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Abstract

A joint chance constrained optimization problem involves multiple uncertain constraints,
i.e., constraints with stochastic parameters, that are jointly required to be satisfied with proba-
bility exceeding a prespecified threshold. In a distributionally robust joint chance constrained
optimization problem (DRCCP), the joint chance constraint is required to hold for all prob-
ability distributions of the stochastic parameters from a given ambiguity set. In this work,
we consider DRCCP involving convex nonlinear uncertain constraints and an ambiguity set
specified by convex moment constraints. We investigate deterministic reformulations of such
problems and conditions under which such deterministic reformulations are convex. In par-
ticular we show that a DRCCP can be reformulated as a convex program if one the following
conditions hold: (i) there is a single uncertain constraint, (ii) the ambiguity set is defined by
a single moment constraint, (iii) the ambiguity set is defined by linear moment constraints,
and (iv) the uncertain and moment constraints are positively homogeneous with respect to
uncertain parameters. We further show that if the decision variables are binary and the uncer-
tain constraints are linear then a DRCCP can be reformulated as a deterministic mixed integer
convex program. Finally, we present a numerical study to illustrate that the proposed mixed
integer convex reformulation can be solved efficiently by existing solvers.

1 Introduction

1.1 Problem Setting

We consider a distributionally robust chance constrained program (DRCCP) of the form (c.f. [4,
10, [12] 24]):

v* =min ¢z, (1a)
s.t. x €8, (1b)

inf P[¢: F >0]>1—ce 1
Inf Pl F(2,) 2 0] 21— (19
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where x € R"” is a decision vector; the vector ¢ € R" denotes the objective coefficients; the set
S C R" denotes deterministic constraints on z; the random vector £ supported on = C R de-
notes uncertain constraint coefficients with a realization denoted by ¢; the mapping F(x,§) :=
(filz, &), ..., fr(z, &))" with fi(z,€) : R* x 2 = Rforalli € [I] := {1,...,I} defines a set of un-
certain constraints on z; the ambiguity set P denotes a set of probability measures P on the space
E with a sigma algebra F; and € € (0, 1) denotes a risk tolerance. In (1) we seek a decision vector =
to minimize a linear objective ¢' = subject to a set of deterministic constraints defined by S, and a
chance constraint that is required to hold for any probability distribution from the ambiguity
set P with a probability of 1 — e. Note that when |I| = 1 the constraint involves a single chance
constraint and if |I| > 2 it involves a joint chance constraint.

The primary difficulty of (I) is due to the distributionally robust chance constraint (Ic). Let us
denote the feasible region induced by as

ZD::{xER”:ian[{:F(m,ﬁ)ZO]Zl—e}. (2)
PeP

In this paper we study deterministic reformulations of the set Zp and its convexity properties. Our
study is restricted to the convex, moment constrained setting (cf. [19,20]), i.e. under the following
assumptions.

(A1) Each function f;(, &) in the mapping F(z,€) := (fi(,€),..., fr(x,€))" is concave in z for
any fixed &, and is convex in ¢ for any fixed x.

(A2) The random vector £ is supported on a nonempty closed convex set = C R™.

(A3) The ambiguity set P is nonempty and is defined by moment constraints:

P={PecPy(Z):Ep[pe(§)] = gt,t € T1,Ep[pe(§)] > g1,t € T2, } 3)
where P; (2) denotes the set of all of probability measures on = with a sigma algebra 7, and
for each t € 71 U7, the moment function ¢; : = — R is a real valued continuous function and
g+ 1s a scalar. Furthermore, for each ¢ € Ty, the function ¢;() is linear, and for each t € T3,
the function ¢.() is concave.

1.2 Contributions

Even under the above convexity assumptions the set Zp is nonconvex in general, making
a difficult optimization problem. Moreover it is not described by explicit functions, and so is
not suitable for direct optimization as a mathematical program. In this paper we first provide a
deterministic approximation of Zp, that is nearly tight and then identify a variety of settings under
which Zp is convex. The main results of this paper are summarized next.

1. We propose a deterministic conservative approximation of Zp, which is in general noncon-
vex and can be formulated as an optimization problem involving biconvex constraints.

2. If there is a single uncertain constraint, i.e. |I| = 1, we prove that the proposed deterministic
approximation is exact and reduces to a tractable convex program. This result is a gener-
alization of existing works (e.g., [4, 24, 26]) to arbitrary convex ambiguity sets rather than
those involving only first and second moment constraints.

3. We prove that if the ambiguity set P contains only one moment inequality, i.e. |71| = 0 and
|72| = 1, then Zp is a tractable convex program; and if the ambiguity set contains only one
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moment linear equality, i.e. | 7| = 1 and |73| = 0, then Zp, is equivalent to the disjunction of
two tractable convex programs.

4. We prove that if = = R™ and the moment functions {¢:(£) }te7;uT; are linear, then Zp is
equivalent to the feasible region of a robust convex program.

5. We prove that if = is a closed convex cone, the function f;(z,§) for any i € [I] is of the
(separable) form f;(x, &) = w;i(x) — hi(§) where h;(§) is positively homogeneous on =, and
the moment functions {¢:(£) }+e7; are positively homogeneous on Z, then set Zp is convex.
This result is a generalization of [11], where the authors assumed that w;(-) and h;(-) are
affine functions for each i € [I].

6. When the decision variables are pure binary (ie. S C {0,1}") and uncertain constraints
are linear, we show that the proposed deterministic approximation can be reformulated as a
mixed integer convex program. We also present a numerical study to demonstrate that the
proposed reformulation can be effectively solved using a standard solver.

1.3 Connection to existing works

Nonlinear chance constraints have been studied in the context of a variety of applications, e.g.,
wireless communication [14], transportation [24], facility location [15], and power systems [25]].
A number of works have proposed convex reformulations of distributionally robust chance con-
straints with different types of nonlinear moment ambiguity sets. For example, [11] studied mean
dispersion ambiguity set, [5, [Z, 12} 26] incorporated second moment into ambiguity set, and [22]
considered constraints on the coefficient of variation. Next, we will review existing works on
single and joint chance constraints separately.

In the case of a single uncertain constraint, i.e., |I| = 1, there has been significant efforts in
identifying settings where Zp can be reformulated by deterministic convex constraints. For ex-
ample, with known mean and covariance of £, the authors in [4] showed that the set Zp can be
formulated as a second order cone program (SOCP). Recently, more efforts have been made to de-
rive tractable reformulation of the set Zp. For instance, in [26]], the authors showed that with given
range of first- and second- order moments, the set Zp, can be reformulated as a semidefinite pro-
gram (SDP). These tractability results have been generalized to nonlinear uncertain constraints
in [24]. In [10], the authors demonstrated that the set Zp is convex when P involves conic mo-
ment constraints or unimodality of P. Generalizing the above mentioned earlier works, this paper
demonstrates that for any ambiguity set with convex moment constraints, when there is a single
chance constraint, the set Zp can be reformulated as a convex program.

Tractability results for a joint DRCCP (i.e., |I| > 1) are very rare. It has been shown in [10]
that optimization over the set Zp is in general NP-hard. Therefore, much of the earlier works
built approximation of the set Zp instead of deriving its exact reformulation. For example, in [17],
the authors suggested that using Bonferroni’s inequality to decompose a joint chance constraint
into |I| different single chance constraints whose sum of risk parameters is no larger than e. With
such decomposition, any approximation scheme proposed for a single chance constraint could be
directly applied. However, Bonferroni’s inequality is not tight in general (c.f. [5, 26]). Thus, in [5],
the authors proposed to improve Bonferroni’s inequality by scaling each uncertain constraint with
a positive number and converting them into a single constraint. For any fixed scaler, they were
able to provide a conservative SOCP approximation. Later, it was shown in [26] that by optimizing
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over the scaling parameters, the feasible region of the proposed scaling method is nearly exact to
set Zp when P is described by first- and second- order moments. This result was established
using strong duality of SDP. However, in this case, the corresponding deterministic reformulation
of (1) turns out to be a bilinear optimization problem, which is naturally hard to solve (c.f. [2]).
Recently, [11] derived a tractable reformulation under the restricted assumption that the stochastic
mapping F(z,§) is separate and affine in (z, {), = is a closed convex solid cone and the ambiguity
set is defined by mean and dispersion constraints, where the dispersion function is positively
homogeneous on the cone Z. We extend the results of [26] to any ambiguity set with convex
moment constraints and show that the approximation yields a mixed integer convex program
when the decision vector z is binary. Unlike [11], we show that a DRCCP with single moment
constraint is tractable by relaxing their assumptions on the set = and mapping F'(z,¢), and we
also provide new sufficient conditions under which joint DRCCP is tractable.

The remainder of the paper is organized as follows. Section 2| presents some preliminary re-
sults to be used subsequently. Section (3| proposes an equivalent deterministic reformulation of
the set Zp and develops a tight approximation of the set Zp via a system of biconvex constraints.
Section [ provides various sufficient conditions for the convexity of the set Zp. Section 5| demon-
strates that the proposed tight approximation of Zp yields a mixed integer convex program when
the decision variables are binary and the uncertain constraints are linear. A numerical study is
presented to test the proposed formulation. Finally, Section [6|concludes the paper.

