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Abstract

Absolute positioning magnetic rulers are rulers which calculate the
distance of the reading head based just on one reading of a magnetic
signal. A new absolute positioning magnetic ruler method which is based
on rulers with trapezoidal magnetic poles is considered in this paper. On
a xed position of a ruler, the reading head reads a signal on two stripes
with several Hall sensors and is supposed to recover the reading position.
The main aim of the paper is to create an algorithm for recovering the
position for a xed reading altitude. In order to model a ruler some
angle restrictions on trapezoids are considered. We build a ruler with a
simple heuristic tactic, extending it with a randomly chosen trapezoid if
its angles satisfy the required angle conditions. The magnetic eld of a
ruler is numerically calculated with the software Radia and is used for
testing of the algorithm. For an approximation of the signal function,
we introduce a new piecewise approximation method which is based on
the low rank approximation of a matrix. Compared to the piecewise
polynomial approximation, this method signicantly reduces the required
memory while having the same accuracy, which is a crucial goal if the
whole algorithm needs to be implemented on an FPGA. Creating this
type of ruler raises the natural question of the maximum possible length.
The algorithm naturally denes the stability of any ruler as a positive
real number, which is crucial for its functioning. We show the correlation
between the length of a constructed ruler and its stability.
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1 Introduction
Magnetic rulers, also called scales, are a type of ruler which are used in many
industrial applications. In the industrial market there exist two types of magnetic rulers: incremental and absolute. Some basic principles of how they work
and their dierences are described in [9], [10] and [1]. Just for the illustration
here we describe the working principle of an incremental magnetic ruler.

Description of an incremental positioning ruler.

This type of ruler is

made such that rectangular ferromagnets of the same size are placed side by
side, in an alternating order of south and north poles. Typical dimensions of
a ruler are: the width is around

10

mm, the thickness is in the range of

1−2

mm and the length is arbitrary and has no restrictions. The length of a single
ferromagnetic rectangle is in the range of

2−5

mm.

The reading head contains a single Hall eect sensor, which is on a constant
altitude (around

1 mm) from the ruler's surface, equally away from the side edges

of the ruler (gure 1). The Hall sensor reads the component of the magnetic
eld which is orthogonal to the surface, further referred to as the signal

S.

We

set a Cartesian coordinate system such that the reading line of the Hall sensor
is

x

S

is a periodic function with a period of

- axis, with the origin placed at the beginning of the ruler. Then the signal

2d,

where

d

is a length of a single pole.

Moreover the signal is well dened by the restriction function

a

is its zero closest to the origin.
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f := S |[a− d ,a+ d ] ,
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Figure 1: Illustration of the working principle of an incremental ruler. In blue
color are north poles and yellow are south pole magnets. The red rectangle is
the reading head containing a Hall sensor in its center (black dot). The graph
shows the signal function

S

calculated on the dotted line, on a constant distance

from the ruler surface.
To measure the distance from the beginning of the ruler to some destination
point

x,

the head needs to start the measurement at the beginning of the ruler

and then to move towards point

x.

A variable

n

counts the number of local

extrema. In the nal destination the head reads the signal strength
a simple formula for the distance calculation is:

n

n · d + (−1) f −1 (S (x)) .

2

S (x) ,

and

The method has a disadvantage because each time the head loses its signal,
it needs to return to the beginning and restart the counting. This obstacle is
overcome by the absolute positioning rulers, which can calculate the position of
the head based on only one reading of the signal, no matter where it is placed.

An absolute positioning ruler.

A recent absolute positioning ruler method

is patented in [1], where the authors give an idea of its working principle. Magnetic pole trapezoids are placed instead of rectangles and the reading head
should have more than one Hall sensor placed on two or more parallel stripes.
Dierent inclination angle, which is dened with a border between neighboring
poles, should guarantee the uniqueness of the signal reading for each position of
the head (gure 2). The patent [1] does not oer any numerical description or
guidance for the reconstruction of a reading position, except the idea that the
inclination angle between two trapezoids should be detected.
In [10] the idea is modied and the uniqueness is suggested to be guaranteed
with the uniqueness of the bases of a trapezoid .

Figure 2: 3D visualization of the ruler made with trapezoids and illustration of
a head reading the signal with

Objectives of the paper.

12

Hall sensors.

The main motivation of this paper is to provide a

robust algorithm for the calculation of the distance from the beginning of a ruler
to the position of the head, based on one signal reading, which is an absolute positioning condition. The head contains an FPGA on which the algorithm should
be implemented.

Because of memory and processor limitation, the algorithm

needs to be simple and require low memory consumption. The important task
is to provide a ruler on which the algorithm can function properly, together with
an answer on the question: how long such a ruler can be. Modeling magnetic
rulers and calculation of their magnetic signal is also an important task.

The paper content.

The paper consist of three sections. In section 2 we de-

scribe a fast method for the creation of ruler, with a simple heuristic tactic, extending it with random trapezoids if the required angle conditions on trapezoids
are satised. We get a short ruler of

40 poles, named  random_rst_40_1.8_7.8 .

That ruler together with its calculated magnetic eld, we use as a benchmark
data for the algorithm testings.
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In section 3 we model magnetic ruler and get the signal function using the
software Radia [2] with some described xed numerical settings: the reading
altitude, the direction of magnetization and the ferromagnet material. Radia
is a software which is using Mathematica [8] as interface. The method used in
Radia belongs to the category of boundary Integral Methods and diers strongly
from the Finite Element Methods (FEM). In [5] and [6] the authors made the
comparison with the FEM codes.

