that
E[®(2,9) — D(a*,y") + 71|42 + Bj — bl|] <.
Then, we have

E||Az + By —b| < and E[®(z,9) — ®(z*,y")] <,

€
v =

where (z*,y*, \*) satisfies the optimality conditions in (16), and we assume ||X*|| < 7.

The convergence analysis for Algorithm 1 requires slightly different parameter settings under differ-
ent structures. In fact, the underlying analysis and results also differ. To account for the differences,
we present in the next three subsections the corresponding convergence results. The first one deals
with the general case where the ratios n/N is assumed to be equal to m/M; the second case as-
sumes a single block on the y side, and we show that the ratio assumption is no longer needed; the
last case assumes there is no y part at all, and we show that the condition on the matrices in the
proximal terms can be further weakened in this case.

12



3.1 Multiple z and y blocks

In this subsection, we consider the case where both z and y have multi-block structure, and that
~ = if- We present the result in the following theorem, where the O(1/t) sublinear convergence

rate is established.

Theorem 3.6 (Sublinear ergodic convergence I) Let {(zF,y* A\F)} be the sequence generated
from Algorithm 1 with the initial point and parameters satisfying

Az’ + By’ =b, X\’ =0, (31)

NPz MpPy
= =" >0. 32
N = M (32)

Q
- 1-6 A 2—40

P§(2—9)< = +1>pA A+ L0, 0= > ) o BTB + LI (332)

- (2 )BT
Pz (2-0) (= +1) npeAT A+ LyL Vi, Qy = =g, B By + LI, V. (33b)

Let t+1 t k t+1 t k
.@t:er +92k=lx’ yt:y+ +92k’=ly ) (34)

1+ 0t 1+ 0t

Then, under Assumptions 1, 2 and 3, we have

E[®(2',§") — (", y*) + 7] A2" + By" — b][] (35)
1 1 0
< oo (1—-0) (®(z,y") — (a*,y")) + 5 distp, (27, &7 )? + dlst oW’ V) + 27 |

where X* x YV* is the optimal solution set, and D, = P peATA.

Remark 3.1 The assumption = 77 can be made without losing generality, e.g. by adding zero

components if necessary (which is essentially equivalent to varying the probabilities of the variable
selection). When N = M = 1, the two conditions in (33) become the same. However, in general,
neither of the two conditions in (33) implies the other one. Roughly speaking, for the case of n =~ N
and m = M, the one in (33a) can be weaker, and for the case of n < N and m < M, the one in
(33b) is more likely weaker. In addition, (33b) provides an explicit way to choose block diagonal P
and Q by simply setting P, and QJ s to the lower bounds there.

Assumption 1 implies there exists a finite A*. Hence, by Lemma 3.5, estimation (35) automatically
establishes that

E[®(3',§") — ®(z*,y")] < O(1/t) and E[||A2" + By' —b||] < O(1/1),
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which apparently shows convergence to optimal feasible solution. In addition, by Lemma 3.4, we
also have

The same applies to all subsequent sublinear iteration complexity results presented in this paper.

3.2 Multiple = blocks and a single y block

When the y-variable is simple to update, it could be beneficial to renew the whole of it at every
iteration, such as the problem (3). In this subsection, we consider the case that there are multiple
x-blocks but a single y-block (or equivalently, m = M), and we establish a sublinear convergence
rate result with a different technique of dealing with the y-variable.

Theorem 3.7 (Sublinear ergodic convergence IT) Let {(z*,y* A\F)} be the sequence gener-
ated from Algorithm 1 with the initial point and parameters satisfying (31) and (32). Assume
~x =0, m=M, and

PP

, . L
P = LI+ p AT A, QEWQI+<9—4—9—2

+ py) B'B. (36)

Let

1+ 6t ’ - 1+ 6t (37)

where

- . p 0
§t =argmin(Vg(y') — BT, y) +o(y) + S| A" + By —b|* + Slly = o'15_ prpe (39)
yeY 2 2 @=py
Then, under Assumptions 1, 2 and 3, we have
E[®(i',7') — ®(z*,y") + [ AZ' + By —b|] (39)
1
< -
- 1+6t

where Dy := P — p, AT A and D, := (6 —0p)B"B+ 0Q).

1 1 0
(1= 0) (2(",4°) = @(a"y")) + gdist, (2, X)? + Sdlist, (4,70 + 597

Remark 3.2 It is easy to see that if 0 = 1, the result in Theorem 3.7 becomes exactly the same as
that in Theorem 3.6. In general, they are different because the conditions in (36) on P and Q are
different from those in (33a).

3.3 Multiple = blocks and no y variable

In this subsection, we assume there is no y-variable, namely, g = v = 0 and B = 0 in (1). This
setting can be regarded as a special case of the previous two cases. However, as we shall show below,
for this special case, we can obtain the same order of convergence rate with a weaker condition on
the matrices P¥’s.
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Theorem 3.8 (Sublinear ergodic convergence III) Assume g(y) = 0,v;(y;) =0, Vj and B =
0 in (1). Let {(aF y* \¥)} be the sequence generated from Algorithm 1 with the initial point
satisfying (31) and y* = 3°. Assume v =0, p="0pz, and

PR = LI, V. (40)
Let 1 Zt .
. 40>

it = T 9: 1= (41)

Then, under Assumptions 1, 2 and 3, we have

E[F(i') = F(2") + ]| Az" — b]]] (42)
= 1+19t (1-0) (F(") = F(2")) + édistp($0,?(*)2 + 2‘9,072 :

where X* is the optimal solution set.

If there is no coupled function f, (40) indicates that we can even choose P* = 0 for all k, i.e.
without proximal terms at all. Some caution is required here: in that case when I}, = [N], Vk, the
algorithm is not the Jacobian ADMM as discussed in [20] since the block variables are still coupled
in the augmented Lagrangian function. To make it parallelizable, a proximal term is needed. Then
our result recovers the convergence of the proximal Jacobian ADMM introduced in [11]. In fact,
the above theorem strengthens the convergence result in [11] by establishing an O(1/t) rate of
convergence in terms of the feasibility measure and the objective value.

