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Abstract

Crashing is a method for optimally shortening the project makespan by reducing the time of one or more
activities in a project network by allocating resources to it. Activity durations are however uncertain and
techniques in stochastic optimization, robust optimization and distributionally robust optimization have been
developed to tackle this problem. In this paper, we study a class of distributionally robust project crashing
problems where the objective is to choose the first two moments of the activity durations to minimize the worst-
case expected makespan. Under a partial correlation information structure or no correlation information, the
problem is shown to be solvable in polynomial time as a semidefinite program or a second order cone program
respectively. However in practice, solving the semidefinite program is challenging for large project networks.
We exploit the structure of the problem to reformulate it as a convex-concave saddle point problem over the
first two moment variables and the arc criticality index variables. This provides the opportunity to use first
order saddle point methods to solve larger sized distributionally robust project crashing problems. Numerical
results also provide an useful insight that as compared to the crashing solution for the multivariate normal
distribution, the distributionally robust project crashing solution tends to deploy more resources in reducing

the standard deviation rather than the mean of the activity durations.

1 Introduction

A project is defined by a set of activities with given precedence constraints. In a project, an activity is a task that
must be performed and an event is a milestone marking the start of one or more activities. Before an activity

begins, all of its predecessor activities must be completed. Such a project is represented by an activity-on-arc
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network G(V, A), where V = {1,2,...,n} is the set of nodes denoting the events, and A C {(4,7) : i,5 € V} is
the set of arcs denoting the activities. The corresponding network G(V, A) is directed and acyclic where we use
node 1 and node n to represent the start and the end of the project respectively. Let ¢;; denote the duration of
activity (4,7). The completion time or the makespan of the project is equal to the length of the critical (longest)
path of the project network from node 1 to node n where arc lengths denote activity durations. The problem is

formulated as:

Z(t) = max Z tijxij, (11)

zeXxn{0,1}™ (

i,j)EA
where
1, 1=
X=Qa: > wy— Y wi={0, i=23..m-1, w0V )eAr.  (12)
j:(1,5)€A j:(4,5)eA 1 i=n

Project crashing is a method for shortening the project makespan by reducing the time of one or more of the
project activities to less than its normal activity time. To reduce the duration of an activity, the project manager
can assign more resources to it which typically implies additional costs. This may include using more efficient
equipment or hiring more workers. Hence it is important to find the tradeoff between the makespan and the
crashing cost so as to identify the specific activities to crash and the corresponding amounts by which to crash
them. Early work on the deterministic project crashing problem (PCP) dates back to 1960s (see Kelley Jr (1961),
Fulkerson (1961)) where parametric network flow methods were developed to solve the problem. One intuitive
method is to find the critical path of the project, and then crash one or more activities on the critical path.
However, when the activities on the critical path have been crashed, the original critical path may no longer be

critical. The problem of minimizing the project makespan with a given cost budget is formulated as follows:

mtin Z(t)
s.t. Z Cij(tij) S ]\47
(i,5)eA

where M is the cost budget, ¢;; is the original duration of activity (i, j), ¢,; is the minimal value of the duration of

j
activity (¢,7) that can be achieved by crashing, and c¢;;(t;;) is the cost function of crashing which is a decreasing
function of the activity duration ¢;;. Since the longest path problem on a directed acyclic graph is solvable
as a linear program by optimizing over the set X’ directly, using duality, the project crashing problem (1.3) is

formulated as:

min Yn — Y1,
ty
S.t. Yi — Yi = tij, V(i,j) €A,
1.3
> cijltiy) <M, -
(i,5)eA
tij < tij < %ijv V(l,]) €A



When the cost functions are linear or piecewise linear convex, the deterministic PCP (1.3) is formulated as
a linear program. For nonlinear convex differentiable cost functions, an algorithm based on piecewise linear
approximations was proposed by Lamberson and Hocking (1970) to solve the project crashing problem. When
the cost function is nonlinear and concave, Falk and Horowitz (1972) proposed a globally convergent branch and
bound algorithm to solve the problem of minimizing the total cost and when the cost function is discrete, the
project crashing problem has shown to be NP-hard (see De et al. (2007)). In the next section, we provide a

literature review on project crashing problems with uncertain activity durations.

Notations

Throughout the paper, we use bold letters to denote vectors and matrices, such as &, W, p, and standard letters
to denote scalars, such as x, W, p. 1,, is a vector of dimension n with all entries equal to 1. A, _; = {x: 153} =
1, > 0} denotes a unit simplex. We suppress the subscript when the dimension is clear. We use the tilde
notation to denote a random variable or random vector, such as 7, 7. |A| denote the number of elements in the
set A. Z, denotes the set of nonnegative integers. R} and R} T are the sets of n dimensional vectors whose
entries are all nonnegative and strictly positive respectively. 8§ and S+ are the sets of all symmetric n x n
positive semidefinite matrices and positive definite matrices, respectively. For a positive semidefinite matrix X,
we use X '/? to denote the unique positive semidefinite square root of the matrix such that X 12x1/2 = X For
a square matrix X, X t denotes the its unique Moore-Penrose pseudoinverse. diag(X) denotes a vector formed
by the diagonal elements of a matrix X, and Diag(x) denotes a diagonal matrix whose diagonal elements are the

entries of x.

2 Literature Review

In this section, we provide a literature review of the project crashing problem with uncertain activity durations.
Since this problem has been well-studied, our literature review while extensive is not exhaustive. We highlight
some of the current state of art methods to solve the project crashing problem before discussing our proposed

method in later sections.

2.1 Stochastic Project Crashing

In stochastic projects, the activity durations are modeled as random variables which follow a probability distri-
bution such as normal, uniform, exponential or beta. When the probability distribution function of the activity

durations is known, a popular performance measure is the expected project makespan which is defined as follows:

E(Z(F)) = / Z(0)f(b)dt, (2.1)



where fy(t) is the probability density function of the random vector ¢ with the parameter vector A. The stochastic

PCP that minimizes the expected makespan with a given cost budget is formulated as:

grelgi E(Z()), (2.2)

where ) is the possible set of values from which A can be chosen. For a fixed A, computing the expected project
makespan unlike the deterministic makespan is a hard problem. Hagstrom (1988) showed that computing the
expected project makespan is NP-hard when the activity durations are independent discrete random variables.
Even in simple cases such as the multivariate normal distribution, the expected makespan does not have a
simple expression and the standard approach is to use Monte Carlo simulation methods to estimate the expected
makespan (see Van Slyke (1963), Burt Jr and Garman (1971)). Simple bounds (Fulkerson (1962), M&hring
(2001)) and approximations (Lindsey (1972)) have also been proposed for the expected makespan. For example,
by replacing the activity times with the mean durations and computing the deterministic longest path, we obtain
a lower bound on the expected makespan due to the convexity of the makespan objective. Equality holds if and
only if there is a path that is the longest with probability 1, but this condition is rarely satisfied in applications.

To solve the stochastic project crashing problem, heuristics and simulation-based optimization methods have
been proposed. Kim et al. (2007) developed a heuristic approach to minimize the quantile of the makespan by

using a surrogate deterministic objective function with activity durations defined as:
dij(X) = pij(X) + kijoi; (X),

with fixed margin coefficients k;; > 0, where p;;(A) and 0;;(X) denote the mean and standard deviation of the

activity duration fij that depends on the decision vector A. They then solve the deterministic PCP:

Jmin Z(d(A)), (2.3)

to find a heuristic solution for project crashing. Other heuristics for the project crashing problem have also
been developed (see Mitchell and Klastorin (2007)). Simulation based optimization techniques have been used
to solve the project crashing problem. Stochastic gradient methods for minimizing the expected makespan
have been developed in this context (see Bowman (1994), Fu (2015)). Another approach is to use the sample
average approximation (SAA) method to minimize the expected makespan (see Plambeck et al. (1996), Shapiro
(2003), Kim et al. (2015)). For example, consider the case where the activity duration vector £ is a multivariate
normal random vector N (u, X), where p and X are the mean and the covariance matrix of the random vector ¢,
respectively. Then t = p+ Diag(a’)é, where o is a vector of standard deviations of #,;, (4,5) € A and £~ N(0,p)
is a normally distributed random vector where p is the correlation matrix of E and hence £. Suppose the decision
variables are the means and standard deviations of the random activity durations where 2,, , represents a convex
set of feasible parameters from which it can be chosen. Let §(k), k=1,2,...,N, denote a set of i.i.d samples of
the random vector €. The SAA formulation is given as:

N

1 T

” rgléré N Z (mea;g (p + Diag(g-)g(k)> gg) ) (2.4)
o 15,0 1 x



which is equivalent to the linear program:
min E iv: ( (k) — y(k))
1,0,y N n 1
sty —y™ > g+ ogel), vk=1,...,N, (2:5)

(p,0) € Qo

Convergence results for the objective value and the optimal solution as N 1 oo have been derived in Shapiro

(2003).