Generally it provides a numerical solution

faster than with the FEM.
In signal data modeling we include some industrial problems such as displacement of the Hall sensors and noise.
In the last section we describe the absolute positioning algorithm, which
is the main result of the paper.

Here we give a short description of its three

subsections.
The calibration of the Hall sensors is a method introduced in subsection 4.1.
Knowing that the Hall sensors measure the same signal along a reading line, we
expect the same measured value, although in practice, because of several reasons
the result is not the same. This industrial problem, we model in our benchmark
data in subsection 3.1.3 with the Hall sensors displacement and added Gaussian
noise.

The rst Hall sensors measurement, we take as a reference, and other

Hall sensors we correct in a linear form, in order to minimize the least square
error with respect to the reference one.

In analytical chemistry, for example

described in [7], the same methodology is often used for the calculation of a
calibration curve.
Approximation and compression of the signal is an important issue that is
solved in subsection 4.2.

Since the algorithm should be implemented on an

FPGA, the memory requirement is demanding.

The processor needs to have

memorized the entire signal function and needs to be able to reconstruct the
signal function on each part of the ruler.

The straight forward idea, which

satises those conditions, is the piecewise polynomial approximation. Here we
improve the idea using the low rank approximation of a matrix. The low rank
approximation is a minimization problem in which the cost function measures

M ∈ Rm×n and an approximating
that N has a reduced rank:

the distance between a given matrix

N ∈R

m×n

, subject to a constraint

min

{N ∈Rm×n : rank(N )≤r}
where

k·kF

matrix

kM − N kF ,

(1)

is the Frobenius norm. The existence of the solution is guaranteed

by the EckartYoungMirsky theorem in [3]. For any of the algorithms we refer
to [4].

We dene segments with neighboring zeros of a signal function.

On

every of those segments we dene an equidistant grid so that all grids have the
same number of elements.

Let

signal functions on those grids.

M

be the matrix whose columns are sampled

Since the signal functions restricted on each

M is
r−rank approximation matrix N is expected to be
matrix M, even for a small number r. With any rank

corresponding segment has similar shape, it is expected that the rank of
a low number. That is why
a good approximation of
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decomposition we have:

N = R · Λ,
where

R ∈ Rm×p

and

Λ ∈ Rp×n

for

p = rank (N ) ,

thus we see that the

segments of a signal are approximated with a linear combination of the columns
of

R.

We approximate those

r

discrete vectors with polynomials. That results

in a piecewise approximation with a linear combination of

r

polynomials. The

method saves up to 30% of memory comparing to the piecewise polynomials
while having the same approximation error.
Knowing the approximated signal functions, for every position on the ruler
we can assume the signal reading of the head.

For a signal reading of the

head, we dene the tting norm of a position as the euclidean distance of the
signal reading and the assumed signal reading for that position. The absolute
positioning algorithm is based on an idea to nd the position with the smallest
tting norm. Because of the Hall sensors displacement and the noise of the signal
that norm is not zero. The problem can occur when there is another position on
the ruler with the tting norm close to the best tting norm. For that reason,
for every position, the second best tting norm needs to be on a stable distance
from the best tting norm.

Without including the Hall sensors displacement

and the noise, we closer observe the second best tting norm function

(SBF N )

SBF N

we dene

as an important characteristic of ruler. With the minimum of

the stability of a ruler. We nd that the stability is reduced on longer rulers
created with the heuristic random method.

2 A heuristic method for the ruler construction
The ruler needs to be created in a way that each reading of the signal guarantees
the uniqueness of the position.

In [9] a mixed integer programming model is

described, whose solutions are the rulers constructed in a way to have unique
trapezoid bases. Here we guarantee uniqueness using random numbers as pole
lengths.

We create a ruler using any programming language's pseudorandom

generator, which has a uniform distribution on segment

random().

[0, 1],

here noted as

The basic idea of this algorithm is the following: We extend the

ruler with another random trapezoid and we stop when the required length of
the ruler is achieved. The advantage is that the ruler can be constructed as long
as we want, but with growing length its stability is reduced (Section 4.4).

Remark 1. The method does not include a demand for the uniqueness of the
inclination angles or the uniqueness of the bases of a trapezoid, as it is suggested
in [1] and [10], respectively.

Experimental setup.

A reading head holds

two lines, with the distance of

10

1.6

12

Hall sensors,

6

on each of

mm between the Hall sensors. The ruler is

mm wide, the distance between the lines is

from the edges of the ruler (gure 3).

5

5

mm, both placed

2.5

mm away

Figure 3: Reading head with

12

Hall sensors and their position relative to the

ruler.
Because of industrial production limitations, there might exist some angle
restrictions in the trapezoids. In particular, here we implement the limitation
where each angle between lateral sides and bases needs to be in the interval

 ◦
◦
60 , 120

and the dierence between

is smaller than

◦

23 .

2

same angles in consecutive trapezoids

The bases of the trapezoid are not smaller than

1 mm.

Further we consider a pole trapezoid dened by two numbers which refer to the

a and b, the bases
1
1
(3a
−
b)
and
(3b
−
a)
(gure 4). We assume that the
2
2
pole length over the reading line is bounded with numbers `min and `max .
pole lengths over the reading line. If those two numbers are
of the trapezoid are

Figure 4: A pole dened with pair

6

(a, b) .

Algorithm 1 - construction
• Step 0. The ruler has only one north pole trapezoid dened with the pair
R = (`start , `start ) .
•
•

Step 1.
Step 2.

