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Abstract

Direct optimal control algorithms first discretize the continuous-time optimal
control problem and then solve the resulting finite dimensional optimization
problem. If Newton type optimization algorithms are used for solving the
discretized problem, accurate first as well as second order sensitivity infor-
mation needs to be computed. This article develops a novel approach for
computing Hessian matrices which is tailored for optimal control. Algo-
rithmic differentiation based schemes are proposed for both discrete- and
continuous-time sensitivity propagation, including explicit as well as implicit
systems of equations. The presented method exploits the symmetry of Hes-
sian matrices, which typically results in a computational speedup of about
factor 2 over standard differentiation techniques. These symmetric sensitiv-
ity equations additionally allow for a three-sweep propagation technique that
can significantly reduce the memory requirements, by avoiding the need to
store a trajectory of forward sensitivities. The performance of this symmetric
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sensitivity propagation is demonstrated for the benchmark case study of the
economic optimal control of a nonlinear biochemical reactor, based on the
open-source software implementation in the ACADO Toolkit.

Keywords: optimal control, sensitivity analysis, algorithms and software,
nonlinear predictive control

1. Introduction

Optimal control problems (OCP) arise in various applications, including
the optimization of an actuation profile, system state and parameter esti-
mation or optimal experiment design problems [1]. Shooting based direct
optimal control methods rely on an accurate discretization of the original
continuous-time OCP, resulting in a finite dimensional nonlinear program
(NLP) [2, 3]. In the context of nonlinear model predictive control (NMPC)
or moving horizon estimation (MHE) [4], for example, these optimal control
problems have to be solved under strict timing constraints [5]. In many prac-
tical control applications, the simulation of the nonlinear dynamics as well as
the propagation of first and second order derivative information is the main
bottleneck in terms of computation time. In particular, Newton type opti-
mization algorithms [6] such as Interior Point (IP) methods [7] or Sequential
Quadratic Programming (SQP) [8] for optimal control require the reliable
and efficient evaluation of such derivatives [9]. This is especially crucial in
the context of economic objectives, where Gauss-Newton or other Hessian
approximation strategies may fail to perform well [10].

Existing direct optimal control algorithms based on shooting methods ei-
ther employ a discretize-then-differentiate [2] or a differentiate-then-discretize
type of approach. The first technique carries out the differentiation after dis-
cretization, e.g., following the technique of Internal Numerical Differentiation
(IND) [2] in combination with Algorithmic Differentiation (AD) [9] to eval-
uate these derivatives. Other discrete-time sensitivity propagation schemes
are tailored for implicit integration methods [11, 12]. The differentiate-then-
discretize approach involves an extension of the dynamic equations with
their corresponding sensitivity equations, as implemented for example for
first order sensitivities in SUNDIALS [13]. This can be performed for both
forward [14, 15] and adjoint sensitivity analysis [16, 17]. Note that direct
transcription methods [18] do not require such a propagation of sensitivities
as in shooting based approaches, but they can still benefit from the proposed
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symmetric evaluation of the Hessian contributions.
Unlike classical forward-over-adjoint (FOA) techniques [9, 19] to compute

second order derivative information, the symmetric property when evaluating
a Hessian matrix can be exploited as discussed in [9, 20] for explicit function
evaluations. Following this research, a symmetric variant of AD was pre-
sented in [10] for explicit integration schemes in the context of exact Hessian
based direct optimal control. Later in [21], this symmetric scheme has been
extended to the case of an implicit integration method using the implicit
function theorem in a discrete-time propagation technique. Similar to [10]
and [21], the present article is concerned with the computation of Hessian
matrices as required by Newton type optimization. The work by [22] instead
proposes a differentiate-then-discretize type approach to compute Hessian
vector products directly in the context of truncated Newton (TN) methods.
In case of path-constrained optimal control problems, one could additionally
use composite adjoints as discussed in [23].

1.1. Motivation and contributions

This paper proposes an efficient first and second order algorithmic dif-
ferentiation scheme for both discrete- and continuous-time optimal control
problems. Unlike the initial results from [10] and [21], this article presents
and establishes the correctness of the symmetric Hessian propagation tech-
nique for any explicit or implicit integration method. The resulting second
order sensitivity analysis typically allows for a computational speedup of
about factor 2, by exploiting the symmetry of the Hessian. In addition, we
present an extension of these results to continuous-time sensitivity propa-
gation for an implicit system of Differential Algebraic Equations (DAE) of
index 1. This discussion in a continuous-time framework allows for a generic
sensitivity analysis, before applying a numerical discretization scheme.

Based on the symmetric sensitivity equations, a resulting three-sweep
Hessian propagation (TSP) scheme has been proposed [10]. This technique
is studied here both in discrete- and continuous-time, and shown to consid-
erably reduce the memory requirements, in addition to the reduced compu-
tational burden, over classical forward-over-adjoint (FOA) approaches. The
proposed TSP scheme avoids the need to store a trajectory of forward sensi-
tivities based on the symmetric sensitivity equations, which generally results
in a much smaller memory footprint to compute the Hessian. An implemen-
tation of these symmetric Hessian propagation techniques in the open-source
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ACADO Toolkit software is presented and its performance is illustrated on
the case study of a nonlinear biochemical reactor.

1.2. Notation and preliminaries

This paper denotes first order total and partial derivatives, respectively
using the compact notation DaF (a, b) = dF (a,b)

da
and ∂aF (a, b) = ∂F (a,b)

∂a
. In

addition, let us write the second order directional derivatives:

〈c,D2
a,bF (a, b)〉 =

n∑
k=1

ck
d2Fk(a, b)

da db
, (1)

where c ∈ Rn is a constant vector and F : Rl×Rm → Rn a twice differentiable
function. Notice that the map 〈·, ·〉 : Rn×Rn×l×m → Rl×m does not denote a
standard scalar product, since the first argument is a vector while the second
argument is a tensor. We occasionally use the shorthand notation 〈c,D2

a,bF 〉,
if it is clear from the context that F depends on a and b. We write 〈c,D2

aF (a)〉
rather than 〈c,D2

a,aF (a)〉, in case F has only one argument. If the second
order derivatives of F are continuous, the matrix 〈c,D2

aF (a)〉 is symmetric.
When using partial instead of total derivatives, a similar compact notation
for the directional second order derivatives is adopted:

〈c, ∂2a,bF (a, b)〉 =
n∑
k=1

ck
∂2Fk(a, b)

∂a ∂b
. (2)

The article is organized as follows. Section 2 introduces direct optimal
control in a simplified setting in order to illustrate the need for efficient sen-
sitivity analysis. Section 3 discusses discrete-time propagation techniques
for a generic implicit integration method. We first present the classical first
and second order techniques, then we propose and motivate our alternative
symmetric propagation scheme. Section 4 then presents the continuous-time
extension of these sensitivity equations, considering an implicit DAE system
of index 1. A three-sweep Hessian propagation technique is introduced and
discussed in Section 5, including implementation details. The open-source
ACADO code generation software using these novel sensitivity propagation
techniques is briefly discussed in Section 6. Numerical results for an illustra-
tive case study are finally presented and discussed further in Section 7.
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2. Problem Statement

Let us briefly introduce the problem formulation in which we are inter-
ested, including the system of Differential Algebraic Equations (DAE). We
then introduce the framework of direct optimal control and Newton type al-
gorithms to solve the resulting optimization problem, using first and second
order sensitivity analysis.