4 Randomized Primal-Dual Coordinate Approach for Stochastic
Programming

In this section, we extend our method to solve a stochastic optimization problem where the objective
function involves an expectation. Specifically, we assume the coupled function to be in the form
of f(x) = E¢fe(x) where £ is a random vector. For simplicity we assume g = v = 0, namely, we
consider the following problem

N
min. B¢ fe(z) + ) uia),
i=1
N (43)
s.t. ZAZSCZ =b x;€X;,1=1,2,...,N.

i=1

One can easily extend our analysis to the case where g # 0,v # 0 and g is also stochastic. An
example of (43) is the penalized and constrained regression problem [27] that includes (2) as a
special case.
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Due to the expectation form of f, it is natural that the exact gradient of f is not available or very
expensive to compute. Instead, we assume that its stochastic gradient is readily accessible. By
some slight abuse of the notation, we denote

x —ATX
= H = ) 44
oo[5] =] 3 “
A point z* is a solution to (43) if and only if there exists A* such that
F(x) — F(z*) + (w — w*) "H(w*) > 0, Vw, (45a)
Az* =b, 2" € X. (45b)

Modifying Algorithm 1 to (43), we present the stochastic primal-dual coordinate update method
of multipliers, summarized in Algorithm 2, where G* is a stochastic approximation of V f(z¥).
The strategy of block coordinate update with stochastic gradient information was first proposed
in [10,45], which considered problems without linear constraint.

Algorithm 2: Randomized Primal-Dual Block Coordinate Update Method for Stochastic
Programming (RPDBUS)

1 Initialization: choose 2°, A’ and set parameters p, oy ’s

2 for k=0,1,... do

3 Randomly select I, C [N] with |Ix| = n according to (U).

4 Let 281 = 2% Vi ¢ I}, and for I = I}, do the update

. 1
e = argmin(G — ATN 2+ ur(en) + 2 ArCer — o)+ 5P 4 Ll — b2, L (46)
T EXT A

Update the residual 7541 = 7% 4 A (zh 1 — 2h).

5 Update the multiplier by

. N —n)a
SO AC S U 4
A A ( N )pr . (47)

We make the following assumption on the stochastic gradient G*.

Assumption 4 Let 6* = GF — V f(2¥). There exists a constant o such that for all k,

E[0% | z*] = 0, (48a)
E[|6%)? < o2 (48b)

Following the proof of Lemma 3.1 and also noting
Er, [(zr, — 2765 |2¥] = By (aF — 2" T 6%, (49)

we immediately have the following result.
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Lemma 4.1 (One-step analysis) Let {(z¥,r% \F)} be the sequence generated from Algorithm 2
where P* is given in (21) with p, = p. Then

Ep, [F(@*) = F(2) + (@™ = 2) T (=ATN) + p(a™ ! — 2) TATrH]
~ I L
+Ep, (;pk+1 _ g;)T (P — pATA + > (karl _ xk) _ %Elkﬂﬂ?k _ xk+1”2 + Efk(xk+1 . xk)T(Sk
077

0_%>F@ﬂ—F@Hﬂﬂ—foAU%+Mﬁ—fowﬂ (50)

The following theorem is a key result, from which we can choose appropriate aj to obtain the
O(1/+/t) convergence rate.

Theorem 4.2 Let {(z%, \*)} be the sequence generated from Algorithm 2. Let § = % and denote

N
By = V.
(1__ ag(l- )) p
A —1
Assume oy, > 0 is nonincreasing, and
Az’ =1, N\ =0, (51a)
P LI+ pAT A, (51b)
a1 (1=0)Bry1  axBryr  (1—0)6
- - >0, Vk 51
2ay, + 2 200541 2 = (51c)
2 > o-1fr (1-0)8 — l , for some t. (51d)
2p Qy p
Let . . .
ot CtH1Z 14 922,6:1 e (52)
a1 +0 > ag
k=1

Then, under Assumptions 1, 2, 8 and 4, we have

(ouy1 + QZ ai)E [F(i"t) — F(z*) +~]| 42" — b”]
k=1

* (&7s) * 1 «
< (1= 0)an [F®) — F)] + 20— 23y e —
¢
aoft (1—0)B1| » R e
— —LER6%]|7.
|G 2 3 et (53)

The following proposition gives sublinear convergence rate of Algorithm 2 by specifying the values
of its parameters. The choice of o} depends on whether we fix the total number of iterations.
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Proposition 4.3 Let {(z*, \¥)} be the sequence generated from Algorithm 2 with P* given in (21),
P satisfying (51b), and the initial point satisfying Az = b and \° = 0. Let Cy be

Co = (1 - 0)0o[F(a®) ~ F(")] + dist, (2, )2 + 5272, (54)
P

where X* is the optimal solution set, v is a positive constant, and Dy := ao(l5 —pATA) + 1.
1. If o = %,Vk > 1 for a certain ag > 0, then fort > 2,
Co N ao(logt + 2)o?

oo/t 20Vt

2. If the number of maximum number of iteration is fized a priori, then by choosing ap =
ag

N Vk > 1 with any given ag > 0, we have

E [F(2") — F(z*) + 7| A" — b]|] <

(55)

E [F(2') — F(z*) + 4|42 — b]]] < _Co_, o0o” (56)
T gVt OVt

Proof. When «y, = %, we can show that (51c) and (51d) hold for ¢t > 2; see Appendix A.3. Hence,
the result in (55) follows from (53), the convexity of F, and the inequalities

<logt+1.

| =

t
DRI

k=1 k=1

When « is a constant, the terms on the left hand side of (51c) and on the right hand side of
(51d) are both zero, so they are satisfied. Hence, the result in (56) immediately follows by noting
S ar = agVt and 3 j_jaf < 202, O

>~

t

The sublinear convergence result of Algorithm 2 can also be shown if f is nondifferentiable convex
and Lipschitz continuous. Indeed, if f is Lipschtiz continuous with constant L., i.e.,

1f(2) = FWIl < Lellx = yll, Vo, v,
then |V f(z)|| < Le, Yz, where Vf(z) is a subgradient of f at z. Hence,
Ep (2, — xlf,jl)T@ka@k) )
= EI (.%'[k - x]ICk)Tkaf(xk) + Efk ([E]}:k - xl}:—l)—rvlkf<mk>

