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1. Introduction

It is well known that the class of proximal point algorithms is one of the
most studied methods for finding zeros of maximal monotone operators, and
in particular, it is used to solve convex optimization problems. The proximal
point method was introduced into optimization literature by Martinet [1].
It is based on the notion of proximal mapping introduced earlier by Moreau
[2]. The proximal point method was popularized by Rockafellar [3], who
showed that the following algorithm

(1) 0 ∈ ckT (xk+1) + xk+1 − xk

converges to a point satisfying 0 ∈ T (x∗), under some mild conditions, even if
each subproblem is performed inexactly, which is an important consideration
in practice. In particular, if T (·) = ∂f(·), where f is a convex function, then
(1) becomes

(2) xk+1 = arg min
x∈Rn
{f(x) +

1

2ck
||x− xk||2},

and the sequence converges to a point x∗ ∈ arg min f(x). In this case,
the approach used in [3] is only useful for convex problems, because the
idea underlying the results is based on the monotonicity of subdifferential
operators of convex functions. Therefore, the proximal point method for
nonconvex functions has been investigated by many authors in different
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contexts (see [4, 5, 6, 7, 8, 9] and references therein) as well as its inexact
versions; see e.g. [10, 11, 12, 13, 14, 15].

On the other hand, the Euclidean norm in (2) has been changed by
an adequate ”like-distance” such that some axioms of distance are veri-
fied, preserving the nice properties of convexity, continuity and coerciv-
ity of the Euclidean norm. Extensions of proximal point method by using
”nonlinear” or ”generalized” regularizations were considered, for instance,
in [7, 10, 14, 15, 16, 17, 18, 19]. The works [14, 15, 16] are devoted to
study convergence properties of ”generalized” proximal point method where
the regularization term is a quasi distance (or quasi metric). Bento and
Soubeyran [14] discuss how such ”generalized” proximal point method can
be a nice tool to modelize the dynamics of human behaviors in the context
of the ”variational rationality approach”, see also Soubeyran [20, 21, 22].
Application of quasi metric spaces to Behavioral Sciences (Psychology, Eco-
nomics, Management, Game theory,...) and computer theory can be found
in [23, 24, 25].

Recently, [26] proposed a powerful algorithm, namely, the proximal alter-
nating linearized minimization (PALM) algorithm, to solve a wide class of
nonconvex and nonsmooth problems. Another algorithm used successfully
to solve practical problems is the majorization-minimization algorithm or
successive upper-bound minimization algorithm; see [27] and [28].

The goal of this paper is two-fold. First, inspired by the methods men-
tioned before, we propose a ”generalized” proximal linearized algorithm for
solving the well known class of nonconvex and nonsmooth DC problems.
There is a huge literature on DC theory both from a theoretical point of
view and for algorithmic purposes; see e.g. [36, 37, 38, 39, 40, 41, 42, 43,
44, 45, 46]. DC optimization algorithms have been proved to be particularly
successful for analyzing and solving a variety of highly structured and prac-
tical problems; see, for instance, [45] and references therein. Application of
DC theory in game theory can be found in [41], plasma physics and fluid
mechanics can be found in [46], and examples of DC functions from various
parts of analysis can be found in [42].

As a second contribution, we provide an application, in a dynamic context,
to the very important and difficult problem of the limit of the firm, when
increasing returns prevail in the short run, using the recent (VR) variation-
ality approach of a lot of stay/stability and change dynamics in Behavioral
Sciences (see Soubeyran [20, 21, 22]). Different variants of this example can
be found in Soubeyran [20, 21], Bento and Soubeyran [14, 15], and Bao et
al. [47]. But none of them examines the very important case of increasing
returns, which is the realistic case for production costs, as we do here, as an
application of the proximal point method for DC optimization.

The organization of this paper is as follows. In Section 2 some prelimi-
nary results in subdifferential theory, DC optimization, and quasi distance
are presented. In Section 3 a generalized proximal linearized algorithm is
discussed as well as its convergence properties. In Section 4 an inexact
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version of the algorithm is proposed, and a sufficient condition for global
convergence is presented for a particular case. Finally, Section 5 is devoted
to determine the limit of the firm, when increasing returns matter in the
short run. This is a difficult problem, both for conceptual and technical
reasons. Future works are mentioned in the conclusions.

2. Preliminaries

Let Γ0(Rn) denote the convex cone of all the proper (i.e. not identically
equal to +∞) lower semicontinuous convex functions from Rn to R∪{+∞},
let 〈·, ·〉 be the canonical inner product, and ||·|| the corresponding Euclidean
norm on Rn. The effective domain of a function f , denoted by dom(f), is
defined as

dom(f) = {x ∈ Rn : f(x) < +∞}.

2.1. Subdifferential theory. Let us recall some definitions and properties
of the subdifferential theory which can be found, for instance, in [48, 49].

Definition 1. Let f : Rn → R ∪ {+∞} be a proper lower semicontinuous
function.

(1) The subdifferential of f at x, denoted by ∂f(x), is defined as follows

∂f(x) =

{
{v ∈ Rn : f(y) ≥ f(x) + 〈v, y − x〉 ∀y ∈ Rn}, if x ∈ dom(f);

∅, if x /∈ dom(f).

(2) The Fréchet subdifferential of f at x, denoted by ∂F f(x), is defined
as follows

∂F f(x) =

 {v ∈ Rn : lim inf
y→x
y 6=x

f(y)−f(x)−〈v,y−x〉
||x−y|| ≥ 0}, if x ∈ dom(f);

∅, if x /∈ dom(f).

(3) The limiting-subdifferential of f at x, denoted by ∂Lf(x), is defined
as follows

∂Lf(x) =

{
{v ∈ Rn : ∃xk → x, f(xk)→ f(x), vk ∈ ∂F f(xk)→ v}, if x ∈ dom(f);

∅, if x /∈ dom(f).

Recall that when f is a proper, lower semicontinuous and convex function,
and x ∈ dom(f), then ∂f(x) = ∂F f(x) 6= ∅.

In our convergence analysis, the following results will be used.

Proposition 1. For a function f : Rn → R ∪ {+∞} and a point x where
f is finite, the subgradient sets ∂Lf(x) and ∂F f(x) are closed, with ∂F f(x)
convex and ∂F f(x) ⊂ ∂Lf(x).

Proof. See [48, Theorem 8.6]. �

Proposition 2. If f = f1 + f2 with f1 finite at x and f2 continuously
differentiable on a neighborhood of x, then

∂F f(x) = ∂F f1(x) +∇f2(x), ∂Lf(x) = ∂Lf1(x) +∇f2(x).



