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Geoffrion proper optimality is a widely used optimality notion in multicriteria optimization
that prevents exact solutions having unbounded trade-offs. As algorithms for multicriteria
optimization usually give only approximate solutions, we analyze the notion of approximate
Geoffrion proper optimality. We show that in the limit, approximate Geoffrion proper op-
timality may converge to solutions having unbounded trade-offs. Therefore, we introduce a
restricted notion of approximate Geoffrion proper optimality and prove that this restricted
notion alleviates the problem of solutions having unbounded trade-offs. Furthermore, using
a characterization based on infeasibility of a system of inequalities, we investigate two con-
vergence properties of different approximate optimality notions in multicriteria optimization.
These convergence properties are important for algorithmic reasons. The restricted notion of
approximate Geoffrion proper optimality seems to be the only approximate optimality notion
that shows favourable convergence properties. This notion bounds the trade-offs globally and
can be used in multicriteria decision making algorithms as well. Due to these, it seems to be
a practical optimality notion.
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1. Introduction

Consider the following multicriteria optimization problem:

min f(x) := (f1(x), . . . , fm(x)),

subject to x ∈ X,

where each criterion fi : Rn → R, the constraint set X ⊆ Rn, and n,m ∈ N.
In what follows we shall also denote this multicriteria optimization problem by
the tuple (f,X). Solving a multicriteria optimization problem requires a binary
ordering relation on Rm. Given an ordering relation, one can compare two m-
dimensional vectors from the set f(X) := {f(x)|x ∈ X} and define an optimality
notion. This optimality notion is used in iterative algorithms to find one or many
optimal solutions of the multicriteria optimization problem.

The theory of multicriteria optimization is one of the most rapidly growing ar-
eas of modern optimization theory, see for example Luc [1], Miettinen [2], Ehrgott

∗Corresponding author. Email: pradyumn.shukla@kit.edu

1



August 13, 2016 Optimization approx˙new

[3], Jahn [4], Eichfelder [5] and the references therein. There are multiple solution
concepts in mulicriteria optimization, and it often become a challenging issue both
in theory and practice. Although Pareto optimality plays a central role in multi-
criteria optimization, other solution concepts like weak Pareto optimal solutions,
strict Pareto solutions etc. are important as well.

The image of the set of Pareto optimal solutions as is well known lies on the
boundary of the feasible set in the criteria space. This image in the criteria space
is referred to as the efficient frontier. In the most of practical and large scale
problems, the user may not get the exact efficient frontier and he has to be content
with approximate solutions.

Pareto optimal solutions can only be improved in one criterion by simultaneously
deteriorating another criteria. Thus, the notion of trade-offs or gain-to-loss ratios
is inherent if one compares two Pareto optimal solutions. All points on the efficient
frontier need not have equally nice trade-off properties which a decision maker may
desire and one may need to filter out the bad Pareto optimal solutions and keep the
good ones. Thus the need for potentially good solutions has always been one of the
primary aims in multicriteria optimization. Such nice Pareto points are referred to
in the literature as proper Pareto solutions. The study of proper Pareto solutions
was first carried out by Kuhn and Tucker [6] and then followed by Geoffrion [7],
Benson [8, 9], Henig [10], Borwein[11], and others [12–14]. Good solutions can be
thought of as “Knee-points” on the efficient frontier or that are good in some sense
like that of Geoffrion, Benson, Henig etc.

Unless (f,X) has a special structure, e.g. X being polyhedral and each fi being
linear or quadratic, almost all the algorithms for solving (f,X) generates an infinite
sequence of iterates (or of a set of points, called as a population) that converges
to the set of optimal points of (f,X). For computational reasons, it is usually
necessary to terminate the algorithm after some finite number of iterations. This
leads to a sub-optimal point, or, depending upon the distance of the obtained point
to the set of optimal points of (f,X), an ε-optimal point.

In what follows, unless otherwise stated, we will consider ε ∈ Rm+ , i.e. ε =
(ε1, ε2, . . . , εm) and εi ≥ 0 for each i ∈ I := {1, 2, . . . ,m}.

Definition 1.1 A point x∗ ∈ X is said to be an ε-Pareto optimal solution of
(f,X), if

6 ∃x ∈ X : f(x) + ε− f(x∗) ∈ −Rm+ \ {0}.

If, on the other hand,

6 ∃x ∈ X : f(x) + ε− f(x∗) ∈ −int(Rm+ ),

then x∗ is said to be a weak ε-Pareto optimal solution of (f,X).

The set of all ε-Pareto points will be denoted by Sε(f,X) and the set of all weak
ε Pareto points as Sε

w(f,X). An (a weak) ε-Pareto optimal solution with ε = 0 is
commonly known as (weak) Pareto optimal. For clarity, the set of Pareto optimal
solutions and the set of weak Pareto optimal solutions will be denoted by S(f,X)
and Sw(f,X), respectively.

The notions of Pareto optimality is widely used in finite dimensional multicriteria
optimization. However, even in the finite dimensional setting, it is some times useful
to consider Pareto and ε-Pareto solutions and their weak counterpart in terms of
an ordering relation that is induced by a closed, convex, and pointed cone C such
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that C ⊇ Rm+ . Such a cone C is also called as an ordering cone. Eichfelder [5, 15] has
provided many examples where in a natural way, one needs to consider a C 6= Rm+
as the ordering cone.

Definition 1.2 A point x∗ ∈ X is said to be an (ε, C) optimal solution of (f,X),
if

6 ∃x ∈ X : f(x) + ε− f(x∗) ∈ −C \ {0}.

If, on the other hand,

6 ∃x ∈ X : f(x) + ε− f(x∗) ∈ −int(C),

then x∗ is said to be a weak (ε, C) optimal solution of (f,X).

The set of all (ε, C) optimal solutions will be denoted by Sε(f,X,C) and the
set of all weak (ε, C) optimal solutions as Sεw(f,X,C).

The above optimality notions gives to a set of optimal solutions in multicriteria
optimization. As argued at the beginning of this paper, different Pareto optimal so-
lutions might have different properties that a decision maker may desire. The need
to filter out bad Pareto optimal solutions lead to the notion of a properly efficient
point. There are different notions of proper optimality; a nice survey can be found
in [16]. Geoffrion proper optimality, for example, bounds the trade-off between
criteria values and is one of the most cited and widely used notion of proper op-
timality. Combining Geoffrion proper optimality with approximate solutions leads
to the following notion of Geoffrion ε-proper optimality [3, 17].

Definition 1.3 A point x0 ∈ X is called Geoffrion ε-proper solution if x0 ∈
Sε(f,X) and if there exists a number M > 0 such that for all (i, x) ∈ I × X
satisfying fi(x) < fi(x0) − εi, there exists a j ∈ I such that fj(x0) − εj < fj(x)
and additionally

fi(x0)− fi(x)− εi

fj(x)− fj(x0) + εj
≤M.

The set of Geoffrion ε-proper solutions will be denoted by Gε(f,X). When ε = 0
then x0 is the exact or usual Geoffrion-proper solution. For clarity, we will use
G(f,X) to denote the set of Geoffrion-proper solutions.

Geoffrion ε-proper solution says that the trade-offs between criteria at two points
are bounded. It is interesting to ask whether the trade-offs are bounded above for
all the points. This would mean that the same M can work for all the Geoffrion ε-
proper solutions. This may not always be the case unless the trade-offs are bounded
above.

This trade-off bound M can be thought of as the utility or usefulness of the
solution x0. A decision maker may be interested in obtaining (all) solutions for
which the trade-offs are bounded above by a given M . This motivates us to define
the notion of a Geoffrion (M̂, ε)-proper solution which is in some sense reverse of
the definition of Geoffrion ε-proper solution and appears to be more practical.

Definition 1.4 Given an M̂ > 0, a point x0 ∈ X is called Geoffrion (M̂, ε)-proper
solution if x0 ∈ Sε(f,X) and for all (i, x) ∈ I ×X satisfying fi(x) < fi(x0)− εi,
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there exists a j ∈ I such that fj(x0)− εj < fj(x) and additionally

fi(x0)− fi(x)− εi

fj(x)− fj(x0) + εj
≤ M̂.

We shall denote the set of all Geoffrion (M̂, ε)-proper solutions by GM̂,ε(f,X).
To avoid any ambiguity with the set of Geoffrion ε-proper solutions, we will use
GM̂,0(f,X) to denote the set of (exact) Geoffrion (M̂, 0)-proper solutions. Geoffrion

(M̂, 0)-proper solutions have been introduced in [18].

