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Abstract

The variance inflation factor, VIF, is the most frequently used indicator for
detecting multicollinearity in multiple linear regression models. This paper
proposes two mixed integer quadratic optimization formulations for selecting
the best subset of explanatory variables under upper-bound constraints on
VIF of selected variables. Computational results illustrate the effectiveness
of our optimization formulations based on comparisons with conventional
local search algorithms.
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1. Introduction

Multiple regression analysis is a statistical process for estimating the re-
lationship between explanatory variables and an explained variable. The
reliability of the analysis is decreased when some of explanatory variables
are highly correlated because of the low quality of the resultant estimates.
This problem is known as multicollinearity [1, 4, 5].

Several methods have been proposed to avoid the deleterious effects of
multicollinearity [1, 4, 5]. Even among them, this paper focuses on the
subset selection, which is a common and effective method for eliminating
multicollinearity from a regression model. Conventionally in this method,
explanatory variables are removed one by one on the basis of indicators for
detecting multicollinearity, such as a condition number and variance inflation
factor (VIF). On the other hand, the potential disadvantage of this iterative
procedure is that the best subset of variables, e.g., in the least-squares sense,
is not necessarily found.

Recently, mixed integer optimization (MIO) approaches to subset selec-
tion have received much attention because they have the potential to provide
the best subset of variables with respect to several goodness-of-fit measures,
such as the ordinary least squares [2, 3], least absolute deviation [3, 8, 9], Mal-
lows’ C,, [11], adjusted R? [12] and some information criteria [7, 12, 14, 15].

As an MIO approach for avoiding multicollinearity, Bertsimas and King [2]
suggest the use of cutting plane algorithm, which iteratively adds valid in-
equalities for cutting off sets of collinear variables. These valid inequalities
can be strengthened by means of a local search algorithm [16]; however, this
algorithm is not computationally efficient because it must repeatedly solve a
large number of MIO problems, each of which is NP-hard.

Meanwhile, the authors of this paper devised a mixed integer semidefinite
optimization (MISDO) formulation for subset selection to eliminate multi-
collinearity [16]. In contrast to the cutting plane algorithm, this approach
needs to solve only a single MISDO problem. In this MISDO formulation,
however, only the condition number can be adopted as an indicator for de-
tecting multicollinearity. Although VIF is the most common indicator for
detecting multicollinearity, to the best of our knowledge, none of the exist-
ing studies have developed a single MIO formulation for eliminating multi-
collinearity based on VIF.

In light of these circumstances, this paper proposes mixed integer quadratic
optimization (MIQO) formulations for subset selection to eliminate multi-



collinearity based on VIF. Our two MIQO formulations are respectively de-
rived based on the two equivalent definitions of VIF. Computational results
demonstrate that our MIQO formulations provided solutions of better quality
than those of local search algorithms within a time limit of 10000 s.

2. Multiple Linear Regression and Variance Inflation Factor

Let us suppose that we are given n samples, (v;; Zi1, Tia, - - ., Tip) for i =
1,2,...,n. Here, y; is an explained variable, and z;; is the jth explanatory
variable for each sample ¢ = 1,2,...,n. The index set of all candidate
explanatory variables is denoted by P := {1,2,...,p}.

For simplicity of explanation, in Sections 2 and 3 we assume that all
explanatory and explained variables are centered and scaled for unit length;
that is,

n

Z%‘ = Z?/z =0 and Z(%‘f => W) =1 (1)

=1

for all j € P. The multiple linear regression model is then formulated as
follows:

y=Xa+e,
where y == (y1,Y2,---,Un) ', @ := (a1,a9,...,a,)", € := (e1,€9,...,64)",
and
X111 T2 - Tip
X (whaf;%,_,’;pp) _ :L‘:21 $:22 JJ:QP
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Here, a is a vector of regression coefficients to be estimated, and € is a vector
composed of prediction residual for each sample i = 1,2,... n.

In what follows, we consider selecting a subset S C P of explanatory vari-
ables in order to reduce negative influence of multicollinearity on regression
estimates. For this purpose, we focus on the correlation matrix of selected
variables. On account of assumption (1), it is calculated as

Rg = (1) jnesxs = Xg X,



where Xg := (x;);es is the sub-matrix of X corresponding to the set S.

