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The possibilities of exploiting the special structure of d.c. programs, which
consist of optimizing the difference of convex functions, are currently more
or less limited to variants of the DCA proposed by Pham Dinh Tao and Le
Thi Hoai An in 1997. These assume that either the convex or the concave
part, or both, are evaluated by one of their subgradients.

In this paper we propose an algorithm which allows the evaluation of both
the concave and the convex part by their proximal points. Additionally, we
allow a smooth part, which is evaluated via its gradient. In the spirit of
primal-dual splitting algorithms, the concave part might be the composition
of a concave function with a linear operator, which are, however, evaluated
separately.

For this algorithm we show that every cluster point is a solution of the
optimization problem. Furthermore, we show the connection to the Toland
dual problem and prove a descent property for the objective function values
of a primal-dual formulation of the problem. Convergence of the iterates is
shown if this objective function satisfies the Kurdyka—t.ojasiewicz property.
In the last part, we apply the algorithm to an image processing model.
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1 Introduction

Optimization problems where the objective function can be written as a difference of
two convex functions arise naturally in several applications, such as image processing
[17], machine learning [24], optimal transport [I0] and sparse signal recovering [13].
Generally, the class of d.c. functions is rather broad and contains for example every
twice continuously differentiable function. For an overview over d.c. functions, see e.g.
[14].

The classical approach to iteratively find local extrema of d.c. problems was described
by Tao and An [23] in 1997 under the name DCA (d.c. algorithms). One of the most
recent papers on this topic is [2], where an accelerated variant of the DCA method is
proposed under the supplementary assumption that both the convex and the concave
part are continuously differentiable. In 2003, Sun, Sampaio and Candido introduced a
proximal point approach into the theory of d.c. algorithm [22], where the convex part
is evaluated by its proximal point operator, while its concave part is still evaluated by
one of its subgradients. Later on, the approach in [22] has been extended in [I8, [T}, [1T]
by considering in the convex part a further convex smooth summand that is evaluated
via its gradient.

In this paper, we go one step further by proposing an algorithm, where both convex and
concave part are evaluated via proximal steps. In convex optimisation, using proximal
steps instead of subgradient steps has several advantages:

¢ The subdifferential at a point may be a non-singleton set, in particular it may be
empty or may consist of several distinct elements. In an algorithm, one may get
stuck or have to choose one, respectively.

e Even if the subdifferential is a singleton in each step, it might be highly discontin-
uous, so small deviations might lead to a very different behaviour of the iterations.

o Better convergence rates can be guaranteed for proximal algorithms than for sub-
gradient algorithms (compare [6] and [I9, Theorem 3.2.3]).

In addition, we consider a linear operator in the concave part of the objective function,
which is evaluated in a forward manner in the spirit of primal-dual splitting methods.

In Section we present the problem to be solved together with its Toland dual
and attach to them a primal-dual formulation in form of a minimization problem, too.
We derive first-order optimality conditions and relate the optimal solutions and the
critical points of the primal-dual minimization problems to the optimal solutions and,
respectively, the critical points of both primal and dual optimization problems.

In Section [3] we propose a double-proximal d.c. algorithm, which generates both a
primal and a dual sequence of iterates and show several properties which make it com-
parable to DCA. More precisely, we prove a descent property for the objective function
values of a primal-dual formulation and that every cluster point of the sequence of pri-
mal iterates is a critical point of the primal problem, while every critical point of the
sequence of dual iterates is a critical point of the dual problem.



In Section [d we show global convergence of our algorithm and convergence rates for
the iterates in some certain cases, provided that the objective function of the primal-
dual reformulation satisfies the Kurdyka—t.ojasiewicz property; in other words, it is a
K% function. The convergence analysis relies on methods and concepts of real algebraic
geometry introduced by Lojasiewicz [16] and Kurdyka [I5] and later developed in the
nonsmooth setting by Attouch, Bolte and Svaiter [4] and Bolte, Sabach and Teboulle [g].
One of the remarkable properties of the K¥ functions is their ubiquity in applications (see
[8]). The class of KL functions contains semi-algebraic, real sub-analytic, semiconvex,
uniformly convex and convex functions satisfying a growth condition.

We close our paper with some numerical examples addressing an image deblurring and
denoising problem in the context of different DC regularizations.

1.1 Notation and preliminaries

For the theory of convex analysis in finite-dimensional spaces, see the book [20]. We
shall consider functions taking values in the extended real line R := RU {400, —c0}. We
agree on the order —oo < a < +oo for any real number a and the operations

+oo4+a=a+00=+00—00=—00+4+ 00 =400+ 00 = 400,
—0+a=a—00=—00—00=—00,
0-(—00)=0,0"(+00) =400

for arbitrary a € R (see [28]). Let H be a real finite-dimensional Hilbert space. For a
function f:H — R, we denote by

dom f:={z € H| f(z) < +o0}

its domain. The function f is called proper if it does not take the value —oco and
dom f # 0. Tt is called convez if

F(A =Nz 4+ Ay) < (1= A)f(z)+Af(y)

for all z,y € H and 0 < XA < 1. The conjugate function f*:H — Rof f:H — R is
defined by
fr(@®) = sup {(a”, 2) — f(z) |z € H}.
If f is proper, convex and lower semicontinuous, then f** := (f*)* = f by the Fenchel-
Moreau theorem.
The conver subdifferential Of(x) at # € H of a function f : H — R is empty if
x ¢ dom f and

