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Abstract

Optimization problems face random constraint violations when uncertainty arises in con-
straint parameters. Effective ways of controlling such violations include risk constraints, e.g.,
chance constraints and conditional Value-at-Risk (CVaR) constraints. This paper studies these
two types of risk constraints when the probability distribution of the uncertain parameters is
ambiguous. In particular, we assume that the distributional information consists of the first two
moments of the uncertainty and a generalized notion of unimodality. We find that the ambigu-
ous risk constraints in this setting can be recast as a set of second-order cone (SOC) constraints.
In order to facilitate the algorithmic implementation, we also derive efficient ways of finding
violated SOC constraints. Finally, we demonstrate the theoretical results via a computational

case study on power system operations.

Key words: ambiguity, chance constraints, conditional Value-at-Risk, second-order cone repre-

sentation, separation, golden section search.

1 Introduction

In an uncertain environment, optimization problems often involve making decisions before the un-
certainty is realized. In this case, constraints, which may include security criteria and capacity
restrictions, may face random violations. For example, we consider a constraint subject to uncer-
tainty taking the form

a(@)€ < bla), 1)

where z € {0,1}"® x R"™ "B represents an n-dimensional decision variable, ng € {0,1,...,n}

represents the number of binary decisions, a(x) : R® — R and b(z) : R® — R represent two affine



transformations of z, and ¢ € R” represents a T-dimensional random vector defined on probability
space (RT, BT, IP¢) with Borel o-algebra B”. An intuitive way of handling random violations of (1)
employs chance constraints, which attempt to satisfy (1) with at least a pre-specified probability,
ie.,

Pe{a(z) '€ <b(z)} 21— (2)

where 1 — € represents the confidence level of the chance constraint with e usually taking a small
value (e.g., 0.05 or 0.10; see, e.g., Charnes et al. (1958); Miller and Wagner (1965)). Dating back
to the 1950s, chance constraints have been applied in a wide range of applications including power
system operations (see, e.g., Ozturk et al. (2004); Wang et al. (2012)), production planning (see,
e.g., Bookbinder and Tan (1988); Gade and Kiiciikkyavuz (2013)), and chemical processing (see,
e.g., Henrion et al. (2001); Henrion and Méller (2003)).

In practice, a decision maker is often interested in not only the violation probability of constraint
(1), but also the violation magnitude if any. Indeed, chance constraint (2) offers no guarantees on
the magnitude of a(x)"¢ — b(x) when it is positive. This motivates an alternative risk measure
called the conditional Value-at-Risk (CVaR) that examines the (right) tail of a(x)T¢ — b(x). More
precisely, the CVaR of a one-dimensional random variable x with confidence level 1 — e € (0,1) is
defined as

ovars, (0 = jnt {8+ TEely - 8 }. 3)
where [P, represents the probability distribution of x. When the infimum is attained in (3), 3 repre-
sents the Value-at-Risk of x with confidence level 1 —¢, that is, P, {x < S} > 1—¢ (see Artzner et al.
(1999); Rockafellar and Uryasev (2002)). As a consequence, CVaRp (x) measures the conditional

expectation of x on its right e-tail. Hence, chance constraint (2) is implied by the CVaR constraint
C\/apr5 (a(x)T€) < b(z). (4)

A basic challenge to using risk constraints (2) and (4) is that complete information of proba-
bility distribution P¢ may not be available. Under many circumstances, we only have structural
knowledge of P¢ (e.g., symmetry, unimodality, etc.) and possibly a series of historical data that
can be considered as samples taken from the true (while ambiguous) distribution. As a result, the
solution obtained from a risk-constrained model can be biased, i.e., sensitive to the P we employ in
constraints (2) and (4), and hence perform poorly in out-of-sample tests. A natural way of address-
ing this challenge is to employ a set of plausible probability distributions, termed the ambiguity

set, rather than a single estimate of PP¢.

1.1 Ambiguity Set with Unimodality Information

We consider an ambiguity set characterized by the first two moments of £ and a structural require-

ment that P¢ is unimodal in a generalized sense. By definition, if 7" = 1, then P¢ is unimodal



about 0 if function F(z) := P¢(§ < z) is convex on (—00,0) and concave on (0,00). If £ admits
a density function f¢(2), then unimodality is equivalent to f¢(z) being nondecreasing on (—o0,0)
and nonincreasing on (0, 00). In a multidimensional setting, i.e., if ' > 1, an intuitive extension of
this notion is that f¢(zd) is nonincreasing on (0,00) for all d € R” and d # 0. That is, the density
function of £ is nonincreasing along any ray emanating from the mode. The following definitions

extend this intuitive notion to also cover the distributions that do not admit density functions.

Definition 1 (Star-Unimodality; see Dharmadhikari and Joag-Dev (1988)) A set S C RT is called
star-shaped about 0 if, for all £ € S, the line segment connecting 0 and £ is completely contained
in S. A probability distribution P¢ on R” is called star-unimodal about 0 if it belongs to the closed

convex hull of the set of all uniform distributions on sets in RT which are star-shaped about 0.
In this paper, we consider a more general notion than the star-unimodality as follows.

Definition 2 (a-Unimodality; see Dharmadhikari and Joag-Dev (1988)) For any given o > 0, a
probability distribution P¢ is called a-unimodal about 0 if function G(z) := 2“P¢(S/z) is nonde-
creasing on (0,00) for all Borel set S € BT.

If £ admits a density function f¢(2), then it can be shown that P¢ is a-unimodal about 0 if and only
if 277 f¢(2d) is nonincreasing on (0, 00) for all d € RT and d # 0 (see Dharmadhikari and Joag-Dev
(1988); Van Parys et al. (2015b)). As compared to star-unimodal distributions, the density of an
a-unimodal distribution can increase along rays emanating from the mode (e.g., when a > T'), but
the increasing rate is controlled by a. Indeed, along any ray d, fe¢(zd) does not increase faster than
22T on (0,00). Furthermore, when a = T, f¢(2d) is nonincreasing on (0, 0o) for all d. This implies
that a-unimodality reduces to star-unimodality when a = T.

Given the first two moments of £ and a-unimodality, we define the following ambiguity set
De(1, S, 01) = {Pg € My : Ep €] = p, Bp [¢€7] = %, Pe is a-unimodal about o} . (5

where My represents the set of all probability distributions on (R”,BT), and p and ¥ represent
the first and second moments of £, respectively. Without loss of generality, we assume that the
mode of £ is 0 in definition (5) and a general mode m can be modeled by shifting £ to & — m. For
notational brevity, we often refer to ambiguity set D¢ with its dependency on parameters (u, ¥, a)

omitted. Based on D¢, we consider an ambiguous chance constraint (ACC)

Pgigf% Pe{a(z)Te < b(a)} > 1~ (6)

that is, we wish to satisfy chance constraint (2) for all probability distributions P¢ in ambiguity set

De. Similarly, we define an ambiguous CVaR constraint (AVC)

sup CVaRﬁpg(a(x)Tﬁ) < b(x), (7)
PeeDe

which requires that CVaR constraint (4) is satisfied for all P¢ in Dg.



1.2 Relations to the Prior Work

In recent years, distributionally robust optimization (DRO) has become an important tool to handle
distributional ambiguity in stochastic programs. Using concepts similar to ACC (6) and AVC (7),
DRO aims to optimize or protect a system from the worst-case probability distribution, which
belongs to a pre-specified ambiguity set. DRO was first introduced by Scarf (1958) as a minimax
stochastic program for the classical newsvendor problem under an ambiguous demand with only
moment information. Following this seminal work, moment information has been widely used for
characterizing ambiguity sets in various DRO models (see, e.g., Bertsimas et al., 2010; Delage and
Ye, 2010; Zymler et al., 2013b). A key merit of the DRO approach is that the model can often be
recast as tractable convex programs such as semidefinite programs (SDPs) (see, e.g., Delage and
Ye, 2010) or SOC programs (see, e.g., El Ghaoui et al., 2003). Recently, Wiesemann et al. (2014)
successfully identified a class of ambiguity sets that lead to tractable convex program reformulations
of general DRO models.

ACCs with moment information (and without structural information) have been well-studied
in recent years (see, e.g., El Ghaoui et al., 2003; Wagner, 2008; Calafiore and El Ghaoui, 2006;
Vandenberghe et al., 2007; Zymler et al., 2013a; Ahmed and Papageorgiou, 2013; Cheng et al., 2014;
Hanasusanto et al., 2015). In particular, El Ghaoui et al. (2003), Wagner (2008), and Calafiore and
El Ghaoui (2006) showed that the ACC can be recast as a SOC constraint if the ambiguity set is
characterized by the first two moments of £. Later, Zymler et al. (2013a) showed that ACC and AVC
are actually equivalent if the same ambiguity set is employed. Recently, Ahmed and Papageorgiou
(2013) and Cheng et al. (2014) extended the analysis of ACC to the case when variable x involves
binary (i.e., 0-1) decisions, and Hanasusanto et al. (2015) made significant progress on representing
the ambiguous joint chance constraints in tractable forms. ACCs with information on the density
function have also been studied (see, e.g., Erdogan and Iyengar, 2006; Jiang and Guan, 2016;
Esfahani and Kuhn, 2015).

