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Abstract. We study two-stage stochastic bilevel programs where the leader chooses a binary
here-and-now decision and the follower responds with a continuous wait-and-see decision. Using
modern decision rule approximations, we construct lower bounds on an optimistic version and upper
bounds on a pessimistic version of the leader’s problem. Both bounding problems are equivalent to
explicit mixed-integer linear programs that are amenable to efficient numerical solution. The method
is illustrated through a facility location problem involving sellers and customers with conflicting
preferences.
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1. Introduction. We study two-stage stochastic bilevel programming problems,
that is, sequential two-player games where the first mover is referred to as the leader,
and the second mover is termed the follower. The leader first chooses a vector of
binary here-and-now decisions = € X C {0,1}?. Next, a vector of uncertain problem
parameters £ € R” is revealed, in response to which the follower selects a vector
of continuous wait-and-see decisions y(§) € R™ subject to Ay(&) < b, (&) for some
A € R™*™ and b,(§) € R™. The crux of bilevel programming is that the leader
and the follower may have conflicting preferences. Specifically, the follower minimizes
c(&) Ty(€) for some c(¢) € R™, while the leader minimizes ¢z +E[v(£) Ty(€&)] for some
q € R% and v(¢) € R™, where E[-] denotes the expectation operator with respect to the
distribution P of £. We assume henceforth that v,c € £2 and b, € £2, for all z € X,
where £2 for r € N denotes the space of all r-dimensional square-integrable functions
of &, that is, all Borel-measurable functions f from R* to R” with E[|| f(£)]?] < oo.

We emphasize that the leader’s decision x affects the follower’s feasible set (via
the dependence of b,(£) on z), while the follower’s decision y(&) affects the leader’s
cost (through the expected wait-and-see cost E[v(&) Ty (¢)]). The leader’s decision z
thus has a direct effect on her cost (through ¢ ") as well as an indirect effect because
affects the follower’s feasible set and therefore impacts E[v(&) Ty(€)].

The two-stage stochastic bilevel program described above is ill-posed if the fol-
lower’s decision problem admits multiple optimal solutions. Indeed, the leader’s cost
may depend on the follower’s choice among his optimal solutions, whereas the fol-
lower’s cost is clearly independent of this choice. In the optimistic formulation of the
bilevel program the follower is assumed to select the optimal solution that is least
hurtful for the leader.

pedll . 0 T HERE) Ty(E)]

s.t. y(&) € argmin {c(&) Ty’ + Ay’ < b,(¢)} P-as.
y'€ER™

(0)

Note that the leader thus optimizes over her own feasible decisions as well as over the
follower’s optimal decisions. In the pessimistic formulation of the two-stage stochastic
bilevel program the follower is assumed to select the optimal solution that is most
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hurtful for the leader.

;Iéi}vl yseuﬁp2 q'z+E[w(&) Ty()]

s, y(€) € argmin {c(&) Ty + Ay’ < b,(€)} P-as.
y'€ER™
We emphasize that the objective functions of [0] and [P] are well-defined because the
cost function v and the follower’s decision y are assumed to be square-integrable.

In this paper we focus on the pessimistic version of the two-stage stochastic bilevel
program, which is the appropriate formulation if there is no communication between
the leader and the follower. In this case the leader has no means to anticipate the
follower’s decision and should prepare for the worst case.

EXAMPLE 1. Assume that £ is a scalar random variable and that P denotes the
uniform distribution on [0,1]. Moreover, assume that the leader selects a single binary
decision x € {0,1} and that the follower selects a two-dimensional continuous decision
y(&) € R%. Finally, assume that the follower solves the parametric linear program

min {5 : —a€ < yy < 2§, 1€ <yy <1,
yl€R2

(P)

while the leader minimizes Ely (£)], where y € L3 represents an optimal policy for the
follower. Thus, the optimal solution of the optimistic bilevel program[O]is x = 1. In
this case, the follower’s optimal policy that is most desirable for the leader is given
by y(&) = (=¢,&), which results in expected costs of —% for the leader and —|—% for
the follower. In contrast, the optimal solution of the pessimistic bilevel program [P is
x = 0. In this case, the unique optimal policy of the follower is given by y(&) = (0,0),
which results in expected costs of 0 both for the leader and the follower. This example
shows that the optimal solutions of[O] and[P| may be different even in simple cases. The
example also highlights that the follower may be better off with a pessimistic leader.

Bilevel programs have found numerous applications in revenue management [g],
supply chain management [31], production planning [22], transportation [26], secu-
rity [32], energy economics [21] and countless other domains. Deterministic bilevel
programs have been studied in game theory since Stackelberg’s celebrated treatise
on the strategic interactions between market leaders and followers in 1934 [36], but
the development of algorithmic solution procedures has only begun in the 1970s [5].
Most existing algorithms apply only to optimistic bilevel programs and assume that
the follower’s optimization problem is convex. In this case the bilevel program can be
reformulated as an equivalent single-level program by replacing the follower’s subprob-
lem with the coresponding Karush-Kuhn-Tucker optimality conditions. The resulting
single-level problem is typically non-convex but can be addressed with global opti-
mization algorithms [I5, 27, 37, 39]. For a comprehensive survey of the literature up
to 2002 we refer to [10], and for further details on optimality conditions of bilevel
programming problems we refer to [9, [I1], [I2]. The literature on solution methods for
pessimistic deterministic bilevel programs is much sparser, see, e.g. [38, 40] and the
references therein.

Despite their rich modeling power, stochastic bilevel programs have attracted
much less attention—presumably because they are perceived as substantially harder
than their (already difficult) deterministic counterparts. Optimistic stochastic bilevel
models emerged in the context of truss topology optimization [7, 29], traffic plan-
ning [T, 28], network design [2] and strategic pricing in electricity markets [16] etc. We
note that these optimistic models can also be viewed as special instances of stochastic
mathematical programs with equilibrium constraints [14}, 30}, [33], 4T, 42].
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Solution algorithms for stochastic bilevel programs typically target the corre-
sponding deterministic equivalents, which constitute deterministic bilevel programs
with separate blocks of follower decisions and constraints for each uncertainty real-
ization. If the distribution of the random parameters is continuous, the problems are
first discretized via scenario generation techniques, see, e.g. [35]. Decomposition al-
gorithms exploiting the block structure of the deterministic equivalents are developed
in [20]. To our best knowledge, pessimistic stochastic bilevel programs have not yet
been studied systematically.

Similarly, most solution methods for stochastic mathematical programs with equi-
librium constraints focus on single-stage models with discrete distributions and con-
tinuous decision variables only. An entropic approximation scheme for more general
mathematical programs with semi-infinite equilibrium constraints is discussed in [24].