Of(x) ={a" e H|VyeH: f(y) = f(z) + (", y — x)}

otherwise. Let v > 0 and f : H — R be proper, convex and lower semicontinuous. The
prozimal point Prox, ¢ (x) of vf at x € H is defined as

. 1
Prox, () = argmin {1/(y) + 5 |y~ ol* |y € 1]



The set of minimizers in the definition above is a singleton [5, Proposition 12.15], and
the proximal point is characterised by the variational inequality [5, Proposition 12.26]

f(y) > f(Prox,s (x)) + 21’y (y — Proxys (x), x — Prox, ¢ (x))

for all y € H, which is equivalent to
1
;(a: — Prox, ¢ (x)) € 0f(Prox,y (x)). (1)

When dealing with nonconvex and nonsmooth functions, we have to consider sub-
differentials more general than the convex one. The Fréchet subdifferential Op f(x) at
x € H of a proper and lower semicontinuous function f : H — R is empty if ¢ dom f
and

lim inf
Yy—x
y#z

otherwise. The limiting (Mordukhovich) subdifferential Or, f(z) at = € H of a proper and
lower semicontinuous function f : H — R is empty if z ¢ dom f and

Orite) = {”“" < lv—al

Fl) = fl) "y —a) 0}

oLf(z) = {x* €eH ' El(xk‘)kEO’ (Z‘Z)kzo cxg € Hyxy, € Opf(xr), k >0,
xp = x, f(zr) — f(z),z) = 2" as k — +oo}

otherwise.

2 Problem statement

Let G and H be real finite-dimensional Hilbert spaces, let g : H — R and h: G — R be
proper, convex and lower semicontinuous functions, let ¢ : H — R be a convex, Fréchet
differentiable function with %—Lipschitz continuous gradient, for some 5 > 0, and let
K : H — G be a linear mapping (and K* : G — H its adjoint). We consider the problem

min {g(z) + ¢(z) — h(Kz) |z € H} (2)
together with its Toland dual problem [26], 25]
min {1 (y) — (9 + )" (K"y) |y € G} . (3)

The following primal-dual formulation will turn out to be useful in the sequel:
min {®(z,y) |z € H,y € G}  with ®(z,y) :=g(z) + ¢(z) + h*(y) — (y, Kz), (4)

where ® : H x G — R is proper and lower semicontinuous.
Let us derive necessary optimality conditions for the problems , and :



Proposition 1. 1. The optimal values of , and are equal.
2. Forallx e H andy € G,

O(z,y) > g(x) + ¢(x) = h(Kz)  and

O(z,y) = h*(y) — (9 +¢)" (W) (K"y).
3. Let T € H be a solution of (2). Then d(ho K)(z) C dg(z) + V(Z).
4. Let y € G be a solution of [3). Then d((g+ )" o K*)(y) C Oh*(y).

5. Let (z,y) € H x G be a solution of . Then T is a solution of , and Yy is a
solution of . Furthermore, the inclusions

K*y € 9g9(z) + Vo(), (5)
Kz € 0h*(y) (6)

hold.

Proof. 1. By the Fenchel-Moreau theorem, applied to h, we have

inf {g(z) + p(z) — h(Kz) |z € H}

inf {g(x) + p(z) — K" (Kz) |z € H}
= inf {g(z) + ¢(z) — sup {(y, Kz) — h*(y) |y € G} | v € H}
= inf {g(z) + p(z) + h*(y) — {y, Kz) |z € H,y € G}

up {{(z, K*y) — (9 + ¢)(z) |z € H} |y € G}
g+¢) (K*y) |y eg}.
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2. Let x € H and y € G. Then,

9(x) + ¢(z) — h(Kz) = g(z) + p(x) — K™ (Kz)
= 9(z) + ¢(x) —sup {(Kz,§) — h"(9)|§ € G}
< g(x) +o(x) — (Kz,y) + 17 (y),
and the other inequality is verified by an analogous calculation.

3. Let £ € ‘H be a solution of , ie.,
Vo € 1 g(a) + plx) — h(K) > g(F) + o(7) — h(K). (7)

If h(KZ) = +o00, then, by definition, d(h o K)(z) = (), and the inclusion automati-
cally holds. If h(KZ) < 400, then the optimal value of must be > —oo, which
implies

h(Kx) < 400 for all x € dom g. (8)



Now let y € d(h o K)(z). Then

Ve e H:h(Kzx) > hKZ) + (y,z —T) . 9)
Adding and @ yields
Ve e H:g(x)+o(x) 2 9(Z) + () + (y,2 — ). (10)

If g(z) = +o0, then is automatically satisfied, otherwise x € dom g and, by
, h(Kz) < +00, and both sides of both and @ are finite. In either case, we
have shown y € 9(g + ¢)(Z) = 09(z) + V().