= %(x — a;k)T@f(wk) +E;, (wk _ $k+1)T@f(xk+1) +Ep (xk B wk+1)T(@f(xk) _ @f(xkﬂ))

k

%U (x) = f(@*) + By [f (%) — F@F D] + By (2 — FTH T (VF(@F) = V(M)
= Do) - @8 + B[ (@) — F@E) + Ery (0 — 2T (V1(F) - Tk ).

n

Now following the proof of Lemma 3.1, we can have a result similar to (50), and then through the
same arguments as those in the proof of Theorem 4.2, we can establish sublinear convergence rate

of O(1/+/%).
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5 Connections to Existing Methods

In this section, we discuss how Algorithms 1 and 2 are related to several existing methods in the
literature, and we also compare their convergence results. It turns out that the proposed algorithms
specialize to several known methods or their variants in the literature under various specific con-
ditions. Therefore, our convergence analysis recovers some existing results as special cases, as well
as provides new convergence results for certain existing algorithms such as the Jacobian proximal
parallel ADMM and the primal-dual scheme in (9).

5.1 Randomized proximal coordinate descent

The randomized proximal coordinate descent (RPCD) was proposed in [35], where smooth convex
optimization problems are considered. It was then extended in [33,38] to deal with nonsmooth
problems that can be formulated as

N
min f (21, - JoN) > i), (57)
=1

where x = (z1;...;2y). Toward solving (57), at each iteration k, the RPCD method first randomly
selects one block i; and then performs the update:

X

k1 _{ arg min,, (Vif(z"), 2i) + G|z — af |3 +wi(w:), if i =i, (53)

: zk, if 3 £ iy,
where L; is the Lipschitz continuity constant of the partial gradient V;f(x). With more than one
blocks selected every time, (58) has been further extended into parallel coordinate descent in [39].

When there is no linear constraint and no y-variable in (1), then Algorithm 1 reduces to the scheme
in (58) if I, = {ix}, i.e., only one block is chosen, and P* = L;, I, \¥ = 0, Vk, and to the parallel
coordinate descent in [39] if I, = {i},---,i?} and P* = blkdiag(Li}ﬂI,-u ,LiZI),)\k = 0, Vk.
Although the convergence rate results in [33,38,39] are non-ergodic, we can easily strengthen our
result to a non-ergodic one by noticing that (23) implies nonincreasing monotonicity of the objective
if Algorithm 1 is applied to (57).

5.2 Stochastic block proximal gradient

For solving the problem (57) with a stochastic f, [10] proposes a stochastic block proximal gra-
dient (SBPG) method, which iteratively performs the update in (58) with V;f(z*) replaced by
a stochastic approximation. If f is Lipschitz differentiable, then an ergodic O(1/+v/t) convergence
rate was shown. Setting I, = {ix}, Vk, we reduce Algorithm 2 to the SBPG method, and thus our
convergence results in Proposition 4.3 recover that in [10].
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5.3 Multi-block ADMM

Without coupled functions or proximal terms, Algorithm 1 can be regarded as a randomized variant
of the multi-block ADMM scheme in (6). While multi-block ADMM can diverge if the problem has
three or more blocks, our result in Theorem 3.8 shows that O(1/t) convergence rate is guaranteed if
at each iteration, one randomly selected block is updated, followed by an update to the multiplier.
Note that in the case of no coupled function and n = 1, (40) indicates that we can choose P¥ = 0,
i.e. without proximal term. Hence, randomization is a key to convergence.

When there are only two blocks, ADMM has been shown (e.g., [31]) to have an ergodic O(1/t)
convergence rate. If there are no coupled functions, (33a) and (36) both indicate that we can
choose P = prTA,Q = pyBTB if # = 1, i.e., all z and y blocks are selected. Thus according
to (21), we can set P* = 0,Q* = 0, Vk, in which case Algorithm 1 reduces to the classic 2-block
ADMM. Hence, our results in Theorems 3.6 and 3.7 both recover the ergodic O(1/t) convergence
rate of ADMM for two-block convex optimization problems.

5.4 Proximal Jacobian parallel ADMM

In [11], the proximal Jacobian parallel ADMM (Prox-JADMM) was proposed to solve the linearly
constrained multi-block separable convex optimization model

N N
H?.lrinz ul(:cl), s.t. Z AZ'."L‘Z' =b. (59)
i=1 i=1
At each iteration, the Prox-JADMM method performs the updates for i = 1,...,n in parallel:
. 1
xf“ = arg mlnui(xi) — <)\k, AZZL‘Z> + gHAlxl + ZAJJ?? — ng + 5“1'1 — J?f”%:yl, (60)
’ J#

and then updates the multiplier by

N
MAL—\F ) (Z Attt — b) , (61)

i=1
where P; > 0,Vi and v > 0 is a damping parameter. By choosing approapriate parameters, [11]

established convergence rate of order 1/t based on norm square of the difference of two consecutive
iterates.

If there is no y-variable or the coupled function f in (1), setting I = [N], P* = blkdiag(p,A] A1 +
P, ,pzA]TVAN—i—PN)—pIATA = 0, Vk, where P;’s are the same as those in (60), then Algorithm 1
reduces to the Prox-JADMM with v = 1, and Theorem 3.8 provides a new convergence result in
terms of the objective value and the feasibility measure.
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5.5 Randomized primal-dual scheme in (9)

In this subsection, we show that the scheme in (9) is a special case of Algorithm 1. Let g be the
convex conjugate of g* := h + 1z, namely, g(y) = sup,(y, z) — h(z) — tz(z). Then (8) is equivalent
to the optimization problem:

N
; (e _A
min ; u;(w;) + g(—Ax),
which can be further written as
N
min wi(zi) + g(y), st. Az +y=0. (62)
eeXy i

Proposition 5.1 The scheme in (9) is equivalent to the following updates:

o[ argmin(—2t, A +uiles) + L Aues — ) o524 Y- ofllaaran 0= i
.’E+ = xieXi n i

' z¥, i # ik,
(63a)
. 1
y* ! = argming(y) — (y, 2*) + %Ily + AzM 2, (63Db)
Y
1
Zk-l—l — Zk: o 7(A.5L‘k+1 + yk—l-l)‘ (63C)
n

where r* = Ax® +y*. Therefore, it is a special case of Algorithm 1 applied to (62) with the setting
of I, = {Zk}apx = %7py =p= % and P* =71 — %A;IZAlkak =0, Vk.