In contrast, ACCs and AVCs with both moment and structural information have received less
attention. Popescu (2005) considered general DRO models with ambiguity sets incorporating uni-
modality, symmetry, and convexity. Recently, by using the Choquet representation of c-unimodal
distributions, Van Parys et al. (2015a) successfully derived SDPs to quantify the worst-case prob-
ability bound in ACC. Furthermore, based on both a-unimodality and -monotonicity, Van Parys
et al. (2015b) extended the analysis to quantifying the worst-case expectation in AVC. The main
focus of Van Parys et al. (2015a,b) is to evaluate the worst-case expectations in ACC or AVC for a
given decision variable z. In contrast, we adjust x to satisfy ACC and AVC. In our prior work Li
et al. (2016), we derived approximations of AVC. Here, we obtain an exact representation of AVC
and derive tighter approximations than those in Li et al. (2016). To the best of our knowledge,

our results on ACC are most related to Hanasusanto (2015) (in particular, Section 3.4.1), which



employs a different ambiguity set that bounds the second moment of £ by ¥ instead of matching it
as in (5). Furthermore, Hanasusanto (2015) derived a representation of ACC based on linear matrix
inequalities (LMIs). In contrast, in this paper, we employ a different approach based on projection,
which allows us to represent ACC with SOC constraints. When x involves binary decisions, SOC
constraints are more computationally tractable than LMIs because many off-the-shelf commercial
solvers (e.g., CPLEX and GUROBI) can directly handle mixed-integer SOC programs.

We summarize our main contributions as follows.

1. We derive equivalent reformulations of ACC (6) and AVC (7) using both moment and unimodal-
ity information. Both reformulations are SOC constraints and so can be efficiently handled in
commercial solvers. Different from previous results in Zymler et al. (2013a), we find that ACC

and AVC are not equivalent after incorporating the unimodality information.

2. Inspired by the separation approach (see, e.g., Nemhauser and Wolsey (1999)), we derive efficient
ways for finding violated SOC constraints in the reformulations of ACC and AVC. The separation

procedures can be used to accelerate the algorithmic implementation of ACC and AVC.

3. We derive conservative and relaxed approximations of ACC and AVC that are asymptotically
tight. As demonstrated in the computational case study, these approximations help to provide

high-quality bounds for the optimal objective value of the test instances.

The remainder of this paper is organized as follows. Section 2 represents ACC (6) as a set of SOC
constraints. Section 3 represents AVC (7) as a set of SOC constraints. In both sections, we derive
separation procedures for finding violated SOC constraints based on the golden section search. In
Section 4, we analyze an extension of ACC and AVC to incorporate the linear unimodality in the

ambiguity set. We present a computational case study in Section 5.

2 Representation of the Ambiguous Chance Constraint

We show that ACC (6) can be recast as second-order cone (SOC) constraints. To this end, we first
simplify the computation of the left-hand side of (6), i.e., infp,ep, Pg{a(:v)-rf < b(x)}, by projecting
random vector £ on R and considering a one-dimensional random variable (. We summarize this
projection result in the following proposition, whose proof relies on the representation of c-unimodal

random vectors in Dharmadhikari and Joag-Dev (1988).

Proposition 1 Define scalars py = a(x)Tp, 1 = a(z)"Sa(z), and ambiguity set D1 = {P; €
My Ep [¢] = p1, Ep, [(?] = %1, P¢ is a-unimodal about 0}. Then

Jnf Pefa(@)T€ < b)) = jinf Po{C < b(a)} (&)



Proof: Theorem 3.5 in Dharmadhikari and Joag-Dev (1988) states that a random vector X € R™
is a-unimodal if and only if there exists a random vector Z € R™ such that X = UY*Z, where U
is uniform in (0, 1) and independent of Z.

First, pick any £ such that P¢ € D¢. Then, there exists Z¢ such that { = Ul/O‘Zg. We
define ¢ = a(x)T¢. Tt follows that ¢ is a-unimodal because ¢ = a(z)T(UY*Z) = UY*(a(x)" Z).
Furthermore, Ep, [(] = p1 and Ep, [¢?] = X1. Hence, P¢ € D1, and so infp.ep, Pe{a(z)T¢ < b(z)} >
infp.ep, Pc{¢ < b(2)}.

Second, pick any ¢ such that P; € D;. Then, there exists a Z; such that ¢ = UI/O‘ZC. It
follows that E[Z;] = (%), and E[Zg] = (2t2)%;. Based on Theorem 1 in Popescu (2007),
there exists a Z¢ € RT such that Z; = a(z)"Z, E[Z] = (O‘TH)M, and E[ZngT] = (O‘T“)Z We
define ¢ = UY*Z¢. Tt follows that ¢ is a-unimodal, and furthermore Ep.[§] = (357)E[Ze] = 1
and Ep, [€€T] = (%H)E[Zng] = 3. Therefore, P¢ € D¢, and so infp,ep, Pe{a(z)T¢€ < b(z)} <
infp.ep, Pc{¢ < b(2)}. L]

Next, we compute the worst-case probability infp.ep, Pc{¢ < b(x)}, for which we make the

following two assumptions in the remainder of this section.
: 2 V2, T
Assumption 1 (%) pIS (%) [T

Assumption 2 Constraint a(z)7¢ < b(x), and so constraint { < b(x) as well, is satisfied when &

takes the value of its mode 0. That is, b(z) > 0.

Assumption 1 is standard in the literature and ensures that Dg # 0 (see, e.g., Van Parys et al.
(2015a)). Assumption 2 is reasonable and satisfied in most practical situations. In fact, given ACC
(6) and Proposition 1, we observe that Assumption 2 holds if Pc{¢ < 0} < 1 — « for each P; € Dy,
i.e., if the distributions in D; are not extremely negative-skewed. To represent ACC (6), we show
an equivalent reformulation of infp ep, Pc{¢ < b(x)} in the following proposition that also sheds

light on the worst-case probability distribution.

Proposition 2 Define pip = (22) iy and £ = (2£2) ;. Then, infp.ep, Pc{¢ < b(x)} is equiva-

lent to the optimal objective value of optimization problem

b(x)

a
pmr?l;l,izri@ prt <22> P2 (9a)
s.t. p1+p2=1, (9b)

P121 + P222 = Ho, (9c)

plzf —I—pgzg = X, (9d)

p1,p2 >0, z1 €R, 29 >b(x). (9e)



Proof: First, we rewrite infp.ep, Pc{¢ < b(x)} as a functional optimization problem as follows:

I%in PcA{¢ < b(x)} (10a)

¢

st Ep [C] = pu, (10b)
]EIP’C [42] = 217 (10C)
Ep.[1] =1, (10d)
PP¢ is a-unimodal, (10e)

where constraints (10b)—(10c) describe the two moments of ¢, and constraint (10d) ensures that
IP¢ is a probability distribution. Using Theorem 3.5 in Dharmadhikari and Joag-Dev (1988), since
P¢ is a-unimodal, there exists a random variable Z such that ( = U layz where U is uniform in
(0,1) and independent of Z. It follows that Ep [C] = E[UYYEp,[Z] = (:27)Ep,[Z] and Ep, [¢?] =

a+1
E[UQ/"‘]EPZ [Z2] = (3%5)Ep, [Z?]. Furthermore,

P{¢ < blx)} =P{UY*Z < b(x)}
- /+oo P{UY*z < b(z)}dP4(2)

Z=—00

_ /b(x) 1 dP4(2) +/+w)p{ul/a < b(x)}d}PZ(z) (11a)

2=—00 z=b(x z

- /zb(iol dPZ(z)+/Z+:I) (b(:)>adIP’z(z)
_ /:OO [%]adpz(z), (11b)

— oo |max{z,b

where equality (11a) is because UY/*z < b(x) when z < b(z) (note that b(z) > 0 due to Assumption
2), and in (11b) we designate that 0/0 = 1 in case b(x) = 0. Hence, problem (10a)-(10e) can be

recast as

) b(x) “
E _—— 12
A e (122)
s.t. Ep,[Z] = po, (12b)
Ep, [Z2] = X, (12¢)
Ep,[1] = 1. (12d)
Second, we take the dual of problem (12a)-(12d) to obtain
mMax  fim + 3oA + v (13a)
7T’ 7’Y
b(x) :
A2 <|—————| . VzeR 13b
oty s [eg] wew )



where dual variables 7, A, and 7 are associated with primal constraints (12b)—(12d), respectively.
Meanwhile, dual constraints (13b) are associated with primal variable Pz. Strong duality holds

between problems (12a)—(12d) and (13a)—(13b) due to Assumption 1 (see Proposition 3.4 in Shapiro

(2000)). As [b(z)/max{z,b(x)}]* < 1, we can rewrite constraints (13b) as
N2+ 712 +v7—-1<0, Yz €R, (13c)
A23 + Tzg — (b(;)> +7 <0, Vz2>b(x). (13d)
2

Third, from constraints (13c), we observe that A\ < 0. It follows that functions A\z? + 7z +v — 1
and \z3 + w29 — (b(x)/2z2)® + 7 are concave in z; and 2, respectively. Furthermore, we note that
constraint (13c) is the robust counterpart of an uncertain constraint A\3? + 7%; +v < 1 containing
random variable Z; € R, and likewise constraint (13d) is the robust counterpart of an uncertain
constraint A3 + m% — (b(z)/Z2)® + v < 0 containing random variable %, > b(z). According to
the “primal worst equals dual best” result in Beck and Ben-Tal (2009) (see Theorem 4.1), problem
(13a)—(13b) has the same optimal objective value as the optimistic dual problem (9a)—(9e). L]

Remark 1 Suppose that (p3,ps, 25, 23) is an optimal solution to problem (9a)—(9e). From the
proof of Proposition 2, we observe that problem (9a)—(9e) is solved for the worst-case probability
distribution of a random wvariable Z such that ( = UY*Z, where U is uniform on (0,1) and
independent of Z. It follows that the worst-case distribution P attaining infp ep, Pe{¢ < b(x)} s
a mizture in the form ]P’Z = p’{IP’l +p§]P>§, where, fori=1,2, Pi 1s defined on the interval connecting
0 and z} (i.e., [0,z}] or [z}, 0], depending on the sign of z}) and P Sl <t [} =t forallt € [0,1].