4 JOÃO CARLOS SOUZA, PAULO ROBERTO OLIVEIRA, AND ANTOINE SOUBEYRAN

Proof. See [48, Exercise 8.8]. �

Proposition 3. If a proper function f : Rn → R ∪ {+∞} has a local
minimum at x, then 0 ∈ ∂F f(x) and 0 ∈ ∂Lf(x). In the convex case, these
two conditions are both necessary and sufficient for a global minimum. If
f = f1 + f2 with f2 continuously differentiable, condition 0 ∈ ∂F f(x) takes
the form −∇f2(x) ∈ ∂Lf1(x).

Proof. See [48, Theorem 10.1]. �

A point x ∈ Rn such that 0 ∈ ∂Lf(x) is called a critical point of f .

Proposition 4. If f1 is locally Lipschitz continuous around x, f2 is lower
semicontinuous and proper with f2(x) finite, then

∂L(f1 + f2)(x) ⊂ ∂Lf1(x) + ∂Lf2(x).

Proof. See [48, Exercise 10.10]. �

Proposition 5. Let f1, f2 : Rn → R+ be Lipschitz continuous around x,
then

∂L(f1.f2)(x) ⊂ f2(x)∂Lf1(x) + f1(x)∂Lf2(x).

Proof. See [49, Theorem 7.1]. �

Proposition 6. Let f1, f2 : Rn → R ∪ {+∞} be lower semicontinuous, one
of them Lipschitz continuous around x ∈ dom(f1) ∩ dom(f2). Then for any
δ > 0 and γ > 0, one has

∂F (f1 + f2)(x) ⊂ A+ γB(0, 1),

where A = ∪{∂F f1(x1) + ∂F f2(x2) : xi ∈ B(x, δ), |fi(xi)− fi(x)| ≤ δ, i = 1, 2} .

Proof. See [49, Proposition 2.7]. �

Definition 2. A set-valued mapping S : Rn ⇒ Rm is locally bounded at
a point x ∈ Rn if for some neighborhood V ∈ N (x) the set S(V ) ⊂ Rm
is bounded, where N (x) is the set of all neighborhood of x. A set-valued
mapping is called locally bounded on Rn if this holds at every x ∈ Rn.

Proposition 7. A mapping S : Rn ⇒ Rm is locally bounded if, and only
if, S(B) is bounded for every bounded set B. This is equivalent to the prop-
erty that whenever vk ∈ S(xk) and the sequence {xk} is bounded, then the
sequence {vk} is bounded.

Proof. See [48, Proposition 5.15]. �

Definition 3. A function f : Rn → R ∪ {+∞} is locally lower semicontin-
uous at x̂, a point where f(x̂) is finite, if there is an ε > 0 such that all sets
of the form {x ∈ B(x̂, ε) : f(x) ≤ α}, with α ≤ f(x̂) + ε, are closed.

The local lower semicontinuity of f at x̂, where f(x̂) is finite, can be
interpreted as the local closeness of the epigraph of f at (x̂, f(x̂)); see [48,
Exercise 1.34].
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Proposition 8. Suppose f : Rn → R∪{+∞} is locally lower semicontinuous
at x with f(x) finite. Then the following conditions are equivalent:

(1) f is locally Lipschitz continuous around x;
(2) the mapping ∂F f : x 7→ ∂F f(x) is locally bounded at x;
(3) the mapping ∂Lf : x 7→ ∂Lf(x) is locally bounded at x;

Moreover, when these conditions hold, ∂Lf(x) is nonempty and compact.

Proof. See [48, Theorem 9.13]. �

2.2. Difference of convex functions. A general DC program is of the
form

α = inf{f(x) = g(x)− h(x) : x ∈ Rn},
with g, h ∈ Γ0(Rn). Such a function f is called a DC function while the
convex functions g and h are DC components of f . In DC programming,
the convention

(+∞)− (+∞) = +∞
has been adopted to avoid the ambiguity (+∞)−(+∞) that does not present
any interest here. Note that the finiteness of α implies that dom(g) ⊆
dom(h). Such inclusion will be assumed throughout the paper.

Let f : Rn → R ∪ {+∞} be a proper lower semicontinuous DC function
(resp. bounded from below). Then, f has lower semicontinuous DC compo-
nents g and h, with infx∈Rn h(x) = 0 (resp. g bounded from below); see [50,
Proposition 2.4] and [51, Proposition 3.2]. It is well known that a necessary
condition for x ∈ dom(f) to be a local minimizer of f is ∂h(x) ⊂ ∂g(x). In
general, this condition is hard to be reached. So, we will focus our attention
on finding points such that ∂h(x) ∩ ∂g(x) 6= ∅, namely, critical points of f .

It is worth mentioning the richness of the class of DC functions which
is a subspace containing the class of lower-C2 functions (f is said to be
lower-C2 if f is locally a supremum of a family of C2 functions). In partic-
ular, DC(Rn) contains the space C1,1 of functions whose gradient is locally
Lipschitz. DC(Rn) is closed under the operations usually considered in op-
timization. For instance, a linear combination, a finite supremum or the
product of two DC functions remains DC. Locally DC functions on Rn are
DC functions on Rn (see [38] and references therein for the details). Un-
der some caution we can say that DC(Rn) constitutes a minimal realistic
extension of Γ0(Rn).

2.3. Quasi distance.

Definition 4. A quasi metric space is a pair (X, q) such that X is a
nonempty set, and q : X × X → R+, called a quasi metric or quasi dis-
tance, is a mapping satisfying:

(1) For all x, y ∈ X, q(x, y) = q(y, x) = 0 ⇔ x = y;
(2) For all x, y, z ∈ X, q(x, z) ≤ q(x, y) + q(y, z).
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Therefore, metric spaces are quasi metric spaces satisfying the symmetric
property q(x, y) = q(y, x). Quasi distances are not necessarily convex, con-
tinuously differentiable or coercive functions. Examples of quasi distances
can be found in [16] and references therein. In this paper, we consider quasi
distances satisfying the following condition:

Condition 1: There are positive real numbers α > 0 and β > 0 such
that

(3) α||x− y|| ≤ q(x, y) ≤ β||x− y|| ∀x, y ∈ Rn.
Remark 1. This condition was used to prove convergence of the proxi-
mal point algorithm for nonconvex and nonsmooth functions that verify the
Kurdyka- Lojasiewicz property, see [14, 15, 16]. Moreno et al. [16] present
several examples of quasi distances highlighting two that satisfy Condition
1.

Proposition 9. Let q : Rn×Rn → R+ be a quasi distance that verifies Con-
dition 1. Then, for each z ∈ Rn, the functions q(., z), q(z, .) are Lipschitz,
and q2(., z), q2(z, .) are locally Lipschitz functions on Rn.