The variance inflation factor, VIF, for detecting multicollinearity is de-
fined for each ¢ € S. Specifically, VIF of the ¢th explanatory variable is
defined as the ¢th diagonal entry of the inverse of Ryg, i.e.,

VIF (¢, S) = [Rg']u. (2)

When some of selected variables are highly correlated, Rg is close to singular,
and the corresponding VIF value is very high. Therefore, the following upper-
bound constraints should be imposed on the set S,

VIF(,S) <a (L€ 89), (3)

where « is a user-defined parameter larger than one. When the VIF value is
greater than 10, the set S often has collinear problems [4].

On the other hand, VIF has another easily interpretable definition. To
describe this, we consider a linear regression model of explaining the relation-
ship between the /th explanatory variable and other variables in the set .5,

z = Xg\(ga'"® +e%), (4)

65) € RISI-1 and e € R™ are vectors of regression coefficients and

where a!
residuals.
To estimate the regression coefficients, a'*’, the ordinary least squares

(OLS) method minimizes the residual sum of squares (RSS),
Iz, — Xs\iya "V = (x0 — Xg\(ya'"¥) (@0 — Xs\ya™).  (5)

(4,5)

This is equivalent to solving the well-known normal equation:
X0 Xs\na'" = Xg\ @0, (6)

where a'*%) is called the OLS estimator.

The goodness-of-fit of regression model (4) is measured by the coefficient
of determination. Due to assumption (1), it is defined based on the OLS
estimator as follows:

R2(€, S) =1 ||wg — Xs\{g}d(&s)ng.
When R?(¢, S) is close to one, the /th explanatory variable has a strong linear

relationship with other variables in the set S. It is known that VIF of the
(th explanatory variable can also be defined as follows [1, 5]:

1 1
IF (¢ = = .
VIR ) = 1= 105) = Tfwe = Ko a3 ")




3. Mixed Integer Quadratic Optimization Formulations

In this section, we consider minimizing RSS of a subset regression model
under the upper-bound constraints (3) on VIF. Let z := (21, 22,...,2,)' be
a vector of 0-1 decision variables for subset selection. Accordingly, S(z) :=
{j € P | z; = 1} is a selected subset of explanatory variables. The subset
selection problem for eliminating multicollinearity based on VIF is posed as
an MIO problem:

minimize |y — Xall; (8)
subject to z; =0 = a; =0 (j€P), (9)
z=1 = VIF{(,S(z) <a ({eP), (10)
acR ze{01}". (11)

If z; = 0, then the jth explanatory variable is deleted from the regression
model because its coefficient is set to zero by the logical implications (9). The
VIF constraints (3) are imposed in the form of logical implications (10). It
is known that these logical implications can be represented by using a big-M
method or a special ordered set type 1 (SOS1) constraint.

3.1. Inverse-matriz-based formulation

We first propose a mixed integer quadratic optimization (MIQO) formu-
lation based on the definition (2) of VIF. Let us introduce square matrices of
decision variables, Q := (q¢j) e j)epxp and U := (u¢;) e jjepxp. To compute
the inverse of the correlation matrix Rg,), we make use of the following
constraints:

QRp +U =1, (12)
Zj:1 = UK]':O (KEP,jEP), (13>
ZjZO = qzj:q][:() (EEPajGP)7 (14>

where I, is the identity matrix of size p.

Theorem 1. If (Q,U, z) € RP*P x RP*P x {0, 1} satisfies constraints (12)—
(14), the equality qu = [Rg(lz)]gg holds for each ¢ € S(z).



PROOF. Let s be the number of nonzero elements of z. Without loss of
generality, we may assume that S(z) = {1,2,...,s}. We partition Q, Rp,U
and I, according to S(z) and rewrite constraints (12) as follows:

(Ql Qz) (R1 R2>+<U1 U2):<Is (o) )
Qs Q. R; R, U; U, o" I1,,)’
where Q17R17U1 S Rsxsu Q27R27U2 € Rsx(p—s)j Q37R37U3 S R(p_s)xs7
Q. Ry, U, € RP=9*=%) and O is the zero matrix of size s x (p — s). Note

here that Q, Q3, Q4, U and Us become zero matrices due to constraints (13)
and (14). As a result, the above constraints are reduced to

#)-(3) w

while other constraints are satisfied through free decision variables U, and Uy.
Since Ry = Rg(z), it follows that Q; = Rg(lz), which completes the proof.
O

Since the correlation matrix is symmetric, the same holds for its inverse,
and thus @ = Q. According to the definition (2), the subset selection
problem (8)—(11) is reformulated as an MIQO problem, which we call the
inverse-matrix-based formulation:

minimize |y — Xal;

(16)
subject to z; =0 = a; =0 (je€P), (17)
qu<a (LeP), (18)
QRr+U=1, Q=Q", (19)

zi=1 = w;=0 ({eP, jeP), (20)