Finally, we reformulate ACC (6) by analyzing problem (9a)—(9¢). We summarize the main

result of this section in the following theorem.

Theorem 1 ACC (6) is equivalent to a set of SOC constraints

\/7“/\@ )|| < 7b(x) <a+1>MTa(x), V72<1i6)1/a, (14)

where A := [(22)% — (2E1)2y, T2,

Proof: We analyze the solutions to problem (9a)—(9e) and identify all possible solutions (p1, p2, 21, 22)
that satisfy constraints (9b)—(9e). To this end, we analyze the following two cases.

Case 1. If pg < b(x), then we parameterize z9 by defining zo = 7b(x) for 7 > 1. Accordingly, we
parameterize all solutions (p1,p2, 21, 22) that satisfy constraints (9b)—(9e) by 7 as follows:

(1b(x) — po)? Dy = Yo — 3
(Tb(z) — po)? + X0 — pd’ (Tb(z) — po)? + X0 — pd’

p1 = (15a)



and z3 = 7b(z). (15b)

Note that, for each 7 > 1, (p1,p2, 21, 22) satisfies constraints (9e) because p1,p2 > 0 and zo =
7b(x) > b(x). Then, problem (9a)—(9e) can be recast as

min (7b(z) — po)* + 77 (So — pd)
721 (Tb(x) — po)* + So — 113

Hence, ACC (6), i.e., infp.ep, Pc{C < b(x)} > 1 — ¢, can be recast as
(Tb(2) — po)* +7*(Zo — 1)
(Tb(x) — po)* + (Lo — 13)

After simple transformations, this is equivalent to

>1—e€ V7r>1.

1 _ _ —Q
”) (S0 — 12), ¥r> 1. (16)

€

(rb(a) = 0 =

As (7b(x) — p)? > 0, we can assume 7 > (1/(1 — €))Y/* without loss of generality. Furthermore,
because 7b(x) — o > 0 for all 7 > 1, we can rewrite constraints (16) as (14), using the definitions
of pp and .

Case 2. If 49 > b(z), then we parameterize z9 by defining zo = 7b(x) for 7 > 1. For all 7 > p/b(x),
because zo > o, we parameterize (p1,pa2,21,22) by 7 as in (15a)—(15b). Similar to Case 1, ACC

(6) can be recast as

Tb(x) — po > \/(1—6;7‘“)4)/20 —pd, VT > %. (17a)

For all 1 <7 < ug/b(x), because b(x) < zo < o, we parameterize (p1,p2, 21, 22) by 7 as follows:

by = 1o = Tb(x))* Dy — Yo —
(no — 7b(2))% + o — 1 (o — 7b(2))% + o — 1
Yo — ud
21 =po + o — b(z)’ and zo = 7b(x)

Then, because po > 7b(x), ACC (6) can be recast as

l—e—77 1o
— > - Yo — u? 1< - 1
po — 7b(xz) > \/< - )Jr\/ 0—pg V1I<T< b) (17b)

Combining inequalities (17a)—(17b) and the fact that (1 — e — 77%)/e > 0 if and only if 7 >
[1/(1 = €)]"*, we have g /b(x) < [1/(1 —€)]/* because otherwise, when 7 = p10/b(z), the left-hand
side of (17a) equals zero while the right-hand side is strictly positive. It follows that inequalities

(17b) are equivalent to pp — 7b(z) > 0 for all 1 < 7 < pp/b(x) and so redundant, and inequalities
(17a) are equivalent to (14), using the definitions of pp and Xy. n



In computation, directly replacing ACC with constraints (14) involves an infinite number of
SOC constraints and so is computationally intractable. An alternative approach is by separation,
i.e., (i) obtain a solution & from a relaxed formulation, (i) find a 7 > (1/(1 — €))'/® such that &
violates the corresponding SOC constraint (14), and (iii) incorporate the violated SOC constraint
to strengthen the formulation. We discuss how to efficiently conduct Step (ii) of the separation
approach, which is equivalent to solving the following problem:

Separation Problem 1: Given &, does there exist a 7 > (1/(1 — €))Y/® such that & violates
constraints (14)7
In the following proposition, we show that Separation Problem 1 can be solved by conducting

a golden section search on the real line. This search is computationally efficient.

Proposition 3 Define fig = (%)uTa() and S0 = (2£2)q(2)"Sa(2). We have the following:
1. If a(z) = 0, then constraints (14) are always satisfied;

2. If a(z) # 0 and b(z) = 0, then T = +00;

3. If a(z) # 0 and b(z) > 0, then 7 equals the minimizer of the one-dimensional problem

l—e—7"

min (b(&)T — fio)? — ( 0‘) (S0 — Ad), (18)

m>(1/(1—e)t/ €

whose objective function is strongly convexr and can be minimized via a golden section search in
the interval [(1/(1 — NV, fig/b(2) + a1 — €)@t/ (5, — %)/ (2eb(2)%)].

Proof: First, if a(Z) = 0, then constraints (14) reduce to 7b(z) > 0 for all 7 > (1/(1 —¢€))'/®, which
always holds due to Assumption 2. Second, if a(Z) # 0 and b(Z) = 0, then constraints (14) reduce

WHA(L(@) | < - (T) pla(), vr> (1 i 6>1/a-

As the left-hand side of the above inequality is increasing in 7, constraints (14) are violated if and

to

only if they are violated at 7 = +oo. Third, if a(z) # 0 and b(&) > 0, then constraints (14) are
satisfied if and only if

[\/@HAG(@)HF < [Tb(:f:) - (O‘;— 1> NTa(aA:)r, > <1i6>1/a

because both sides of constraints (14) are nonnegative. By the definitions of fip and 30, this is
equivalent to (b(2)7 — fio)? — [(1—e—7"%)/¢](X0 — i3) > 0 for all 7 > (1/(1—¢€))"/*. Tt follows that
the Separation Problem 1 can be answered by checking constraints (14) at the optimal solution 7

of problem (18).

10



Finally, we denote the objective function of problem (18) as H (7). It follows that
N R A\ & a9 —ae
H(7) = 26(&)(b(&)7 — o) = () (S0 — )T,

) = (T2 So- et

€

As H"(t) > 0 for all 7 > (1/(1 — €))"/®, H(7) is strongly convex and can be minimized via a
golden section search. More specifically, if H'((1/(1 —€))Y/*) > 0, then (1/(1 —¢€))'/® is optimal to
problem (18). Otherwise, if H'((1/(1 — €))'/®) < 0, then problem (18) is optimized at 7 such that
H'(7) = 0. Tt follows that 2b(&)(b(2)7 — fio) = (e/€)(Zo — 42)7~*"L. Since 7 > (1/(1 — €))/*, we
have

(@)% < (@) + () (S0~ @)1 -/

. fo  a(l —e)letD/a

=TS 0@ T T 2aa)e (Yo — i5).

Hence, the golden section search can be restricted to the interval [(1/(1 — €)Y/, fig /b(2)+
a1 — e)@tD/a(53y — [12)/(2eb(2)?)] without loss of optimality. ]

2.1 Approximations of the Ambiguous Chance Constraint

Before closing this section, we derive relaxed and conservative approximations of ACC (6) by using
a finite number of SOC constraints. First, based on the exact representation (14) that involves all
e [[1/(1- €)M/, 00), we obtain a relaxed approximation by only involving a finite number of 7.
We summarize this approximation in the following proposition, whose proof is immediate and so

omitted.

Proposition 4 For given integer K > 1 and real numbers [1/(1 — €)]Y/* <ny <ng < --- < ng <
oo, ACC (6) implies the SOC constraints

WHA@(@H < nib(z) — (O[;_l) pla(e), Vk=1,...,K. (19)

Second, we obtain a conservative approximation by approximating the left-hand sides of the

inequalities (14) by using a piece-wise linear function of 7.

Proposition 5 Given integer K > 2 and real numbers [1/(1 — €)]Y/* =ny <ng < --- < ng = 00,

we define a piece-wise linear function containing (K — 1) pieces:

g(r) = k:rgigK{ 6(1_61_%&)[<an,;2°‘—1>7+1_€_ <1+g>nk“]}.
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Then, g(T) > \/(1 —e— 1% /e for all T > [1/(1 — €)]Y/*. Furthermore, denote my = [1/(1— €)]*/«

and let mg < -+- < mp_1 represent the (K — 2) breakpoints of function g(1), i.e.,

)
. . l—e—n, a 1—e— "k o —a
(1 6) (1 1— Enkf]_) (nk-‘rl 1—e— nk+1 nk )
, Ym=2,..., K —1.

