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One often encounters numerical difficulties in solving linear matrix inequality
(LMI) problems obtained from H, control problems. We discuss the reason from
the viewpoint of optimization, and provide necessary and sufficient conditions for
LMI problem and its dual not to be strongly feasible. Moreover, we interpret them
in terms of control system. In this analysis, facial reduction, which was proposed
by Borwein and Wolkowicz, plays an important role. We show that a necessary and
sufficient condition closely related to the existence of invariant zeros in the closed
left-half plane in the system, and present a way to remove the numerical difficulty
with the null vectors associated with invariant zeros in the closed left-half plane.
Numerical results show that the numerical stability is improved by applying it.
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1. Introduction

H., control problems have attracted attention from a lot of researchers in control and op-
timization fields since primal-dual interior-point methods (PDIPMs) were proposed in 90’s.
H, control problems can be reformulated as linear matrix inequality (LMI) problem and be
efficiently solved by LMI software, such as SeDuMi [18], SDPT3 [19] and SDPA [25], etc. Still,
one often encounters some numerical difficulties in solving LMI problems obtained from H,
control problems by these LMI software.

The purpose of this manuscript is to investigate the reason why LMI software often return
inaccurate solutions and values to a fixed tolerance. It is empirically known that when either
an LMI problem or its dual is not strongly feasible, the numerical instability will occur. In that
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case, optimal solutions may not exist. In addition, PDIPMs may not converge numerically. In
fact, theoretical results of PDIPMs are required to be strongly feasible for both LMI problems
and its dual.

Facial Reduction (FR) is useful in such cases. It can detect whether a given convex opti-
mization problem is strongly feasible or not. If not so, it finds a certificate that the problem
is not strongly feasible, and generate an equivalent convex problem that is strongly feasible.
However, the execution of FR needs much more computation cost than solving the original
LMI problem.

In this manuscript, we deal with state feedback controls for linear time invariant systems.
We present necessary and sufficient conditions for LMI problems and its dual of H., control
problems obtained from them not to be strongly feasible. One of them is related to the existence
of a stable invariant zero in a given system. In other words, the dual problem is not strongly
feasible if the system has a stable invariant zero.

We also provide how to remove the numerical difficulty caused by non-strong feasibility.
This is also based on FR and it generates a smaller LMI problem by using invariant zeros
in the closed left-half plane. Interestingly, the resulting LMI problem can be obtained from
a subsystem of the closed loop system. In fact, a non-singular matrix used in the reduction
consists of invariant zeros in the closed left-half plane and plays an important role in FR for a
given LMI problem. We show that the subsystem is obtained by applying the transformation
with the matrix into the closed loop system. This implies that one can retrieve a state feedback
gain for the closed loop from one for the subsystem. We also present numerical experiments
to see the improvement on the numerical stability.

1.1. Literature related to this topic

[1] applies FR to the analysis and design of Hj state feedback control, and showed the rela-
tionship between the strong feasibility and invariant zeros in Hy state feedback control. [20]
proposes a fast implementation for LMI problems based on KYP lemma. This approach re-
formulates the dual of a given LMI problem into the form of the LMI problem. Although this
implementation reduces the computational complexity, this is essentially different from FR. In
fact, this does not change the strong feasibility of the resulting LMI problem.

[15, 16, 17] investigate the effect of invariant zeros for the performance index v in Hy
feedback control and provide the H,, norm conditions without the assumptions on zeros of the
systems. The provided conditions are the reduced size Riccati inequalities. We provide similar
results by applying FR. This implies that we should reduce LMI problems from the view point
of numerical accuracy, as far as using software based on PDIPMs. Control systems whose D12
is not full column rank has been also handled in this manuscript as well as those papers. We
can verify by using FR that the optimal performance index  for such a system is equivalent
to y for a system in which a differentiator is added.

The organization of this manuscript is as follows: In section 2, we provide some facts on
LMI problems and FR. We interpret them with terms of systems and provide a reduction of
LMI problems and closed loop systems in sections 3 and 4. Section 5 provides a numerical
experiment. We give a conclusion of this manuscript in section 6. This manuscript is based
on [24]. We add some technical proofs for some results and a detailed numerical results in this
manuscript.



1.2. Notation and symbols

Let R and C be the sets of real and complex numbers, respectively. We represent the sets
of complex numbers with nonnegative real parts and nonpositive real parts by C, and C_,
respectively. Let R™ be the set of n-dimensional Euclidean space. Let R™*", S" S% and S7
be the sets of m xn real matrices, n X n symmetric matrices, n xn positive semidefinite matrices
and n X n positive definite matrices, respectively. We denote the m x n zero matrix by O.nxn-
For A, B € R™*" we define A e B := Trace(ABT). For A € R™", we define He(A) = A+ AT,

2. Preliminary

2.1. Linear matrix inequality and its strong duality theorem

Linear Matrix Inequality (LMI) problem is formulated as follows:

0% =  inf T X = F,— Fy, X € S” 1
P= crmikesn VO F GZJ\;% j—ro, X €51 o, (1)
J

where c € R, M ={1,...,m} and Fy,..., F,, € S". Throughout this manuscript, we assume
that Fi,...,F,, is linearly independent. Omne can obtain an approximation of an optimal
solution of (1) to any given tolerance by applying PDIPMs. In fact, many variants of PDIPMs
are proposed and implemented as optimization software in SeDuMi [18], SDPT3 [19], SDPA
[25], etc.