In this paper we make a first step towards a computationally viable treatment of
stochastic bilevel programs. Specifically, we use modern decision rule techniques to
show that a stochastic bilevel program can be approximated by two simpler determin-
istic bilevel programs that are not significantly harder than the nominal version of
the original stochastic problem—even if the underlying random parameters follow a
continuous distribution. The use of primal decision rules will lead to an upper bound
on the original stochastic bilevel program, whereas the use of dual decision rules will
yield a lower bound. We further demonstrate that the two bounding problems admit
exact reformulations as explicit mixed-integer linear programs (MILP) that can be
solved with standard software. If linear decision rules are used, our bounds depend
only on the first two moments and the support of P. Thus, the bounds are robust
with respect to model mis-specifications as long as the location and dispersion of P
are correctly estimated.

In the remainder we first delineate the precise model assumptions (Section and
then review the primal and dual linear decision rule bounds for single-level stochastic
programs (Section . Next, we extend these bounds to stochastic bilevel programs
(Section [4). After discussing refined bounds based on non-linear decision rules (Sec-
tion and exact solution procedures for stochastic bilevel programs with discrete
distributions (Section @, we assess the accuracy and computational performance of
the decision rule bounds in the context of a facility location problem (Section [7).

Notation. The i-th standard basis vector of a finite-dimensional linear space is
denoted by e;, while e stands the vector of ones. The dimensions will usually be clear
from the context. The trace of any square matrix M € R4*? is denoted by Tr(M).

2. Preliminary Results and Assumptions. We first delineate the assump-
tions underlying the results of this paper.

ASSUMPTION 1 (Linearity). We assume that ¢(€) = C¢ for C € Rk v(€) = VE
for Ve R™F b,(¢) = B¢ for B, € R™¥* and B, = Z?Zl B;x; for B; € Rm™*k,
i=1,...,d. Moreover, we assume that P is supported on = = {£ € RF : W& > h} for
some W € RO%* and h € RY. Finally, we assume that the first two rows of W coincide
with e, and —e;, respectively, while h = [1,—1,0,...,0]T. The last condition implies
that & =1 for all € € E.

As & =1 for all £ € =, the component &; constitutes a degenerate random
variable that is equal to 1 almost surely under P. Thus, any linear function of £ can
be viewed as an affine function of the non-degenerate random variables &, ..., & .
This allows us to work with affine functions while benefitting from the notational
simplicity of linear functions.

AssUMPTION 2 (Second-Order Moments). We assume that E[[|¢]?] < oo and
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that the second-order moment matriz Q = E[£€T] of € is strictly positive definite.

One can show that (2 is strictly positive definite whenever the non-degenerate ran-
dom variables &, ..., & are truly non-degenerate, that is, whenever each of them has
a strictly positive variance. This is equivalent to requiring the support of the distribu-
tion P to span R¥; see [23, Proposition 2] for further details. Together with Assump-
tion [T} Assumption [2] further guarantees that the cost function c is square-integrable.
Indeed, as ¢ has finite second-order moments, we have E[||c(¢)]|?] = Tr(CQCT) < oo.
The square-integrability of v and b, for any = € X’ can be shown similarly.

AssuMPTION 3 (Relatively Complete Recourse). We assume that {y € R™ :
Ay < b, (&)} is non-empty and bounded P-almost surely for every x € X.

Assumption [3]is reminiscent of the standard relatively complete recourse condition
from two-stage stochastic programming, which requires the follower’s feasible set to
be non-empty P-almost surely for every fixed decision of the leader. Assumption [3]is
stronger in that it also requires boundedness. Note that boundedness holds whenever
the recession cone {y € R™ : Ay < 0} reduces to the singleton {0} or, equivalently,
whenever the positive cone {ATp: p € R} of AT coincides with R™. An important
implication of Assumption [3]is that the follower’s subproblem has a compact feasible
set and is therefore solvable P-almost surely for every x € X. This in turn implies that
the optimal value of[P]exceeds that of [0} Note that if the follower’s subproblem failed
to be P-almost surely solvable for a particular decision xp € X, then the pessimistic
leader would be inclined to select zp in order to force the supremum over y in [P to
—00, whereas the optimistic leader would select a decision xp € X, for which the
infimum over y in [0]is finite.

Assumptions are assumed to hold throughout the paper. We now derive re-
formulations of the optimistic and pessimistic bilevel programs[0]and [P} respectively,
that are more amenable to analytical and numerical treatment. For ease of notation,
we define

* : T
#(z) = min Elc(€) y(&)] 2.1)
st Ay(€) < b (&) P-as.

as the follower’s expected cost under an optimal policy.
PROPOSITION 2.1 (Elimination of the ‘argmin’ Operators).
(i) The optimistic bilevel pmgmm s equivalent to

. T -
xe/\fl,nyfeggl q z+E[u(&) y(&)]

st E[e(©)Ty()] < 2*(x) (2.2)
Ay(€) < by (&) P-as.

(ii) The pessimistic bilevel program [P| is equivalent to

Héi;ryl sup qTa?-HE[U(f) y(&)]
z yeL?
*(z (2.3)

.
st Ele(§) Ty(€)] < 2
Ay(§) < bz(§) P-as.

Proof. As the proofs of assertions (i) and (ii) are similar, we only prove assertion (ii).
To this end, we first establish the following equality.

E[ inf {e(©)Ty: Ay < bo(©)}] = inf {Ele(©)Ty(€)] : Ay(©) < bo(©) Pas.| (24)

yeL?,
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It is clear that the left hand side of is smaller or equal to the right hand side
because the functions y € £2 are required to square-integrable, a condition which
is absent on the left hand side. To prove the converse inequality, note that the
linear program inside the expectation on the left hand side of is P-almost surely
solvable for every x € X by virtue of Assumption [3] Thus, there exist finitely many
matrices L; € R™ ™, one for every basis of the constraint matrix A, such that the
basic solutions of the linear program are representable as L;b, (&) for j = 1,...,J.
Moreover, for every x € X' the Borel sets

bz (£),
) OV =1,...,5 — 1 with ALjrbe(€) < ba(€),
) <OVj =j+1,...,J with AL;1by(€) < bw(f)}

=5(0) = {€ € RF: ALb,(€) <
(&) (Lba(€) — Lyrbs(€
(&) (Lba(€) — Lyrbs(€

form a partition of R*, and y*(¢) = L;b, (&) for € € Z;(x) is P-almost surely optimal
on the left hand side of (2.4)). Moreover, as £ has finite second moments, we find

)
)

J

Eflly*(©)I°] = Z 1562 ()1 gez, )] < Z [I1£;52(&)11%]

<

J
Z LECETBI L] = ZLJ-BIQB;LJT < 0.
j=1 j=1

Thus, y* € £2 is feasible on the right hand side of . As the right hand side is no
smaller than the left hand side, we conclude that y* is also optimal on the right hand
side, implying that holds indeed as an equality.

The above reasoning shows that problem [P]is equivalent to

géi;(l yseuﬁpi qTSC + E[v({)Ty(f)]

st. y € argmin {E[e(©) Ty ()] : AY'(€) < b(€) P-as.} .