If the the length of the ruler

R

is big enough, go to Step 4.

Get a pair of numbers,

(x, y) = (`min + (`max − `min ) · random(), `min + (`max − `min ) · random()) .
•

Step 3.

If the angle condition of the ruler

R = (R, (x, y))
•

Step 4.

R = (R, (`end , y)) ,
90 degrees.

ruler has

Result.

(R, (x, y))

is satised, set

and go to Step 1, otherwise go to Step 2.

Here we set

where

y

is calculated so the last angle of the

`start = `end = 9 mm. Because the distance between
1.6 mm, for any case we want the pole lengths on the
smaller than `min = 1.8 mm and not bigger than `max =

neighboring Hall sensors is
reading lines to be not

7.8 mm. The rst (north) and the last (south) pole have pole lengths bigger then
8 mm, but they are the only ones so we expect it does not aect the uniqueness
of the reading. For testing and demonstration purpose of the algorithm, we use
a benchmark ruler made of only

40

poles,  random_rst_40_1.8_7.8  (gure

5). The rst number in the name of the benchmark ruler indicates the number of
poles and the other two numbers are

`min

and

`max .

Because the signal changes

its shape at the edges of the ruler, before the beginning and after the end of the

9.
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4.641

Figure 5: A ruler  random_rst_40_1.8_7.8  with length
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5.807

3.328

4.575

4.121
4.346
2.716
5.444

6.866

3.145

5.627

length.

7.546

2.345
2.722
4.44

3.751
4.341
3.398
3.486

4.963

6.11

4.988

7.612

4.337

5.976
2.213
4.985
5.727

3.717

7.237

6.747

4.108
3.31

4.692

4.352
2.769

3.676
2.873
2.365
6.

7.078

7.696

3.542

5.989

5.798

3.415

7.509

2.869
2.942
2.946

4.37
2.524
5.298

2.568
4.013

5.799

5.035

6.473

3 mm

rectangular poles, each of

4.337

4.739

6

7.322

9.

2.803
4.034

9.

2.437
2.989
3.837

ruler we place

190.958 mm.

Blue

color - north poles, yellow color - south poles. The numbers next to the ruler
stand for distance between poles over the two dashed lines - the reading lines of
the Hall sensors.

3 Creating a signal data as a numerical calculation of magnetic eld
In this section we model a ruler with the software Radia, calculate its magnetic
eld and create a simulated data set which is necessary for testing the main
result of the paper, the algorithm for absolute positioning. Before calculating
the magnetic eld we explain the experimental setup used in the software Radia.
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3.1

Experimental setup

3.1.1 The model of a ruler in the software Radia
To use the software, we need to dene every ferromagnetic piece as a trapezoidal
prism in the Cartesian coordinate system.

For the length unit we use one

millimeter. We place the ruler such that its upper surface belongs to the plane

Oxy, the axis Ox holds the middle line of the upper surface of the ruler, and the
Oz has
no intersections with the ruler except of the origin. The ruler is 10 mm wide and
the thickness is 1.64 mm. We use the material Steel42, which is predened in
Radia. The direction of magnetization in the blocks are vectors ~
v = (−0.27, 0, 1)
and −~
v alternately, in Tesla. Since the Hall sensors read only the component of
origin is at the beginning of the ruler. The positive half line of the axis

the magnetic vector eld which is orthogonal to the plane of the ruler's surface,
in every point where the eld is calculated we consider only the third component
of the calculated vector.

Bz (T)
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200

0.1

Length (mm)
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Bz (T)
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0.2

Figure 6:

Signal of ruler  random_rst_40_1.8_7.8 

solved with Radia.

1.1 mm. Signal is com(0, −2.5, 1.1) + t · (1, 0, 0),

Reading altitude from the surface of the ruler is

(0, 2.5, 1.1) + t · (1, 0, 0)
t ∈ [−23, Rlength + 23].

puted on two lines:

and

3.1.2 The reading altitude
With dierent reading altitudes the signal changes its shape and intensity. In
gure 7 it can be seen that the angle of magnetization has a stronger inuence
on lower reading altitudes. The inuence is even stronger on bigger poles, where
the signal besides zeros has two more inection points per pole. That causes
diculties with the approximation of the signal. When the reading altitude is
high, the intensity of the signal is lower but the shape is more suitable for the
polynomial approximation, because its zeros are the only inection points. The
problem with the high reading altitude is that distances between two consecutive
zeros of the signal tend to be smaller on the places where the poles are small. The
distance of the Hall sensors is

1.6 mm

and because of that reason the minimum

distance between consecutive zeros of the signal should be bigger than

8

1.6 mm.

Having in mind the above considerations, we conclude that the best reading
altitude is around

1 mm. Further in this paper we use measured data for a xed
1.1 mm.

reading altitude of
0.4

Bz HTL

0.2

50

100

150

200

-0.2

Length (mm)
-0.4

Figure 7: Signal measurement with dierent altitudes on one reading track of
the ruler  random_rst_40_1.8_7.8  : red -

1.1 mm,

blue -

0.1 mm,

orange -

0.6 mm,

green -

1.6 mm.

3.1.3 The oset of positions of the Hall sensors and the noise of the
signal
Positions of the Hall sensors In the industrial production the Hall sensors are not ideally placed on the anticipated positions of a head.

There is

always an oset in all 3 dimensions. In order to solve the industrial problem,
here we want to create a data set which describes a real life experimental readings. The mentioned oset is certainly important to include. We assume that
the numbers which dene the disturbance of the positions of the Hall sensors

4ix,y,z = (4xi , 4yi , 4zi ) , i = 1, ..., 12,

Noise of the signal

have a normal distribution

N (0, 0.1) .