The dual problem of (1) can be formulated as follows:

GE:sué) {FoeY :FjeY =¢; (j €M), Y €S}}. (2)

Yesn

It is well-known that the strong duality theorem holds for (1) and its dual (2) under a mild

assumption which is called Slater’s condition. See Theorem 2.1 below. Unlike to Linear

Program (LP), the strong duality theorem for (1) and (2) requires such a condition. Problem
#,X) € R™x ST, such that X = > &;F;—F.

JEM

Similarly, (2) is said to be strongly feasible if there exists Y € S, such that F} e Y = c; for

all 7 € M. Slater’s condition holds in (1) (resp., (2)) is satisfied if (1) (resp., (2)) is strongly

feasible.

(1) is said to be strongly feasible if there exists (

Theorem 2.1. ([14, Theorem 3.2.8]; see also [3, Theorem 2.2] and [5, Section 4.7]) If (2) is
strongly feasible and (1) is feasible, then 6} = 67, and (1) has an optimal solution. Similarly,
if (1) is strongly feasible and (2) is feasible, then 0} = 0}, and (2) has an optimal solution.

It should be noted that Slater’s conditions for both (1) and its dual (2) guarantee the
convergence of PDIPMs. See [3, 14] and references therein for more details.

2.2. Facial reduction for LMI problem (1) and its dual (2)

Borwein and Wolkowicz [2] propose an approach to the strong duality theorem for convex
optimization problems without assuming Slater’s condition and any constraint qualifications.



The approach is called Facial Reduction (FR). [12, 13] discuss the application of FR into LMI
problem (1) and its dual (2). Some extensions are discussed in [11, 22].

Facial Reduction (FR) is an algorithm that generates an LMI problem which is strongly
feasible by using a given LMI problem, or that detects the infeasibility. FR has the property
of a finite convergence. In each iteration, FR finds a nonzero solution of a problem that
consists of LMIs, or detects the infeasibility. Since one has to solve a similar LMI problem
in each iteration, the computation spends as much cost as solving the original LMI problem.
Moreover, FR requires an exact solution of a generated problem in each iteration, and thus
FR is not practical algorithm from the viewpoint of computational practice.

Still, when (1) and/or its dual (2) is not strongly feasible, one often encounters numerical
difficulty on solving them. See [6, 10, 23, 21, 22| for more details. Hence, it is necessary to
apply FR without solving problems that consist of LMI. To propose such an approach, we
provide necessary and sufficient conditions in Theorem 2.2 by using FR that (1) and its dual
(2) are not strongly feasible. In the next section, we will apply Theorem 2.2 into LMI problems
obtained from H,, state feedback control problems and its dual.

Theorem 2.2. Problem (1) is not strongly feasible if and only if there exists a nonzero Y esn
such that

FijeY =0(G( €M), FyeY >0andY €St (3)
In particular, if Y satisfies Fy oY > 0, then (1) is infeasible. If Fy e Y =0, (1) is equivalent
to the following problem:

inf To: X = F—Fp, X eS'n{y}+ 4
IGR}’}}XGSn e ;\A% J 0 X eSin{Yt,, )
J

where {Y Y denotes the subspace {X € S" : X .AY = 0} of S™. Similarly, (2) is not strongly
feasible if and only if there exists a nonzero (&,X) € R™ x S™ such that

X =) &F;,XeS} and "2 <0. (5)
JEM
If & satisfies c'2 < 0, then (2) is infeasible. If c'@ = 0, (2) is equivalent to the following
problem:

sup {FOoY:FjoY:cj (jeM),YeSim{X}i}. (6)
Yesn

The proof of Theorem 2.2 are provided in [13, 11, 22]. We give proofs of the if-part and the
infeasibility in Appendix B.1.

3. Conditions to be not strongly feasible

In this section, we give an interpretation of Theorem 2.2 in terms of control systems. We deal
with H., state feedback control problem of a generalized plant. The generalized plant is given
by
{ z = Ax+ Biw+ Bou (7)
z = Ciz+ Duyw + Dyou,



where £ € R™, w € R™, u € R™2, z € RP* and the matrices have the compatible dimensions.
Let u(t) = Kx(t) for a state feedback gain K € R"2*" to apply a state feedback in (7). Then
the state space representation of the closed loop system G(s) is given by

z = (C1+ Di2K)z + Dyyw.

Figure 1 displays the block diagram of the closed loop system (8).

w ——— E—4

System (7) |y =2z

u = Kz

Figure 1: The block diagram of the closed loop system (8)

The following fact is well-known on ().

Theorem 3.1. (See e.g., [7]) For closed loop system (8) and a given v > 0, the following are
equivalent:

(A) There exists a K € R™2*™ such that ||Ge(s)||eo <y and A+ BoK is Hurwitz stable.
(B) There exist X € ST, and K € R™2*" such that

He((A + B2 K)X) * *
—| (C1+DpK)X I,  * e sy (9)
B? D{I _71m1

Here No = n + p1 +m; and * in (9) of Theorem 3.1 stands for the transpose of the lower
triangular block part.

