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1 Introduction

Problems involving continuous nonsmooth functions arise in many fields of
science [30LB7B9], acting in a direct way or playing a secondary role (e.g.
subproblems) in different areas. A large class of problems needs to cope with
one or more minimizations of convex nonsmooth functions [34,36], which has
been successfully solved by well established optimization algorithms known as
Bundle Methods [111211[29]. However, a significant amount of problems involve
minimizations of nonsmooth functions that are also nonconvex [I0J11], a prop-
erty that usually introduces an undesirable complexity to the implementation
of the aforementioned method.

Recently, an algorithm known as Gradient Sampling (GS) [5,22] has gained
attention for providing good alternatives to the difficulties that Bundle Meth-
ods need to deal with if the function is not convex (see [29,35] and references
therein). Basically, the functioning of GS is very close to the steepest descent
method for smooth functions, since it works in every iteration with a descent
direction computed just with first order information and it finds the next it-
erate by a line search procedure (in fact, when a nonnormalized version of GS
is used to solve a smooth optimization problem, its step asymptotically recov-
ers the direction taken by the steepest descent method). In contrast to the
Bundle Method, the GS does not work with a memory of the past iterations,
but it tries to gain information about the function by computing gradients
of sampled points obtained in each iteration. This behavior is less complex
than keeping a history of the last iterations, since in the nonconvex case, it is
hard to determine whether a past iteration is contributing to construct a good
model of the objective function or it is so far from the current iteration that
its incorporation to the model might lead to an erroneous local information.
As a counterpart, by evaluating the gradients of the sampled points, the GS
has a significant cost per iteration.

Since we can interpret the GS algorithm as a generalization of the steepest
descent method, it is reasonable to think that in the best case scenario, the
method would have linear local convergence (for the best of our knowledge,
there is no local convergence proof for GS). Although the method has shown to
be robust, presenting good numerical results even for challenging problems, its
cost can be an obstacle, specially if we take into account the expectation over
the rate of convergence. Therefore, this leads us to a natural question: would it
be possible to have a GS algorithm that can be understood as a generalization
of Newton’s (or quasi-Newton) method for nonsmooth functions, meaning that
it would locally converge faster than linearly?

This manuscript has the intent to start answering this question. As we shall
see, the answer is, at least, partially affirmative. In fact, there are recent stud-
ies that have introduced GS-like algorithms with quasi-Newton techniques [8]
9], however there are no proofs nor numerical results that corroborate a rapid
local convergence. Therefore, our affirmative answer is directly linked to the
property that, in a good sampling condition and for a special class of nons-
mooth function, it is possible to move superlinearly to the solution.
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One might view our method as a GS algorithm that incorporates some
elements of Bundle Methods developed over the years [I6L28], but still keeps
the GS facilities to handle nonconvex functions. This last characteristic is in
agreement with Kiwiel’s expectation [22]

“We believe, however, that deeper understanding of their [GS and Bun-
dle Methods] similarities and differences should lead to new variants.”

In order to obtain rapid local convergence, the new algorithm needs to
look at the VU-decomposition of the space [26,31]. Roughly speaking, it tries
to behave like the cutting-plane methods [I3,20] into the V-space, whereas
into the U-space (a smooth subspace for the objective function) it emulates
the quasi-Newton techniques. For this purpose, we need not only to evaluate
the gradients at the sample points, but also their respective function values.
This procedure does not produce a significant increase in computational time,
since, in most cases, the computational effort of evaluating the function value
is overshadowed by the cost of evaluating the gradient.

Finally, we believe that the results obtained in this text are a step further
into the study of a practical algorithm with rapid local convergence to minimize
nonsmooth and nonconvex functions (important studies on the matter for
nonsmooth and convex functions can be found in [23/[241[251[32]). The pursuit
for such an algorithm has raised efforts of many researchers (an enlightening
review can be found in [33]) and up to our knowledge there is no method in the
literature that fulfills those features. A future work assessing its performance in
an extensive class of nonsmooth functions is needed to determine how efficient
the proposed algorithm is. For now, we limit ourselves to the convergence
theory and the presentation of some illustrative examples.

For clarity, before we start to expose the main ideas of this study, we
present some notations that appear along this manuscript:

— co X is the convex hull of X;

cl X is the closure of X';

|X| is the cardinality of X’;

— B(xz,r) is the Euclidean open ball with center at x and radius r;

| - || is any norm in R™;

— ||z||g := VaT Hz, for any symmetric positive definite matrix H;

e is a vector with ones in all entries;

— distg(x,C) == infyec ||y — || g with z € R” and C C R™ a nonempty set;
Plz € X] is the probability of x to be in X', whereas Pz € X | z € )] is
the conditional probability of x to be in X given that = € ).
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2 Basic concepts and the GS algorithm

The GS method has the goal of solving the following unconstrained optimiza-
tion problem

min f(z), (1)

where f : R™ — R is a locally Lipschitz function, continuously differentiable
in an open dense subset D C R™. The function f is not necessarily convex.

For a map with the properties above, it is possible to define the Clarke’s
subdifferential set for f at x [6L[7]. This set can be interpreted as a generaliza-
tion of the gradient for nonsmooth functions.

Definition 1 (Subdifferential set, subgradient, stationary point) The
set given by

J

af (z) = co{ _Lm Vi(z;) | z; = x,x;5 € D}

is called the Clarke’s subdifferential set for f at z and any v € Jf(z) is known
as a subgradient of f at x. Moreover, if 0 € 9f(x), then we say that x is a
stationary point for f.

A set that fits best with the idea of sampled points and is more general than
the previous one can be defined [15].

Definition 2 (e-Subdifferential set, e-subgradient, e-stationary point)
The e-subdifferential set for f at x is given by

O f(x) :=co Of (B(z,€)).

Any v € d.f () is known as an e-subgradient of f at z. Moreover, if 0 € 9. f(z),
then we say that x is an e-stationary point for f.

With a great importance for our study, we present the generalized directional
derivative for the function f [6].

Definition 3 (Generalized directional derivative) The generalized di-
rectional derivative of a continuous locally Lipschitz function f : R™ — R at
z in the direction v € R™ is given by

fO(x;v) = 111;1:;113 M
10

Finally, it is possible to link Definition[3|with the subdifferential set. Indeed,
the following relation holds [6]
fo(z;v) = max{sTv | s € Of(x)}.

With the above sets in mind, one can interpret the sampled points used in GS
method as an attempt to approximate the e-subdifferential set of f at = [4
Theorem 2.1].
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For a more complete idea of the GS functioning, we present an algorithm
that embraces several GS methods recently developed (see Algorithm . For
the matrices H; that appear inside Algorithm [I] we assume a property that
is commonly used in quasi-Newton techniques [9].

Algorithm 1: A general algorithmic framework for GS methods.

Step 0. Set k=0, xz9 € D, m € N with m > n + 1, fixed real numbers vy, €g,
l/opt,eopt, 9 > 0 and 0 < 91,,196,’7,6 < 1.

Step 1. Choose {xk,l, R wk,m} C B(z, € ) with randomly, independently and
uniformly sampled elements

Step 2. Set G = [Vf(zx) V(1) -..Vf(%k,m) and find §x = H; 'uy
such that up = ék)\k and A solves

: Lirar -1 4
min 5)\ G H. "GpA
st eTA=1,A>0

where Hj, € R™X™ is a positive definite symmetric matrix.
Step 3. If vy < vopt and € < €opt, then STOP!
Otherwise, if min{||gx |2, |9k ||z, } < vk, then exy1 = Oeer, Vg1 = Ouig,
Tp41 = x and go to Step 6.
Step 4. Do a backtracking line search and find the maximum t¢; € {1,, ~v2,.. 3
such that
f@e + tedi) < f(zr) — Baktdy, Hidr,
where dj, = —ay gk, for some positive ay, € {1,9/||gk| }-
Step 5. If xy + tidy € D, then set x 1 = ) + trdg. Otherwise, find
Trt+1 € B(zr + trpdy, min{ty, ex }||dk||2), where the following holds
f(@ry1) < Flzr) — BateGf Hrdk-
Step 6. Set k <+ k+ 1 and go back to Step 1.

Assumption 1 For every k € N, the matriz Hy, € R™*" is symmetric positive
definite and there exist positive real numbers ¢ and < such that

slld|)? < d" Hypd < 3||d||?, Vd € R™.

Consequently, considering Hy = I, we obtain the standard GS method (if
ar = 1/]|gx||2) and the GS method with non-normalized direction (if a = 1).
Updating Hj with limited memory LBFGS techniques, one can recover the
method introduced in [9].

It is possible to show that if z; € D, then the vector dj used at Step 4 is
a descent direction for f at x [5], which evinces the importance of Step 5 for
the finiteness of the line search procedure (in fact, this procedure is a delicate

1 Notice that since D is an open dense subset of R, it is easy to guarantee that all the
sampled points have probability one to be in D. Hence, with probability one, the correspond-
ing gradients are well defined. This will also be true for our proposed method, presented in
the next section.
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matter [I8]). Moreover, given the random nature of the method, convergence
with probability one results are always established [22].

Once we have presented some basic notions about nonsmooth functions and
the GS methods, we are able to proceed with the main ideas of this paper.

3 Motivation and the new algorithm

Henceforward, we will be interested in solving a class of problems more struc-
tured than . Let us consider the minimax optimization problem

min (1) = ax (0:0)}). ©)
where the functions ¢; : R® — R are all of class C?, but they are not neces-
sarily known. Here, we only ask that the function f may be represented as a
maximum of functions, that is distinct from the case in which the functions
that comprise f are known. For such a case, many studies have been developed
(see [12] and references therein).

3.1 Motivational example

Suppose that we have f(x) = |z| = max{z,—2} and we want to start an
iteration of Algorithm [T] If we have that

m=2, eg=1, €pt <1, g=0.5, wp1 <0 and zg2 >0,

then f'(zo1) = —1, f'(zo,2) = 1 and o = 0 in Step 2. Consequently, by Step 3,
we skip Steps 4 and 5 and go directly to Step 6, which starts a new iteration.
Although this routine indicates that we have an eg-stationary point for f, this
procedure does not allow us to move. Moreover, it prevents the algorithm to
take an action when it has a complete information about the function, that is,
when we have points sampled in the sets

X ={reRz<0} and X" ={z R,z > 0}.

As a consequence, we see that the method only gets a chance to move when
either zj and the sampled points are all in X~ or all in X . Moreover, in this
scenario, the GS method behaves exactly as the steepest descent method.