The claim then follows by noting that
y € argmin {E[c(©) Ty (6)] : AY' () < ba(§) P-as.}
y'eLy

if and only if Ay(&) < b, (€) P-a.s. and E[c(€) Ty(€)] < z* (). [ |

3. Decision Rule Bounds for Stochastic Programs. We first analyze the
follower’s subproblem , which constitutes a two-stage stochastic program that
involves only wait-and-see decisions. Unfortunately, evaluating z*(x) for a fixed x
is #P-hard even if ¢ is uniformly distributed on the unit hypercube in R* [13] [19].
Therefore, we can only hope to evaluate z*(x) approximately. In this paper we will
compute upper and lower bounds on z*(x) by using the primal and dual linear de-
cision rule approximations proposed in [23]. Linear decision rules have first been
used to derive tractable upper bound approximations for adaptive robust optimization
problems [3 4]. These approximations were later extended to the realm of two- and
multi-stage stochastic programming [6 34]. In this paper we aim to extend these
bounds to stochastic bilevel programs.



3.1. Primal Approximation. An upper bound on z*(x) may be obtained by
restricting the set of square-integrable wait-and-see decision y(&) in to the set
of linear decision rules, that is, all linear functions of the form y(§) = Y¢ for some
Y € R™*. The resulting approximate problem involves only a finite number of
decision variables (i.e., the entries of the matrix Y') but still infinitely many constraints
parameterized by the possible realizations of £. Nevertheless, the best linear decision
rule can be computed efficiently.

PROPOSITION 3.1. The stochastic program (2.1)) is bounded above by

2% (x) = I}I/ll[{l Tr(QC'Y)
st. AY + AW = B, (3.1)
AR >0,A>0.

Moreover, if (Y*,A*) solves the linear program (3.1)), then y*(§) = Y*£ represents an
optimal linear decision rule for (2.1)).

Proposition is borrowed from [23], § 2.2]. To keep the paper self-contained, we
sketch its proof in Appendix [A]

3.2. Dual Approximation. By restricting the primal decisions of the stochastic
program ([2.1)) to linear decision rules, we obtained an upper bound on z*(x). Similarly,
by restricting the dual decisions, we can construct an efficiently computable lower
bound.

PROPOSITION 3.2. The stochastic program ([2.1)) is bounded below by

2(z) = I%/llél Tr(QC'Y)
st. AY +S8 =B, (3.2)
(W — he)QST >0.

Proposition is borrowed from [23], § 2.3]. To keep the paper self-contained, we
sketch its proof in Appendix [A]

REMARK 1. Notice that z*(x)—z*(x) > 0 quantifies the loss of optimality incurred
by the (primal) linear decision rule approzimation. Unfortunately, this optimality
gap is as hard to compute as z*(x). However, it can be estimated by z*(z) — 2'(x),
which can be computed efficiently by solving the two tractable linear programs (3.1))

and .

4. Decision Rule Bounds for Pessimistic Bilevel Programs. We now
demonstrate that the decision rule approximations for stochastic programs can be
extended to the realm of bilevel programming. We first show that [P|admits an upper
and |0 a lower decision rule bound. Next, we argue that lower decision rule bounds
on [P|are generically unbounded, whereas upper decision rule bounds on [0] are gener-
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ically infeasible.
THEOREM 4.1. The pessimistic version[P] of the two-stage stochastic bilevel pro-
gram is bounded above by the optimal value of the MILP

min ¢’ z+e’y+Tr(QCTY)
zeX, N\, Y, A\, T, B,v
s.t. ATTW +AC =V, Th>0, >0, A>0
AY + AW =% BiBi, Ab>0, A>0
Bi < M, B > A— M(1— ;) (")

v < Te(QBTW) + M(1 — x;)
v > Tr(QBiTFW) - M1 —x)
0<Bi <A —Mzx; <v < Muz;

Vi=1,....d,

where M > 0 represents a big-M constant.
Proof. By Proposition the pessimistic bilevel program [P]is equivalent to

i%ifé seuﬁp2 q"z+E[v(&) Ty(&)]
st Ele(©) Ty(e)] < 2 (x) (4.1)
Ay(&) S ba:(g) P-a.s ’

where 2*(x) stands for the optimal value of problem (2.1]). Dualizing the inner maxi-
mization problem in (4.1)) yields via weak duality the following upper bound on (4.1)).

i TR TO)] A )
s.t. ATp(&) + Xe(§) = () P-as. (4.2)

p(€) >0 P-as, A>0

As the stochastic program ([2.1]) is a minimization problem and as A is non-negative,
problem (4.2]) can be re-expressed as

s L, L 07T HEDO)TPEO)+ ML) T(€)]
s.t. ATp(f) +Xe(§) =v(§) P-as. (4.3)

p(6) >0 P-as, A>0
Ay(€) < be(§) P-as.

Note that constitutes a non-convex optimization problem because its objective
involves a product of A and y(§). The problem can be linearized, however, by apply-
ing the variable transformation y(§) < Ay(&), which results in the following exact
reformulation.

et BB O] + Ele(©) Ty (€)]
s.t. ATp(&) + Xe(€) =v(€) P-as. (4.4)

p(€) >0 Pas, A>0

The equivalence of and can be seen as follows. If (z,\,p,y) is feasible
in , then (z, A, p, Ay) is feasible in with the same objective value, which
implies that (4.4) provides a lower bound on . Next, consider any (z, A, p,y)
feasible in f A > 0, then (x, \, p,y/)) is feasible in with the same objective
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value. If A = 0, on the other hand, then the last constraint in implies that
y(&) = 0 P-almost surely because the recession cone {y € R™ : Ay < 0} of the follower’s
feasible set coincides with the singleton {0} due to Assumption [3| Thus, (z,0,p,y’)
is feasible in for every 3y € £2 with Ay’(¢) < b, (€) P-almost surely, which exists
due to Assumption [3| and an argument familiar from the proof of Proposition [2.1]
and the objective value of (z,),p,y) in coincides with the objective value of
(2,0,p,v') in . This implies that provides also an upper bound on .

For any fixed x, problem can be viewed as a linear two-stage stochastic
program with here-and-now decision A and wait-and-see decisions p(§) and y(¢). In
analogy to Proposition a conservative approximation of is thus obtained by
focusing on linear decision rules of the form y(§) = Y¢ and p(§) = P¢E.

min q"z+ Tr(QB] P)+ Tr(QCTY)
TEX, A, P,Y,A,T

s.t. ATP+AC =V (4.5)
P=TW,Th>0,T>0, A>0
AY + AW =AB,, Ah>0, A>0

The derivation of parallels the proof of Proposition Details are omitted for
brevity. Note that the auxiliary variables A and I' can be interpreted as the coefficient
matrices of two ‘slack’-decision rules. Indeed, the constraints in ensure that
A¢ >0 and T'¢ > 0 for all £ € E. Eliminating the matrix variable P from yields

min q'z+ Tr(QB]TW) + Tr(QCTY)
zeX, N\, Y,A, T
s.t. ATTW +AC=V,Th>0,T>0, A>0 (4.6)

AY + AW = \B,, Ah >0, A > 0.