While the sublinear convergence rate result in [9] requires the boundedness of X and Z, the result
in Theorem 3.7 indicates that the boundedness assumption can be removed if we add one proximal
term to the y-update in (63b).

6 Concluding Remarks

We have proposed a randomized primal-dual coordinate update algorithm, called RPDBU, for solv-
ing linearly constrained convex optimization with multi-block decision variables and coupled terms
in the objective. By using a randomization scheme and the proximal gradient mappings, we show
a sublinear convergence rate of the RPDBU method. In particular, without any assumptions other
than convexity on the objective function and without imposing any restrictions on the constraint
matrices, an O(1/t) convergence rate is established. We have also extended RPDBU to solve the
problem where the objective is stochastic. If a stochastic (sub-)gradient estimator is available, then
we show that by adaptively choosing the parameter aj in the added proximal term, an O(1/v/t)
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convergence rate can be established. Furthermore, if there is no coupled function f, then we can

remove the proximal term, and the algorithm reduces to a randomized multi-block ADMM. Hence,

the convergence of the original randomized multi-block ADMM follows as a consequence of our

analysis. Remark also that by taking the sampling set Ij, as the whole set and P* as some special

matrices, our algorithm specializes to the proximal Jacobian ADMM. Finally, we pose as an open

problem to decide whether or not a deterministic counterpart of the RPDBU exists, retaining sim-

ilar convergence properties for solving problem (1). For instance, it would be interesting to know

if the algorithm would still be convergent if a deterministic cyclic update rule is applied while a

proper proximal term is incorporated.
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A Proofs of Lemmas

We give proofs of several lemmas that are used to show our main results. Throughout our proofs,
we define P and Q as follows:

P=P—p,ATA, Q=Q—p,B"B. (64)

A.1 Proof of Lemma 3.1

We prove (23), and (24) can be shown by the same arguments. By the optimality of xlfljl, we have

for any z7, € &7, ,

~ 1
(@, — i) T (vlk F@®) = AL N + Vg (aF ™) + pe AfrF T2 + PR - x]}k)) >0, (65)
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where Vur, (a;];:l

(11). We compute the expectation of each term in (65) in the following. First, we have

. . FE :
) is a subgradient of uy, at a:];:l, and we have used the formula of *+2 given in

Er, (xfk - xl[clj—l)Tkaf(xk)

-
= Ej, (I‘jk — m]fk) V]kf($k) +Ep, (:Elfk — x’;:I)TVka(:Bk)

=
= ~(2—a") VI +ELGE -2 TV RN (66)
n L
< < (f@-r1ah) +Ey [f(ark> — f ) + et - x’f“ﬂ
n—N L
= P (@ = 1) B ) - Y+ e -] o)
where the last inequality is from the convexity of f and the Lipschitz continuity of Vy, f(x).
Secondly,
Er o, ﬁz’le)T(*éIT’fk) k k+1\T T \k
= Elk(xlk - xlk) (_Afk)\ )+Elk(x1k _‘fBI:— ) (_‘/4IkA )
T
_ % (1: - xk> (—ATAR) + B (aF — 25T T (—ATAR)
— N T
_ " K <g; - xk> (—ATN) + By (2 — 27+ T (= AT AR, (68)

For the third term of (65), we have

Er, (xlk - $§:1)T@u1k(xl;:1)

Ky, |:qu (xlk) UL (1:1;:1)]

= u(e) — B (e ) - u(a) + g, (24,)]

- % [u(a:) — u(a:k)} +Ep [u(z®) — u(a*)]
_n J_VN (@) — u(a®)] + By fu(z) - u(z"+)], (69)

IN

where the inequality is from the convexity of uy, . The expectation of the fourth term of (65) is

E+INT AT, k2
paEr (1, — Ty, ) Aprte
_ k+INT AT .k k+1\T 4T k+1 k

_ kN\NT AT .k k k+INT 4Tk k+1\T 4T k+1 k
= polp(zr, —2f,) Apr® 4 poBr (27, —27) A + paBr (e, —2p7) Ap A (277 —27,)

np

= NCC (. —a®)TATR 4 p By, (F — 2P TATF 4 p, By (27, — xlfljl)TAITkAIk (.T}I;:—l - .T}];k)
n—N

= N pe(x — ) TATYF 4 p Br (x — 2P T AT 4+ 0, By (27, — xI;:l)TAZCAIk (xl};ljl — x]fk)

(70)
Finally, we have

k+I\T pk/, k+1 k
Elk(l'fk_l'lj) P (‘/L'I,:r _:Ulk)
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Efk (w - $k+1)TP;(xk+1 - xk) - prlk (xlk - x];,jl)TA}zAIk (x’]C—H - ‘r’;k)
_ EI;C (l‘ - $k+1)TP({Ek+1 - [L‘k) o prlk(ﬂg - xk+1)TATA(xk —r +1) (71)

E+INT 4T k+1 k
_prlk(xlk_J}I:—) AIkAIk(xI:_ _mlk)v

where we used the formulas of P in (21) and (64).

Plugging (67) through (71) into (65) and recalling F(x) = f(z) + u(z), by rearranging terms we

have
Er, [F(:Uk—i—l) —F() + (@ — ) T(—ATAR) 4 po (2 — x)TATr]H_%}
T, (ka - x)T Pzttt —ab) - %Elkak — gt 2
= NJ; L IF@R) = F@) + (@8 = 2)T(—ATA) + po(a — @) TATrH]. (72)
Note

(mk—i-l . x)T(_AT)\k) + p$<$k+1 . x)TATTk-i-%
_ (karl . x)T(—AT)\k) + px(m'kJrl . l‘)TATTkJrl _ ,O;C(xk+1 _ x)TATB(yk+1 _ yk) (73)

(14) (" — ) T(— AT o (py — p) (@R +L — ) TAT AL — o (ah+L — )T AT B(yf+L — k).