It is now important to see how the definition of a Geoffrion (M̂, ε)-proper solution
differs from the standard notion of a Geoffrion proper Pareto solution. In some
sense they seem to be reverse to each other. Note that in case of the Geoffrion
ε-proper optimality we need to show the existence of an M > 0 such that a given
ε-Pareto solution satisfies the trade-off inequality in terms of that M . On the other
hand, in case of the Geoffrion (M̂, ε)-proper solution the decision maker chooses a

global trade-off bound M̂ beforehand which signals his or her intention to choose
only those Geoffrion ε-proper solutions whose trade-off is bounded by the chosen
value M̂ . By choosing M̂ , the decision maker has a direct control on the trade-offs.
Therefore, the notion of Geoffrion (M̂, ε)-proper optimality looks more practical

than Geoffrion (M̂, ε)-proper optimality.
We will shows in Section 3 that Geoffrion ε-proper optimality has algorithmic

advantages as well. In particular, we will investigate the following two convergence
aspects of different notions ε optimality:

(1) Does a sequence of approximate solutions converge to an exact solution?
(2) Does a similar result holds for a set of approximate solutions?

Algorithms for solving multicriteria optimization problems iteratively approach the
efficient frontier. Therefore, the above two convergence aspects are relevant. We will
prove that, as ε goes to zero, a sequence of ε-Pareto optimal solutions does not
converge to Pareto optimal solution. If f is bounded below, then a sequence of
Geoffrion ε-proper solutions also does not converge to a Geoffrion proper solution.
In the limit, these sequence converge to weak Pareto optimal solution. Weak Pareto
optimal solutions are, however, not desirable in practice as there migt be scenarios
where it is possible to improve a criterion without deteriorating other criteria. On
the other hand, we will prove that a sequence of Geoffrion (M̂, ε)-proper solutions

always converges to a Geoffrion (M̂, 0)-proper solution.
The flip-side is, however, that there may not be any Pareto optimal solution

which is Geoffrion (M̂, ε)-proper for a very small value of M̂ . Nevertheless, we
show in Section 2 that under very mild conditions GM̂,ε(f,X) is nonempty for

every M̂ ≥ m− 1.
It is important to note that that if x0 is a Geoffrion (M̂, ε)-proper solution that

it also a Geoffrion (M̃, ε)-proper solution for every M̃ ≥ M̂ , i.e.

∀ M̃ ≥ M̂ : GM̂,ε(f,X) ⊆ GM̃,ε(f,X).

Moreover it is simple to observe that if x0 is a Geoffrion ε-proper solution, then it
is also a Geoffrion (M̂, ε)-proper for some M̂ > 0. Thus we have⋃

M̂>0

GM̂,ε(f,X) = Gε(f,X).
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Obviously the question remains as how would a decision maker choose an M̂ .
Though some rough approaches may be suggested, for example the decision making
approaches from [19, 20], we would like to keep the concept of Geoffrion (M, ε)-
proper solutions open to discussion.

The paper has been organized in four sections of which this is the first. Section 2
characterizes Geoffrion proper optimality using infeasibility of a system of inequal-
ities. Convergence aspects of different ε-optimal points are detailed in Section 3.
Finally conclusions and algorithmic implications of these results are discussed in
the last section.

2. Characterization and existence results

Geoffrion proper solutions can be characterized and analyzed by infeasibility of a
system of inequalities. For an element (x0, ε, i,M,X ) ∈ X × Rm+ × I × R+ × 2X ,
let Γ (x0, ε, i,M,X ) denote the system

−fi(x0) + fi(x) + εi < 0,
−fi(x0) + fi(x) + εi < M(fj(x0)− fj(x)− εj) ∀j ∈ I \ {i},
x ∈ X .

To characterize Geoffrion proper solutions we will also make use of following fun-
damental properties in multicriteria optimization.

Definition 2.1 If for every x ∈ X \ S(f,X) there exists an x(s) ∈ S(f,X)
such that f(x)− f(x(s)) ∈ Rm+ \ {0}, then (f,X) is said to satisfy the domination
property. If for every x ∈ X \ Sε(f,X) there exists an x(s) ∈ Sε(f,X) such that
f(x) − f(x(s)) + ε ∈ Rm+ \ {0}, then (f,X) is said to satisfy the ε-domination
property.

These properties relate to the existence of Pareto-optimal solutions and are quite
weak. They are satisfied if, for every x ∈ X, the sections f(X) ∩ (f(x) − Rm+ ) are
compact. Other sufficient conditions for the above properties to hold can be found
in [21, 22].

The next two propositions characterize Gε(f,X) and GM̂,ε(f,X) using infea-

sibility of Γ (x0, ε, i,M,X ). These propositions can be considered as theorems of
alternatives.

Proposition 2.1 Consider the following statements:

(i) x0 ∈ Gε(f,X).

(ii) There exists an M̂ > 0 such that, for each i ∈ I, the system Γ (x0, ε, i, M̂ ,X)
is inconsistent.

(iii) The problem (f,X) satisfies the domination property and there exists an M̂ >

0 such that, for each i ∈ I, the system Γ (x0, ε, i, M̂ ,S(f,X)) is inconsistent.
(iv) There exists an M̃ > 0 such that for every M ≥ M̃ there exists an i ∈ I such

that the system Γ (x0, ε, i,M,X) is consistent.

Then, the following implications hold:

1. (i) ⇐⇒ (ii),
2. (iii)⇒ (i) ∨ (ii), and
3. (iv)⇒ ¬(i).
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Proof. Part1. (i) ⇒ (ii). As x0 ∈ Gε(f,X), then it is clear from the definition of

Gε(f,X) that there exists an M̂ > 0 such that Γ (x0, ε, i,M,X) is inconsistent for
each i ∈ I.

(ii) ⇒ (i). Suppose that an M̂ > 0 exists such that Γ (x0, ε, i, M̂ ,X) is inconsis-
tent for each i ∈ I and that x0 /∈ Gε(f,X). Then we will arrive at a contradiction.

We first show that (ii) implies that x0 ∈ Sε(f,X). If this is not the case, then
there exists (x̂, `) ∈ X × I such that f`(x̂) < f`(x0) − ε` and fk(x̂) ≤ fk(x0) − εk
for all k ∈ I \ {`}. This easily shows that x̂ is a solution of Γ (x0, ε, `, M̂ , ), which
is a contradiction. Hence, we have shown that x0 ∈ Sε(f,X).

Let us assume that x0 ∈ Sε(f,X) \ Gε(f,X). This means that for all M > 0,
there exists (x̂, `) ∈ X × I such that the following inequalities hold:{
−f`(x0) + f`(x̂) + εi < 0,
−f`(x0) + f`(x̂) + εi < M(fj(x0)− fj(x̂)− εj) ∀j ∈ {i ∈ I|fi(x0)− εi < fi(x̂)},(1)

In particular, inequalities (1) also hold for M = M̂ . Note that, as x0 ∈ Sε(f,X),
the set {i ∈ I|fi(x0) − εi < fi(x̂)} is non-empty. For other j’s, i.e., for j ∈ {i ∈
I|fi(x0)− εi ≥ fi(x̂)},

−f`(x0) + f`(x̂) + εi < 0 ≤ M̂(fj(x0)− fj(x̂)− εj)

holds trivially. Therefore,{
−f`(x0) + f`(x̂) + εi < 0,

−f`(x0) + f`(x̂) + εi < M̂(fj(x0)− fj(x̂)− εj) ∀j ∈ I \ {i},

and, as x̂ belongs to X, this means that x̂ is a solution of Γ (x0, ε, `, M̂ ,X). This
is a contradiction, and consequently x0 ∈ Gε(f,X).

Part2. (iii) ⇒ (ii). Consider an x ∈ X \ S(f,X). Since the domination property
holds, there exists an s(x) ∈ S(f,X) such that fi(s(x)) ≤ fi(x) for every i ∈ I and

fk(s(x)) < fk(x) for some k ∈ I. As Γ (x0, ε, i, M̂ ,S(f,X)) is inconsistent for each
i ∈ I, it follows that

−f`(x0) + f`(s(x)) + εi < f`(s(x))− f`(x),

−f`(x0) + f`(s(x)) + εi < M̂(fj(x0)− fj(s(x))− εj) + f`(s(x))− f`(x)

+M̂(fj(s(x))− fj(x)) ∀j ∈ I \ {i},
x ∈ X \ S(f,X),

(2)

is inconsistent for each i ∈ I as well.
Rearranging the terms of (2) and by noting that the choice of x ∈ X \ S(f,X)

was arbitrary, it follows that Γ (x0, ε, i, M̂ ,X \ S(f,X)) is inconsistent for each

i ∈ I. Furthermore, from (iii) we have that Γ (x0, ε, i, M̂ ,S(f,X)) is inconsistent.