2.2 Robust Project Crashing

There are two main challenges in the stochastic project crashing model. Firstly, solving the problem is computa-
tionally challenging as discussed. Secondly, the distribution of the activity durations is assumed to be given but
in reality it might be often difficult to estimate the full distributional information. To overcome these challenges,
robust optimization methods (see Ben-Tal et al. (2009)) have been developed to solve the project crashing prob-
lem. In this technique, uncertainty sets are used to model the activity durations and the objective is to minimize
the worst-case makespan. Cohen et al. (2007) adopted the affinely adjustable robust formulation of Ben-Tal et al.
(2004) to tackle the problem of minimizing the worst-case project makespan under interval and ellipsoidal un-
certainty sets. The corresponding problems are formulated as linear and second order cone programs. lancu and
Trichakis (2014) extended the affinely adjustable robust counterpart to develop Pareto robust optimal solutions
for project crashing. However as discussed in Wiesemann et al. (2012) while computationally tractable, the linear
decision rule is sub-optimal for the robust project crashing problem. Chen et al. (2007) proposed new uncertainty
sets for the robust project crashing problem to capture asymmetry information in the activity durations. Using
linear decision rules they developed second order cone programs for the robust project crashing problem. Chen
et al. (2008) considered more general decision rules beyond the linear decision rule for the crashing problem.
While their results clearly demonstrate that the linear and piecewise linear decision rules are computationally
tractable, it only solves a relaxation of the robust problem. Wiesemann et al. (2012) showed that for a given
resource allocation, the problem of computing the worst-case makespan with some of the popular uncertainty sets
is NP-hard. Examples of uncertainty sets for which worst-case makespan is known to be NP-hard to compute
include the ellipsoidal uncertainty set and polyhedral uncertainty sets such as the intersection of a hypercube
and a halfspace. Only for simple uncertainty sets such as the hypercube this problem is easy since the worst-
case makespan is obtained simply by making all the activity durations take the maximum value. Wiesemann
et al. (2012) proposed alternative methods to solve the robust project crashing problem by developing convergent

bounds using path enumeration and path generation methods.



2.3 Distributionally Robust Project Crashing

Distributionally robust optimization is a more recent approach that has been used to tackle the project crashing
problem. Under this model, the uncertain activity durations are assumed to be random variables but the prob-
ability distribution of the random variables is itself ambiguous and chosen by nature from a set of distributions.
Meilijson and Nadas (1979) studied the worst-case expected makespan under the assumption that the marginal
distributions of the random activity durations are known but the joint distribution of the activity durations is un-
known. Under this assumption, they showed that the worst-case expected makespan can be computed by solving
a convex optimization problem. Birge and Maddox (1995) extended this bound to the case where the support for
each activity duration is known and up to the first two moments (mean and standard deviations) of the random
activity duration is provided. Bertsimas et al. (2004, 2006) extended this result to general higher order univariate
moment information and developed a semidefinite program to compute the worst-case expected makespan. Mak
et al. (2015) applied the dual of the formulation with two moments to solve an appointment scheduling problem
where the objective is to choose service times to minimize the worst-case expected waiting time and overtime
costs as a second order cone program. Under the assumption that the mean, standard deviation and correlation
matrix of the activity durations is known, Natarajan et al. (2011) developed a completely positive programming
reformulation for the worst-case expected makespan. While this problem is NP-hard, semidefinite relaxations
can be used to find weaker upper bounds on the worst-case expected makespan. Kong et al. (2013) developed
a dual copositive formulation for the appointment scheduling problem where the objective is to choose service
times to minimize the worst-case expected waiting time and overtime costs given correlation information. Since
this problem is NP-hard, they developed a tractable semidefinite relaxation for this problem. Natarajan and
Teo (2016) recently showed that the complexity of computing this bound is closely related to characterizing the
convex hull of quadratic forms of directed paths from the start node to the end node in the network. In a related
stream of literature, Goh and Hall (2013) developed approximations for the distributionally robust project crash-
ing problem using information on the support, mean and correlation matrix of the activity durations. Using linear
and piecewise linear decision rules, they developed computationally tractable second order conic programming
formulations to find resource allocations to minimize an upper bound on the worst-case expected makespan under
both static and adaptive policies. While their numerical results demonstrate the promise of the distributionally
robust approach, it is not clear as to how far their solution is from the true optimal solution that minimizes
the worst-case expected makespan. Recently, Hanasusanto et al. (2016) studied a distributionally robust chance
constrained version of the project crashing problem and developed a conic program to solve the problem under
the assumption of the knowledge of a conic support, the mean and an upper bound on a positive homogeneous
dispersion measure of the random activity durations. While their formulation is exact for the distributionally
robust chance constrained project crashing problem, the size of the formulation grows in the number of paths
in the network. An example where the worst-case expected makespan is computable in polynomial time was

developed in Doan and Natarajan (2012) who assumed that a discrete distribution is provided for the activity



durations for the set of arcs coming out of each node. The dependency structure among the activities for arcs
coming out of two different nodes is however unspecified. Li et al. (2014) extended this result to propose a bound
on the worst-case expected makespan with information on the mean and covariance matrix.

In this paper, we build on these models to solve a class of distributionally robust project crashing problems
in polynomial time. To the best of our knowledge, these are the only type of information structures for the
moment models for which the problem is known to be solvable in polynomial time currently. Furthermore, unlike
the typical use of semidefinite programming solvers to directly solve the problem, we exploit the structure of
the objective function to illustrate that recent developments in first order saddle point methods can be used to
solve the problem. As we demonstrate, this helps us solve much larger problems in practice. Lastly, we provide
numerical insights into the nature of the crashing solution from distributionally robust models that we believe is
insightful. Specifically, our results show that in comparison to the sample average approximation method for a
multivariate normal distribution of activity durations, the distributionally robust models deploy more resources

in crashing the standard deviations rather than the means.

3 SOCP, SDP and Saddle Point Formulations

In this section, we study instances of the distributionally robust project crashing problem with moment infor-
mation that is solvable in polynomial time in the size of the network. The random duration of activity (,j) is
denoted by fij. We assume that it is possible to vary the mean and the standard deviation of fij. Specifically let
= (pij: (1,7) € A) and o = (045 : (i,7) € A) denote the vector of means and standard deviations of the activity
durations with p denoting additional information on the correlation matrix that is available. We allow for the
activity durations to be correlated. This often arises in projects when activities use the same set of resources such
as equipment and manpower or are affected by common factors such as weather in a construction project (see
Banerjee and Paul (2008)). When the joint distribution of  is known only to lie in a set of distributions ©(u, o; p)

with the given mean, standard deviation and correlation information, the worst-case expected makespan is:

s e (223 6
where the outer maximization is over the set of distributions with the given moment information on the random
t and the inner maximization is over the set X' defined in (1.2). When the correlation matrix p is completely
specified, computing just the worst-case expected makespan for a given p and o is known to be a hard problem
(see Bertsimas et al. (2010), Natarajan et al. (2011), Wiesemann et al. (2012)). The distributionally robust
project crashing problem of selecting the means and standard deviations to minimize the worst-case expected
makespan for the project network is formulated as:

min max Eg (max iT:L‘> ) (3.2)
(1,0)EQ o 0€O0(p,0;p) reX



where Q,, » defines a convex set of feasible allocations for (p, ). The set Q,, » for example can be defined as:

Qo =19 (n,0): Z cij(tij, 045) < M, By < Hij < Hijy O35 < 045 < 04, V(i,j) e Ay, (3.3)
(i,)€A

where 11;; and 7;; are the mean and standard deviation of the original duration of activity (,7), and Ky and g,
are the minimal mean and standard deviation of the duration of activity (i, j) that can be achieved by crashing.
Further M is the amount of total cost budget, and c;;(uij,0:;) is the cost function which has the following
properties: (a) ¢;j(f;;,0:;) = 0, that means the extra cost of activity (i,j) is 0 under the original activity
duration; and (b) ¢;;(pij,0i;) is a decreasing function of u;; and o; ;. In this formulation, it is possible to to
just crash the means by forcing the standard deviation to be fixed by setting 7;; = g,; in the outer optimization

problem.

3.1 No Correlation Information

We first consider the marginal moment model where information on the mean and the standard deviation of
the activity durations is assumed but no information on the correlations is assumed. The set of probability

distributions of the activity durations with the given first two moments is defined as:
@mmm(ﬁlw U) = {0 S M(é}%m) : Ee(gij) = N’ij)E@(t?j) = /1'12] + U?jav(iaj) S -’4} ) (34)

where M(R,,) is the set of finite positive Borel measures supported on R,,. In the definition of this set, we
allow for the activity durations to be positively correlated, negatively correlated or even possibly uncorrelated.
Furthermore, we do not make an explicit assumption on the nonnegativity of activity durations. There are two
main reasons for this. Firstly, since we allow for the possibility of any valid correlation matrix with the given
means and standard deviations, the most easy to fit multivariate probability distribution to the activity durations
is the normal distribution. As a result, this distribution has been used extensively in the literature on project
networks (see Clark (1961), Banerjee and Paul (2008)), particularly when the activity durations are correlated for
this very reason. Secondly in practice, such an assumption is reasonable to justify when the mean of the activity
duration is comparatively larger than the standard deviation in which case the probability of having a negative
realization is small. Assuming no correlation information, the worst-case expected makespan in (3.1) is equivalent
to the optimal objective value of the following concave maximization problem over the convex hull of the set X

(see Lemma 2 on page 458 in Natarajan et al. (2009)):

gleajgfmmm(“aavm% (35)

where
fiomm (1, 0, @) = Z (Mz‘sz‘j + oijy/ i (1 — ffij)) ‘ (3.6)
(i,)€A
In the formulation, the optimal z7; variables is an estimate of the arc criticality index of activity (4,4) under the

worst-case distribution. The worst-case expected makespan in (3.5) is computed using the following second order



cone program (SOCP):
mex D (wigwis + osstiy)
(i,5)€A
st. xeX, (3.7)

) nN? 1o
i+ Tij — 5 Si, V(i j) € A.