_ 1
(8) (me o = )

Then, ACC (6) is implied by the SOC constraints

my =

a—+1

g(mp)||Aa(z)|| < myb(z) — < ) pla(z), VE=1,...,K —1. (20)

Proof: Denote h(1) = (1 —¢—7"%)/e. Then, the first derivative h/(1) = (0‘77;71)
the tangent of h(7) at ny is

1 omka‘1 a\ _
e | () (15|
k

for all k = 2,..., K. It follows that g(7) > h(7) for all 7 > [1/(1 — €)]"/* because h(t) is concave
on the interval [[1/(1 — €)]*/%, 00). Hence, ACC (6) is implied by

1
e(l—e—7—2)

a+1
o

o(7)||Aa(a)|| < b(z) - ( ) WTa(x), Wr > [1/(1— eV (21)

Furthermore, given x, as the left-hand side of (21) is piece-wise linear in 7 and the right-hand side
of (21) is linear in 7, inequalities (21) hold if and only if they hold at the breakpoints of g(7).
Therefore, ACC (6) is implied by constraints (20). [

Remark 2 In computation, we can use the conservative approzimation (20) to find near-optimal
solutions. More specifically, suppose that we employ the separation approach to solve problem
min{c(aj) :x € X, x satisfies (6)} and have finished the first K iterations. Then, from these
iterations, we obtain a lower bound cX of the optimal objective value and 71, ..., 7k by iteratively
solving Separation Problem 1. By letting ny = [1/(1 — €)]V/®, ng, o = 0o, and ny = 7x_1 for all
k=2,..., K+ 1, we obtain an upper bound cI,f of the optimal objective value by solving problem
min{c(z) : = € X, x satisfies (20) based on ni,...,ng2}, whose optimal solution is denoted x;.
If (B — i) /eK is small enough, then we can stop the iterations and output x’% as a near-optimal

solution.

3 Representation of the Ambiguous CVaR Constraint

To recast AVC (7) as SOC constraints, we adopt a similar method to that described in Section 2.

Again, we project random vector £ on R and consider a one-dimensional random variable (. We

12



summarize this result in the following proposition and omit the proof due to its similarity to that

of Proposition 1.

Proposition 6 The following equality holds:

sup CVaRs (a()7€) = sup CVaRs,(C).
P§€D§ ]P’CEDl

We compute supp €Dy CVaRﬁDC (¢) by observing that P¢ is a-unimodal and so there exists a
random variable Z such that ¢ = UY®Z, where U is uniform in (0,1) and independent of Z (see
Theorem 3.5 in Dharmadhikari and Joag-Dev (1988)). We summarize this computation in the
following proposition, and note that it can also be obtained by following Theorem 2.1 in Van Parys
et al. (2015b).

Proposition 7 The following equality holds:
sup CVaRP ¢) = mf {B+ - sup Epz[f(Z)]},
P.€D; € P2 €D(110,%0)
where D(uo,zo) = {PZ e M : E]PZ[Z] = MQ,EPZ[ZQ] = 20} and f(Z) = ]1[6 < O]f_<Z> + ]l[,@ >
0]f+(Z), where
RE. Y P8 g < () e
z) = o , and f_(z) = .
O () e () (&) wen0 ()9 9220

Proof: First, based on the definition of CVaR, we have

sup CVaRp (¢) = sup 1nf{ﬁ+ —Ep.[¢ - B]+ }
Pc€Dy P.€Dy

— mf{ﬂ+ sup Ep[¢ — B+ } (22)

€ IPC €D,

where the switch of infg and supp, in (22) follows from the Sion’s minimax theorem (see Sion
(1958)) by observing that 3 + %Epg [¢ — B+ is convex in B and concave (actually affine) in P¢.

Second, based on the representation ¢ = UY*Z (see Theorem 3.5 in Dharmadhikari and Joag-
Dev (1988)), we obtain that Ep,[Z] = (%) Ep, [(] = po, Ep, [2?%] = (%22)Ep,[(?] = S0, and

Ep, [UY*Z — f]+

- / / 1/% —ﬁ} du dPy(2).
u=0
It follows that, when 5 < 0,

(B/2)
Ep [C — 6]+ / / 1/% - ﬁ du dPz(z / / 1/0‘ du dPz(2)

13
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_ i _ 11 5:1 dPy(z) + joo )z - 8| dps(2)
oo o+ 2= a+

and, when 8 > 0,

Ee [ — fls = / o /u 1 ’ (/2 ~ 5) du dB(2)

Proposition 7 indicates that computing supp €Dy CVauprC (¢) can be difficult because it needs to

evaluate the worst-case expectation of a nonlinear function f(2), i.e., Supp,ep(uy,5,) Er,[f(Z)]. To

obtain a computable form, we first present two structural properties of f(z). Lemma 1 proposes two

approximations of f(z) from above (termed fy(z)) and below (termed f,(z)), respectively. Both

fu(z) and f1(z) are convex and consist of two linear pieces. Furthermore, Lemma 2 represents

convex functions fi(z) and f_(z) by the supporting hyperplanes of their epigraphs.

Lemma 1 Define fy(z) = (0%_1) (z—B)+ + (ﬁ) (=B8)+ and fr(z) = [(0%_1) z— BL_ Then,

fr(z) < f(2) < fu(z) for all z € R.

Proof: First, we prove f1,(z) < f(z) by discussing the following four cases:

1. If 2 < 3 <0, then 0 < (B/2) <1and (—3) > 0. It follows that f(z) = —(8/(a+1)) (8/2)* >0
Additionally, define H(z) := —(8/(a+ 1)) (8/2)" and then H(z ) is a convex function of z on

interval (—oo, 8]. It follows that H(z) > H'(8)(z — B) + H(B), i

() ) = (lemne () - ()

where the inequality is because H'(z) = (a/(a+1))(8/2)*™! and H(B) = (—=B/(a+1)). Hence,

—(B/(a+1)) (8/2)% 2 [(357)z — Bl+, Le, f(2) = ful2).
2. If B<0and 2z > B, then (;57)z — B > 0. It follows that fi(2) = (;57)z — B = f(2).

3. If B> 0and z < B, then (;57)z — B < 0. It follows that f(2) = 0= f(2).

(357)% — B. Additionally, as —2 < —3 <0, from Case 1 we have

() ()= () -

If 2> B >0, then (3/2) > 0. It follows that f(z) = (a/(a+ 1))z — B+ (8/(a+1))(B/2)* >

In other words, (a/(ac+ 1))z — 4+ (B/(a + 1))(8/2)* > 0. Hence, (a/(a+ 1))z — B+ (B/(a+
)z

D)(B/2)* 2 [(357)7 — Bl+, Le., f(2) = fu(2).

14



Second, we prove f(z) < fu(z) by discussing the following four cases:

1. If 2 < B < 0, then 0 < (8/2) < 1 and (—8) > 0. It follows that f(z) = —(8/(a+1)) (8/2)* <
(a11)(=8) < ful).

2. If § < 0and z > 8, then (z — f); = z— B and (—8)y = —B. It follows that fy(z) =
(257)(z = B+ + (D) (=B)+ = (351)2 — B = f(2).

3. If f>0and z < §, then f(2) =0 < fu(2).

4. 1f 2> >0, then 0 < (8/2) < 1 and (z — B)y = 2z — 8. It follows that f(z) =
(a/(a+1))z =B+ (B/(a+1))(B/2)" < (af(a+1)z =+ B/(a+1) = fu(z). m

1.5 1.5
fu(2)
f(z)
g fr (Z> // g
E 1 |- / (_U 1 |-
> / >
c c
§e] / Re)
C /;7' C
£ 05 / / ZO05F
0 ; ; ' ' 0 ! ' )
-3 2 -1 0 0 1 2 3 4
z z
(a) f=—-land a=1 (byf=land a=1

Figure 1: Examples of function f(z) and its approximations fy(z) and fp(z)

Fig. 1a and 1b present examples of function f(z) and its approximations fy(z) and f1,(z). It can

also be shown that fy(z) — f(2) and fr(z) — f(z) everywhere as a — o0, i.e., the approximation

errors shrink to zero.