4. The proof of this statement is analogous.

5. Let (Z,7) be a solution of (4)). (In particular, if such a solution exists, the common
optimal value of (2), and must be finite.) The function z — ®(x,y) is

convex and takes a minimum at z. Therefore
0 € 9g(x) + Vo(z) — K*y,

which proves . The same argument works for the function y — ®(z,y) and
implies

0 € oh*(y) — Kz,
which is @ For these inclusions, we obtain equality in the Young—Fenchel in-
equality, i.e.,

(9+9)" (K™y) + (9 +¢)(2) = (T, K*p)
h*(y) + h(KZz) = (y, KT) .
Therefore,
(9 + ) (@) — h(KZ) = h*(y) — (9 + ¢)" (K*Y)
= h*(y) —sup{(z, K'y) — g(z) — p(z) |z € H}
< h*(y) +g(x) + (2) — (T, K*y) -
Since (z,y) is a solution of , the last expression equals the common optimal

value of , and . O

Definition 1. We say that (z,y) € H X G is a critical point of the objective function ®
of if the inclusions and @ are satisfied. We denote by crit® the set of critical
points of the function ®.

Remark 1. If (z,y) € H x G is a critical point of ®, then

K*y e K*Oh(Kz)N (0g(x) + Vo(x)), (11)
Kz € KO(g+ ¢)" (K*y) NOh* (). (12)



By adopting the terminology of e.g. [23, p. 297], we denote by
crit(g+ o —ho K):={x € H: K*oh(Kz)N (9g(x) + Vp(x)) # 0}
the set of critical points of the objective function g + ¢ — h o K of and by
crit(h* — (g +¢)" o K*) :={y € G : KO(g + )" (K"y) N Oh™(y) # 0}

the set of critical points of the objective function h* — (g + ¢)* o K* of (3). (Recall that
K*0h(Kz) C 9(ho K)(x) and K9(g + ¢)"(K*y) C d((g + ) o K*)(y).)

Thus, if (Z,y) € H x G is a critical point of the objective function ®, then z is a critical
point of g + ¢ — ho K and ¥ is a critical point of h* — (g + ¢)* o K*.

3 The algorithm

Let (zo,y0) € H x G, and let (V),,>o and (1n),,~¢ be sequences of positive numbers. We
propose the following iterative scheme: For all n > 0 set

In+1 = PrOX’Yng (xn + ’VnK*yn - ’ynV(p(:En)), (13)
Yn+1 = Proxy,ne (Yn + tn Kni1). (14)

By the inequalities for the proximal points, we have, for every x,y € H and n > 0,

1 «
g(fcn—i—l) - g(x) < — <$n + K Y — mVo(2n) — Tpy1, Tpy1 — )

n

1 *

= ,7 <$n — Tn+1,Tn+l — x) + (K" yn, Tpy1 — x> _<VW($n)a Tn+1 — x> )
n

% “ 1
h (yn+1) —h (y) < qu <yn + pnKTni1 — Yni1, Ynt1 — y>

n
1

= Un = Ynt1:Yns1 — ¥) + (KTng1, Ynp1 — ¥) -
mn

Moreover, using [5, Theorem 18.15 (iii)] and the subdifferential inequality, we have for
every x € H and n > 0,

(70('%'”4'1) - @(xn) S <V§0(.’L’n), Tn4+1 — $n> + Hxn — .Z'n+1”2 s
p(zn) — p(z) < (Vo(zn), 70 — T) -
We consider the auxiliary function ® : # x G — R defined by

O(z,y) = g(x) + o(x) + 1" (y) — (v, Kz).
By the inequalities above, we have, for arbitrary z € H, y € G and n > 0,

1
26

®(xn+1a ynJrl) - (I)($, y)
= g($n+1) - g(l’) + ¢($n+1) - (p(l’) + h*(ynJrl) - h*(y) + <ya Kl') - <yn+17 Kxn+1>

1 1 2
< 77 <xn — Tn+1, Tn41 — $> + E <yn — Yn+1,Yn+1 — y> + % Hxn - $n+1||

+ (K (2 — Zpt1), Y — Yn) - (15)



Furthermore, for any n > 0,

(I)(xn-i-lvyn) - (I)(xnvyn) = g(xn-i-l) + 90(1;71—&-1) - g(‘rn) - go(xn) +<K*ymxn - xn+1>
11 )
<|(=-—)llzn—zn ; 16
< (5522 lan =zu (16)
Q(Tpa1, Ynt1) — P(Tng1,Yn) = B (Yna1) — 2" (Yn) + (Yn — Ynt1, Konyg)

1
< Y — Ynp |- (17)
Hn

The last two inequalities give rise to the following statement.

Proposition 2. For each n > 0, we have

(I)(xn—i—l?yn—i—l) < (I)(xn—i-hyn) < (I)(xnvyn)7
provided that 0 < v, < 20.