Therefore, for each i ∈ I, Γ (x0, ε, i, M̂ ,X) is inconsistent as well. Consequently,
the implication (iii) ⇒ (ii) follows. As (i) ⇐⇒ (ii) this also means that (iii) ⇒
(i) is true.

Part3. Simple rearrangements show that if x̂ is a solutions of Γ (x0, ε, i, M̃ ,X),
then x̂ solves Γ (x0, ε, i,M,X) for every 0 < M ≤ M̃ as well. Therefore, statement
(iv) implies that for every M > 0 there exists an i ∈ I such that the system
Γ (x0, ε, i,M,X) is consistent. This is the same as the negation of statement (ii),
and from Part1 of this proposition, we have that x0 6∈ Gε(f,X).
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Proposition 2.2 Consider the following statements:

(i) x0 ∈ GM̂,ε(f,X).

(ii) For each i ∈ I, the system Γ (x0, ε, i, M̂ ,X) is inconsistent.
(iii) The problem (f,X) satisfies the domination property and, for each i ∈ I, the

system Γ (x0, ε, i, M̂ ,S(f,X)) is inconsistent.
(iv) The problem (f,X) satisfies the ε-domination property for some ε ∈ [0, 1]ε

and, for each i ∈ I, the system Γ (x0, ε, i, M̂ ,Sε(f,X)) is inconsistent.

Then, the following implications hold:

1. (i) ⇐⇒ (ii) and
2. (iii) ∨ (iv)⇒ (i) ∨ (ii).

Proof. The proofs of Part1 and (iii)⇒ (i)∨ (ii) of Part2 follow along the lines of
the proofs of the corresponding results from Proposition 2.1. As (i) ⇐⇒ (ii), it
is sufficient to prove that (iv)⇒ (ii).

Consider an x ∈ X \ Sε(f,X) and an ε ∈ [0, ε]. Since the ε-domination property
holds, there exists an s(x) ∈ Sε(f,X) such that fi(s(x)) ≤ fi(x)−εi for every i ∈ I
and fk(s(x)) < fk(x)− εk for some k ∈ I. Since ε ∈ [0, 1]ε,

Sε(f,X) ⊆ Sε(f,X).

Therefore, the point s(x) belongs to Sε(f,X) as well.

As Γ (x0, ε, i, M̂ ,Sε(f,X)) is inconsistent for each i ∈ I, it follows that


−f`(x0) + f`(s(x)) + εi < f`(s(x))− f`(x) + ε`,

−f`(x0) + f`(s(x)) + εi < M̂(fj(x0)− fj(s(x))− εj) + f`(s(x))− f`(x)

+ε` + M̂(fj(s(x))− fj(x) + εj) ∀j ∈ I \ {i},
x ∈ X \ Sε(f,X),

(3)

is inconsistent for each i ∈ I as well. Rearranging the terms of (3) we see that it is
equivalent to the inconsistency of


−f`(x0) + f`(x) + ε` < ε`,

−f`(x0) + f`(x) + ε` < M̂(fj(x0)− fj(x)− εj) + M̂εj + ε` ∀j ∈ I \ {i},
x ∈ X \ Sε(f,X),

(4)

for each i ∈ I. As ε`, εj , M̂ are all non-negative, inconsistency of (4) implies that,


−f`(x0) + f`(x) + ε` < 0,

−f`(x0) + f`(x) + ε` < M̂(fj(x0)− fj(x)− εj) ∀j ∈ I \ {i},
x ∈ X \ Sε(f,X),

(5)

is inconsistent for each i ∈ I. The system (5) is the same as Γ (x0, ε, i, M̂ ,X \
Sε(f,X)). Furthermore, from (iv) we have that Γ (x0, ε, i, M̂ ,Sε(f,X)) is incon-

sistent. Hence, for each i ∈ I, the system Γ (x0, ε, i, M̂ ,X) is inconsistent as well.
Consequently, the implication (iv) ⇒ (ii) follows.
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Corollary 2.3 Let (f,X) satisfy the domination property. Then, we have

Gε(f,X) = Gε(f,Sε(f,X)) and

GM̂,ε(f,X) = GM̂,ε(f,Sε(f,X)).

Remark 1 The relations in Corollary 2.3 can be used in the design of effi-
cient population based algorithms for approximating GM̂,ε(f,X) (or approximating

f
(
GM̂ (f,X)

)
in the criteria space). Many of the population based approximation

algorithms, i.e. multisearch methods [23] and stochastic techniques [24–26], em-
ploy a set of points P in their search procedure. As a finite set is trivially compact,
it also satisfies the domination property. Computing GM̂,ε(f,X) from P using a
näıve method requires pairwise comparisons of all the points in P in all the criteria.
This leads to a quadratic asymptotic complexity. An efficient computation method
would be to first compute Sε(f,X) from P and then compute Geoffrion ε-proper
solutions of Sε(f,X). According to Corollary 2.3, this would lead to the set of
Geoffrion ε-proper solutions of P . The algorithm in [27] uses this technique for the
special case of ε = 0, and uses the algorithms to solve large-scale energy optimiza-
tion problems in smart grid [28]. Design of algorithms that employ ε > 0 during
their search procedure and successively reduce it to compute Geoffrion ε-proper
solutions using relations in Corollary 2.3 is a relevant open task.

The next proposition shows that under very mild conditions GM̂,ε(f,X) is

nonempty for every M̂ ≥ m− 1.

Proposition 2.4 Let ε > 0 and M̂ ≥ m− 1. If the weighted-sum problem

min
x∈X

m∑
i=1

fi(x) (6)

is bounded from below, then GM̂,ε(f,X) 6= ∅.

Proof. If the weighted-sum problem (6) is bounded from below, then it has an
infimum, and, from [29, Theorem 2.4], the set of ε-minimum of (6) is non-empty
for every ε > 0. The proof of the proposition proceeds by showing that if x0 is a∑m

j=1 εj-minimum of the problem (6), then x0 ∈ GM̂,ε(f,X). We will prove that

x0 ∈ Gm−1,ε(f,X). From the definition of Geoffrion (M̂, ε)-proper optimality, this

would imply that for every M̂ ≥ m− 1, the point x0 ∈ GM̂,ε(f,X) as well.

Let us assume on the contrary that x0 /∈ Gm−1,ε(f,X). Therefore, from Proposi-

tion 2.2 we obtain an i ∈ I such that Γ (x0, ε, i, M̂ ,X) is consistent. Without loss

of generality, we assume that i = 1. Thus, the system Γ (x0, ε, 1, M̂ ,X), written as−f1(x0) + f1(x) + ε1 < 0,
−f1(x0) + f1(x) + ε1 < (m− 1)(fj(x0)− fj(x)− εj) ∀j ∈ I \ {1},
x ∈ X.

(7)

has a solution. Summing (7) for all j ∈ I \ {1}, it follows that

−f1(x0) + f1(x) + ε1 <

m∑
j=2

(fj(x0)− fj(x)− εj),
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which furthermore implies that

m∑
j=1

fj(x0)−
m∑
j=1

fj(x)−
m∑
j=1

εj > 0. (8)

Inequality (8) is a contradiction to the
∑m

j=1 εj-minimality of point x0 for the

problem (6). Therefore, the assertion x0 ∈ Gm−1,ε(f,X) follows.

Remark 2 Following the proof of Proposition 2.4, we can easily show that, for
every ε ≥ 0 and every ε ≥ 0 such that

∑m
i=1 εi ≤ ε, all the ε-minima of (6) are

also Geoffrion (M̂, ε)-proper solutions.

Corollary 2.5 Let each fi be strongly convex and X a closed convex set. Then
for any M̂ ≥ m− 1 we have GM̂,ε(f,X) 6= ∅.

Proof. The proof follows from the fact that the sum of strongly convex function
is strongly convex and it achieves a unique minimizer on a closed convex set.
Thus, the objective function of problem (6) is bounded below in this case and this
Proposition 2.4 immediately applies.

Remark 3 If there exists an x̂ ∈ X such that the following scalarized problem
(originally by Guddat et al. [30])

min
x∈X

m∑
i=1

fi(x)

s. t. fj(x) ≤ fj(x̂) ∀j ∈ I

(9)

is unbounded, then a recent result [31, Corollary 1] shows that G(f,X) = ∅. This
also implies that, for any M̃ > 0, the set GM̃ (f,X) = ∅. Unboundedness of (9) is a
stronger condition than that of (6). We conjecture that unboundedness of (6) is a
sufficient condition for G(f,X) = ∅. This seems to be the case for at least bicriteria
optimization problems having a connected efficient front.