2.1. Differential algebraic equations

Let us consider the following semi-explicit DAE system:

ẋ(t) = f(x(t), z(t)), x(0) = x0(p),

0 = g(x(t), z(t)),
(3)

in which x(t) ∈ Rnx denotes the differential states, z(t) ∈ Rnz the algebraic
variables and f : Rnx × Rnz → Rnx , g : Rnx × Rnz → Rnz . The parameters
p ∈ Rnp are additional variables which define the initial value function x0 :
Rnp → Rnx . The latter DAE system is of index 1 [17] if the Jacobian ∂zg(·)
is non-singular. In case there are no algebraic variables, the system instead
denotes a set of Ordinary Differential Equations (ODE):

ẋ(t) = fODE(x(t)), x(0) = x0(p). (4)

We introduce the following two important assumptions.

Assumption 1. The functions f(x(t), z(t)), g(x(t), z(t)) and x0(p) are twice
continuously differentiable in all arguments.

Assumption 2. The semi-explicit DAE system in Eq. (3) has differential
index 0 or index 1, which means that either nz = 0, or the Jacobian matrix
∂zg(·) must be invertible.

Finally, let us refer to the following definition for consistent initial con-
ditions such that the initial value problem in Eq. (3) has a unique solution
x(t, p) and z(t, p) ∀t ∈ [0, T ], p given the previous two assumptions [14, 24].

Definition 3. The initial values (x(0, p), z(0, p)) are called consistent when
the following conditions hold:

x(0, p) = x0(p)

0 = g(x(0, p), z(0, p)).
(5)

This is a well defined nonlinear system in (x(0, p), z(0, p)) given the param-
eter values p and an index 1 DAE.
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Remark 4. The sensitivity propagation techniques in this article can be read-
ily extended to the following implicit DAE formulation

0 = fDAE(ẋ(t), x(t), z(t)), x(0) = x0(p), (6)

which is of index 1 when the Jacobian matrix ∂(ẋ,z)fDAE(·) is invertible [17].
To keep the notation relatively simple, let us however focus on the semi-
explicit formulation from Eq. (3) instead.

2.2. Optimal control problem formulation

This paper is concerned with derivatives for continuous-time optimal con-
trol problems (OCP). These could in the simplest case be of the form

min
x(·),z(·), p

φ (x(T )) (7a)

s.t. 0 = x(0)− x0(p), (7b)

ẋ(t) = f(x(t), z(t)), ∀t ∈ [0, T ], (7c)

0 = g(x(t), z(t)), ∀t ∈ [0, T ], (7d)

where the objective in Eq. (7a) consists of a terminal cost defined by the twice
continuously differentiable function φ(·), depending only on the differential
states for notational convenience. For the ease of exposition, we do not
introduce more general OCPs, which could comprise additional time-varying
control inputs, inequality constraints on states and controls, or more general
objective functionals.

2.3. Shooting parameterization

As previously defined, the unique solution of the initial value problem in
Eq. (3) can be referred to as x(t, p) and z(t, p) ∀t ∈ [0, T ] and for a specific
parameter value p. A single shooting [25] discretization of OCP (7) then
results in the following unconstrained NLP:

min
p

Φ(p), (8)

where Φ(p) = φ (x(T, p)). A minimizer for this finite dimensional problem
exists if and only if the continuous-time OCP (7) has an optimal, bounded
solution. To preserve a more compact notation, single shooting will be used
throughout this paper even though all presented techniques can also be em-
ployed within the direct multiple shooting method [2]. In practice, the func-
tion x(T, p) is obtained approximately by numerical simulation of the system
of differential algebraic equations [24].
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2.4. Newton type optimization

Exact Newton methods of the form

p[k+1] = p[k] −D2
pΦ(p[k])−1 DpΦ(p[k])>, for k = 0, 1, . . . (9)

converge locally quadratically to stationary points of problem (8) under mild
conditions; see [6]. In general, one needs a well designed globalization strat-
egy to guarantee convergence, but this topic is outside the scope of this paper.
The first and second order derivatives in Eq. (9) are given by:

DpΦ(p)> = Dpx(T, p)>λ̄(p)

D2
pΦ(p) = 〈λ̄(p),D2

px(T, p)〉+ Dpx(T, p)>∂2xφ (x(T, p)) Dpx(T, p),
(10)

where the notation λ̄(p)> = ∂xφ (x(T, p)) is used. Here, λ̄(p) is called the
“backward seed” for the sensitivity propagation techniques. The evaluation
of partial derivatives for the function φ(·) is assumed to be relatively cheap
using techniques of Algorithmic Differentiation [9]. The main computational
effort is therefore typically the numerical simulation to evaluate x(T, p) and
the propagation of its first and second order sensitivities. Note that the di-
rectional second order derivatives 〈λ̄(p),D2

px(T, p)〉 =
∑nx

k=1 λ̄k(p)D
2
pxk(T, p)

are defined as in Eq. (1).

3. Discrete-Time Sensitivity Propagation

For a discussion on discrete-time propagation techniques for the sensitivi-
ties in (10), let us denote an integration scheme to simulate the index-1 DAE
system in Eq. (3) by the following semi-explicit set of equations:

xn+1 = F (xn, zn)

0 = G(xn, zn),
(11)

for n = 0, . . . , N − 1 where x0 = x0(p), the Jacobian matrix ∂zG(·) is in-
vertible and the functions F : Rnx × Rnz → Rnx , G : Rnx × Rnz → Rnz

are twice continuously differentiable when Assumption 1 holds. In what fol-
lows, the dependency of the variables xn, zn on the parameter value p for
n = 0, . . . , N − 1 will be omitted to arrive at a compact notation.

Note that the formulation in Eq. (11) includes both explicit and im-
plicit integration methods [24]. The additional variables zn ∈ Rnz for n =
0, . . . , N − 1 denote all internal variables which are necessary to formulate
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the integration scheme. In case of a collocation method, these variables for
example denote the values of the differential state derivatives and algebraic
variables at the collocation nodes [24]. The number of integration steps N
is chosen to be fixed for notational convenience. The function G(·) would be
empty in case of an explicit integration scheme.