Naturally we want to incorporate noise in a signal and

closer observe its inuence on the positioning algorithm. For that purpose we
apply additive white Gaussian noise, with signal to noise ratio

stn = 60,

per

sample, in dB.
In section 4.4 we discuss the inuence of the noise and Hall sensors displacement on the stability of the algorithm.

3.2

The simulated data set

For every point in the already adjusted coordinate system we can calculate the
eld using the Radia software. Let function

S : R3 → R

map every point into

the third component of the magnetic eld vector in that point. We have that

12

functions:


Hi (x) = S (x + (i − 1) · 1.6, 2.5, 1.1) + 4ix,y,z , i = 1, 2, ..., 6,
and


Hi (x) = S (x + (i − 7) · 1.6, −2.5, 1.1) + 4ix,y,z , i = 7, 8, ..., 12.
9

for

x ∈ [0, Rlength − 8] ,

simulate the readings of the Hall sensors when the

center of the head is in position

1, 2..., 12,

x + 4.

The values of functions

Hi (x) , i =

we calculate on a discrete set of points on an equidistant grid of

[−9, Rlength + 9] . Rlength stands for the length of the ruler. We
0.01 mm. Further we consider that each function
Hi (x) , i = 1, 2, ..., 12, is a piecewise linear approximation on the known grid
the interval

choose a grid with a spacing of
and the sampled values.

4 An absolute positioning algorithm
Without losing any generality, in subsections 4.1 and 4.2 we consider functions

Hi , i = 1, 2, ..., 6. The same conclusions and methods can be applied on functions
Hi , i = 7, 8, ..., 12.
4.1

Calibration of the Hall sensors

Distances between adjacent Hall sensors are

1.6 mm.

However in the industrial

production process it is impossible to achieve absolute precision. That is why
we need to take into consideration the calculation of the exact positions of the
Hall sensors. For this purpose we set the following problems:

ˆ
2

|H1 (x) − Hk (x − δ)| dx, k = 2, 3, ..., 6,

min
δ

where

(2)

D

D = (0, Rlength − 8) .

Because the functions

Hi , i = 1, 2, ..., 6

are piece-

wise linear, for the numerical evaluation of the integral we use the rectangle
method. Although it is theoretically expected, in experimental results for the

´

2
|H1 (x) − Hk (x − δk )|
D
This happens because of three main reasons:

solution

•

δk

we do not have

dx = 0.

In the production there is an oset of the Hall sensors in all 3 dimensions.
That means that the Hall sensors do not measure the signal exactly on the
same distance from the ruler, and the signal closer to the ruler is stronger.
At the same time because of the oset in

y -direction and because the poles
H1 (x) and Hk (x − δk ) are not

are trapezoids it is clear that the zeros of
on the same positions.

•

The Hall sensors can not be calibrated ideally. Meaning that with dierent
Hall sensors the same signal is not measured with the same values.

•

Noise.

The above problems are solved by a posteriori calibration of the Hall sensors.
The measured signal can be ltered and corrected which would result in an
acceptable reading of the head. In gure 8 we see that the best way to calibrate
the Hall sensors is linear regression.
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Figure 8: Left: scatter plot of
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domain and the red is the calibration curve. Right: The same plot on segment

[0, 0.025] .
We consider the function
tions

Hk (x) , k = 2, 3, ..., 6,

H1 (x) to be the reference one,

and the other func-

we correct with the following formula:

Hk (x) := ak Hk (x) + bk .
(3)

´
2
k k
We calculate a , b
, k = 2, ..., 6, in order to minimize D |H1 (x) − Hk (x − δk )| dx.
With discretized D , we have an over-determined linear system of equations,

0.2

0.2
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0.05
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Bz (T)

which we solve with the least squares method.
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Figure 9: Functions
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bration.
Pointing out that

δ1 = 0,

we further consider the function:

6

S (x) =

1X
Hk (x − δk )
6

(4)

k=1

S : [b́, b̀] → R, where b́ is any number in the
(−1.5, 1.5) for which b́ is smaller than the closest zero of S (x) nearby the
origin. Equivalently b̀ is any number in segment (Rlength − 1.5, Rlength + 1.5)
bigger than the closest zero of the S (x) nearby Rlength . With that settings of
numbers b́ and b̀, all zeros of S (x) are in [b́, b̀].

as the reference signal function
segment
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4.2

Approximation of the signal

One of the main tasks is the approximation of the signal. The processor itself
needs to have memorized signal functions on both lines. Since the memory capacity on FPGA is limited, the approximation must be done with a low amount
of memory. At the same time the approximation must not have any errors in
the zeros of the signal functions.

Because of memory capacity and processor

speed limitation, the signal function should be reconstructed by segments so
that we can nd the inverse function of the signal only in a certain part of the
ruler, which exclude the fast Fourier transformation (FFT) as possibility. The
above demands can be concise:

•

The signal should be approximated piecewise, in segments dened with
consecutive zeros of the function.

•

The approximation must consume at least two numbers per segment i: the
length li and the height
zeros, and

hi

hi , where li

is the distance between consecutive

is the local extremum on the corresponding interval.

The following method gives a natural solution satisfying the above two conditions.

4.2.1 Approximation with representative functions
We see that the shape of the signal changes depending on a number
idea for the approximation is to divide the segment

ng

[min li , max li ]

li .