2 Preliminaries

In this section we present some standard results and then define a special function associated with
the set Zp that will be used in our analysis. We begin by defining some of the notation that will be
used throughout.

2.1 Notation

Recall that we use £ to denote a random vector and £ to denote a realization of £&. We let e be the
all-ones vector. For a positive integer m, let [m] := {1,...,m} and R} = {x e R™ : x > 0}, R}, =
{r € R™ : 2; > 0,Vi € [m]}. We let M, (E) denote the cone of all nonnegative measures on =.
Givena vector F' = (fi,..., f1)7, the indicator function I (F) is equal to 1 if fi>0forallie [1],0
otherwise. For a statement y, we let [(x) be 1 if x is true, 0, otherwise. Given a function f(), we
use dom fto denote its domain.

2.2 Some standard results

As is common in the distributionally robust optimization literature (e.g., [19]), our deterministic
reformulation of Zp relies on dualizing the optimization problem appearing in the left-hand-side
of the chance constraint defining (2). Towards this, in addition to Assumptions[(AT)]-[(A3)] we will
make the following constraint qualification assumption on P throughout the rest of this paper.

(A4) (Slater’s condition) there exists a probability measure P satisfying the constraints defining P
for any sufficiently small perturbation of {g; }:c7;u7-

We will use the following strong duality result.



Lemma 1. Let P be defined as in (3) and suppose Assumptions|(Al)|-|(A4) hold. Let () be a Lebesgue
measurable function on (=, F) such that |Ep[¢(§)]| < oo for any P € P, then

inf Ep[p(€)], @
€P
is equivalent to the following mathematical program:
max A+ Z 9tVts (5a)
teT1UT2
st A+ Z D1(E)ve < P(§),VE € E, (5b)
teT1UT2
v > 0,t € Ts. (SC)

Proof. Note that M (Z) denote the cone of all nonnegative measures on Z. Then (4) can be for-
mulated as

mf / B(E)du(€)

HEML(E

st / o E)dp(€) = gVt € T, / u(€)du€) > gVt € T, / du(€) = 1.

The dual of the above semi-infinite linear program is (5). Due to Assumption Theorem 5.99
in [3] implies that strong duality holds and the set of optimal solutions are bounded. O

Next, we note that Zp is closed.

Lemma 2. Under Assumptions|(AT)]- Zp is closed.

Proof. For any given P € P, let
Zp ={x €eR":P{: F(z,§) >0 >1—¢}.
From Proposition 1.7 in [13], since F'(z,¢) is continuous in x, Zp is a closed set. By definition,

Zp = (pep Zp and it is well known that any intersection of closed set is also closed. Thus, Zp is
closed. O

Finally, we mention a result from convex programming that will be useful.

Lemma 3. (Convex Theorem of Alternatives, [[1]) Consider the convex inequality system
flx) <,
(51)  gi(x) < 0,3 € [m],
x e X,
where ¢ € R is a constant, f(z),{9i()}icim) are convex functions defined on R"™ and X C R" is a
nonempty convex set. Assume that there exist T such that g;(z) < 0 for each i € [m]. Then system (Sh) is
unsolvable if and only if system (Ss) is solvable, where (S2) is defined as
Ai >0,1€ [m]

2.3 ¢-conjugate functions

Our subsequent constructions will make use of the following function associated with the ingre-
dients defining Zp.



Definition 1. Let f(z,&) be a function which is convex in £ € = for all z. Given functions
{6¢(&) }tesuT; as defined in (3) the ¢-conjugate of f corresponding to weights (v,a) € (RI71 x
RIZN xR, is

¢f(77 O[7I) = SUI:) ( Z ¢t(§)’7/t - Oéf(l‘,f))

teT1UT2
For notational simplicity, when f(z,§) = 0 for all (z,&), we denote

QPO(’Y) = w()(r% &, $)

Note that evaluating v; (7, o, ) amounts to solving a concave maximization problem. Often,
such a problem is tractable. Next we establish some properties of 1. Recall, that given a closed
convex cone C, a function f : C — R is positively homogeneous on C if f(Az) = Af(z) for any x € C
and A > 0.

Lemma 4. Let f(x,§) be concave in v € R™ and convex in §& € =. Then its ¢-conjugate function
Y ¢(7, a, ) has the following properties:

(i) s (-, -, x) is jointly convex in (v, a) € (RIT x RN x R, for any given x;
(ii) ¢ (-, ) is jointly convex in (v,z) € (RITil x RL?') x R™ for any given «;

(iii) if = is a closed convex cone, f(x,-) and {¢:(-) }reT;uT, are positively homogeneous on =, then

— 07 #(770571‘) € dom ¢f7
vl o) = { +00, otherwise.

Proof. Parts (i) and (ii) follow from the fact that the supremum of a set of convex functions is con-
vex. We only show part (iii). If = is a closed convex cone, f(z,-) and {¢:(-) }+c7;u7; are positively
homogeneous on =, then we must have ¥ (v, o, z) < 0 for any (v,a,z) € dom 9. Otherwise,
there would exist ¢ € = such that

Z G1(&)ve — af (z,€) >0
teT1UT2
and so

£ \teTuTe teTIUTs
where the first inequality comes from A\é € = for any A > 0 and the first equality due to the
positive homogeneity of f(z,-) and {¢:(:) }te7;uTs - Also from positive homogeneity it follows that

> eriury P1(0)ye — af(x,0) = 0. Thus ¢ (v, a, ) = 0 for all (v, o, z) € dom ;. O

Note that in part (iii) of Lemma @ if = is a polyhedral cone, f(z,&) is linear in { for any
given x and {¢+(§) he;uT; are all linear functions, then by strong duality of linear programming,
Y (7, @, x) is equal to the characteristic function of a set defined by linear inequalities on (v, a) for
any given .

Next we present a few examples of P whose associated ¢-conjugate function and its domain
can be explicitly computed. We omit the calculations for brevity.

SUP( Z ¢t(§)’}’taf(ﬂfa§)) 2 lim Z PN — af(z,A) = o0



Proposition 1. Let
P ={PecPo(R"): Ep[[[£llg] < g1},
withq > 1,2 =R™, and f(x,&) =b—p' o — & w. Here Yy cr 7 00(E)ve = —7[€llq- Then

—alb—uTa), ifllox| o <y, 70
Vr(y, o, z) = a1
~+00, otherwise.

Proposition 2. Let
P = {Pe Py (R™) : Eelw/ €] = g1t € Ti, Erlw/ €] 2 gt € T},

with 2 =R™, f(x,&) = (Az 4+ a) "¢ + Bz + b, and Yoieriun ) = D ierun yew, €. Then

br(ryaym) = § TBE D) i alAr+a) =3 e g v 7 2 0VEE T
+-00, otherwise.

Proposition 3. Let
P ={PePo(R™): Ep[§] = 0, Ep[|[£llg] < g},
with q > 1, = = R™, and f(x,§) = h(z) + BE where h(z) is concave in x. Here ) 7. 7 dt(§) v =
N € —2l€llq Then
—ah(x), ifllm—aBT|| o <72, 72 >0
¥yr,0,3) = Pl = o8 e,
400, otherwise.

Proposition 4. Let
P = {P e Py (R™) : Erle] = 0,Ep[€T] 2 T},
with 2 =R™, and f(z,§) = (Az +a) & + Ba +b. Here Y 7 0()ve = 71 € — (72,€€7). Then

[ —a(Bx+b)+min{t: T(t,v,a,z) = 0} ify =0
(v, @) = { 400 otherwise,
. t —5(n —a(Az +a))T
th T(t = 2 :
with T(t, 7, o, z) [—%(71 — a(Az + a)) 72

Proposition 5. Let
P ={P P (R™): Eple] = 0,Ep[(h€)2] < gk )},
withZ = R™, and f(z,§) = (Az +a) &+ Bz +b. Here Y, 7 00(€) v = 71 € — 729(h"€)2. Then

_ | —a(Bx+0b)+min{t: T(t,y,a,z) = 0}, ify2 >0
Yilnaz) = { +00 otherwise,
. t —3(m —a(Ax—l—a))T}
with T(t,v, o, ) = 2 .
(7 002) [—5(71 — a(Az +a)) Yaghh'

The mean deviation ambiguity set in Proposition [3| has been studied in [11]. The first and
second- moment ambiguity set in Propositionhas been studied in [5, 7], [12], 26]], while the mean
and coefficient of variation ambiguity set in Proposition [5|has been studied in [22].



3 Deterministic formulations

In this section we present two deterministic formulations associated with Zp. The first is a direct
reformulation using the strong duality result in Lemma(l| The second is an approximate formula-

tion of Zp via a biconvex program which is shown to be nearly tight.