3.1. First order sensitivity analysis

In what follows, we will refer to the function evaluations in Eq. (11) using
the compact notation F n = F (xn, zn) and Gn = G(xn, zn). Similarly, the first
order derivatives read:

F n
x = ∂xF

n, F n
z = ∂zF

n and Gn
x = ∂xG

n, Gn
z = ∂zG

n, (12)

of which the Jacobian matrix Gn
z is invertible.

Forward propagation. Let us define the sensitivities Sxn := Dpxn ∈ Rnx×np and
Szn := Dpzn ∈ Rnz×np , which can be propagated forward using the following
semi-explicit system of equations:

Sxn+1 = F n
x S

x
n + F n

z S
z
n

0 = Gn
x S

x
n +Gn

z S
z
n,

(13)

for n = 0, . . . , N − 1 where the initial value Sx0 = Dpx0 is given. These
sensitivity equations (13) can be obtained directly by differentiating Eq. (11)
with respect to p. Note that the matrix Gn

z is invertible such that Szn =
−Gn−1

z Gn
x S

x
n could be computed explicitly using a matrix factorization. The

end value SxN can be used to obtain the result DpΦ(p)> = Dp(xN)> λ̄ = Sx
>
N λ̄

in the Newton type optimization scheme from Section 2.4.

Adjoint propagation. The sensitivity result DpΦ(p) can alternatively be com-
puted directly by use of an adjoint propagation scheme where λ̄ denotes
the backward seed. For this purpose, let us define the adjoint variables
λxn := Dxn(xN)> λ̄ ∈ Rnx and λzn ∈ Rnz which can be propagated backward
using the following semi-explicit system of equations:

λxn = F n>

x λxn+1 +Gn>

x λzn+1

0 = F n>

z λxn+1 +Gn>

z λzn+1,
(14)

for n = N−1, . . . , 0 where the initial value is given by the seed λxN = λ̄. This
backward propagation scheme results in the sensitivity λx0 = Dx0(xN)> λ̄ such

8



that DpΦ(p)> = Dp(x0)
> λx0 holds. These adjoint sensitivity equations (14)

can be obtained directly by differentiating (11) with respect to xn and mul-
tiplying the first equation with λx

>
n+1:

Dxn(xn+1)
> λxn+1 = F n>

x λxn+1 + Dxn(zn)> F n>

z λxn+1

0 = Gn>

x + Dxn(zn)>Gn>

z ,

which defines Dxn(zn)> = −Gn>
x Gn−>

z . By introducing λzn+1 = −Gn−>
z F n>

z λxn+1,
one obtains the expressions in Eq. (14).

3.2. Second order sensitivity propagation

Next, we are interested in computing second order directional derivatives
of the form 〈λ̄,D2

pxN〉 = 〈λ̄,D2
px(T, p)〉 as required in Eq. (10) and follow-

ing our notation in Eq. (1). Such directional second order derivatives can
be computed by combining forward and backward techniques for first order
sensitivity analysis. Combining the two techniques for first order derivatives
results in four possible propagation schemes [9, 19]. However, in the forward-
over-forward approach, computational effort would be spent in computing
sensitivity directions that are not necessarily needed to form the Hessian re-
sult. Similarly, it is not efficient to perform more than one reverse sweep
as discussed in [9]. In the following, among the two remaining approaches,
preference will be given to the forward-over-adjoint (FOA) approach.

Let us introduce the following compact notation for the second order
derivatives of the functions F n = F (xn, zn) and Gn = G(xn, zn):

F n
a b = ∂2a,bF

n and Gn
a b = ∂2a,bG

n. (15)

Forward-over-adjoint (FOA) propagation. Let us apply forward differentia-
tion directly to the adjoint propagation scheme in Eq. (14), where we also
regard the dependency of the variables λn on the parameter p. This results
in the additional variables Hx

n ∈ Rnx×np and Hz
n ∈ Rnz×np , for which the

corresponding FOA type equations read as:

Hx
n = F n>

x Hx
n+1 +Gn>

x Hz
n+1

+
[
〈λxn+1, F

n
xx〉+ 〈λzn+1, G

n
xx〉 〈λxn+1, F

n
xz〉+ 〈λzn+1, G

n
xz〉
] [Sxn
Szn

]
0 = F n>

z Hx
n+1 +Gn>

z Hz
n+1

+
[
〈λxn+1, F

n
zx〉+ 〈λzn+1, G

n
zx〉 〈λxn+1, F

n
zz〉+ 〈λzn+1, G

n
zz〉
] [Sxn
Szn

]
,

(16)
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for n = N − 1, . . . , 0 where the initial value is given by Hx
N = 0. The latter

backward propagation results in the sensitivity Hx
0 = 〈λ̄,D2

x0,p
xN〉 such that

the Hessian matrix 〈λ̄,D2
pxN〉 = Hx>

0 Dpx0 + 〈λx0 ,D2
px0(p)〉 can be obtained.

It is important to note that the FOA variables Hx
n ∈ Rnx×np and Hz

n ∈ Rnz×np

are not symmetric or even square, and the same holds for the equations in the
FOA type propagation scheme (16). The desired Hessian result 〈λ̄,D2

pxN〉 is
however symmetric by definition.

3.3. Symmetric second order sensitivity propagation

We are here interested in an approach which can efficiently propagate
a symmetric Hessian variable HS

n ∈ Rnp×np directly. In what follows, we
show that such a symmetric propagation scheme provides multiple benefits
over the classical FOA approach, while both provide the same second order
sensitivities. The following theorem summarizes this result.

Theorem 5. Let (xn+1, zn), (Sxn+1, S
z
n) and (λxn, λ

z
n+1) be defined for n =

0, . . . , N − 1 respectively by Eqs. (11), (13) and (14) and the corresponding
initial and terminal values. The following propagation scheme then generates
a symmetric variable HS

n:

HS
n+1 = HS

n +

[
Sxn
Szn

]> [〈λxn+1, F
n
xx〉+ 〈λzn+1, G

n
xx〉 〈λxn+1, F

n
xz〉+ 〈λzn+1, G

n
xz〉

〈λxn+1, F
n
zx〉+ 〈λzn+1, G

n
zx〉 〈λxn+1, F

n
zz〉+ 〈λzn+1, G

n
zz〉

] [
Sxn
Szn

]
,

(17)
for n = 0, . . . , N −1 starting from the initial value HS

0 = 〈λx0 ,D2
px0(p)〉. This

symmetric variable satisfies HS
n = 〈λxn,D2

pxn〉 ∈ Rnp×np and yields the desired
Hessian result HS

N = 〈λ̄,D2
pxN〉.