To obtain a state feedback gain K for minimizing ||G(s)]|s, one can use the following LMI
formulation by applying the change of variables method with Y = KX in (9):

inf’y,X,Y Y
He(AX + BoY)  # «
sub. to — | C\X +DpY —yl, x| esh, (10)
B? Dﬂ _’VIm1

yeR, X eS8t Y € RM2xn

where Ny = n + p1 + m1 and * stands for the transpose of the lower triangular block part.
Its dual is formulated as follows. We describe a way to obtain (10) from (11) in Appendix
A.

sup 2(3%1 o 73 + D{l . Z32)
sub. to Ip1 e /oo + Iml e /33 =1, BgZH + D,{2Z21 = Om2><n7

Zn 7L 7% (11)
He(ATZ11 + CT Zo1) €S, | Zn Zoo 24, | € STP.
431 23y 233



Here Z;; (1 < j < i < 3) is the decision variable in (11). It should be noted that LMI
problem (10) is obtained by the change of variables method. One can also obtain another LMI
formulation by the elimination of variables method. We also remark that we can show the
same results as those in this section.

3.1. Condition to be not strongly feasible for LMI problem (10)

Applying (3) in Theorem 2.2 to LMI problem (10), we can obtain the condition to be not
strongly feasible for (10). Namely, Problem (10) is not strongly feasible if and only if the
following problem on Z;; has a solution:

2(BY ® Zg1 + DY, @ Zsp) > 0, I, ® Zop + Im, @ Zs3 =0,
He(A" Z11 + C Zo1) € S, By Zi1 + D{3Z21 = Oy s

Zn zd, Z4 N (12)
Zo Zoa Zgy | € S5\ {Onyxno}-
Z31 Z32 Z33

It follows from the equality constraint I,,, e Zyy + I,,,, ® Z33 = 0 and the positive semidefi-
niteness of Zzy and Zzz that any solution in (12) satisfies Zag = Op, xp, and Zzz = Oy xmy
and thus (12) is equivalent to the following problem on Zi;:

He(ATZH) S Sﬁ, BgZH = Omgxn and Z11 € Szlr (13)
We obtain the following proposition from (13) and provide the proof in Appendix B.2.

Proposition 3.2. Problem (12) has a solution if and only if there exists A € Cy such that
rank (A — M, By) < n, (14)
i.e. (A, Bg) is not stabilizable.

We obtain the following condition to be not strongly feasible for (10) by combining Propo-
sition 3.2 with Theorem 2.2.

Theorem 3.3. LMI problem (10) is strongly feasible if and only if control system (7) is
stabilizable.

Although Theorem 3.3 has been already known in e.g., [7], this theorem shows that one also
can prove the fact by facial reduction.
3.2. Condition to be not strongly feasible for Problem (11)

Applying (5) in Theorem 2.2 to Problem (11), we can obtain the condition to be not strongly
feasible for (11). Namely, (11) is not strongly feasible if and only if the following problem on
v, X and Y has a nonzero solution:

He(AX + ByY) * *
—| GiX+ DY -4, « | eslo, (15)
Om1 xn Om1 Xp1 _71m1

y<0,X €St,Y € Rm2xn,



Clearly, there does not exist any nonzero solutions X and Y such that (15) holds and v < 0.
Substituting v = 0 into (15), we obtain the following problem on 7, X and Y which is equivalent
to (15):

C1X + D12Y = Op, xn, —He(AX + ByY) € S, (16)
7=0,X e€8},Y € Rm2xn,

We obtain the following proposition from (16) and provide the proof in Appendix B.3.

Proposition 3.4. Suppose that the matrix (BQT, D%)T is full column rank and that there exists
A € C_ such that

A— )X, B>
rank < o D12> <n+ma. (17)

Then problem (16) has a solution. Furthermore, for a solution (v, X,Y) of (16), if there exists
a full column rank matriz H € R™" and R € RP**" such that X = HHT and Y = RHT, then
there exists A € C_ such that (17) holds.

We remark that A € C_ that satisfies (17) is called the (stable) invariant zero of (7). We
obtain the following theorem from the above discussion.

Theorem 3.5. If D12 is not full column rank, dual problem (11) is not strongly feasible. When
Dy is column full rank, dual problem (11) is not strongly feasible if and only if the subsystem
C1(sI — A)~'By + D1y of control system (7) has invariant zeros in C_

Proof. When D is not full column rank, we can construct a nonzero (v, X,Y’) that satisfies
(16). In fact, for simplicity, we assume Djs = (Oplxryﬁ12)7 where Dy € RP1X(m2=7) jg fy]]
column rank. Denoting By = (Ba1, Ba2), where By € R"*"| By € R (M2-7) e see that the
following (v, X,Y) satisfies (16):

_pT
vzo,Xzonm,h( B /2 )
O(mg—r)xn

It follows from Theorem 2.2 that dual problem (11) is not strongly feasible.

If Dy is full column rank, then there exists a full column rank matrix H € R™*" such that
X =HH" and Y = RH? for some R € RP**". In fact, we obtain Y = —(D%,D12)"tD{,C1 X
and R = —(DT,D12) ' DL,C1H from C1 X + D12y = Op, xn- Hence the desired result follows
from Proposition 3.4. O

4. Reduction of LMI problem (10) and closed loop system (8) by
using invariant zeros in C_

We present a reduction of LMI problem (10) to get rid of the numerical difficulty in solving
it. The stabilizability in (7) is a natural assumption for designing the state feedback gain K,
whereas the existence of invariant zeros in C_ in (7) are not taken care with. Dual problem
(11) is not strongly feasible under the existence of invariant zeros in C_ in (7), and thus (6)
in Theorem 2.2 is available to (11). The reduction that we present in this subsection is based
of facial reduction and consists of the null vectors associated with invariant zeros in C_.