Proposition 3. Let

0 < inf 7, < supy, < 28 and 0 < inf py, < sup p, < +00. (18)
n>0 n>0 n20 n>0

Furthermore, let inf {g(z) + p(z) — h(Kz) |z € H} > —oc. Then,

Z |n — xn-&-l”Q < too and Z llyn — yn+1||2 < +o0.
n>0 n>0

Proof. Let N > 1 be an integer. Sum up and forn =0,..., N — 1 and obtain

N—-1 1 1 ) N—-1 1 )
(. yx) — B(zo.y0) < 3 ( - ) 12n — 2ot = 3 — [l — s

By assumption, the expression on the left-hand side is bounded below by a fixed real
number M for any N > 1, and so is the right-hand side. The numbers (%n — %) and

#% are bounded below by a positive number, say € > 0, so

N-1 ) N-1 ) M
Z Hl‘n - 513n+1” + Z ||yn - yn+1|| < -
n=0 n=0 <

Since N is arbitrary, the series converge. O

Proposition 4. Let inf {g(x) + ¢(z) — h(Kz) |z € H} > —oo and be satisfied. If
(Zn)y>0 and (Yn),>q are bounded, then

1. every cluster point of (xy),~ % a critical point of ,

2. every cluster point of (yn)n20 is a critical point of and



3. every cluster point of (wn,yn)n>0 is a critical point of .

Proof. Let T be a cluster point of (z,),5q- Let (25,),>, be a subsequence of (zn),,
such that z,, — Z. By another transition to a subsequence, we can guarantee y,, — ¥
for some y € H, since (yn, ), is bounded. By and (14)), we obtain, for every k > 0,

Tnyp — Tpg+1
Yy
- 1

+ K*ynk - v@(xnk) € 8g($nk+1)

+ Kny 1 € OR (Yny+1),
/’Lnk

respectively. By Proposition [3] the first summands on the left-hand side of the above
inclusions tend to zero as k — oo. Using the continuity of V¢ and the closedness of
the graphs of dg and 0h* and passing to the limit, we get K*y — Vp(Z) € dg(z) and
Kz € 0h*(y), which means that (z,y) is a critical point of ®. The first statement follows
by considering Remark [I] For the second statement, one has to choose z and y in reverse
order, for the third one, they are chosen at the same time. ]

Remark 2. It is clear that one cannot expect the cluster points to be minima, since it
is easy to see that (Z,7) is a fixed point of the iteration (13)-(14) if and only if and
@ are satisfied, i.e., if and only if (Z,y) is a critical point for ® (independent of the
choice of the parameters (yy,),,~¢ and (fin),;>q)-

Proposition 5. Let be satisfied. For any mn > 0, the following statements are
equivalent:

1. (zn,yn) is a critical point of ®;
2. ($n+17yn+1) = (‘TTMyTL);
3. (I)(=Tn+1ayn+1) = ‘1>(xna yn)

Proof. 1t is easily seen by the formula that the first two items are equivalent. The
equivalence of the latter two items follows by and (7). O

Next, we summarise the convergence properties of the prox-prox algorithm. To this
end, we denote by w(zg,yo) the set of cluster points of the iteration generated by
and with the initial points z¢ and yy. See also [8, Lemma 5] for an analogous result
for a nonconvex forward-backward scheme.

Lemma 1. Let H and G be two real finite-dimensional Hilbert spaces, let g : H — R
and h : G — R be proper, convex and lower semicontinuous functions, let ¢ : H — R
be a convex, Fréchet differentiable function with a %—Lipschitz continuous gradient, for
some B > 0, and let K : H — G be a linear mapping. Let the sequences (), > and

(Hn), >0 satisfy . Moreover, assume that the sequence (Tn,yn),>qo generated by
and is bounded. Then the following assertions hold:

1. 0 # w(xg,yo) C crit® C crit(g + ¢ — ho K) x crit(h* — (g + ¢)* o K*),



2. limy, 00 dist((zn, yn ), w(xo,y0)) = 0,
3. if the common optimal value of the problems , and is > —oo, then

w(xo,yo) s a nonempty, compact and connected set, and so are the sets of the
limit points of the sequences (zn),~q and (Yn),>o;

4. the objective function ® is finite and constant on w(xg, yo) provided that the optimal
value 1s finite.

Proof. 1. It is clear that the set of cluster points of a bounded sequence is nonempty.
That every cluster point is critical for @, is the statement of Proposition [4 The
last inclusion is discussed in Remark [Il

2. Assume that the assertion does not hold. In this case, there exists an ¢ > 0 and a
subsequence (Tny, Yny) >0 Of (T, Yn)yso With dist((@ny, Yn, ), w(z0,y0)) > € for all
k > 0. The subsequence is bounded, so it has a cluster point, which is a cluster
point of the original sequence (zn,yn), >, as well, thus an element of w(xo,yo).
This contradicts the assumption dist((x, , Yn, ), w(T0,y0)) > € for all k > 0.

3. Since the sequence (Zn, yn), o is bounded, the sets

Qp :=cl (U {(:Enayn)})

n>k

are bounded and closed, hence compact for any & > 0. Their intersection (,,~q {2n,
which equals the set of cluster points of (2, ), is therefore compact, too. The
connectedness follows from Proposition [3 See the proof of [8, Lemma 5 (iii)] for
the details.

4. According to Proposition [2| the function values ®(z,,y,) are monotonically de-
creasing, thus convergent, say ®(z,,y,) — ¢. Let (Z,y) be an arbitrary limit point
of the sequence (zn, Yn),>q, and let (T, ,Yn,);>o be a subsequence converging to
(z,y) as k — oo. By lower semicontinuity, we have ®(z,y) < limg_oo ®(zn,, Un,) =
£. On the other hand, consider with x =  and y = y. The right-hand
side converges to 0 as we let n — oo along the subsequence (ng);~q, so £ =
limy, 00 ®(zn, yn) < (7, 7). O

Remark 3. To guarantee the boundedness of the iterates, one could assume that the
objective function of the primal-dual minimization problem is coercive, i.e., the lower
level sets are bounded.