Proof. The proof uses induction over n. For the case n = 0, the statement
HS

0 = 〈λx0 ,D2
px0〉 for the symmetric Hessian result holds by initialization. Let

us assume that HS
n = 〈λxn,D2

pxn〉 holds for n. From the symmetric sequence
in Eq. (17), the following then holds for the case n+ 1:

HS
n+1 = 〈λxn,D2

pxn〉

+

[
Sxn
Szn

]> [〈λxn+1, F
n
xx〉+ 〈λzn+1, G

n
xx〉 〈λxn+1, F

n
xz〉+ 〈λzn+1, G

n
xz〉

〈λxn+1, F
n
zx〉+ 〈λzn+1, G

n
zx〉 〈λxn+1, F

n
zz〉+ 〈λzn+1, G

n
zz〉

] [
Sxn
Szn

]
.

(18)
From this expression, we can prove the desired result HS

n+1 = 〈λxn+1,D
2
pxn+1〉

based on the second order chain rule and the implicit function theorem. Using
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equation xn+1 = F (xn, zn) from (11), this second order chain rule reads:

〈λxn+1,D
2
pxn+1〉 = 〈λ̃xn,D2

pxn〉+ 〈λ̃zn,D2
pzn〉

+

[
Sxn
Szn

]> [〈λxn+1, F
n
xx〉 〈λxn+1, F

n
xz〉

〈λxn+1, F
n
zx〉 〈λxn+1, F

n
zz〉

] [
Sxn
Szn

]
,

(19)

where auxiliary variables λ̃x
>
n := λx

>
n+1F

n
x and λ̃z

>
n := λx

>
n+1F

n
z are defined.

Let us recall the adjoint propagation from Eq. (14), where 0 = F n>
z λxn+1 +

Gn>
z λzn+1 and therefore λz

>
n+1 = −λx>n+1F

n
z G

n−1

z = −λ̃z>n Gn−1

z holds. The im-
plicit function theorem for the equation 0 = G(xn, zn) then allows us to write
the directional second order derivatives as:

〈λ̃zn,D2
pzn〉 = 〈µ̃xn,D2

pxn〉+

[
Sxn
Szn

]> [〈λzn+1, G
n
xx〉 〈λzn+1, G

n
xz〉

〈λzn+1, G
n
zx〉 〈λzn+1, G

n
zz〉

] [
Sxn
Szn

]
, (20)

where additionally µ̃x
>
n := λz

>
n+1G

n
x is defined and λz

>
n+1G

n
z = −λ̃z>n has been

used. After combining the latter expression for 〈λ̃zn,D2
pzn〉 in (20) into the

result from Eq. (19), one obtains:

〈λxn+1,D
2
pxn+1〉 = 〈λ̃xn,D2

pxn〉+ 〈µ̃xn,D2
pxn〉

+

[
Sxn
Szn

]> [〈λxn+1, F
n
xx〉+ 〈λzn+1, G

n
xx〉 〈λxn+1, F

n
xz〉+ 〈λzn+1, G

n
xz〉

〈λxn+1, F
n
zx〉+ 〈λzn+1, G

n
zx〉 〈λxn+1, F

n
zz〉+ 〈λzn+1, G

n
zz〉

] [
Sxn
Szn

]
= 〈λxn,D2

pxn〉

+

[
Sxn
Szn

]> [〈λxn+1, F
n
xx〉+ 〈λzn+1, G

n
xx〉 〈λxn+1, F

n
xz〉+ 〈λzn+1, G

n
xz〉

〈λxn+1, F
n
zx〉+ 〈λzn+1, G

n
zx〉 〈λxn+1, F

n
zz〉+ 〈λzn+1, G

n
zz〉

] [
Sxn
Szn

]
,

(21)
where we used that λxn = F n>

x λxn+1 +Gn>
x λzn+1 = λ̃xn + µ̃xn from Eq. (14). This

concludes the induction proof, because (21) shows thatHS
n+1 = 〈λxn+1,D

2
pxn+1〉

holds, based on the original expression in Eq. (18).

Let us briefly compare the classical FOA sensitivity propagation in Eq. (16)
with the symmetric scheme in Eq. (17). One can observe that the novel
equations propagate much less variables HS

n ∈ Rnp×np in case np � (nx+nz),
while the FOA variables are Hx

n ∈ Rnx×np and Hz
n ∈ Rnz×np . In addition,

the sensitivity equation (17) is symmetric, such that one can propagate only
the lower triangular part of the variable HS

n ∈ Rnp×np . Since this symmetric
equation does not directly depend on HS

n itself, the Hessian variable can be
propagated in any direction. In Section 5, a three-sweep propagation scheme
will be proposed in which these properties are exploited.
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4. Continuous-Time Sensitivity Propagation

This section presents continuous-time sensitivity equations to propagate
first and second order directional derivatives of the states with respect to the
parameters p. We introduce the shorthand f(t) = f(x(t), z(t)) and g(t) =
g(x(t), z(t)) for the DAE system in Eq. (3) whenever it is clear from the
context at which point f and g are evaluated. Additionally, the partial
derivatives of these functions are denoted by

fx(t) = ∂xf(t), fz(t) = ∂zf(t) and gx(t) = ∂xg(t), gz(t) = ∂zg(t).

The dependence of the simulation result x(T, p) and the function x0(p) on
the parameter value p is further omitted to allow a more compact notation.

Remark 6. The continuous-time sensitivity equations could be derived from
the discrete-time results in Section 3, by applying the limit for the discretiza-
tion step size going to zero. For completeness, we however present these
continuous-time results and instead provide a self-contained proof of correct-
ness for the proposed symmetric Hessian propagation scheme.

4.1. First order sensitivity equations
Forward propagation. Let us define the sensitivities Sx(t) := Dpx(t) ∈ Rnx×np

and Sz(t) := Dpz(t) ∈ Rnz×np . The forward system of sensitivity equa-
tions [14, 15] corresponding to the DAE in (3) can be written as:

Ṡx(t) = fx(t)S
x(t) + fz(t)S

z(t), with Sx(0) = Dpx0

0 = gx(t)S
x(t) + gz(t)S

z(t),
(22)

which is also of index 0 or 1 under Assumption 2. The end value Sx(T )
can be used to obtain the result DpΦ(p)> = Dp(xT )> λ̄ = Sx(T )> λ̄ in the
Newton type optimization scheme.