We show in this section that the resulting LMI problem is obtained from a subsystem of
the closed loop system (8) and that the subsystem can be also obtained by applying the
transformation with the non-singular matrix into (8). In addition, we give a way to retrieve
a state feedback gain K which attains the optimal performance index from a state feedback
gain of the subsystem and the non-singular matrix.

In this section, we present reductions on LMI (10) and control system (7) in subsections 4.1
and 4.2. Figure 2 displays the relationship among control systems, LMIs and their duals in
subsections 4.1 and 4.2. In subsection 4.3, we deal with the case when Djs in (7) is not full
column rank.

1 Th 1
Dual (11) [— 381 pair (o) |2Reorem 3d) o em (7)

Remove stable

FR | equiv. equiv. invariant zeros
Reduced dual Smaller |Theorem 3.1| Subsystem

— —
dual (18) LMI (22) (23)

Figure 2: Relationship among control systems, LMIs and their duals in subsections 4.1 and 4.2

Let \; € C_ be a invariant zeros in C_ in (7) for all j = 1,...,7, and denote the associated
null vector by (n;,§;) € C* x C™2, j.e., for all j =1,...,r, we have

o ) ()
Cy D12 ) \&; '

We impose the following assumptions for simplicity:
Assumption 4.1. (A1) n1,...,n are linearly independent,
(A2) all stable invariant zeros \; are real, and

(A3) no invariant zeros on the imaginary axis.

In particular, Assumption (A2) implies that both n; and ; are real for all j =1,...,7. We
remark that even if either Assumptions (Al) or (A2) fails, the discussion in Section 4 holds
by applying a little technical manner. In contrast, it is more difficult to analyze system (7)
and the resulting LMI problem in which Assumption (A3) fails. The analysis in the case is
involved in future work.

4.1. Reduction of LMI problem (10)

It follows from the proof of Proposition 3.4 that the following (7, X, }A/) is nonzero solution of
(16):

T T
§=0,X = mn,,Y =Y &n/.
j=1 j=1



We define H = (M,...,mr) € R™" and R= (&1,...,&) € Rma2xr, H is full column rank and,
X =HH" and Y = RA”. Let W := —He(AX 4 ByY). It follows from Lemma B.1 that we
have AH + BoR = fIDiag()\l, ...y Ar), and thus we have W= —2ﬁDiag()\1, . ,)\r)fIT. Here
Diag(z1,...,x,) stands for the diagonal matrix with z1,...,2,. In addition, it follows from
Assumption (A3) that the rank of W is r.

By applying (6) in Theorem 2.2 to dual problem (11), we obtain the following problem:

sup 2(B,’1r e /31 + D{I ° Zgg)
sub. to Ipl ® Zoo + Im1 ° Z33 = 1, BgZH + D%—‘QZm = Oman;
He(ATZy1 + Cf Za1) € S N {X},

R 18
Zn 25 7% W oo o\)" (18)
Jo1 Zoo Zg; GSﬁOﬂ O O O
Z31 Lz Z33 O O O

Problem (18) is equivalent to dual (11) of the original LMI problem (10). From the constraints
in (18), we have ﬁTHe(ATZn + ClTZgl)I:I = Opxy and ZH = O for k = 1,2,3 for all
solutions of (18).

One can construct J € R™*("=") 5o that the matrix T = (H,.J) is non-singular since H is
full column rank. From these constraints in (18), for any solution in (18), we have

7 Zn | Z3, Z3 T
I, Zoy | Zoo 7% Iy,
I, Z31 | Z32 233 I,

Orxr O, X(n—r)

_ O(nfr)xr Z11 Zgl Zgl (19)
Op, xr Zo1 Z92 zZL
Omy xr Zn Z32 Zs3
We define coefficient matrices A, B; (i = 1,2) and C; by
- Apn Ap ~1 Bi 5 A
T'AT = (0 S ) TB = (2 ), O = : 20
<A21 Ay ) i B, ) O (C11,Ch2) (20)
Then, (18) can be reformulated as follows:
([ sup 2Bl eZsn+DfeZsy) ~
AN 5 Ch\ 7
sub. to Ip1 © Uy + 1y, 0233 =1, =T Z11 + T Zs1 = O,
B22 DlQ (21)

Zn zL 7T

o o / 21 431

He(A%,Z11 + ClyZn) € ST, Zor Zn Z3 | € sy,
Z31 L3z Z33

where N =n —r + p; + my. In Appendix C, we give a detail how to obtain (21).

Denote 7! = (g;) Since we have AH + BoR = ﬁDiag(/\l, ce M), C1H+ DioR = Op, xr

and Ugﬁ = O(n_r)x,,, we obtain 12121 = ngﬁ’ and C~'11 = —D12R, and thus the equality
constraint 121%1211 + C’ﬂZgl = Opx(n—r) in (21) is redundant.



The primal LMI problem of (21) is

infs v 7 L
HG(AQQX + BQQY) * *
sub. to — C19X + DY —’?Ipl * € S]_i\_f, (22)
Bg D{I _:}'/Iml

5 ER,X €S Y € Rmex(n=7),

We remark that the optimal value 4* of (22) is equivalent to the optimal value v* of the original
LMI problem (10).