The distributionally robust PCP (3.2) under the marginal moment model is hence formulated as a saddle point

over the moment variables and arc criticality index variables as follows:

i mmim ) ) . 3.8
in MAX framm (M, 0, ) (3.8)

One approach to solve the problem is to take the dual of the maximization problem in (3.7) in which case the

distributionally robust PCP (3.8) is formulated as the following second order cone program:

. 1
min Yn — Y1+ 5 Z (cvij — Bij)

m,oy,a.8

(i,5)€A
st Yy —yi — Bij > Wij, V(i,7) € A, (3.9)
5+ B < ey, V(i,j) € A
(n,0) € Qo

Several points regarding the formulation in (3.9) are important to take note of. Firstly, the formulation is tight,
namely it solves the distributionally robust project crashing problem exactly. Secondly, such a dual formulation
has been recently applied by Mak et al. (2015) to the appointment scheduling problem where the appointment
times are chosen for patients (activities) while the actual service times for the patients are random. Their problem
is equivalent to simply crashing the means of the activity durations. From formulation (3.9), we see that it is
also possible to crash the standard deviation of the activity durations in a tractable manner using second order
cone programming under the marginal moment model. Lastly, though we focus on the project crashing problem,
one of the nice features of this model is that it easily extends to all sets X C {0, 1}" with a compact convex hull
representation. In the next section, we discuss a partial correlation information structure that makes use of the

project network in identifying a polynomial time solvable project crashing instance.

3.2 Partial Correlation Information

In the marginal moment model, we do not make any assumptions on the correlation information between the
activity durations. Hence it is possible that in the worst-case, the correlations might be unrealistic particularly
if some information on the dependence between activity durations is available. In this section, we consider
alternative formulations where partial correlation information on the activity durations is known. Since the
general version of this problem is hard, we focus on partial correlation information structures where the problem
is solvable in polynomial time. Towards this, we first consider a parallel network, before considering a general

network.



3.2.1 Parallel Network

Consider a parallel project network with m activities where the correlation among the activities is known. In this

case the set of probability distributions of the activity durations is defined as:
O (1,73 p) = {0 € M(Ri)  Bo(F) = p, Ea(#') = pps” + Ding(or) pDing(er)} (3.10)

where p € ST denotes the correlation matrix and ¥ = Diag(o)pDiag(o) denotes the covariance matrix. We
refer to this model as the cross moment model. The distributionally robust project crashing problem for a parallel

network is then formulated as:

min max Eqg (max ' , (3.11)
(,0)EQp.0  0€EOcmm (p,0;p) [ ISPAN

where the inner maximization is over the simplex since the network is parallel. The worst-case expected makespan

in (3.11) is equivalent to the moment problem over the random vector £ with the given first two moments:

max E, (gleai( (u + Diag(a)é)T :c)
st Py(E€Rn) =1,
E, (&) =0,
EW(EET) =p

A direct application of standard moment duality for this problem by associating the dual variables Ay, A and

(3.12)

A with the constraints and disaggregating the maximum over the extreme points of the simplex implies that

problem (3.12) can be solved as a semidefinite program:

min - X + (p, A)

05

(A —oijei)” (3.13)

o — i
0~ Hig =0, Y(i,j) € A

1
s.t. 2
s(A —oijeq) A
Strong duality holds in this case under the assumption that the correlation matrix is positive definite. Plugging
it back into (3.11), we obtain the semidefinite program for distributionally robust project crashing problem over

a parallel network as follows:

min Ao+ (p, A)

1,0,0, A
Ao — i lA*CTi'ei‘T
st | 0 Hii 2 i€ir) =0, Y(i,j)eA, (3.14)
3(A —0ijeij) A
(M,U)EQ#J.

We next provide an alternative reformulation of the project crashing problem in the spirit of (3.8) as a convex-
concave saddle point problem where the number of variables in the formulation grow linearly in the number of
arcs m. Unlike the original minimax formulation in (3.11) where the outer maximization problem is over infinite
dimensional probability measures, we transform the outer maximization problem to optimization over finite

dimensional variables (specifically the arc criticality indices).

10



Proposition 1. Define S(x) = Diag(z) — zxT. Under the cross moment model with a parallel network, the

distributionally robust PCP (8.11) is solvable as a convex-concave saddle point problem:

min max femm(p@, o, x), 3.15
o lin MAX femm (1, o, @) (3.15)

where

1/2
femm(t, o, 2) = p’'x 4 trace ((El/QS(w)El/2> ) . (3.16)

The objective function is convex with respect to the moments p and »i/2 (and hence o for a fized p) and strictly

concave with respect to the criticality index variables x.

Proof. The worst-case expected makespan under the cross moment model for a parallel network was studied in
Ahipasaoglu et al. (2016) (see Theorem 1) who showed that it is equivalent to the optimal objective value of the
following nonlinear concave maximization problem over the unit simplex:

- 1/2
max Ey (maxtTm> = max <uTa: + trace <(21/2S(m)21/2> )> ) (3.17)
€O cmm (1,0;p) TEA TEA

where the optimal z}; variables is an estimate of the arc criticality index of activity (4,7) under the worst-case
distribution. This results in the equivalent saddle point formulation (3.15) for the distributionally robust project
crashing problem under the cross moment model with a parallel network. The function femm (@, o, ) has shown to
be strongly concave in the & variable (see Theorem 3 in Ahipasaoglu et al. (2016)). The function femm (@, o, @) is
linear and hence convex in the p variable. Furthermore this function is convex with respect to »l/2 ¢ S+, To see
this, we apply Theorem 7.2 in Carlen (2010) which proves that the function g(A) = trace((B* A? B)'/?) is convex
in A € S+ for afixed B € Ry xm. Clearly, the function trace((£Y/25(2)S/?)1/2) = trace((S(x)/228 ()1 /2)1/2)
since for any square matrix X, the eigenvalues of X X* are the same as X X, which implies trace((X X*)'/?) =
trace((X T X)'/2). Setting A = £/2 and B = S(x)"/2, implies that the objective function is convex with respect
to B2 e St O

m

3.2.2 General Network

To model the partial correlation information, we assume that for the subset of arcs that leave a node, information
on the correlation matrix is available. Let [n — 1] denote the subset of nodes {1,2,...,n — 1} and A; denote
the set of arcs originating from node i for ¢ € [n — 1]. Note that the sets A;,i € [n — 1] are non-overlapping.
Then, the set of arcs A = U?:_ll A;. We let t; denote the sub-vector of durations fij for arcs (i,j) € A;. In the

non-overlapping marginal moment model, we define the set of distributions of the random vector £ as follows:
Oumm (1, 033 p; Vi) = {9 € M(R) : Eo(£:) = ;. Eo(E:t; ) = pyu? + Diag(o;)p,Diag(a:), Vi € [n - 1]} , (3.18)

where p; denotes the mean vector for ¢;, p; € SI—;\T\ denotes the correlation matrix of ¢; and 2; = Diag(o;)p,;Diag(o;)
denotes the covariance matrix of t;. However, note that in the definition of (3.18), we assume that the correla-

tion between activity durations of the arcs that originate from different nodes is unknown. This is a reasonable

11



assumption in project networks since the local information of activity durations that originate from a node will
typically be better understood by the project manager who might subcontract those activities to a group that
is responsible for that part of the project while the global dependency information is often more complicated to
model. A typical simplifying assumption is to then let the activity durations be independent for arcs leaving
different nodes. The expected project completion time is hard to compute in this case and bounds have been pro-
posed under the assumption of independence (see Fulkerson (1962)). On the other hand, in the model discussed
in this paper, the activity durations are arbitrarily dependent for arcs exiting different nodes. Under partial
correlation information, the distributionally robust project crashing problem for a general network is formulated

as:

min max Eg <maxiTa:) . (3.19)
(1,0)€EQ.0  0€EOnmm(1;,04:;p;V4) zeX

Under the nonoverlapping marginal moment model, the worst-case expected makespan in (3.19) is equivalent to

the optimal objective value of the following semidefinite maximization problem over the convex hull of the set X’

(see Theorem 15 on page 467 in Li et al. (2014)):

T
Tu7$??{wu Z ('uijxij—i—o-ijeijwij)
(i,5)€A
st. ek,
1 0 v wl
— ij U w0, Vie[nh-1],
0 pi)  (ipea \Wii Wi
T
Ty wi
ij Yl =0, Y(i,j) € A,
w;; Wi

By taking the dual of the problem where strong duality holds under the assumption p, € S"xl for all 7, the
distributionally robust PCP (3.19) is solvable as the semidefinite program:

n—1
~ _ ‘ A
P NPVl T ; (Mo + (ps, As))
s.t. yj —Yi Z dija V(l,j) c A,
Xoi +dij — pij 3N — oijeis)” ~ 0, V(i) e A
3(Ai —oijei)) A;
i AT
%2 0, Vien—1],
NG A
(m,0) € Qo

We next provide an alternative reformulation of the project crashing problem with partial correlation infor-

mation as a convex-concave saddle point problem using the result from the previous section for parallel networks.