Lemma 2 The following two equalities hold:

fr(e) = sup{ (L57) ="z (1= )5} (23)
when 8 >0, and
f(2) = i?f{ (ai 1)/(“*12 - k*aﬁ}. (23b)

when 8 < 0. Furthermore, f_(z) = fr(z) < f4(2) for all z € R when > 0 and f1(z) = fr(z) <
f=(2) for all z € R when B < 0.
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Proof: First, we suppose that B > 0 and pick a zp > [. The first derivative of fi(z) at z

is fjr(z)‘zzzo = (3%9) [1- O‘H] It follows that the supporting hyperplane of the epigraph
{(y,2) € R? 1 y > [1(z )} at 20 is y > (I = (£)*]z = [L = (£)]8. Hence, fi(2) =
SUpzozﬁ{ 7) [1 - (%)O‘“]z - [1 Zﬁ ]B} for all z > B because f(z) is convex. Furthermore,

as f1(z) = 0 when z < 8 and (a+1)[1 - (:%)0‘“] - [1- (%)Q]B = 0 when 2y = 3, we have
fi(2) = sup, > p{(559)[1 - (%)0‘“] -[1- (zﬁo)o‘]ﬁ} for all z € R. Rewriting zgp = kf for k > 1
leads to representation (23a). The proof of representation (23b) is similar and so omitted.
Second, we suppose that 8 > 0 and define f¥(z) = () - k= 1z — (1 — k=)3 for all
k > 1. Then, fi(z) = supk21{ff(z)} and f_(z) = SUPk>1{(aL+1)Z - B- f+( 2)} = a+1)7«’ -B-
infy>1{f%(2)}. We prove that infy>1{fF(z)} = —[(QH)Z — B]_ by discussing the following two

cases:

1. When z < (2H)3, we have z < (2H)kB as k > 1 and 8 > 0. It follows that (aH)(—k:_a_l)z—i-

k=B >0 and so fk(z) = () =k Dz (1 —-k98 > (357)% — B for all k > 1. Hence,

infr>1 {f¥(2)} > (357)% — B. In addition, by letting k& — +oo, we have fr(z) — (z57)z — B
Therefore, infr>1{f} (2)} = (3%7)z — 8 when z < (2H)4.

2. When z > (2t1)3, we have (1 — k=" 1)z > (1 — k~*)(2H)3 because 8 > 0 and 1 — k=71 >
1— k= > 0. It follows that f¥(z) = (57 A =k Nz -1 -k >0 for all & > 1.
Hence, infr>1{f¥(2)} > 0. In addition, by letting k = 1, we have fX(z) = 0. Therefore,
infr>1{f%(2)} = 0 when z < (<)

It follows that f_(z) = (357)z — B+ [(aﬂ) -Bl_ = [(a%rl)z - B]+. Hence, by Lemma 1,
f=(z) = fu(z) < f+(#) for all z € R when 5 > 0. The proof of fi(z) = fL(z) < f-(z) when 8 <0
is similar and so omitted. [

We are now ready to derive a reformulation of the worst-case expectation supp, cp(,,5,) Ep,[f(Z)]-

We summarize this result in the following theorem.

Theorem 2 For 3 € R, supp,cp(,,5,) Er,[f(Z2)] = tmax{E,, E_}, where

2
F () @ ket - ),

e J [(l 8= (o) 0

a+1
Ei = sups Sk o508 — (1 —k7%)B+ < c )(1 — k™ Yo and (24a)
E>1 yH052405 o+ 1 )
E. = sup{ Spos 5—(1+k‘“)ﬂ+< “ )(1+k—a—1)ﬂo . (24b)
k>1 PH0,50; a+1

Proof: To avoid clutter, throughout this proof, we assume that ¥y > p2 and 8 # 0. The de-

generate cases with Xy = ,u(% or 8 = 0 can be easily verified. First, we suppose that § > 0 and
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define f¥(z) = ()1 — k= Yz — (1 — k=*)B for k > 1. Then, f(Z) = f+(Z) by Propo-
sition 7 and fi(2) = supy>1{fj(2)} by Lemma 2. It follows that supp,cp(u,x,) Ep,[f(2)] =

SUPP, € D(p0,50) EP2 [supy>1{f¥(Z)}]. We make the following observation on switching the order of

two supremum operators.

Observation 1 For g € R, we have

sup )]E]P’Z [sup{fi(Z)}

Pz€D (10,50 k>1

= sup{ sup Ep, [ff_(Z)] }
k>1 | Pz€D(uo0,0) +

Proof of Observation I: First, for all k > 1, it is clear that supps{f¥(Z2)} > [f%¥(Z)]+ because
supp>1{f¥(2)} = f4(z) > 0 for all z € R. It follows that SUPP , €D (u0,50) EP [supps1 {f(2)}] >

SUPL>1 {SUPP, €D (uo,50) B [£%(Z)]+}. We now show the opposite, i.e., SUPP,, €D (uo,50) EP [SUPg>1
{"2)} < SUP>1{SUPP D (uo,520) EP2 [f%(Z)]4+}. When B < 0, this clearly holds because

sup [Ep,
Pz€D(10,%0)

up{£2)}

= sup Ep, [fL(Z)]
k>1

Pz€D(uo,%0)

= lim sup Ep, |fX(Z
k‘—)oo{pzep(umzo) Z[ +( ):|+

< sup{ sup [Ep, [f_]i(z)] +}7

k>1 | Pz€D(10,%0)
where the first equality follows from Lemma 2 and the second equality follows from the definition

of f _’ﬁ(z) Hence, we focus on the case when 8 > 0 in the remainder of this proof.

Second, we present SUPp,, cp(u0,50) EP, [SUPg>11{ f¥(Z)}] as the following optimization problem:

(P): wp = max Ep,[f+(Z)]
s.t. Ep,[Z] = po,
Ep,[Z%] = %,
Ep,[1] =1,

whose dual is (D): wvp = min pep+ Xoq+ 7
p7q77"

st. g2 +pz+r> fi(2), VzeR. (25)

Strong duality holds between (P) and (D) due to Assumption 1 (see Proposition 3.4 in Shapiro
(2000)), i.e., vp = wvp. Furthermore, by Lemma 3.1 in Shapiro (2000), there exists a worst-
case probability distribution (i.e., an optimal solution to (P)) with a finite support of at most 3
points. That is, there exists m € {1,2,3}, (27,...,25,) € R™, and (n{,...,7,) € R such that

S T = po, Yoy mi(27)? = o, and Y.I*, mF = 1. Denoting an optimal solution to (D) by
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(p*,q*,7*), we claim that ¢*(2])? + p*2f +r* = fi(2}) for all i = 1,...,m, i.e., constraint (25)

holds at equality at points 27, ..., 2;,. Indeed, if this claim fails to hold, then we have
m m
vp = Y mife(z) < Y wla ) + 0t 4] = ¢ So+ptuo+rt = vp,  (26)
i=1 i=1

where the inequality follows from constraint (25), and the second equality follows from the defi-
nitions of (27,...,2%) and (7],..., 7). As inequality (26) violates the strong duality, the claim
holds. In addition, it can be shown that f,(z) and any quadratic function gz? + pz + r satisfying
constraint (25) intersect at most once in interval (—oo, §] and at most once in interval [, 00). It
follows that m < 2, and so m = 2 because ¥y > ,u%. Without loss of generality, we assume that
z7 € (=00, 8] and 25 € [B, ).

Third, we define k* = 23/3 and consider function [f¥"(2)]; that is tangent to fi(2) at z} and
25 by Lemma 2. Hence, gz +pz+7 > | _’ﬁ* (2)]+ for all z € R with equality holding only at 2] and

z3. Consider the primal and dual formulations of supp, cp( Ep, [f¥ (2)]+ as follows:

10,20)

(Pe): vp = max Ep, [ (2))+
s.t. Ep,[Z] = po,
Ep,[Z%] = %o,
Ep,[1] =1,

(Dp+) = oh) = gnqix; top + Xogq + 1

st. g2 +pz4+r > [f¥(2)]y, VzeR.

It is clear that the pair (27,23) and (7}, 7) provide a primal feasible solution to (P+), and
(p*,q*,7*) is a dual feasible solution to (Dj+) because fi(z) > [f¥ (z)]+ for all = € R. Mean-
while, these two solutions share the same objective function value because S 2, 7[5 (21)]4 =
2?21 T f(2F) = pop* + Sog* + r*, where the first equality follows from the definition of [f¥ (2)]+
and the second equality is due to vp = vp. It follows that strong duality holds between (Py+) and
(Dg+) and supp,, ey, 520) EP [supps 1 {5 (2)}] = SUPP,, cD(u0,50) EPZ [f¥(Z)]+. Therefore, SUPP,, D (j10,50)

Ep, [sup>1{f%(Z)}] < SUPL>1{SUPP , D (p0,50) B [f%(Z)]+} and so the proof is completed. [
(Proof of Theorem 2 continued) By Observation 1, we have

sup  Ep,[f(Z)]
Pz€D(no,20)

a
= su su E —Ja-k*YHz-1-k©
kZI;{lP’ZGD(lEMEO) PZ[<Q+1)( 7=t )ﬁL}

- s ey, o (USSR
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-l (e WED D) -l i

() ()} )

= 7E+a
where equality (27) follows from Observation 2 presented in Appendix A.
Second, we suppose that 8 < 0. Then, f(Z) = f_(Z) by Proposition 7. It follows that

sup  Ep, [f(Z)]

Pze'D(uo,Zo)
= sup [Ep, [sup ko lz — ke 28a
BT (O } s
—  sup Ep,|supd max po-ly _gep (S )z - 28h
]P’ZGD(E),EO) vz Lglf{ {<a+1> b ( +1) B}H ( )
= E gty _ g (-2 )z - 28
i;?{ﬂmzez?:;,zo) o [ma{ (57) 5 (a31) ﬂH} (280)
— sup ( )k Ly —k=B+  sup  Ep,[f5(2)4 (28d)
k=1 a+1 Pz€D(uo,X0)
1
— §E,, (286)
where equality (28a) follows from Lemma 2, equality (28b) is because (;37)k™*" ly — k28 =

(357)z — B when k = 1, equality (28c) is parallel to Observation 1 and can be similarly proved,
and equality (28d) follows from the definition of f¥(2).