The next example shows that solution for M̂ < m − 1 are also possible. Our
analysis suggests that GM̂ (f,X) is a singleton for M̂ < 1, irrespective of the number
of criteria. In a multicriteria optimization, a singleton as an optimal set occurs if a
total order is used as the underlying ordering relation. In our context, this would
mean that, for M̂ < 1, Geoffrion M̂ -proper optimality is equivalent to a total order.
A general proof evades us so far.

Example 2.2 For the parameter θ ∈
[
0, π2

)
, let us consider the parametric bicri-

teria linear optimization problem (f(x, θ), X(θ)) defined by X = {x ∈ R2
+|x2 =

(1 − x1) tan θ} and f = idX(θ), where idX(θ) the identity function on X(θ). For
θ = 0, we have a trivial scenario where f (Sw(f(θ), X(θ))) is a singleton. Our aim is

to find the minimum value of M̂ , denoted by M(θ), such that GM̂ (f(θ), X(θ)) 6= ∅.
The Pareto optimal front of (f(x, θ), X(θ)) comprises of the line segment joining

(0, tan θ)> and (1, 0)> (Figure 1, left). The trade-off appearing in the Definition 1.4
at (0, tan θ)> is tan θ, while the corresponding trade-off at (1, 0)> is cot θ. For a
point u in the relative interior of the line segment, the trade-off is max{tan θ, cot θ}.
Consequently, we have that

M(θ) = min{min{tan θ, cot θ}, max{tan θ, cot θ}} = min{tan θ, cot θ}.

9
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Figure 1. Illustration of Example 2.2. The set f (Sw(f(θ), X(θ))) comprises of three thick black lines

(left). The minimum value of M̂ such that GM̂ (f(θ), X(θ)) 6= ∅ is plotted as a function of θ (right).

We see that, for θ ∈
(
0, π2

)
, M(θ) takes every possible value from (0, 1) (Fig-

ure 1, right). Furthermore, we can easily compute that, for every M(θ) < 1, the set
GM(θ)(f,X) is a singleton, consisting of one of the end points of the line segment.

3. Convergence properties

Let M̂ > 0; ε > 0; and C ⊇ Rm+ a closed, convex, and pointed cone be arbitrary
but fixed. For a given τ > 0, let the hextuples T and Tτ be defined by

T =
(
GM̂,0(f,X),G(f,X),S(f,X),Sw(f,X),S(f,X,C),Sw(f,X,C)

)
and

Tτ =
(
GM̂,τε(f,X),Gτε(f,X),Sτε(f,X),Sτεw (f,X),Sτε(f,X,C),Sτεw (f,X,C)

)
.

For every i ∈ {1, 2, . . . , 6}, the i-th element of T and Tτ will be denoted by Ti and
Tτi , respectively. In this section, for every i ∈ {1, 2, . . . , 6}, we investigate answers
to the following questions:

Q1. If uτ ∈ Tτi for τ > 0 and limτ→0+ uτ = u, does u ∈ Ti?
Q2. What is the relation between Ti and

⋂
τ>0 Tτi ?

For T3, T4, and their approximate counterparts Tτ3 , Tτ4 , these questions have
been discussed in [29]. The answers to these questions are important for algorithmic
reasons. For example, an affirmative answer to Q1 would imply that a point-by-
point, iterative algorithm which computes points in Tτi with smaller τ value in
successive iterations would indeed converge to a point in Ti. An equality between
Ti and

⋂
τ>0 Tτi as an answer to Q2 would lead to a similar convergence result for

population based approximation algorithms. On the other hand, if
⋂
τ>0 Tτi is a

superset of Ti, then there are more points in the intersection. This situation is not
desirable as this implies that, for some sequences in Tτi , the answer of Q1 cannot
be affirmative. Furthermore, if

⋂
τ>0 Tτi is a proper subset of Ti, then Q1 might

have an affirmative answer, yet there will be points in Ti that would not attainable
in the sense of Q1.

It is easy to see that the inclusion Ti ⊆ Ti+1 for every i ∈ {1, 2, 3} holds.
Consequently, for each i ∈ {1, 2, 3}, if we additionally assume that every uτ ∈ Ti,
an affirmative answer to Q1 for Ti would yield an affirmative answer to Q1 for
Ti+1 as well.

To start with we will use the weighted sum method (6) to investigate Q1 for

10
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T1. To this end, let W and Wτ denote the minimum and τε-minimum of (6),
respectively.

Proposition 3.1 Let X be closed and f be continuous. If uτ ∈Wτ ⊆ GM̂,τε(f,X)

for every τ > 0 and limτ→0+ uτ = u, then u ∈W ⊆ GM̂,0(f,X).

Proof. From Remark 2, it follows that uτ ∈ GM̂,τε(f,X) and u ∈ GM̂,0(f,X). As
uτ ∈Wτ , we have

m∑
i=1

fi(u
τ )− τ

m∑
i=1

εi ≤ f(x) ∀x ∈ X.

Taking the limit τ → 0+, and by observing that X is closed and f is continuous,
we obtain that

∑m
i=1 fi(u) ≤ f(x) for all x ∈ X. Hence, the limit point u ∈W.

The next two theorems answer Q1 without the additional assumption that uτ ∈
Wτ for every τ > 0.

Theorem 3.2 Let X be closed and f be continuous. If uτ ∈ Sτεw (f,X,C) for every
τ > 0 and limτ→0+ uτ = u, then u ∈ Sw(f,X,C).

Proof. Under the assumptions of the theorem, from Definition 1.2 we have

∀(x, τ) ∈ X × R+ : f(x) + τε− f(uτ ) ∈ C̃ := C \ (−int(C)).

As C is assumed to be a closed, convex, and pointed cone, the set C̃ is a closed
cone. Taking the limit τ → 0+, and by observing that X is closed, C̃ is closed, and
f is continuous, we obtain that

∀x ∈ X : f(x)− f(u) ∈ C̃.

Therefore, u ∈ Sw(f,X,C) follows.

Remark 4 In particular, Theorem 3.2 also holds for the choice of C = Rm+ . Thus,
a similar result also holds for T4.

Theorem 3.3 Let X be closed and f be continuous. If uτ ∈ GM̂,τε(f,X) for every

τ > 0 and limτ→0+ uτ = u, then u ∈ GM̂,0(f,X).

Proof. As uτ ∈ GM̂,τε(f,X). Applying Part1 of Proposition 2.2 it follows that, for

each i ∈ I, the system Γ (x0, τε, i, M̂ ,X), written as
−fi(uτ ) + fi(x) + τεi < 0,

−fi(uτ ) + fi(x) + τεi < M̂(fj(u
τ )− fj(x)− τεj) ∀j ∈ I \ {i},

x ∈ X,

is inconsistent.
Let W = Rm \ (−int(Rm+ )) and, for every (i, x, τ) ∈ I × X × R+, consider the

vectors F i(τ, x, M̂) defined by

F ij (τ, x, M̂) =

{
−fi(uτ ) + fi(x) + τε if j = 1;

−fi(uτ ) + fi(x) + τεi − M̂(fj(u
τ )− fj(x)− τεj) if j ∈ I \ {1}.

11
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Since W is a closed cone and f is continuous, for every (i, x) ∈ I ×X,

lim
τ→0+

F i(τ, x, M̂) = F i(0, x, M̂) ∈W. (10)

From (10) we obtain that, for each i ∈ I, the system
−fi(u) + fi(x) < 0

−fi(u) + fi(x)− M̂(fj(u)− fj(x))) < 0,
x ∈ X,

(11)

is inconsistent. As (11) is the same as Γ (u, 0, i, M̂ ,X), applying Part1 of Proposi-
tion 2.2, we have u ∈ GM̂,0(f,X).

Theorem 3.3 shows a favorable convergence property for Geoffrion (M̂, ε)-proper
solutions. We will show later in Theorems 3.4 and 3.5 that this convergence prop-
erty is not satisfied in general for Geoffrion ε-proper and ε-Pareto optimal solu-
tions.

To answer Q2, we start with the case of T5 = S(f,X,C) and T6 = Sw(f,X,C)}.

Theorem 3.4 The following set relations hold:⋂
τ>0

Sτεw (f,X,C) =
⋂
τ>0

Sτε(f,X,C) = Sw(f,X,C)

⊇ S(f,X,C) ⊇ G(f,X) ⊇ GM̂,0(f,X).

Proof. It is a well known result that

Sw(f,X,C) ⊇ S(f,X,C) ⊇ G(f,X).