This undesirable behavior can be explained by the lack of information
about the function values at the sampled points. Indeed, taking a careful look
into the quadratic optimization problem that is solved in Step 2, it is possible
to see that its dual problem is given by

1
min 2+ —d’ Hy.d
(d,2) 2

st. GLd < ze,
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where z € R and d is the vector di that appears in Step 4. Equivalently,
considering x, := ¥, the same direction dj can be obtained if we solve

1
. AT LT
min max {f(xk) + V) d+ 5d de}. (3)
Notice, however, that if we use the function values of each sampled point
instead of f(xy), i.e., if we solve

min ax {f(%,i) + Vi(@ea) (@r — zi) + Vi(ze:) d+ ;dTHk:d} ; (4)
we would have a better model for the function f than the original one (closer
to the cutting-plane method). Furthermore, the new quadratic optimization
problem allows us to move when we have sampled in both “faces” of f, that is,
in X~ and X . Lastly, observe that in , we do not use the objective function
value at the current iterate xj neither the gradient V f(zy). As we shall see
later, these omissions do not prevent the algorithm to converge and introduce
an advantage over the GS method, since Step 5 is no longer necessary.

Unfortunately, this new quadratic programming comes with a price: the
vector dy might not be a descent direction for f at xj (especially under a bad
sampling condition), a property that is always true if we solve (3]). Therefore,
to have an algorithm that uses the function values at all sampled points, we
must overcome this issue.

3.2 New algorithm

In order to surpass the difficulty of not having a descent direction under a bad
sample, we have replaced the Armijo’s line search by a trust-region procedure.
Besides, to have a smooth problem to solve, instead of dealing with , we
solve at each iteration the following quadratic optimization problem

1
min 2+ ~d? Hyd
(d,z) 2

s.t. fk + ng < ze (5)
[dlloc < Ag,

where fi, = [f(zr1) + VI(@e)" (@r — 2r1), o f@hm) + Vi (@em)T (@r —
Tem)|Ty G = [Vf(zr1) .. Vf(2rm)] and [|d| s < Ak stands for the trust-
region constraint, for some A, > 0. Consequently, its dual optimization prob-
lem, after a changing of variables, can be viewed as

~ 1
ry 1 T -1 _
pna A fr 2(Gk>\+W) H, (G +w) — Agllw|
st. AMe=1
A>0.
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With these modifications in mind, we introduce the proposed algorithm (Al-
gorithm , also referred as GraFuS, which stands for Gradient and Function
Sampling. Together with the exhibition of our new method, we must highlight
some of its properties that will be important for the good understanding of
the convergence results.

— The generated sequence of function values is monotone decreasing, i.e.,
f(zrg1) < f(xr), for all k € N;

— The sequence {v} is also monotone decreasing and it is a measure of how
far we are from a stationary point;

— The role played by the exponent ¢ in the algorithm will be clarified at
the local convergence section. Furthermore, its definition at Step 1 has
the purpose of providing freedom for such a parameter, so that it may be
modified any time the algorithm performs the referred step.

Algorithm 2: A Second Order Gradient and Function Sampling-based
method (GraFuS).

Step 0. Set k,l =0, x9 € R", m € N with m > n + 1 and fixed real numbers
Ye;¥a >0, 0 < 1v9,0,p < 1,0 < vopt < vo and ¢ > 1. Finally, define the
initial sampling radius and the maximum step size as €p,0 = vp and
Ao,0 = YAV, respectively.

Step 1. Set o as any real number in [1,2] and choose

l 1
{931@,11 e xk,m} C B(zk,veer,;)

with randomly, independently and uniformly sampled elements.
Step 2. Find (dj,i, 2k,;) and (Mg, wk,;) that solve, respectively, and its dual
problem, where Hy € R™"*" is a symmetric and positive definite matrix.
Step 3. If v < vopt, then STOP! Otherwise, compute

Aredy; := f(zx) — f(zr + dg,1)

and

1
Predy, := mgx{f(xi,i) + Vi(ah )" (k- xim)} - (Zk,z + idg,ldek,l) .
Step 4. If Aredkyl < pPredy ;, then set Ak,l+1 = QA]CJ, €r,i+1 = Oeg 1,
I+ 1+ 1 and go back to Step 1. Otherwise, set x1 = x} + di; and
V41 = max{min{vy, HH,:le,l)\k,lHoo},l/,:}
Step 5. Set €x41,0 = Vk+1, Ak+1,0 = YAVk+1, k< k+ 1,1 <+ 0 and go back

to Step 1.
Glossary of Notation

k: outer iteration counter V. optimality measure
[: inner iteration counter Vopt: optimality certificate tolerance
T current iterate v: exponent for updating vy
m: number of sampled points €x,1: related to the current sampling size
YA: constant related to the trust region Ay : current trust-region size
Ye: constant related to the sampling size  6: reduction factor for € ; and Ay ;
p: parameter of step acceptance o: exponent related to the sampling size
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4 Convergence

Before we proceed with the convergence analysis, we should state a property
for the functions ¢; that define f. It is a common assumption when we are
dealing with nonsmooth functions of the kind defined in , cf. [31]. Therefore,
considering that Z(z) := {i | ¢;(z) = f(x)}, the required hypothesis follows.

Assumption 2 For all x € R™ with |Z(x)| > 2, the gradients {V¢; () }icz(a)
compose an affinely independent set, that is,

Z a;Voi(x) =0 and Z a;=0 <<= o, =0, VieI(x).
i€Z(x) i€Z(x)

In addition, from now on, we also suppose that the matrices Hy in GraFuS
satisfy Assumption [I]

Remark 1 Tt is worth pointing out that Assumption [2] can be viewed as a way
to guarantee that, for any fixed j € Z(x), the set

{Voi(z) = V() bicz()\ (5}

is linearly independent for all z € R™ with |Z(x)| > 2 (the proof is provided
in Lemma [1| below). This association will be of great importance for both the
global and the local convergence results.

4.1 Global convergence

First, we present a technical lemma that guarantees that at most n+1 functions
will assume the maximum of f at a fixed point x € R™. In addition, we prove
that, for each ¢;, with j € Z(x), there is a sufficiently small open set such that
¢; strictly assumes the maximum value at this specific set.

Lemma 1 Let z be any point in R™ and j be any fized index in Z(x). Then,
|Z(z)| < n+1. Moreover, there exists r > 0 such that for all e € (0,7), we can
find a set Cj(z,€) C B(x,e) with int(Cj(z,€)) # 0, for which x ¢ C;(x,€) and

(I (T J .
oi(z?) > max ¢i(27), Vi’ € Cj(x,e).

i
Proof Let us prove first that |Z(x)] < n + 1. If |Z(z)| = 1, the statement
trivially holds. Therefore, we assume that |Z(z)| > 2. Besides, we suppose
without any loss of generality that Z(z) = {1,...,r}. Then, let aa,...,a, € R
be any real numbers such that

3 i (Voi(a) — Véi(a) = 0.
1=2
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Then, it follows that

i=2 i=2
and by Assumption [2] we have as = ... = «,. = 0. Consequently,

A= {V¢i(x) = Vo1() }icza)\ {1}

forms a linearly independent set. So, |A| < n, which implies that |Z(x)| < n+1.

Now, for the other result, we also have that, if |Z(x)| = 1, then the proof is
straightforward by a continuity argument. So, let us suppose that |Z(z)| > 2
and Z(z) = {1,...,7}. By Assumption [2| given a fixed s € Z(x) and any
j € Z(z) with j # s, we have that v; := V¢;(z) — Vés(x) cannot be written
as a linear combination of {v; | i € Z(z), i # j} (to see this, just use the same
arguments that we have used to prove |Z(x)| < n + 1 and notice that the set
formed by the vectors v;’s is a linearly independent set). Thus, it is possible
to find a unitary d; € R™ such that v] d; > 0 and

vl'd; =0, i#j with ieZ(z)f]
Consequently, it follows that V¢;(z)Td; > Vés(z)Td; and
Voi(x)Td; = Vos(x)'d;, i#j with i€ I(x).

So, since ¢; € C?, for all i € Z(z), we have that for all fixed w; € R" it follows
that

¢i(m + e(d; + wy)) = ¢i(x) + V()" (dj +w;) + O(€*), i € I(x), i # j,
oj(x + e(dj +wy)) = ¢;(x) + eV, (x)" (d; + w;) + O(?).

Now, subtracting the first equation above from the second one and dividing
the result by €, we obtain, for all ¢ € Z(x) with ¢ # j, that

qf)j(l’ + G(dj + ’LUJ)) - ¢1(I + E(dj + wj))

= V()" (d; + wy)
- ng)i(LE)T(dj + w]') + O(E)

Consequently, supposing that

w; € B(0,6) C R", where 6 := min

V() — Vi) d;
{ 2V, (1) — Vou(a)] } >0

2 For example, setting s; as the orthogonal projection of v; over the hyperplane generated
by {v; | 4 € Z(x), i # j}, one can consider d; = (v; — s;)/[|v; — sj]|.
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we must have, for all ¢ € Z(z) with ¢ # j, that

bj(x + e(dj +wj)) — ¢i(w + €(dj + wy))

€

= [Vo,(x) — V()] d;
+[V;(x) = Voi(a)]"w; + O(e)
> [V;(x) — Vs (2)]" d;
—Ve;(x) — Vgi(z)|l[|w;|| + O(e)
i\r) — i (L T j

From the inequality above and noticing that [V¢;(z) — V¢;(x)]Td; > 0, for
all ¢ € Z(x) with ¢ # j, it is possible to find r; > 0 small enough such that for
all € € (0,r;) the following relation holds

>

oj(x +e(d; +wy)) > ¢i(z + e(d; +wy)), i €I(x), i7#7].

To complete the proof, notice that the functions ¢; are continuous, and there-
fore, it is possible to find 7 > 0 such that for all y € B(x,7) the following
holds

ba(y) > ¢u(y), a €ZL(z), b I(z).

So, setting r := min{ry,...,rp, 7} and choosing € € (0,7), we have that the
set

Cj(x,e) ={z+7(dj +w;) | 0< T <€/2, wj €B(0,9), jeI(x)},
satisfies the properties previously claimed. O

From the above result, we can see that for any ¢ > 0 (even when € > r,
since in this case we have B(x,r) C B(z,€)), the following set is not empty

Sj(z,€) :=int  y € B(x,€) ’ ¢i(y) > max ¢;(y) p, j € Z(x). (6)

1<i<p
17
So, we can proceed with two additional results. They guarantee that Gra-
FuS is well defined, i.e., the algorithm will not cycle forever from Step 4 to
Step 1. Specifically, the first result tells us that under a good set of sampled
points, it is possible to obtain Ared > pPred at Step 4 (the proof of the result
is based on ideas from [40]).

Lemma 2 In Algorithm[3, consider fized outer and inner iterations, denoted
by k and 1, respectively. Let T € R™ be a nonstationary point for the function
f:R" - R, pe(0,1) be a fizred real number and S;(T,¢€) be the set defined
n @ for any € > 0. Therefore, there exist A and § > 0 such that, if the
following hypotheses hold

i) xr € B(T,0);

’LZ) 0< AkJ < A,‘
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iii) there exist € = €(k,l) > 0 and M > 0 such that
a) for all j € I(Z), we have S;(T,€) C Blxy, M - Ayy);
b) for all j € I(T), we have i € {1,...,m} that implies xﬁw- € S;(T,¥);
¢) for all i € {1,...,m}, there exists j € I(T) that implies xﬁm €
Sj(f, E),

)
)

then
Aredy,; > pPredy,.