Hence, we can rewrite (72) equivalently into (23). Through the same arguments, one can show
(24), thus completing the proof.

A.2 Proof of Lemma 3.3

Letting x = z*,y = y* in (29), we have for any A that

E[h(z", y*, A)]
> E[0(2,) 2", y") + (0~ 29) (AT + (G- y") T (-BTH) + (A= N (4 + By —b)]
- E [@(55,@) — ®(a*,y") + (A Az + Byt —b) — (\, A% + Bjj — b)
— E[®(&,9) — ®(z*,y") — (\, AE + Bj — b)], (74)

where the last equality follows from the feasibility of (z*,y*). For any v > 0, restricting A in B,,
we have

E[h(z*,y", )] < sup h(z*,y", ).
AEB,

v(A2+Bj—b)

HQHCE, lettlng A= —m

€ B, in (74) gives the desired result.
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A.3  Proof of Inequalities (5lc) and (51d) with oy, = 2%

_ g
We have G, = p(\/E—(l—e) T—l)’ and

873

L (1—0)Brr1 — B — (1 —0)Br

(677 Ak+1

_ @ VEk B 1 _(x/k+1_(1_9)) 1
p k-1 (VE—(1-0)VEk—1) vk (VE+1—(1-0)Vk)
= “Pow) — vk + 1)
By elementary calculus, we have
k=1 _ Vk
Yk = kY !
2k=1)  (VE-(1-0)vEk-1)
Vk -1 1 1-46
+<\/k—1_(1_9)>2(\/E—(1—e9)\/k—1)2<\/%_ k—1>
B 1 k-1 Vk (1 1-0
(k- 1)(VE—(1—0) k—l)[ VE o VE—1 k_1<¢% k—l)]
B 1 vk
o 2k—-1)(WEk—(1—0)VE—1) <(1_0)_ k—1)<0'

Hence, (k) is decreasing with respect to k, and thus (51c) holds.

When o, = %, (51d) becomes

o 2‘< Vit _(1_9)> ap _
20Vt~ I\VE—1 p(Vt—=(1-0)Vt-1) pVt
which is equivalent to
% = t\/—IE ol g

This completes the proof.

B Proofs of Theorems

B.1 Proof of Theorem 3.6

I

Taking expectation over both sides of (23) and summing it over £ = 0 through ¢, we have

E[F(xtJrl) _ F(Jf) + (xt+1 _ x)T(_AT)\tJrl)] + (1 _ 9)me(xt+1 _ x)TATT’t+1
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_HgZE k+1 F(CC) + (l‘k+1 o l,)T(_AT)\k—l-l)] o ZPIE(IIH_l o I)TATB(ylH—l o yk)

+ZE k+1 P( k+1 .’Ek) - % Zi:]E|xk - $k+1H2
< (1 - 9) [F(xO) — F(@)+ (@° = 2)T(=ATX) + pa(a® —2)TAT+] (75)

where we have used § = 6, the condition in (32) and the definition of P in (64). Similarly, taking
expectation over both sides of (24), summing it over & = 0 through ¢, we have

E[G(yt+1) Gly) + (y'+! — y)T(_BTAtJrl)] +(1— 0)p,E(yit! —y)T BT+

+6?ZIE Y — Gly) + (T =) T (=BTAFY)]

+ZIE )T ) - 2 DBl -y
< (1 - 9) GO =G+ (" =) (=BT + py(4° —y) BT (76)

+(1-60)> Epy(v* —y) BT A — o).

Recall AFT1 = \F — ppht1 thus
1
(AR )T+l _;(/\k-l-l AT kY, (77)

where ) is an arbitrary vector and possibly random. Denote AT = A\t — pertt1. Then similar to
(77), we have

- 1 - 5
(AL )Tyt — _;(At+1 “ATOE 22, (78)

Summing (75) and (76) together and using (77) and (78), we have:

B 0(a 1,5 - Bap) + (04 = ) H(@) (0 )T (R0

+HZE |:¢)($k+17yk+1) _ <I>(x,y) + (warl _ w)TH(warl) + ;<)\k+1 _ )\)T()\kJrl _ /\k):|

IN
—_
|

) [F(xo) ~F(a) + (2% — 2)T(—ATA%) 4 pp(2° — x)TATTO]

+(1-0) |GW°) = Gy) + (% —y) " (=BT 4 p, (° — y)TBTro}
+ Z B — o) TATBM — %) 4+ (1 - 0) > p,E(y* — ) BT A — o)
k=0

t
L
_ZE kE+1 ( k+1_xk)_’_2f;)Eka_xk+1H2
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t

t
> B -y TR - 7“’ ZEHy’“ —yF 3, (79)
k=

k=0
where we have used ®(z,y) = F(z) + G(y) and the definition of H given in (15).

Using (27) and (28), applying (18) to the cross terms, and also noting the definition of P and @ in
(64), we have

g =2 . .
A § :(Ak+1 _ )\)T(}\k+1 _ )\k) + (AtJrl _ A)T()\t+1 _ )\t)
P k=0
t

t
+ Z prE@F T = 2) TATBM — ") + (1-0) Y pyE(* —y) BT A@M! - 2F)
k=0
Lt
_ZE k+1 _ P( k+1 _ xk) 4+ JZEka _ $k+1||2

_ZE k+1 T (k+1 +JZEH?/ k+1H2

9 B t— 1 _
— _2IOE H)\t-l-l o )\HZ _ H)\O _ )\HQ + Z ||)\k+1 _ )\kHQ + ||)\t+1 o )\t||2
k=0

t t
& Z )\k+1 B(yk+1 _ yk) n (1—0)py ZE()\k—l - /\k)TA(:Uk—f—l -~ xk)
P k=0 P k=0
Op (2 - 0)p, <