4.2. Reduction of closed loop system (8)

We discuss the reduction of control system (7) via the reduction discussed in the previous
subsection. To this end we focus on LMI problem (22). This is obtained by applying Theorem
3.1 into from the system whose state space representation is

{ Iy = AgZs+ Biow + Byu

1203 23
z = Cl2%2 + D1yw + Diau, (23)

where the dimension of Z9 is n — 7. Let K € R™2*("=") he a state feedback gain for (23) whose
performance index is the optimal value 4* of (22), i.e., it is equal to the optimal value v* of
the original LMI problem (10). Then, the closed loop system is provided by

{ To = (14:122 + 322@)52 + Biow

- 24
z = (012 + Dng)$2 + D1jw. ( )

We show that the state feedback gain K for (7), which is defined by K = (R, K)T~, attains
the performance index 4*. To this end, we apply the transformation with 7" into (8). Denote
Z(t) = T~'z(t), then we obtain

{ T T-1(A+ BQK)~T:1~: + T~ Biw (25)
z = (Cl + Dng)T$ + Dqjw.
Recall UhT = (Ir, Oy (n—yy) and U H = O(n—r)xr- It follows that we have
Diag(A1,...,\) Ui (AJ + BoK
O(n—r)xr Uy (AJ + Bgff

(C1 + D12K)T = (Opyxr  C1J + D12K).

T YA+ BK)T =

Let #(t) = (Z1(t)T, 22(t)T)T. All \; are unobservable modes, i.e., 71 is unobservable. Since
Z9 is controllable and observable, performance index of the following subsystem (26) of (25) is
equivalent to the performance index of (25):

{ i‘g = UQ(AJ+ ng)i’g + UsBiw
z = (C1J + D12K)ZZ‘2 + D11w.

Since we have Agy = Uy AJ, Biy = UsBy, By = UsBy and Cio = C1J, (26) is equivalent to
(24). Therefore, the performance index of the gain K = (R, K)T~! is the optimal value v* of
LMI problem (10). As shown above, the part of state feedback gain defined by R eliminates the
invariant zeros by pole-zero cancellation. Theorem 3.5 ensures that this pole-zero cancellation
does not affect the optimal value ~.

(26)

10



4.3. Reduction in the case where D, is not full column rank

We consider the case where Dio is not full column rank. For simplicity, we assume Dis =
(Opyxr, D12), where Dqy € RP1%(m2=7) ig fyll column rank. Denote By = (Ba1, Baa), where
Bs1 € R™ " and Bgy € R™(m277) Let (7, X,Y) be as in the proof of Theorem 3.5, i.e. v =0,

X = Opxn and
Y = ( B3 > .
O(mer)Xn

Then (7, X,Y) satisfies (16). We define W = —He(AX + ByY) = By BJ}, and thus the
reduced dual problem can be formulated as follows:

sup Q(B%1 e /31 + D?l ° Zgg)
sub. to Ip1 ® Lo+ 1, 7233 =1, BgZH + D%—éZQl = Omyxn,
He(ATZ11 —+ C?Zm) (S S:L_,

. 27
Zn 7% 7% Woo o\)" (27)
Zon Zp Zh | esion O O O
Z31 Zsy Zs3 O 0 O

For (27), it follows from the last constraint that we have Z;1 B2 = O (k = 1,2,3). Hence
the equality constraint Bg Z11 + D1T2Z21 = Opmyxn Is equivalent to the equality constraint
BL, 71 + lA)?QZgl = O(my—r)xn- In addition, there exists L € R™*("=7) guch that T := (Ba21, L)
is non-singular. Then (19) holds for any feasible solution Z;;. We define matrices flij, Blj and
Cy; as in (20). Then we have

TT He(ATZH + CfZQl)T
— A?l 1212T1 Opxr Orx(nfr) éfl R
- <(‘L~11T2 AL ) \Ow-rxr Z1 + L (Opixr Z21)

- H << Or><7" 121%1211 + éﬂZQl))
= He AT & AT 75 .
O(n—r)xr AQQZH + C’12Z21

Thus any feasible solution of (27) satisfies
121%1211 + éﬂZQ]_ = Orx(n—r) and A52211 + éngQl € SZTT.
Therefore we obtain the following dual problem which is equivalent to (27):

sup Q(Bﬂ ° 231 + D{l ° Zgg) R R
sub. to I, ® Zy + I, ® Z33 =1, E?ZH —i:EgZNm = Om2><(n,r),

o o In 23 73 (28)
He (AQTZZH + C£Z21> € Sﬁ__r, %21 799 Zg; S SJX,
Z31 L3z Z33

where N =n —r +p; +mq, By = (14121,3222) € Rvm2 Fy = (C’ll,ﬁlg) € RP1*™2 gnd we
decompose Bos as follows:

11



LMI problem which corresponds to (27) can be formulated as follows:

inf ¥
sub. to yeER, X ST Y € RM2x (=)
He(AQQX + E1Y) * * (29)
— 012X~+ E5Y —’)/Ipl * S SJX
B?Q D?l —YIm,

A closed loop system which corresponds to LMI (29) is provided as follows:

f(t) = AQQ + A21, ngg) ff) Z(t) + Blgw(t)

. NN (30)
2(t) = (Cr2+ 011,D12) K) T(t) + Duyw(t),
where Z € R"" is a state variable and K e R™2%("=7) ig a state feedback gain.

We provide an interpretation of the performance index « of (30). The original system (7)
can be described as follows:

r = Ax+ Biw—+ (Bgl B22) <Z;>

~ u
z = Cl.’B + an + (Op1><r D12) <’U,;> .

We consider the following control system with a differentiator added in the above system.

{ T = Ax+ Biw+ (A + Oé]n)Bglﬂl + Bysuo (31)

2z = Ciz+ Dyw + CyBayiiy + Digus.