Proposition 2. Let x; € R4l have x;; as its j* coordinate and define S(z;) = Diag(z;)—x;x] for alli € [n—1].

Under the nonoverlapping multivariate marginal moment model for a general network, the distributionally robust

12



PCP (3.19) is solvable as a convex-concave saddle point problem:

(u,a?élanww max Jrmm(p, o, ), (3.20)

where .
frmm(p, 0, ) = Z ([,I,ZT:).% + trace (23/25(331-)23/2)) . (3.21)

i=1

The objective function is convex with respect to the moment variables p; and 2;/2 (and hence o; for a fized p;)

and strictly concave with respect to the arc criticality index variables x.

Proof. See Appendix. |

4 Saddle Point Methods for Project Crashing

In this section, we illustrate the possibility of using first order saddle point methods to solve distributionally

robust project crashing problems.

4.1 Gradient Characterization and Optimality Condition

We first characterize the gradient of the objective function for the parallel network and the general network before

characterizing the optimality condition.

Proposition 3. Define © = Diag(o)pDiag(c) and T(z) = £/2S(x)SY2. Under the cross moment model with

a parallel network, the gradient of femm in (3.16) with respect to x is given as:
Ve femm(ph, o, ) = p+ % (diag(21/2(T1/2(w))‘f21/2) - 221/2(T1/2(m))T21/2w> . (4.1)
The gradient of femm in (3.16) with respect to (pu, o) is given as:
Vo femm(p,o,2) = (m, diag(2_1/2T1/2(33)2_1/2Diag(0')p)) . (4.2)

Proof. See Appendix. O
The optimality condition for (3.15) is then given as:

x =Pa (m + Ve femm(p, o, a:))
(1,0) =Pa, , (1:0) = Vo form (1, 2) )

where Ps(-) denotes the projection onto a set S and V denotes the partial derivative.

Similarly for the general network with partial correlations, we can extend the gradient characterization from
1/2

Proposition 3 to the general network. Define T'(x;) = 23/25(:1:14)21» , Vi € [n — 1]. The gradients of fymm with

13



respect to  and (u, o) are

K1+ gz(o1, 1) 1 9o (o1, 1)
Ko + ga (02, T2) T2 9o (02, T2)
vwfnmrn(/lf7 g, :13) = . 5 vu,o‘fnmm(ll/a g, -73) = . y . )
l"n—l +gz(an—1awn—1) Tn—1 ga(an—lamn—l)
(4.4)
where
1/ .
go (s, @i) =3 (diag(B}(T/2(2:)) =)/) — 231212 (@) '8} 2, Vi € In -1, (45)
Go (i, ) =diag (37 "*T2(2;) £ *Diag(@)p, ) Vi € [n — 1)
The optimality condition for (3.20) is then given as:
x =Py (ac + Vi fomm (M, 0, ac))
(4.6)

(1,0) =Pay, o ((1.0) = Visio frmm (b1, 2) ).

In the next section, we discuss saddle point methods that can be used to solve the problem.

4.2 Algorithm

In this section, we discuss the possibility of the use of saddle point algorithms to solve the distributionally robust
project crashing problem. Define the inner maximization problem ¢(u, o) = maxgcx f(u, o, ) which requires
solving a maximization problem of a strictly concave function over a polyhedral set X. One possible method is
to use a projected gradient method possibly with an Armijo line search method to compute the value of ¢(u, o)
and the corresponding optimal x*(u, o). Such an algorithm is described in Algorithm 1 and has been used in

Ahipasaoglu et al. (2016) to solve the inner maximization problem in a discrete choice problem setting.

Algorithm 1: Projected gradient algorithm with Armijo search

Input: p,o, X, starting point xg, initial step size «, tolerance e.
Output: Optimal solution .
Initialize stopping criteria: criteria < € + 1;

while criteria > € do
FA S PX(wO + vwf(l'l’v 0',2130)),

criteria + ||z — xo||,
x <+ xo + v(z — xy), where v is determined with an Armijo rule, i.e. v = - 27! with
l= Hlln{] € Z+ : f(/l’7 o,To+ o 27‘7‘(’2 - mo)) 2 f(l‘l’v g, mo) + Ta2™7 <vmf(l% g, mo), z = m0>}

for some 7 € (0,1).

o < .

end
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The optimality condition (4.6) in this case is reduced to:

(ll'a U) = PSZ‘L,U ((/’l’v 0') - F(/J’v U))» (47)
where

Fp,0) =Vuof(p,o,x"(n,0)). (4.8)
Proposition 4. The operator F as defined in (4.8) is continuous and monotone.
Proof.  First, the optimal solution x*(u, o) to max f(p, o, x) is unique because of the strict concavity of

EAS

f(p,o,x) with respect . Moreover, x*(u, o) is continuous with respect to (u, o) since f is strictly concave
with respect to @ and X is convex and bounded (see Fiacco and Ishizuka (1990)). In addition, the function
Vuof(p,0,x) is continuous with respect to (u,0) and x. Therefore, F(u, o) is continuous with respect to

(p,0). Notice that F(p, o) is a subgradient of the convex function ¢(u, o) = max f(p,0,x) (see Rockafellar
Eas
(1997)). Hence F is monotone:

<F(ﬂ, &) - F(IMU), (ﬂ, &) - (u’v U)> > Ov V(IMU), (ﬂ, &) € QIA,O" (49)

O

The optimality condition is then equivalent to the following variational inequality (Eaves (1971)) :
find (u’*v U*) € QH,G : <F(IJ«*7 U*)7 (H’a U) - (H’*v U*)> Z 07 v(“’v 0’) € QIMU' (410)

Under the condition that the operator F' is continuous monotone, one method to find a solution to such a

variational inequality is the projection and contraction method (He (1997)). The algorithm is as follows:

Algorithm 2: Projection and contraction algorithm for monotone variational inequalities

Input: Parameters for set 2, », the starting point (g, o), initial step size «, tolerance e.
Output: Optimal solution (u, o).
Initialize stopping criteria: criteria < € + 1, set a value of 6 € (0,1).

while criteria > € do
B+ «

res (Ko, 90) = Po, . (Ko 70) = BF(ko, 90))
d res — [[F(pg,00) = F(Po, , ((10,00) = BF (119, 00)))]
criteria + ||res||

while (res,d) < d||res|* do

B« B/2
res < (NO?GO) - PQMYU((H’O’UO) - BF(IJ’WUO))
d «res — f[F(pg,00) — F(Po, , (1o, 00) = BF (19, 00)))]

end
(/J,,O') <~ (“0700) - <7<';i’;>i> 'da (/J’O,O'O) — (/,L,O').
end
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5 Numerical Experiments

In this section, we report the results from numerical tests for the distributionally robust project crashing problem.
In the numerical tests, the feasible set of (u, o) is defined as
Qo = {(MU) 2 e(pig00) < M, By < pig < gy 055 < 0ij <035, Y(i,]) € A}~ (5.1)
(i,5)eA

The cost functions are assumed to be convex and quadratic of the form:

1) — 2) /— 1) — 2) /— ..
cij(ij, i) = agy) (fiyy — i) + als) (Tigg — pij)? + b5 (@15 — 033) + 03 (745 — 03))2, V(i §) € A, (5.2)

where az(»;), ag), bz(-Jl-)

and bg) are given nonnegative real numbers. These cost functions are chosen such that: (a)
cij(f;5,0i) = 0, namely the cost of activity (i,j) is 0 under normal duration; and (b) c;;(p5,045) is a convex
decreasing function of p;; and oy ;.

We compare the distributionally robust project crashing solution with the following models:

1. Deterministic PCP: Simply use the mean value of the random activity durations as the deterministic activity
durations and ignore the variability. The crashing solution in this case is given as:

i a TETE 5.3
(/.L,o’)erg‘l},l‘,:azé' 2162)(( Z HijTig ( )
(i,j)€A

2. Heuristic model (Kim et al. (2007)): The crashing solution in this case is given as:

min  max

(1,0)EQ, o TEX (pij + K- 035)35. (5.4)
> w,o

(i,5)€A

In the numerical tests, we set k = 3.

3. Sample Average Approximation (SAA): Assume that the activity duration vector follows a multivariate
normal distribution in which case the SAA solution is given by (2.5). In our experiment, we use a sample

size of N = 5000.