4 Convergence under Kurdyka—tojasiewicz assumptions

In the next step, we shall assume the Kurdyka—t.ojasiewicz property for the functions
involved. Let us recall the definition and some basic properties. By 6, for n € (0, +o00],
we denote the set of all concave and continuous functions 9 : [0,7) — R with the following
properties:

10



2. ¥ is continuously differentiable on (0,7) and continuous at 0,
3. ¥(s) >0 for all s € (0,7).

Definition 2. Let H be a real finite-dimensional Hilbert space, and let ® : H — R
be a proper and lower semicontinuous function. We say that ® satisfies the Kurdyka—
Lojasiewicz property at * € domJr® := {x € H |0 P(x) # 0} if there exists some 7 €
(0, 400], a neighbourhood U of z and a function ¥ € ©, such that for all

reUN{zeH|P(z) < P(x) < P(Z)+n}
the following inequality holds
Y (®(z) — ®()) - dist(0, . P(x)) > 1.

We call ® a KL function if it satisfies the Kurdyka—t.ojasiewicz property at each point
T € dom 01, P.

The following uniform KL property is according to [8, Lemma 6].

Lemma 2. Let Q be a compact set, and let ® : H — R be a proper and lower semicon-
tinuous function. Assume that ® is constant on 2 and satisfies the K& property at each
point of §). Then there exist € > 0, n > 0 and ¥ € ©,, such that for all u € ) and all u
in the intersection

{ueH|dist(u, Q) < e} N {u € H|(@) < B(u) < d(a) + n} (19)

one has
V' (®(u) — ®(a)) - dist(0, I P(u)) > 1.

In the Kt. property, we need the distance of a subgradient from zero. In our algorithm,
we have the following result.

Lemma 3. For each n > 1 with v,—1 < 23, there exist (x},y;) € H x G with (x},,y;) €
0P (xn,yn) and

1
lzll < WK yn—r = ynll + —— N1 = 2l

n—

§ 1
ynll < p |Yn—1 = Ynl| -

n—1

Proof. From the definition of the algorithm, we have, for each n > 1,

Tpo| — & .
ST Kyt — Vo(2a-1) € Og(an),
Tn—1
Yn-1 = Yn | Ky € OR* (yp).
Hn—1

11



Consider the function ® : # x G — R, ®(z,y) := g(z) + ¢(x) + h*(y). By the usual
calculus of the convex subdifferential and [21], Proposition 8.12], for each n > 1

OL®(zn, yn) = (0g(xn) + Vip(wn)) X OR* (yn).
By [21, Exercise 8.8], we have for each n > 1
OLP (T, Yn) = 0L (2, Yn) — (K yn, Kp)
= (99(zn) + V(zn) — K yn) x (0" (yn) — Kxp), (20)
thus,

Tn—1—Tn *
* meleon L Vo(a,) — Vo(og—1) + K -
<$Z> — ( Tn—1 ¢(xn) ynfsy: 1) (Yn—1 yn)) € 0.0 (2, yn)-
Yn Hn—1

Now, we estimate for each n > 1

1

]l < (1K yn—1 = ynll + 5 1(Id = 1 V@) (zn—1) = (Id = 11 Vi) (@) -

n—1

By the Baillon-Haddad theorem [5], Corollary 18.16], V¢ is S-cocoercive. By [5, Propo-
sition 4.33], Id — 74,,—1 V¢ is nonexpansive for 7,1 < 28, which leads to the desired
conclusion. 0

4.1 The case when ® is a Kt function

Theorem 1. Let
0 <~ :=inf, <7:=supvy, < 0,
- n>0 n>0
0 < p:=inf p, < :=sup p, < 4o0.
— n>0 n>0

Suppose that ® is in addition a K& function bounded from below. Then (xmyn)nzo is a
Cauchy sequence, thus convergent to a critical point of ®.

Proof. Let Q := w(zo,yo), and let £ € R be the value of ® on ) (see item 4] of Lemma
. If ®(xy,y,) = ¢ for some n > 0, then, by and , Tpt1l = Tp and Yni1 = Yn,
and the assertion holds. Therefore, we assume ®(x,,,y,) > ¢ for all n > 0.

Let ¢ > 0, n > 0 and ¥ € O, be as provided by Lemma 2l Since ®(zp,yn) — ¢ as
n — +oo, we find ny > 0 with ®(z,,y,) < £+ n for n > ny. Since dist((zy, yn), ) — 0
as n — 400, we find ng > 0 with dist((zn, yn), 2) < € for n > na.