Proof. See [16, Propositions 3.6 and 3.7]. �

3. Generalized proximal linearized algorithm

Let f : Rn → R∪{+∞} be a proper DC function bounded from below with
DC components g and h, i.e., f(x) = g(x)−h(x) with g, h ∈ Γ0(Rn). In this
section, we consider a generalized proximal linearized algorithm for finding
critical points of a DC function f . At each iteration our algorithm linearizes
the function f(x) but never directly minimize it, while it minimizes the
function g(x) in conjunction with the linearization of h(x) and a generalized
regularization. As mentioned before, this kind of linearized method has
proved to be efficient for solving a large number of problems, for instance,
the convex problem of minimizing a sum of two convex functions; see [26,
52]. Here, the term ”generalized” refers to a quasi distance which does not
satisfy all the properties of a distance, while preserving the nice properties
of convexity, continuity and coercivity of the Euclidean norm. This kind
of generalized method is more appropriate for applications in behavioral
science; see [14, 15, 16].

Algorithm 1 (GPLA)
Step 1: Given an initial point x0 ∈ int(dom(h)), and a bounded sequence of
positive numbers {λk} such that lim infk λk > 0.
Step 2: Calculate

(4) wk ∈ ∂h(xk).

Step 3: Compute

(5) xk+1 ∈ arg min
x∈Rn

{
g(x)− 〈wk, x− xk〉+

1

2λk
q2(xk, x)

}
.

If xk+1 = xk, stop. Otherwise, set k := k + 1 and return to Step 2.
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Remark 2. The well definition of {wk} and {xk} is guaranteed if h is a
convex function, and g is a convex and bounded from below function, respec-
tively. As mentioned in the previous section, if f is a DC function bounded
from below, then f admits a DC decomposition with g bounded from below.
The condition lim infk λk > 0 is easily satisfied if 0 < c1 ≤ λk ≤ c2, for all k.
Note that, if h ≡ 0 and q(x, y) = ||x− y||, algorithm GPLA becomes exactly
the classical proximal point algorithm (2) proposed by Rockafellar [3].

We emphasize that our algorithm is different of the DCA algorithm con-
sidered by Pham and Souad [43]. Our algorithm share the same idea of DCA
algorithm, namely, they linearize some component g(·) or h(·); or both of the
DC objective function f(x) = g(x) − h(x). However, our algorithm is sim-
pler, because linearization is done directly, and not on the dual components,
besides the fact that the proximal point method is more efficient than the
subgradient method. Algorithm 1 is closely related to the one proposed by
Sun et al. [36], but our algorithm seems to be more appropriate for applica-
tions in behavioral science using the ”variational rationality approach” (see
Soubeyran [20, 21, 22]), because in this ”variational rationality approach”,
costs of being able to change from the current position xk to xk+1, and costs
of being able to stay in the current position xk are not necessarily symmetric
and equal to zero, respectively.

Remark 3. Note that in (5), instead of minimize f(·) = g(·)−h(·) directly,
we minimize the linear approximation g(·)−〈wk, ·−xk〉 in addiction with the
proximal regularization. We mention that, if we replace such approximation
by g(·)− h(xk)− 〈wk, x− xk〉, then algorithm GPLA becomes

(6) xk+1 ∈ arg min
x∈Rn

ϕk(x),

where ϕk(x) = g(x) − h(xk) − 〈wk, x − xk〉 +
1

2λk
q2(xk, x). In this case,

for each k ≥ 0, from the convexity of h, we have f(x) ≤ ϕk(x), for all x ∈
dom(f). Therefore, algorithm (6) minimizes upper-bounds of the objective
function f , and each minimization step decreases the value of the objective
function. This kind of method is often called majorization-minimization
[27] or successive upper- bound minimization [28]. Majorizing surrogates
have been used successfully in large scale problems [29], signal processing
literature about sparse estimation [30, 31], linear inverse problems in image
processing [32, 33], and matrix factorization [34, 35].

The following result will be used in the convergence theorem.

Proposition 10. Let {xk} be the sequence generated by algorithm GPLA.
Then there exist ξk+1 ∈ ∂g(xk+1) and ηk+1 ∈ ∂L(q(xk, .))(xk+1) satisfying

(7) wk = ξk+1 +
q(xk, xk+1)

λk
ηk+1.
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Proof. Combinig (5) with Proposition 3, we have

0 ∈ ∂L

(
g(·)− 〈wk, · − xk〉+

1

2λk
q2(xk, ·)

)
(xk+1)

⊂ ∂L

(
g(·)− 〈wk, · − xk〉

)
(xk+1) +

1

2λk
∂L

(
q2(xk, ·)

)
(xk+1)

= ∂Lg(xk+1)− wk +
1

2λk
∂L

(
q2(xk, ·)

)
(xk+1),

using Proposition 4 in the second statement and Proposition 3 in the equal-
ity. Hence,

wk ∈ ∂g(xk+1) +
1

2λk
∂L

(
q2(xk, ·)

)
(xk+1)

having in mind that g ∈ Γ0(Rn) and xk+1 ∈ dom(g). From Proposition 5
and 9, we have ∂L

(
q2(xk, ·)

)
(xk+1) ⊂ 2q(xk, xk+1)∂L

(
q(xk, ·)

)
(xk+1). Al-

together, we obtain

wk ∈ ∂g(xk+1) +
q(xk, xk+1)

λk
∂Lq(x

k, ·)(xk+1),

and the proof is concluded. �

Now we establish the convergence of the algorithm. We begin by showing
that algorithm GPLA is a descent algorithm.

Theorem 1. The sequence {xk} generated by algorithm GPLA satisfies:

(1) either the algorithm stops at a critical point;
(2) or f decreases strictly, i.e., f(xk+1) < f(xk) ∀k ≥ 0.

Proof. If xk+1 = xk, then q(xk, xk+1) = 0, and using (7), we have wk =
ξk+1 ∈ ∂g(xk). From definition of the algorithm, we know that wk ∈ ∂h(xk).
Hence, wk ∈ ∂h(xk) ∩ ∂g(xk), which shows that xk is a critical point of f .
Now, suppose xk+1 6= xk. It follows from (4) that

(8) h(xk+1) ≥ h(xk) + 〈wk, xk+1 − xk〉.

On the other hand, from (5), we have

(9) g(xk) ≥ g(xk+1)− 〈wk, xk+1 − xk〉+
1

2λk
q2(xk, xk+1).

Adding inequalities (8) and (9), we obtain

(10) f(xk) ≥ f(xk+1) +
1

2λk
q2(xk, xk+1) > f(xk+1),

where in the last inequality we used the fact that λk > 0 and q2(xk, xk+1) >
0. �

The following result is a consequence of the last theorem.
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Corollary 2. Let {xk} be the sequence generated by algorithm GPLA. Then
{f(xk)} is a convergent sequence. Furthermore, if f is a continuous function

and {xk} is bounded, then lim
k→∞

f(xk) = f(x̂), for any cluster point x̂ of {xk}.