Example 1

In the first example, we consider the small project network in Figure 1. The mean and standard deviation for

the original activity durations are given as

f12 2 012 1 1 05 0
[ P13 2.5 T 713 1 p1 05 1 0

14 4 014 2 0o 0 1
B o3 1 ~ 0923 1.5 1 —0.2
Mo o2 Po

24 3 094 2 —-0.2 1
By = fizq = 4, 03 = 034 = 3.
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(M2, 02, P2)

-

(M, Q&ipl)

X14
1

(M3, 03;p3)
Figure 1: Project Network

For the SAA approach, the correlations between the activity durations originating from different nodes is set to
0. Similarly for the CMM approach, we convert the network to a parallel network by path enumeration. The
minimum value of the mean and standard deviation that can be achieved by crashing is set to half of the mean and
standard deviation of the original activity durations. As the cost budget M is varied from 0 to ) (i.5) Cij (Hij’ Ti)s
the time cost trade-off of the six models: Deterministic PCP (5.3), Heuristic PCP (5.4), SAA (2.5), and the
Distributionally Robust PCP under MMM, CMM and NMM is shown in Figure 2.

The time cost trade off with linear cost functions
25 T T T T T 25 . : . T T
i —©— Deterministic —©6— Deterministic
—B— Heuristic —HB— Heuristic
—+— SAA
20 MMM i
= = = NMM

The time cost trade off with quadratic cost functions

CMM

Optimal objective value for different models

Optimal objective value for different models

0 2 4 6 8 10 0 2 4 6 8 10 12 14

Figure 2: Optimal objective value as cost budget increases

From Figure 2, we see that all the objective functions decreases as the cost budget increases as should be
expected. The deterministic PCP always has the smallest objective, since its objective is the lower bound for
the expected makespan by Jensen’s inequality. The objective value of distributionally robust PCP are tight
upper bounds for the expected makespan under MMM, CMM and NMM. We also find the objective values of

the distributionally robust PCP is fairly close to the expected makespan under normal distribution, and by using
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more correlation information the objective value is closer to the expected makespan under SAA. However, the
objective value of the heuristic PCP is much larger than the objective value of other models implying it is a poor
approximation of the expected makespan. We also see that the objective value of deterministic PCP and heuristic
PCP does not change when the cost budget exceeds a certain value (close to half of the budget upper bound
2 i,j) Cid (Hij,gij)). This implies that under these models the critical paths of the two models do not change
beyond this budget and the mean and standard deviation of the activity durations on the critical paths has been
crashed to minimum. In this case, reducing the mean and variance of other activity durations will not change
the objective value of the deterministic PCP and heuristic PCP. In comparison, under uncertainty the objective
values of SAA and the distributionally robust PCP always decreases as the cost increases.

Next, we compare the expected makespan under the assumption of a normal distribution using the crashed solu-
tion of these models. Using the optimal (i, o) obtained by the tested models, and assuming that the activity dura-
tion vector follows a multivariate normal distribution with mean g and covariance matrix 3 = Diag(o) pDiag(o),
we compute the expected makespan by a Monte Carlo simulation with 10000 samples. The results are shown
in Figure 3. As expected, using the optimal solution obtained by SAA, we get the smallest expected makespan.

The expected makespan with linear cost function The expected makespan with quadratic cost function

8.5 85 ; ;
=—©— Deterministic g =—©— Deterministic
8r —HB— Heuristic 1 gt * —B— Heuristic H
3 =4 SAA = SAA
750 MMM 1 75 MMM H
o = = =NMM =T T NMM
7t ¢ CMM g 7k CMM

Expected makespan under normal distribution
Expected makespan under normal distribution

Figure 3: The expected makespan under the multivariate normal distribution

When the cost budget is small, the deterministic PCP also provides reasonable decision with small expected
makespan, but this model is not robust. When the budget is large, we observe that the expected makespan of
the deterministic model is much larger than the expected makespans of other models. The heuristic PCP has
better performance that the deterministic PCP, but still the gap of the expected makespan between this model
and SAA is large. The solutions obtained by the distributionally robust models are very close to the expected
makespan of SAA.

We now provide a comparison of the optimal solutions from the various models. Assume the cost function

5.43 (MMM), 5.43 (NMM), 5.40 (CMM) and 5.39 (SAA), and the standard deviation of the makespans are 1.10

is linear and the cost budget M = %Z(@ 7 Cij (Eij,crij) = 5.4375. In this case the expected makespans are
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(MMM), 1.10 (NMM), 1.14 (CMM) and 1.18 (SAA). The optimal solutions of the four models are shown in Figure

4. The optimal solutions from the four models are fairly close. For activities (1,2) and (1,3), SAA tends to crash

The optimal means of the activity durations The optimal standard deveiations of the activity durations The optimal choice probility that an activity is critical
45 1.6 0.7
L0 I Vv [ I
41 | M 1 14 | I NMM o6l | I Nvm
C_Jcmm C_Jcmm C_lcwm
357 | I sAA 1o | spa I sAA
s 0.5
3 £ H
c H ]
3 3 504
E 25 E g,
5 2 s
2 5 g S
§ ks E 0.3
15 El 3
] Z 02
1
0.1
05
0
12 3 14 23 (2.4 (3.4 1.2) 1.3) 1.4) 23 (2.4) (3.4) 12 3 1.4 23 (2.4) (3.4
activity (i,)) activity (i,j) activity (i)
(a) Optimal mean (b) Optimal standard deviation (c) Optimal choice probability

Figure 4: Optimal solutions obtained by MMM, NMM, CMM and SAA

the mean more while the robust models tend to crash the standard deviation more. We validate this observation

with more numerical examples later.

Example 2
In this example, we consider a project with m parallel activities. The data is randomly generated as follows:

1. For every activity, the mean and the standard deviation of the original activity duration are generated
by uniform distributions 7i;; ~ U(10,20), @;; ~ U(6,10), and the minimal values of mean and standard

deviation that can be obtained by crashing are My~ U(5,10), a;; ~U(2,6).

2. The coefficients in the cost function (5.2) are chosen as follows agjl-) ~U(1,2), az(-j-) ~U(0,1), bgjl-) ~U(1,2)
and bg) ~ U(0,1). The amount of the cost budget is chosen as iz(m) Cij(ﬁijvgij)~

We first consider a simple case with two parallel activities. In Figure 5, we plot the optimal values of f.,, as the
correlation between the two activity durations increases from —1 to 1, and compare these values with the optimal
value of fiumm for one such random instance. The worst-case expected project makespan femm is a decreasing
function of the correlation p, and when p = —1 (perfectly negatively correlated), the worst-case expected makespan
under CMM and MMM are the same. Clearly if the activity durations are positively correlated, then the bound
from capturing correlation information is much tighter.

Next, we consider a parallel network with 10 activities. We compute the optimal values of the crashed moments
(p, o) under the MMM, CMM and SAA models and compute the expected makespans under these moments by
assuming that the activity durations follows a multivariate normal distribution N(u, o). We consider two types
of instances - one with uncorrelated activity durations and the other with highly correlated activity durations.
The distribution of the makespan and the statistics are provided in Figure 6 and Table 1. When the activities are

uncorrelated, with the optimal solution obtained from MMM and CMM, the distribution of the makespan is very
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Worst-case expected makespan under CMM and MMM

worst-case exepcted makespan
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—4— MMM

!
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correlation

0

0.2
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06 08 1

Figure 5: Optimal value of feym and fimm

close. However when the activities are highly correlated, the distribution is farther apart. As should be expected,

SAA provides the smallest expected makespan under the normal distribution. However, the maximum value and

standard deviation of the makespan obtained by SAA is the largest in comparison to the distributionally robust

models indicating that the robust models provide a reduction in the variability of the makespan.

Probability density function of the makespan

Probability density function of the makespan

0.14 T T T T 0.16 T T T T
MMM
CMM
L 0.14 H
0.12 —— sAA
0.12 B
0.1} 4
> >
z £ 01 7
G 0.08f ] 2
o o
2 2 0.08 —
g 5
g 0.061 4 g
a 5 0.06 i
0.04r B
0.04 B
0.02¢ ) 0.02 1
o 1 1 1 1 0 1 1 1 1
5 10 15 20 25 30 40 10 15 20 25 30 35 40
makespan makespan

(a) Uncorrelated activity durations

(b) Highly correlated activity durations

Figure 6: Probability density function of the makespan
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Table 1: Statistics of the makespan

Uncorrelated activities Highly correlated activities
Makespan Statistics
MMM CMM SAA MMM CMM SAA
Min 11.9012 11.7435 9.1955 13.744 12.0311 11.2626
Max 34.9514  35.0389  35.3919 | 35.5185  36.1969  38.0104
Mean 20.5953  20.5539  20.1615 19.167 18.056 17.885
Median 20.312 20.2567 19.832 18.5274  17.2832  17.0001
Std deviation 3.1807 3.1939 3.4344 3.0475 3.4391 3.8575

Finally, we compare the CPU time of solving the SDP reformulation (3.14) and the saddle point reformulation
(3.15) for the distributionally robust PCP under CMM. To solve the SDP (3.14), we used CVX, a package for
specifying and solving convex programs (Grant and Boyd (2014, 2008)) with the solver SDPT3 (Toh et al. (1999),
Tiitiinci et al. (2003)). We set the accuracy of the SDP solver with ”cvx_precision low”. To solve the saddle
point problem (3.15), we use Algorithm 2 with tolerance ¢ = 1072, In our implementation, we used the mean
and standard deviation obtained from MMM by solving a SOCP as a warm start for Algorithm 2. The average
value of the CPU time and the objective function for 10 randomly generated instances is provided in Table 2. For

large instances, it is clear that the saddle point algorithm is able to solve problems to reasonable accuracy for all

practical purposes much faster than interior point method solvers.