Finally, it remains to prove that £ > E_ when § > 0 and £y < E_ when 8 < 0. Due
to the similarity of proof, we only show the former case, i.e., when g > 0. To that end, we
note that the equalities (28b)—(28e) are independent of the sign of 8 and so still hold when
B > 0. It follows that E_ = SUPP, eD(uo,50) EP,[f-(Z)] when 8 > 0. Similarly, we have
3By = SUPP, cD(uo,50) BP, [f+(2)]. But f_(2) < fi(2) for all z € R by Lemma 2, and so
$1E_ < $E, when 3> 0. n

Theorem 2 leads to an equivalent reformulation of AVC (7). We summarize the main result of
this section in the following theorem.
Theorem 3 AVC (7) is equivalent to a set of SOC constraints

(1=k*)B— (1 -k u'a(z)

<2eb(z) — (1 — k™ YHpTa(z)+ (1 — k=28, (29
aH)(l—kO‘l)Aa() (z) = ( ' a(x) + ( )8, (29a)
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1=k*8—(1-k*"uTa(z)
< 2eb(z) — 1+ Ek* HpTalz)+ 1+ k7% —2)6, (29b)

(5%7) (1= koY) Aa(x)
forallk > 1.

Proof: The conclusion follows from Theorem 2 by the definition of g, A, and that
k=) — (1= k= HpuTa(z)

(%) (1~ k—o1)Aa(x) , Vk>1. ]

(-
o]
In computation, directly replacing AVC with constraints (29a)—(29b) requires an infinite number
of SOC constraints and is so computationally intractable. Like what we described for ACC in
Section 2, we adopt the separation approach and solve the following problem:
Separation Problem 2: Given 3 and Z, does there exist a k such that (3 , &) violate constraints
(29a)—(29b)?
In the following proposition, we show that Separation Problem 2 can be solved by conducting

a golden section search on the real line. This search is computationally efficient.

Proposition 8 Define fig = (“2)u"a(2), S0 = (2£2)a(2) "Sa(2). We have the following:
1. IfB =0, then k = oo;
2. If B#0 and £y = fi2, then k = max{jo/B3,1};

3. IfB #£0 and So > ﬂ%, then k equals the unique root of equation
(a+1>( 1—-k= >
a 1— kol ad

lying within the interval [1 +/ (1 —pp)2+ T, 1+1/a+/(1 —pus+1/a)? + F/g:|, where pg =
fio/B and Tg = (S0 — ji3)/B>.

L's

2 ()

= (k—pp) — (30)

Proof: For a given (B , ), solving Separation Problem 2 is equivalent to finding supp, e, 5,) Ep2[f(2)],
ie., 1/2max{E, E_} defined in Theorem 2. First, if 3 =0, then

Sio S0 = \/[(ai 1)(1 - k““—l)ﬂo]2 + (aj‘_ 1>2(1 — k=o1)2(8 — i)

_ (ai 1)(1 — k) /8.

It follows that

e = b () ()0
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- {0 ) o
D). on

where equality (31b) is because /g + figp > 0 and so k = co maximizes (31a). Additionally,

e =g G ()
S E (CERTA R ) s

k>1

() (V) o

where equality (31d) is because jig — /2o < 0 and so k = oo maximizes (31c). Summing up the

above two cases, we have k= oo if 3 =0.
Second, if 3 # 0 and 3y = /i2, then Sy fio o = (1 — k)3 — (357)(1 = k= )fig|. Tt follows
that

éE+ = 1sup{‘(1 — k_a)B - ( < )(1 - ]‘C_a_l)ﬂo

—(1—k)B+ (a+1)(1—k_o‘_1)ﬂo}

2 p>1 a+1
= iliil){ [(a n 1)(1 — ki — (1 - k‘“)BL} (32a)
= f+(fio), (32b)

where equality (32b) results from Lemma 2 and so k = max{/iy/J3, 1} maximizes (32a). Meanwhile,

%E, - 1sup{‘(1 — kB (Z55) =k | - (kB () k:_a_l)ﬂo}

2 p>1 a+1
- supf s (5702, ()i i} 20
= [~ (i), (32d)

where equality (32d) results from Lemma 2 and so k = max{jig/$3, 1} maximizes (32c). Summing
up the above two cases, we have k = max{jig/3,1} if 3 # 0 and £y = i3

Third, suppose that B # 0 and o > fi3. As the case when B < 0 can be similarly derived, we
focus on the case when B > 0. In this case, solving Separation Problem 2 is equivalent to finding
the maximizer of optimization problem (24a) that defines E. To this end, we let F'(k) represent
the objective function of (24a), i.e., F'(k) := Sk fioS0.8 (1—k )3+ (57)(1- k=% Yfig. It follows
that

o) (15@%) - Mﬁ} (k—pp)+ 1
) () — o] 415
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We prove that F'(k) is unimodal, and in particular, F'(k) is nondecreasing on [1, k] and nonincreasing
on [/;:, 00), where k represents the root of equation (30). The conclusion of this proposition then
follows because k is the maximizer of F(k) on [1,00). To that end, it suffices to show that (i)
limy,_,1+ F'(k) > 0, (ii) there exists a k € [1,00) such that F’(k) < 0, and (iii) k is the unique root
of equation F'(k) = 0. We show (i)—(iii) as follows.

(i) As limy_q+ {551} = ;%5 and I's > 0, we have limy_,1+ F'(k) = /(1 — pp)? +Tp — (1 —
p) > 0.

(ii) We have

a;;;(-l?-z _ (=) (ﬁ%’ﬁfﬂ) - M/;’ I P
) () — ]+
+ Ls
\/[(aal) (15!331) - Nﬂr +1s
As llzlf;: € [1,‘*—“] and
(22 (112’“%—1) — g o

o 2
V) () -]+
there exists a sufficiently large k such that F'(k) < 0.

(iii) We consider the roots of equation F'(k) = 0. As F'(k) = 0 is equivalent to

) () =m0 ) |

e () — ] 41 e () — o] 415

any root k satisfies k — pug > 0 because I'g > 0. The above equation can be further simplified

1—

to equation (30) and so any roots k of equation (30) also satisfy F’(k) = 0. We now prove

the uniqueness of the root. We note that the first derivative of 2[(%‘1)(1£7€]f;i1) — pgl, ie.,

the left-hand-side of equation (30), is always less than 1. Meanwhile, the first derivative of
(k — pg) — L2 e, the right-hand-side of equation (30), is always greater than 1. Fur-

(k—pp)’
thermore, 2[(0‘7‘*'1)(1:5:) — pg] € [2(1 — pg),2(=H — pg)], while the range of function
—H1g) — 7 — 18 (—00,00) tor k € (ug,00). 1t tollows that the two sides ot equation
k—pg) — gy for k € (g, 00). Tt follows that th ides of equation (30

can meet only once, i.e., this equation has a unique root.
Finally, we provide lower and upper bounds of root k. As 11_;% € [1, O‘T‘H], we have

2(1 —pg) < (k — pg) — (/A:ia) < 2(2H — ig). Tt follows that ke [1 + /(1 —pg)?+Ts, 1+
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La++/(1—ps+1/a)?+Tg|. "

3.1 Approximations of the Ambiguous CVaR Constraint

Before closing this section, we derive approximations of AVC (7). First, in the following proposition,
we present a conservative approximation based on fy(z) and a relaxed one based on fi,(z), both of

which are in the form of SOC constraints.

Proposition 9 AVC (7) is implied by SOC constraints

| B e L et N G ECC IS

H[ - ““ u Ta(x )}H B [26(02;1)} ) [(26—1)(Z+1)—1} 5 (a;—l)ﬂ-ra(@' (530

Furthermore, AVC (7) implies SOC constraint

[[(c88 Coy wTete] |  [aee)]_ 2emlet ) 5 (200) ra g

Proof: First, based on Propositions 6-7 and Lemma 1, AVC (7) is implied by constraint 5 +

L SUPp e p(y0,5%) B, [fU(Z)] < b(z). Furthermore, we have

o s
sup  Ep,[fu(Z)] sup  Ep [( ) (Z — Bl + (— ) ]
Pz€D(po,%0) 7 Pz €D (10,%0) 7 \a+1 + a+1l).

)+ (5
= |- + sup Ep,|Z-p
( at+l/, \a+1/)pepus) Pl b

- (). ) Qo]

where the last equality is due to Observation 2 presented in Appendix A. It follows that AVC (7)

is implied by

o+ () {(551) + (559) (3) [V -2+ oy =54} <1t
R e R e LR (3 [

This is equivalent to constraints (33a)—(33b) by the definition of 1y and observing that

CEECREE i |

Second, based on Propositions 6-7 and Lemma 1, AVC (7) implies constraint

B+ %suppzep(%zo) Ep,[fL(Z)] < b(x). Furthermore, we have

o Bl = sw B [( . >Z‘BL

Pz€D(uo,X0) Pz€D (10,30 a+1
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Figure 2: K-piece approximations of f(z) with K =4, ny =1, ng =2, n3 = 3, and ng = o0

« a+1
= sup Ep [Z—( )B]
<a + ]'> [P’Ze'D(,uo,Eo) z « +
a 1 a+1 2 a+1
() () () s ) oty () 5]
where the last equality is due to Observation 2. It follows that AVC (7) implies
1 a 1 a+1 2 o [+l
- - - —p2) — <
o+ () (50) () () 5 m) sy (5 <t

(T S L P e ] P

(67

This is equivalent to constraints (33c) by the definition of p¢ and observing that

([P R A R

Second, we derive tighter approximations of AVC (7) based on tighter approximations of func-
tion f(z). Note that both fy(z) and f1(z) approximate f(z) based on two linear pieces (see
Fig. 2a—2b). We generalize fy(z) and f1,(z) by defining K-piece approximations as follows.