The following proposition will be used to prove the main convergence
theorem.

Proposition 11. Consider {xk} generated by algorithm GPLA, then lim
k→+∞

q(xk, xk+1) =

0.

Proof. From (10), we can write

1

2λk
q2(xk, xk+1) ≤ f(xk)− f(xk+1),

and therefore,
n−1∑
k=0

1

2λk
q2(xk, xk+1) ≤ f(x0)− f(xn).

Since f is bounded from below and lim infk λk > 0, if k goes to +∞, this
shows that

∑∞
k=0 q

2(xk, xk+1) is convergent. In particular, limk→+∞ q(x
k, xk+1) =

0. �

Consider h ∈ Γ0(Rn). In view of Proposition 7 and 8, we can easily verify
that if a sequence {xk} is bounded and wk ∈ ∂h(xk), then {wk} is also
bounded. The following theorem is the main result of this section.

Theorem 3. Let {xk} be the sequence generated by algorithm GPLA. Then,
every cluster point of {xk}, if any, is a critical point of f .

Proof. Let x̂ be a cluster point of {xk}, and let {xkj} be a subsequence
of {xk} converging to x̂. Since wk ∈ ∂h(xk), it follows that {wkj} is also
bounded, and we can suppose that {wkj} converges to a point ŵ (one can ex-
tract other subsequences if necessary). From (5), together with Proposition
3, we have

0 ∈ ∂F
(
g(·)− 〈wkj , · − xkj ) +

1

2λkj
q2(xkj , ·)

)
(xkj+1).

Using Proposition 6, with f1(x) = g(x)−〈wkj , x−xkj 〉, f2(x) = 1
2λkj

q2(xkj , x)

and γ = δ = 1
kj

, we can write

(11) 0 ∈ ∂F (f1 + f2)(x
kj+1) ⊂ A+

1

kj+1
B(0, 1),

whereA = {∂F f1(a
kj+1

1 )+∂F f2(a
kj+1

2 ) : a
kj+1

i ∈ B(xkj+1 , 1
kj+1

), |fi(a
kj+1

i )−

fi(x
kj+1)| < 1

kj+1
, i = 1, 2}. Note that, ∂F f1(a

kj+1

1 ) = ∂g(a
kj+1

1 ) − wkj+1 ,

and

∂F f2(a
kj+1

2 ) ⊂ ∂Lf2(a
kj+1

2 ) ⊂ 1

λkj+1

q(xkj , a
kj+1

2 )∂L(q(xkj , ·))(akj+1

2 ),
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where the inclusions come from Proposition 1 and 5, respectively. Using
these facts in (11), we obtain

wkj ∈ ∂g(a
kj+1

1 ) +
q(xkj , a

kj+1

2 )

λkj
∂L(q(xkj , ·))(akj+1

2 ) +
1

kj+1
B(0, 1).

Hence, there exist subsequences ξkj+1 ∈ ∂g(a
kj+1

1 ), ηkj+1 ∈ ∂L(q(xkj , ·))(akj+1

2 )

and ukj+1 ∈ B(0, 1) such that

(12) wkj = ξkj+1 +
q(xkj , a

kj+1

2 )

λkj
ηkj+1 +

ukj+1

kj+1
,

where {ηkj} and {ukj} are bounded sequences, namely, ||ηkj+1 || ≤ M and
||ukj+1 || ≤ 1, for some M > 0 and for all j ∈ N.

We will prove next that {ξkj} converges to ŵ. From (12), together with
triangular inequality, we get

(13) 0 ≤ ||wkj − ξkj+1 || ≤ M

λkj
q(xkj , a

kj+1

2 ) +
1

kj+1
.

Now, applying the triangular inequality for a quasi distance, one has

q(xkj , a
kj+1
2 ) ≤ q(xkj , xkj+1) + q(xkj+1, a

kj+1
2 )

≤ β||xkj − xkj+1||+ β||xkj+1 − akj+1
2 ||

≤ β||xkj − xkj+1||+ β

kj + 1
,(14)

using Condition 1 in the second inequality and the fact that a
kj+1
2 ∈ B(xkj+1, 1

kj+1)

in the third. Combining (13) and (14), having in mind that {λk} is bounded,
and taking j → +∞, we obtain

lim
j→+∞

wkj = lim
j→+∞

ξkj+1 = ŵ.

Since a
kj+1

1 ∈ B(xkj+1 , 1
kj+1

), we have limj→+∞ a
kj+1

1 = limj→+∞ x
kj+1 = x̂.

Therefore, using that ξkj+1 ∈ ∂g(a
kj+1

1 ) and wkj ∈ ∂h(xkj ), which, together
with g, h ∈ Γ0(Rn), leads to ŵ ∈ ∂h(x̂)∩ ∂g(x̂), that is to say, x̂ is a critical
point of f . �

4. Inexact Version

The proximal method is more practical if we can get approximate solutions
for the subproblems. This consideration gives rise to inexact versions of the
proximal point algorithm. As mentioned in the introduction, there is a
huge literature related to the subject of inexact proximal point method,
but a few in the context of DC optimization. Sun et al. [36] proposed an
inexact version of the proximal point algorithm for DC functions based on
the definition of ε−subdifferential. Souza and Oliveira [40] presented an
inexact version of the proximal point algorithm on Hadamard manifolds, in
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which, each subproblem of the algorithm is computed approximately. In this
section, we present the following inexact version of the Algorithm GPLA.

Algorithm 2 (IGPLA)
Step 1: Given an initial point x0 ∈ int(dom(h)), θ > 0, σ ∈ [0, 1) and a
bounded sequence of positive numbers {λk} such that lim infk λk > 0.
Step 2: Calculate

(15) wk ∈ ∂h(xk).

Step 3: Compute xk+1 ∈ Rn such that:
(16)

g(x)−g(xk+1)−〈wk, x−xk+1〉 ≥ (1− σ)

2λk

[
q2(xk, xk+1)− q2(xk, x)

]
∀x ∈ Rn,

with

(17) ||ξk+1 − wk|| ≤ θq(xk, xk+1)||ηk+1||,

where

(18) ξk+1 ∈ ∂g(xk+1) and ηk+1 ∈ ∂L(q(xk, ·))(xk+1).

If xk+1 = xk, stop. Otherwise, set k := k + 1 and return to Step 2.

Remark 4. Note that the exact Algorithm GPLA is a specific case of Al-
gorithm IGPLA (it holds by taking σ = 0). The algorithm is an inexact
version of Algorithm GPLA, because (16) implies

g(xk+1)−〈wk, xk+1−xk〉+ 1

2λk
q2(xk, xk+1) ≤ g(x)−〈wk, x−xk〉+ 1

2λk
q2(xk, x)+εk,

for all x ∈ Rn, where εk = σ
2λk

q2(xk, xk+1) ≥ 0. When h ≡ 0 and q is

the Euclidean norm, Algorithm IGPLA coincides, in the Euclidean setting,
with the algorithm proposed by Zaslavki [13] for a particular choice of the
sequence {εk}.