Table 2: CPU time of the SDP solver and Algorithm 2

Arcs CPU time in seconds Objective value
SDP solver Saddle point algorithm SDP solver  Saddle point algorithm
20 0.81 4.47 31.642 31.643
40 3.36 9.06 39.273 39.274
60 22.73 37.57 45.909 45.910
80 77.53 71.42 50.400 50.401
100 255.54 169.65 54.261 54.261
120 685.56 297.57 58.541 58.542
140 1749.25 458.60 62.577 62.579
160 ok 568.91 Hk 65.025
180 Hok 810.99 Hk 68.581
200 *ox 1255.38 Hk 70.919

EES

means the instances cannot be solved in 2 hours by the SDP solver.

Example 3

In this third example, we consider a grid network (see Figure 7). The size of the problem is determined by its

width and height. Let width=m and height=n in which case there are (m+1)(n+ 1) nodes, m(n+1)+n(m+1)

m+n

o ) possible critical paths in the project. For example, in Figure 7, m = 6 and n = 4, then there

activities and (
are 35 nodes, 58 activities and 210 possible critical paths.
We test the distributionally robust project crashing models with randomly generated data. The data is chosen

as follows:
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nd

Start

Figure 7: Grid project network with width = 6, height=4

1. For every activity (,j) € A, the mean and the standard deviation of the original activity duration are
generated by uniform distributions z,; ~ U(5,10), @;; ~ U(4,8), and the minimal values of mean and

standard deviation that can be obtained by crashing are chosen as My ™ U(2,5:;), g ~U(1,74).

2. For the coefficients in the cost function (5.2), we choose ag) ~ U(2,4), ag) ~ U(0,1), bg;) ~ U(1,2) and
(@) o
bi;’ ~U(0,1) for all (4, ) € A.

. 1), 2) — .
3. The amount of the cost budget is chosen as }_, ;) al(-j)(uij - Hij) + agj)(,uij - Hij)g' In the deterministic
model (5.3), an optimal strategy is to reduce the mean of every activity duration to its lower bound without

the change of variance.

4. For simulations, the activities are assumed to be independent which implies that the correlation matrix for

the activity durations is an identity matrix.

Both the deterministic PCP (5.3) and the heuristic PCP (5.4) can be formulated as convex quadratic pro-
grams which can be quickly solved. Solving the distributionally robust PCP and SAA are more computationally
expensive. We compare the expected makespan with the optimal solutions obtained by the Deterministic PCP
(5.3), Heuristic PCP (5.4), SAA and the distributionally robust PCP under MMM and NMM. Let E(T;) denote
the expected makespan without crashing, and E(7}) denote the expected makespan with crashing by the deter-

ministic model (5.3). We define the “reduction” as the percentage of the extra expected makespan achieved by

E(To) — E(Thew)
1o < BT B 1) ’

the other models, that is

where E(T,c ) is the expected makespan with crashed activity durations obtained from a project crashing model
(Heuristic, SAA, MMM or NMM).

The numerical results presented in Table 3 are the average of 10 randomly generated instances. With the
crashed activity durations, we compare the expected makespan under four different distributions including normal,
uniform, gamma and the worst-case distribution in NMM. The expected makespans achieved by the distribution-

ally robust PCP are always smaller than the deterministic and heuristic PCP models. The reduction improvement
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Table 3: Expected makespan and reduction

expected makespan

reduction (%)

size models objective‘ time
| normal  uniform gamma  worst-case | normal uniform gamma  worst-case

Deterministic 14.30 | 0.44 20.12 20.22 19.56 30.07 - - - -
. Heuristic 45.92 | 0.52 21.41 21.46 21.41 26.76 -14.44 -13.89 -19.85 38.92
2 1 grid MMM 26.04 | 0.72 19.47 19.55 19.36 25.10 8.28 8.55 3.01 59.36
T ares NMM 25.08 | 0.82 19.40 19.48 19.27 25.08 9.10 9.35 3.84 59.69
SAA 19.00 | 42.34 19.00 19.08 18.80 25.84 13.75 14.04 8.93 50.54

Deterministic 18.37 | 0.45 28.90 29.03 28.46 45.91 - - - -
. Heuristic 59.95 | 0.61 29.06 29.12 29.15 38.43 -1.21 -0.50 -5.56 64.44
21><22argcrsld MMM 37.71 | 0.97 27.32 27.39 27.32 36.73 14.86 15.45 10.51 80.37
NMM 36.71 | 1.14 27.28 27.35 27.28 36.71 15.14 15.74 10.74 80.50
SAA 26.63 | 66.27 26.63 26.70 26.63 38.10 20.49 21.07 15.87 68.86

Deterministic 27.72 | 0.54 46.14 46.11 46.09 79.22 - - - -
. Heuristic 90.20 | 0.83 44.48 44.48 44.85 63.39 9.96 9.91 7.41 92.88
33 grid MMM 61.74 | 1.43 42.52 42.51 42.76 60.74 23.06 22.98 20.92 109.99
24 ares NMM 60.73 | 2.50 42.52 42.51 42.74 60.73 23.07 22.99 21.02 110.04
SAA 41.39 | 128.06 41.39 41.39 41.90 63.15 29.46 29.37 25.64 96.37

Deterministic 33.00 | 0.62 54.83 54.89 55.67 97.10 - - - -
4% 3 grid Heuristic 106.59 | 0.96 52.67 52.67 53.29 7717 11.37 11.66 12.51 102.54
MMM 74.66 | 1.68 50.30 50.34 50.77 73.65 25.31 25.38 27.18 122.39
31 ares NMM 73.64 | 2.98 50.31 50.35 50.79 73.64 25.25 25.33 27.10 122.42
SAA 48.89 |163.02 48.89 48.91 49.77 76.83 32.44 32.59 32.15 106.45

Deterministic 47.63 | 0.85 81.31 81.17 83.64 156.23 - - - -
. Heuristic 153.50 | 1.49 76.91 76.82 78.37 121.34 16.87 16.57 19.93 129.10
64 grid MMM 116.44 | 2.83 73.60 73.52 74.66 115.41 31.11 30.80 35.74 152.91
58 arcs NMM 115.41 | 4.58 73.62 73.55 74.65 115.41 31.04 30.72 35.80 152.92
SAA 71.45 | 388.74 71.45 71.26 73.14 120.94 39.16 39.27 41.29 132.79

Deterministic 55.77 | 1.07 99.36 99.19 103.30 202.86 - - - -
. Heuristic 181.39 | 1.97 92.47 92.37 94.55 153.48 21.42 21.17 27.97 150.56
6;415;1(1 MMM 147.81 | 3.90 89.12 89.04 90.86 146.78 33.88 33.67 41.66 172.96
NMM 146.77 | 6.28 89.15 89.07 90.84 146.78 33.80 33.58 41.78 172.99
SAA 86.21 | 594.79 86.21 86.05 88.81 154.36 42.87 42.89 48.08 150.41

Deterministic 66.33 | 1.31 117.60 117.56 123.52 249.05 - - - -
8 x 6 grid Heuristic 214.57 | 2.67 109.63 109.51 112.37 187.98 22.04 22.32 31.54 163.40
110 arcs MMM 180.23 | 5.13 105.34 105.30 107.57 179.20 35.77 35.88 47.10 189.01
NMM 179.19 | 8.08 105.37 105.33 107.58 179.19 35.69 35.80 47.09 189.03
SAA 101.82 | 880.33 101.82 101.65 105.34 188.92 45.51 46.01 53.39 163.36

Deterministic 74.47 | 1.62 135.59 135.47 143.48 301.01 - - - -
. Heuristic 242.32 | 3.50 125.20 125.03 128.78 223.20 24.65 24.79 36.44 180.68
88 grid MMM 214.44 | 6.77 120.64 120.50 123.74 213.40 37.73 37.89 51.21 205.70
14 ares NMM 213.40 | 10.43 120.67 120.54 123.78 213.40 37.66 37.81 51.16 205.73
SAA 116.41 |1385.43 116.41 116.11 120.96 225.59 47.87 48.44 58.12 177.91

Deterministic 93.18 | 2.50 172.33 171.67 183.83 409.65 - - - -
. Heuristic 303.30 | 5.95 158.44 157.90 163.43 299.44 26.64 26.39 41.51 207.00
102;(01:15:(1 MMM 287.21 | 10.82 152.56 152.06 156.98 286.18 40.43 40.17 57.00 234.56
NMM 286.17 | 16.88 152.59 152.09 157.06 286.17 40.38 40.11 56.87 234.60
SAA 146.78 |2657.14 146.78 146.14 153.16 303.58 51.79 51.83 64.90 202.32
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Comparison of the optimal mean obatined by SAA and NMM Comparison of the optimal standard deviation obtained by SAA and NMM
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Figure 8: Optimal solution comparison of SAA and NMM

of the distributionally robust PCP is much larger than the reduction improvement of the heuristic PCP under all
the distributions. In comparison with SAA, we see that the expected makespans obtained by MMM and NMM are
bigger than the expected makespans obtained by SAA under normal, uniform and gamma distributions. However,
the gaps is quite small and under the worst-case distribution the expected makespan of NMM and MMM are
always smaller than the expected makespan of SAA. Moreover, we find that the computational time of solving
MMM and NMM is smaller than solving SAA. Between MMM and NMM, the additional information in this
graph is the correlation between each pair of activities originated from a node. Due to the grid network structure,
we find that the optimal solutions between MMM and NMM are much closer in comparison to the parallel graph
in Example 2.