Unfortunately, the upper bound problem still involves bilinear terms in the here-
and-now decisions = and the dual variables (A, T'). As all components of = constitute
binary (0-1) variables and as B, = Y., Byz; for some B; € R™* j =1,....d,
however, can be reformulated as the postulated MILP by using standard
linearization techniques. Specifically, the second term in the objective function of
can be expressed as e v, where

v < Te(QB]TW) + M(1 — z;)
v = 2; Te(QB/ TW) «— v > Te(QB]TW) — M(1 — ;)
—Muz; <~ < Mz,

forevery i =1,...,d, and M > 0 is a suitable big-M constant. Similarly, the product
term AB, in the last constraint of (4.6)) can be expressed as Zle B; 3;, where
Bi=Ar; <= 0<B; <\ Bi <Mz, i >A—M(1—x)

for every i =1,...,d, and M > 0 is a big-M constant. Thus, the claim follows. H

Note that can be solved efficiently with powerful MILP solvers such as CPLEX or
Gurobi. If the cost functions ¢(€) and v(§) coincide (i.e., if C = V'), the preferences of
the leader and the follower are perfectly aligned, in which case the bilevel program [P|
reduces to the single-level program

. Ty 1 Ele(e)T
redyeey 1 7T EAS) W) } = min ¢Te @), (A7)
s.t. Ay(&) <by(§) P-as. TEX
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The following corollary demonstrates that [P7] also collapses to the primal linear de-
cision rule approximation of whenever C = V.

COROLLARY 4.2. IfC =V, then is equivalent to mingey q 'z + 2%(z).
Proof. Set

oz, A) = Ym/&nF Tr(QB TW) + Tr(QCTY)
st. ATTW4+AC=C
'n>0,T>0

AY + AW = AB,, Ah >0, A >0,

and note that ¢(z, A) is convex in A for any fixed z. From the proof of Theorem [4.1|we
know that is equivalent to 7 which in turn is equivalent to mingex rx>0¢q = +
¢(x, ) whenever C' = V. For 0 € (0,1), the substitutions I <~ I'/(1 — 0), A < A/6
and Y <+ Y/6 yield

oz, A) = (1 —0)z"(z) + 02" (),
where
7"(x) = min {Tr(QB,TW): ATTW =C, Th >0, T >0},
while

2"(x) = min {Tr(QCTY) : AY + AW = B,, Ah >0, A >0} (4.8)

denotes the primal linear decision rule bound on the follower’s problem (2.1)). In the
following we will show that z%(x) > z%(x). By weak duality, we find

7(z) > max {Tr(QCTY) : AY + 8§ = By, SQWT > AhT, A >0}

= max {Tr(QCTY) : AY + 5 = B,, (W —he] )QS' >0}. (4.9)

Due to the structure of W and h stipulated in Assumption[1] the constraints SQW T >
AR imply that A = SQe;. The equality in the second line of the above expression thus
follows because SQe; > 0. Indeed, the constraint (W — he] )QST > 0 is equivalent
to the requirement that each row of S lies within the cone generated by Z and thus
has a nonnegative first component.

Next, fix any (Y, A) feasible in and set S = AW. The objective value of
(Y, S) in trivially coincides with the objective value of (Y, A) in . Moreover,
(Y, S) is feasible in (4.9). To see this, we note that

(W —he] )QST =E [(W¢ —h)(AWE)T] >0,

where the equality holds because 2 = E[¢¢T] and e/ & = 1 P-a.s., while the inequality
holds because W¢ > h and AWE > Ah > 0 P-a.s. We conclude that has the
same objective function as but a smaller feasible set (that is, when projected on
the Y variables). Thus, the minimum of is smaller or equal to the maximum
of (£.9). This implies that z“(z) > 2“(x), and the infimum of ¢(x,\) over § € (0,1)
is attained for 6 1 1.

For ¢ > 1, on the other hand, 1 — # is negative, and thus the substitutions
P«T/(1-0), A« A/f and Y + Y/ yield

p(w,A) = (1 - 0)z"(x) + 02" (),
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where

2"(z) = max {Tr(QB,TW): ATTW =C, Th <0, T <0}.

In the following we will show that z%(x) > z%(x). By weak duality, we have

z"(z) < min {Tr(QCTY) : AY + S =B,, SOWT <Ah', A >0}

= min {Tr(QCTY) : AY + S = B,, (W —he] )QS" >0} = 2l(z),

where the first equality holds because SQW T < AhT implies A = SQe; > 0, and the
second equality follows from . Propositions and then allow us to conclude
that z%(z) < 2!(x) < 2%(x), and thus the infimum of ¢(z,\) over § > 1 is attained
for 6 | 1.

The convexity of ¢(x,\) in A finally guarantees that the minimum of ¢(z, A) over
A > 0 is attained at A = 1. A direct calculation confirms that ¢(x,1) = 2%(z), and
thus is equivalent to mingex, x>0 q"z+ 2%(x). [ |

As for plain vanilla stochastic programs, decision rule techniques can also be
leveraged to obtain lower bounds on stochastic bilevel programs.

THEOREM 4.3. The optimistic version[D] of the two-stage stochastic bilevel pro-
gram is bounded below by the optimal value of the MILP

min q x4+ Tr(QVTY)
zeX,Y,S, P,
s.t. Tr(QCTY) <ep
AY + S =B,, (W —he] QST >0
ATP=C, (W-he])QPT <0 (0h

Bi < Tr(QB; P) + M(1 — ;)
Bi > Tr(QBP)— M(1—a;) pVi=1,...,d,
—Mx; < 3; < Mx;

where M > 0 represents a big-M constant.

Proof. By Proposition the optimistic bilevel program |[O| is equivalent to ,
which constitutes an ordinary two-stage stochastic program. Applying the dual linear
decision rule approximation of Proposition then yields the following lower bound

on (2.2).
min ¢ z+Tr(QV'Y)
zeX,Y, S
s.t. Tr(QCTY) < 2*(2) (4.10)

AY +S =B,, (W —he])QST >0

Note that (4.10]) is still intractable as the evaluation of z*(z) is #P-hard. However,
we can further relax (4.10) by replacing z*(z) with its efficiently computable upper
bound z*(x). In the following, we re-express z"(x) as

2"(x) = max {Te(QB, P): ATP=C, POW ' + \n" <0, A >0}
= max {Te(QB, P): ATP=C, (W —he{ )QPT <0}. (4.11)

10



Here, the first equality follows from strong linear programming duality, which holds
because (4.11]) constitutes the dual linear decision rule approximation of the stochastic
program dual to , which can be shown to be feasible by appealing to Assump-
tion To justify the second equality, we note that the constraints PQW T +hAT < 0
and the geometry of = implied by Assumption [l require that A = —PQe; >0 (¢f. the

corresponding argument in the proof of Corollary [4.2). Substituting (4.11]) into (4.10)
then yields

min q'z+Tr(QVTY)
zeX,Y,S, P

st. Tr(QCTY) < Tr(QB] P) (4.12)
AY +S=B,, (W —he/)QST >0
ATP=C, (W —he )QPT <0.