—'E (2 = 2lr 4 = 12 =27 ) + — > B[ =2k,

t B t
1 L
- (th*l ol — e 2l + 3 ot —:c’fu%) v LS ppat -y
k=0 k=0
1 d Ly o
t+1 2 0 2 k+1 k|2 g k k412
-3 <Hy —yll% —lly —yHQJrkZ_OHy ~y HQ> +2kZ_OEHy — "2 (80)

where we have used the conditions in (32). By Young’s inequality, we have that for 0 < k <,

Pz 4
7(/\1@ o )\kJrl)TB(ykJrl _ yk) 9‘|/\k+1 _ )\kH2

1) 272
PQ—QP:L« k+1 2 (32) (2=0)py, k1 k(2
< B R — 1
< ESEEIBE - E SR~ e, (81)
and for 1 < k <t,
(L=0)py v k1 kT gp kil ey 01— \RL k2
LT Y)Py _ A _
(T NYT A = o) = oA
p(2—0)p: 32) (1-0)(2-0)
e L e e FPP )

Plugging (81) and (82) and also noting | A1 — Xf||2 > || A1 — Xf||2, we can upper bound the right
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hand side of (80) by
0 ~ Bp
— B[R NP = I = NP = B (1 el — ! ol )

1-0)2-0)  (2-0p (2-0)py ¢
+ ( TR E El|la" " — 2® |50+ g DBl - ol g
k=0

k=0
1 t Lf t
k k k k
= (nxt“ —aly = o = al} + 3 e+ —a H%) c LS ppet oy
k=0 k=0
t L t
_ ¢l o2 02 k1l ky2 Lg ko k+1)2
E(IIy ol =1y —ylly + D Iy —y HQ> +5 kZOEHy v

(3?) Lo 2 0 2 0 B0 — [l
< g (12 =l g arat 180 = i) + o EIN — AP (83)

In addition, note that

n || 2 N
0| z" T — 2|57, = N ZAi(:C?'l —xz;)|| < nz it — CCZHiZTAZ
i=1 i=1
2 N
H‘Tk o xk—l—lHiTA — Z A k+1 < nz ||l‘f kJrlHATA
i€}, =]
2 M
k k412 k+1 k k+1
ly* =y s = || D2 Bilyy o <m D Iy — v ss,
Jj€Jk j=

Hence, if P and Q satisfy (33b), then (83) also holds.
Combining (79), (80) and (83) yields
E [@( Ly = (e, y) + (@ — w)TH (@]
—I—HZE [(I) k+1 k—f—l) _ @(m,y) + (wk+1 _ w)TH(wk—‘rl)}

(120 [0(a 1) — 2 (2. 1)]
(1= 0) [ = ) (AN + (e ) TATHO 4 (40 = ) T(~BTA) + py (4 — ) BT

1 0
2 (H[L‘ - ‘r”p Ope AT A + ||y0 - y”é) + prE”)\O - )‘||2 (84)

IN

Applying the convexity of ® and the properties (20) of H, we have

(1+0DE [0(i,§) = ®(x,y) + (@0 —w) T H(w)]
D o0E [0, 5" - Dlay) + @ - w)THE@)
(20)

< E [@(mt“,ytﬂ) o <I>(x,y) + (wt—i-l )TH< t+1)}
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t—1
+0 ZIE [@(ka, YY) — @ (x,y) + (W —w) T H ()| (85)
k=0

Now combining (85) and (84), we have

(1+ 0H)E [(I) it gt) — B(z,y) + (@t — w)TH<w)]
< (1-0) [@°,4°) — @(x,y)]

+(1—-9) [(wo ) (AT 4 pp(a® — ) TAT0 + (0 — ) T (=BT + p, (3° — y)TBTTO]

1 0

5 (H{E - 'CCHP 0p AT A =+ HyO - y”%) + TPEH)‘O - >‘H2 (86)
By Lemma 3.3 and the initialization (31), the proof is completed.

B.2 Proof of Theorem 3.7
It follows from (24) with p, = p and m = M that (recall the definition of Q in (64)) for any y € Y,

. )
G =Gy = Fly" =y P+ " =) T (BTN + (T ) TR ) < 0. (87)

~t+1

Similar to (87), and recall the definition of §***, we have for any y € Y,

G - Gly) - 22 ST =y 1P+ @ =) T BT 0T —y) QT —y') <0, (88)

where

ML=\ — p (AT + Byttt —b). (89)
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Adding (87) and (88) to (75) and using the formula of A\* gives

IN

E|F(2') ~ F(2) + (2" = 2)T(~ATA )] + E (A1 - A) (Aa:t“ F B b (R At))

Px
1E {G( t+1) Gly) + (gt—l—l _ y)T(_BTS\t-&-l) T e(gt—f—l _ y)TQ(gt—H _ yk)} 9E||~t+1 yt”2
t—1

+03 E [F(a:kH) — Flz) + (" - x)T(—ATAkH)}
k=0

- Zp$E(xk+l o m)'I'A'I'B(yk:-i-l o yk) - p$E<$t+1 )TATB( ~t4+1 yt)

L )
+QZE [ ") = Gly) = Y g P+ G =) T BT + T - ) TR - oY)

t—1
1
+9 E }E(Ak+1 o )\)T <,r/€+1 4 *(Ak+1 o )\k))
p
k=0

(1) [F(wo) — F(z) + (2% — 2) T (—ATA%) + py(2° — 2)TAT+0

. L
- ZE(xk+1 _ .%')TP(l'k+1 _ xk) + 7f ZE”xk _ .’L‘k+1”2. (90)
k=0

By the notation in (15) and using (27), (90) can be written into

E [q)(xtﬂ’gtﬂ) — ®(z,y) + (,u~}t+1 )TH( t+1)]

t—1
10 Y E [0y ) - Ba,y) + (w0 —w)TH ()]
k=0
—I—GZE k+1 (yk+1 ) + 9]E(gt+1 o y)TQ(gt-l-l o yt)

1
o ZPIE <p(/\k _ )\k-i—l)TB(yk-i-l - yk:) - (yk—H o y)TBTB(yk:-H o yk)>
1 ~ 5 N -
_me (p(}\t _ )\t+1)TB(yt+1 _ yt) _ (yt+1 _ y)TBTB(yt+1 _ yt))