For a proof, see [3], for example. The inclusion G(f,X) ⊇ GM̂,0(f,X) follows from
definitions of these sets. Therefore, it is only remains to prove that⋂

τ>0

Sτεw (f,X,C) =
⋂
τ>0

Sτε(f,X,C) = Sw(f,X,C). (12)

To prove (12), we will show that the relative complements of the sets⋂
τ>0 Sτεw (f,X,C),

⋂
τ>0 Sτε(f,X,C), and Sw(f,X,C) with respect to X are iden-

tical.
Let x0 ∈ X be such that x0 /∈

⋂
τ>0 Sτεw (f,X,C). Consequently, using Defini-

tion 1.2, we obtain

∃τ̂ > 0, x̂ ∈ X, c+ ∈ int(C) : f(x0)− f(x̂)− τ̂ε = c+. (13)

As c+ is also an element of C \ {0}, statement (13) shows that x0 cannot be an
element of

⋂
τ>0 Sτε(f,X,C). Hence,

X \

(⋂
τ>0

Sτεw (f,X,C)

)
⊆ X \

(⋂
τ>0

Sτε(f,X,C)

)
. (14)

12
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On the other hand, if x0 ∈ X is such that x0 /∈
⋂
τ>0 Sτε(f,X,C), then

∃τ̂ > 0, x̂ ∈ X, c ∈ C \ {0} : f(x0)− f(x̂)− τ̂ε = c.

As τ̂ε ∈ int(C), we easily obtain,

f(x0)− f(x̂) = c+ τ̂ε ∈ int(C).

Consequently, the point x0 cannot belong to Sw(f,X,C). Hence,

X \

(⋂
τ>0

Sτε(f,X,C)

)
⊆ X \ Sw(f,X,C). (15)

Finally, if x0 ∈ X is such that x0 /∈ Sw(f,X,C), then

∃x̂ ∈ X, c+ ∈ int(C) : f(x0)− f(x̂) = c+.

As c+ ∈ int(C), for every ε > 0, there exists a τ̂ > 0 such that

f(x0)− f(x̂)− τ̂ε = c+ − τ̂ε ∈ int(C).

This shows that x0 /∈
⋂
τ>0 Sτεw (f,X,C). Therefore,

X \ Sw(f,X,C) ⊆ X \

(⋂
τ>0

Sτεw (f,X,C)

)
(16)

and the proof follows form the inclusions (14), (15), and (16).

Remark 5 Parts of the results in Theorem 3.4 has been stated in different works.
For example, Dutta et al. [32] showed

⋂
τ>0 Sτεw (f,X,C) = Sw(f,X,C) with

the additional assumptions that C = Rm+ and that f(x) is convex. The relation⋂
τ>0 Sτεw (f,X,C) ⊆ Sw(f,X,C) has been shown in [33, Theorem 2.1].
It is interesting that Theorem 3.4 makes no assumptions about f and X. For

example, the result holds even if f(X) is a bounded open set. In this scenario,
one can easily show that for every τ > 0 the set Sτεw (f,X,C) is nonempty, while
Sw(f,X,C) ⊆ bd(f(X)) is empty (as bd(f(X)) = ∅).

Theorem 3.4 shows a favorable convergence property for weak (ε, C) optimal
points–an equality as an answer for Q2. In particular, Theorem 3.4 also holds for
the choice of C = Rm+ . Thus, similar results also hold for T3 and T4.

Weak optimality is the weakest optimality concept. Nevertheless, as weak opti-
mal points can be made strictly better in some criteria without worsening others,
this is not a practical optimality notion. The most widely-used optimality notion
is that Pareto optimality. For Pareto optimal points, Theorem 3.4 shows that an
affirmative answer to Q1 is not possible in general. Given that the intersection of
τε-Pareto points (for τ > 0) is the set of weakly Pareto optimal points, equality as
an answer to Q2 is not possible. Due to the fact that the set of weakly Pareto op-
timal points can be substantially larger than that of Pareto-optimal solutions, this
intersection result shows that Pareto-optimality is also not a practical optimality
notion.

13
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We next investigate T2, i.e. the set of Geoffrion proper solutions. Geoffrion proper
optimality is a stronger notion of optimality than Pareto optimality.

Theorem 3.5 The following set relations hold:

G(f,X) ⊆
⋂
τ>0

Gτε(f,X) ⊆ Sw(f,X). (17)

If f is bounded below, then we have that⋂
τ>0

Gτε(f,X) = Sw(f,X). (18)

Proof. We will prove by contraposition. Suppose that x0 ∈ X \ Sw(f,X). Thus,
there exists an x̂ ∈ X such that fi(x̂) < fi(x0) for each i ∈ I. This implies that

∃τ̂ > 0 : −fi(x0) + fi(x̂) + τ̂εi < 0 ∀i ∈ I.

Hence, the system Γ (x0, τ̂ε, 1,M,X) is consistent for every M > 0. Applying
Part1 of Proposition 2.1, it follows that x0 /∈

⋂
τ>0 Gτε(f,X). Hence,⋂

τ>0

Gτε(f,X) ⊆ Sw(f,X). (19)

We next prove by contraposition that

G(f,X) ⊆
⋂
τ>0

Gτε(f,X). (20)

Suppose that x0 ∈ X \
(⋂

τ>0 Gτε(f,X)
)
. Using Part1 of Proposition 2.1, it follows

that there exists a τ̂ > 0 such that

∀M > 0, ∃i ∈ I : Γ (x0, τ̂ε, i,M,X) is consistent. (21)

Equivalently, for every M > 0, there exists (i, x̂) ∈ I ×X such that{
−fi(x0) + f`(x̂) + τ̂εi < 0,
−fi(x0) + fi(x̂) + τ̂εi < M(fj(x0)− fj(x̂)− τ̂εj) ∀j ∈ I \ {i}. (22)

As τ̂ > 0 and ε ≥ 0, the system (22) implies that{
−fi(x0) + f`(x̂) < 0,
−fi(x0) + fi(x̂) < M(fj(x0)− fj(x̂)) ∀j ∈ I \ {i}. (23)

As x̂ ∈ X, the system (23) shows that Γ (x0, 0, i,M,X) is consistent. Therefore,
applying Part1 of Proposition 2.1, we have x0 6∈ G(f,X). This proves (20), and
together with (19), the first part of the proposition.

Finally, we prove by contraposition that if f is bounded below, then⋂
τ>0

Gτε(f,X) ⊇ Sw(f,X). (24)

14
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To this end, let, for each i ∈ I, the function fi be bounded below by β. Suppose
that x0 ∈ X \

(⋂
τ>0 Gτε(f,X)

)
. Proceeding as in the proof of (20), we obtain

(21). Let us consider a sequence (Mn)n∈N such that limn→∞Mn = ∞. As I is a
finite set, we can assume without loss of generality that i = 1, i.e., for every Mn,
the system Γ (x0, τ̂ε, 1,Mn, X) is consistent. Therefore, for every Mn, there exist a
xn ∈ X such that{
−f1(x0) + f1(xn) + τ̂ε1 < 0,
−f1(x0) + f1(xn) + τ̂ε1 < Mn(fj(x0)− fj(xn)− τ̂εj) ∀j ∈ {2, 3, . . . ,m}(25)

holds.
As f1 be bounded below by β and as limn→∞Mn =∞, from (25) it follows that

0 ≥ lim
n→∞

−f1(x0) + f1(xn) + τ̂ε1

Mn
≥ lim

n→∞

−f1(x0) + β + τ̂ε1

Mn
= 0.

Consequently,

lim
n→∞

−f1(x0) + f1(xn) + τ̂ε1

Mn
= 0. (26)

Using (26) in (25), it follows that

∃n0 ∈ N : fj(x0)− fj(xn0)− τ̂εj ≥ −
τ̂ε1

2
∀j ∈ {2, 3, . . . ,m} (27)

From the first inequality of (25) together with (27) show that fi(x
n0) < fi(x0) for

each i ∈ I. Hence, x0 /∈ Sw(f,X) follows and the proof is complete.

The boundedness condition in Theorem 3.5 seems very mild. For example, if one
of the criteria is unbounded below, then S(f,X) would be unbounded as well. Fur-
thermore, from Remark 3, if each of fi’s are unbounded such that (9) is unbounded,
then Proposition 2.4 shows that G(f,X) is empty. For the bicriteria case, the next
proposition shows that, if there is a weakly Pareto optimal point that is not even
Pareto optimal and is not in the intersection of Geoffrion ε-proper solutions, then
the set of Geoffrion proper solutions would be empty. This means that if (18) does
not hold, then we have a pathological situation where the set of Geoffrion proper
solutions is empty.