Proof First, we choose r > 0 as a sufficiently small number such that for all
x € B(z,r), we have

¢j(z) > max ¢;(x), for all j € Z(Z).
1<i<p

i¢Z(T)

Since T is not a stationary point for f, we must have that 0 ¢ 9f(Z). Recalling
that 9f () is a closed and convex set, it follows by the Hyperplane Separation
Theorem [3], Section 2.5] that there exist a unitary vector v € R™ and a scalar
7 > 0 such that

sty < —7, Vs € 0f(T).
Since the generalized directional derivative of f at T in the direction v is given
by
t —
f°(z;v) = limsup e +t) - f(2)

T—T t
tl0

= maX{sTU 1 s€ 5f(j>}’

we have that f°(T;v) < —7. Thus, there exist A € (0,7) and & € (0,7) such
that for all 2 € B (Z,0) and A € (0, A), we have

flz+ Av) — f(z) < —%A. (7)

Now, let us keep this information in mind and proceed with a parallel idea.
Let us suppose that the hypotheses i), i) and i) hold for § and A found
above. Then

Flan) = max {i(wr)}

i€L(Z
— max {f(ah )+ V(e )T (o — )} + o Ar)
(n_ot_ice that x%m € B(zk, M - Ary))
and
[ +dy,) Zi?ﬁ%{@(ﬂﬁk +dr)}
= max {f(x;) + VF(2h)" (@ +dis — a5} + o(Ar)

(notice that a:fm € B(zg, M - Ag,;) and that ||dg il|cc < Ag).
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So, we have Aredy; = f(zx) — f(zx + di,;) = Predi,; + o(Ag,;). Consequently,
to prove the statement, we just need to show that Ay ; = O(Predy ), since we
would have, for any n = (1 — p) € (0, 1), a sufficiently small A > 0 such that

Aredm — Predm = O(Ak,l) > *UPI‘eko,

which yields that Aredy; > (1 — n)Preds,; = pPred;. So, to show that such
a condition holds, we define

x {f(ah) + VIl )" (@ + Argv — 2 )}

a
1<i<m

Therefore, since (dy, zx,1) is the solution of the quadratic programming prob-
lem at Step 2, we have that z;; < 2+ 0o(Ay,), and hence,

A2
Prode > max{f (e} ;) + Vf (2} )" (e — 2} )} - ( ) TH) +0(Ak).

Consequently, it yields that
Pred; > f(zr) — f(2k + Akgv) + o(Ak,)
-
> §Ak,l + o(Ag1),

where the last inequality comes from (7). Therefore, if A is small enough, we
obtain the desired result. O

With the above result, we present the following lemma, which claims that
if GraFuS is at iteration k& and xj is not a stationary point for f, then the
index [ of the inner iteration has an upper limit (with probability one).

Lemma 3 Suppose that for an iteration k, we have that xzy, is not a stationary
point for f. Then, with probability one, there exists | € N such that the indices
of the inner iterations satisfy 1 <.

Proof Let us assume, for contradiction, that such [ does not exist, i.e., I = oo
at the iteration k. Consequently, we must have that Ared;; < pPredy , for all
I € N. Additionally, by the way we have designed our algorithm, we see that

1
€kl = 7Ak,l; Vk,l c N,
YA

and by the contradiction hypothesis the following holds: A, ; — 0 as { — oo.

Therefore, setting T := x; in Lemma [2] it is straightforward to see that
at some 1 € N, if [ > 7, then hypotheses i) and éi) of Lemma [2[ are valid.
Moreover, considering € := 7.ef ; and M := v, max{y,", 74>} for a fixed inner
iteration [, we will satisfy hypothesis iii) item a) of Lemma [2| Therefore, if at
this specific inner iteration ! we do not have Aredy; > pPredy, it is due to
the fact that we did not sample the points properly, i.e, the items b) and/or
¢) of hypothesis iii) were not fulfilled. So, since I — oo by the contradiction
hypothesis we have made, it is also true that the next inner iteration will
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not satisfy items b) and/or ¢) and so on. We claim that this behavior has
probability zero to occur.

Indeed, let us assume a fixed j € Z(xy) and notice that by the way we have
defined d; and C;(zg,yc€f ;) in the proof of Lemma (1} we have that (for yeef

sufficiently small) Bf’l C Cj(xk, Ve€q 1), where

B =B |y + %gz’ld TeCha (Vo (k) — V()] d; }
J o

—0d, min
4778 iE?#(f?k>{2|V¢j($k)Véf’i(xk)ﬂ

Consequently, the volume of B;“l in R™ is given by

n

ey o ™ . W@(m)—%(u)l%} (%%)"
Vel (E) = T i%j?m{wwjv(xk)wi(zk)n s )

where I' is the Gamma function [I9]. On the other hand, it follows that

n/2

o T o \"
VOI(B(xka'Veek,l)): T (’YGGk,l) .

(n/2+1)
Therefore, since the sampled points are chosen in B(zy, ’yeeg’l) and
B;'g’l C Cj(whyveer ) C Sj(Thsve€r 1),
we must have, for all ¢ € {1,...,m}, that the conditional probability

_ Vol(Sj(@k, ve€q 1))
Vol(B(xy, %E%,l))

Pz} € Sj(@r,veely) | ks € B(ar, veeq ;)

must be greater than the following strictly positive number

n

8n \ iex( 2| Vo;(wk) — Vi(zy)l

i

1 win | { [Vo,(zk) — Vs(xr)] d; }

With this inequality, we conclude that the probability of the items b) and ¢)
of hypothesis iii) to happen together is strictly positive and does not depend
on [. Therefore, the probability of I — oo is zero, which concludes the proof.
O

Finally, we are close to reach the convergence theorem of GraFuS. For that
goal, we only need to prove a last technical lemma. Furthermore, to have a
clearer proof, from now on we will denote by [}, the largest value of the index
l at the iteration k.

Lemma 4 Let us consider the GraFuS algorithm. If Pmdkjk/Akjk — 0 as
k — oo, then ”Gk,ik)‘kjk” — 0.
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Proof First, notice that the quadratic programming problem presented in
satisfies the Slater’s condition. Indeed, if one considers d = 0 and 2, =
max{fr} + 1 in , then we see that all inequalities are strictly satisfied.
Thus, since the problem is also convex, we can guarantee that the quadratic
programming problem satisfies strong duality. So, we have
L7 T 7
Zk'jk + idk,ikadkjk = /\kjk fk’jk
1 T o
) (ijkAk,ik +Wk,ik) Hy (Gk,ik)‘kjk +Wk,ik)
- Ak,ik Hwk-jk ||1
Thus, defining

1 T 4
ak =g <Gk,ik)‘kjk +Wk,ik) Hy (Gk ARV +Wk,ik) + A g we gl (8)

it yields

ldT

T F _ _ _ _ B _ _\T_ 7 _
Nedo T — 0 = 27, + 9 kI kg, = ok = Ay fi,

L7
_ (2:]“]C + Qdk,lkadk,lk>
= ay < Predkjk
(since A, 7, > 0 and eT)\k . =1
(a3 S Predkjk
Apq, A
o

=
kg

= — 0.

k,lk

Consequently, by Assumption [T| and (8], we obtain ||G, 7. g = 0. O

Now, we present the main goal of this subsection. Below, we prove the
global convergence (with probability one) of the proposed algorithm.

Theorem 1 Suppose that the GraFuS algorithm produces a bounded sequence
of points {xp} with vep, = 0. Then, with probability one, there is a cluster
point T of this sequence which is a stationary point for f.

Proof We split the proof in two complementary cases:

i) There are an infinite set of indices £; C N and a real number € > 0 such
that €, i >¢eforall ke K.

1) The sampling radius along the iterations satisfy €1, k?N 0.

Initially, let us suppose that case i) holds. So, noticing that €, . < Vks for all
k € N, and that {vy} is a monotone decreasing sequence, we see clearly that
there must exist 7 such that v, > 7, for all k¥ € N. Additionally, we claim that
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there exists o > 0 such that A, S Pred, T, for all £ € N. Indeed, if this

statement were false, there would exist an infinite set of indices K such that

Predkjk /Akjk k?;{ 0.

However, by Lemma [ it would yield that

G Ml 2.0

Therefore, we would have v, — 0, and consequently, that €1, — 0 which is
a contradiction with case ). Thus, there must exist y > 0 such that A, kIS
Pred, ; , for all & € N. Moreover, since

1
€kl = fAk’l, Vk,l S N,
YA

it yields that Akjk > vAFE, for all k € K;. Consequently,
Aredkjk > pPredk,zk, Vk € Ki = f(zr) — f(wr41) > puyas, Yk e K. (9)

Now, since {zx} is a bounded sequence, there must exist an infinite set of
indices Ko C K1 such that

rr — I, for some & € R™.
ke

So, considering sk, (k) as the index in Ky that comes right after k € ICg, we
have

> (flaw) = flar)) < Y (f ) (st;cz(k))) = flzw) = f(2) < oo,

keka keks

with w € N being the first index in 5. However, this is a condition that goes
against @D Therefore, the case i) is an impossible event and we must consider
case i1).

Suppose that case i) holds. Since {z}} is bounded, there exists at least
one cluster point T of this sequence. Hence, there is I C N such that

Sl

T —
keK

Now, let us add two additional hypotheses to case ii):

a) The point T is not a stationary point for f;
b) There exists M > 0 such that v, > M, for all kK € N.
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Then, we choose J, A > 0 as presented in Lemma [2| for the point Z. Since
v > M, for all k € N, and €1, — 0 as k — oo, we have that, by the way

we have designed GraFuS, €, 7 just keeps going smaller because I, — 00. As
a consequence, it yields that there exist k’,1" € N such that for all k > k' we
have

Apy = A= (Gl/) Yavg < A and € = €:= (01/> v = ’YLAAN'

Moreover, since T is a cluster point for the iteration sequence, we can find
k > k' such that for all k£ > k and k € K, we have 3, € B(Z, min{v.¢,0}/4).
So, it yields that for all j € Z(T) we have

), € B(T, min{v¢,0}/4) and S;(F, min{y.é%,8}/4) C B(x, (v¢/74)A).

Therefore, the hypotheses i), i) and iii) item a) of Lemma [2] are all satisfied.
So, since I, — 0o, we must have that items b) and/or ¢) of hypothesis 7ii)
are not satisfied for every k > kandl=1. However, this is an event with
probability zero to happen, since the sets S;(Z, min{~.€”,8}/4) are open and
not empty. As a consequence, with probability one, at least one of the two
possible situations below must happen:

a’) The cluster point T is a stationary point for f;
b') Thereis no M > 0 such that v, > M, for all k € N. In other words, v, — 0.