The

and create

length intervals:



[t0 , t1 ) , [t1 , t2 ) , ..., tng −1 , tng ,
where

t0 = min li , tng = max li

and

t0 < t1 < t2 < tng −1 < tng .

For every length interval, we dene a group of functions, whose members
are the signal function restricted to the segment

i

if

li

belongs to the length

interval. We construct a representative function for each length interval as the
arithmetic mean of its group of functions (gure 10).
Having computed the representative functions, we approximate the signal in
segments, from zero to zero, with a suitable representative function.
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Figure 10: Above: The groups of functions for
corresponding representative functions.
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length intervals.

Below: 5

The above described method we can write in mathematical form. Let S :
[b́, b̀] → R be the signal function dened in (4), and let numbers ai , i = 1, ..., nz ,
denote all its zeros such that b́ < a1 < a2 < . . . < anz < b̀. Clearly nz − 1 is the
number of poles of the ruler. We dene nz − 1 functions si : [0, 1] → R,

si (x) := |S ((ai+1 − ai ) x + ai )| , i = 1, 2, ..., nz − 1.
If

ng

is the number of the length interval groups, naturally we have the mapping,

σ : i → σ (i) ∈ {1, 2, ..., ng } , i = 1, ..., nz − 1,
and each group denes its representative function

fj =

fˆj
max[0,1] fˆj

where

, j = 1, ..., ng ,

X

fˆj =

fj : [0, 1] → [0, 1] :

sk .

{k:σ(k)=j}

:= ai+1 −ai , i = 1, ..., nz −1, which represent the length
F : [a1 , anz ] → R:




h1 · fσ(1) l11 (x − a1 ) ,
x ∈ [a1 , a2 ) ,






h · f
1
x ∈ [a2 , a3 ) ,
2
σ(2) l2 (x − a2 ) ,
F (x) =

. . .





1
h
nz −1 · fσ(nz −1) ln −1 (x − anz −1 ) , x ∈ [anz −1 , anz ] ,

We dene the numbers li
of segment

i,

and we construct the approximation function

z

where the numbers

hi , i = 1, 2, ..., nz − 1,

following minimization problem

ˆ

anz

2

|F (x) − S (x)| dx.

min

h1 ,h2 ,...,hnz −1

are calculated as the solution of the

a0

0.2

Bz (T)

0.1

0

−0.1

−0.2

45

50

55

60

65
70
Length (mm)

75

80

85

90

95

Figure 11: A segment of the signal of ruler  random_rst_40_1.8_7.8  (blue)
together with its approximation (red). The approximation function is calculated
with the representative functions from gure 10.
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An approximation with these representative functions consumes only

2 num-

bers per segment plus the memory needed for storage of the representative functions. Because of its simplicity and the low memory consumption, this method
is worth considering (gure 11).

4.2.2 Piecewise polynomial approximation
In case we can aord more than two numbers per segment, we can improve the
approximation by using a piecewise polynomial approximation. We approximate
the functions

si

directly with a polynomial of the form:


si (x) ≈ pi (x) = x (x − 1) ci1 + ci2 x + ... + cir xr−1 , i = 1, .., nz − 1,

(5)


d−1
1 2
, 1 , we
Sampling si , i = 1, 2, ..., nz −1, on an equidistant grid I = 0, , , ...,
d
d
d



 
1
2
d−1
get vectors si (I) = 0, si
, 0 , i = 1, 2, ..., nz − 1, where
d , si d , ... , si
d
d is some large natural number. Since min li ∈ (1.5 mm, 2 mm) and samplings
of the signal function are taken on an equidistant grid with spacing 0.01 mm,
we deduce that the number d should be smaller than 150, in this paper we use
d = 100.
We closer observe matrix M , where si (I) are placed as columns:










M =
 s1 (I)




  s2 (I)







 , ...,  snz −1 (I)







 .



(6)

Let us dene a matrix:





Dr = 
 (I − 1) I








  (I − 1) I 2







 , ...,  (I − 1) I r





having in mind the notation where

i
d

n
− 1 di , i = 0, ..., d.
If we place vectors pi (I) ,



(I − 1) I n






 ,



(7)

is a vector column with elements



i = 1, 2, ..., nz − 1,

as columns, we get a matrix:

Dr · C,
where the rows of matrix

C

are the coecients

ci1 , ci2 , ..., cir , i = 1, .., nz − 1,

in

(5).
To sum up, with sampling on

I,

we transform (5) into the overdetermined

linear system:

Dr · C = M,
14

(8)

which we solve with the least squares method.

si (I) is a discrete approximation of the function si , so all one
S is to store the
matrix M and numbers li , i = 1, ..., nz −1. With this method the approximation
error of the matrix M is
kDr · C − M kF .
It is clear that

needs to achieve for an approximation of the signal function

At the end we have the approximation function

F : [a1 , anz ] → R:


 
1

x ∈ [a1 , a2 ) ,
p1 l1 (x − a1 ) ,





p 1 (x − a ) ,
x ∈ [a2 , a3 ) ,
2 l2
2
F (x) =

... 





1
p
nz −1 ln −1 (x − anz −1 ) , x ∈ [anz −1 , anz ] .
z

Problem 2.

(5) can be written in the form:

si (x) ≈ ci1 x (x − 1) + ci2 x2 (x − 1) + ... + cir xr (x − 1)
and it is clear that

si is approximated with a linear combination of r polynomials:
x (x − 1) , x2 (x − 1) , ..., xr (x − 1) .