In the following, fix an arbitrary n > ng := max{ni,na,1}. Then (z,,y,) is an
element of the intersection . Consequently,

I (®(2p, yn) — (Z,7)) - dist((0,0), 0P (zy, yn)) > 1. (21)
By the concavity of 9, we get, for all s € (0,7),

19(5) - 29((I)(x?la:’;/?l) - CD(i'ag)) < ﬁ'(@(xn,yn) - @(i‘,g)) : (8 - q)(l'myn) + (I)(:i'v Zj)),
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so, setting in particular s := ®(xy 41, Yn+1) — P(Z, ) € (0,7),

(NP (zn, yn) — 2(7,7)) = NP (Tnt1, Ynt1) — (2, 9))) - [[(27, ) |

(@ (2, yn) — (2, 9)) - (2(2n, Yn) = P(Tnt1,Ynt1)) - [[(25, v3)

(@ (@n,yn) — ©(2,9)) - (2(2n, Yn) — P(Tn+1,Yn+1)) - dist((0,0), OLP(n, yn))
(@(@n, Yn) — P(Tnt1, Ynt1))-

Moreover, by and ,
1 1

1
(I)(ajna yn) - (I)(xn—i-l’yn—i-l) > (% - 25) ”xn - xn—l—lHZ + E Hyn - yn+1H2 .

Let us define the following shorthands

1 1 1
b 1= ¢ (% - 25) 2 = @l + == = s
En = ﬂ((b(xnvyn) - q)(fa g))

for n > ng to obtain the inequality

(en = env1) - [l(z, yn) |l > 07

By the arithmetic-geometric inequality, for any » > 0 and n > ng

160D - (2w )
< 5 (Pl + L0 —nin)

* * 1
< 7l )l + - (en = ens1) (22)

(recall that, by Proposition and the properties of 9, the sequence (&,,) n>no 18 decreasing,
SO € — €n+1 > 0). On the other hand, by Lemma [3| and the inequality 2ab < a? + b2
(a,b>0), for any n > ng

1
*\ (|2 2 2
(@7 vl S(IIKH + — |Zn—1 — @all” +
Hyn—1
2| K| N 3
+ [#n—1 = @nll [yn—1 = Ynll

1
) Yyn—1— yn”2 )
Tn—1

n—1
1 2
§<2HK”2+ 3 > ||yn—1 _yn||2+ 3
Hn—1 Tn—1
SCTQI,537,717 (23)

|Zn—1— xn||2

13



with

2
2 2K
C,, := | max 1 T

TYn—1 Qﬂ Mn—1
4P 1+ 2| K[ 2,
=,|max , .
anl(Qﬁ - ’Ynfl) Hn—1

For all n > ny,

15 142K
C, <(Cp:=,|max —, .
’ J {7(26—7) I

Combined with (22)), we obtain
1
On < 1rCodp_1 + ;(En — En+1). (24)

For any k£ > ng + 1, we have, by iteration,

k—no—1 n
6]@ S (rCO)k_n05n0 + Z (TCO)

n=0

(Ekfn - €k7n+1)7

therefore, for any N >ng+1land 0 <r < CLO,

N N k—mng—1 (T’C())n
Z O < Z ((Tco)k—nodno + Z , (Ek_n — 5k—n+1))

k=no+1 k=no+1 n=0
N—-ng—1 N—-ng—1 k n
rCop
S SO SR Sl DRGNSy
k=0 k=0 n=0
N—ng—1 n N—n()—l
7Con, 2 (rGo)
< — I3 _ — €& _
~1—1rCy + n; r ];L ( k+no—n+1 k+ng n+2)
N—n -1 n
T005n0 9 (’I’CO)
< — 12
—1—-rCy + T; no+1
Tcﬂéno Eng+1

“1—-rCy r(1—rCy)
The right-hand side does not depend on N, thus, we conclude that 3 2, . ; 0y is finite,
and 50 are Y32 11 [0 — Tl and T2 4y [yn — v 0
4.2 Convergence rates

Lemma 4. Assume that ® is a KL function with 9(t) = Mt'~=% for some M > 0 and
0 <6 <1. Let x and y the limit points of the sequences (Ty),~q and (yn),>q, respectively
(which exist due to Theorem . Then the following convergence rates are guaranteed:

14



1. if 0 =0, then there exists ng > 0, such that x, = xp, and yn = Yn, for n > ng;

2. if0< < %, then there exist ¢ > 0 and 0 < g < 1 such that

n

|2n —2|| <cg”  and  lyn —yll < cq
for allm > 0;

3. 2f% < 0 <1, then there exists ¢ > 0 such that
_1=6 _1=6
ln —Z| <en271  and  flyn — gl < e 2
for alln > 0.

Proof. 1. First, let & = 0. Assume to the contrary (see Proposition |5) that for any
n >0, (Tni1, Yn+1) # (Tn,Yn). We have ¥'(t) = M for all ¢ > 0 and thus, by (21),

M - [|(z, yp)|| = 1 for any n > 1,

which contradicts either Lemma [3] or Proposition
Before considering the other cases, assume from now on that (x,,y,) is not a critical
point of ® for any n > 0. Notice that ¢¥/(t) = (1 — 8)Mt~%. In the proof of Theorem
we have shown that for 0 < r < Cio

= TCO(STLO Eng+1
<
Z O < 1—rCoy r(1—1rCoh)

k=no+1
_ Cobng | M(®(Tngi1,Ynos1) — (7,5)) 7
1—rCy r(1 —rCy)
. 7’006710 i M1+%(1 — 9)%