Next, we prove that Algorithm IGPLA has the same convergence prop-
erties relative to the Algorithm GPLA.

Theorem 4. The sequence {xk} generated by algorithm IGPLA satisfies:

(1) either the algorithm stops at a critical point;
(2) or f decreases strictly, i.e., f(xk+1) < f(xk) ∀k ≥ 0.

Proof. If xk+1 = xk, it follows from (17) that ξk+1 = wk. Hence, wk ∈
∂h(xk) ∩ ∂g(xk), because wk ∈ ∂h(xk) and ξk+1 ∈ ∂g(xk+1), from (15) and
(18) respectively. Therefore, xk is a critical point of f . Now, suppose that
xk+1 6= xk. From (15) and (16), we have

h(xk+1) ≥ h(xk) + 〈wk, xk+1 − xk〉,

and

g(xk) ≥ g(xk+1)− 〈wk, xk+1 − xk〉+
(1− σ)

2λk
q2(xk, xk+1),
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respectively. Adding last two inequalities, we obtain

(19) f(xk) ≥ f(xk+1) +
(1− σ)

2λk
q2(xk, xk+1),

which leads to f(xk+1) < f(xk). �

Corollary 5. Let {xk} be the sequence generated by algorithm IGPLA. Then
the sequence {f(xk)} is convergent. If f is a continuous function and {xk}
is bounded, then lim

k→∞
f(xk) = f(x), for any cluster point x of {xk}.

Proof. The proof uses exactly the same argument as the one used to prove
Corollary 2. �

Proposition 12. Consider {xk} generated by algorithm IGPLA. Then lim
k→+∞

q(xk, xk+1) =

0.

Proof. From (19), we obtain

(1− σ)

2λk
q2(xk, xk+1) ≤ f(xk)− f(xk+1),

and therefore

(1− σ)

2

n−1∑
k=0

1

λk
q2(xk, xk+1) ≤ f(x0)− f(xn).

Since f is bounded from below and lim infk λk > 0, this implies, if k goes to
+∞, that

∑∞
k=0 q

2(xk, xk+1) <∞. In particular, we have limk→+∞ q(x
k, xk+1) =

0. �

Theorem 6. Consider {xk} generated by algorithm IGPLA. Then, every
cluster point of {xk}, if any, is a critical point of f .

Proof. Let x̂ be a cluster point of {xk}, and let {xkj} be a subsequence of
{xk} converging to x̂. Since wkj ∈ ∂h(xkj ) and {xkj} is bounded, it follows
that {wkj} is also bounded, and we can suppose that {wkj} converges to a
point ŵ (one can extract other subsequences if necessary). Note that {ηkj} is
bounded, because ηkj+1 ∈ ∂L(q(xkj , ·))(xkj+1) and {xkj} is bounded. Hence,
combining (17) with Proposition 12, we have

(20) lim
j→+∞

ξkj+1 = lim
j→+∞

wkj = ŵ.

On the other hand, it follows from definition of the algorithm that wkj ∈
∂h(xkj ) and ξkj+1 ∈ ∂g(xkj+1). Thus, letting j goes to +∞ in the last two
inclusions, and considering (20), we have ŵ ∈ ∂h(x̂)∩∂g(x̂), because h and g
are lower semicontinuous and convex functions. This is to say, x̂ is a critical
point of f , and the proof is complete. �

Remark 5. Dealing with descent methods for convex functions, we can ex-
pect that the algorithm will provide globally convergent sequences (i.e., con-
vergence of the whole sequence). When the functions under consideration
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are not convex (or quasiconvex), the method may provide sequences that
exhibit highly oscillatory behaviors, and partial convergence results are ob-
tained. As already mentioned in the introduction, the Kurdyka- Lojasiewicz
inequality has been successfully used to analyze various types of asymptotic
behavior, in particular, proximal point method. It is worth mentioning that
algorithm IGPLA (in particular algorithm GPLA) converges globally when
f(x) = g(x)−h(x) is a proper continuous and bounded from below function,
which satisfies the Kurdyka- Lojasiewicz inequality at some cluster point x̂
of {xk} (see the definition of the Kurdyka- Lojasiewicz inequality and other
references about this subject in Attouch et al. [53]) with g, h ∈ Γ0(Rn), and
h ∈ C1,1 (which means that h is continuously differentiable with a Lipschitz
gradient). In this context, if {xk} is bounded, then {xk} converges to x̂.
It is straightforward to check the above claim applying [53, Theorem 2.9],
together with the following facts:

(1) Since {λk} is bounded and lim infk λk > 0, suppose that 0 < c1 ≤
λk ≤ c2, for all k. Hence, for each k, combining (19) with Condition
1, we can write

f(xk+1) + a||xk+1 − xk||2 ≤ f(xk),

where a =
(1− σ)α

2c1
> 0;

(2) From (17), for each k, we have

(21) ||zk+1|| ≤ θq(xk, xk+1)||ηk+1||,
where zk+1 = ξk+1 − ∇h(xk), with ξk+1 ∈ ∂g(xk+1), and ηk+1 ∈
∂L(q(xk, ·))(xk+1). Therefore, zk+1 ∈ ∂Lf(xk+1), because f(x) =
g(x)− h(x), and {ηk} is bounded, since {xk} is bounded and ηk+1 ∈
∂L(q(xk, ·))(xk+1). Taking M > 0 such that ||ηk|| ≤ M , for all k,
together with (21), we obtain

||zk+1|| ≤ b||xk+1 − xk||,
where b = θβM > 0;

(3) As we supposed, x̂ is a cluster point of {xk}. Then there exists a
subsequence {xkj} converging to x̂. It follows from the continuity of
f that {f(xkj )} converges to f(x̂). From Corollary 5, we have that
{f(xk)} converges to f(x̂).

5. Application: The optimal size of the firm problem

One of the main topic in Economic and Management Sciences is to deter-
mine the optimal size of an organization. This is a difficult problem, both
for conceptual and technical reasons. This optimal size can refer to the
quantity of the final good produced, the range of different final goods that
the multi product firm produces, the number and quality of workers of dif-
ferent types employed, the amount of means used in the production process,
as well as the number of intermediate stages in the production process and
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their different locations in different countries in the globalization process. A
huge literature exists and a lot of aspects must be examined.