If a’) holds the statement is proven. However, if only b') is valid, then there
exist an infinite set of indices £ C N and a sequence of vectors {v;y} C R"
such that

Vg € Oy, f(xx) and [Jog|| — 0, for all k € K.

Thus, since {z} is a bounded sequence, we can assume without loss of gen-
erality that
xr — &, for some & € R"™.
ke
Hence, remembering that e o — 0 (since v, — 0), we have the desired result
(see item iii) of [22] Lemma 3.2]), i.e., 0 € 9f(Z) with probability one. O

We have proved that our proposed algorithm has at least one cluster point
that is stationary for f. For that, we needed to assume that the method has
generated a bounded sequence of iterations, which can easily be obtained by
supposing that the function f has bounded level sets. In addition, we have
shown that we do not need to know the functions that comprise f to converge.
In fact, we have traded this knowledge by the chance of having a good set of
sample points.

In the next subsection, we have the intent to show that, under a good
sampling, it is possible to move superlinearly to a local minimizer of f. For
such a goal, our analysis will involve the concept of U and V spaces.
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4.2 Local convergence

In this subsection our efforts will be focused in enlightening the role played by
the quadratic programming problem . In fact, under special circumstances,
it is possible to see this quadratic problem as a local approximation of a new
optimization problem that involves the smooth functions ¢;. Upon this new
perspective, we can analyze the local convergence of the proposed method and
obtain interesting results. However, since our method has a random nature
and a good local information about the function is restricted to a good set of
sampled points, it is reasonable to think that a good rate of convergence will
not be achieved at every iteration. Therefore, the results presented here will
be sustained on hypotheses that guarantee a good sampling.

To accomplish the aim of this subsection, we start supposing that x. €
R™ is a local minimizer of the optimization problem presented in . Also,
assume that Z(z,) = {1,...,r + 1}, for some r < n. Therefore, consider any

z € R™ and the sampled points xﬁc"‘l, e ,xi"‘m € B(xk,weezi ). So, we admit
) ’ slk
the following hypotheses on problem (5)):

H1) We have a good set of sampled points: for any j € Z(xz,) there is i; €
{1,...,m} such that

05 (e:,) > 05 (alty)) . ¥s e {Loph, 545 (10)

For an easier exposition of our ideas, we will write without loss of gen-
erality that

®i (xi’“) > s (mi’g) , Vse{l,...,p}, s#iandieZ(z,), (11)

since by a simple rearrangement of the sampled points in the in-

equality holds;
H2) The first r + 1 constraints are active at the solution;
H3) Only the first r + 1 constraints are active at the Solutiorﬂ

Remark 2 Notice that supposing H3, we are implicitly asking that the trust-
region constraint is not active, a common assumption made in smooth local
convergence analysis.

Under those hypotheses, one can rewrite as the following optimization
problem

1
min+1 z+ ngde
(d,z)€R (12)

_ _ T _
s.t. ¢ (%’“J + Vo, (xﬁj) (xk +d— x%z) =z 1<i<r+1

3 We believe that this hypothesis may seem unnatural at first sight. For this reason, we
have treated it in the Appendix.
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Alternatively, it can also be viewed as

. 7 7 T 7 1
dglRly{l Gr+1 <$2ﬁr+1> + Vria (xﬁclc,r+1) (mk +d- xéc":r—&-l) + §dTde

s.t. @k + jkd =0,

(13)

where @), € R with
~ T 7 T 1
_ - T .
— {¢r+1 (xtwd) + Vori1 (‘rgck,’r”‘*l) (mk - xéck,ﬂrl)} vie{l, .,

and

Vr (xé’il)T = Véri (d’}ﬂ)T

Ji = :
" i r

Vo, (xkk,r> - v¢r+1 (:'Ek}k;r-‘r1>

So, the minimization problem can be viewed as a local approximation of

mgﬂ%{l Gry1() (14)
st. &(x) =0,

where

$1(2) = Pra1(2)
&(z) =
(br(m) - ¢r+1($)

In fact, it is straightforward to see that z, is also a local minimizer for .
Hence, under special circumstances, is equivalent to an optimization prob-
lem that has only functions in C2.

To start our analysis, a new definition is necessary (a more general defini-
tion can be found in [20]).

Definition 4 (U,V-spaces) Suppose that f : R® — R is the continuous
objective function of problem and zx is any point in R™. Then, we define

U(z) == {s € R" | [V¢;(x) — V¢;(z)|"s =0, Vi,j €L(z), i+# 3}

and V(z) := U(z)! as the smooth and nonsmooth subspaces of f at x, re-
spectively.

Notice that for any s € U(x), we have that f behaves smoothly along s at
x, since the directional derivatives (considering s) of ¢; are all the same for
i € Z(x). Consequently, the kernel of the Jacobian of @(x) will be of great
importance to us, because it tends to recover the smooth subspace of f at x.
when x approaches z,. Therefore, we denote by .J, the Jacobian of &(z) and
by Zg the matrix whose columns form a basis for the kernel of .J,. Moreover,
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from now on, our analysis will be restricted to the case that r € {1,...,n—1}.
The cases r = 0 and r = n will be treated later (see Remark [4]).

In light of Remark [I] due to the Assumption [2] it is possible to see that
the map J, : R™ — R" is surjective for all  in a small neighborhood W of z,.
Hence, for z € W, there must exist J3 € R™*" such that J,J5 = I.. Moreover,
by [2} Lemma 14.3], one can see that there is only one map

Z :R" — R(v=r)xn
T

such that Z,J¢ is a null matrix, Z,Z3 = I,,_, and the following relation holds
Z37: + J3 Ty = 1. (15)

So, we may divide R™ in two subspaces, generated by the columns of Z3 and
J3, respectively.

Now, coming back to the optimization problem , we define its La-
grangian function £(z,A) : R x R" — R as

L(a,\) = dpi1(2) + A D(). (16)

Hence, Remark yields that the feasible set of problem satisfies the linear
independence constraint qualification and thus there is only one A\, € R” such
that V,L(z«, As) is the null vector. So, in possession of this vector A., we
define g : R® — R"™", where

9(@) = 23TV L@\ = 25TV 64 (a). (17)
Moreover, for not overloading the proofs that will follow, we also define
Ay =1, — 73 07 73 T Hy, (18)
with R
Hy =23 "THZ] .

Below, we present a theorem that establishes the exact solution d, j ob-
tained in when it is equivalent to . For this result and the subsequent
ones, we define

7,7 = max ||zt*. — zx|l.
ksl 1§i§r+1H ki vk

Theorem 2 Suppose we are at a fized iteration k of GraFuS and at the last
inner iteration indexed by ly. Then, if the hypotheses H1, H2 and HS3 hold,
and xi € W, we have that

where

dl[fjik = —Z;‘kﬁ,;lg(xk) + oY and dV:k = —ApJ2 B(xy) + py
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with
N A
PR =25 H 23, Py, and p = —ARJ3, pr,

x

for some p,, € R™ and pr, € R" satisfying

17l =0 (r7,) and l1onl =0 (72, ) + 0 (77,) O ().

Proof First, we consider the Karush-Kuhn-Tucker conditions of problem ,
which tell us that the solution d, ; must satisfy

ng + jkdkjk =0 (19)

and -
Vo (e, 11) + Hidyg, +JTA =0, (20)

for some A € R”. Since the functions that comprise f satisfy ¢; € C2, for
i €{1,...,p}, we have, by relations and and by

||dkj,€Hoo < Akjk < YAk,

that
(k) + Jupdy g, + [ék - Qs(l“k)} + {jk - Jxk:| d7, =0 (21)
P(wk) + Jupdy g, + =0
and
Vi1 (wr) + Hedy g, + JEA+7, =0, (22)

where ||pg]| = O (Tlfik) +0 <Tkjk) O (v) and ||| = O (Tkjk>. Then, be-
cause AJy, is a right inverse for Jy, (see [2, Section 14.2]), it is possible to
decompose R" in two subspaces generated by the columns of Z; and AgJ; .
As a consequence, we can consider two vectors dgik and dkvik such that there
exist ay and ay that imply 7 7

U A
dpg, = dpg, T,

with
U q 1% q
dkjk = Z, ay and dkjk = AkJmkav.

Hence, looking at relation , we obtain that
ay = —P(z) — P,
which yields

dl‘c/,ik = —AkJ;kQS(xk) + p,‘;, with pl‘c/ = _Akjskﬁb
Finally, pre-multiplying the relation by ijT, we have

glar) + 22 THY, (22 oy — AJS (®(xy) + pr)] + 22 "5 = 0.
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Then, since Z;‘kTHkAk = 0, we complete the proof by noticing that
L L T L
ay = —Hy g(ay) — H ' Z3 " pe = d;, = =25 Hy Hg(en) + o
where pV = —23 H-172 Tp O
Pr = T Tk Tp P

With this theorem in hand, we are able to prove a simple corollary.

Corollary 1 Under the assumptions of Theorem[3, we have that
1D (zs41)[| = OWR).

Proof Since ¢; € C?, ||d, 7 || < vy, and 7,7, < v, it yields that

1@ (zrr1)l| < [D(2k) + Jody 7, || + OW7)
<||D(xx) — P(z)l| + o]l + OWR)
=0(}),
which is the desired result. a

The previous statement leaves us with an important observation: when
GraFuS samples under hypothesis H1, H2 and H3, the homogeneous system
&(x) = 0 is quickly satisfied, since vy is associated with our optimality cer-
tificate (notice that the term O(v7) in Corollary (1] could also be changed to
o(€.1,) or o(4, 7,) without losing validity).

Finally, we are able to prove the most important result of this subsection.

Theorem 3 Suppose that xi — x., where x, € R™ is a local minimizer for
f presented in . Assume that, for iterations with indices in an infinite set
K C N, hypotheses H1, H2 and HS3 hold and z; € W. Also, suppose that the
maps
9. R — Rnx(n—r) J9R? — RXT
’ ’ and ' ’
x —  Z3 x — J3

are all Lipschitz continuous functions close to x, and that the reduced gradient
given in satisfies g € C'. Moreover, assume that Hy, — H, 1is such that

H,=V2 L(x\) +7JL Jo., for some y > 0 (23)

Additionally, suppose that close to x, we have that |Hy, — H,|| = O(||xr —x]|)-
Then, the following relation holds

|2kt = 2ol = O(llex — z.l?) + pi, + o), for k€ K.

4 Notice that with this equation, we are, in an implicit way, saying that
23 TV2,L(w«, ) Z, is a positive definite matrix (since the matrices Hy, are all assumed
to be positive definite and satisfy Assumption , and therefore, x« must be an isolated
local minimizer. Moreover, we only ask that, for all directions d in the null space of J;,, the
effect of the matrices Hj, upon d converge to V2, L(z«, A«)d (an assumption close to the
Dennis-Moré condition [2]).
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Proof First, let us define Zy41 := xx + dl‘;ik, with &k € K. Now, observe that,

from the definition (I8), for z) close enough to z., we have ||A — A.| =
O(||zk — x«]|), where

Ao=1,- 2 H 'z TH,, with H, .= Z] "H.Z]..