We will need the notion of Rm+ -closedness [3] in the next proposition. A set
S ⊂ Rm is called as Rm+ -closed if, for every s ∈ S, the sections ({s} − Rm+ ) ∩ S are
closed.

Proposition 3.6 Let m = 2 and let f(X) be Rm+ -closed. Then, the following
implication holds(

Sw(f,X) \

(
S(f,X)

⋃(⋂
τ>0

Gτε(f,X)

))
6=6 ∅

)
⇒ (G(f,X) = ∅) . (28)

Proof. Let x0 ∈ Sw(f,X)\
(
S(f,X)

⋃(⋂
τ>0 Gτε(f,X)

))
. Applying (17), it follows

that x0 cannot belong to G(f,X).
Let us assume on the contrary that G(f,X) is non-empty and let x̂ ∈ G(f,X) be

arbitrary but fixed. As x̂ 6= x0 and G(f,X) ⊆ S(f,X), we have that x̂ ∈ S(f,X).

15
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We can assume without loss of generality that f1(x0) ≤ f1(x̂) and f2(x0) > f2(x̂).
Let a := f1(x̂)− f1(x0) ≥ 0, b := f2(x0)− f2(x̂) > 0, u := (f1(x0)− 1, f2(x̂)− 1)>,
and Xu, X l, Xb be defined as follows:

Xu = : {x ∈ X|f1(x) ≥ u1, f2(x) ≥ u2},

X l = : {x ∈ X|f1(x) ≤ u1, f2(x) ≥ u2},

Xb = : {x ∈ X|f1(x) ≥ u1, f2(x) ≤ u2}.

Note that, the set Xu is not empty as x0, x̂ ∈ Xu, while the sets X l and Xb can
be empty.

The restriction of f to Xu is bounded below. Therefore, applying Theorem 3.5,
it follows that

⋂
τ>0

Gτε(f�Xu , Xu) = Sw(f�Xu , Xu). (29)

We will shows that x0 ∈
⋂
τ>0 Gτε(f,X), and will arrive at a contradiction. To

this end, let τ̂ > 0 be arbitrary but fixed. As x0 ∈ Sw(f,X), it follows that
x0 ∈ Sw(f�Xu , Xu). Taking into account (29), we have that x0 ∈ Gτ̂ε(f�Xu , Xu).

From Definition 1.3, there exists an M̂ > 0, such that for all (i, x) ∈ I × Xu

satisfying fi(x) < fi(x0)− τ̂εi, there exists a j ∈ I such that fj(x0)− τ̂εj < fj(x)
and

fi(x0)− fi(x)− τ̂εi
fj(x)− fj(x0) + τ̂εj

≤ M̂. (30)

Consequently, for the case of x ∈ Xu, the trade-off between f(x0) and f(x) is
bounded. As x0 ∈ Sw(f,X) \ S(f,X), two other cases are possible:

(1) Xl = ∅: Consider an x ∈ X \ Xu such that f2(x) < f2(x0) − τ̂ε2. As
can be seen in Figure 2, the point x ∈ Xb. As f(X) is Rm+ -closed, the
curve f (Sw(f,X)), considered as function of f1, is closed and non-increasing.
Therefore, there exists a % > 0 such that for every x̃ ∈ Xb, we have
f1(x̃)− f1(x̂) ≥ %.
As x̂ ∈ G(f,X) and x ∈ Xb, it follows that f1(x̂) < f1(x), f2(x̂) > f2(x) and
that there exists an M̃ > 0 such that

f2(x̂)− f2(x)

f1(x)− f1(x̂)
≤ M̃. (31)
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Figure 2. Illustration of case 1 in the proof of Proposition 3.6. The set f (Sw(f,X)) comprises of the

thick black curve and line, and is unbounded. The function f1 is bounded below while the function f2 is
unbounded. If we shift the origin to u, then the first orthant would be Xu, while the second and fourth

orthants would be Xl and Xb, respectively.

Using (31) and comparing the trade-off between f(x0) and f(x), we obtain

f2(x0)− f2(x)− τ̂ε2

f1(x)− f1(x0) + τ̂ε1
≤ f2(x0)− f2(x)

f1(x)− f1(x0)

=
f2(x̂)− f2(x) + b

f1(x)− f1(x̂) + a

=
f2(x̂)− f2(x)

f1(x)− f1(x̂) + a
+

b

f1(x)− f1(x̂) + a

≤ f2(x̂)− f2(x)

f1(x)− f1(x̂)
+

b

%+ a

≤ M̃ +
b

%+ a
.

Hence, inequality (30) is satisfied for x ∈ Xb by setting M̂ as M̃ + b
%+ a .

(2) Xb = ∅: The proof follows along the lines of the first case. As in the first

case, there is a value of M̂ that satisfies inequality (30).

As a consequence of the above, we obtain that x0 ∈ Gτ̂ε(f,X). As the choice of
τ̂ was arbitrary, it follows that x0 ∈

⋂
τ>0 Gτε(f,X), and we thereby arrive at a

contradiction.

Proposition 3.6 could easily be tightened by replacing (28) by(
Sw(f,X) \

(⋂
τ>0

Gτε(f,X)

)
6=6 ∅

)
⇒ (G(f,X) = ∅) .

However, the idea of the proposition was to explicitly show that (28) holds for
those weakly Pareto optimal points that are not Pareto optimal–these points can
be far from the set of Pareto optimal points.
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Let for sets Y, Z ⊆ Rn, the Hausdoroff distance between Y and Z be denoted
by dH(X,Y ). Theorem 3.5 shows that the set of Geoffrion ε-proper solutions only
converges to the set of weakly Pareto optimal points. The answers to Q1 and Q2
are therefore the same for T2 = G(f,X) and T3 = S(f,X). In general, the set
of weakly Pareto optimal points can be much larger than the set of Geoffrion
proper solutions. For such an multicriteria optimization problem, if f is Lipschitz
continuous and bounded below, then dH (Gτε(f,X),G(f,X)) as a function of τ is
bounded away from zero.

Theorem 3.7 is a comprehensive decomposition result for Geoffrion (M̂, ε)-proper
solutions. Theorems 3.3 and 3.7 show that for such solutions, i.e. by choosing
T1 = GM̂,0(f,X), one gets an affirmative answer to Q1 and equality in the case of

Q2. Apart from the fact that the trade-offs for Geoffrion (M̂, ε)-proper solutions
are bounded, these answers to Q1 and Q2 makes these solutions more practical
than Geoffrion ε-proper solutions and than ε-Pareto optimal solutions.

Theorem 3.7 The following set relations hold:

I. GM̂,0(f,X) =
⋂
τ>0

GM̂,τε(f,X) =
⋂

M>M̂

GM,0(f,X) =
⋂

M>M̂

⋂
τ>0

GM,τε(f,X) and

II. GM̂,0(f,X) =
⋃

M≤M̂

⋂
τ>0

GM,τε(f,X) =
⋂
τ>0

⋃
M≤M̂

GM,τε(f,X).

Proof. Part I. We first show that

GM̂,0(f,X) =
⋂
τ>0

GM̂,τε(f,X) (32)

holds. To this end, let us consider the case when both GM̂,0(f,X) and⋂
τ>0 GM̂,τε(f,X) are non-empty.

(⇒) Let x0 ∈ GM̂,0(f,X). By setting ε = 0 in Proposition 2.2, it follows that for

each i ∈ I, the system Γ (x0, 0, i, M̂ ,X), written as,


−fi(x0) + fi(x) < 0,

−fi(x0) + fi(x) < M̂(fj(x0)− fj(x)) ∀j ∈ I \ {i},
x ∈ X,

is inconsistent. This shows that the system


−fi(x0) + fi(x) < −τεi,
−fi(x0) + fi(x) < M̂(fj(x0)− fj(x))− M̂τεj − τεi, ∀j ∈ I \ {i},
x ∈ X,

(33)

is inconsistent for every τ > 0. It can be easily seen that (33) is the same as

Γ (x0, τε, i, M̂ ,X). Consequently, for every τ > 0, x0 ∈ GM̂,τε(f,X) follows from

Part1 of Proposition 2.2. Hence x0 ∈
⋂
τ>0 GM̂,τε(f,X).