(10)

r

polynomials in (10)

One important question raises:
with some other

(9)

r

Can we replace those

polynomials, in order to improve the approximation? The

memory consumption for the signal approximation would remain

r

coecients

per segment plus the polynomial coecients, so the answer to this question is
important.

4.2.3 Low rank approximation
We closer observe a matrix
with a matrix

N

M, dened in (6). Matrix M can be approximated
r = rank (N ) . For a matrix N of rank r, we nd

of lower rank

the rank factorization:

M ≈N =R·Λ
were

R ∈ R(d+1)×r

and

Λ ∈ Rr×(nz −1) .

(11)

Clearly the rank factorization is not

unique because we have


N = R · Λ = (R · P ) · P −1 · Λ ,
for any

si (I)

P ∈ Rr×r ,

which has an inverse. With (11) we approximate each vector

with the columns of the matrix

matrix

N

(12)

N.

Because of (12) each column of the

r vectors, which are the columns
R·P. If we approximate them with polynomials, we have an answer

is equal to the linear combination of

of the matrix

for problem 2. So equivalently as in (8), with the solution of the overdetermined
linear system:

D t · ZP = R · P
15

we approximate the columns of matrix
are the columns of matrix

R·P

with

t polynomials whose coecient

ZP .

It is easy to see that no matter what is the choice of the matrix


Dt · ZP · P −1 · Λ − M

P,

,

F

is the same number.
Generally, problem 2 can be written in form:

min

Z∈Rt×r ,Λ∈Rr×(nz −1)
where

Φ (Z, Λ) := kDt · Z · Λ − M kF

and

Φ (Z, Λ) ,

Dt ∈ Rd×t

(13)

is dened in (7).

So far we do not have a solution for problem (13).
an optimal rank factorization, with

Knowing that

(C, Λ) = CP , P −1 · Λ we assume

(11) is
we are

close to the solution of (13). Table 1 shows us that we do not have an optimal
solution, because

Φ (Z, Λ)

is smaller for

r=7

than for

r = 8.

Remark 3. Comparing (11) and our approximation with representative functions, we see that each function
of

r

si

is approximated with a linear combination

discrete functions instead of approximation with one function, which rep-

resents the length group

σ (i) .

4.2.4 Comparison of the approximation methods
Table 1 shows the advantage of new method comparing to the piecewise polynomial approximation.

r =3
0.14599
0.06699

|Dr · C − M |
Dt · Z · Λ − M
Table 1:

r =4
0.11963
0.02307

r =5
0.057186
0.012136

r =6
0.038722
0.005985

The error of the approximations of a matrix

approximation and with a new method for

t = 10.

r =7
0.011395
0.0054289

M,

r =8
0.0078793
0.0054334

with polynomial

The matrix

M

is calculated

on the signal of ruler  random_rst_40_1.8_7.8 .

4.3

The positioning algorithm

Programming of the processor
The positioning algorithm we propose in this section solves the following inverse
problem:

Problem 4.
signal,

6

At a xed but unknown position, the head reads

on each line. One should determine the position

x̄

12

values of the

of the head.

Before we formulate the algorithm, we need to calculate the data which are
specic for each dierent ruler with head and its Hall sensors.
index variable

`

Further the

denes the belonging to the track that holds the Hall sensors

16

Hi , i = 1, ..., 6, or Hi , i = 7, ..., 12, with the corresponding values 1 or 2. For both
`
δi` , i = 1, 2, ..., 6, appointing
 that δ1 = 0.
k k
As described in subsection 4.1, we get the coecients a , b
, k = 2, ..., 6.
Equivalently we do the same for the other track, when H7 is the reference Hall

k k
sensor, and we get coecients a , b
, k = 8, ..., 12. As in (4), we calculate the
signal functions S` , ` = 1, 2. Using any of approximation methods presented in
subsection 4.2 we approximate S1 and S2 with F1 and F2 , respectively.
tracks we solve the problem 2 and get

To sum up, the following data needs to be stored in the memory of the


δk` , ak+(`−1)6 , bk+(`−1)6 , ` = 1, 2, k = 2, ..., 6,
approximation functions F1 and F2 .
processor:

and the data for

Algorithm 2 - positioning
1. The input. In one reading from the Hall sensors the processor gets 12


v11 , ..., v61

values, 6 in both lines:

2.

Filtering the input.

v11

Besides

and

and

v12 , ..., v62

.

v12 , other 10 values are ltered with

formula (3), using coecients calculated in programming part:

vk` := ak+(`−1)6 vk`
3.

The reference point.

Find

¯

vī` = min
4.

i



+ bk+(`−1)6 , k = 2, ..., 6, ` = 1, 2.

ī

and

ī.

that

vi` , ` = 1, 2., i = 1, ..., 6 .

Calculating the tting norm.
tions of the Hall sensors

`¯ such

 
¯
F`¯−1 vī` gives possible posi 
¯
x ∈ F`¯−1 vī` calculate the tting

The set

For every

norm


X

N (x) = 

2
X

 12
`
F` x + δī+k
− δī


`

2

`

− vī+k

k∈Z: ī+k∈{1,...,6} `=1
5.

The output.

The position with the smallest tting norm is the position

¯
`,
n
 o
¯
xr : N (xr ) = min N (x) : x ∈ F`¯−1 vī` .

of the Hall sensor

ī

on the line

Finally we have:

(14)

¯

x̄ = xr − δī` .

In summary, the algorithm searches for the position with the smallest tting
norm (gure 12).
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Figure 12: The illustration of the tting method. Red dots are at the wrong
and blue dots on the correct position.