Using this fact, considering the Taylor expansion of the map @ around z.
in the relation (%) below and noticing that J< is Lipschitz continuous and a
bounded map around z, in (xx), we have for a sufficiently small neighborhood
of z, that

jk“rl — Xy =T — Ty — Ak:’];]kqv)(‘rk> + pl‘c/

W o — = A2 o (ke — 2.) + O — 2. 1%) + pY,

= app — @ — ATy o, (@ — 22) + Ol — 2 |?) + pff
= [Ax (5, = J5.) + (A = A) I3 ] Jo (2, — 2

2 AT o (e — @) + Oz — .]?) + o

Consequently, taking into account the relation (see [2], Section 14.5])
T
g'(w) = 23" Vi Lz, M)

in (), the Lipschitz property around z, of the maps Z< and H1in (ee), the
relation in (A) and the relation in (AA), we have

Tkl — Tu = Thpr — T — Zg Hy  g(xr) + pf
© Gy — 2 — 22 1122 TV L@ M) (i — 2)
+ O(||lzx — 2.]1?) + pf

(22) Tpp1 — T4 — 2, IA{:IZ;*TViwﬁ(J)*, o) (T — 1)

+ Ol — 2a|?) + oY
W s — e — 25 H 22 TH. (2 — 2.) + O(||zx — 2. |?) + o
= Au(zr — 22) — AT, (w5 — 22) + O(||2x — 2.]|2)
+ oy + o}
= AL = T2, )@ — 2) + Ok — 2. 12) + o + pY
AA
) A.Z5 2, () + Ol — wal|?) + o+ o).

Hence, since A,Z3 =0, it yields that

lzk1 = 2all = Ollaw — @:l*) + ok + ok,

which concludes the proof. O
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With the above result, we see that the only term that might prevent the
algorithm to move superlinearly to the solution z, is 7, 7 . Therefore, since
Tl 18 intimately linked to the sampling radius, it Would be interesting to

have the following relation: ekl = o(||zr — z«||). If this last equation holds,

the algorithm moves buperhnearly to the solution as k € K. It is clear that
imposing that relation to e‘]: 7 is impossible, since this demands to know z,.
sk

However, taking a careful look at the Karush-Kuhn-Tucker conditions of ,
we have that
-1

dk,fk =—H, (ijk )‘kjk + ijk) . (24)
Therefore, considering €, ; = O(vg) and by the way vy is defined in Gra-
FuS, we see (specially when Wi 17,_, =0,le, whend, ,; <A 7 1)
that €, ; is a reasonable approximation of ||dk_1l |. On the other hand,

bk sbk—1

ldi_1 7, . Il can be seen as a measure of how far the algorithm is from ||z — .|
(considering z, — x,). So, since the sampled points are chosen in B(xy, Ye€y Zk)’
it is not absurd to expect that, for an appropriate value of o € [1,2], the fol-
lowing will hold for a reasonable amount of times

Te1, = Olllen — 2. |))- (25)

One can argue that it would be better to let o be greater than two in order
to have a smaller sampling radius, and consequently, to increase the chance
of to happen. However, we cannot forget that to allow the possibility
of moving superlinearly to the solution, the method must have a good set of
sampled points. A tiny sampling radius might give us a bad representation of
the function by e.g. sampling points where just one ¢; assumes the maximum
value. Therefore, a trade-off must be assumed between these two conflicting
needs.

Remark 3 We stress that € ; = o(||zr — z«])) is a desirable result, but by no

means, it is a necessary condition to a rapid movement towards the solution
of the optimization problem. Let us consider that EZJk is large. Even for this
case, since we have a uniform sample around xy, a sampling over the set
B(zg, o(||zx — z4||)) is an event that occurs with probability greater than zero,
which yields that a superlinear movement is a real possibility (considering a
good set of sampled points, which evinces the importance of Corollary .
As a result, a good approximation of the value ||z — 2| just allows the
method to increase the probability of (25 . ) to happen Finally, we also highlight
that for the case that V' = R", the equality (25 can be traded for Tele =

O(||lxg — z«||) without affectlng the superlinear convergence (to sce this, Just
notice the properties of p; )

Remark 4 All the local convergence results were made assuming r € {1,...,n—
1}. For the case r = 0, we have that the method is approaching a point where
the function f is smooth in the whole space. For such a situation, it is straight-
forward to see that the direction d; ; will have only the U component, i.e.,
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dy. 7, = dejk
that the method is approaching a point where f is nonsmooth in any direction.

For that case, it is also clear to see that the direction d, j will have only the

with ZJ = I, for all z around z.. Now, considering r = n, we see

V component, i.e., dkjk. = dl‘c/jk with Ay = I, for all x; around z,. Therefore,
in these two cases, the method will also move superlinearly if the sampling
radius is assumed to be small enough and if the algorithm has a good set of
sampled points (for r = n).

5 Numerical Results

Since a superlinear move is dependent on a good set of sampled points, one
might think that the necessary hypotheses will be true just a few times during
the execution of the method. This subsection has the intent to show that a
rapid move to the solution is frequent enough to speed up the local conver-
gence. However, by no means we had the ambition to present an extensive set
of tests nor to recommend our method over any other one. Here, our main
goal is to have numerical results that present to the reader a proof-of-concept.
Finally, we also aim at showing that one can expect global convergence for
more general problems than the ones considered in our theoretical results.

All the problems were solved using Matlab in an Intel Core 2 Duo T6500,
2.10 GHz and 4 Gb of RAM. We have used quadprog as the tool for solving
the quadratic minimizations needed in each iteration, setting active-set as
the algorithmic choice and 10712 as the tolerances TolX and TolFun and 10~8
(default value) as TolCon. Moreover, for all functions we have chosen random
starting points such that ||zo||cc < 2 and solved each of them twenty times in
order to have statistical relevance of the results. The comparable figures were
plotted using the median and quartiles (25% and 75%) of those twenty runs
and also the best function value f, obtained by both methods in all of the
runs.

We have solved each optimization problem with two algorithms: (i) the
GS method presented by the original authors [5] but with a nonnormalized
search direction (a variant introduced by Kiwiel [22], that has the advan-
tage to asymptotically recover the steepest descent method when applied to
smooth functions) and (ii) the GraFuS method. We have used the original
GS implementation without any modification (with the exception of using a
nonnormalized search direction)ﬂ For completeness, we present the parame-
ter values used in Algorithm [If m = 2n; vg = 107%; €9 = 1071; vppy = 1075;
€opt = 10766, =1;0, =101 7 =0.5; 3=0; oy, = 1 and Hy, = I.

The implementation of GraFuS is also availabltﬂ and we have used it to
produce the numerical results. The parameter values used in Algorithm [2] were:
m = 2n; vy = 1073 vepe = 107% 7. = 4y/n; ya = 5; 0 = 2; p = 1078 and

5 The GS code can be found at http://cs.nyu.edu/overton/papers/gradsamp/alg/.
6 The authors freely provide the GraFuS code:

GraFuS code Test function @ Script



function [x,vf,vt,H] = GraFuS(x,p)

% GraFuS is an algorithm to minimize nonsmooth functions that can be seen
% as a finite maximum of smooth functions (which do not need
% to be known).
% 
% INPUT: (for a better understanding of the role played by each input, see 
%        the manuscript which this code was attached)
%
%        x  ~ initial starting point
%        p  ~ a struct of parameters
%              --      
%             |p.nu: strictly positive real number 
%             |      (recommended value: <= 1)
%             |
%             |p.gamma: vector with two positive real numbers
%             |         (recommended vector: [4*sqrt(n) 5])
%             |
%             |p.theta: real number in (0,1)
%             |         (recommended value: 5e-1)
%             |
%             |p.rho: real number in (0,1)
%             |       (recommended value: 1e-8)
%             |
%             |p.iota: real number greater than one
%             |        (recommended value: 2)
%             |
%             |p.opt: positive real number smaller than p.nu
%             |
%             |p.name: name of the function that will be minimized (string)
%             |
%             |p.maxit: natural number (it limits the number of iterations)
%              --
%
% OUTPUT:
%         x    ~ solution point
%         vf   ~ vector of funtion values
%         vt   ~ time vector
%         H    ~ last positive definite matrix computed
%
% Recommendation: An hybrid method with the GS algorithm can be an
% important time saving. The first iterations should be performed by the
% GS algorithm (A Robust Gradient Sampling Algorithm for Nonsmooth, 
% Nonconvex Optimization - SIAM J. Optimization. Authors: J.V. Burke, 
% A.S. Lewis and M.L. Overton).
%
% Written by Lucas E. A. Simões ( Email: simoes.lea@gmail.com ).
% Last Modification: June 2016.
%
% References: Elias S. Helou, Sandra A. Santos and Lucas E. A. Simões
% -- A Second-Order Information-Based Gradient and Function Sampling Method 
%    for Nonconvex, Nonsmooth Optimization (submitted).