Here o« > 0. We consider the state feedback controller 1 = Ky and us = Kgox, where
K e RP*" and Ky € R(m2=r)xn  The closed loop system shown in Figure 3 is formulated as
follows:

{ t = (A+ (A+al,)BaKag + BaaKa)zr + Biw (32)
z = (C1+ Ci1BaKg + D12Kg2)x + Dyjw.
w - z
ul (5%
s+« System (7
U9 Y ( ) y=

Figure 3: The block diagram of the closed loop system (32)

We remark that the closed loop system (32) has invariant zeros in C_. In fact, we have
ABo1 + (A+al,)Bai(—1,) i—aBgl and C1Bg1 + C1B21(—1,) = Op, x,. Since the closed loop

(32) has invariant zeros in C_, its dual of LMI problem obtained from (31) is not strongly
feasible. Applying a similar discussion in subsection 4.1 and T' = (Bay, L) to the dual problem,
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we obtain the same LMI problem as (29). Hence the optimal performance index of (32) is
equivalent to that of (8).
We define the state feedback gain K4 by

Kd1> ( —1I Kdl) 15 <f(d1>

K — = T ’K = ~

I (Kdz O(mz r)Xr Kd2 d Kd2

where Kj € R™™ 1) and Ky € Rm2=7)x(=7) Here K, is the optimal state feedback

obtained by solving (29). By applying the transformation with 7" into the closed system (32),
we obtain

T T_I(A + (A+ al,)Boa Ky + BoaKgo)TT + T 'Byw

- N 33
z = (C1 + C1Ba1 K41 + D12Kd2)T37 + Djjw. ( )
By direct computation, we have in (33),
YA+ aly)BuKaT =T (A+al,)Ba (-1, Ka)
< 12111 — al, (Allj‘ a~Ir>Rd1>
— Ay AnKa ’
T 'ByKgoT = (Opxr T 'BoaKgp),
Ci1Boi KT = (-C11 C1iKar), D1pK T = (Opyxr Di1aKap) -
From these direct computation, (33) is equivalent to
(%1) _ ( —al, Ap + (12111:1- 05~I7")Kd1~+ B~221f(d2) <$1> T Bl
) On—r)xr Az + A21Ka1 + Baxo Ko T2 (34)
z = (Opxr Ci2+C11Kg + D1oKyp) (5;;) + Dyw.

We see form (34) that (30) is the part of Z. In addition, Ky is the same as K in (30) since both
the obtained LMI problems are the same. We remark that the part of Zs, f(dl, f(dg and Ky
are also independent on « used in the differentiator. This fact implies that the same optimal
performance index can be achieved for systems (7) and (31) by static feedback gains although
the optimal feedback gains K and K, are different.

5. Numerical experiment

In this section, we compare numerical performance of reduced LMI problems (22) and (29)
with the original LMI problem (10) obtained from the original system (7). We use SDPT3
to solve LMI problems by calling it from YALMIP [8]! with default parameters. We set the
stopping tolerance € = 1.0 x 107 7.

We use DIMACS errors to see the numerical performance, which is defined in [9]. They
measure the accuracy of solutions (x, X) and Y obtained by LMI software for LMI problem
(1) and its dual (2), and consists of six errors. We introduce the following three of DIMACS
eITOorS:

"We modified computedimacs.m in YALMIP to obtain more correct DIMACS error errs and errg.

13



D (FjeY —¢)
JEM lr—FyeY XeoY
errs = EeITg =
1+ ||c]x T Y | T+ Ry e Y] O 1+ |cTx|+ |Fye Y|

erry :=

where || - ||1 is the largest absolute value in the vector. In this manuscript, we call erry, errs
and errg by dual feasibility, relative gap and relative complementarity, respectively. We omit
information on erro, errs and erry because they are always zeros for computed solutions. Since
the stopping tolerance is € = 1.0 x 107, the computed dual solution is not feasible when err;
is bigger than €. In addition, when errs and/or errg is bigger than e, the computed solution is
not optimal.

We describe a way to generate control system (7) that has given stable invariant zeros A in
Algorithm 1. In this numerical experiment, we remark that each element in coefficient matrices
A, Cl, Bl, BQ, D11 and D12 is in [—3,3]

Algorithm 1: Algorithm to generate control system (7) that has given stable invariant
Z€ros

Input: (n,p1,mi,ms) € N* r € N and stable invariant zeros Ai,...,\, € C_

Output: A € R"?, C; € RP*" By € R™™ By € R™™2 Dy € RPP*™ and

D1y € RP1Xm2

A, C1, By, By, D11 and D5 are randomly generated;

/* We denote the ith column of A and C) by a; and ¢;, respectively. x/

/* Let e; € R” be the r-dimensional jth unit vector. */

for j - 1tor do

<2‘7 ) e R(™=7)+m2 jg randomly generated;
j

<vl><_<A—)\jIn Bg) Ory
V2 C1 Do Z] 7
j

aj <— v1 + )\jej, Cj < V3;
—ej
/* ij | € R"™™2 is the null vector associated with zero \;. */

&

end
return A, Cl, Bl, Bg, D11 and D12;

The control system (7) generated by Algorithm 1 has stable invariant zeros Aj,..., A,. In
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fact, we have

A (iej>
Ui

n
+ Bo&j = —v1 — Aje;j + Z akﬁjk + B¢

k=r+1
= Njilj = Y awilp — Ba&; — Njej + Y awiljp + Ba& = A ( - AJ>
k=r+1 k=r+1 i
_e . n
Ch ( ,J> + D125 = —v2 + Z ckfjr + D12&
i k=r+1
n n
=— > cije — D&+ Y crijr + D1zé; = 0.
k=r+1 k=r+1