Adjoint propagation. The sensitivity result DpΦ(p) can alternatively be com-
puted directly by use of an adjoint propagation scheme. For this purpose, let
us define the adjoint variables λx(t) := Dx(t)x(T )> λ̄ ∈ Rnx and λz(t) ∈ Rnz .
As derived in detail by [16, 17], the adjoint system then reads as:

−λ̇x(t) = fx(t)
>λx(t) + gx(t)

>λz(t)

0 = fz(t)
>λx(t) + gz(t)

>λz(t),
(23)

which is again of index 0 or 1 and the initial value λx(T ) = λ̄ is the backward
seed. The adjoint result Dp(xT )> λ̄ = Dp(x0)

> λx(0) is then obtained directly
by this backward sensitivity propagation.
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4.2. Second order sensitivity equations

Next, we are interested in computing second order directional derivatives
of the form 〈λ̄,D2

pxT 〉 as required in Eq. (10) and following our notation in
Eq. (1). Let us start by presenting the classical forward-over-adjoint (FOA)
type sensitivity equations in continuous-time.

Forward-over-adjoint (FOA). Applying forward differentiation directly to
the adjoint system (23) yields Hx(t) := Dpλ

x(t) ∈ Rnx×np and Hz(t) :=
Dpλ

z(t) ∈ Rnz×np . These variables are described by the FOA system [19]:

−Ḣx(t) = fx(t)
>Hx(t) + gx(t)

>Hz(t)

+
[
〈λx, fxx〉+ 〈λz, gxx〉 〈λx, fx z〉+ 〈λz, gx z〉

] [Sx(t)
Sz(t)

]
0 = fz(t)

>Hx(t) + gz(t)
>Hz(t)

+
[
〈λx, fz x〉+ 〈λz, gz x〉 〈λx, fz z〉+ 〈λz, gz z〉

] [Sx(t)
Sz(t)

]
,

(24)

where the first order sensitivities are defined earlier and the second or-
der derivatives read fa b = ∂2a,bf(t) and ga b = ∂2a,bg(t). The initial value
needs to be chosen Hx(T ) = 0 and consistent values for Hz(T ) can be ob-
tained following Definition 3. The Hessian result can then be obtained as
〈λ̄,D2

pxT 〉 = Dp(x0)
>Hx(0) + 〈λx(0),D2

px0(p)〉. It is interesting to note that
the sensitivity equation (24) is not symmetric, unlike the resulting Hessian.

4.3. Symmetric second order sensitivity equations

Instead of the FOA system in Eq. (24), we would like to directly propagate
a symmetric variable HS(t) ∈ Rnp×np . We show that both approaches can
provide the same second order sensitivities 〈λ̄,D2

pxT 〉.
Theorem 7. Let (x(t), z(t)), (Sx(t), Sz(t)) and (λx(t), λz(t)) be defined for
t ∈ [0, T ] respectively by Eqs. (3), (22) and (23) and the corresponding con-
sistent initial values. Let us introduce the following symmetric sensitivity
equations to propagate HS(t):

ḢS(t) =

[
Sx(t)
Sz(t)

]> [〈λx, fxx〉+ 〈λz, gxx〉 〈λx, fx z〉+ 〈λz, gx z〉
〈λx, fz x〉+ 〈λz, gz x〉 〈λx, fz z〉+ 〈λz, gz z〉

] [
Sx(t)
Sz(t)

]
,

(25)
for t ∈ [0, T ], starting from the initial value HS(0) = 〈λx(0),D2

px0(p)〉. The
symmetric variable satisfies HS(t) = 〈λx(t),D2

px(t)〉 and provides the desired
Hessian result HS(T ) = 〈λ̄,D2

pxT 〉.
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Proof. The expression HS(t) = 〈λx(t),D2
px(t)〉 is satisfied for t = 0 because

of the initialization HS(0) = 〈λx(0),D2
px0(p)〉. It is sufficient to show that

the time derivative of this expression satisfies the differential equation sys-
tem (25), in order to obtain the desired Hessian result. We start by differen-
tiating HS(t) = 〈λx(t),D2

px(t)〉 with respect to time:

ḢS(t) = 〈λ̇x(t),D2
px(t)〉+ 〈λx(t),D2

pẋ(t)〉. (26)

The second order chain rule for the derivative 〈λx(t),D2
pẋ(t)〉 reads as:

〈λx(t),D2
pẋ(t)〉 = −〈λ̇x(t),D2

px(t)〉+ Sx(t)>〈λx(t),D2
xẋ(t)〉Sx(t), (27)

where λx(t)>Dx(t)ẋ(t) = −λ̇x(t)> has been used and the directional derivative
is defined as 〈λx,D2

pẋ〉 =
∑nx

k=1 λ
x
k D2

pẋk following our notation in Eq. (1).
The latter expression (27) can be used to simplify Eq. (26):

ḢS(t) = 〈λ̇x(t),D2
px(t)〉+ 〈λx(t),D2

pẋ(t)〉
= Sx(t)>〈λx(t),D2

xẋ(t)〉Sx(t).
(28)

By differentiating the differential equation ẋ(t) = f(x(t), z(t)) twice with
respect to x, we can write the directional second order derivative:

〈λx(t),D2
xẋ(t)〉 =

[
1

Dx(t)z(t)

]> [〈λx, fxx〉 〈λx, fx z〉
〈λx, fz x〉 〈λx, fz z〉

] [
1

Dx(t)z(t)

]
+ 〈λ̃z(t),D2

xz(t)〉,
(29)

where λ̃z(t)> := λx(t)>fz(t) is defined. Let us compute the remaining direc-
tional derivative 〈λ̃z(t),D2

xz(t)〉 by also differentiating the algebraic equation
0 = g(x(t), z(t)) twice with respect to x:

0 =

[
1

Dx(t)z(t)

]> [〈λz, gxx〉 〈λz, gx z〉
〈λz, gz x〉 〈λz, gz z〉

] [
1

Dx(t)z(t)

]
− 〈λ̃z(t),D2

xz(t)〉, (30)

where we used that λ̃z(t)> = λx(t)>fz(t) = −λz(t)>gz(t), based on the second
expression in the adjoint system (23). Combining these expressions from
Eqs. (30) and (29) into Eq. (28), yields the differential equation:

ḢS(t) = Sx(t)>〈λx(t),D2
xẋ(t)〉Sx(t)

=

[
Sx(t)
Sz(t)

]> [〈λx, fxx〉+ 〈λz, gxx〉 〈λx, fx z〉+ 〈λz, gx z〉
〈λx, fz x〉+ 〈λz, gz x〉 〈λx, fz z〉+ 〈λz, gz z〉

] [
Sx(t)
Sz(t)

]
,

(31)
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where we used Sz(t) = Dx(t)z(t)Sx(t) and which corresponds to the desired
symmetric sensitivity equation (25), concluding our proof.

The symmetry of System (25) can be exploited by propagating its lower
triangular part only. Notice also that unlike the classical FOA approach,
the symmetric scheme results in an ODE system describing the propagation
of the Hessian result HS(t), although the original system is in general an
implicit DAE system of index 1. In addition, the time direction in which
these equations are simulated is arbitrary and can therefore be reversed. A
very similar theorem and proof could be constructed for a backward in time
propagation of the symmetric system.