disp('GraFuS has started!')                                                %
                                                                           %
tic                                                                        % starts counting time
                                                                           %
%============================STEP 0========================================
                                                                           %<--
n = length(x);                                                             %   |
                                                                           %   |
m = 2*n;                                                                   %   |
                                                                           %   |
nu = p.nu;                                                                 %   |
                                                                           %   |
gamma_eps = p.gamma(1);  gamma_delta = p.gamma(2);                         %   |                     
                                                                           %   | Initializing the parameters      
nu_opt = p.opt;                                                            %   |        of the method
                                                                           %   | 
theta = p.theta;                                                           %   |  
                                                                           %   |
rho = p.rho;                                                               %   |
                                                                           %   |
iota = p.iota;                                                             %   |
                                                                           %   |
epsilon = nu;                                                              %   |
                                                                           %   |
delta = gamma_delta*nu;                                                    %<--
                                                                           %
k = 0;                                                                     %
                                                                           %
l = 0;                                                                     %
                                                                           %   
%==========================================================================
                                                                           %
name_f = p.name;                                                           % defines the function to be minimized
                                                                           %
maxit = p.maxit;                                                           % set the maximum number of iterations
                                                                           %
[fx,g] = feval(name_f,x,n);                                                %
                                                                           % 
vf = zeros(maxit,1); vf(1,1) = fx;                                         % initialize the vector of function values
                                                                           %
vt = zeros(maxit,1);                                                       % initialize the vector of time
                                                                           %
flag = 0;                                                                  % 
                                                                           % 
H = eye(n,n); M_x = [x x]; M_g = [g g];                                    % initialize the matrices for the BFGS update
                                                                           % 
while ( nu >= nu_opt && flag == 0 )                                        %
                                                                           %
      d_r = 0; d_p = 0;                                                    %                                                              
                                                                           %
      fx = vf(k+1,1);                                                      %
                                                                           %
      while ( d_r <= rho*d_p && flag == 0 )                                %
                                                                           %
            %============================STEP 1============================
                                                                           %
            sigma = 1 + sqrt(0.5)^(l/2 + 1)*mod(l+1,2);                    % power of 'epsilon' 
                                                                           %
            [G,ff] = SamplingUni(x,gamma_eps*epsilon^sigma,n,m,name_f);    % sampling the points around 'x'
                                                                           %
            %==============================================================
                                                                           %
            %============================STEP 2============================
                                                                           %
            [d,lambda,val] = QP(ff,G,H,delta,n,m);                         % quadratic programming problem
                                                                           %
            %==============================================================
                                                                           %
            %============================STEP 3============================
                                                                           %
            f_try = feval(name_f,x+d,n);                                   %
                                                                           %
            d_r = fx - f_try; d_p = max(ff) - val;                         %
                                                                           %
            if ( d_p < 1e-12 );                                            %
                                                                           %
               flag = 1; f_try = fx; d = zeros(n,1);                       % a safeguard for a tiny predicted decrease
                                                                           %
            end                                                            %                                                              
                                                                           %
            %==============================================================
                                                                           %
            %============================STEP 4============================ 
                                                                           %
            delta = theta*delta; epsilon = theta*epsilon;                  % reduction of trust-region size and sampling radius
                                                                           %
            g = G*lambda; d_aprox = -H\g; aux = norm( d_aprox , inf );     % 
                                                                           %
            l = l + 1;                                                     %
                                                                           %
            %==============================================================
                                                                           %
      end                                                                  %
                                                                           %
      if ( aux < 10*nu )                                                   %<--
                                                                           %   |
         [H,M_x,M_g] = UpdateH(x,g,M_x,M_g,H);                             %   | BFGS update
                                                                           %   |
      end                                                                  %<--   
                                                                           %
      %============================STEP 5==================================
                                                                           %
      nu = max( min( aux , nu ) , nu^iota );                               %
                                                                           %
      epsilon = nu; delta = gamma_delta*nu;                                %
                                                                           %
      x = x + d;                                                           % updating the iterate
                                                                           %
      l = 0;                                                               %
                                                                           %
      k = k + 1;                                                           %
                                                                           %
      %====================================================================
                                                                           %
      if ( k >= maxit ); flag = 2; end                                     % number of iterations exceeded
                                                                           %
      vf(k+1,1) = f_try; vt(k+1,1) = toc;                                  % updating the vectors of function value and time
                                                                           %
end                                                                        %
                                                                           %
vf = vf(1:k+1,1); vt = vt(1:k+1,1);                                        %   
                                                                           %                                                                       
if ( flag == 1 )                                                           %
                                                                           %
   warning('MATLAB:UnexpectedExit','tiny predicted decrease.')             %
                                                                           %
end                                                                        %
                                                                           %
if ( flag == 2 )                                                           %
                                                                           %
   warning('MATLAB:UnexpectedExit',...                                     %
          'maximum number of iterations has been reached.')                %
                                                                           %
end                                                                        %
                                                                           %
fprintf('GraFuS ended with f = %d. \n',vf(end))                            %
                                                                           
%====================UNIFORM SAMPLING======================================
                                                                           
function [G,ff] = SamplingUni(x,epsilon,n,m,name)

% This function samples points around the current iterate obtained.
%
% INPUT: 
%        x         ~ current iterate
%        epsilon   ~ current sampling radius
%        n         ~ number of variables
%        m         ~ number of sampled points
%        name      ~ name of the function that is being minimized (string) 
%
% OUTPUT:
%         G   ~ matrix whose columns are the gradients computed at the
%                sampled points
%         ff  ~ vector that represents the first order approximation of
%                the function value at the current iteration but 
%                starting from the sampled points

G = zeros(n,m);                                                            %
                                                                           %
ff = zeros(m,1);                                                           %
                                                                           %
for i = 1:m                                                                %
                                                                           %
    aux1 = randn(n,1);                                                     %<--
                                                                           %   |
    aux2 = exprnd(1);                                                      %   |
                                                                           %   | Uniform sampling
    aux = aux1/sqrt( aux2 + sum( aux1.^2 ) );                              %   |
                                                                           %   |
    sample = x + epsilon*aux;                                              %<--
                                                                           %
    [val,g] = feval(name,sample,n);                                        %
                                                                           %
    ff(i,1) = val + g'*(x-sample);                                         %
                                                                           %
    G(:,i) = g;                                                            %
                                                                           %
end                                                                        %
                                                                           
%==========================QUADRATIC PROGRAMMING===========================
                                                                           
function [d,lambda,val] = QP(ff,G,L,delta,n,m)

% This function minimizes the quadratic programming problem.
%
% INPUT: 
%        ff     ~ vector that represents the first order approximation of
%                 the function value at the current iteration but 
%                 starting from the sampled points
%        G      ~ matrix whose columns are the gradients computed at the
%                 sampled points
%        L      ~ current positive definite matrix
%        delta  ~ trust-region size
%        n      ~ number of variables
%        m      ~ number of sampled points
%
% OUTPUT:
%         d       ~ direction vector
%         lambda  ~ vector of the dual variables not related to the
%                   trust-region
%         val     ~ value at the solutionn of the quadratic programming 
%                   problem

qp_options = optimset('Display','off','Algorithm','active-set',...         %
'TolX',1e-12,'TolFun', 1e-12,'MaxIter',1e5);                               %
                                                                           %
H = [L zeros(n,1);zeros(1,n) 0];                                           %
                                                                           %
c = [zeros(n,1);1];                                                        %
                                                                           %
A = [G' -ones(m,1)];                                                       %
                                                                           %
b = -ff;                                                                   %
                                                                           %
lb = [-delta*ones(n,1); -1e12];                                            %
                                                                           %
ub = [delta*ones(n,1); max(ff)];                                           %
                                                                           %
[s,val,~,~,dual] = quadprog( H , c , A , b , [] , [] , lb , ub ,...        %
[zeros(n,1);max(ff)] , qp_options);                                        %
                                                                           %
d = s(1:n);                                                                %
                                                                           %
lambda = dual.ineqlin;                                                     %

%========================MATRIX UPDATE=====================================

function [H,M_x,M_g] = UpdateH(x,g,M_x,M_g,H)

% This function updates the positive definite matrix.
%
% INPUT: 
%        x    ~ current iterate
%        g    ~ current convex combination of the sampled gradients
%        M_x  ~ matrix with two columns of the last two iterates used to
%              update the positive definite matrix
%        M_g  ~ matrix with two columns of the last two convex combination
%              of the sampled gradients used to update the positive
%              definite matrix
%        H    ~ current positive definite matrix
%
% OUTPUT:
%         H    ~ updated positive definite matrix
%         M_x  ~ same as the input but now with 'x' as the first column
%         M_g  ~ same as the input but now with 'g' as the first column
                                                                           
M_x(:,2) = M_x(:,1); M_x(:,1) = x;                                         %
                                                                           %
M_g(:,2) = M_g(:,1); M_g(:,1) = g;                                         %
                                                                           %
delta = M_x(:,1) - M_x(:,2);                                               %
                                                                           %
gamma = M_g(:,1) - M_g(:,2);                                               %
                                                                           %
p1 = gamma'*delta;                                                         %
                                                                           %
p2 = delta'*H*delta;                                                       %
                                                                           %
if ( p1 < 0.2*p2 )                                                         %<--
                                                                           %   |
    theta = 0.8*p2/( p2 - p1 );                                            %   |
                                                                           %   | In the case that p1 is not positive enough
    gamma = theta*gamma + ( 1 - theta )*H*delta;                           %   | a curvature correction is made
                                                                           %   |        (Powell's correction)
    p1 = gamma'*delta;                                                     %   |
                                                                           %   |
end                                                                        %<--
                                                                           %
if ( p1  > 1e-12 &&  p2 > 1e-12 )                                          %<--
                                                                           %   |
   H = H - ( ( H*delta )/p2 )*delta'*H + ( gamma/p1 )*gamma';              %   |
                                                                           %   | H update
   H = ( H + H' )/2;                                                       %   |
                                                                           %   |
end                                                                        %<--





function [f,g] = toyprob(x,n)

% A test function with three variables.
%
% Solution: x = 0 with f(x) = 0.

[aux,ind] = max( [ x(1) - x(2) , - x(1) + x(2) ] );

f = aux + 0.5*x(2)^2 + 5*( x(1) - x(3) )^2;

if ( ind == 1 )
    
   g = [ 1 + 10*( x(1) - x(3) ) ; x(2) - 1 ; - 10*( x(1) - x(3) ) ];
   
else
    
   g = [ -1 + 10*( x(1) - x(3) ); x(2) + 1 ; - 10*( x(1) - x(3) ) ];
   
end   


% Script to solve the function 'toyprob' with GraFuS.
%
% You should expect the solution of GraFuS close to the null vector.
%
% Recommendation: In this code we have set 'nu = 1', however, if GS was 
% used in the first iterations, a more appropriate value should be set.
%
% Written by Lucas E. A. Simões ( Email: simoes.lea@gmail.com ).
% Last Modification: June 2016.

x0 = -ones(3,1) + 2*rand(3,1); % initial starting point

n = 3; % number of variables

p = struct('nu',1,'gamma',[4*sqrt(n) 5],'opt',1e-6,'theta',0.5,'rho', ...
1e-8,'name','toyprob','maxit',1e3,'iota',2); % recommended parameters 

x = GraFuS(x0,p) % running GraFuS
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6 = 0.5. The value of o in Step 1 was set as 0 = 1+ 0.50+2/4 mod (1 +1,2).
More elaborated ways to set o were considered but none of them presented
to be consistently better than this procedure. It would be desirable to have
a way to identify the relevance of the U component in the search direction
of each iteration to have a tunned o, however this requires a recognition of
the U and V spaces at the solution x,. An attempt to identify those spaces
at the solution during the execution of the method was done (observing the
components of the dual variable A that were strictly positive and using the
related constraints to approximate J,, and its null space), but we did not
obtain a satisfactory recognition.

An important point that must be stressed here is that the iterations of
GraFuS are more expensive than those of GS. While the GS routine finds
a search direction and does an Armijo line search to find the next iterate,
GraFuS constantly solves quadratic programming problems until it finds a
good set of sampled points and a good trust region to move. Therefore, one
could take advantage of the way GS was designed as a threshold to start
performing GraFuS iterations, deciding if the current iterate is close to the
solution indirectly by means of the size of the current sampling radius. As a
result, we only start to run the GraFuS algorithm after the second reduction
of the sampling radius in GS (i.e. when €, < 1072), and that is the reason
why in the figures that follow below, we see that in the first iterations both
methods remain together.

Finally, the way we have chosen the matrices Hy, is a delicate matter and,
for that reason, we have reserved the following subsection to explain our pro-
cedure. It is worth pointing out that we have used BFGS ideas to update the
matrices, but we do not have any theoretical guarantee that the matrices Hy
will converge to a matrix of the form presented in . Nevertheless, the choice
on how we update the matrices has a strong foundation, since it uses the same
reasoning of a Sequential Quadratic Programming (SQP) updating [14] for the
optimization problem that appears in .