3.1 Direct reformulation

Lemma (1}is sufficient to derive the following deterministic reformulation of Zp. We will investi-

gate the convexity of this reformulation in Section [4}

Theorem 1. Suppose Assumptions|(AT)]-[(A4)|hold, then

A Y gm=1-¢

teT1UT2

z: A+ (y) <1,

A+, (7, a4,2) <0,V € I (),
[ % >0,VteTa, 0 >0,Vi € I1(x),
where the functions g (-) , 4. (-, -, -) are ¢-conjugate functions as defined in Definition (1| and

Li(z):={ie[l]: 3 €E, fi(x,&) <O0}.

Zp

Proof. Note that

€
By Lemmal |1} the left-hand side of the constraint defining Zp, is equivalent to

max A+ z g Ye
teT1UT2

st A+ Z oe(§n < L (F(w,8)), V€ € E,
teTIUTs
Ve 2 07 te 75
From the definition of I, (F(z,§)), constraints (7b) are equivalent to

A+ Y ¢On <1,V EE,

teT1UT2
At D ©n<ovie | J{EeE: fila, &) <0}
teT1UT2 ie(I]

Constraint (8a) is equivalent to

>\+SUP( > cbt(é)%) <1,

$E5 \ teTiuTs

which is equivalent to by the definition of ¥ (7). Next we focus on reformulating (8b).

(6a)

(6b)
(6c)
(6d)

(8a)

(8b)

Given z, let Z;(z) := {£ € 2 : fi(x,&) < 0} for all i € [I]. Note that by definition of I;(z) we



have that Z;(z) # 0 for all i € I;(x). Thus is equivalent to

A+ sup ( Z <bt(§)’yt) <0,Vi € I1(x). 9)

€€5i(@) \teriuTs
For any given z, since f;(x,§) and Zteﬂ uT, P1(€ )¢ are continuous in &, = is a closed set and by
definition Z;(x) # 0 for each i € I (x), so we can replace the strict inequalities in Z;(z) by non-
strict ones. Thus, () is equivalent to

A ( ) ast(g)%) <0,vi € I(a). (10)

Fsgo U

For any given v € RI71l x ]R'IQ‘, AeRandz € S, implies that the following constraint system
on £ is insolvable

At D Gl > 0,6 €8, filx,8) <0, (11)
teETUT2
for each i € I (z).
By definition of the set I1(z), we have that there exists £ € = such that fi(z,£) < 0. Thus by
Lemma is equivalent to that there exists an «; > 0,

)\+SUQ( Z ¢t(f)%az‘fz’($af)) <0

$€2 \teTium

for each i € I1(x). By definition of 14, the above system is equivalent to (6c). O

We remark that reformulation (6) of Zp is not convex since each function ¢, (-) is not in gen-
eral convex for ¢ € [I], and also because the index set I;(z) depends on z. In the subsequent
sections, we will explore the tractability of the set Zp by establishing conditions under which
{#y, (v, @i, ) }ig|p) are convex and I (z) can be replaced by [I].

We also remark that by Lemma 3.1 in [20], for any distribution P € P, there exists a discrete
distribution P € P with a finite support of at most 1 + |7;| + | 72| points. Therefore, there exists

a worst-case distribution P* which achieves the infimum in has a finite support with points
{& ey with J <14 |T1] + [T2], i.e., P* satisfies

=Y plE=¢).
JEJ]

We first observe that A + ¢ () can be lower bounded by 1 — e.
Corollary 1. For any (\,~, a, x) satisfying (6)), we must have X\ + 1y (y) > 1 — e.
Proof. For any given P € P, (3) yields

Lo©re) =g € T, [ ulep(a) 2 gt € o

Since ¢ > 0 for each t € 7, by aggregating the above inequalities with multipliers {; }ic7;u7;, we

obtain
Z /_¢t )P (d€) > Z gt (12)

teTIUT: 7= teTiUT2



Since

Yo () :sup( 3 @(W) > 3 / 61(E)WP(dS),

€€ \teiuTs teTIUT: Y =
therefore and A+ > e o7, 90 > 1 — e imply

A+ (y) >1—e
O

We also observe that for each i € I;(z), a; must be strictly positive. This observation is key
to the proofs of several main results in subsequent sections, for instance, it allows us to prove the
convexity of the set Zp when = = R and {¢;(§) }+e7;u7; are all linear functions.

Corollary 2. For any x satisfying (6), we must have ;> 0 for all i € I1(z).

Proof. If I (x) = ), then we are done. Now let us assume that I, (z) # ). Suppose «;, = 0 for some
io € I1(z). Then from (6c), we have A + 4y, (v,0,2) < 0, which is equivalent to A + ¢ () < 0.
This yields a contradiction to Corollary [1]that A + v (7) > 1 —e. O

3.2 Biconvex approximation

Recently, in [5], [12] and [26], the authors derived CVaR approximation of a joint DRCCP with
linear uncertain constraints, which yields an almost exact feasible region of a DRCCP. The con-
struction of such an approximation scheme is outlined below. First, for any given positive vector
a € R |, we can convert the joint chance constraints into a single one as

Zp = {x eR":ae€ RLF’B’E%PK : ?é%}]({ai (—fi(z,8)} <0]>1— e}

= {:c ER":a € RL, supP¢ : max {a; (—fi(z,€))} > 0] < e}
PeP i€[{]

where the second equality is due to P[§ : max;e;) {c; (= fi(z,§))} > 0]+ P[€ : max;e(p {ci (—fi(,€))} <
0] = 1. For any given probability measure P € P, apply the CVaR approximation of [17] to the
above chance constraint, which yields a conservative approximation of Zp, as

Zp D {ZE ta € RiJr,sup { inf {ﬁ + EEP (max{ai (—fi(z,€))} — B) ] }} < 0} .
PeP € i€(I] +

BER
We further note that if we interchange the infimum with the supremum, then by standard minimax

argument, set Zp is further approximated by
(1 fas (e €0} - 8) | f <0

<1;ré?;]<{ai (—fi(x,8))} — ﬁ) J < 0} (13)

where the second inclusion is because infimum might not be achieved by any /.
The relation leads us to reformulate Z¢ as a disjunction of two sets by distinguishing
whether 5 = 0 or not.

1
Zp2{z:acRl , inf + —sup Ep
{ A BER{ﬁ 6]‘9’67Iz

1
D7 :{$Za€Ri+,5€R,ﬁ+SupEp
€ Pep
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Theorem 2. Zo = X U Yy, where

Xe = {a: F(z,€) > 0,V¢ € E} (14)
and
A+ Z g =1 —¢, \ (15a)
teT1UT2
Yo=<(z:A+vo(7) <1, (15b)
X+ ¢y, (7, a4,2) <0,Vi € [1], (15¢)
v > 0,Yt € Ta,a; > 0,Vi € [I]. (15d)

Proof. We separate the proof into three parts.

(i) Note that in (13), we must have g < 0; otherwise, as (max;c;{ci(—fi(x,£))} — )+ > 0 for
all £ € E, thus the expectation in (I3) is always nonnegative, which implies that the left-hand
side of (13) is strictly positive, a contradiction.

(ii) For any z € Z, there exists (a, 8) € R, x R_ such that
y ++

Be + sup Ep <max {ai (—fi(z,€))} — B) ] <0.
€[] ¥

PeP

Now we distinguish whether 5 =0 or g < 0.

(a) If B =0, then (13) yields

sup Ep
PeP

(Izlé%?]( {o (—fz‘(%ﬁ))}>+] <0 (16)

which is equivalent to

inf P[F >0l=1>1—¢
&P[(%Q_] >1—e¢

By continuity of F'(x,§), infpep P[F(x,§) > 0] = 1 implies that F'(z,£) > Oforall £ € E,
which implies that the feasible solution  must be in X¢.

(b) Suppose 5 < 0. Divide (13) by —f and add € on both sides, then we have

—B pep
Since 8 < 0, we can redefine «; as «; /(—f3) for each i € [I]. Thus, yields

(s e A€} +1) | <
€[] +]
Subtracting one on both sides and flipping the sign of inequality yields

L sup Ep [(%%{ {oi (= fi(z,8))} — 5) ] <e (17)
+

sup Ep
PeP

inf Er [1 - (2%{% (il €)} + 1)+ S (1)
By Lemmal(l} for any given a € R! _, the infimum in the left-hand side of is equiva-
lent to
max A + Z 9tVts (19a)
teT1UT2
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st.A+ D a@n<1- (grééﬁ {ai (= fi(z,8))} + 1) , V€ € E, (19b)

teT1UT2 +

Since the maximum value of should be no smaller than 1—¢, therefore, we can replace
the maximization over A, v by existing ), 7. In addition, breaking down the maximum in

(19b), is equivalent to

A Y gzl (20a)
teT1UT2
A+ Y O <1LVEEE, (20b)
teT1UT2
A | D e —aifilz,&)| <0¥E€E i€ 1], (20c)
teT1UT2
Tt Z Oat S 7-27 (20d)

for some a € RY . By definition of ¢, (20a)-(20d) are equivalent to (I5a)-(I5c). Therefore,
(A, v, a, x) satisfies (15). Thus, z € Y.

This implies that Z¢ C X U Y.