— 1-0
1- TCO 7’(1 — 7'00)19/((1)(37710—&-17 yno-f—l) - (I)(a_;’ g))T

: 520 (o * 52
7Co0n, n Mo (1—6) H(l’noﬂaynoﬂ)u ‘

< )
—1—-7rCy r(1 —rCh)

where the last inequality follows from the KL property (notice that ®(xng+1, Yng+1) —
®(z,y) > 0 because we assumed that (p,+1, Yne+1) is not a critical point of ®). We can
repeat this calculation for any n > ng + 1 instead of ng + 1, because such an n would
meet the criteria according to which we chose ng + 1. Thus, we obtain from , for
n >ng+1,

1 1-0 1-0
< rCodp, ~ Mo(1—0)"70 (Codp) @

0 <
k;nH 1—7rCy r(1—rCh)

(25)

The rest of the proof follows in the lines of [3, Theorem 2]:
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1 1-60

2. Let 0 < 0 < 5. Then 1 < 5= < 400, s0 6, — 0 as n — oo implies that the

2
first term on the right-hand side of is the dominant one. Therefore, we find

n1 > nog + 1 and C7 > 0 such that

Z 5k<015n_01(25k— 3 5k)

k=n+1 k=n+1

for any n > ny. Thus, for any n > nq,

o0

Z 5’“—1+ Z

k=n+1

By induction, for any n > nj + 1,

§ <§:5 << @ )n_mié
n_k:nk’_ 1+Cl ks

k=n,

which proves the assertion.

.Let%<9< 1. Then 0 < %<1, so 0, — 0 as n — oo implies that the
second term on the right-hand side of is the dominant one. Therefore, we find
n1 > nog + 1 and C7 > 0 such that

u
Z O < C10,°
k=n+1

for any n > nq. Then, for any n > nq,

(£) =(ze 2

k=n+1 k=n+1

0

We define h : (0,+00) — R, h(s) = s 7=¢ and notice that h is monotonically

decreasing as is the sequence (3°72,, 0k),,>,, - Therefore, for any n > ny,

1gc;feh( 3 %) (Z(sk— 3 5k>

k=n+1 k=n+1

D hend
< i / = h(s) ds
k:n+16k
20-1
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Thus, by induction, for any n > ny + 1,

_29;91 7210:01
> = 20 —1)(n —n >
<25k> L @D (ng) |
k=n Ci % (1-6) k=n1
The assertion follows by
_20-1 ~ %1

> > (20 — 1)(n — n1)
On < 0 < Ok + for any n > nq+1.

= (Z ) S

O

5 Application to image processing

Consider an image of the size m x n pixels. (For the sake of simplicity, we consider
gray-scale pictures only.) It can be represented by a vector x € H := R™" of size mn
with entries in [0, 1] (where 0 represents pure black and 1 represents pure white).

The original image = € H is assumed to be blurred by a linear operator L : H — H
(e.g. the camera is out of focus or in movement during the exposure). Furthermore, it
is corrupted with a noise v, so that only the result b = Lz 4 v is known to us. We want
to reconstruct the original image x by considering the minimisation problem

. 2
= ||Lx —b J(D
mi (45 122~ bl + (D)),
where ||-|| denotes the usual Euclidean norm, 1 > 0 is a regularisation parameter, D :
R™? — R2™" 5 the discrete gradient operator given by Dz = (Kix, Kox), where

Tiv1i—Xii, t=1....m—1;7=1,...,n;
KliH%Ha(le)m::{on  mmie1 i

Tiit1—Xiq, t=1,....m;3=1,...,n—1;
KQ:/H—>,H7 (KQx)i,j = {017]+1 " i=1 mj:n

and J : H — R is a regularising functional penalising noisy images. We want to compare
several choises of the functional J proposed by [13], I7], all of which have in common
that they want to induce sparsity of Dz, i.e. having many components equal to zero.

The smoothly clipped absolute deviation (SCAD) penalty was introduced by Fan and
Li in [12]. Tt is defined by

2mn

SCAD)4(2) = > grnal2)),
j=1
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where A > 0, a > 1 and

NEA if |z <A,
Irna(zj) = _‘Zj|2;ia_/\1")zj|_A2 if A < |zj| < al,
% if 2| > aA.
0 if |z <A,
= Algj| — ¢ Ll2Ar if A < |2] < a,

Azl — M if |zj] > aA.

Denoting the part after the curly brace as hyq(z;) and hy4(2) = Z?Zﬁ" hxa(zj), we
have

- if z < —(14~a)A,

—EEA i - (1+qa)A < 2 < -y,
Prox,p: (2) =40 if |z] <9A,

= i yA <z < (1470,

A if 2> (14 ~a)X\.

The Zhang penalty [27] is defined by

2mn

Zhang,(z) = Z 9a(2j),

=1

where a > 0 and

Lzl if |z < a
2:) = a 177 J )
a(2) {1 if 2| > a.
B 1‘ | {0 if |z;| < a,
= il .
azil—a) if [z] > a
Denoting the part after the curly brace as hq(zj) and hq(z) := Z?Zln ha(2;), we have

1 : 1
- if 2 < -4 —a,

z+va if—é—fyagzg—va,
Prox.p: (2) = 4 0 if —~vya<z<na,
zZ—ya if’yagzﬁé—i-’ya,
L isz%—l—’ya.

a

The LZOX penalty [17] is defined by

LZOXa(2) = [|1Dz||p — al|Dz| ,

18



where ||-||,1 denotes (as usual) the sum of the absolute values and

where y = (u,v) is the splitting according to the definition of D. The algorithm (13)-
can now be applied to any of the models described above, since the models are
written as d. c¢. problems and the components are easily accessible for computation,
with the exception of the function ||-||,1 o D, see [9]. For the latter, see the following
section.