0 yt+1 T (Yt+1 t 0 k+1 T k+1 k
OB -3 ()\ )\>+; E(HL — ) ()\ /\>

(1-0) [F(:UO) — F2) + (2 = 2)T(=AT2%) + po(a° — 2)T AT+

IA

L t
—ZE ) TP —ah) 5 3Bl -t
9L L
g ZEH kE_ k+1||2 + ?QEHgt+1 _ yt||2'
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Now use (18) to derive from the above inequality that

E {(I)(xtJrl’gtJrl) — B(z,y) + (thrl )TH( t+1)}

t—1

+HZIE [(I)(xk+17yk+1> ~ B(z,y) + (W — w)TH(wk—&-l)}
k=0
0 t 1
v ~t+1 2 11,0 _ 2 k41 2 ~tHl 2
+5 (I =yl — Iy - l3) + Xﬁm 1%+ GBI
p Pr p
+5 (BT = wllr s — 19° = vlGrs) + 5 DBl — oMl 5 + SEIT — o'l 5
k=0

t—1
T -
_ ZE% <)\k _ )\k—i-l) B(yk+1 _ yk;) _E(N - >\t+1)TB(gt+1 — )

1
0 Yi+1 2 0 2 < k+1 k2 t+1 t)2
gy (BINTE = = A= NJP) 4 5 ZMA — NP+ MA — X

IN

(1-0) {F(gﬂ) — F(z)+ (2° — x)T(—ATAO) + pu(a® — x)TATTO]

¢ t
1 3 L
_5 ]EHJZtJrl _ ,CUH% — H;];O — 37”?5 + E”xk _ :13k+1”?3 + ?f § :Eka _ xk+1H2
k=0
eLg . k k+1 2 g ~t+1 )
+5L Bl - g+ 2B - o) (o1)

Note that for £ <t —1,

Pz 0
_7(}\k _ )\k—H)TB(yk—f—l _ yk) + 7")‘k+1 _ )\kHQ > k+1

P 2 = —ﬁlly -y ”BTB

and
n SO = AT R - ) + 29/)“:\&1 PR 29H~t+1 —
Because P,Q and p satisfy (36), we have from (91) that
EF@”MW%—¢@wH%W“—wVH@”ﬂ
—1—921}2 [ 2L Y (e y) + (0 — w)TH(wk—i—l)}
< (1- 9) [F(xO) —F(z)+ (2% — 2)T(—ATA%) + pp(z° — x)TATTO}

1 0 p
5l = 2llp + Sy’ = yllg +

0

0 2 0 2
— — + —E[|A” — \||~.
9 29"?/ yHBTB 5 ” ||

Similar to Theorem 3.6, from the convexity of ® and (20), we have

(1+60E[@(2", ") — @(z,y) + (0" —w) T H(w)]
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< (1-0)[F(2°) — F(z) + (2" — )T (=ATA?) + pp(a® — x)TATTO}
Lo s 0 0 2 . Py.0 2 4 0 2
2 — 22+ 2y —ylE + Ly — ZE|IAC — A% 2

Now use Lemma 3.3 again to obtain the result (39).

B.3 Proof of Theorem 3.8

When B = 0 and y* = 4°, (79) reduces to
E [F(xtJrl) o F(l’) + (wt+1 )TH( t+1) i(S\tJrl o )\)T(:\tJrl o /\t):|
Px
+GZE |: kJrl (JZ) + (wk+1 _ w)TH(wk+1) + E(Akle _ )\)T(Ak+1 _ )\k):|
p
< (1- e) [F(xo) ~F(x) + (20— 2)T(—ATA®) 4 pp(z® — x)TATTO}
t t
~ L

k+1 T k+1 k f k k+12

Y E@* —2) TP — o )+72EH$ — 22

Using (18) and noting 6 = p%, from the above inequality after cancelling terms we have

t—1
E [F(W) ~ F(z) + (@ - wﬁH(le)} + kZOIE [F(a:k“) ~ F(z) + (! — )T H (W)

t—1
1 - -
+ E H)\t—i-l _ )\||2 _ H)\O _ )\H2 + H)\t-i-l _ )\tHQ + Z ”Ak—i-l _ )\kz”Q
2Pz k=0

< (1-0) [F(wo) — Fa) + (2% — 2)T(=ATA%) + py(2° — x)TATTO}
+%ZE||a;k—xk“||2. (93)
k=0

For any feasible z, we note A't1 — At = p, A(z!*! — z) and thus

t
1
—5E [l = all} — [l2® =l + Yl =213

1 -
A N2 =l — )%, (04)

T

In addition, since zF*! and z* differ only on the index set I}, we have by recalling P = P — pzAT A
that

2t =% — Lyl —a®)? = ||l —$1k||2 S CAARE A b peAT Ay T Lyllaft —af |°. (95)
Plugging (94) and (95) into (93), (40) leads to
t—1
E [F(xt“) — F(x) + (0" - w)TH(uvf“)} +0) E [F(a;k“) — F(z) + ("™ —w) " H(w*)
k=0

1 1
< (1-0) [F(mo) —F(x) + (2° — 2)T(—ATAY) + pu(a® — x)TATTO} n glEH)\O ~ A2+ S lla” — o).

From Lemma 3.3, the desired result follows.
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B.4 Proof of Theorem 4.2

From the nonincreasing monotonicity of ay, one can easily show the following result.