Unfortunately, the lower bound problem (|4.12) still involves bilinear terms in = and P.
As in the proof of Theorem howeve can be reformulated as the explicit
MILP by using similar linearization techniques as in the proof of Theorem
Details are omitted for brevity. |

Like the upper bounding problem [PY]from Theorem 4.1} the lower bounding prob-
lem || can be solved efficiently with commercial MILP solvers. As in Corollary
one can further show that collapses to the dual linear decision rule bound on the
stochastic program whenever C = V.

COROLLARY 4.4. IfC =V, the is equivalent to mingey q' = + 2! (z).
Proof. From the proof of Theorem we know that is equivalent to

min ¢ z+Tr(QCTY)
zeX,Y, S
s.t. Tr(QCTY) < 2%(x) (4.13)

AY + S =B,, (W —he] QST >0,

where we have used that C' = V. This problem is feasible due to Assumption[3] There-
fore, the constraint Tr(QCTY) < z%(x) cannot be binding at optimality and may be
removed without impacting the problem’s optimal value. Comparison with then
indicates that is indeed equivalent to mingecx ¢z + z!(z), and thus the claim
follows. |

In summary, the upper bound [P% on [P| was constructed by solving the two-stage
stochastic program in primal linear decision rules. Similarly, the lower bound
on |O| was obtained by solving the two-stage stochastic program (2.2)) in dual linear
decision rules. It is now tempting to construct a lower bound P’ on [P|by solving (4.4
in dual linear decision rules and to construct an upper bound O on (0| by solving
in primal linear decision rules. However, P! is equivalent to a variant of where
the inner maximization problem over y € £2 is solved in primal linear decision rules
and z*(z) is replaced with z!(x). The inner problem is thus infeasible and evaluates
to —oo unless z%(z) = z'(z), that is, unless both primal and dual linear decision
rules happen to be optimal. This implies that P! generically yields the trivial lower
bound —oo. Similarly, O% is equivalent to a variant of that is solved in primal
linear decision rules and where z*(z) is replaced with z!(x). This problem is also
infeasible unless z%(z) = z'(z), and thus O" generically provides the trivial upper
bound +oo. Note that our inability to obtain meaningful lower bounds on P and
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upper bounds on O is fundamental and not due to the relative inflexibility of linear
decision rules. Indeed, even more flexible non-linear decision rule approximations
of the problems (2.3) and are necessarily infeasible unless the employed class
of decision rules happens to contain the optimal wait-and-see policies. However, as
explained in the following section, non-linear decision rules can be used to obtain
stronger upper bounds on [P]and stronger lower bounds on

5. Extension to Non-Linear Decision Rules. Theorems and imply
that

min@ < min[@ < minfP < minfPY

where min[®@Y denotes the optimal value of the minimization problem etc. Recall
that and constitute efficiently solvable MILPs. We emphasize that any solution
of [P is feasible in [P] and incurs a cost that is bracketed by min[Pl and minfP" and,
a fortiori, by the computable bounds min[@] and minfP4 To improve the gap be-
tween these bounds, we may use more flexible non-linear decision rules, that is, linear
combinations of the components of a non-linear vector-valued lifting operator L(€).
If there exists a linear retraction operator R with R(L(£)) = £ and if the convex hull
of L(Z) admits an explicit polyhedral representation, then the best primal and dual
decision rules in the class induced by L() can be computed efficiently [I7] [18].

Specifically, assume that the lifting operator L : R¥ — R* and the corresponding
inverse retraction operator R : R* — R* have the following properties:

(P1) L is Lipschitz continuous and satisfies e{ L(¢) =1 for all £ € Z;
(P2) R is linear;
(P3) R(L(&)) = & for every ¢ € R¥;
(P4) the component mappings of L are linearly independent. This means that if
any w € R¥ satisfies wT L(¢) = 0 P-almost surely, then we have w = 0.

Moreover, suppose that the lifted support L(Z) admits a tight polyhedral outer
approximation as specified in the following assumption.

AssuMPTION 4 (Lifted Support). Assume that there exists a polytope Z' = {¢’ €
R W'e" > W'Y with W' € REXF and ' € RY such that L(E) C E' and R(Z') = E.

If Assumptions[IH4 hold, while the lifting operator L and its corresponding retrac-
tion operator R satisfy the properties (P1)—(P4), then the linear decision rule bounds
from Section [4] can be improved by the following non-linear decision rule bounds.

THEOREM 5.1. Set Q' = E[L(§)L(&)T], ¢’ = CR, V' = VR and B, = B,R
for all z € X. Denote by LP" (or by LO') the lifted variant of the pessimistic
bilevel program P (or the optimistic bilevel program O') obtained via the substitutions
C'+—C, V'« V,B,+ By forallz € X, W + W, h « h, Q' + Q. Then, we have

min[@] < min £0' < min@ < minfP < min £P* < minfP4

Proof. Theorem generalizes a similar result for two-stage stochastic programs
to the realm of bilevel programming; see [I7, § 2]. The idea is to reformulate the
bilevel programs and [P| in terms of the lifted random vector & = L(§) and to
solve the resulting lifted reformulations in decision rules that are linear in &’. This
is equivalent to solving the original bilevel programs [0] and [P] in non-linear decision
rules representable as linear combinations of the components of L. The proof then
follows immediately from Theorems and Details are omitted for brevity. W

Theorem guarantees that the non-linear decision rule bounds min L£O! and
min LP* are at least as strong as the linear decision rule bounds minl®’ and minfP™

12



While the gaps between £O' and |0 or between [P| and LP" can be systematically
reduced by optimizing over more expressive classes of non-linear decision rules, the gap
between [O]and [P]is beyond our control. Fortunately, [0]and [P]share the same optimal
value whenever the follower’s optimal solution is P-almost unique, which is often the
case when P is absolutely continuous with respect to the Lebesgue measure on E.
Several examples of lifting and retraction operators that satisfy the properties (P1)—
(P4) and that admit a lifted support as described in Assumption [4] are given in [17].

EXAMPLE 2. Assume that P represents the uniform distribution on the rectangular
support set = = {€ € RF : £ < & < &} with & = 1 = &, which ensures that & =1
for all £ € 2. Thus, the expected value of & is given by p; = (&1 + &;)/2 for all i.
Segregated linear decision rules are induced by the lifting operator L : RF — R2k—1

defined through L1(§) = &1, Laj—2(§) = min{&;, u;} and Lo;—1(§) = max{§; — p;, 0}
foralli =2,... k. The corresponding retraction operator R : R2*=1 — R* is given by

R= c ka(2k71).