We also compare the optimal crashing decisions obtained by SAA and the distributionally robust PCP. The
results for all 10 instances for the 8 x 8 gird network are plotted in Figure 8. From the figure, we see that the

SAA model tends to crash the means more while NMM tends to crash the standard deviations more.

6 Conclusions

In this paper, we proposed a class of distributionally robust project crashing problems that is solvable in poly-
nomial time where the objective is to choose the first two moments to minimize the worst-case expected project
makespan. While semidefinite programming is the typical approach to tackle such problems, we provide an alter-
native saddle point reformulation over the moment and arc criticality index variables which helps us use saddle
point methods to solve the problem. Numerical experiments show that this can help us solve larger instances of
such problems. Furthermore, in terms of insights the robust models tend to crash the standard deviations more
in comparison with the sample average approximation for standard distributions such as the mulivariate normal

distribution.
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We believe there are several ways to build on this work. Given several developments that have occurred in
first order methods for saddle point problems in the recent years, we believe more can be done to apply these
methods to solve distributionally robust optimization problems. To the best of knowledge, little has been done in
this area thus far. Another research direction is to identify new instances where distributionally robust project
crashing problem is solvable in polynomial time. Lastly it would be interesting if these results can be used to
find approximation guarantees for the general distributionally robust project crashing problem with arbitrary

correlations.

Appendix

Proof of Proposition 2

We consider the inner maximization problem of (3.19), which is to compute the worst-case expected duration
of the project with given mean, standard deviation and partial correlation information of the activity durations
under the nonoverlapping structure. We denote it by
n—1
Gomm (M, 0) = max Eg (max E?%) . (6.1)

0€Onmm (K;,0:;p;,1€[n—1]) zEX <

Applying Theorem 15 on page 467 in Li et al. (2014), the worst-case expected makespan in (6.1) is formulated as
the following SDP:

_ T,
¢nmm(ﬂ7 0’) = x’i%gj,}(w” Z €,;Wij
(i,4)eA
st. xe X,
1 T e Wl
K o |~ Zasea 7T =0, Vieh-1], (6.2)
By X+ ppg w;; Wy
Tij W .
t 0’ V(la]) € A
Wi Wij
To show the result of Proposition 2, we need the following lemmas:
Lemma 1. The SDP problem (6.2) can be simplified as
n—1
max Z trace(Y';)
i=1
st. xe X,
6.3
DR G (63)
Y, Diag(x;) «; | =0, Vie[n-—1].
ul 1
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Proof. First, we show the optimal value of (6.2) < the optimal value of (6.3). Consider an optimal solution
to the SDP (6.2) denoted by (z};,wj;, W7;) for (4,j) € A. Let x = * and Yie,; = wj; for all (i,5) € A. Then

trace(Y;) = 32 j)ea, el;w};, which implies

n—1

Z trace(Y;) = Z ez;wfj.

i=1 (i,5)eA
Next we verify that @;,Y;, ¢ € [n— 1] is feasible for (6.3). For an i € [n — 1], we consider the case with all the z;;
values being strictly positive first. In this case
DT Y

1 - 71 . .
M,ZT 1 ajT Dlag(wl> (Yz wz)

7

S+ ppl - Y] Diag(a:) 'Y p - Y1

* * T
_ i+ i — Z(m)eAi # B — Z(i,j)eAi Wi,
(1 = Xy wip)" 1-1";
- Dot i = Wi = Ygea Wi
(bi = E(i,j)eAi “’fj)T 1= Z(i,j)EAi Tij
= 0.

The last two matrix inequalities come from the feasibility condition of (6.2). The case with some of the variables
2;; = 0 is handled similarly by dropping the rows and columns corresponding to the zero entries. Thus the
solution (Y;,;),i € [n — 1] is feasible to the semidefinite program (6.3) by the Schur complement condition for
positive semidefiniteness . Therefore, the optimal value of (6.2) is less than or equal to the optimal value of (6.3).

Next, we show the optimal value of (6.2) > the optimal value of (6.3). Consider an optimal solution to (6.3)
denoted by (Y7, #}),i € [n — 1]. For an i € [n — 1] we consider the case x}; are all positive for (i, j) € A;. From

Schur’s complement, the positive semidefiniteness constraint in (6.3) is equivalent to:

i + ppul — Y Diag(x?) 'Y p, Y1

=0,
ul —17y; 1—1Tz:
Define:
«T T~ * * «T
Wz'j Wi ; . }/v7 eijeini /IL'ZJ Y1 €ij L
T - T N ) (Za]) € Az
w;; T einZ- Ty

Then (W;, w,j, ), (i,7) € A is a feasible solution to the SDP (6.2), the objective function has the same value
as the optimal objective function value of (6.3). As before, the case with some of the zj; = 0 can be handled by
dropping the rows and columns corresponding to the zeros. Therefore, the optimal value of (6.2) is greater than

to equal to the optimal value of (6.3). O
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Given the formulation (6.2) and using Theorem 2 from Ahipasaoglu et al. (2016) for each node i, it is easy to

verify that the SDP (6.3) is equivalent to:

n—1 1/2
max (u;‘er + trace ((E;/QS(%)E;/Z) )) . (6.4)

xeX
=1

Therefore, the project crashing problem is equivalent to

n

1/2
min  max (ulTsr:L + trace ((2;/25(:0,')23/2) )) , (6.5)

(Hﬁa)eﬂu‘,a TEX =1

where ; = Diag(o;)p;Diag(o;) is a matrix function of o;, S(z;) = Diag(z;) — x;x!. The convexity of the
objective function with respect to p; and 23/ ? and concavity with respect to the x; variables follows naturally

from Proposition 1.

Proof of Proposition 3

The gradient of the function with respect to « is derived in Theorem 4 in Ahipasaoglu et al. (2016). The gradient
with respect to p is straightforward. We derive the expression for the gradient of f.,,,, with respect to o next.
Towards this, we first characterize the gradient of the trace function f(A) = trace((ASA)'Y/?) with A defined on

the set of positive definite matrices.

Proposition 5. Function f: S, — R is defined as f(A) = trace((ASA)'/?) where S € ;7. When the matriz
S is positive definite, then the gradient of f at the point A is

1
9(A) = S[ATI(ASA)'/2 + (AS4) 2 A7), (6.6)
Proof. Let F(A) = (ASA)Y? then f(A) = trace(F(A)). For a given symmetric matrix D,
F(A+tD) - F(A)=(ASA + Ep(t,A))/? — (ASA)'/?,

where Ep(t,A) = t(DSA + ASD) + t?DSD. Since both A and S are positive definite, the matrix ASA is
positive definite. Let L /5(ASA, Ep(t, A)) (or Ly, in short format) denote the Fréchet derivative for the matrix

square root which is the unique solution to the Sylvester equation:
(ASA)Y2L, )5 + Ly 5(ASA)'/? = Ep(t, A). (6.7)
By the definition of Fréchet derivative, we have
|F(A+tD) — F(A) = Li/2(ASA,Ep(t, A))|| = o(| Ep(t, A)|]) = oft).
Then

f(A+1tD) - f(A)

trace(F' (A +tD) — F(A))
= trace((ASA)"Y2(ASA)Y?[F(A +tD) — F(A)])

27



= trace((ASA)"V2(ASA)Y2L,5) + o(t)
- %trace((ASA)_l/zED(t, A)) + oft)
- %trace((ASA)‘lﬂ[t(DSA + ASD) + £2DSD)) + o(t)

1
= 3t trace(SA(ASA)™Y2D + (ASA)"Y2ASD) + o(t).
Hence the directional derivative of f in the direction D € S™ is

Vof(4) = lim (/A +D) - f(4))

- <%[SA(ASA)’1/2 +(ASA)"2AS], D).

Therefore, the gradient of f at point A is

%[SA(ASA)_1/2 +(ASA)/2A8)

= %[A*l(ASA)U2 +(ASA)Y2A7Y.

O

We next extend the result of Proposition 5 to a more general case in which the matrix S might be singular.