5.1 Hy updates in GraFuS method

As we have seen in the last section, if some hypotheses are satisfied, it is
possible to see the quadratic programming problem that is solved in every
iteration of GraFuS as a smooth constrained optimization problem. Moreover,
the matrix that we would like to approximate (at least in its null space) is the
Hessian of . Therefore, a natural attempt to reach that goal is to update
the positive definite matrix Hy as it is done in SQP routines. In other words,
it would be desirable to have the following relation

Hyp(xy —2_) =V L(xs, A ) — Vo L(z_, M),
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where £ is the Lagrangian function defined in and Ay and A_ are vectors
that try to approximate the multiplier A, that fulfills (I7). In addition,

VoL(z,\) = Vo, 1(z) + _Z Xi(Voi(z) = Vrii(x))

= <1 - Z)‘l> Véri1(x) + Z AiVoi(x).

Therefore, defining A € R™! as A\; = A, for i € {1,...,r}, and

5\r+1 =1- Z >\i;
i=1
we have e” A = 1 and one can rewrite V,£(z, \) = G\, where

G = [Voi(x) ... Vrii()].

Hence, if in two fixed outer and inner iterations k4, k_ and [, [_, respectively,
we have that hypotheses H1, H2 and H3 are satisfied, it is natural to ask that
the following secant relationship holds

Hy(wr, —2p_) = Gro gy Mee iy — Gea_ e

The problem here is how one can identify if the aforementioned hypotheses
hold. In fact, although there is no straightforward response, we know that
a good set of sampled points is associated with a small norm of the convex
combination of its gradients. Hence, a good strategy would be to update the
matrix Hy only if such a condition is verified.

Based on the previous reasoning, we present next the routine that provides
the sequence of matrices Hy that are used within GraFuS.

Step 0. Start setting H = I and let the GraFuS algorithm run until it finds
two outer iterations k4, k_ such that

o

<10y, and HGk_i

T )\k—jk7 HOO S IOVk,-

SV
Eoliey “hpiliy || o

Set
Ty =z, and T_ =3 _;

vy 1= Gk%zm /\kJrjk+ and v_ = kajkf Akfjk,'

Step 1. Set p:=x, —x_ and q := vy —v_. If ¢*'p < 0.2p” Hp then compute
a new vector ¢ by Powell’s correction (see [2, Subsection 18.2]).

Step 2. Update H:

Hpp"H | qq"

H+« H- 22 2 )
pTHp  ¢"p
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Step 3. Use the subsequent matrices Hy as H until the GraFuS algorithm
finds another iteration k£ such that

Gii Apq
H BT

S 10”]%'
o0
Then, x_ < xy, T4 < 33, v_ < vy, V4 GI}Z,%)\IQLQ' Go back to
Step 1.

Clearly, other ways of updating Hj are possible. Indeed, even the pure
BFGS update as considered in [27] can be performed (although, in such a case,
we have to assume that for all iterates the function f will be differentiable and
that Assumption |1| will no longer be satisfied). For us, this previous routine
was the one that seemed more reasonable in light of assumptions H1, H2 and
H3, and have generated good numerical results.

Below, we present the functions that were solved and divide them in dif-
ferent categories. The black line plot in the following figures represents the GS
method, whereas the grey continuous one with ¢ marks is the GraFuS method.
In addition, we must stress that although the optimality certificates of Algo-
rithms || and [2| are very similar, they are not the same (specially because the
quadratic programming problem of each method is different). Therefore, one
might be more rigorous than the other one. Thus, although in most problems
the GraFuS method presented to be closer to the solution, it does not mean
that GS is not able to reach the same precision (maybe a tighter optimality
parameter would allow it).

Additionally, as a tool for assessing how fast our method goes towards the
solution, we have represented the ratio

f(@rs1) = fu
f(l’k) - f*

with color scales along the plotted curves of GraFuS, where the red hue stands
for a ratio close to zero and the blue color for the values near one.

5.2 Test functions with V' =R"
We present two nonconvex and nonsmooth functions [I7] that, at the solution
point, have the whole space R™ as the V space:

F1) Active faces (defined for all number of variables n)

f(x) = max {g (Z:cl> ,g(xi)} , with g(z) =log(]z] + 1);

F2) Chained Mifflin 2 (defined for all number of variables n > 2)

n—1
f(z) = Z (=2 4+ 2(2f +af, — 1)+ L.75]2f + 27, — 1]).
i=1
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For both number of variables we have z. = 0.

0.8

% b 0.6

|

+ 4

& i 0.4

b 02
L 0
0.5 1 1.5 2 2.5 3 0 10 20 30 40 50 60 70 80
Time (seconds) Number of iterations
(a) n=6 (b)n=26

1
0.8

- o 0.6

| I

2 3

E

= = 0.4
0.2
0

20 40 60 80 100 120 140
Time (seconds) Number of iterations
(¢) n=10 d) n=10
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Before we proceed, an important observation must be taken into consider-
ation. Suppose that one has f(z) = max{gi(x), g2(z)} + max{h;(x), ho(x)}.
Therefore, it is possible to turn the previous function into a maximum of
functions by just noticing that f can be written as

f(r) = max{gi(v) + h1(x), g1(x) + h2(x), g2(x) + h1(z), g2(z) + ha(z)}.

In other words, f is the maximum of all possible combinations of g; and g
with hy and he. With the generalization of this reasoning and remembering
that |x| = max{—=x, 2}, we see, at least in a close neighborhood of z,, that F1
and F2 can be viewed as maximum of smooth functions.

A closer look at the expressions of those functions reveals to us that the
number of active functions at their solutions have more than n + 1 active
functions. Therefore, Assumption [2must not hold for the functions F1 and F2.
Fortunately, this fact does not prevent GraFuS to converge for both functions
(see Figures 1] and [2).

The good behavior in the absence of the validity of Assumption [2| was
somehow expected. In fact, if one can guarantee that without this assumption
we still have open sets where each active function assumes the maximum, the
probability that the sampled points be in regions of the domain where just
some specific combination of n + 1 functions reaches the maximum is strictly
positive, and consequently, the results hold.

Finally, looking at the plots that compare iterations versus the distance of
the current function value to f,, in general, we can observe some rapid moves
to the solution as expected, with the exception of Figure [1| (d), where a rapid
movement towards the solution is not detected. However, it is possible to adjust
the parameters of GraFuS in order to have a best behavior of our method for
this instance. When one looks to convergence over time, it is possible to see
that GraFuS is competitive with the well established GS method.

Remark 5 The functions inside the subsection of maps with multiple station-
ary points do also satisfy V' = R". However, we have chosen to separate them
from F1 and F2 because they have an additional property.

5.3 Test functions with V' # R"™

In the previous subsection we only presented functions for which the U space is
empty at the stationary points. In opposite direction, here we show and solve
functions that, at the stationary points, can behave in a smooth way for some
directions. We have considered the following functions [T7,[38]: F2 presented
previously (but now with n € {2,5} ) and

F3) Generalized Rosenbrock function (defined for all number of variables

n>2)
o)=Y (2

Ti4+1 — EII

1 9 +Z(1Il)2>
n
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Fig. 4 Medians and quartiles of twenty runs of GS and GraFuS methods for function F3
(with n = 2). We have =, = (1,0.5)7.

F4) Chained crescent I (defined for all number of variables n > 2)

n—1
f(m) = 1max Z (.T? _|_ (xi+1 _ 1)2 + xiJrl . 1) 7
=1
n—1
Z (_xf - (xi-l—l - 1)2 + Tit1 + 1)
i=1

It is worth pointing out that for F2 and F3, we have set, respectively,
n € {2,5} and n = 2 only. This was done in order to maintain a dimension
greater than zero for the U space at the solution point. As a counterpart,
there is no restriction on the dimension of F4, and therefore, we have solved
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Fig. 5 Medians and quartiles of twenty runs of GS and GraFuS methods for function F4.
For both number of variables we have z. = 0.

instances with n = 5 and n = 10. The results can be seen in Figures [3|- [5| and
the rapid convergence behavior is also observed in some iterations of GraFuS.

5.4 Test functions with multiple stationary points

In order to have a broader illustrative class of functions, we minimize in this
subsection two nonconvex and nonsmooth functions with multiple stationary
points [T738]:

F5) Chained crescent II (defined for all number of variables n > 2)

n—1

flz) = Z max { (27 + (zi11 — 1)> + 2541 — 1),
i=1

(=2f = (w1 = 1? + 2 + 1) )5

F6) Problem 17 of Test 29 of [38] (defined for all n multiple of 5)

55+5
flx) = [max 5—(j+1)(1 —cosz;) —sinx; — ) ;Hcosmk ,
=5j

with j = [(i — 1/5)].
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The results can be found in Figures [ and [7] Again, it is possible to find
iterates for which the algorithm moves fast to the solution, enlarging the results
previously obtained.
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Fig. 6 Medians and quartiles of twenty runs of GS and GraFuS methods for function F5.
For both number of variables we have z, = 0.

5.5 Test functions without an appropriate maximum representation
The next functions can be seen in [I738] and they cannot be written as the
maximum of sufficiently smooth functions:

F7) Nonsmooth generalization of Brown function 2 (defined for all number
of variables n > 2)

n—1

2 2
5@ = Y (Jel e a5 s

i=1

F8) Nonsmooth and nonconvex toy problem (defined for all number of vari-
ables n > 2)

fx) =

where ¢ € (0,1) is a fixed parameter, A = diag(1,0,1,0,...) and B =
diag(1,1/4,...,1/n?).

g(x), with g(x) =6+ VaT Az + 27 Bz,
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Fig. 7 Medians and quartiles of twenty runs of GS and GraFuS methods for function F6.
For both number of variables we have z. = 0.

For the first function F7, one may argue that it is not possible to have a
maximum representation W21th functions of class C!. Indeed, let us consider
the function h(a,b) = a(***") for a > 0. Then, it yields that

oh 2
lim — =lim(1+¢e%)e® =1;
EIJIB 5a (e,¢) 81&)1( +e%)e :

‘o) = lim (1 + e2)271/e = 0.

So, it is possible to see that any representation of F7 that might involve a
maximum of functions cannot have maps of class C!. Therefore, this function
does not satisfy the requirements of our convergence analysis.

Now, let us consider the function F8, which primarily appeared in a pre-
print of [27]. Then, for Az # 0, its Hessian can be computed by

1 1
V2 1(0) = g (500 PV Va) + o) () ).
with
Vy(z) = (7 Az)"'/? Az 4+ 2Bz
and
V2g(z) = —(zT Ax) 32 Ax(Az)T + (2T Az)"/2 A + 2B.