It is easy to verify that this pair of lifting and retraction operators satisfies the proper-
ties (P1)—(P4). Moreover, a lifted support set obeying Assumption can be defined as

E={geR* <1, g1,
55%2 < His 551;1 >0, §§i72 - 55%1 > §z Vi=2,.. -,k}-

For further details on segregated linear decision rules see [17, § 4] or [18, § 4].

We remark that if the follower’s decisions are restricted to polynomial decision
rules, then the optimistic bilevel program |[0| can be expressed as a stochastic math-
ematical program with semi-infinite equilibrium constraints of the type considered
in [24]. Such problems can be solved approximately even if Assumption [1|fails to hold
by leveraging an entropic approximation together with a constraint randomization.

6. Exact MILP Reformulations for Discrete Distributions. To showcase
the efficacy of the decision rule bounds developed in Sections[4 and [f] it is instructive
to investigate the optimistic and pessimistic stochastic bilevel programs [0] and [P}
respectively, under an empirical distribution of the form

N 1 &
j:

which assigns equal probabilities to N sample points Ej € RF, j =1,...,N. For
P = Py, the bilevel programs and admit exact MILP reformulations. This result
is formalized in Theorems [6.1] and [6.2] below, which constitute simple corollaries of
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Theorems [.1] and .3} respectively. Thus, their proofs are omitted for brevity.
THEOREM 6.1. If P coincides with an empirical distribution Py, then the pes-
simistic version[P] of the two-stage stochastic bilevel program is equivalent to the MILP

. T 1 N d 1 N AT
T b LR S L
S.t. Aij +/\O§] = ng, Dj > 0
Ay; <L BB, A >0 _
Yij < pj Bi&j + M(1 — zy) Vi=1,...,N,
Vij > pj Bi&j — M(1 — ;)
0< B <A — Mz <5 < Mz

where M > 0 represents_a big-M constant.

Note that problem [P| involves d binary variables as well as O(N(d + n + m))
continuous variables and constraints, that is, the size of [P| grows linearly with the
number of atoms NN of the empirical distribution. In contrast, the pessimistic decision
rule problem [PY|involves d binary variables as well as O(nk+mk-+mf+d) continuous
variables and constraints. If the the atoms of P are obtained by sampling from a
(continuous) distribution P, then a sample size N > max{k, ¢} may be needed to
guarantee that [P| provides a reasonable approximation for To be able to offer a
similar approximation quality as problem [P| must therefore typically be much
larger than Note also that is guaranteed to provide an upper bound on [P}
while [P| can systematically overestimate or underestimate [P} see Section

If N =1and & = E[], thensimpliﬁes to the deterministic nominal counterpart
of [P}, which involves d binary variables as well as O(n + m + d) continuous variables
and constraints. Under the reasonable assumption that the numbers of uncertain
parameters k and support constraints ¢ are polynomially bounded in d, n and m, the
decision rule problem is therefore only polynomially larger than its corresponding
nominal counterpart. R

THEOREM 6.2. If P coincides with an empirical distribution Py, then the opti-
mistic version[O] of the two-stage stochastic bilevel program is equivalent to the MILP

. N ~
cemin gTed 5 30 (VE) Ty
st 2 (C6) Ty + 5L Y Biy < 0
C&+ATA; =0, \; >0
Ay < ;?:L“”Bifj Vi=1,....d,
5ij§)‘iBi§j+M(1_$i) Vji=1,...,N,
Bij > N Bi&j — M(1 — ;)
—Mz; < Bij < Ma;

where M > 0 represents a big-M constant.

Note that problem displays the same scaling behavior as[P|and must therefore
typically be much larger than to be able to offer a similar approximation quality.
Moreover, if N = 1 and & = E[¢], then a simplifies to the deterministic nominal
counterpart of |0} which suggests that the decision rule problem is typically only
polynomially larger than its corresponding nominal counterpart.

7. Facility Location Problem of a Market Entrant. Consider a market for
a homogeneous good that consists of d demand locations. Define s € {0,1}¢ through
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s; = 1 if location i can accommodate a retail store; = 0 otherwise. Company A owns
retail stores at a subset of these eligible locations. Thus, we may define ¢ € {0,1}¢,
t < s, through ¢; = 1 if company A owns a store at location i; = 0 otherwise.
Company B is a market entrant envisaging to build at most r new retail stores. This
company will represent the leader in the bilevel program to be formulated. We assume
that there can be only one store per location and that new stores can only be built
in eligible locations that are not yet occupied by company A. Formally, company B’s
strategy can be encoded by a vector x € {0,1}¢, where x; = 1 if a new store is built
at location i; = 0 otherwise. The set of feasible strategies is thus given by

X={xec{0,1}¢: ||z, <r, z+t<s}

We denote by &; the demand at location i. As the good is homogeneous, the customers
are inclined to make their purchases at the nearest store irrespective of its owner. We
assume, however, that the stores have finite capacity, that is, the store at location i (if
it exists) can sell at most b; units of the good. A fictitious aggregate customer aiming
to serve the demand at all locations must thus solve the transportation problem

d d
20 E E ij Yij

i=1 j=1
d
st Y yii 2§ Vi=1,...,d (7.1)
zjl
> i <bi(wi+t) Vi=1,....d,
j=1

where y;; € R%*? denotes the amount of the good that is shipped from location i to
location j, and c¢;; stands for the unit transportation costs. The aggregate customer
will play the role of the follower in the bilevel program to be formulated. In the
sequel we denote by Y*(z, &) the set of minimizers of for a given strategy x of
company B and a fixed demand pattern £. We assume that the largest possible total
demand maxecz €] is smaller or equal to the capacity Z?Zl b;t; of all existing stores
of company A. Thus, is feasible and in fact solvable (i.e., Y*(z,&) # 0) for every
rzeXand € € =.

While the customers make their choices under full knowledge of the realized de-
mand £, company B must select a layout of stores z € X solely based on knowledge
of the demand distribution P. If ¢; represents the cost of opening a store at location 4
and v; stands for the revenue that company B earns form selling one unit of the good
at location ¢ (note that v; = 0 if ¢; = 1), then company B faces the decision problem

5255 q xz+ inf / sup {E[va(f)} 1y(€) € Y*(,€) P-as.}, (7.2)

ye‘cn yEL%

which comes in an optimistic (inf) and a pessimistic (sup) version. The market entrant
can use this model to determine how many stores to build and where to site them. As
Assumptions and |3| hold, problem can be bounded from above and below
by the optimal values of the MILPs and respectively.

Consider now a particular instance of the facility location problem. Assume that
the demand locations correspond to the d = 15 most populous North American cities

15



of the SGB128 datasetﬂ The names and populations of these cities as well as all city-
to-city road distances are reported in Table Assume further that the uncertain
demands of different cities are independent and that the demand &; of city i follows a
uniform distribution on [% iy % 1], where the expected demand p; grows affinely with
the population from 50 (for the smallest city) to 100 (for the largest city).