Lemma B.1 Assume A\~ = \°. It holds that

t
1-0)8 _ _
R Y e N

k=0
t—1
=3 S [kt A — = A 4 A ]
prd 2004
o Brst :
+Ly kL zkp2 4 k_ yk—1y2
< —ZTHA - Zl Pk - x
t—1 ¢
3 b B+ PERESIENS o (1—6)Bk N1 A2
im0 2k o 2
¢
040/81 UYL g Br+1 M2 + PGB
2o, | I* + Z - I | Z B |
k=1
0 -0 _ 1-6
— _ZMH)\]H—I _ >‘k||2 + <Oé051 ( )61> ||)\0 )\HQ <at lﬁt _ ( )ﬁt> ||)\t _ )\HQ
Py 2 2001 20 2
1B =Bk owBrrr  (1=0)Bk & 2
- - - AT =A%
Z ( L g i) IR (96)
By the update formula of X in (47), we have from (50) that
E [F(J,‘IH_I) _ F(i‘) + (IEk+1 _ ZE)T(—AT)\k+1) + ()\k:—s—l _ )\)Trk—i—l]
+E (AFFL— X) T (AR — \F) N (1- 9)ak+1p(xk+1 ) TAT
(1 _ %) p Qg
Qg
~ 1 L
+E($k+1 _ x)‘l’ (P + > (xk+1 _ xk) _ ?fIEHa:k _ xk+1”2 + E(xk—i-l _ xk)‘l’ék
893
Ak_)\T )\k_)\k—l
< (1—OF |F(a*) — F(z) 4+ (2% —2)T(=ATAF) + (0\F = \) Tk 4 ( )(1(_0)% )
(15525
+(1—0)pE(2F — )T AT, (97)

where similar to (64), we have defined P = P — pAT A.

Multiplying ay to both sides of (97) and using (44) and (18), we have

OékE F(karl) . F(a:) + (warl _ w)TH(warl)
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(0%
| XPrr1p (N1 = A2 = AF = X2 4 IV = OF2] 4B [(1 = B)agsap(a™F! — )T ATrHH]

2041
F R ol — o — ol 4+ ot — 2HE] 4 SE [ - a4 et - ¥)?]
—akTLfIEHa:k C P2 4 B (e — k)T
< (1-60)uE [F(xk) ~ F(z) + (w* - w)TH(wk)}
+ (L6005 _jwkE [||Ak — AP = I = AP+ A - A’Hyﬂ + (1= 0)pE (" —z)TATrE, (98)

Denote A'T! = At — prit!. Then for k = t, it is easy to see that (98) becomes
ouE [F(xtJrl) — F(z) + (@ — w)TH (@ t+1)}
B [T = AP A= P A P
F2E [0+~ 2l% ~ 2t all} + 12t — 23] + 2B [lat — 2l ~ |l — 2l + 2 — o))
_O‘tTLfEth — YR 4 oy B2t — 2t) Tt

< (1-0)E {F(a:t) — F(z) + (w' — w)TH(wt)}

1-6 _ _
PO [ N X X X (1 - OB - ) ATHL (99)
By the nonincreasing monotonicity of «aj, summing (98) from k = 0 through ¢ — 1 and (99) and
plugging (96) gives

t—1

aE [F(:Ut+1) — F(z) + (@ — w)TH(wt“)} + 001 Y E [F(W) — F(z) + (0t — w)TH(wkH)}
k=0
(6% ~ ~
o B [IA A = A= A+ A P
t
Q41 (o™ 1
+ B2 — all} 4+ Y SB[ - 2ME 4 SE[lat ! — 2l - 2 — 2] + Z b — 2k|2]
k=0
t L t
— Z %EH{U’C _ xk'HHQ + ZakE(xk'H _ xk)T(Sk
= k=0

IN

(1 - )k [F(:ro) ~ F(z) + (w° — w)TH(wO)] +ap(l—O)p(a® — z)TATH + %on — %

S OBittpirn ykp2 . (@08 (=081 no o (1B =08\ 2
—ZQEHA+—AI+< O e - - (2520 B gy

2001 204
_Z Qo 1/5% —0)Bk+1  awBryr (1 —0)B E[AF — A2 (100)
20 2 2041 2

From (51d), we have

QL 2 — I\ — 012 N 2| > — atflﬁt_(l_g)/ﬁt A — A2
3 AT =P = X = A HEN S o IX = A2
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In addition, from Young’s inequality, it holds that

1 2
§||:Ek+1 _ kaQ + akE(l‘kJ’_l _ xk)—l—ék > %HéHQ
Hence, dropping negative terms on the right hand side of (100), from the convexity of ® and (20),

we have

<at+1 +0 :ak> E [F(ﬁ:t) — F(z) + (@' — w)TH(wt)]
k=1
t—1

aE [F(th) — F(z) + (@' — w)TH(wt“)} + 001 Y E [F(Wl) — F(z) + (wht — w)TH(wkH)}

k=0
1
< (1= 0)an [Fa) ~ F(a) + (0 — ) H(w)] + (1~ B)anp(a® — )7 471+ W — a2 + L0 —
apf  (1-0)p 0 s OF o kg2
+ (G2 - LD g - A + Y Smpt (101

k=0

Using Lemma 3.3 and the properties of H, we derive the desired result.

B.5 Proof of Proposition 5.1

Let (I +0¢)~!(z) := argmin, ¢(2) + 3|z — z||3 denote the proximal mapping of ¢ at z. Then the
update in (9b) can be written to

Define y**1 as that in (63b). Then

1 1 . 1
—yft = {argmmg(y)—(yazkH|’y+Axk+1H2}
n n y 2n

1 . um: R e 2}
= —<argming(y) + =||-y — (2" — —Ax
*{argming(u) + Z1y - (- Task )|

. n 1
= argming(ny) + 5 [ly — (" - Hflﬂck“)ll2
Y

(10 (o)) (#=5e).

Hence, using the fact that the conjugate of %g* is %g(n-) and the Moreau’s identity (I + 9¢)~! +
(I +0¢*)~t = I for any convex function ¢, we have

g\ \ ! 1 1 -t 1 1
<I +0 <)> <zk - Axk+1> + <I +0 <g(n)>) (zk - A$k+1> = 2F — AP
n n n n n
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Therefore, (63c) holds, and thus from (9¢) it follows

2k+1

S %(Axkﬂ + oy,

Substituting the formula of ¥ into (9a), we have for i = iy,
. ~ T
a:,’f“ =arg mln(—zk,Aixi) + wi(z;) + §||a:Z — foQ

r, €EX;

. T
= argmin(—2", A;z;) + %(Axk + o, Aiwy) i) + =l — =
J»’iEXi

. q
=argmin(—zF, A;z;) + ui(z;) + %HAZ.&:, + A;ﬁilﬁl;i | | :I:fHTF%A;rAi,

r, €EX;

which is exactly (63a). Hence, we complete the proof.
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