(ili) Now letz € XcUY(. If z € X, then choose 5 = 0, = e, thus z € Z¢. If x € Y, there exists
(XN,+/,a’) such that (X, +/, o/, x) satisfies and we must have o/ > 0 from Corollary In
(13), let 8 = 1,a = . Then by Lemmal(l} the dual reformulation (I3) is equivalent to the set
Zc. Thus, x € Z¢.

O]

Remark 1. To solve (1) over set S N Z¢, one can optimize el

then choose the minimum value.

Remark 2. We note that the left-hand sides of the constraint system are biconvex in « and
(A, v, z), i.e., for any given o € Rfr, they are convex in (), 7, z), and also convex in « for any given

(A7, ).
We observe that Y is quite similar to (6) except that index set I;(z) is equal to [I] in (15).
Indeed, we next show that Zp, is equivalent to Y under a certain condition.

x over S N Xc and S N Y separately,

Theorem 3. Let
C .= {{L‘ €Zp:die [I],én£fz(x7§) = O} :
[SS)

IfC =0, then
Yo = Zo = Zp.

Proof. Since Theoremimplies that Yo C Z¢c C Zp, we only need to show that Zp C Y. We first

12



rewrite set Y as

)
At Y gm=1-¢ (21a)
teT1UT2
A+vo(v) <1, (21b)
Ye=(x: .
A+ vy, (v, 04,2) <0,Vi € I (), (21¢)
A+, (v, i, ) <0,Vi € [I]\ I (2), (21d)
v > 0,Vt € Ta, 0 > 0,Vi € [1]. ) (21e)

By definition we have [I]\ I (z) = {i € [I] : fi(x,§) > 0,V¢ € E}. For each i € [I] \ I1(x), is
equivalent to

A D diOn < aifi(e, ), VE € E,
teT1UT2
In the above reformulation, by taking supremum over the left-hand side and using the fact that
A+ 1o (7) < 1, we observe that

1< Einﬁ fi(z, €),Vi € [I\ Ii(x), (22)
c=
Yo 2§+ :(@21d), @19). R1J),

v > 0,Vt € To,a; > 0,Vi € [I].
Using the fact that o; > 0 from the proof of Theorem P} the right-hand side in (22) is equivalent to

0 < inf fi(x,£),vi € I\ (), (23)
Yo 2Ye:= v i@, @), @19,

v > 0,Vt € Ta,; > 0,Vi € I ().
From definition of ?c, we have
Zo\Ye C Zp\Yo CC:={z e Zp:Tie [I],Einﬁfi(x,f) =0}
c=

where the first inclusion is due to }A/C C Y¢, and the second inclusion is because for any =z € Zp
but x ¢ C, we must have z € Y¢. O

A direct observation from the proof of Theorem [3|is the sufficient conditions when a could
be bounded. This observation is useful for binary DRCCP which will be discussed in subsequent
sections.

Corollary 3. If S is compact and I, (z) = [I] forall x € Zp (i.e., Zp = Y¢), then there exists an M € RLF
such that in SN Ye, o < M, foreach i € [I].

Proof. By Theorem 3| we have
ZD\ZC - ZD\YC CcC:= {l‘ €Zp:di € [I],%nifz(l‘,f) = 0}.
€=

If I =1, then we have
CC{zeR": fi(z,&) > 0,V, € E} C X¢.
Thus,
Zp C Zo U Xeo = Zg,
ie. Zp = Z¢. O
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Next we observe that Z¢c = Zp when there is a single uncertain constraint.
Corollary 4. When I = 1, we have Z¢ = Zp.

Proof. By Theorem ]3| we have
Yo C ZoCZp = Cl(Yc).
Thus,
Zp\Zc CZp\Yo CC:={x e R":Jiell] \Il(x),guelgfl(x,f) =0}

where the first inclusion is due to Yo C Z¢, and the second inclusion is because for any =z € Zp
but x ¢ C, we must have z € Y¢.
If I = 1, then we have

CC{reR": fi(a,¢) 20,V € 5} C X
Thus,
Zp C ZcUXe = Zc,
ie. Zp = Zc. 0
Remark 3. A special case of Corollary [/ has been observed by [24} 26] for a DRCCP with first- and

second- moment constraints. Here, we provide a different proof and our results apply to a DRCCP
with more general convex moment constraints.

Despite the tightness of Z¢, due to the biconvex terms in set Y, it is nonconvex in general.
However, as shown in Sections[d]and 5] in some cases, it is possible that these biconvex terms can
be convexified.

4 Convexity conditions for Zp

In this section, we will explore some settings under which the set Zp is convex. The results in
the first two subsections are derived by constructing a new formulation which projects out dual
variables \, o in (6) and proving that the new formulation is convex and equivalent to the set Zp,.
The subsequent two results exploit positive homogeneity of mappings {¢+(§) }uru7s or F(z,§).

4.1 Single uncertain constraint
We show that if there is a single uncertain constraint (i.e., I = 1), then the set Zp is convex.

Theorem 4. When I = 1, then

= Y g+ (1= (7) + ety (v,1,2) <0, (24a)
Zp=Zc=Xx: tcThuTs

which is a convex set.

Proof. Note that Z¢ = Zp from Corollary 4] By definition of the set Z¢ in (13), we can obtain

Zo = {x tag >0, €R, B+ 1;1617131*31@ [(a1 (—fi(z,€) — B),] < 0} (25)
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By replacing 3 with —3 and flipping the sign of inequality, we have that is equivalent to

Zo = {l’ a1 > 0,0 € R,IglelgE]p [min (Ozlfl(l',f),ﬁ)] > (1 - 6)[3} (26)

Then by Lemma|[I|and the proof of Theorem @ the infimum in the left-hand side of (26) is equiva-
lent to

A > gm=(1-ep (27a)
teT1UT2
Zo=qr: A+ (y) <B (27b)
Aty (v, a1,2) <0, (27¢)
[ % =>0,VteT,ar >0. (27d)

Next, we project out variables A, 5 from set Z¢ in by Fourier-Motzkin elimination procedure
and obtain

— > g+ 1=t (7) + ey, (v,01,2) <0, (28a)
ZC = xX teT1UT2
v > 0,Vt € Ta,a1 > 0. (28b)
We note that in (28a), o; must be positive and finite. Thus, by scaling it to be 1, we obtain (24).
Since ¢ (-) and ¢y, (-, 1, -) are convex functions, Zp is a convex set. O

Theorem E]implies that for a single DRCCP, Zp can be always reformulated as a convex set. This
has been observed by [12, 24] 26] where P is only constrained by first- and second- moments.
Here, we extend this result to more general moment constraints.

4.2 Single moment constraint

Here we consider the case that P is described by a single moment constraint. First, we show that
for one inequality constraint (i.e., |71| = 0,|72| = 1), the set Zp is convex. The main idea behind
the proof is to project out the « variables from characterization () in Theorem I}

Theorem 5. If |7T1| = 0 and |T2| = 1, then

gy ot (= () +evy, (3, 1,2) < 0,Vi € [I], (29a)
PTU mzovien, (29b)

which is a convex set.
Proof. Let Zf, be the set defined on the right-hand side of (29), which is clearly convex. We will
first show that set Zp is equivalent to Zp by projecting out dual multiplier A and aggregating two

types of constraints into one. Next, we show that the consolidated set Zp is equivalent to the
convex set Z}. The proof proceeds in three steps.

(a) First, using Fourier-Motzkin method to project out variable A in (6), we can reformulate Zp, as

—g1m + %o (n) < (30a)
Zp=Qx:—agm+ ¢y (1, 0,x) <e—1,Vi € I1(x), (30b)
7 > 0,0 >0,Vi € [1], (30c)
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where in (30c), we let o; > 0 for all ¢ € [I] due to Corollary

Next, we can get a relaxation of the Zp by aggregating the two constraints (30a)), above
together as (1 — €) x (30a) + ¢ x (30b):

ZN o x‘—g171+(1—€)¢0 (71)+6¢fi (717051'71‘) SO,VZ EIl(.Z‘), (318)
b 1> 0,05 > 0,V € [1]. (31b)
Set Zp is a relaxation of Zp, i.e. Zp C Zp.
Next we show that Zp C Zp. Recall that I (z) := {i € [I] : 3¢ € E, f;(x, &) < 0}. Given a point
x € Zp, we consider two cases I1(z) = 0 and I1(z) # 0. If ,(z) =0, thenlety; =0and o = e
(e is the all-one vector). Clearly (71, a, x) satisfies constraints in (30). Hence = € Zp.
Now suppose that I1(z) # 0. As z € Zp, there exists (1, ) such that (y1,,z) satisfies

constraints in (31). First of all, we claim that v, > 0; otherwise, suppose that v; = 0, then by
(31a), Definition|l|and the fact that o € RZ , , we have

sup —a; fi(x,§) <0,
==

which implies that f;(x,&) > 0 for all ¢ € = and i € I (x), contradicting I (z) # (). Thus, we
must have v; > 0.

Next, we claim that —g1v1+¢0o (71) > 0. Indeed, by Assumption|(A4), there exists a probability
measure P € Py (Z) such that Ep[¢;(£)] > g1. Thus

g1 < Ep[p1(§)] < 216115 $1(8).