All cities are eligible to accommodate retail stores, and the existing company A
already operates retail stores in Saint Louis and San Jose with equal capacities b; =
%Z?Zl w; for i € {5,9}. These two locations were chosen so as to minimize the
customers’ overall expected transportation costs in the absence of company B. Note
that the total capacity of company A suffices to serve all North American customers in
every possible demand scenario, and thus the follower’s subproblem is always feasible.

Company B can establish at most r = 3 new retail stores in different cities not
yet occupied by company A. The fixed cost of opening a new store with capacity b; =
%Z?:l w; is g; = 500, and the revenue from selling one item amounts to v; = 5
irrespective of the location i = 1,...,d. If company B opens up three facilities, then
it can serve all North American customers on its own in every possible scenario.

RN

Winnijpe
\Vinnipeg
‘\
N Toront,
.
. .
.
A
\‘ "
£y ¢ o Toledo q
Y 'l ’ .- Washington

oo
0 -

Q-

__—::n Saint Louis
Wichita==" ,»% " ¢

Tulsa »*

Fic. 7.1. Assignments of customers to retail stores in the nominal demand scenario and before
the market entry of company B. The stores of company A are visualized by red dots.

The situations before and after the arrival of the market entrant are visualized
in Figures and respectively. Note that customers are always served from the
nearest store that has available capacity. The situation shown in Figure is based
on the assumption that company B solves the conservative upper bound model [P¥] to
decide where to establish new stores. This model recommends to open up stores in
San Francisco, Toledo and Tucson, which enables company B to serve all customers
except those based in San Jose, Saint Louis, Tulsa and Wichita. Thus, company B
manages to seize 70% of the market.

In order to assess the accuracy and runtime of the proposed approximations more
systematically, we solve randomly generated instances of the facility location problem
with d € {15,20,25,30,35} locations. Each location ¢ either represents a demand
center (if s; = 0) or a candidate location for a retail store (if s; = 1), where ||s||; €

IThe SGB128 dataset is available from John Burkardt’s web page at https://people.sc.fsu.
edu/~jburkardt/datasets/cities/cities.html.
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Fic. 7.2. Assignments of customers to stores in the nominal scenario and after the market entry
of company B. The stores of companies A and B are visualized by red and blue dots, respectively.

{5,10}. Candidate location ¢ may already accommodate a store of company A (if
t; = 1) or may be available to company B (if ¢; = 0), where ||t||; € {2,3,5}. We
assume that company B may establish at most r € {2,3,5} new stores at a fixed cost
g; € {750,1000} per store independent of the location i. For every configuration of
the problem dimensions we generate 25 independent random instances as follows:
e The coordinates of the d different locations are chosen independently and
uniformly at random from [0, 1]?, and the unit transportation cost ¢;; is set
to the Euclidean distance between locations 7 and j for every i,j € {1,...,d}.
e The set of all locations is partitioned uniformly at random into demand cen-
ters and candidate locations for retail stores.
e The locations accommodating a store of company A are chosen uniformly at
random from all candidate locations.
e The demand &; is uniformly distributed on [50, 150] at demand centers (s; = 0)
and vanishes with certainty at candidate locations for retail stores (s; = 1).
e The revenue of selling one unit of the good is v; = 5 at every location.
e Each retail store has capacity b; = 150 - (d — ||s]|1)/||t||1 irrespective of its
location.

All experiments are run on a 64-bit Windows machine equipped with an Intel
Core i7-4700HQ processor and 16 GB of RAM. All MILPs are implemented in MAT-
LAB via the YALMIP [25] interface and solved using CPLEX 12.6.3.  All big-M
constants are set to 10, This value is large enough to guarantee that the big-M con-
straints are equivalent to exact indicator constraints. On the other hand, the value
is small enough to avoid excessive branching. Table reports summary statistics of
the optimality gaps and CPU times for randomly generated problem instances with
different dimensions. The optimality gaps are computed as

minP7 — min[®]]
minP7+ minlO7|’
We remark that company B may decide not to enter the market at all, that is, z = 0 is

always feasible in (7.2) and incurs zero cost. Thus, both and have non-positive
18
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optimal values. Each instance of the facility location problem is solved both in linear

decision rules (LDR) and segregated linear decision rules (SLDR); see Example
As the segregated linear decision rules provide more flexibility, they result in

significantly smaller optimality gaps than the simple linear decision rules at the ex-

pense of higher CPU times. Specifically, the median optimality gaps attained by the

segregated linear decision rules range from 0% to about 15%, whereas the median

optimality gaps attained by the linear decision rules range from 0% up to about 70%.
Note that the optimality gap can be expressed as A = A* + Al, where

u minfP7 — minfP] . minfPl — min[®]
AY =2 |— - and A'=2-|— - .
min[P¥+ mln@ minfP¥+ mln@

The actual quantity of interest is A%, which measures the suboptimality of the min-
imizer of [P in the original pessimistic bilevel program [P} However, unlike its con-
servative upper bound A, the actual optimality gap A% cannot be computed. The
optimality gaps reported in Table thus represent pessimistic estimates of A,

Scenario 1 Scenario 2

) T; Yi ) Ti Yi 7 Ti Yi ) Ti Yi
1 0.616 0.642 | 14 0.776 0.762 1 0.967 0.734 | 14 0.501 0.081
2 0.455 0.047 | 15 0.204 0.097 2 0.620 0.096 | 15 0.231 0.744
3 0.834 0.671 | 16 0.929 0.966 3 0.055 0.813 | 16 0.462 0.518
4 0.803 0.038 | 17 0.725 0.438 4 0.264 0.573 | 17 0.009 0.882
5 0.464 0.273 | 18 0.422 0.706 5 0.775 0.941 | 18 0.948 0.454
6 0.102 0.293 | 19 0.417 0.826 6 0.826 0.624 | 19 0.610 0.042
7 0.683 0.270 | 20 0.501 0.629 7 0.685 0.498 | 20 0.359 0.140
8 0.295 0.486 | 21 0.397 0.148 8 0.391 0.143 | 21 0.165 0.802
9 0.182 0.164 | 22 0.184 0.108 9 0.015 0.073 | 22 0.068 0.387
10 0.336 0.690 | 23 0.188 0.993 10 0.998 0.537 | 23 0.462 0.712
11  0.914 0.538 | 24 0.547 0.993 11 0.280 0.039 | 24 0.147 0.385
12 0.566 0.445 | 25 0.901 0.322 12 0.913 0.789 | 25 0.062 0.940
13 0.509 0.570 13 0.818 0.374

TABLE 7.3
Coordinates of the 25 locations in scenarios 1 and 2. The first 10 locations in each scenario
represent candidate locations (bold), whereof the first 5 locations are occupied by company A (shaded).