Proposition 6. Function f: ST, — R is defined as f(A) = trace((ASA)Y2) where S € S;. Then the gradient
of f at the point A is
1
9(A) = S[AT1(ASA)'/2 + (AS4)' 2 A7), (6.8)

Proof. Let f(e, A) = trace((A(S + eI)A)Y/?), e € (0,1] , then f(A) = lifg f(e, A). From Theorem 5 we know
that the gradient of f(e, A) is

g(e, A) = %[A‘l(A(S +eD)A)? 4 (A(S + 1) A)V? A7),

For a given symmetric matrix D, there exists 6 > 0 such that A +tD > 0 when ¢ € [—4,d]. The directional

derivative of f on the direction D is

tng(l)%[f(AHD)—f(A)] _ limlim%[f(e,A—&-tD)—f(e,A)]

t—0e—0

|
= limlim 2[f(e, A +¢D) — f(e, A)]

= lim(g(e, A), D)
e—0

= (9(A), D).
In the second equality, we change limits which we justify next. For given matrices A and D, we define

$[f(e, A+tD) — f(e, A)] ift #0,
{9(e,A), D) ift=0

Glet) =
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as a function of € € (0,1] and ¢ € [0, d]. To show that

lim lim G(e, t) = lim lim G(e, ¢),

0 ¢0 ¢0¢-0
a sufficient condition is (see Theorem 7.11 in Rudin (1964) ):
(a) For every e € (0, 1] the finite limit lim; .o G(e, ) exists.
(b) For every t € [—4, 4], the finite limit lim._,q G(e, t) exists.
(c) Ast — 0, G(e,t) uniformly converges to a limit function for e € (0, 1].

It is obvious that conditions (a) and (b) are true. A sufficient and necessary condition for (c) is (see Theorem 7.9
in Rudin (1964) ):

lim sup |G(e, t) — G(e,0)] =0. 6.9
fiy sup (G 1)~ Gle,0) (6.9)

Next, we prove the result of (6.9). By the mean value theorem and the proof of Theorem 5, there exists a t;

between 0 and t, such that G(e, t) = ((g(e, A+ t1.D), D). Then
G(e, t) — G(e,0) = (g(e, A+ t1.D), D)) — (g(€, A), D)). (6.10)

For t € (=6,0), define h(e, t) = (g(e, A+ tD),D)). Let Ay = (A+tD), S. =S +¢€l, then

oh(e,t) .. 1 —1 1/2 —1 1/2
T Alir—lzo Etrace (D(At + AtD)” (A + AtD)S (A; + AtD)]/* — DA; "[A/S Ay] )
= lim ——trace n — At .+ o(At 19 Ay + Ly/9(AtScA, At(AS D + cAy)) + ot
AltoAlt DA;'(I - AtDA;" + (A1) [(AScA)Y? + Ly j5(A;Sc Ay, AL(A;S.D + DS A
=

- DA{l(AtSEAt)1/2),

where Ly/5(AiScAt, t(AiScD + DS A;)) is the Fréchet derivative of the matrix square root. For simplicity we
denote it by L5, and it satisfies

(A;ScA)Y?Lyjy + Lija(A S A)Y? = At(AS.D + DS A).

Let L = L1/2/At, then

(A;S.A)V?’L + L(AS.A,)Y? = (A, S.D + DS A,) (6.11)
and
Oh(e,t) . 1 1 -1 1/2
o = Jim trace (DA N (AL - AtDA™ (4,8, 4)/?) + o(A1)

— trace (DA;'L) — trace ((DA;1)2(Ats€At)1/2) . (6.12)

L is the solution of the Sylvester equation (6.11) which is unique, hence the partial derivative of h(e,t) with
respect t exists. Next, we show that % is bounded for (e,t) € (0,1] x (—6,0). We can find that the second
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item of (6.12) is well defined and continuous on a compact set [0, 1] x [—d, 6], hence it is bounded on (0, 1] x (=4, ¢).

For the first item of (6.12), we know that
—1 1 —ip2 L, L
race (DA L) | < SID AT + 1113,

where || - || denotes the Frobenius norm of a matrix. |[DA;"||% is continuous in ¢ on the set [—d, J], hence it is
bounded. We only need to show that ||L||r is bounded. Actually, we can obtain the closed form of L by solving
the Sylvester equation (6.11).

Let PTAP be the eigenvalue decomposition of A;S¢A;. Then (6.11) can be written as

PTAYV2PL + LPTAY?P = (A,S.A)A'D+ DA (A,S.A,)
= PTAPA;'D+DA;'P"AP

Let L = PLPT, we have

AV2L+LAY? = APAT'DPT + PDA;'PTA

= AE+E"A, (6.13)

where E = PA; ' DP”. The solution for equation (6.13) is
_ NEy+NE
ij = )\;/2 n )\;/2 :
Therefore |Lij| < (A{/?+A}?) max; ;[| E;|]. Notice that || E|| < || P|-||A; D] | P is bounded on (0, 1] %[5, 4].
The eigenvalues of A;(S + eI)A; are no larger than the eigenvalues of A;(S + I)A; when e¢ € (0,1]. Since
|A,(S + I)A||F is continuous on [—d, d], it is bounded. Hence the eigenvalues of A;(S + eI)A; are bounded on
(0, €] x [~8,5]. Therefore ||L||r is bound which implies that || L|| is also bounded.
By the above discussion, we know that for all e € (0, 1], and ¢ € (-4, ), there exists a constant M such that
|%| < M. Therefore, for all € € (0,1], and t € (=4,9), |h(e,t) — h(e,0)] < M|[t|. Then by (6.10) and the
definition of h(e,t),

lim sup |G(e,t) — G(e,0)] lim sup |h(e, t1) — h(e, 0)]

t—0 66(071] t—0 66(071]
< lim M|t
t—0
= 0.
O
We now provide the proof of the gradient of the function which helps complete the proof.
Proposition 7. Function V : R}t — R is defined as
Vie) = trace(([ADiag(o’)CDiag(a)AT]1/2S[ADiag(o')CDiag(0')AT]1/2) 1/2) , (6.14)
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where A € R™*™ is a matriz with full row rank, C € S;7% is a given positive definite matriz, and S € S;}, is a

given positive semidefinite matrixz. Then the gradient of V' is

1/2

grad(o) = diag(ATh(a)’l(h(a)Sh(a)) h(a)’lADiag(a)C), (6.15)
where h(o) = (ADiag(o)CDiag(a)AT)/2.
Proof. Let L(o,-) be the Fréchet derivative of h. Then for all unit vector v € R,, and ¢t € R,

|h(o + tv) — h(o) — Lo, tv)| = o(t). (6.16)
By simple calculation, we have

h(o + tv) — k(o) = (h(o) + Ey(t, )% — h(o), (6.17)

_ . . . . T 2 . . T
v I - .
where E,(t,0) = tA[Diag(o)CDiag(v) + Diag(v)CDiag(a)] A" +1* ADiag(v)CDiag(v)A” . Let L;/, denote the

Fréchet derivative of the matrix square root, then
|h(o +tv) = h(a) — L1 2(h(0)?, Eu(t, o))l = o | Eu(t, o)|) = o(t). (6.18)

By (6.16) and (6.18), we have
IL(a, tv) — Lyja(h(0)?, By (t, )] = o(t). (6.19)

From the Sylvester equation for the Fréchet derivative of matrix square root, we obtain
h(o)L(o,tv) + L(o,tv)h(o) = t A[Diag(o)CDiag(v) + Diag(v)CDiag(o)] AT + o(t). (6.20)

By the above equation we have ||L(o,tv)| = O(t).
Let f be the trace function f(A) = trace((ASA)'Y/?), and g be its gradient as in Theorem 6. Then V(o) =
f(h(o)). By the mean value theorem, there exist an « € [0, 1] such that

V(e +tv)—V(e) = f(h(o+tv)— h(o))
= (g(ah(o +tv) + (1 — a)h(e)), h(o + tv) — h(c))

= ({g(ah(o +tv)+ (1 — a)h(o)), L(o,tv)) + o(t)

Then the directional derivative of V' at the direction v is

lim ~(V(o +1v) - V() = gg%u(a)),ua,w»
= l%trac (; (o)Sh(o ))1/2+(h(O')Sh(a))l/Qh(U)_l}L(a,tv))
= %g%trace h(o o)Sh(o ))I/QL(U,tv))

= hmtrace(B o)h(o)L(o,tv)),
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where B(o) = h(o) ' (h(e)Sh(e))/?h(o) " is a symmetric matrix. By (6.20), we know that

trace (B(o)h(o)L(o,tv)) = %trace(B(O')A[Diag(a)CDiag(v) + Diag(v)CDiag(o)]AT) + o(t)

t - trace( B(o) ADiag(o)CDiag(v)AT) + o(t).

Then
1
}irr(l) z(V(a +tv) — V(o)) = trace(B(o)ADiag(o)CDiag(v)AT)
t—
= (diag(A” B(0)ADiag(c)C), v).
Hence, the gradient of V at o is diag (ATB(U)ADiag(o')C) and the result is proved. |

Using the result of Proposition 7, the closed form (4.2) for the gradient of fep,,, with respect to o can be

easily obtained.
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