Since 77 > 0, we must have

—g171 + %o (1) = 1[—g1 + 2161:13 ¢1(€)] > 0.

Define Y1 = 6’}/1/ [—gl’}/l + g (’71)]. Thus,

=90+ 0 (72) = —g1en/ [=g171 + v (1)) & 8up (€0161()/ (g7 + o (1))
= o+ o () [—g171 + Yo (m)] = ¢,

where the first and second equalities are from the definition of v (-) and construction of 7;;
and similarly for each i € I1(x),

— N+ ¥p (T, @i, 7) = —grev1/ [=g1m + Yo (11))]
+ Sup (em1¢1(€)/ [=g1m + %o (m)] — eqifi(z, &)/ [=g171 + 2o (11)])

€
=g+ o () [ + ¢y, (7, @i, )]

€ 917 — (1 =€)t (7)
< —g171 + =e—1,
—g171 + %o (1) €
where the first and second equalities are from the definition of )y (-) and construction of 7,

and the last inequality is due to (31al).

Hence, (71, o, z) satisfy the constraints in (30); i.e., € Zp. Thus, Zp = Zp.

(b) Now we show that Z}§ C Zp. Given a point x € Zj, if I (x) = (), then clearly z € Zp.
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Suppose I1(z) # 0. Since x € Zj, there must exist a vector 7 such that (7, z) satisfies (29). For
any ¢ € I;(x), we must have 7; > 0; otherwise, (31a) yields vf, (0,1,z) < 0;i.e., f;(x,£) > 0 for
all ¢ € £, contradicting i € I;(x).
Let v1 = max;ey, () 7i and set o; = v1/7; for each i € I1(z) and «; = 1, otherwise. Then for
eachi € I1(x),

— g1+ (1 =)o (1) + ey, (1,04, )

=—gm+(1—¢) Sup (m¢1(8)) + esup (1¢1(8) = n/7ifilz,€))

SIS e=

= 21 | =915 + (1 — € sup (Fis1 (€)) + esup (T (&) — fi(,€))
Yi £e= fe=

Y ~ —~ ~
= 51 (=917 + (1 — €)vo () + ey, (s, 1, )] <0,

(2
where the first three equalities are from the definition of 4. (-) and construction of 71, @, and
the last inequality due to (29a) and the fact that v1 = maxjey, (2)7; = 7 > 0.

Thus, (71, o, x) satisfies constraints (31), i.e. z € Zp.

(c) Next we show that Zn C Z5. Given z € Zp, there exists (71, @) such that (v1, «, z) satisfies
constraints in (31). For each i € [I] \ I1(z), let7; = 0; otherwise, let§; = 71 /a;.

Then for each i € [I]\ I1(z), we have

- glﬁy\l + (1 - 6)1/’0 (:}\/Z) + ewfi (’/y\b 17$) = Ezlelzp (_fl(xvf)) < 07

where the first equality is from the definition of . (-, -, -) and 4; = 0, and the first inequality is
due to i € [I]\ I (x), thus fi(z,€) > 0 for all £ € =. On the other hand, for for each i € I;(z),
we have
— 917 + (1= €)tho (%) + €y, (B, 1, @)
= —gim/ai+ (1 —¢ Sup (¢1(&)71 /i) + esup (¢1(E)n/ai — fi(x,8))
€= €=

= =g+ (L= s (1161(6)) + esup (1161 (€) — asfi(2, )| <0,
i £e= Ee=

where the first two equalities are due to the definition of ¢. (-, -, ) and 7; = 71/, and the last
inequality is due to (31a) and o; > 0.
Thus, (7, z) satisfies the constraints in (29); i.e., = € Zp.

Thus, Zp = Zp = Z}. Since ¢o(-) and {¢, (-, 1, ") }ie[n) are convex functions, Zp is a convex
set. t

We remark that the proof of Theorem |5 only holds for the case of one moment inequality. If
there is more than one moment inequality, it is difficult to project out the dual multipliers {c; }ic(s-

Another observation is that in the reformulation (29), the constraints are [ replications of
(24a)). Indeed, let us consider the following set

Zo = {x L PE: fi(e,6) 2 0] 21— e Vi€ [I]} (32)

17



which relaxes the requirement to satisfy all uncertain constraints, and is an outer approximation
of Zp. Next, we show that the relaxed set Zp is equivalent to Zp if there is only one moment
inequality in P.

Proposition 6. If | 71| = 0and |T2| = 1, then Zp = Zp.

Proof. Since set Zo consists of I single DRCCP, therefore Theorem [, Zo is equivalent to
PN B (el T (1 —€e)vo (i) + €y, (13, 1, w) < 0,Vi € [1],
© 1 > 0,Vi € (1],

which clearly equals to defining set Zp. O

The result in Proposition [6| does not hold for a general ambiguity set P as illustrated by the
following example:
Example 1. Letn =1,1 =2and fi(z,§) =&z + T, fo(x,§) = —€x + T and

P ={PePo(R):Epl¢] =0,Ep[¢*] <1},

then according to Theorem 3.1 [4] and Theorem 2 [23], we can reformulate sets Zp and Zp as

follows:
Zo:{x:\xlé ‘ T}7
1—¢

Z={z:|z| <VeT}.
Clearly, when ¢ — 1, Zp — R but Z is always bounded. Hence the distance between Z and Zp
can be arbitrarily large.

Note that if there is one linear moment equality, we can reformulate Zp, as a disjunction of two
sets by treating an equality constraint as two inequalities, then applying the same technique of
Theorem 5
Theorem 6. If |71| = 1 and |T2| = 0, then

Zn = 7p' U Zp°,

where
AN P 917 + (1 =)o () + ey, (s, 1, ) < 0,Vi € [1], (33a)
° > 0,Vi e [1], (33b)
Z 2 Y - _—91%‘?(1_6)1% (:Y\Z)—i_ewfz (a’ulax) SO,VZ € [[]7 (34a)
P i < 0,Vie[l], (34b)

=1 5 2
and Zpy, Zp~ are convex sets.

Proof. From the proof of Theorem 5}, we know
g ) ot A= (1) + ey, (1, 6, 2) < 0,Vi € L(2), (35a)
P ‘a; > 0,Vi € [1], (35b)

and if v; > 0, then Zp = le), while if 47 < 0, then Zp = Z%. The conclusion follows by combining
these two sets together with disjunction. O
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Different from a result in [11]], where the authors only showed tractability of a linear DRCCP
with right-hand-side uncertainty (i.e., fi(z,£) = a] * — £ b’ with constants a; € R", b' € R™), our
results in Theorems 5|and [6|apply to both right-hand-side and left-hand-side uncertainty.

The following example shows an application of Theorem

Example 2. Consider a stochastic multi-dimensional continuous knapsack

problem. There are n items and I knapsacks, where for each item j, c; represents its value, and §;
represents ith knapsack’s random weight vector, and let b; be the total capacity of ith knapsack.
The variable x; denotes the portion of jth item being picked. Suppose that we know the total
absolute deviation of weight, thus P is defined as

P={PeP(®) Bl <},

where Z = R/ and ¢; = £, + p; for all i € [I].
Now the distributionally robust multi-dimensional continuous knapsack problem is formu-

lated as
* T

v = max ¢ T,
z€[0,1]™
s.t. I;ngP[xT(ui—ké)gbi,We[I]]zl—e. (36)
€

Note that for each i € [I], the ith uncertain constraint is f;(x, &) = b;—x " —z'¢;. By Proposition
with ¢ = 1, we have
—ai(by — pj @), if ez <,

wfi (77 Qs l’) = {

400, otherwise,
and ¢o(7) = 0.
Thus, according to Theorem Problem is equivalent to the following linear program

v =max ¢z, (37a)
s.t. x€]0,1]", (37b)
g7 < ebi — p @), Vi € [1], (37¢)
[#]loe < i, Vi € [I], (37d)
v > 0,Vi e [I]. (37e)

4.3 Linear moment constraints

Here, we show that if = = R™ and the ambiguity set is defined only by linear moment constraints,
then the set Zp is equal to X¢ as defined in (I4). Hence, DRCCP is equivalent to a robust convex
program.

Theorem 7. Suppose = = R™ and {¢+(§) hre,uT; are all linear functions, then
Zp=Xc ={z € R": fi(z,€) > 0,¥¢ € R™, i € [I]}. (38)

Proof. Since {¢:(€)}ieT,uT, are all linear functions, let ¢, (¢) = w, ¢ for all t € T; UT2. We only need
to show that I1 (x) = ) for any given = € Zp, where I (z) := {i € [I] : 3 € E, fi(z,§) < 0}.