Here e; € R" is the jth unit vector, and aj and ¢ are the kth column vectors of A and Cfi,
respectively. This result implies that (—e;‘r, ﬁf, £f)T is the null vector associated with stable
invariant zero ;. Therefore the control system generated by Algorithm 1 has stable zeros
ALy ooy Ape

Figure 4 displays histograms on the logarithms of the absolute values of erry, errs and errg
for the computed solutions of LMI problems (10) and (22). We generate 500 control systems
with three stable invariant zeros A\; = —1, Ay = —2, A3 = =3 and (n,p1,mi,ma) = (7,5,5,2)
by Algorithm 1. Figure 5 displays histograms on the logarithms of the absolute values of erry,
errs and errg for the computed solutions of LMI problems (10) and (29). We randomly generate
500 control systems (7) whose D12 has the form (O, x1, ﬁlz) for some Dy € RP1X(m2=1)  The
plain boxes in these figures indicate the results obtained by solving LMI obtained from (7),
while the shaded boxes indicate the results by (22) or (29). Table 1 displays the number of
negative errs for the computed solutions. Since errs corresponds to the duality gap on the
computed solution, the solution is not feasible if the value is negative.

Table 1: The numbers of negative errs

# of err5 < —1.0 x 1077 | # of err5 < —1.0 x 107° | # of err5 < —1.0 x 1073
Figure 4 | (10) 425 / 500 381 / 500 3 / 500
(22) 77 / 500 16 / 500 0 / 500
Figure 5 | (10) 459 / 500 423 / 500 40 / 500
(29) 162 / 500 16 / 500 1 /500

We observe the followings from figures:

e Since the dual (11) of LMI (10) obtained from (7) is not strongly feasible, the absolute
values of the dual feasibility err; of (10) are worse than (26) and (30). In particular, the
computed dual solution of (10) is positive semidefinite, while it does not satisfy equality
constraints in (10). In fact, most of all the absolute values of the errors of (22) is smaller
than the stopping tolerance € = 1.0 x 10~7, while most of the absolute values of the errors
err; and errs of (10) are bigger than the stopping tolerance. This means that we can
obtain more accurate dual solutions by solving (22).

e The relative complementarity errs is the error on the duality gap. Since the dual solution
of (10) is not accurate, the computed dual solution of (10) has much worse feasibility
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than (22) and (29). Table 1 displays the numbers of negative errs of the computed
solutions. In fact, if errs is negative, the weak duality fails in the computed solution,
which implies that the computed dual solution is not feasible. In particular, since the
number of negative errs of (10) whose absolute value is the stopping tolerance is more
than (22) and (29), the dual solution of (10) is less accurate than others.

e In the case where control system (10) has stable invariant zeros, the absolute values of
errg of (10) are similar to (22). One of the reasons may be that the computed primal
solution of (10) is feasible and the zero eigenvalues of the dual solution are accurately
computed. In contrast, the absolute values of errg are bigger than the stopping tolerance
€ in the case where Dis is not full column rank. This implies that it is numerically
difficult to solve LMI problems obtained from H., state feedback control problems in
this case.

e Even if we reduce the control system via the stable invariant zeros, the errors for some of
computed solutions of (22) and (29) are bigger than the stopping tolerance e. Moreover,
errs is negative and its absolute value is bigger than €. These mean that our proposed
reduction is not sufficient to improve the numerical accuracy of H., state feedback control
problem. The improvement of the numerical accuracy is involved in future work.

6. conclusion

We discuss a numerical difficulty in solving LMI problem (10) and its dual (11) obtained from
H, state feedback control, and show that the dual (11) is not strongly feasible if system (7)
has invariant zeros in C_. This is derived from the viewpoint of facial reduction into LMI
problems. Moreover, facial reduction provides the transformation with T" to reduce the size of
system (8). We observe in numerical results that the numerical stability in solving the resulting
LMI problem and its dual is improved.

This is not complete understanding of the numerical difficulty in solving LMI problems. In
fact, DIMACS errors to (22) and (29) sometimes become worse than the stopping tolerance e
of PDIPMs as in the table and figures in Section 5. In addition, we often see the numerical
difficulty in LMI problems obtained from state feedback control of system which does not have
any invariant zeros. A more improvement of the numerical accuracy for Hy, control problems
are future work.
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How to take the dual of (10)

The dual (11) of (10) can be obtained by reformulating (10) to (1). We provide the detail in
this section.

Let {Eijbi<i<j<n and {Fps}i<k<m, 1<¢<n be base of the spaces S™ and R™2*", respectively.
We denote X and Y in (10) by X = Zlgigjgn zijEij and Y = 37" S0 yreFle. Substitute
them to (10), we can rewrite the constraints in (10) to

—He(AEZ-j) —Ez‘ij —He(BQFM) _FIZ;D{Z
—C1E;; —Dq1oF;
Z ij 165 + Z Yk 12L7ke
i El'j ke
By
Ip, B D1y No+n
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Hence the dual is formulated as

By
D11 (2 VT
Supb BT DT, vV ow

Subject to We Eij — He(AEZJ) L] le — ClEij L] ZQl — EUC,{ [} Z2Tl =0 (1 § 7 S ] S 7’L),
—He(ByFyy) ® Z11 — D1oFyp @ Zoy — F,DT, 0 Z1, =0 (1 < k <ma,1 < < n),
ZQQ .Ipl —|—233 .Iml =1

(W) eser

(36)

Here Z is partitioned as in (11). We can set V = Opxn, because V' does not appear in the
objective function and equality constraints in (36). In addition, the equality constraints are
equivalent to

Eij o (W — He(A"Z11 + Cf Z21) = 0, Fyy o (He(B3 Z11 + D{3Z21) = 0.