5=0 = =0 ((eP, jeP) e1)

a cR, QeR? UeR ze{0,1}". (22)

3.2. Normal-equation-based formulation

We next propose another MIQO formulation based on the definition (7)
of VIF. Let us introduce a vector of decision variables,

l J4 J4 J4 J4 _
a® = (@®.a®,....a®a,a?, .. a7 € RF



for each ¢ € P. To convert the VIF constraints (10) into a set of linear
constraints, we exploit the normal-equation-based constraints proposed in
Tamura et al. [16]. Specifically, we make use of the following constraints:

=1 = CC;-FXP\{[}CL(E) = ijxg (j € P\ {/}), (23)
D=0 (jeP\{0}). (24)

;=0 = a;

Theorem 2. Suppose that (a'¥), z) € RP~1x{0, 1}? satisfies constraints (23)-
(24), and { € S(z). Then, al” (7 € S(z2)\{{}) solves the normal equation (6)

J

for S = S(z), and ag-é) =0 (5 ¢ 5(2)).

PRrROOF. Similarly to Theorem 1, we may assume without loss of generality
that S(z) = {1,2,...,s}. According to S(z), we partition a® as

©
o (8 el e o cxo
a,

where aé‘) = 0 due to constraints (24). Therefore constraints (23) correspond

to the following normal equation:
¢
X Xsenwa! = Xienee (25)
which completes the proof. 0

Since the OLS estimator provides the minimum value of RSS (5), Theo-
rem 2 implies that

e — Xsanga "3 = |z — Xp a3

under constraints (23) and (24). Thus, the VIF constraints (10) can be
rewritten by its definition (7) as follows:

Z0 S a”wg — Xp\{g}a(e)”é

However, this is a reverse convex constraint, which is intractable to handle
in an MIO approach.



To resolve this difficulty, we recall that X p\{g}a“) =X S(Z)\{g}age) because
a,éz) = 0 in the proof of Theorem 2. We also exploit the normal equation (25)

to show that
e — X p\ (a3
= @jw— 22 Xpya + (a) X o Xsenwal
= @) — 22 Xpna' + (a) X5 g2
= :1:;33( — a:ZXp\{g}a(Z). (26)

Consequently, the subset selection problem (8)—(11) can be formulated as
an MIQO problem, which we call the normal-equation-based formulation:

minimize |y — Xall3 (27)
subject to z; =0 = a; =0 (j€P), (28)
z<a(zjx —x) Xppa) (L€ P), (29)

zj=1 = a:jTXp\{g}a(e) = a:ijg (e P, jeP\{}),
(30)
=0 = d?=0 ((eP jeP\{)), (31)
acRr, z€{0,1}?, a¥ cR"! (teP). (32)

3.8. Preprocessing for faster computation

In this subsection, we propose some ideas for speeding up the MIQO
computation. In our preliminary experiments, however, preprocessing (iii)
and (iv) did not shorten the computation time; hence, we will evaluate effi-
ciency of preprocessing (i) and (ii) in the next section.

Preprocessing (i): Redundant VIF constraints. The definition (7) of VIF im-
plies that VIF(¢,S) < VIF(¢, P) for all S C P. Therefore, the VIF con-
straints for ¢ € Py can be deleted, where

Py:={l e P|VIF((,P) < a}. (33)

Preprocessing (ii): Cutting-plane-based constraints. First, find sets Sp C
P (k € K) of collinear variables such that VIF(¢,S;) > « for some ¢ €
P. Next, cut them off by means of the following cutting-plane-based con-
straints [2, 16]:

Yz <ISk -1 (ke K). (34)

JESk



Preprocessing (1ii): Tightening constraints. Constraints (29) can be tight-
ened by using the minimum RSS (5) of S = P as follows:

2o + (1 — Zg)Oszg — Xp\{g}d(Z’P)Hg S a(ac;mg — mZXp\{g}a(e)) (f S P)

Preprocessing (iv): Linearization of the objective function. The objective
function can be linearized by applying the transformation (26) to |y — X a||3,
which changes the proposed MIQO formulations into mixed integer linear
optimization formulations.

4. Computational Results

This section evaluates the computational performance of our MIQO for-
mulations for subset selection to eliminate multicollinearity based on VIF.