4.4. Continuous versus discrete-time sensitivity propagation

Even though continuous-time sensitivity equations are generally very use-
ful because they can be simulated using any integration scheme to obtain a
numerical approximation of the continuous-time sensitivity result, one often
prefers discrete-time numerical differentiation in the case of direct optimal
control methods [2]. The nonlinear program in Eq. (8) is defined using the
numerical simulation of the DAE system (3), such that the optimization al-
gorithm requires the derivatives of this numerical approximation instead of
the continuous-time sensitivities. In general, the discrete- and continuous-
time sensitivities are equal up to terms of order O(hs), where h denotes the
discretization step size and s is the order of the numerical integration scheme.

When applying Explicit Runge-Kutta (ERK) methods to ODE systems,
the connection between the discrete-time and continuous-time sensitivity
propagation is discussed in detail by [26, 27]. Forward mode of AD applied
to any linear multistep integration method, including single-step schemes
like Runge-Kutta (RK), provides derivatives which are equivalent to those
obtained by applying the same integration method directly to the system
of forward sensitivity equations [26, 28, 29]. In case of adjoint sensitivity
analysis, a discrepancy between the state and costate discretizations leads
to additional conditions that the coefficients of the integration scheme must
satisfy to achieve the same order of accuracy [30].

5. Forward-Backward versus Three-Sweep Hessian Propagation

A stored trajectory for the state variables x(t), z(t) from (3) for t ∈ [0, T ]
is needed to simulate the adjoint equations and similar requirements hold for
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the second order sensitivity equations. This section presents an alternative
approach for second order sensitivity propagation, based on the symmet-
ric right hand of Eq. (25). Even though the algorithm description will be
based on the continuous-time sensitivity equations from Section 4, the same
techniques can be applied to the discrete-time propagation schemes from
Section 3 based on the symmetric matrix equations in (17).

The classical approach for second order sensitivity propagation performs
a forward sweep, followed by a backward sweep. We will therefore refer to
this as the forward-backward (FB) propagation technique. As illustrated in
Algorithm 1, the trajectories of x(t), z(t) and Sx(t), Sz(t) from the forward
simulation over t ∈ [0, T ] need to be stored. In the following backward sweep,
the adjoint derivatives λx(t), λz(t) as well as the second order derivatives are
propagated. The latter can be based either on the FOA equations from (24)
using Hx(t), Hz(t) or based on the proposed symmetric scheme in (25) which
propagates directly the symmetric variable HS(t).

Algorithm 1: Forward-backward Hessian propagation

Input: The initial value x0(p).

−→ Propagate and store x(t), z(t) in (3) and Sx(t), Sz(t) in (22).

Evaluate backward seed λ̄> = ∂xφ (x(T, p)) in Eq. (10).

←− Propagate backward λx(t), λz(t) in Eq. (23) and Hx(t), Hz(t) in
Eq. (24) or HS(t) in Eq. (25).

Output: The results for x(T, p), Dpx(T, p)>λ̄ and 〈λ̄,D2
px(T, p)〉.

As mentioned earlier, the symmetric equations represent a plain summa-
tion independent of the current value of HS(·) such that the time direction in
which they are simulated can be reversed. This yields an alternative to the
forward-backward propagation, which consists of three consecutive sweeps.
Algorithm 2 illustrates this three-sweep propagation (TSP) technique [10].
Note that it can be computationally better to perform less sweeps in order to
allow more reuse of expressions in the derivative evaluations [9], even though
the TSP will show other advantages over the FB propagation. The main
advantage is that storage of the full forward trajectory of Sx(t), Sz(t) can be
avoided, since these first order derivatives are propagated together with the
symmetric Hessian results in the third sweep.
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Algorithm 2: Three-sweep Hessian propagation (TSP) for symmetric scheme

Input: The initial value x0(p).

−→ Propagate forward and store x(t), z(t) in Eq. (3).

Evaluate backward seed λ̄> = ∂xφ (x(T, p)) in Eq. (10).

←− Propagate backward and store λx(t), λz(t) in Eq. (23).

−→ Propagate forward Sx(t), Sz(t) in Eq. (22) and HS(t) in Eq. (25).

Output: The results for x(T, p), Dpx(T, p)>λ̄ and 〈λ̄,D2
px(T, p)〉.

5.1. Implementation details: TSP versus FB scheme

Table 1 shows a comparison between the FOA and the symmetric sensi-
tivity equations. Note that the table presents the dimensions of the propa-
gated matrix variables in both schemes, which does not directly correspond
to the computational complexity. The latter depends on the efficient evalu-
ation of the derivatives, on which more information can be found in [9]. In
summary, the symmetric Hessian propagation from Eq. (25) in continuous
time or Eq. (17) in discrete time provides the following advantages over the
classical FOA scheme respectively from Eqs. (24) or (16):

• The matrix valued right hand in Eq. (25) or (17) is symmetric, i.e.,
only the lower or upper triangular part needs to be propagated. In
the case where sensitivities are needed with respect to all states, which
is common in direct optimal control, Table 1 shows that nx(nx + 1)/2
equations need to be propagated instead of n2

x. This could result in a
speedup of about factor 2, depending on the sparsity of the problem.

• In case of implicit systems, the symmetric scheme is explicit and needs
no additional variables. This is in contrast to the FOA scheme.

• The derivatives in (25) or (17) can be evaluated using a symmetric AD
technique for factorable functions as discussed in [10, 20].

• Since the time direction of the symmetric equations can be reversed,
one can avoid the storage of a trajectory of forward sensitivities based
on the TSP scheme. Unlike the technique of checkpointing [9], this
typically causes a negligible amount of extra computational effort in
the case of explicit differential equations [10].
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Table 1: Theoretical cost comparison of second order sensitivity propagation.

Discrete-time D-FOA eqs. (16) D-SYM eqs. (17)

dimension
(#variables)

Sxn, S
z
n, H

x
n , H

z
n:

2nxnp + 2nznp

Sxn, S
z
n, H

S
n :

nxnp + nznp +
np(np + 1)/2

Continuous-time C-FOA eqs. (24) C-SYM eqs. (25)

dimension
(#variables)

Sx(t), Sz(t),
Hx(t), Hz(t):
2nxnp + 2nznp

Sx(t), Sz(t), HS(t):
nxnp + nznp +
np(np + 1)/2

Table 2 illustrates the storage costs for the FB and the TSP scheme re-
spectively in Algorithm 1 and 2. The latter table shows that the TSP scheme
can considerably reduce the memory requirements by propagating the first
order forward sensitivities together with the symmetric Hessian propagation
in a separate third sweep. A detailed comparison of these differentiation
schemes would need to include additional factors such as the used integra-
tion method, the evaluation of derivatives in the sensitivity equations and
the sparsity of the system dynamics as discussed in [9].