If P is approximated by a uniform empirical distribution @N on N independent
samples from P, then the resulting sample average approximations of the bilevel pro-
grams [P] and admit exact MILP reformulations whose sizes scale with N; see
Theorems [6.1| and While the sample average approximations of classical stochas-
tic programs are known to be optimistically biased, meaning that their optimal values
are guaranteed to provide lower confidence bounds on the optimal value of the true
stochastic program, the sample average approximations of stochastic bilevel programs
can be either optimistically or pessimistically biased. To see this, we consider two sce-
narios of the market entrant’s facility location problem with different cost structures.
The coordinates of the demand centers and candidate locations as well as the loca-
tions occupied by company A are reported in Table[7.3] In both scenarios, the market
entrant may open up at most 5 stores at a cost of 750 each. All existing and tentative
new stores have a capacity of 450. The demands at all demand locations follow inde-
pendent uniform distributions supported on [50,150]. As before, the customers incur
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costs that reflect the Euclidean shipping distances. The variable costs of the market
entrant, however, are fundamentally different in the two scenarios. Specifically, the
market entrant earns a revenue of 5 per unit sold in the first scenario and has to cover
the customers’ shipping costs in the second scenario. Thus, the leader and the follower
have conflicting objectives in the first scenario (C # V') and compatible objectives in
the second scenario (C = V).
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F1a. 7.3. Expected costs of the market entrant when C #V (left) and V = C (right).

Figure[7.3] visualizes the optimal values of the pessimistic and optimistic stochastic
bilevel programs solved in segregated linear decision rules (red and green dashed lines,
respectively) as well as the optimal values of 20 independent instances of the sample
average approximation [P|for increasing sample sizes N € {10, 50, 100, 200, 500, 1000}
(boxplots). Note that the decision rule bounds coincide, implying that segregated
linear decision rules are optimal in both [0] and [P] Moreover, the sample average
approximations and [P| share the same optimal values across all instances, that
is, there is no difference between optimistic and pessimistic formulations. The two
charts of Figure correspond to the two outlined scenarios with C # V and C' =V,
respectively.

We observe that the sample average approximations display significant variability
and are pessimistically biased in scenario 1 and optimistically biased in scenario 2.
Thus, the sample average approximations are unreliable, and not even the sign of their
bias is known upfront. We emphasize that it is possible to conceive scenarios in which
the optimal values of the sample average approximations accumulate between the
decision rule bounds already for smaller sample sizes. However, without computing
the deterministic decision rule bounds, it would be impossible to recognize the good
performance of the sample average approximations in these cases. Finally, while all
decision rule bounds in this experiment could be computed in less than 300 seconds,
the sample average approximations needed up to 2,000 seconds of runtime for the
larger instances displaying a similar accuracy as the decision rule bounds.

8. Conclusion. This paper develops the first decision rule bounds for both pes-
simistic and optimistic versions of a two-stage stochastic bilevel program, where the
leader first chooses a binary here-and-now decision, in response to which the follower
selects a continuous wait-and-see decision. Both the upper bound on the pessimistic
as well as the lower bound on the optimistic version of the bilevel program coincide
with the optimal values of explicit MILPs that can be solved efficiently with commer-
cial solvers. Specifically, the numbers of decision variables and constraints of these
MILPs scale only polynomially with the input dimensions. Moreover, both bounding
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problems reside in the same complexity class as the nominal pessimistic and optimistic
bilevel programs. In other words, the MILP reformulations of the bounding problems
involve only polynomially more variables and constraints than the MILP reformula-
tions of the corresponding nominal problems. Solving the stochastic bilevel programs
approximately via the sample average approximation gives rise to alternative explicit
MILPs, which scale, however, with the sample size and thus become quickly computa-
tionally excruciating. In contrast to classical stochastic programming, where sample
average approximations are optimistically biased, the sample average approximations
of stochastic bilevel programs can be both optimistically or pessimistically biased.
This uncertainty about the bias underlines the attractiveness of the deterministic
bounding methods developed in this paper. Future research should aim to extend the
results of this paper to robust two-stage bilevel programs. It would be particularly
interesting to investigate the ramifications of numerous powerful optimality results
for decision rules in the context of robust bilevel programming.
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Appendix A. Proofs.
Proof of Proposition Here, we just outline the proof idea to keep this paper
self-contained. A detailed proof can be found in [23] § 2.2]. When restricting the
wait-and-see decision to linear decision rules y(§) = Y¢ and using the conventions

by (§) = B§ and ¢(§) = C&, problem reduces to
min E¢TCTY¢]

(A1)
s.t. AYE( < B¢ P-as.

Rewriting the inner product in the objective function as a trace, exploiting the
cyclicity of the trace and interchanging the trace and expectation operators yields
E[¢TCTYE] = Tr(QCTY). Moreover, as linear functions are continuous, the al-
most sure constraints in are equivalent to the semi-infinite (robust) constraints
AY ¢ < B, for all € € Z. The linear decision rule problem thus reduces to the
robust optimization problem

min Tr(QCTY)

(A.2)
st. AYE < B, VE€E

By using the standard machinery of robust linear optimization with polyhedral uncer-
tainty sets [3], the semi-infinite program (A.2]) can be reformulated as the tractable
linear program (3.1)). Thus, the claim follows. |

Proof of Proposition We just outline the proof idea and refer to [23] §§ 2.3—
2.4] for a full proof. By introducing a slack variable s(¢), problem (2.1)) can be
reformulated as

min - E[e() Ty (¢)]

yeL2 scL2

st Ay(e) + s(6) — bu(€) = 0 ‘ (A:3)
Y s(€) >0 } P-a.s.

22



By dualizing the equality constraint, (A.3)) reduces to the min-max problem

min sup  E[e(€) Ty(€) + A& T[Ay(€) + s(&) — ba(£)]]

YELY, sELT,  AeL2, (A.4)
s.t. s(§) >0 P-as.

Instead of maximizing over all square-integrable dual decisions (), we can alterna-
tively maximize over the subclass of dual linear decision rules \(§) = AE. This leads
to a relaxed min-max problem where the inner maximization runs over all matrices
A € R™*k. By carrying out this inner maximization explicitly, one can show that the
relaxed min-max problem is equivalent to

_min L) y(6)]
T ElAY(©) + 5(6) — ba(0)€T] = 0 (A.5)
s(f) >0 } P-a.s.

Clearly, any y(&) and s(&) feasible in are also feasible in (A, but the converse
statement is not necessarily true. Thus, the optimal value of the dual linear decision
rule approximation provides a lower bound on z*(z). Moreover, can
be viewed as the dual of a linear robust optimization problem with a polyhedral
uncertainty set. Under a mild strict feasibility condition and because the second-
order moment matrix ) is strictly positive definite by Assumption [2| one can thus
show that is equivalent to the tractable linear program by invoking a dual
variant of the standard robust optimization machinery. However, even if the strict
feasibility condition fails to hold, problem still provides a lower bound on ;
see [23] § 2.4] for details. Thus, the claim follows. |
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