Remark 5. The choice of the reference point in
 3, stabilizes the algorithm
 step
¯
¯
F`¯−1 vī` . For smaller vī` , the noise

because of the noise inuence on the set
inuence is reduced.

A formal explanation can be deduced as follows.

For a

x0 ∈ (a1 , anz ) , for which y0 = F`¯ (x0 ) , let the segment I ⊂ [a1 , anz ]
be such that x0 ∈ I and the restriction function F`¯ |I has its inverse function
G := F`¯ |−1
I . We have an estimate:

point

0
1 00
1 000
−1
2
F`¯ |−1
G (y0 ) δ 3 + · · ·
I (y0 + δ) − F`¯ |I (y0 ) = G (y0 ) δ + G (y0 ) δ +
2
3!

Using any nite dierence approximation of the derivative, we get:
0

0

G (0) = miny∈I G (y)
00
00
G (0) = miny∈I G (y)
.
.
.

−1
F`¯ |−1
I (y0 + δ) − F`¯ |I (y0 )
the smallest |y0 | .

The goal is to make
clearly achieved for

the smallest, and that is

Remark 6. It is very important that the positioning algorithm can be implemented in order to dynamically decompress the signal functions on certain segments. The values

 
¯
F`¯−1 vī`

do not need to be calculated for the whole ruler

domain, it is enough to do it segment by segment, in order to calculate the suitable tting norm. Only in the case when the tting norm is smaller than the
smallest, the algorithm remembers the position and the norm, and continues to
search for the best tting norm and its position on the ruler. This justies why
we use piecewise methods of approximation.

Remark 7. The positioning algorithm can function properly on rulers even if
some inclination angles or some bases of trapezoids are repeated (remark 1).
This result is achieved because the positioning algorithm is not based on the
angle detection or the detection of trapezoids.
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4.3.1 Speed improvement - Preconditioning
On a certain position of the head, for a reading


V = v11 , ..., v61 , v12 , ..., v62 ,

we

have

sign (V ) = (1, 1, 1, −1, −1, −1, 1, 1, 1, −1, −1) .
We see that the reading head belongs to an odd pole number

1

2

must be satised li > 3.2 mm and li
1
2
li+1
> 4.8 mm and li+1
> 1.6 mm.

> 4.8 mm,

next to the pole

i, for which it
i + 1 for which

This gives us a motivation to make a classication of the possible positions,
based just on the sign of the input

V.

That would mean that we do not need to

calculate the tting norm for the whole set
For an
groups of


V = v11, ..., v61 , v12 , ..., v62 ,
v11 , ..., v61 . More precisely:

 
¯
F`¯−1 vī` in step 4 of the algorithm.

let the number

n

be the number of sign


1
n = card i : sign(vi1 ) 6= sign(vi+1
), i = 1, 2, ..., 5 + 1.
In the above case

n = 2.

For each sign group, we have numbers

d11 , ...d1n

which

represent the cardinality of the group:


1
1
d11 = min
− 1,
n i : sign(vi ) 6= sign(v1 ) o
1
1
1
d2 = min i : sign(vi ) 6= sign(vd1 +1 ) − 1,
1

.
.
.

n
o
d1n = min i : sign(vi1 ) 6= sign(vd11 +1 ) − 1,
n−1

2
2
2
2
2
equivalently, for v1 , ..., v6 , we calculate numbers m and d1 , d2 , ..., dm . Clearly
Pn
Pm 2
1
we have
i=1 di = 6 and
i=1 di = 6. Out of the calculated natural numbers,
12
using them as digits we create a number, and we have a mapping f : R
→ Z,
(


sign v12 = 1,
sign v11 · d11 d12 ...d1n d21 d22 ...d2m ,

(15)
f (V ) =
sign v11 · d11 d12 ...d1n 0 d21 d22 ...d2m , otherwise.
That number we call "the characteristic number". In above case we have

3342. For example
f (V ) = −2220132.

for sign (V

) = (−, −, +, +, −, −, −, +, +, +, −, −) ,

f (V ) =
we get

Moving the head from the beginning to the end of the ruler we can create
an array of
repeat.

k

k

(ci )i=1 . The
number ci we can

characteristic numbers

For every characteristic

numbers in the array can
assign the number

a pole where the head position belongs in the moment of reading.
well dened set

σ (i)

of

We have

P = {(ci , σ (i)) , i = 1, ..., k} . For every e ∈ {ci , i = 1, ..., k} , we

dene a non-empty set:

s (e) = {σ (i) : ci = e, (ci , σ (i)) ∈ P} .
s (e) is the set of possible pole positions of the head for a characteristic number
k
e. It can be calculated really fast because the array (ci )i=1 can be sorted.
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To sum up the method: For every input
tions

s (f (V )) ,

V,

we have a set of possible posi-

which suggests the pole numbers that potentially hold the head

position.

Example.

This method is applied on ruler  random_rst_40_1.8_7.8 . We

have an array of

296

characteristic numbers. Each characteristic number sug-

gests its possible pole positions. The maximum of suggested position is
the average number of suggested position is

1.5777

5,

and

(table 2).

This method on average removes a large number of unnecessary inverse function calculations and tting norm checkings, so it signicantly increases the
algorithm speed.

pole num.

1:

characteristic num.

characteristic num.

66

-131101221:

16

651

-122101221:

16

5151

-32101221:

8

4251

-31201221:

8

4242

-22201311:

10

42411

-22201221:

8

...
...

411411
321411

2:

positions

...