The presented sensitivity propagation techniques rely on the ability to
simulate a certain system of differential equations both forward and back-
ward in time. Otherwise, one could employ a time reversing transformation
as discussed in [16]. An efficient implementation of first order techniques
can be found, e.g., in [13], which employs checkpointing to reduce storage
requirements for adjoint sensitivity analysis. This approach could be applied
in a similar way to the second order propagation schemes in this paper.

5.2. The TSP scheme for implicit equations

Based on the discussion in [21], it should be noted that the advantages of
the TSP scheme regarding its storage requirements can become less apparent
or even disappear in case of implicit integration methods. To illustrate this,
let us look at the integration scheme in Eq. (11) and its first order sensitivity
propagation in Eq. (13) and (14). A Newton type method to solve the implicit
equation 0 = G(xn, zn) in (11) requires a factorization of the Jacobian Gn

z ,
which is also needed for the sensitivity equations (13) and (14). One needs
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Table 2: The storage cost for the second order sensitivity propagation techniques.

Discrete-time Forward-backward (D-FB) Three-sweep (D-TSP)

trajectory
storage

xn, zn, S
x
n, S

z
n:

(nx +nz)(1 +np)
xn, zn, λ

x
n, λ

z
n:

2 (nx + nz)

Continuous-time Forward-backward (C-FB) Three-sweep (C-TSP)

trajectory
storage

x(t), z(t), Sx(t), Sz(t):
(nx +nz)(1 +np)

x(t), z(t), λx(t), λz(t):
2 (nx + nz)

to either store these Jacobian factorizations in the first sweep of Algorithm 1
and 2, or one needs to recompute them. It is possible that the advantage
of using the TSP scheme over the classical forward-backward propagation,
regarding its storage costs, becomes relatively small in this case. It therefore
depends on the specific implementation, in the case of sensitivity propagation
for implicit differential equations or implicit integration methods, whether
the FB or the TSP scheme should be used. Nonetheless, the proposed sym-
metric sensitivity equations can still be used within the forward-backward
propagation for its computational advantages as listed before.

6. ACADO Toolkit Software and Implementation Details

An efficient implementation of the presented first and second order sensi-
tivity propagation techniques for general DAE systems as well as of the sym-
metric AD method [10], can be found in the open-source ACADO Toolkit
software [31]. It supports many algorithmic features for nonlinear opti-
mal control, including the Real-Time Iteration (RTI) scheme for Nonlinear
MPC (NMPC) [32]. The RTI algorithm is based on Sequential Quadratic
Programming (SQP) to solve the nonlinear optimization problem within di-
rect multiple shooting [2]. The software is free of charge and can be down-
loaded from www.acadotoolkit.org. The ACADO code generation tool can
be used to obtain real-time feasible code for dynamic optimization on embed-
ded control hardware. It specifically pursues the export of efficient C-code
based on the RTI scheme for NMPC [33]. A user friendly MATLAB interface
is available to use the ACADO Toolkit and its code generation tool, without
direct interaction with C/C++ programming [12, 31].
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Table 3: The proposed second order sensitivity propagation techniques.

Discrete-time Continuous-time

FB
D-FB-FOA (16)
D-FB-SYM (17)

C-FB-FOA (24)
C-FB-SYM (25)

TSP D-TSP-SYM (17) C-TSP-SYM (25)

Unlike the discrete-time discussion in [10] and [21] for specific integration
schemes, this article presented a generalization of the symmetric sensitivity
equations to implicit integration methods and to continuous-time implicit
DAE systems of index up to 1. Table 3 illustrates the presented options
for Hessian propagation, combining the classical or symmetric sensitivity
equations, with a FB or a TSP scheme within a discrete- or a continuous-
time framework. Following the approach of Internal Numerical Differenti-
ation (IND) [2], the open-source implementation in the ACADO Toolkit is
based on a discrete-time sensitivity propagation, i.e., corresponding to the
schemes in the first column of Table 3. Note that the presented imple-
mentation targets mostly small to medium-scale systems of about 10-100
states [12, 31], even though this does not limit the applicability of the pro-
posed algorithmic techniques to such problems.

As an example, let us briefly look at the ODE model equations for a
chain of nm masses as described in [34]. Table 4 presents the timings results
for a numerical simulation over 0.5 s using 10 steps of the explicit Runge-
Kutta (RK) method of order 4, based on the D-TSP-SYM or the D-FB-FOA
scheme. The table shows the computation times for a second order sensitivity
analysis with respect to both the states and control variables (np = nx +nu)
or only the controls (np = nu = 3), using different numbers of masses nm with
the corresponding state dimension nx = 6 (nm − 1). It can be observed from
this table that the overall computational speedup is about factor 2 based on
the symmetry of the proposed sensitivity equations in (17). The following
section finally illustrates these results on the illustrative case study of the
economically optimal control of a nonlinear biochemical reactor.
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Table 4: Computation times for a numerical simulation of the chain mass example [34]
using explicit RK4: three-sweep versus forward-backward sensitivity propagation.

D-TSP-SYM D-FB-FOA
nm nx np = nx + nu np = nu np = nx + nu np = nu

3 12 133 µs 29 µs 326 µs 57 µs
4 18 376 µs 66 µs 979 µs 125 µs
5 24 826 µs 103 µs 1945 µs 188 µs
6 30 1523 µs 139 µs 3219 µs 245 µs
7 36 2495 µs 176 µs 4970 µs 300 µs
8 42 3710 µs 211 µs 6902 µs 386 µs
9 48 5293 µs 255 µs 9650 µs 461 µs

7. Case Study: Economic Optimal Control of a Bioreactor

The numerical results in this section have been obtained using the open-
source ACADO code generation tool on a standard computer, equipped
with Intel i7-3720QM processor, and using a 64-bit version of Ubuntu 14.04
and the g++ compiler version 4.8.4. The code to reconstruct the pre-
sented numerical results can be found on the following public repository:
https://github.com/rienq/symmetricHessians.

7.1. Modeling the system

Let us consider the following explicit ODE model of a continuous biore-
actor for culture fermentation [35, 36, 37]:

ẋ = freactor(x, u) =



−DXb + µ(x)Xb

D(Uf −Xs)− µ(x)Xb

Yb

−DXp + (αµ(x) + β)Xb

Xb/T
Uf/T
DXp/T

 . (32)

Here, the state vector x = (Xb, Xs, Xp, qb, qf , qp) consists of three physical
states: the biomass Xb, the substrate Xs and the product concentration Xp

as well as three auxiliary states qb, qf and qp. The latter auxiliary variables are
also known as quadrature states [38], e.g., q̇b(t) = Xb(t)/T such that qb(T ) =
1
T

∫ T
0
Xb(τ)dτ denotes the average biomass concentration. These quadrature
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Table 5: Parameter values and bounds for the bioreactor.