In this last section we will consider, in a dynamic setting, the simplest
static model of the firm we can imagine (the textbook case). Its size refers
to the production level, i.e, the number of units of the final good the firm
produces. We consider the most realistic but difficult case where this firm is
supposed to exhibit increasing returns in the short run, when execution costs
of production are concave. The more traditional decreasing returns to scale
case is far less difficult, when costs of production are convex. Then, using
the recent variational rationality approach (Soubeyran [20, 21, 22]), we will
determine the long run optimal size of this firm, when it can, each period,
hire, fire and keep again workers. This offers an original and dynamic theory
of the limit of the firm.

5.1. A simple model of the firm with increasing returns in the short
run.

5.1.1. An example of ”to be increased” and ”to be decreased” payoffs. To
better see how DC optimization works in applications, let us examine the
simplest case we can imagine, which can be generalized to the multidimen-
sional setting. Different variants of this example can be found in Soubeyran
[20, 21], Bento and Soubeyran [14, 15] and Bao et al. [47]. But none of
them examine the very important case of increasing returns, which is the
realistic case for production costs, as we do here, as an application of the
proximal point method for DC optimization. Consider a hierarchical firm
including an entrepreneur, a profile of workers, and a succession of periods
where the entrepreneur can hire, fire or keep working workers in a changing
environment. Each period, the entrepreneur chooses how much to produce
of the same final good (of a given quality) and sells each unit of this good
at the same and fixed price p > 0. In the current period, the firm produces
x ∈ R+ units of a final good and employs l(x) ∈ R+ workers. In this simple
model the size of the firm refers to x. For simplification, each worker is
asked to produce one unit of the final good. Then, l(x) = x. The current
profit of the entrepreneur, π(x) = r(x)− c(x), is the difference between the
revenue of the firm r(x) = px ≥ 0 and the cost of production c(x) ≥ 0.
To produce one unit of the final good, each employed worker must use a
given bundle of individual means (tools and ingredients) and a fixed col-
lective mean (say, some given piece of land, a given infrastructure). The
entrepreneur rents the durable tools and buys the non durable ingredients.
Let π = sup {π(y), y ∈ X} < +∞ be the highest profit the entrepreneur can
hope to achieve. Then, f(x) = π − π(x) ≥ 0 is the current unrealized profit
he can hope to carry out in the current period, or later. The profit function
π(·) is a ”to be increased” payoff, while the unrealized profit function f(·)
is a ”to be decreased” payoff.

In the mathematical part of the paper, the objective function f(x) =
g(x) − h(x) is the difference between two convex functions, g(x) and h(x).
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In our behavioral example, f(x) represents the unrealized profit the en-
trepreneur can hope to achieve, i.e, f(x) = π − π(x) = π + c(x) − r(x),
where g(x) = π + c(x) and h(x) = r(x). Then, the cost and the revenue
functions r(·) and c(·) must be concave to fit with the mathematical part of
the paper.

Clearly, in a perfectly competitive market where the price p of the final
good is a given, the revenue function r(·) : x ∈ R+ 7−→ r(x) = px is
linear, hence concave with respect to the production level x. What we have
to make clear is why a cost function c(·) is usually concave in the short
run. But, to escape to mathematical difficulties, textbooks in Economics
focus the attention on the less usual case of convex costs of production in
the short run. Costs of production are concave when the technology of the
firm exhibits increasing returns, coming from economies of scale, economies
of specialization, learning by doing several times the same thing, limited
capacities, lack of time to be able to change fixed costs in the short run,
which become variable costs in the long run. In our standard model of the
firm, costs of production c(x) = wx+ hx+K are the sum of three different
costs, where, i) w > 0 is the given wage paid to each employed worker, ii)
h > 0 is the price paid to suppliers to acquire each bundle of means used by
each employed worker to produce one unit of the final good, and, iii) K > 0
is the cost to rent a durable, fixed, collective and indivisible mean.

This cost of production exhibits increasing returns to scale because, in the
current period, before production takes place, the fixed costs K > 0 must be
paid even if, later, no worker are required to work, i.e, c(0) = K > 0. This
implies that the unit cost of production c(x)/x = w + h + K/x decreases
when the production level x increases. The cost of production will be strictly
concave if, for example, the price h = h(x) of each bundle of means used by
each employed worker decreases with the number x of bundles of means the
entrepreneur must buy to produce x units of the final good (when suppliers
offer discounts).

5.2. The variational rationality approach: the simplest formula-
tion.

5.2.1. Stay/stability and change dynamics. The (VR) variational rational-
ity approach (Soubeyran [20, 21]) modelizes and unifies a lot of different
models of stay and change dynamics which appeared in Behavioral Sci-
ences (Economics, Management Sciences, Psychology, Sociology, Political
Sciences, Decision theory, Game theory, Artificial Intelligence, ....). Stays
refer to exploitation phases, temporary repetitions of the same action, tem-
porary habits, routines, rules and norms ...., while changes refer to explo-
ration phases, learning and innovations processes, forming and breaking
habits and routines, changing doings (actions), havings and beings..... This
dynamical approach considers entities (an agent, an organization or several
interacting agents), which are, at the beginning of the story, in an unde-
sirable initial position, and are unable to reach immediately a final desired
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position. The goal of this approach is to examine the transition problem:
how such entities can find, build and use an acceptable and feasible transi-
tion which is able to overcome a lot of intermediate obstacles, difficulties and
resistance to change, with not too much intermediate sacrifices and enough
intermediate satisfactions to sustain motivation to change and persevere un-
til reaching the final desired position. This (VR) approach admits a lot of
variants, based on the same short list of general principles and concepts.
The four main concepts refer to changes and stays, worthwhile changes and
stays, worthwhile transitions and variational traps, worthwhile to approach
and reach but not worthwhile to leave. A stay and change dynamic refers
to a succession of periods, where k + 1 is the current period and k is the
past period, where x = xk ∈ X can be a past action (doing), having or
being and y = xk+1 ∈ X can be a current action (doing), having or being.
A single change from x = xk ∈ X to y = xk+1 ∈ X is xy y, y 6= x. A single
stay at x is xy y, y = x.

Let us give, starting from our previous example, the simplest prototype
of the (VR) variational rationality approach, to finally show how, at the end
of a worthwhile transition, a firm can achieve an optimal size.

5.2.2. Worthwhile changes. The (VR) approach starts with the following
broad definition of a worthwhile change: a change is worthwhile if motivation
to change rather than to stay is ”high enough” with respect to resistance to
change rather than to stay. This definition allows a lot of variants, as much
variants as the definitions of motivation (more than one hundred theories of
motivations exist in Psychology), resistance (which includes a lot of different
aspects) and ”high enough” (see Soubeyran [20, 21]). Let us give a very
simple formulation of the worthwhile to change concept.