21210321:

25

-2311122

22110231:

9

-2310222

22110321:

9, 25

-22202222

22111221:

25

-22202132

23101221:

25

...

32101221:

33

Table 2: Left: the beginning of the array of characteristic numbers
ruler  random_rst_40_1.8_7.8 .
sorted array

k

(ci )i=1

k

(ci )i=1

of

Right: the beginning and the end of the

together with its sugested positions.

4.3.2 Precision improvement
In (14) we search for the best position on a discrete set of suggested positions.
Because of the noise inuence discussed in remark 5, the global minimum exists
in some neighborhood of solution

xr . Once xr is calculated, we solve the problem:

N (x̄r ) = min {N (x) : x ∈ [xr − , xr + ]} ,

(16)

`¯
and nally x̄r − δ is the position on the ruler with the best tting norm on the
ī
entire domain.
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0.07
0.06

Bz (T)

0.05
0.04
0.03
0.02
0.01

Figure 13:

N (x)

0

0.5

1
1.5
Length (mm)

N (x)

2.5

[xr − , xr + ] ,

on a segment

In gure 13 we see a plot of

2

for

in a neighborhood of

 = 1 mm.
xr ,

so the solution

of (16) we can easily achieve numerically with a simple bisection method.
We apply the algorithm on the readings from the beginning of the ruler to
its end, with a grid spacing of

N (x̄r )

0.01 mm.

For every position we calculate

N (xr ) ,

and the error of positioning before and after precision improvement.

As a result, in table 3 we see signicant improvement of precision.
mean error

maximal error

without precision improvement

0.017544

0.117692

with precision improvement

0.008141

0.058876

Table 3: Mean and maximal positioning error in millimeters.
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0.04
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0.03
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0

Figure 14: The best tting norm before and after precision improvement.

Remark 8. In gure 14 we can see that the best tting norm is not
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0.

Equiva-

lently, table 3 show us the error existence. The explanation is the displacement
of the Hall sensors together with the added noise.

4.4

Stability of the ruler

One of the paper's objectives is to nd out how long a ruler can be. The construction method in section 2 has no length limitation, but it is expected that
with the length the uniqueness of the signal readings would be less guaranteed.
Since the best tting norm leads the positioning algorithm to the solution position, the problem can appear in the case when the second best tting norm is
close to the best tting norm.

0.5

Bz (T)

0.4
0.3
0.2
0.1
0

0

20

40

60

80
100
Length (mm)

120

140

160

180

Figure 15: The best (blue graph) and the second best (red graph) tting norm
of the ruler  random_rst_40_1.8_7.8.

With the experimental setup described in subsection 3.1.3, the best tting
norm

(BF N )

can reach the value

0.021. The positioning algorithm will work
(SBF N ) is above that value (gure 15).

properly if the second best tting norm

When we construct a ruler, we can not predict the noise and the Hall cells
misplacement on the head. Each time we test the functioning of the algorithm
will give a slight oscillation of

BF N

a way to classify all the rulers.

and

SBF N .

However, we need to nd

For the following denition we consider the

simulated data set without included misplacement of the Hall cells and added
Gaussian noise.

Denition 9.

For a simulated data set of a ruler's signal, without included mis-

placement of the Hall cells and added Gaussian noise, the minimum of

SBF N

function we call the stability of the ruler.
Ruler  random_rst_40_1.8_7.8 seems to be stable enough, but it is a
short one. Table 4 and gure 16 show what happens with the stability of some
longer rulers build with the method from section 2.
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Ruler:

length (mm):

min SBF N :

random_1800_1.8_5

6193.273

0.0177

random_1200_1.8_5

4122.665

0.0273

random_600_1.8_5

2054.129

0.0278

random_140_1.8_5

454.706

0.0525

Table 4: The length and the stability of four rulers created with the method
from section 2.
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Figure 16:

SBF N

300
Length (mm)

of the rulers from table 4.

Conclusion
The construction algorithm presented in this paper is able to dene a ruler with
arbitrary length.
The positioning algorithm successfully solves the positioning problem while
consuming a low amount of memory, since the signal is piecewise reconstructed.
The positioning algorithm can work properly on rulers even when an inclination angle is repeated, or when the bases of trapezoids or several consecutive
bases of trapezoids are repeated on some dierent positions of a ruler.
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The introduced piecewise approximation method with a linear polynomial
combination compared to the piecewise polynomial approximation, gives better
results with the same memory consumption. The approximation method can
be improved since the problem (13) remains open.
In the construction algorithm one could check the stability of a ruler before
extension. That would include the desired stability for a ruler. However, the
speed of calculation would take too much time.

On a PC with an intel i5

processor with 2.8GHz and 8GB of RAM the calculation of the signal of a three
meters long ruler with grid spacing of
Radia.

0.1 mm

takes around one hour using

Having in mind the calculation time, the implementation of this idea

seems impossible on a home PC.
The working principle of trapezoid rulers presented in this paper is valid for
a dierent number of Hall sensors on the reading head. Dierent layouts of Hall
sensors, for example placed on more than two reading tracks, can also provide
the necessary level of the reading uniqueness of every position. The question
that naturally raises is: what is the best Hall sensor layout for a xed number
of Hall sensors? This problem remains open.
For any layout of Hall sensors, placing one additional Hall sensor would
increase the dierence between the second best tting norm and the best tting
norm in a point.
Without the noise and the misplacement of the Hall sensors, theoretically
for every position the best tting norm would be zero. We conclude that the
potential maximum length of the ruler in industrial production directly depends
on factors that inuence the best tting norm function.
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