Name Symbol Value

dilution rate D 0.15 h−1

substrate inhibition constant Ki 22 g/L
substrate saturation constant Km 1.2 g/L
product saturation constant Pm 50 g/L
yield of the biomass Yb 0.4
first product yield constant α 2.2
second product yield constant β 0.2 h−1

specific growth rate scale µm 0.48 h−1

maximum feed substrate U 40.0 g/L
minimum feed substrate U 28.7 g/L

maximum average feed substrate U
A

32.9 g/L

maximum average biomass concentration X
A

b 5.8 g/L

states will be used further to formulate the objective and constraint functions
in the OCP. The control input u = Uf of the system denotes the feed substrate
concentration which is bounded U ≤ Uf ≤ U . The specific growth rate µ(x)
is given by the expression

µ(x) = µm
(1−Xp

Pm
Xs)

Km+Xs+
Xs2

Ki

.

The remaining parameter values and operating bounds are summarized in
Table 5. The bioreactor can be modeled by an explicit ODE as in (32), but
we later also refer to the following semi-explicit DAE formulation:

ẋ = freactor(x, µ, u)

0 = µ− µm

(1− Xp

Pm
Xs)

Km +Xs + Xs
2

Ki

,
(33)

where the specific growth rate has been introduced as an algebraic variable.
Even though there is no clear advantage of using the latter DAE formulation
in this case, it can be used to illustrate the proposed sensitivity propagation
schemes for implicit systems of equations.
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7.2. Optimal control problem formulation

Similar to the OCP formulation in [10], our aim here is to maximize the
average productivity which corresponds to the Mayer term qp(T ) as defined
in Eq. (32). The end time T of a single cycle is assumed to be fixed and
equal to 48 hours. The resulting continuous-time OCP reads as:

min
x(·),u(·)

− qp(T ) (34a)

s.t. 0 = x(0)− x̄0, (34b)

ẋ(t) = freactor(x, u), ∀t ∈ [0, T ], (34c)

U ≤ Uf ≤ U, (34d)

qf(T ) ≤ U
A
, (34e)

qb(T ) ≤ X
A

b , (34f)

Xb(T ) = Xb(0), (34g)

Xs(T ) = Xs(0), (34h)

Xp(T ) = Xp(0), (34i)

which, in addition to the initial value condition (34b) and the dynamics (34c),
also includes the control bounds (34d) and an upper bound on the aver-
age concentration for feed substrate (34e) and biomass (34f). Following the
problem formulation in [10, 37], periodicity constraints on the three physical
states Xb, Xs and Xp are included in Eqs. (34g)-(34i). Note that the initial
value x̄0 for the states is considered constant, unlike the OCP formulation
from Eq. (7). Instead, the sensitivity information with respect to the control
inputs will be needed in a Newton type optimization method for the above
OCP after performing a shooting discretization [2]. For the sake of simplicity,
we consider a piecewise constant control parametrization over the horizon of
N = 20 equidistant intervals. The solution trajectories for the states and
controls are shown in Figure 1.

7.3. Numerical results

As discussed in Section 6, the open-source ACADO Toolkit can be used to
efficiently solve the OCP in Eq. (34), based on direct multiple shooting and
an SQP type algorithm. The presented sensitivity propagation techniques
will be illustrated in discrete-time, using 5 integration steps of the form in
Eq. (11) within each of the N = 20 shooting intervals over the control horizon
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Figure 1: This figure presents the optimal state and control trajectories, corresponding to
the periodic OCP for the nonlinear bioreactor in Eq. (34).
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Table 6: Detailed computation times for exact Hessian based SQP using the explicit RK
method: three-sweep versus forward-backward sensitivity propagation.

D-TSP-SYM D-FB-FOA

Forward sweep 1 15 µs 6 % 95 µs 24 %
Backward sweep 2 18 µs 7 % 172 µs 44 %
Forward sweep 3 99 µs 39 % - -

Total simulation 135 µs 53 % 272 µs 69 %

Condensing 17 µs 7 % 19 µs 5 %
Regularization 47 µs 18 % 47 µs 12 %
QP solution 56 µs 22 % 56 µs 14 %

Total SQP step 256 µs 394 µs

of T = 48 hours. Let us use the explicit Runge-Kutta (RK) method of order 4
for the ODE model in Eq. (32). Respectively, we use an implicit RK method
of order 4 to simulate the semi-explicit DAE formulation from Eq. (33). Note
that the latter DAE system is equivalent to the original ODE model and has
been introduced mainly to illustrate the sensitivity propagation techniques
in the presence of implicit algebraic equations.

Table 6 details the average computation times for the different com-
ponents during one iteration of the SQP algorithm, using the explicit RK
method for the ODE model. The table includes a comparison of the pro-
posed symmetric three-sweep Hessian propagation (TSP-SYM) versus the
classical forward-over-adjoint based FB scheme (FB-FOA). The symmetric
propagation algorithm indeed yields a speedup of about factor 2 as discussed
in Section 5.1, when comparing the total simulation time. Moreover, recall
from Table 2 that the TSP scheme propagates all forward and second order
sensitivities in a separate third sweep and is therefore also more memory
efficient than the classical FB approach. Table 7 shows the average compu-
tation times using the implicit RK method for the DAE system, based on
either the symmetric or the FOA equations for the forward-backward Hessian
propagation. As mentioned earlier, the linear algebra routines for computing
the Jacobian factorization often dominate the computational effort within
an implicit scheme. This can also be observed in this table, since the total
simulation times are relatively similar for both techniques in this case.
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Table 7: Average computation times for exact Hessian based SQP using the implicit RK
method: symmetric versus FOA equations within forward-backward propagation.

D-FB-SYM D-FB-FOA

Total simulation 414 µs 74 % 451 µs 76 %
Total SQP step 557 µs 594 µs

8. Conclusion

In this paper, we presented a novel sensitivity propagation technique to
compute Hessian contributions as needed for Newton type optimization in
direct optimal control. By maintaining and exploiting the symmetry, we pro-
posed a scheme which allows a computational speedup of about factor 2 over
the classical forward-over-adjoint approach for both discrete- and continuous-
time sensitivity analysis. The techniques have been presented in a general
framework, including implicit integration methods and DAE systems of index
up to 1. A novel three-sweep propagation technique has been proposed using
this set of symmetric sensitivity equations, which results in a reduced mem-
ory footprint by avoiding the trajectory of forward sensitivities to be stored.
Based on an open-source implementation in the ACADO Toolkit [33], the
performance has been illustrated for the economic optimal control of a non-
linear biochemical reactor.
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