In the previous example a change refers to a move from having produced
x ∈ X = R+ units of a final good in the previous period to produce y ∈ R+

units of this final good in the current period. A stay is a particular move,
from having produced a given quantity x = xk of the final good in the
previous period to produce again the same quantity y = xk+1 = xk of
this final good in the current period. The previous and current ”to be
increased” payoffs of the entrepreneur are the profit π(x) and π(y). His
previous and current ”to be decreased” payoffs are his unrealized profits
f(x) = π − π(x) ≥ 0 and f(y) = π − π(y) ≥ 0.

Advantages to change from x to y, if they exist, represent the difference
in profits or unrealized profits, A(x, y) = π(y)− π(x) = f(x)− f(y) ≥ 0.

Inconveniences to change from x to y refer to the difference I(x, y) =
C(x, y)− C(x, x) ≥ 0.
C(x, y) ≥ 0 modelizes the costs of being able to change from x to y. In the

present model C(x, y) modelizes costs of hiring, firing and keeping working
workers to be able to move from producing x units of the final good, to
produce y units of the final good, where y can be higher, lower or the same
than x. Costs of hiring y − x > 0 workers are C(x, y) = ρ+(y − x), where
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ρ+ > 0 is the cost of hiring one worker. Costs of firing x − y > 0 workers
are C(x, y) = ρ−(x − y), where ρ− > 0 is the cost of firing one worker.
Costs of keeping working y = x workers are C(x, x) = ρ=x, where ρ= ≥ 0 is
the cost of keeping working one period more one worker. For simplification
(this will require a too long discussion), we will suppose that ρ= = 0. Then,
C(x, x) = 0, and inconveniences to change are

I(x, y) = C(x, y) =

{
ρ+(y − x) if y ≥ x
ρ−(x− y) if y ≤ x

}
≥ 0.

Motivation to change M(x, y) = U [A(x, y)] is the utility U [A] of advan-
tages to change A = A(x, y) ≥ 0.

Resistance to change R(x, y) = D [I(x, y)] is the disutility D [I] of incon-
veniences to change I = I(x, y) ≥ 0, where the utility function U [·] : A ∈
R+ 7−→ U [A] ∈ R+ and the disutility function D [·] : I ∈ R+ 7−→ D [I] ∈ R+

are strictly increasing and zero at zero.
A worthwhile change from x to y is such that motivation to change

M(x, y) ∈ R+ from x to y is higher than resistance to change R(x, y) from
x to y, up to a chosen worthwhile to change satisfaction ratio ξ > 0, i.e.,
such that M(x, y) ≥ ξR(x, y).

In the example, the utility U [A] of advantages to change and the disutility
D [I] of inconveniences to change are linear-quadratic, i.e., M = U [A] = A,
R = D [I] = I2 (see Soubeyran [20, 21] for more general cases). In this
context, a change x y y from producing again the quantity x of the final
good to produce a different quantity y of this final good is worthwhile if
advantages to change are high enough with respect to resistances to change,
i.e., A(x, y) = π(y) − π(x) = f(x) − f(y) ≥ ξR(x, y) = ξC(x, y)2, where
C(x, x) = 0. What is ”high enough” is defined by the size of ξ > 0.

5.2.3. Worthwhile transitions. A transition is a succession of single stays
and changes x0 y x1 y ....xk y xk+1 y .... where xk+1 6= xk or xk+1 = xk

for each k ∈ N.
A worthwhile transition is a transition such that each stay or change is

worthwhile, i.e., xk+1 ∈Wξk+1
(xk), k ∈ N, that is,

A(xk, xk+1) = π(xk+1)− π(xk)

= f(xk)− f(xk+1)

≥ ξk+1R(xk, xk+1)

= ξk+1C(xk, xk+1)2, k ∈ N.

5.2.4. Ends as variational traps. A (strong) variational trap x∗ ∈ X is both,
i) an aspiration point x∗ ∈Wξk+1

(xk), k ∈ N, worthwhile to reach from any
position of the transition, ii) a stationary trap Wξ∗(x

∗) = {x∗}, where it
is not worthwhile to move to any other position y 6= x∗, given that the
worthwhile to change ratio tends to a limit, ξk+1 → ξ∗ > 0, k → +∞, and
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finally iii) worthwhile to approach, i.e., which converges to the aspiration
point. More explicitly, x∗ is a variational trap if,

i) A(xk, x∗) = π(x∗) − π(xk) = f(xk) − f(x∗) ≥ ξk+1R(xk, x∗) =
ξk+1C(xk, x∗)2, k ∈ N;

ii) A(x∗, y) = π(y)− π(x∗) = f(x∗)− f(y) < ξ∗R(x∗, y) = ξ∗C(x∗, y)2,
for all y 6= x∗;

iii) It is a limit point of the worthwhile transition, i.e., xk → x∗, k →
+∞.

A weak variational trap does not require to be an aspiration point.

5.3. Proximal algorithms as worthwhile transitions. To show how an
exact or inexact proximal algorithm can be seen as a leading example of a
worthwhile transition, the present paper uses a specific formulation of the
(VR) approach, where the utility of advantages to change and the disutility
of inconveniences to change are linear quadratic, i.e., M = U [A] = A and
R = D [I] = I2 = C2, where C(x, y) = q(x, y) ≥ 0 is a quasi distance (see
Moreno et al. [16] for this linear quadratic case, and Bento and Soubeyran
[14, 15] for more general cases).

5.3.1. The proximal formulation of a worthwhile change. In a linear qua-
dratic setting, motivation and resistance to change are M(x, y) = A(x, y) =
π(y) − π(x) = f(x) − f(y) and R(x, y) = q(x, y)2. These simplifications
allow to define,

1) a proximal ”to be increased” payoff Pξ(y/x) = π(y)− ξR(x, y), which
is the difference between the current ”to be increased” payoff π(y) and the
weighted current resistance to change R(x, y), where the weight ξ > 0 bal-
ances the importance of the current ”to be increased” payoff and the current
resistance to change.

2) a proximal ”to be decreased” payoff Qξ(y/x) = f(y) + ξR(x, y), which
is the sum of the current ”to be decreased” payoff f(y) and the weighted
current resistance to change R(x, y).

Then, a change x y y ∈ Wξ(x) is worthwhile if moving from x to y,
the proximal ”to be increased” payoff increases, Pξ(y/x) ≥ Pξ(x/x), and
the proximal ”to be decreased” payoff decreases, Qξ(y/x) ≤ Qξ(x/x). This
comes from the following equivalences

y ∈Wξ(x) ⇐⇒ M(x, y) ≥ ξR(x, y)

⇐⇒ π(y)− π(x) = f(x)− f(y) ≥ ξR(x, y)

⇐⇒ Pξ(y/x) ≥ Pξ(x/x)

⇐⇒ Qξ(y/x) ≤ Qξ(x/x).