Definition 3 Given integer K > 3 and real numbers 1 = n1 < ng < --- < ng = 00, we define

f{]((z) = 1[8 < 0] [U(_(Z) + 18> O]f{]:_(z) and ff((z) =1 < O]fl{{_(z) + 18> O]fﬁ(z), where
K _ a ngi—ng” Ngr1ny & — ngng

f4z) = maX{O, k:lrna)l((l{ [(a + 1) * (a4 1)(ngs1 — nk)}z + [(a + 1) (nggr — 1) 1}ﬁ}}’
K _ o n, ¢ —ni Ngr1ny, ¢ — ngng

fo-(2) = maX{(a—i—l) _6’ T o 1{[(a+1)(nk+1—nk)}z_ |:(Oé+1)(nk+1_nk):|ﬁ}}’
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fiv(z) = kiﬁ‘,"?‘.’fx{ (af_ 1)(1 —n Nz —(1- nka)ﬁ}, and

) = s { (5 e —nis

We note that f&(z) is the linear interpolation of points {(ng, f(nx83))}r=1.. x and ff(z) is the
pointwise maximum of the tangents of f(z) at these points (see Fig. 2a—2b). Due to the convexity
of f(z), it follows that f& (z) and f{(2) are convex, and f{(z) < f(z) < f&(z). Furthermore, we
observe that f{i(z) < f+(z) by definition. Based on Lemma 2, f{i(z) < fu(2) < & (2) when 8 <
0. Similarly, we have f{* (2) < f{ (z) when 8 > 0. It follows that f{*(z) = max{f{ (2), f{* (2)}.

We formalize and extend this observation to f{f (z) in the following lemma.

Lemma 3 We have ff(z) = max{fF (z), fi(2)} for all z € R. Furthermore, f{, (z) < f(z)
when B <0 and f§_(z) < f(z) when 8> 0. It follows that [ (z) = max{f{, (z), fii_(2)}.

Proof: We first show that f{f (2) < fu(z) = [(O%rl)z - B]+ when 8 < 0. Assuming this is true,
we have fé&(z) < f(2) based on Lemma 2. To this end, for all £k = 1,..., K — 1, we observe

n, & —n_ ¢ _ _
that (O%H) + m < ;%7 because ngy1 > nyg and ny Y —n, @ < 0. We next show that

fé{ 'y (O‘T‘H 6) < 0, which follows from the following chain of equivalences:

[( a ) n =t ]<a+1)5+[nk+1n;§“—”k“z§fl _1]g <0
a+1 (a+1)(ng41 — nk) a (+ 1)(ng+1 — nk)
Mg =~ ey ® — ey

> 0
a(ngrr —ng) (a4 1) (g1 — ng)

-
& ny g (ang —a—1) > nf(any —a —1),

where the last line holds because function g(y) := y*(ay — a — 1) is increasing when y > 1. Indeed,
gy =(®+a)y* Hy—1)>0asy>1.

Second, we show that f& (z) < fu(z) = [(a%rl)z - ﬂ]+ when S > 0. Assuming this is true,
we have fé{(z) < f(z) based on Lemma 2. To that end, for all k =1,..., K — 1, we observe that

#}% < a%rl, which follows from the following equivalence:
S =y
(a+1)(ngs1 —ng) ~ a+1

& o Fang > gt +ang,

where the right-hand side holds because function h(y) := y~% + ay is increasing when y > 1.
Indeed, 1'(y) = a(1—y~*"1) > 0 as y > 1. We next show that f§_ (2 3) < 0, which follows from

the following chain of equivalences:

[(oz jli)(;:fﬂ nk)} (a; 1>6 a {gi%(nk_ﬁwiﬂﬁ <0

& (a+1D)n" —nt) < alngping® —ngng )
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& npq(angp —a—1) > ng(ang —a—1),

where the last line has been shown above. ]

In the following proposition, we present conservative approximations based on f{f (z) and relaxed
ones based on f{(z), both of which are in the form of linear matrix inequalities. We note that these
approximations are asymptotically tight as K grows to infinity. We omit the proof here because
it follows from the standard duality approach. Interested readers are referred to El Ghaoui et al.
(2003) and Zymler et al. (2013a).

()2 ()

Proposition 10 Define (T'+ 1) x (T + 1) matriz Q := [( Then, for given

+
1
integer K > 3 and real numbers 1 =ny <ng < --- < ng = oo, AVC (7) is satisfied if there exists

a symmetric matriz My € RTTDXTHY gyeh that

1
B+-My-Q < b(x), My = 0, My =
€

3(a57)a(@)” B
' 0 L (22) + s | at)
My = o (e 1) CVk=1,... K—1,
1 o n -n Ng11N;  —NENn
3[G5) + et o@ " [ S 1
[ 0 %[—afl’:a;n;%n }a(x)
My = L ( )(_]“:1 ’“)_a S Vk=1,... K —1,
1 Mk "Mkt T | PRIy TR
| 2 |:(a+1)(nk+1tnk)j|a(x) [ (ot D) (nei1—ng) ]5

where - represents the Frobenius product of matrices. Furthermore, AVC (7) implies that there

exists a symmetric matriz My, € RTTDXTH) gyeh that

1 [ 0 é(ail)a(x)]

B+ -Mp-Q < b(x), M, >0, M, >
€

2 (a5p)a(@)’ -8
o= | 0 5(ail)<1_n’“al)am]’ Vh=1,... K -1,
G = ha(@) " ~(1—n;*)B
i 0 3 (357)m * ta(x)
M Vk=1,.... K -1
L t 1(a+1)n;a la(x)‘r _n];aﬁ ) ) 3

Similar to what we mention in Remark 2, we can incorporate the conservative approximation

presented in Proposition 10 to find near-optimal solutions when solving a problem involving AVC

(7).
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4 Extension to Linear Unimodality

In this section, we consider an extension of ACC (6) and AVC (7) based on a related structural

property called linear unimodality.

Definition 4 (Linear Unimodality; see Dharmadhikari and Joag-Dev (1988)) A probability dis-
tribution P¢ is called linear unimodal about O if for all a € RT, the linear combination a'& is

univariate unimodal about 0.
Analogous to (5), we define the alternative ambiguity set based on linear unimodality as
DLV (1, %) = {Pg € My : Bp[€] = p, Bp [¢€T] = %, P is linear unimodal about 0} . (34)

We now show an equivalence between ambiguity sets Dg”(u, ) and De(p, X, o) with a = 1. It

follows that all results derived in Sections 2-3, with « set to be 1, remain valid under DEU(M, Y).

Proposition 11 For any Borel measurable function h : R — R, we have

P€€S§£7271)Ep§ [h(a(z)Te)] = PEG;;;(%E)E& [h(a(z)T€)].
Proof: By Theorem 3.5 in Dharmadhikari and Joag-Dev (1988), a random variable X is 1-unimodal
if and only if there exists a random variable Z such that X = UZ, where U is uniform in (0,1) and
independent of Z.

First, pick any { such that Pe € D¢(p,2,1). As a'€ is univariate l-unimodal for all a €
R” because P¢ is 1-unimodal, P¢ € Dg¥(p, X). 1t follows that De(p,¥,1) € Dg¥(p,X) and so
infp, e, (u,5,1) Epe [h(a(z)T€)] = ianPgeDgU(u,E) Ep, [h(a(z)T)].

Second, pick any ¢ such that Pe € DEU(M,E). Then, ¢ := a(z)'¢ is 1-unimodal because
P¢ is linear unimodal. Hence, there exists a Z; such that ( = UZ;. It follows that E[Z;] =
2u1 and E[Zg] = 3%;. Based on Theorem 1 in Popescu (2007), there exists a Z; € R? such
that Z; = a(2)"Z¢, E[Z¢] = 2, and E[Z¢Z]] = 3%. It follows that UZ¢ is l-unimodal, and
meanwhile Ep [UZ¢] = JE[Z¢] = p and Ep,[(UZ)(UZ)"] = 3E[Z¢Z]] = ¥. Furthermore,
a(z)"¢ = a(z) " (UZ¢). Therefore, the probability distribution of UZ¢ belongs to Dg(u, %, 1), and

SO infpgepg(u,z,l) Ep, [h(a(z)T€)] < infpgeDgU(u,z) Ep, [h(a(z)TE)]. u

5 Computational Case Study

In this section, we evaluate the theoretical results derived in Sections 2—3 based on a risk-constrained
economic dispatch (RCED) problem in power system operation. We present a nominal RCED model

as follows:

;n[ijn D Z [ciog} + cingi + ' (r] +17)] (352)
g,a,r=,Tr ZEI\IR
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st D e+ D fi=) Ln (35b)