5.1 The proximal point of the anisotropic total variation

In order to apply Algorithm f to any of the problems, we have to calculate the
proximal point of the anisotropic total variation by solving the optimization problem

1
inf {27 e = b? + | Dl | & € ’H} (26)

for some v > 0 and b € H in each step. The Fenchel dual problem [5, Chapter 19] is
given by

inf {; ID*z*||* = (b, D*2*)

zr e g, l|x¥| o < 1}. (27)
Instead of solving (26)), we could also solve (see [7]), as the following result shows.
Lemma 5. Let z* € G be a solution of . Then x = b—~yD*z* is a solution of .
Proof. See [0, Example 19.7]. In short:

0€ DD —b) + 0|15 (+*) = D*a* € D' ||s (D(b—4D"z"))

— ~(b=a)€ D0 |1s (D)
=00 (510 -0+ [DO)s ) (@) O

To the formulation , the Forward-Backward algorithm can be applied, since the
objective function is differentiable and the feasible set is easy to project on.

5.2 Numerical results

We implemented the FBDC algorithm applied to the model described above and tested
the MATLAB code on a PC with Intel Core i5 4670S (4x 3.10GHz) and 8GB DDR3
RAM (1600MHz). Our implementation used the method described in Section until
the (> distance between two iterations was smaller than 10~%. Both stepsizes were

chosen as p, = v, = i for all n > 0. As initial value, we chose o = b and picked
v € Oh(Kxop).
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a=000 «a=0.2 a=04 «a=0.5 a=0.6 a=0.8 a=1.0
= 1.0 —-3.0288 —4.2266 —3.7637 —3.6569 —3.5150 —4.3590 —13.701
uw= 10.0 5.9227 6.26615 6.414791 6.44871  6.45780  6.28863  4.301090
w= 200 6.76613 6.90005 6.93064 6.917926 6.88018  6.61521 5.305623
uw= 500 6.81752 6.78308  6.65411 6.4923 6.36250  5.780558 4.741993
w= 100.0 5.29597  5.23264  5.05189  4.91247 4.739717 4.287092 3.696120
pw= 200.0 3.088196 3.060511 2.985871 2.930448 2.863122 2.693096 2.477708
pw= 500.0 1.317390 1.312168 1.298834 1.288983 1.277010 1.246724 1.208036
p=1000.0 0.692487 0.691049 0.687585 0.685057 0.682000 0.674272 0.664401
Table 1: LZOX after 50 iterations
a = 0.01 a=0.03 a=20.1 a=0.3 a=1.0 a=3.0
W= 1.0 —43.708 —33.711  —23.148 —13.846 —3.0288 2.4922
w= 100 —18.781 —-9.9406  —3.2070 2.5442 5.9227  6.97777
uw= 200 —11.270 —4.8428 0.43533 4.7768 6.76613  6.57299
= 50.0 —4.8333 —1.05553 2.63959 6.46109 6.81752 3.952101
pw= 100.0 —1.7546 —0.14560 3.16532  6.90202  5.29597  2.129705
w= 2000 —0.41418 0.0619477 2.98543 6.38513 3.088196 1.110186
w= 500.0 0.0077144 0.121807 2.101321 3.816813 1.317390 0.482406
w=1000.0 0.0528014 0.127592 1.423684 2.070959 0.692487 0.271777

Table 2: Zhang after 50 iterations

We picked the image texmos3 from http://sipi.usc.edu/database/database.php?
volume=textures&image=64 and convolved it with a Gaussian kernel with 9 pixels stan-
dard devitation. Afterwards we added white noise with standard deviation 50/255, pro-
jected the pixels back to the range [0, 1] and saved the image in TIFF format, rounding
the brightness values to multiples of 1/255. See Figure [2| for original, blurry and recon-
structed image.

The improvement in signal-to-noise ratio or ISNR wvalue of a reconstruction is given
by

z —b|)?
ISNR,(.’Ek) = 1010g10 (M),

where z is the (usually unknown) original, b is the known blurry and noisy and xy, is the
reconstructed image. For the ISNR values after 50 iterations, see Tables [1] and 2 The
development of the ISNR values over the iterations is shown in Figure [T}

We see that the nonconvex models provide reasonable reconstructions of the original
image and the best numerical performance for this particular choice of the stepsizes and
the number of iterations is not achieved for the convex model (LZOX with a = 0), but
for the nonconvex models.
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Figure 1: ISNR values vs. iterations
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(a) Original image (b) Blurry image (¢) LZOX, p =20, a =04

(d) LZOX, p =20, a=1 (e) LZOX, p =50, =0 (f) Zhang, p =10, « =3

(g) Zhang, p =20, =1 (h) Zhang, 4 = 100, a = 0.1

Figure 2: Original image, blurry and noisy image and reconstructions.
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