5.3.2. Exact and inexact proximal algorithms as examples of worthwhile
transitions. A transition is a succession of single stays and changes x0 y
x1 y ....xk y xk+1 y .... where xk+1 6= xk or xk+1 = xk for each k ∈ N.
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A worthwhile transition is a transition such that each stay or change is
worthwhile, i.e., in term of proximal payoffs to change,

xk+1 ∈Wξk+1
(xk) =


y ∈ X, such that

Pξk+1
(y/xk) ≥ Pξk+1

(xk/xk), i.e.,
π(y)− ξk+1R(xn, y) ≥ π(xk), or,
Qξk+1

(y/xk) ≤ Qξk+1
(xk/xk), i.e.,

f(y) + ξk+1R(xk, y) ≤ f(xk)

 ,

where each ξk+1 > 0, k ∈ N can be chosen and R(xk, y) = q(xk, y)2.
In the context of this paper,

xk+1 ∈Wξk+1
(xk)⇐⇒ f(xk+1) + ξk+1q(x

k, xk+1)2 ≤ f(xk),

where ξk+1 = 1/2λk > 0.
A worthwhile change is exact if xk+1 ∈ arg max

{
Pξk+1

(y/xn), y ∈ X
}

.
An inexact worthwhile change is any worthwhile change ”close enough”

to an exact worthwhile change, where the term ”close enough” can have
several different interpretations, depending of chosen reference points and
frames. In this paper ”close enough” is given by conditions (16), (17), given
(15) and (18). The explicit justifications follow Bento and Soubeyran [14].

5.4. Surrogate proximal algorithms as worthwhile transitions. Usu-
ally the entrepreneur does not know the whole profit function π(·). Then, he
must perform, each current period k + 1, an approximate evaluation of this
function π̃(·/x), where x = xk. This requires to consider a more complex
formulation of the (VR) approach, where past experience and current eval-
uations π̃(·/x) of the payoff functions π(·) are included in the worthwhile to
change process (see Soubeyran [22]). In the present paper, we will discard
the role of past experience to focus our attention on the current evaluation
process, when the entrepreneur knows from the very beginning the whole
revenue function r(·) = −g(·), but does not know very well the execution
cost function c(·). Then, he needs, each period, to make an approximate
evaluation of the execution cost function c(·), in term of a simple function
c̃(·/xk), which over-estimates globally this cost function c(·) = −h(·), , i.e.,
c̃(y/xk) ≥ c(y), for all y ∈ X with c̃(xk/xk) = c(xk). Then, the surrogate
evaluation function π̃(./x) : y ∈ X 7−→ π̃(y/x) = r(x) − c̃(y/xk) under-
estimates the ”to be increased” profit function π(·) = r(·) − c(·), because
π̃(y/x) ≤ π(y) for all y ∈ X and π̃(x/x) = π(x).

Similarly, the surrogate evaluation function f̃(·/x) : y ∈ X 7−→ f̃(y/x) =

g(y) − h̃(y/x) over-estimates the ”to be decreased” profit function f(·) =

g(·)−h(·), because f̃(y/x) ≥ f(y), for all y ∈ X, with f̃(x/x) = f(x), where

h̃(y/x) ≤ h(y), for all y ∈ X, with h̃(x/x) = h(x).
To fit with the mathematical part of the paper, we will suppose that, in

the current period k + 1, the entrepreneur knows the resistance to change
function R(x, y). Then, given this knowledge structure, where, each period,
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the entrepreneur is allowed to make an under-estimation of his profit func-

tion π̃(·/x), a change x = xk y y is worthwhile if Ã(x, y) = π̃(y/x)−π(x) =

f(x)− f̃(y/x) ≥ ξR(x, y).
The proximal version of this worthwhile to change condition is

P̃ξ(y/x) = π̃(y/x)− ξR(x, y) ≥ π(x) = P̃ξ(x/x),

or
Q̃ξ(y/x) = f̃(y/x) + ξR(x, y) ≤ f(x) = Q̃ξ(x/x).

This behavioral evaluation process fits with the mathematical part of the
paper, which uses a convex-concave procedure (see Yuille and Rangarajan
[54]) in the context of DC programming (see also Horst and Thaoi [55]).

5.5. Ends.

5.5.1. When critical points are variational traps. A weak variational trap
is both a limit point of a worthwhile transition, and a stationary trap not
worthwhile to leave. This modelizes the approach, and the end of a worth-
while stay and change process. Usually, a critical point is not a stationary
trap. Then, the last question of this paper is: when critical points of the
exact and inexact proximal algorithm are variational traps?

Definition 5. A function f : Rn → R ∪ {+∞} is said to be weakly convex
if there exists ρ > 0 such that for all x, y ∈ Rn and λ ∈ [0, 1]

(22) f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) + ρλ(1− λ)||x− y||2.

The function f is said to be locally weakly convex at x if there exists
ε > 0 such that f is weakly convex on B(x, ε). It is locally weakly convex if
it is locally weakly convex at every point of its domain.

Proposition 13. Let f be a weakly convex function. If x∗ is a critical point
of f , then

(23) f(x∗) ≤ f(y) +
ρ

α2
q2(x∗, y) ∀y ∈ Rn,

where α > 0 satisfies Condition 1.

Proof. This comes from [56, Proposition 4.8] and (3). �

Proposition 14. Let f be a weakly convex function. If x∗ is a critical point
of f and λ > ρ

α2 , then Wλ(x∗) = {x∗}.

Proof. From (23) and λ > ρ
α2 , we have

f(x∗) ≤ f(y) +
ρ

α2
q2(x∗, y) < f(y) + λq2(x∗, y) ∀y 6= x∗.

The result follows from last inequality and definition of Wλ(x). �

Remark 6. It is obvious that convex functions are weakly convex. More-
over, C1,1 functions and lower-C2 functions are locally weakly convex and
locally Lipschitz weakly convex, respectively. As mentioned in the prelimi-
nary section, C1,1 functions and lower-C2 functions are DC functions.
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5.5.2. The optimal size of the firm. In the example a variational trap x∗ ∈ X
defines an optimal size of the firm where the entrepreneur hires and fires less
and less workers to finally stops to hire and fire workers, when resistance to
change wins motivation to change. This offers an original theory of the limit
of the firm in term of the VR approach, where the entrepreneur optimizes
at the end, and satisfies with not too much sacrifices during the transition.

6. Conclusions

We presented a generalized proximal linearized algorithm, which can be
performed inexactly, for finding critical points of a DC function (difference
of two convex functions). We also provided an application, in a dynamic
setting, to determine the limit of the firm, when increasing returns matter
in the short run. Future researches will examine the case where the concave
revenue function is not well known, while the concave execution cost function
is perfectly known to the entrepreneur. The case of a more changing envi-
ronment can also be considered. Finally multiobjective DC programming
must be examined to consider the limit of firms which produce different final
products. This is the main realistic case.
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