Suppose that I1(z) # 0 for some x € Zp. Since ¢;(¢) = w/ & forallt € T;UTz and = = R™,
in Theorem [I]yields have

A+ sup Y wl by <1,
SER™ e uTs
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which implies that

Z wye = 0.

teT1UT2
Meanwhile, in @), for any P € Py(Z), we have I[Zp[wtT & =g forallt € T; and Ep [th & > g for
all ¢ € 75. Multiplying these equalities and inequalities with {v; };+c7;u7; (note that -, > 0 for each
t € 7T3), we have

Be | Y ww &> D g

teT1UT2 teT1UT2

i.e., Zteﬂu% gt')/t S 0 as Zter]-luz]a wt’)/t - O.
Now from in Theorem([1] for each i € I1(z), we have

A p (i, m) =A+sup | > yw € —aifi(w,6) | = A +sup (—aifi(z,§)),
£€2 \teTiuTs geE
where the first equality is due to the definition of ¢.(-,-,-) and the second equality is because
of Y ieriunwtye = 0. As we know i € [1(z) and o; > 0 from Corollary [2, we must have
supgez (—aifi(z,€)) > 0. Hence, (e, A+ vy, (v, a4, z) < 0) implies that A < 0.
On the other hand, (i.e., M‘Zte’ﬁu”rg gty: > 1—e€) implies that A > 1—e since Zteﬂuﬁ gy <

0. Thus, we have a contradiction. O

This proposition suggests us that only considering first-moment information might not pro-
vide us a sufficient characterization of the ambiguous set and hence more nonlinear moment con-
straints are needed for a more realistic reformulation.

4.4 Nonlinear positively homogeneous moment constraints

Now we consider the case of multiple (possibly, nonlinear) moment constraints. Let us begin with
the following technical lemma.

Lemma 5. Suppose that = is a closed convex cone, ¢(&) is positively homogeneous on = for each t € T,
then Zp is equivalent to

Y g = e (39a)
teT1UT2
Zp = x € R" wh(y) <0, (39b)
L4y, (v, i, 2) <0,Vi € L1(z), (39¢)
v > 0,Vt € Ta,c; > 0,Yi € I1(x), ) (39d)

where convex mapping ) describes the domain of ¢y, i.e.,

o (7) = { 0,  ifto(y) <0,

400, otherwise,

Proof. Since ¢+(¢) is linear for each ¢ € 7; and is positively homogeneous on = for each ¢ € 73, by
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part (iii) of Lemma 4} (6) reduces to

At Z gty > 1 —¢€, (40a)
teTIUT2
Zp =Rz A< 1, (40D)
A+, (v, i, x) <0,Vi € I (2), (40c)
(399), (394).

It remains to show that for any « in Zp, we always have A = 1.

Consider an x € Zp with (A, v, «) such that (), ~, a, z) satisfies and A < 1. By Corollary ]]
and 9 () = 0 in its domain, we must have A > 1 — e. Now construct a new solution (\, 7, &, x) as
A=1,7=73,a=%. Clearly, (),7,a,z) also satisfies (40). Thus, we can always set A = 1 in (40),
which yields (39).

By Lemmal4] ¢ (7) is convex in ), therefore 1y is a convex mapping. O]

Next, we identify sufficient conditions for the set Zp to be convex if the moment constraints
are defined by positively homogeneous functions {¢:(§) }+e7s-

Theorem 8. Suppose that = is a closed convex cone, ¢(£) is positively homogeneous on = for each t € T,
and for each i € [I], fi(x,€) = w;(x)—h;(§), where w;(x) : R™ — is a concave function and h;(§) : £ — R
is a concave function and positively homogeneous on Z. Then Zy is formulated as the following convex set

> gm>—e (41a)
teTIUTs
1 < auw;(x), Vi € [I]\ I, (41b)
Zp = 2 :0 <wi(x),Vi € Iy, (41¢)
Po(y) <0, (41d)
Yop, (v, —ay) <0,Vi € [I]\ I, (41e)
[ % >0,Vt e Ta,a; >0,Vi € [I]\ I, (41f)

where I == {i € [I] : h;(§) < 0,Y¢ € E}, and for each i € [I],

_aiw’i(x)7 if’lﬂ_hi (’ya ai) < O’

Vi (v 06, 2) = —iwi(x) + Yop, (v, 04, 7) = { +o0, otherwise,

with the convex mapping ¥_p,. (7, ;).
Proof. We first note that 0 < w;(z) for all ¢ € I, for each € Zp. We prove it by contradiction.
Suppose that I;(z) N Iy # 0. Thus, in (39d), for each i € I;(x) N Iz, we have

0>1+ ¢f1 (73 aivw) = d}f@ (/ya Qg :E) =1- CMZ’LUZ(IE) + 17[}—}11' (77 aia‘r)

_ 1= agwia), g, (v,0) <0,
400, otherwise,

where the last inequality due to positive homogeneity of {¢:(£) }e7;u; and hi(§). Thus, we must
have ¢_p, (7, ;) < 0 and ayw;(x) > 1. This implies that w;(z) > sup; hi(€), ie. fi(z,§) = wi(z) —
hi(§) > 0 for all £ € =. Therefore, i ¢ I;(z), contradiction.

Thus, set Zp is now equivalent to {0 < w;(z),Vi € Is} N Zp, where

Zp = {x e R": I[})g;[F’[E cwi(x) > hi(§),Vie [I]\ ) >1— e}
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Now from the proof in Theorem 2, we know
Zp\Yo CC:={x € Zp:3ic [I|\ I, w;(x) = sup hy(£)},

¢eE
where
( Z gVt = —€,
teT1UT2
Yo =S aeR" A+o(y) <1,
Aty (v, i) <0,V € [I]\ I, (42)
Y > 0,Vt € T, > 0,Vi € [I]\ L.

Since for each i € [I] \ Iz, we have h;(§) > 0 for some ¢ € E, thus by positive homogeneity, we
must have supgcz h;(§) = oo. Hence, C = 0 and Yo = Zp. By by Lemma we can A = 1 in set Y.
Thus,

Zp = {0 < wi(l‘),Vi S _[2} N Z~D = {0 < wi(x),W € 12} ﬂffc

leads to
.
> g > —e
teTIUT2
_ <o,
Zo =z crn :wo(’Y) =0
0 < wj(z),Vi € I,
1+ wfz (Vaaiax) < O,VZ € [I} \127
L ’ytZO,VtEB,aiZO,ViE[I]\Ig.
Note that for each i € I, 9y, (v, 0, x) = —oyw;i(x) + ¢_p, (7,4, x). Since function h; is positive
homogeneous in £ and irrelevant with x, by Lemma @ Y_p, (7, a4, z) is convex in (y, ;) and hence
its domain is. Hence, we arrive at (41). O

Note that is a convex constraint for each i € [I] and is second order cone representable by
introducing a new variable 0 < ¢; < w;(z). Then (41b) is equivalent to

2%+ (i — )% < (i + @)%, 0 < g < wi(x), Vi € [I).
Note that Theorem 2 in [11] is a special case of Theorem 8| where in [11], it is assume that w;(x) is

an affine function and £;(§) is a linear function for each i € [I].
The following example demonstrates an application of Theorem [§}

Example 3. Consider a stochastic lot-sizing problem. There are I time periods and at each time
period i € [I], & represents the random demand and ¢;, f; are the production cost and fixed cost,
respectively. The production for each time period cannot exceed M. There are two types of de-
cision variables, x; represents production level and y; represents production set up at time ¢, i.e.,
y; = lif x; > 0; 0, otherwise. Suppose that we know the mean of the demand at each period and
the total deviation of demand, thus P is defined as

P={PeP(=): Eslé] = 0, B[] ) < g},

where = = R/ and & :ng,u.
Now the entire distributionally robust lot-sizing problem is formulated as
v =min c¢'z+fy,
s.t. @ < My, Vi € [I], (43a)
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inf > (G ), Yie ]| >1- 4
inf ;%;(@wg),\ﬁe[] >1-¢ (43b)

ye{0,1} ,z>0. (43c)
Let us define matrix A € R/*! as A(i,j) = 1if j < 4; 0, otherwise; and a;. denote ith row of
A. From Proposition we have w;(z) = a;.(z — p),hi(€) = ai.&, thus o(y) = H’Yluﬁ — Y2,
Yop, (7, —aw) = |71 + aa. ”ﬁ — g in Theorem It is easy to see that
i

L=(dicl]:sup |> &| <0p=0.

€eR! | j=1
Thus, set Zp is reformulated as
g2 <€ (44a)
1 < oa;.(x —p),Vi € [I], (44b)
07 Tl gy <l + sanl 2, <.V € [ (44
vo > 0,04 >0,V € [I]. (44d)

In the above formulation, note that a larger v value implies a larger feasible region. Thus, at
optimality, we must have 7, = £. Therefore, Problem is equivalent to the following mixed
integer convex program:

v =min c¢'z+ fly, (45a)
st. x; < My;, Vi € [I], (45Db)
1 < aja.(x — p), Vi e [1], (45¢)
€ € .
Inll_a; < e I + @il o, < g€ (1], (45d)
a; > 0,Vi € [I],y € {0,1},2 e RL. (45e)

Note that variables « in can be interpreted as a safety buffer, which guarantee that the in-
equalities (45c) are robust.