(⇐) Let x0 ∈
⋂
τ>0 GM̂,τε(f,X). Applying Part1 of Proposition 2.2 it follows that,
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for each i ∈ I and every τ > 0, the system Γ (x0, τε, i, M̂ ,X), written as
−fi(x0) + fi(x) + τεi < 0,

−fi(x0) + fi(x) + τεi < M̂(fj(x0)− fj(x)− τεj) ∀j ∈ I \ {i},
x ∈ X,

is inconsistent. Let W = Rm \ (−int(Rm+ )) and, for each i ∈ I and every τ > 0,

consider the vectors F i(τ, x, M̂) defined by

F ij (τ, x, M̂) =

{
−fi(x0) + fi(x) + τε if j = 1;

−fi(x0) + fi(x) + τεi − M̂(fj(x0)− fj(x)− τεj) if j ∈ I \ {1}.

Since W is a closed cone, we have that, for all i ∈ I,

lim
τ→0+

F i(τ, x, M̂) ∈W.

This shows that, for each i ∈ I, the system
−fi(x0) + fi(x) < 0

−fi(x0) + fi(x)− M̂(fj(x0)− fj(x))) < 0,
x ∈ X,

(34)

is inconsistent. We see that (34) is the same as Γ (x0, 0, i, M̂ ,X). Consequently,
x0 ∈ GM̂,0(f,X) follows from Part1 of Proposition 2.2.

The case when at least one of the sets GM̂,0(f,X) and
⋂
τ>0 GM̂,τε(f,X) is empty

is discussed next.
(⇒) Let GM̂,0(f,X) = ∅ and assume on the contrary that

⋂
τ>0 GM̂,τε(f,X) 6=6 ∅.

There there exists x0 ∈
⋂
τ>0 GM̂,τε(f,X). From the proof above we see that x0 ∈

GM̂,0(f,X), which is a contradiction.

(⇐) Let
⋂
τ>0 GM̂,τε(f,X) = ∅ and assume on the contrary that GM̂,0(f,X) 6= ∅.

Using similar arguments as in the last case, we deduce that this situation is not
possible as well. This completes the proof of (32).
The proofs of

GM̂,0(f,X) =
⋂

M>M̂

GM,0(f,X)

and

GM̂,0(f,X) =
⋂

M>M̂

⋂
τ>0

GM,τε(f,X)

follow along the lines of the proof of (32) by defining vectors F ij (0, x,M) and

F ij (τ, x,M), and noting that

lim
M→M̂+

F ij (0, x,M), lim
τ→0+

M→M̂+

F ij (τ, x,M) ∈W.

Part II. Applying Part I of this theorem, it follows that, for every M > 0, every

19
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τ > 0, and every ε > 0, ⋂
τ>0

GM,τε(f,X) = GM,0(f,X)

holds. Therefore, to prove

GM̂,0(f,X) =
⋃

M≤M̂

⋂
τ>0

GM,τε(f,X) =
⋂
τ>0

⋃
M≤M̂

GM,τε(f,X),

it is sufficient to show that, for every τ ≥ 0 and every ε > 0,

GM̂,τε(f,X) =
⋃

M≤M̂

GM,τε(f,X).

Clearly, for every τ ≥ 0 and every ε > 0, GM̂,τε(f,X) ⊆
⋃
M≤M̂ GM,τε(f,X)

holds. The other side follows by noting that from the definition of GM̂,τε(f,X), if

x0 ∈ GM,τε(f,X) for some M ≤ M̂ , then x0 ∈ G ˆM,τε(f,X) as well. This completes
the proof of II.

The next result summarizes the case when X is a finite set.

Theorem 3.8 Let X be a finite set. Then,

Sε(f,X) = Gε(f,X). (35)

Furthermore, there exists a τ̂ > 0 such that,

GM̂,0(f,X) = GM̂,τ̂ε(f,X) and (36)

Sw(f,X) = Gτ̂ε(f,X). (37)

Proof. As X is finite, for every x0 ∈ Sε(f,X) the trade-off in Definition 1.3 is
always bounded. Therefore x0 ∈ Gε(f,X) as well. On the other hand, the set
Gε(f,X) is always a subset of Sε(f,X). Consequently, we obtain (35).

Proof of (36). (⇒) Applying Part I of Theorem 3.7, it follows that, for every

ε > 0 and every M̂ > 0, there exists a τ̄ > 0 such that

GM̂,0(f,X) ⊆ GM̂,τ̄ε(f,X).

(⇐) Let X = {x1, x2, . . . , xν} for some ν ∈ N, and let us fix ε, M̂ > 0. If the
sets GM̂,0(f,X) and X are the same, then the statement of the proposition holds

trivially. We therefore assume that GM̂,0(f,X) 6= X.

Consider an x` ∈ X such that x` 6∈ GM̂,0(f,X). Applying Part1 of Proposition 2.2,

it follows that there exists an i ∈ I and xk ∈ X such that{
− fi(x`) + fi(x

k) < 0,

− fi(x`) + fi(x
k)− M̂(fj(x

`)− fj(xk)) < 0 ∀j ∈ I \ {i},
(38)

holds. Due to the strict inequalities in (38), there exists a τ ` > 0, such that for all
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τ ∈ [0, τ `],{
− fi(x`) + fi(x

k) < −τεi,

− fi(x`) + fi(x
k)− M̂(fj(x

`)− fj(xk)) < −τεi − M̂τεj ∀j ∈ I \ {i},
(39)

holds. By setting τ̃ := min{τ1, . . . , τν}, we see that, for every x` ∈ X \ GM̂ (f,X),

there exists an xk ∈ X such that (39) remains satisfied for every τ ∈ [0, τ̃ ]. As

x` /∈ GM̂,0(f,X) and as (39) is the same as Γ (x`, τε, i, M̂ ,X), applying Part1 of
Proposition 2.2, it follows that

∀x` ∈ X : x` /∈ GM̂,0(f,X)⇒ x` /∈ GM̂,τ̃ε(f,X). (40)

Contraposition of (40) gives

∀x` ∈ X : x` ∈ GM̂,τ̃ε(f,X)⇒ x` ∈ GM̂,0(f,X). (41)

Consequently, GM̂,τ̂ε(f,X) ⊆ GM̂,0(f,X) and GM̂,0(f,X) = GM̂,τ̂ε(f,X) follows by

setting τ̂ := min{τ̃ , τ̄}.
Proof of(37). (⇒) As X is finite, the conditions in Theorem 3.5 are satisfied.

Thus,
⋂
τ>0 Gτε(f,X) = Sw(f,X). Hence, for every ε > 0, there exists a τ̄ > 0

such that

Sw(f,X) ⊆ Gτ̄ε(f,X).

(⇐) Consider an x` ∈ X such that x` 6∈ Sw(f,X). Consequently, an xk ∈ X such
that

−fi(x`) + fi(x
k) < 0 ∀i ∈ I. (42)

exists. Simple computation shows that (42) implies that (39) is satisfied for i = 1,

for all M̂ sufficiently large, and for all τ ∈ [0, τ `] with τ ` sufficiently small. Applying
Part3 of Proposition 2.1 and proceeding in a way similar to the proof of (36), we
obtain a τ̌ > 0 such that

∀x` ∈ X : x` /∈ Sw(f,X)⇒ x` /∈ Gτ̌ε(f,X). (43)

Contraposition of (43) gives

∀x` ∈ X : x` ∈ Gτ̌ε(f,X)⇒ x` ∈ Sw(f,X). (44)

Consequently, we obtain the desired result.

Example 3.1 Let Xg ⊂ R2 be the set of 50 × 50 grid points that are equispaced
in the rectangle [−1, 0.5]2. Let

X := Xg \ {x ∈ R2|x1, x2 ≤ 0, ‖x‖2 > 1}

and f = idX , where idX the identity function on X.
For ε = (0.1, 0.2)>, the sets G1,τε(f,X) and Sτε(f,X) converge to the sets
G1,0(f,X) and Sw(f,X), respectively (Figure 3). Relations (36) and (37) of Propo-
sition 3.8 can be seen to hold for τ̂ = 1/16 (Figure 3, bottom left).
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Figure 3. Convergence results on a discrete bi-criteria optimization problem with ε = (0.1, 0.2)>. The

bottom right figure shows the sets of exact solutions. The other figures show the convergence behavior
of Geoffrion (1, τε)-proper solutions to Geoffrion (1, 0)-proper solutions for τ values of 1, 1

4
, and 1

16
. It

can be seen that Sε(f,X) converges to Sw(f,X). As X is finite, for every ε ≥ 0, we have Sε(f,X) =

Gε(f,X). Therefore, Gτε(f,X) also converges to Sw(f,X). Due to Sw(f,X) \ S(f,X) being non-empty,
the Hausdoroff distance dH (Gτε(f,X),G(f,X)) as a function of τ is bounded away from zero, while

dH (G1,τε(f,X),G1,0(f,X)) goes to zero.