1€I\IRr 1€IR b=1
n:—(Zwi)di, Vi€ I\ Zn, (35¢)
i€TR
o odi =1, (35d)
iGI\IR
—rp <m <r), VieI\Iy, (35e)
g™ < gi+ri < g™, VieI\ Iy, (35f)
B
~ G Y DD i)+ Y (fitw) — Ly <G VEEL,  (3%)
b=1 1€Gy 1€EHy

where B represents the number of buses in the power system, 7 represents the set of generating
units (conventional and renewable), Zy represents the set of renewable units, £ represents the set
of transmission lines, G represents the set of conventional units at bus b, H; represents the set of
renewable units at bus b, ¢;2 and ¢;; represent cost parameters of conventional unit 4, ¢}' represents
the unit cost for up/down reserve capacity of conventional unit ¢, L; represents the load at bus b,
and Cy represents the capacity of transmission line . For each renewable unit ¢ € Zy, f; and w;
represent the forecasted power output and the forecast error, respectively. For each conventional
unit i € Z \ Zg, g; and r; represent the planned generation amount and the adjustment amount,
respectively, and d; represents the portion of total generation-load mismatch to be offset by this
unit (see, e.g., Vrakopoulou et al., 2013; Bienstock et al., 2014). Constraint (35b) describes the
power balance requirement for generation and loads (we assume that the loads are deterministic),
constraints (35c¢) describe the proportional distribution of mismatches, constraint (35d) requires
that all proportions sum up to be 1, constraints (35e) limit the adjustment amount by the reserve
capacities Y and ", constraints (35f) bound the generation amount by the generation capacity, and
constraints (35g) describe the transmission capacity limits based on the dc approximation where
Dg maps power injections to power flows (see, e.g., Bergen and Vittal (1999) and Gémez-Expdsito
et al. (2008)).

Our case study uses the IEEE 30-bus system (Zimmerman et al., 2011). We increase all elec-
tricity loads by 50% and add two wind farms at buses 5 and 22. The forecasted power output
from each wind farm is 30MW. The transmission line between buses 1 and 2 has a capacity of
30MW, while all other line flows are unconstrained. Other cost and capacity coefficients are re-
ported in Table 1. We assume random forecast errors and describe the uncertainty by an un-
correlated random vector w := [wy,ws] with mean u, and covariance matrix I'y, = diag(9,9).
Additionally, we assume that w is a-unimodal about [0,0]". To handle random violations of con-
straints (35e)-(35g), we replace them by ACC (6) and AVC (7), and term the resultant RCED
model (C-ED) and (V-ED), respectively. For example, in (C-ED), we replace constraints (35e)
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Figure 3: Optimal values of (O-ED), (C-ED), and (V-ED) with various ¢ and «

by infpep, {di Y ez, wi < 17} > 1 — « and infp ep {—did ez, wi < 7'} > 1 — «, where
Dy = {Py, € Ms : Ep [w] = pyw,Ep, [ww'] = pwpd, + diag(9,9),Py is a-unimodal about 0}.
In contrast, in (V-ED), we replace constraints (35e) by supp, cp, CVaRp, (di > ieTn wi) < rpP and
supp, ep, CVaRp (—di ZiEIR wi> < 7. Lastly, when the requirement of a-unimodality is relaxed
from Dy, (C-ED) and (V-ED) become equivalent and we term this model (O-ED).

Conventional Unit Bus Ind " iz ORI N
onventiona ni us Index ($/MW) ($/MW2) ($/MW) (MW) (MW)
1 1 20 0.04 200 0 360

2 2 10 0.25 400 0 140

3 5 40 0.01 400 0 100

4 8 40 0.01 400 0 100

5 11 40 0.01 400 0 100

6 13 40 0.01 400 0 100

Table 1: Coefficients of the Case Study

By using (O-ED) as a benchmark, we test (C-ED) and (V-ED) under various selections of jiy
and « values. First, we fix a = 1 and let py = ¢[1,1]7 with ¢ € {-3,-2,...,3}. We report
the optimal objective values of the three models in Fig. 3a. From this figure, we observe that the
optimal value of (O-ED) is consistently larger than that of (V-ED), which is consistently larger
than that of (C-ED). This demonstrates that incorporating a-unimodality makes the RCED model
less conservative and hence decreases the cost of economic dispatch. Meanwhile, unlike in (O-ED),
ACC (6) and AVC (7) are not equivalent when a-unimodality is incorporated in the ambiguity set.
Furthermore, we observe that the discrepancy between (O-ED) and (C-ED)/(V-ED) amplifies as
¢ deviates from 0. This indicates that a-unimodality plays a more important role in Dy, as the

difference between py, and the mode increases.
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Second, we fix piwy = [0,0]" and let « increase from 1 to 10. We report the optimal objective
values of the three models in Fig. 3b. From this figure, we observe that the discrepancy between
(O-ED) and (C-ED)/(V-ED) shrinks as « grows. This is as expected because the requirement of a-
unimodality weakens as o grows. Although not shown in this figure, the convergence of (V-ED) to
(O-ED) takes place when « > 40, while the convergence of (C-ED) takes place when a > 10%. The
slow convergence indicates that unimodality information can significantly influence the structure

of Dy, and the worst-case probability distribution.

¢ =-2 ¢=0 ¢ =2
5 5 5
4 4 4 o UB%
LB%
3 3 3
gz £, g2
[eN Q. Q.
© @© ©
o o o
Ofr==----7------5------- Of====-=-=—--c==fe=m=== Ofr=—- -7 -- oo
1 -1 1
4 6 8 10 4 6 8 10 4 6 8 10
K K K

Figure 4: Gaps between the Optimal Objective Value and the Relaxed and Conservative Approxi-
mations of (C-ED)
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© @©
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Figure 5: Gaps between the Optimal Objective Value and the Relaxed and Conservative Approxi-
mations of (V-ED)

Third, we let o = 1, pw = ¢[1,1]7 with ¢ € {—2,0,2}, and evaluate the tightness of the
approximations of ACC and AVC derived in Propositions 4-5 and Proposition 10, respectively.
In Fig. 4, we report the gap between the optimal objective value v{. g5, of (C-ED) and the upper
bound vyg obtained from the conservative approximation, and the gap between v/, g, and the lower
bound vy 5 obtained from the relaxed approximation, for K € {4,6,8,10}. The gaps are obtained by
computing UB% = (vup—v{cpp))/V{c.ep) X 100% and LB% = (v{q_gp) —VLs)/Vic.gp, X 100%. Similarly,
in Fig. 5, we report the gap between the optimal objective value vy g, of (V-ED) and those of
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its K-piece approximations with K € {2,4,6,8}. From Fig. 4-5, we observe that the gaps quickly
shrink as K increases and the approximations become near-optimal (e.g., UB%+LB% < 1%) when
K > 8.
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Appendix A

For random variable Z and constant 8 € R, we make the following observation on the worst-case
expectation supp, ep(,y,x0) Er, [Z — B]+. Note that this observation can be made following the

derivations in Scarf (1958), and we present a proof below for completeness.

Observation 2 Given 8 € R, we have

1
wp  Be, 2= Als = 3 [y/(5 = po + (o) - 4
PzED(uo,EQ)

Proof: We represent supp 2E€D(0,50) BB [Z — B]+ as the following optimization problem

vp = max Ep, [Z — ()4
Pz

(P) s.t. Ep,[Z] = po,
Ep,[2%] = T,
Ep,[1] =1,
whose dual is vp = {anilrl wop + 2o0q + 1
(D) st. q22+pz+r>[z—Pls, VzeR

The weak duality between (P) and (D), i.e., vp < vp, holds because pop + Xogq + 1 = Ep,[¢Z? +
pZ+r] < Ep,[Z — ]+ for any feasible solution (g, p, ) to (D) and feasible solution P to (P). Now
we prove the strong duality by constructing two feasible solutions to (P) and (D), respectively, that

have the same objective value. On the one hand, the primal solution Py is supported on two points

21 and 23 with probability masses p; and pa, respectively, where A = /(8 — po)2 + (S0 — p3) and

_B-m+A o —pB+A

5A , P2 = 5A , z1=0—A, and 20 = 8+ A.

b1

We have pi1,p2 > 0 because A > |3 — po|. Meanwhile, we have

bt = CTIAAO=D)  Go=prNE+)
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and

bty — Bt DB ) (=Bt A)(B+ AP

2A 2A
_ (B [(B=2P - (B+AP]+A[(B-A+(8+4)]
2A
= = B2+ 2uB+ A% = —B2+2uB8+ (B — o)’ + (2o — pd) = o

Hence, P is feasible to (P). On the other hand, the dual solution (g,p,) is such that

1 . A-p . (A-p)?

0= x P= 55 andr:T.
Hence, G2 + pz + 7 = ﬁ(z + A — )2, It follows that §z2 4 pz +# > 0 for all z € R. Meanwhile,
(G2 +pz+7)—(2—p) = i(z—ﬁ—A)Q >0, i.e., §z2+pz+7 > z—B. Thus, G22 +pz+7 > [2— B4
and so (¢, p, ) is feasible to (D).

Finally, the primal objective value associated with P is p2(ze—p) = w = %(A—ﬁ%—,uo).

Meanwhile, the dual objective value associated with (g, p,7) is

uo<A_B>+Eo< 1 >+(A—6)2 A? + (6% = 2p08 + 15) + (B0 — p3) + 2002 — 2A8

2A 4A 4A 4A
2A% 4+ 2u0A — 2AB 1
= — Z(A—
which coincides with the primal objective value associated with P. ]
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