5 Binary DRCCP

In this section, we consider the case of binary decision variables and general moment ambiguity
set P defined in (@), i.e.,, S C {0,1}" and linear chance constraints. We will first derive a mixed
integer convex reformulation and then present a numerical study. Please note that the convexity
results in Section 4 also apply to binary DRCCP.
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5.1 Mixed integer convex formulation

Proposition 7. Suppose S C {0,1}", fi(z,€) = (A'z + a’) "¢ + Bix + b’ for each i € [I] and o in
can be upper bounded by a vector M for any x € S. Consider a convex set
\

At D gm=1-g (46a)

teiUT2
_ Afvo(v) <1, (46b)
YOSV TN L (11, () < 0,V € 1], (460)
0< yj- < Mz, o — Mi(1 — ) < yj- < w;,Vielll],jeE [n], (46d)
Y > 0,Vt € Ta,a; > 0,Vi € [I], (46e)

\
where for each i € [I), fi(ci,y;) = (Aly; + d'oy) "€ + Bly; + biay, then
SNYe=5NYoC SN Zp.

Proof. When f;(z,€) = (A'x + a’) € + Bz + b’ for each i € [I], by Definition|[1] we have

Vg (i w) =sup | D ¢y — ci((Alw +a') &+ Blz + 1)
$€E \teiums
Since a; < M; for each i € [I], let us define new variables y such that 4° = a;x, which can be
linearized via McCormick inequalities [16] as 0 < y; < Mizj,a; — M;(1—zj) < y; <, i.e., (#6d).

This linearization is exact for any z € {0,1}". Thus, SN Yo = SN Ye. O

Proposition |?] tells that to optimize over S N Y¢ is equivalent to optimize over S N Y, which is
a mixed integer convex set instead of a mixed integer nonconvex set. Above we have assumed
the existence of vector M and one sufficient condition is Corollary |3} Moreover, the next theorem
shows that under some other cases, the variables o in have closed-form bounds.

Theorem 9. Suppose the ambiguity set be defined as
P = {PeP(E): Eslgi] = o, Bel(& — p)(& — )] < Ti, Wi € [1]},

where = = R™!, and ¥; = 0 for each i € [I]. Suppose S C {0,1}", f;(z,€) = (Az +a)" & + Blx + b
foreach i € [I], then
Sﬂ(XcUYc) =SNZp.
Sets X¢ and Yo in are defined as
Xe={r:Ar+a=0,Bz+0b >0,Vie [I]}, (47)
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and
A= Z [<ATEjA,w..j> + QaTZjAz.j + CLTE]'CL’)/QJ' >1- e,\
Jel]
A+ )t <1,
Jel]
A+ Z tij < ((Ax + a)Tui + bi> + By, Vi € [I],
Jjel]
Vi < Atigyag, Vi € 1,5 € [T\ {i},
Yo =971 (v — aq)® < dtiiyai, vis < Atoive, Vi € [1], (48)
0< yj- < Mizj, o — Mi(1 — ) < y} < w;,Viel[ll],jE [n],

€

€ ..
0<zij < —mi,v25 — — (1 —x3) < 25 < 925, Vi, j € [1],
on

on
0 < winj < —1,0 < wig; < —
= zkj_gn Y = zkj_gn k>
6 . .
V2j — %(2 —z; — x5) < wikj < Y25, V4, 4, k € [I],
[ 726 20,04 >0,Vi € [I].
with
de | i T i i T i i T ST Al g on
Mi:% (0" + p; a" + || B + p; A1) + 4/ (0 + iy @* + || B + py A%ll1) +§77—§

or each i € [I], where n = mingero1yn:Aprazo ||AT + al|3, & is the smallest eigenvalue of matrices
Ui €{0,1}7: Az+a#0 2 8
{2j}jein, and w..; denotes the matrix (w;y;) for each j and z.; denotes the vector (zi;) for each j.

Proof. We will separate the proof into four parts.

(i) Suppose for any z € {0,1}" such that Az + a = 0, then by (Id), we must have Biz + b* > 0
for all i € [I]. Hence, this implies that # € X¢. Also note that for any z € SN Zp \ X¢, we
must have [ (z) = [I],i.e.,, z € SN Yc. Therefore, SN (Xc UYe) = SN Zp.

It remains to show the existence of vector M such that a; < M; for each i € [I] and = €
SNZp \ Xc.
(i) From now on, we assume that ||Ax + a||z # 0 for all x € S N Y. Define &; = &+ u; for each
i € [I]. Then the ambiguity set is equivalent to
P={PeP(5):Eelg] = 0. Exlé,] < Tu, Wi € [1]},
where Z = R"*/. Also, the uncertain constraint is f;(z,&;) = (Az + a)'&; + (Az +a) " p; +
Biz + b for each i € [I].

For any given z € Y, replacing €; by ¢; = (Az +a) ' €; and by the standard random variable
changing (c.f. [8]) and Theorem 1 in [18]], the ambiguity set can be further replaced as

P = {]P’ € Po (RY) : Ep[¢;] = 0,Ep[¢2] < (Az + a) " Si(Az + a), Vi € [I]} :
with the uncertain constraint f;(z, {;) = ¢; + (Az + a) " ; + B'z + b for each i € [I].
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(iii) Next by Definition[I} we have
Yy (v, a4, ) = Z sup [v1;¢; — 72;¢7]

jeln,j#i %€

+ sup ['71i<i — v — oy (Ci + (Az+a) "y + Bla + bz)}
GEeR

= min { Z tij — <(A$ + a)T,Ui + By + bl) : ’y%j < 4tij’)/2j,Vj € [I] \ {Z},
Jel]

(15 — ci)® < Atiy2i}
where the second equality is due to 1-dimensional S-Lemma in [1]]. Similarly,

Yo(7) = min { Z toj vfj < 4ig;jv24, V] € [I]} .

JEl]

Then by replacing minimum operator with its equivalent “existence” argument, set Y can

be formulated as
A= no(Ar +a)TEi(Az +a) > 1 -,
Jell]
A+t <1,
jel]
A+ ti‘gai(A:E—l—aTi—|—Bil'—|—bi>,VZ'€ 1],
. %;] : ( ) 1]
V3 < Aty Vi€ 10,5 € 1)\ {4},
(y1i — )? < 4Atiiy2, Vi € (I,
vi; < dtojve4,Vj € (1],
Yoi > 0, > 0,Vi € [I]. )

(49a)
(49b)

(49¢)

(49d)
(49e)
(49f)
(49g)

(iv) Now we show the existence of upper bounds on {«;};c[;; and {2i}c[n) with following four

steps.

(a) First of all, we observe that ¢y; > 0 for each j € [I]; otherwise, it contradicts that (49f).

Thus, implies that A < 1 and hence 3y 72;(Az +a) " Zj(Az +a) <e.

Let ¢ be the smallest eigenvalue of matrices {3;},¢[;- Hence, X; = d1. for each j € [I],

where I, is the identity matrix.

Clearly, § > 0 since X; > 0 for each j € [I]. Thus, } ;[ 72 (Az + a)'Y;(Az +a) < eand

¥; = é1 for each j € [I] imply that
Sl Az +al} S 7oy < e
Jjel]

Let n = minge(o 13 az-+azo || A2 + al|3, thus 725 is bounded by 5

(b) Therefore, (#9d), (9¢) and can be relaxed by replacing {v2;},c[;) with their lower
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bound ﬁ as below

0 . . .
by 2 PR Vi g € N i}, (50)
tii > %(Vu — ;) Vi € [1], (51)
0 .
toj = ﬁﬁj,w € [1]. (52)
(c) Since t;j,tp; > 0foralli € [I],5 € [I]\ {i} and ¥; = 0 for all j € [I], thus ([9a)), (49b) and
7> L0j j
(49¢) imply that
A>1—k¢,

A+t < ilb' + pla+ (B + pl A)al,vi € (1],
Aty < 1,Vi € [I]
Together with and (52), these above inequalities are further reduced to

—2A < —2(1 — ),
A+ %('}’li — i)’ =it + p a + (B’ + p A)z] <0,Vi € [1],
A+ %yfi < 1,Vi € [I].
Summing these inequalities up for each i € [I] yields
% (i — @i)® + 93] — ilb' + pf a+ (B'+ p A)a] < 2e 1.
(d) Using the fact that (r + s)? + s% >  we have
(;Zaf — ;b + p a+ (B + p) A)z] < 26 —1,V5 € [I].
As x € {0,1}", we have (B’ + p] A)x < ||B* + 1] A%||;. Thus we arrive at the following
inequality
%a? — (b + pfa+ || B 4 ] All) + 1 —2e <0,Vi € [I].
Hence, a can be upper bounded by
Ve =16 4 a4 U+ T A1)+ 0+ T+ 1B+ T 4012 + 8~ 2

for each i € [I].