Table 1. Answers to Q1 and Q2 for T =
(
GM̂,0(f,X),G(f,X),S(f,X),Sw(f,X),S(f,X,C),Sw(f,X,C)

)
.

Ti GM̂,0(f,X) G(f,X) S(f,X) Sw(f,X) S(f,X,C) Sw(f,X,C)

Q1: Does (uτ ∈ Tτi for
τ > 0)∧(uτ→u)⇒u ∈ Ti?

Yesa Nob, Yesc No, Yesc Yesa No, Yesc Yesa

Q2: What is the relation
between Ti and

⋂
τ>0 Tτi ?

= ⊆b ⊆ = ⊆ =

a If X is closed and f continuous.
b If all the fj ’s are bounded below.
c If uτ ∈Wτ for every τ > 0.

A summary of the answers to Q1 and Q2 from Page 10 is presented in Table 1.

4. Concluding remarks

We have analyzed different ε-optimality notions for multicriteria optimization
problems. Geoffrion (M̂, ε)-proper optimality seems to be the most useful notion
due to the following reasons:

(1) A decision maker has a direct control over the trade-off bound–both for ap-
proximate (i.e. ε > 0) and for exact (i.e. ε = 0) solutions. This bound can
be used to incorporate preferences of the decision maker. Although ε-Pareto
optimality implies the existence of trade-offs between criteria and Geoffrion
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ε-proper optimality implies the existence of an upper bound on trade-offs,
Geoffrion (M̂, ε)-proper optimality is the one that explicitly uses an upper
bound on the trade-offs.

(2) A sequence of Geoffrion (M̂, ε)-proper solutions converges to an exact Ge-

offrion (M̂, 0)-proper solution under very mild conditions. Neither Geoffrion
ε-proper not ε-Pareto optimal solutions have this convergence property. This
convergence property has algorithmic implications for iterative, point-by-
point search algorithms.

(3) The set of Geoffrion (M̂, ε)-proper solutions converges to the set of exact Ge-

offrion (M̂, 0)-proper solution in the sense of Q2. As in (2), neither Geoffrion
ε-proper not ε-Pareto optimal solutions have this convergence property. This
convergence property has algorithmic implications for iterative, population
based search algorithms.

Taken together, these findings suggest Geoffrion (M̂, ε)-proper optimality to be a
practical optimality notion.

The results of this paper can be extended to a scenario where the trade-off bound
depends on the criteria pair (i, j) involved in the trade-off, i.e. M I : I × I → R+

instead of a constant M̂ . One could use this function M I to define a Geoffrion
(M I , ε)-proper solution. For such solutions, it is easy to see that Theorem 3.2

remains true if M̂ is substituted by the M I . Furthermore, similar to Theorem 3.7,
we can prove that

GMI ,0(f,X) =
⋂
τ>0

GMI ,τε(f,X).

To further our research we intend to develop scalarization approaches and op-
timality conditions for Geoffrion (M̂, ε)-proper solutions. The rate of convergence
in Q1 and an estimate of the Hausdoroff distance between approximate and ex-
act solution sets for continuous multicriteria optimization problems are another
important topics of future research.

References

[1] Luc DT. Theory of vector optimization. Vol. 319 of Lecture Notes in Economics and
Mathematical Systems. Springer-Verlag, Berlin; 1989.

[2] Miettinen K. Nonlinear multiobjective optimization. International Series in Opera-
tions Research & Management Science, 12; Kluwer Academic Publishers, Boston,
MA; 1999.

[3] Ehrgott M. Multicriteria optimization. 2nd ed. Springer-Verlag, Berlin; 2005.
[4] Jahn J. Vector optimization. Springer-Verlag, Berlin; 2004; theory, applications, and

extensions.
[5] Eichfelder G. Adaptive scalarization methods in multiobjective optimization. Vector

Optimization; Springer-Verlag, Berlin; 2008.
[6] Kuhn HW, Tucker AW. Nonlinear programming. In: Proceedings of the Second Berke-

ley Symposium on Mathematical Statistics and Probability, 1950. University of Cali-
fornia Press, Berkeley and Los Angeles; 1951. p. 481–492.

[7] Geoffrion AM. Proper efficiency and the theory of vector maximization. J Math Anal
Appl. 1968;22:618–630.

[8] Benson HP. Existence of efficient solutions for vector maximization problems. J Optim
Theory Appl. 1978;26(4):569–580.

23



August 13, 2016 Optimization approx˙new

[9] Benson HP. An improved definition of proper efficiency for vector maximization with
respect to cones. J Math Anal Appl. 1979;71(1):232–241.

[10] Henig MI. Proper efficiency with respect to cones. J Optim Theory Appl. 1982;
36(3):387–407.

[11] Borwein J. Proper efficient points for maximizations with respect to cones. SIAM
Journal on Control and Optimization. 1977;15(1):57–63.

[12] Borwein JM, Zhuang D. Super efficiency in vector optimization. Trans Amer Math
Soc. 1993;338(1):105–122.

[13] Ginchev I, Guerraggio A, Rocca M. Geoffrion type characterization of higher-order
properly efficient points in vector optimization. J Math Anal Appl. 2007;328(2):780–
788.

[14] Engau A. Definition and characterization of Geoffrion proper efficiency for real vector
optimization with infinitely many criteria. J Optim Theory Appl. 2015;165(2):439–
457.

[15] Eichfelder G. Variable ordering structures in vector optimization. Vector Optimiza-
tion; Springer, Heidelberg; 2014.

[16] Makarov EK, Rachkovski NN. Unified representation of proper efficiency by means of
dilating cones. J Optim Theory Appl. 1999;101(1):141–165.

[17] Liu JC. ε-properly efficient solutions to nondifferentiable multiobjective programming
problems. Appl Math Lett. 1999;12(6):109–113.

[18] Shukla PK, Dutta J, Deb K. On properly pareto optimal solutions. Practical Ap-
proaches to Multi-Objective Optimization, Dagstuhl Seminar Proceedings 04461.
2005;.

[19] Wiecek MM. Advances in cone-based preference modeling for decision making with
multiple criteria. Decis Mak Manuf Serv. 2007;1(1-2):153–173.

[20] Hunt BJ, Wiecek MM, Hughes CS. Relative importance of criteria in multiobjective
programming: a cone-based approach. European J Oper Res. 2010;207(2):936–945.

[21] Sawaragi Y, Nakayama H, Tanino T. Theory of multiobjective optimization. Vol. 176
of Mathematics in Science and Engineering. Academic Press, Inc., Orlando, FL; 1985.

[22] Tanaka T. Approximately efficient solutions for vector optimization problems.
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[23] Custódio AL, Madeira JFA, Vaz AIF, Vicente LN. Direct multisearch for multiobjec-
tive optimization. SIAM J Optim. 2011;21(3):1109–1140.

[24] Timmel G. Modifikationen eines statistischen Suchverfahrens der Vektoroptimierung.
Wiss Z Tech Hochsch Ilmenau. 1982;28(5):139–148.

[25] Törn AA. A sampling-search-clustering approach for exploring the feasible/efficient
solutions of mcdm problems. Computers & Operations Research. 1980;7(1):67 – 79.

[26] Deb K. Multi-objective optimization using evolutionary algorithms. John Wiley &
Sons, Ltd., Chichester; 2009.

[27] Shukla PK, Hirsch C, Schmeck H. A framework for incorporating trade-off infor-
mation using multi-objective evolutionary algorithms. In: Proceedings of the 11th
International Conference on Parallel Problem Solving from Nature: Part II; Krakow,
Poland; PPSN’10. Berlin, Heidelberg: Springer-Verlag; 2010. p. 131–140.

[28] Hirsch C. Fahrplanbasiertes energiemanagement in smart grids [dissertation]. Disser-
tation, Karlsruhe, Karlsruher Institut für Technologie (KIT), 2015; 2015.

[29] Helbig S, Pateva D. On several concepts for ε-efficiency. OR Spektrum. 1994;
16(3):179–186.

[30] Guddat J, Guerra Vasquez F, Tammer K, Wendler K. Multiobjective and stochastic
optimization based on parametric optimization. Vol. 26 of Mathematical Research.
Akademie-Verlag, Berlin; 1985.

[31] Soleimani-damaneh M, Zamani M. On Benson’s scalarization in multiobjective opti-
mization. Optimization Letters. 2016;online:1–6.

[32] Dutta J, Vetrivel V. On approximate minima in vector optimization. Numer Funct
Anal Optim. 2001;22(7-8):845–859.

[33] Kazmi KR. Existence of ε-minima for vector optimization problems. J Optim Theory

24



August 13, 2016 Optimization approx˙new

Appl. 2001;109(3):667–674.

25