Since Ej;; and Fj, are base of S” and R™2*", respectively, (36) is equivalent to (11).

B. Proofs

B.1. Proofs of the if-part and the infeasibility in Theorem 2.2

Suppose that there exists a nonzero Y S? such that FJQY =0(=1,...,m)and FyeY > 0.

If (1) is strongly feasible, then there exists (Z, X) € R x S% | such that X = Z zjF; — Fo.
JjeEM

Using Y and (Z, X), we obtain

~ ~

0<XeY = Z;szj—Fo oY = eV <0.
JEM

Here, the first strict inequality is due to the positive definiteness of X. This implies the
contradiction, and thus (1) is not strongly feasible.
We prove the infeasibility. Suppose that ¥ € S" satisfies Fj oV =0 (j € M) and FyeY > 0.
If (1) is feasible, then we have (Z, X) € R™ x S" such that X = Z ijFj — Fp, X € ST. We
JEM
obtain

0<XeY =Y &F—F|eY=-FReY <0,

and thus this implies the contradiction. Therefore, (1) is infeasible. We can prove the remainder
of this statement by applying a similar discussion to (2).
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B.2. Proof of Proposition 3.2
We use the following lemma to prove some facts including Proposition 3.2:

Lemma B.1. (See [4, Lemma 2.4]) For given F,G € M"*", suppose that F is full column
rank. Then FGT + GFT ¢ S if and only if there exists 8 € R™" such that G = FQ and
Q+al es.

We provide a proof of Proposition 3.2. To prove (only-if-part), suppose that problem (13)
has a nonzero solution. Then, there exists a full column rank matrix H € R™*" such that
Z11 = HHT | where r is the rank of Z;;. (13) can be reformulated as follows:

ATHHT + HHTA € ST, BTH = O, 1.

It follows from the first inequality and Lemma B.1 that there exists Q € R"™ " such that
O+l ¢ S" and ATH = HQ. This implies that all the eigenvalues of € are in C,. Let n
be an eigenvector of 2. Then, we have A(Hn) = A\(Hn), A € C; and Byn = 0. Therefore, we
obtain (14).

To prove (if-part), suppose (14) holds. Then there exist A € C, and € C™\ {0} such that
ATy = An and BIn =0. We define Z1; = (ni” + im?). Then Zy; is positive semidefinite and
we have

AT 7y + Zn AT = ATy + A" + " A+ A
= A+ Nmn" +an") = (A +A)Zi €S,
B3 Z11 = Bay(ni" +1im") = Baim® = 0.

The last equality holds because we have B = 0 by taking the complex conjugate to Ban = 0.
These imply that (13) holds.

B.3. Proof of Proposition 3.4

We provide a proof of Proposition 3.4. Suppose that there exists A € C_ which satisfies (17).
Then, we have n € C"\ {0} and £ € C™2 satisfying An+ B2 = A, C1n+ D12 = 0. We define
X =" +an") and Y = (&7 + énT). Then, X is positive semidefinite and we have

C1X + D12Y = (Cin + D12&)i" + (C1i + D12é)n” =0
AX + BoY = (An+ Bo)n" + (A + Ba&)n™ = " + A"
—He(AX + BoY) = =(A+ N (" + ") = =(A+ \)X € S,
which implies that (16) holds.

Suppose that there exists a nonzero solution (X,Y) of (16) such that X = HHT and
Y = RHT for a full column matrix H € R"*" and R € RP**". Then we have

C1H + D12R = Op, xr, He((—AH — BoR)H”) € S7.

It follows from the last inequality and Lemma B.1 that there exists 2 € R"™" such that
—(AH + B2R) = HQ and Q + QT € §7. All eigenvalues of Q are in C;. Let 7 be an
eigenvector corresponding to an eigenvalue A of Q. Then we have C1(—Hn) + D12(—Rn) =0
and (—Hn) + B2(—Rn) = —A(—Hn). —Hn is nonzero because H is full column rank, which
implies that (17) holds.
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C. Computation for dual (21)

We give a detail how to obtain (21). To this end, we need to compute A,B1, By and C; in
(21).

For the constraint He(AT Z11 + C{ Z21) € ST in (18), multiplying T and 77, then we obtain
He((T'AT)T(TT Z1T) + (C1T)T Zn T)) € St In addition, we have

1{111 1{112

T AT =
<A21 Az

) ,C1T = (C11,Cha)

OT r Or n—r 5

By a direct computation, the constraint is equivalent to

Orx AY Zu—i-C'TZzl))
He e A2t Chan ) ) ogn
<<O(n—7“)><r A%;le + 0?2221 -

From this constraint, we obtain A%ZH +C’1T1221 = Orx(n_r) and He(;lzTQZH +C’f2221) eSy.
For the constraint BgZu + D1T2Z21 = Oy xn, multiplying 7', we obtain BQTT’TTTZHT +
DﬂZng = Opmyxn. Then, we have

B, . OT r Or n—r Lt

and thus 352211 + D%Zgl = Opmyx(n—r)- We can obtain dual problem (21) combining these
computation with (19).

22