(v) Asa; < M; and = € {0,1}" for each i € [I], let us define new variables y such that y* = «a;,
which can be linearized via McCormick inequalities as

0 < y) < Myxj, o — Mi(1 — ) <y} < au.
Also since 7y < ﬁ, thus, let z;; = y2j24, wix; = Y2522 for all i, k, j € [I], which also can be
linearized via McCormick inequalities as

€ €
0<z; < %xi;’mj — %(1 —x;) < zij < Y25,

€ € €
0 <wiy < §in70 < wipy < @xkﬁzj = §(2 —x; — 5) < wikj < Yoy
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Thus, we arrive at (48).
O

The following example illustrates an application of Theorem[9] This example has been studied
in [6], where the authors presented several different heuristic (approximate) algorithms. Instead,
we show that the feasible region of this problem can be approximated almost exactly as a mixed
integer second order conic program (SOCP). Thus, any mixed integer SOCP approach could be
used to solve it.

Example 4. (multi-dimensional binary knapsack problem) Consider a variant of Example E]where
xz € {0,1}",i.e. x; = 1if jth item being picked, 0 otherwise. Suppose that we know the mean of
weight vector of each knapsack and its second moment, thus P is defined as

P = {IP’ € Po(E) : Bpl€;] = 0, Epl&€)] < %, Vi € [I]} ,

where 2 = R"*! and & = & + p;. Without loss of generality, we assume that p; > 0,%; > 0 for
each i € [I].
Now the entire distributionally robust multi-dimensional knapsack problem is formulated as

v* =max ¢z,

s.t. x€{0,1}",

inf P[F(z,€) >0]>1—
inf PIF(2,8) 20] 21 ~¢,
where f;(z,6) = b; — x| pu; — x| & for each i € [I]. )
By Theorem@ we must have S N Zp = SN (X¢ U Ye), where X = {0} and Y is equivalent

to
A — Z (Ej,w..j> > 1-— €,
Jjell]
A+ )t <1,
Jjel]
A+ >ty < aiby — pl Vi € [T,
Jjell]

Vi < Atigyeg, Vi€ (1,5 € [T\ {i},
" (v — q)? < Atgiye, Vi € [T,
1 < dtojes, Vi € [T,
0< y; < Mixj, o — Mi(1 —xj) < y; < w;,Viel[l],jE [n],

(53)

€ €
0 <wiy < %xiao < wiky < %fﬂk,

€

V2j — %(2 —x; — x;) < wirj < V25, V4, j, k € [I]
v2i > 0,0 > 0,Vi € [1].
where
4e i ] ) &n
Mi = =5 |6+ il + /(6 + all)? + 6 — =
on 2¢
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for each i € [I] with n = minge(o1}n.4z0 [2]3 = 1 and § the smallest eigenvalue of matrices
{Z; }je[I]'

5.2 Numerical illustration

In this section, we present a numerical study to illustrate the strength of proposed formulation
corresponding to the multidimensional knapsack problem in Example 4, The instances are
constructed from the problem set mk-20-10 in [21]. The instances in this set are named 1-4-multi-
N-i, where N € {100,500, 1000, 3000} denotes sample size of the weight vector and there are
5 different instances for each sample size (i.e., i € {1,2,3,4,5}). Each instance has 20 decision
variables and 10 knapsack constraints, i.e, n = 20,1 = 10. We compute p, o of the weight vector
for each knapsack as the sample mean and covariance from the provided data.

Our first approach is to solve the mixed integer SOCP exactly. We notice that the explicit
upper bounds of «, > could be quite loose. Hence, instead, we enhance these bounds by maxi-
mizing these variables over the continuous relaxation of (53).

We compare our approach with the heuristic one proposed in [6]. The authors formulate to
maximize ¢’z over set Z¢ N {0, 1}" in (T3) as the following mixed integer nonconvex program

max CTSC
z€{0,1}"
Je 1]
A+ Z toj < B,
Je]
A+ Ztij < ai(b; — p @), Vi € [1], (54)
Jjel]
[ty —é“hﬂ
= 0,Vi € 7
Ly [1],7 € [I]\ {i},
r . _1 . )T
1 3 + 0s2) ] =0,V € [1],
—7(mi + a;z) Yoi
r ) _1.T
s 2'“]} > 0,¥j € [1],
L2713 V25

Yoi = 0,5 > 0,Vi € [[]

The solution approach is summarized below. First of all, given an «, solve the continuous relax-
ation of (54) with « fixed, which is an SDP. Let Z be the corresponding optimal solution. Then, fix
z = 7, change the objective function to max A — >~/ (¥;,72;) (i.e., maximize the largest proba-
bility) and solve the corresponding continuous relaxation problem with optimal solution &. In the
next step, let @« = @, and iterate. This procedure terminates whenever the values of & and = no
longer change. Suppose, at the end of this procedure, « = &,z = Z. In general, z € [0, 1]" is not
binary. So the final step is randomized rounding, i.e. treat z; € {0, 1} as a Bernoulli random vari-
able with probability Z; for each i € [n], generate a sample z, then check the feasibility of Z to (54).
This step could repeat multiple times until finding several candidate solutions (e.g., 5 solutions)
and of course, choosing the best one as the output.

We use commercial solver CPLEX for the first approach, while CVX for the second approach.
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The results are listed in Table (I} We use vsocp, tsocp to denote the objective value and the total
running time of first approach (including big-M strengthening time), while use vy, ty, gap for the
objective value, the total running time and the optimality gap of the second approach (the heuristic
one). All instances were executed on a laptop with a 2.67 GHz processor and 4GB RAM, while
CPLEX 12.5.1 and CVX 2.1 were used with their default settings.

Table 1: Performance comparison of exact and the heuristic methods

. N Index Exact Approach Heuristic Approach by [6]
USOCP tsocp Vg tu gap(%o)

1 2925 2291 || 2860 3069 2.2%

2 3950 8412 || 3750 2852 5.1%

0.05 100 3 2910 3740 || 2580 3111 11.3%
4 3430 2061 || 1900 3298 44.6%

5 3860 3756 || 3510 12294 9.1%

1 3140 8945 || 2860 4972 8.9%

2 4460 5546 || 4330 3850 2.9%

0.1 100 3 4140 3914 || 2610 4537 37.0%
4 4100 5597 || 4010 3462 2.2%

5 4380 7429 || 3935 4698 10.2%

1 3480 3286 || 1710 4846 50.9%

2 3400 3471 || 2000 4564 41.2%

0.05 500 3 3800 2080 || 3680 3917 3.2%
4 3050 4300 || 1690 3525 44.6%

5 4010 3897 || 3980 3198 0.7%

1 4100 5304 || 2580 3207 37.1%

2 4270 2188 || 2030 3194 52.5%

0.1 500 3 4480 4269 || 4380 3506 2.2%
4 4050 5197 || 3760 3376 7.2%

5 4530 5870 || 4240 3350 6.4%

1 4150 1430 || 2490 3431 40.0%

2 3280 789 || 2580 5451 21.3%

0.05 1000 3 4060 1369 || 3920 3428 3.4%
4 2640 1125 || 2170 3489 17.8%

5 2560 1300 || 2090 4096 18.4%

1 4560 2527 || 4550 4100 0.2%

2 4280 2655 || 2610 4543 39.0%

0.1 1000 3 4560 4304 || 4360 3441 4.4%
4 3500 1517 || 2490 3877 28.9%

5 3150 3424 || 2490 3720 21.0%

1 2905 2053 || 2530 5455 12.9%

2 2770 1701 || 2330 4482 15.9%

0.05 3000 3 2840 2546 || 2610 3844 8.1%
4 2860 2361 || 2240 3830 21.7%

5 2770 3087 || 2290 7839 17.3%

1 3680 2026 || 2170 3904 41.0%

2 3460 1765 || 2170 3837 37.3%

0.1 3000 3 3610 4282 || 2580 7537 28.5%
4 3560 4609 || 2490 4069 30.1%

5 3470 2097 || 2170 3512 37.5%

In Table (I} we observe that the solution time of both methods are in general quite similar, while
on average, the exact approach (3463s) takes less time than the heuristic one (4268s). If we compare
the solution quality, it can be seen that the solution of the heuristic method is quite unpredictable,
i.e., for some instances, it finds a very good solution but for others, it does not. The average gap of
the heuristic solutions is around 20%. On the other hand, the exact approach can find the optimal
solution within an hour and a half for majority of instances (34 over 40 instances). These results
demonstrate the effectiveness of the exact approach proposed in this paper.
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6 Conclusion

In this paper, we studied a distributionally robust chance constrained problem (DRCCP) with joint
nonlinear uncertain constraints under convex moment ambiguity sets. We identified a number
of general sufficient conditions where such a DRCCP can be reformulated as a (mixed integer)
convex program. In this work, we assume the uncertain mapping F'(z,&) is concave in = and
convex in £. A future direction is to generalize these results to a broader family of uncertain
mappings, for example, similar to [24], when F(z,§) is concave in z and quasi-convex in £. In
addition, a convex moment ambiguity set in general will not converge to the true distribution
if more empirical data is available to estimate moments. Therefore, extension to other type of
ambiguity sets (e.g., KL divergence [12] or Wasserstein metric [9] based ambiguity set) would be
very valuable. Finally, for binary DRCCP, the big-M formulation in Proposition [7] could be very
weak in general, thus it is of interest to develop sophisticated solution approaches for solving the
corresponding mixed integer convex programs efficiently.
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