Consequently, if one could have a maximum representation of f as in , then
the functions ¢; would not be of class C?, since ||[V2g(x)|| — oo as ||Az| — 0.
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Fortunately, although those functions do not satisfy the representation hy-
pothesis, when we look at the results obtained by the minimization of F7 and
F8 (see Figures [§| and E[), we see that this fact is not an obstacle for GraFuS
to present a rapid convergence behavior for both functions.
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Fig. 8 Medians and quartiles of twenty runs of GS and GraFuS methods for function F7.
For both number of variables we have z, = 0.

6 Final remarks and conclusion

This manuscript presents an implementable algorithm for solving unconstrained
nonsmooth and nonconvex optimization problems. Using the ideas of the Gra-
dient Sampling algorithm and taking advantage of some notions developed
over the years for the Bundle Method, we were able to produce an algorithm
that, in some sense, can be viewed as a generalization of the well established
Newton’s (quasi-Newton) method.

Additionally, we believe that an important step has been taken in the
direction of obtaining a rapid method to minimize nonconvex and nonsmooth
functions. It was shown that a rapid move towards the solution is a reliable
behavior for some iterations of GraFuS. Moreover, at least for the small set
of functions considered in the numerical experiments, one can see that fast
moves are not rare and can be expected for a reasonable amount of iterations.
However, it must be stressed that the iterations of GraFuS are computationally
expensive when compared to GS, and for this reason, its rapid behavior might
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Fig. 9 Medians and quartiles of twenty runs of GS and GraFuS methods for function F8
with § = 10~2. For both number of variables we have . = 0.

not be translated to a faster method for some functions. Furthermore, for a
number of variables greater than the values considered in the last section, we
have experienced good and bad results as well. For example, there is a clear
advantage of GraFus over the GS method for the function F4, whereas for
F2, the results obtained are unsatisfactory (see Figure . Nevertheless, if
we allow the GS method to work a few more iterations, reasonable results are
recovered for the function F2 (see Figure [T1)).

The matters of efficiency and applicability of the method are not treated
properly in this manuscript, since our aim here was, first, to produce a math-
ematical theory that would support a rapid convergence to a solution and
second, to obtain numerical results that would guarantee a proof-of-concept
of the main theoretical results. There are many possibilities of improvements
on the algorithm (e.g. different forms of updating the matrices Hy and effi-
cient ways of selecting the sampling radius size without affecting the global
convergence) and we hope that future studies explore these possibilities.

Finally, we end these final remarks with two questions that naturally arise
from some of the numerical results obtained in the previous section:

— under which conditions could we establish ||Hj — H.|| = O(||zr — z4||) in
Theorem B

— would it be possible to have convergence results with more general assump-
tions?
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Fig. 10 Medians and quartiles of twenty runs of GS and GraFuS methods for functions F3
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7 Appendix

The aim of this appendix is to show that the hypotheses made in the local
convergence subsection are reasonable. More precisely, we take a carefully look
at the assumption H3, which seems to be the strongest and unnatural hypoth-
esis. However, we stress that the estrangement of H3 is not on the fact that
we are assuming the irrelevance of the trust-region constraint (which is a com-
mon assumption on smooth convergence analysis), but on the statement that
many of the constraints associated with the sampled points (at least n — 1,
considering m = 2n) are inactive.

At first sight, it seems strong to request that only the first 4+ 1 constraints
of the quadratic programming problem solved in each iteration of GraFuS are
active (which is exactly the cardinality of Z(z.)). Although it is acceptable
that under a good set of sampled points (hypothesis H1) and close to the
solution z, there will be at least r 4+ 1 active constraints (hypothesis H2), it is
hard to imagine why the quadratic programming problem would not have more
active constraints than that (hypothesis H3). Despite this is not an impossible
situation, we have the intent to show that even in the case where we have more
than r + 1 active constraints, the results presented in the local convergence
subsection do not change. For this purpose, we divide the argumentation in
two cases (for both, we assume that H1 and H2 hold and that the trust-region
constraint is not playing any role):

A1) The cardinality of Z(x,) is n + 1;
A2) The cardinality of Z(x,) is r + 1 with r < n.
Suppose that Al holds and let us consider an iterate xj sufficiently close to

z.. Moreover, assume that the trust-region constraint is irrelevant in the outer
and inner iterations k and lj, respectively. Then, looking at the optimization
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problem in , we see that any additional active constraint will generate an
additional active constraint to in a way that it will be a linear combination
of the first n+1 active constraints (by Remark and because .J; remains with
constant rank in a close neighborhood of z.). Hence, the solution obtained
with or without this additional constraint is the same, which yields that the
results presented at the local convergence subsection do not change for this
special case.

So, let us consider the more intricate case A2. Moreover, let us assume that
there is only one additional constraint, i.e., the number of active constraints is
r 4+ 2 (we will see that the occurrence of more than one additional constraint
will be a straightforward generalization of this simpler case). In other words,
we are saying that solving is equivalent to minimize

1
min  z+ —d' Hyd
(d,z)ERn+1 2

_ _ T _
st £ (o) + V7 (2) (setd—aft) =z 1<i<r+2,

where here we assume, as it was done in H1, that rearrangements were done
to have the additional constraint as the (r 4+ 2)-th constraint and that it has
the associated sampled point xéjr 4o Therefore, for an iterate zy sufficiently
close to the solution and a sufficiently small sampling radius, we have, by
the continuity of the functions ¢;, that only the functions ¢1,...,¢,411 can
assume the maximum at any sampled point (here, as it was done in the local
convergence subsection, we assume without loss of generality that Z(z.) =
{1,...,7+1}). So, there is j € {1,...,r+1} such that f(xﬁj;rw) = ¢j(w§ck,r+2)~
Consequently, recalling H1, the above minimization problem can be seen as

1

min  z+4 =dT Hpd

(d,z)ERn+1 2
i .\ * i

st 0 (alt,) + Vor (af) (se+d—af) =2 1<i<r+1

- - T
7 i 7
?; (xkkﬂ"-‘r2> + Vo, (xkk,r-s-z) (ack +d— xk’irﬂ) =z
whose dual optimization problem is written as

r+1 _ _ B
max Ai | i (ml"> + Vo, (ml"'»)T (xk - xl’cl)
ACRT2 — ki ki ki
i o\ T
+ Arg2 |05 (xk,r+2> + Vo, (mk,r+2) (mk - xk,r+2> (26)
r41 2

1 _ _
5 Z AV, (xégkﬂ) + A2V (xéck,r-‘rQ)
i=1

H'
st eTh=1.
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Therefore, we can turn this last constrained maximization problem into an

unconstrained one by making the following substitution A, o =1 — Z:ill A

So, we have

s

r+1

_ T _ _
Ik Lk l l
s S0 ) 50 () (k) o ()
i T I i
LG M CE N | R

_ T _
I I
+ Vo, (xk:k,r+2) (xk - xkk,r+2)
1 r+1 B _ _ 2
=5 20N [Voulalt) = Vs (aft, )] + Vosal, 10)
i=1 kal

Since the above problem is convex, its solution A € R™*! can be obtained
by equalling the derivative of the objective function to the null vector. Conse-
quently, assuming without loss of generality that the function ¢; involved in
the additional constraint is ¢,1, we have

T T T

o \7 T o \7 T
Vor (=) —Vértr (240 Vo \mn ) VOt | Trr2

T

I T 7 7 T I T
Véri1 (Ikk,r+1> — Vérin (zk’fr+2) Véril (Ik’fr+1) — Véry (Ik]‘jr+2>

ok oo (Y (. Uk
o1 |2y ) T Ve (27 T T Ty

_ .- T -
g Ik g
Pr41 (Ik,r+l> +Vérin (Ik,r+1) (Ik T4l

- - T
2k <k oy o'k
Srt1 (lkm+2> +Véria (‘Lk,r+2> (Lk T Thr42

- Lo T -
T Tp T,
Prt1 (Ik,r+2> T Véri (“”k,r+2) (Tk T Thrt2
o \F U T
Vé1 (’”kk1> —Vérs1 (Ik’fr+2)
. 1 1y
- : Hy “Vérgs (zk‘,r+2> .

Tk T Tk T
Voril (mk,r+1> ~Voria (””k,rJrz)

Now, changing the points xﬁjr 4o for xﬁfr 41 and redefining

.

Ly
7,7 = max ||zF. —xp
ksly 1§i§r+2H ki
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we get
7, \7 7 T 7, \7T T T\ 7T
V1 <J'kk:1> —Vértn (a"kk,r+l> Vo1 (“ka,l> - Véryl (wkk,rJrl)
: ot X =
0 \7 . T 0 \7 o \7
Vér (‘"kr) - Vérta (zk:,r-}—l) Vér (Ikr) —Vértr (Ik,r+1)

oT oT

T . \T Tk T T T Tk
P11 ) TVeL |2k Tk 1) TP (g ) T VO (Th g Tk T g1

Ik i\ Ik Ik Ik T I
r |\ 2, |+ Ver (27, T T T | T b1 | g1 ) T VOrtr | Trlega T T TR

OT
o \F U T
Vel (zkk1> - Vértn (Ikk,H-l)

L \T i T
Viér (zkfr) — Vérg (””k’c,r+1>

oT

1 1y
Hy " Vérp1 (T‘k,r+1) +o (Tk,fk) ’

This last linear system yields

Ty . \© Ty Ty Ty T T
r |2, | Ver (27, o — @) T G (Tp g ) T VO (Tg g T T T
i, \7 I T
Vo1 (‘"kk1) - Vértn (Ikk,wrl)

1 1y
: H 'V (ac,m,ﬂ) +0 (rkjk) .
7\ 7 7 T
Vor <$klfr> - Vérta (“”kk,r+1>

Therefore, following the same reasoning used by us to get here, it is pos-
sible to see that the first r components of the dual variable A € R™*! linked

to the problem must satisfy the last linear system obtained above (not
considering the remaining error vector) and, moreover,

T

A =1-Y A (27)

i=1
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Therefore, considering A* € R"*2 the solution of and using equation ,
we must have

A A
2\ = 5\7’ + O (Tk,zk) = 5\7" +0 <Tkjk> .
1 A
1- Z::l Ai — :-5—1 /\r+1 - )‘:i+1

So, to complete our reasoning, notice that since we are supposing that the
trust-region constraint does not play any role in the current iteration (i.e.
w,1, = 0), one can see, by (24), that

r+1 B _
dk,ik = _Hk_l lz )\:‘vqsi(z;ck;z) + )‘:+2v¢r+1(x§g’ir+2)]
i=1

g lZ NV6i(al) + (N + Nige) Vo @, 0) | +0 (7, )
=1

r+1 _
SH S AVeial) 10 (r,).
=1

Hence, dj 7 is exactly the search direction obtained in with an additional

error vector. Therefore, the term O (Tk fk) is absorbed by the other error

vectors in Theorem [Bl and the result is still valid.

Finally, remember that we have considered just one additional active con-
straint to the others r + 1 active constraints. However, it is straightforward to
see that exactly the same reasoning can be used to prove the result for any
other number of additional constraints.
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