We downloaded five datasets for regression analysis from the UCI Ma-
chine Learning Repository [10]. Table 1 lists the instances used for computa-
tional experiments, where n and p are the number of samples and number of
candidate explanatory variables, respectively. In the SolarFlareC instance,
C-class flares production was employed as an explained variable. Each cate-
gorical variable was transformed into one or more dummy variables. Samples
containing missing values and redundant variables having the same value in
all samples were removed.

Table 1: List of instances
Abbreviation n p Original dataset [10]

AutoMPG 392 25 Auto MPG

SolarFlareC 1066 26 Solar Flare (C-class flares production)
BreastCancer 194 32 Breast Cancer Wisconsin

Automobile 159 65 Automobile

Crime 1993 100 Communities and crime

We compare the computational performance of the following subset se-
lection algorithms:

FwS Forward selection method: Starts with S = () and iteratively adds the
variable j (i.e., S <= SU{j}) with a greedy manner in terms of decre-
ment of RSS; this operation is repeated while the VIF constraints (3)
are satisfied.



BwE Backward elimination method: Starts with S = {1,2,...,p} and it-
eratively eliminates the variable j (i.e., S <= S\ {j}) with a stingy
method in terms of increment of RSS; this operation is repeated until
the VIF constraints (3) hold.

IMF Inverse-matrix-based MIQO formulation (16)—(22).

IMF+ Inverse-matrix-based MIQO formulation (16)—(22) with the prepro-
cessing (i) and (ii).

NEF Normal-equation-based MIQO formulation (27)-(32).

NEF+ Normal-equation-based MIQO formulation (27)—(32) with the pre-
processing (i) and (ii).

These computations were performed on a Windows 7 PC with an Intel Core
i7-4770 CPU (3.40 GHz) and 8 GB memory. The algorithms FwS and BwE
were implemented with R 3.1.1 [13], and MIQO problems were solved by us-
ing IBM ILOG CPLEX 12.6.3.0 [6] with eight threads. Here the indicator
function implemented in CPLEX was used to impose the logical implica-
tions (17), (20), (21), (28), (30) and (31). The upper bound on VIF was set
as a = 10 in accordance with Chatterjee and Hadi [4].

Note that IMF+ and NEF+ involved the preprocessing (i) and (ii) as
explained in Section 3.3. Precisely, the VIF constraints for the set (33)
were deleted in advance, and the cutting-plane-based constraints (34) were
included. Here, the sets Sy (k € K) of collinear variables were found by
applying the algorithm FwS to the regression model (4) for each ¢ € P.

Results of the preprocessing are summarized in Table 2, where |Py| and | K|
are the number of redundant VIF constraints and that of cutting-plane-based
constraints, respectively. The column labeled “Time (s)” shows the compu-
tation time in seconds. We can see that preprocessing (i) required only a few
seconds, but the computation time of preprocessing (ii) increased greatly
with the number of candidate explanatory variables.

Table 3 shows the computational results of the subset selection algo-
rithms. The column labeled “R?” shows the value of the coefficient of de-
termination of a subset regression model; the largest R? values for each in-
stance are indicated in bold. The column labeled “VIF,.”" shows the value
of max{VIF(¢,S) | £ € S}, and the column labeled “|S|” shows the number
of selected explanatory variables. The computation for solving the MIQO

10



Table 2: Results of preprocessing

Preprocessing (i) Preprocessing (ii)
Instance n p |l Time (s) | K| Time (s)
AutoMPG 392 25 1 0.10 20 9.33
SolarFlareC 1066 26 4 0.16 17 8.65
BreastCancer 194 32 8 0.12 22 15.73
Automobile 159 65 ) 0.49 o8 126.23
Crime 1993 100 35 3.57 54 2099.16

problem was terminated if it did not finish by itself within 10000s. In this
case, the best feasible solution obtained within 10000s was taken as the re-
sult.

Our MIQO problems for the AutoMPG and SolarFlareC instances were
all solved completely within a few tens of seconds. In this case, their R?
values were always the largest because the obtained solutions were proved to
be optimal. We can also see that our preprocessing significantly reduced the
computation time of solving the MIQO problems. For instance, in the case
of BreastCancer instance, the computation of IMF+ finished more than 20
times faster than that of IMF did.

The MIQO computations for the Automobile and Crime instances were
terminated due to the time limit of 10000s; nevertheless, they successfully
found quality solutions within 10000s. Indeed, IMF+ provided a solution
of the largest R? value to each of Automobile and Crime instances. These
results support the effectiveness of our MIQO approaches to subset selection
for eliminating multicollinearity. On the other hand, IMF failed to deliver
a solution of good quality to the Crime instance; precisely, it found only a
feasible solution S = () within 10000s.
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