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Abstract

We study the nonlinear newsvendor problem concerning goods of a non-discrete nature, and a class
of stochastic dynamic programs with several application areas such as supply chain management and
economics. The class is characterized by continuous state and action spaces, either convex or monotone
cost function, and affine transition function. We establish that these problems cannot be approximated
to any degree of either relative or additive error, regardless of the scheme used.

To circumvent these hardness results, we generalize the concept of fully polynomial-time approxima-
tion scheme allowing arbitrarily small additive and multiplicative error at the same time, while requiring
a polynomial running time in the input size and the error parameters. We develop approximation schemes
of this type for the classes of problems mentioned above. In light of our hardness results, such approxi-
mation schemes are “best possible”. A computational evaluation shows the promise of this approach.

Keywords: Newsvendor problem, stochastic inventory control, hardness of approximation, approxima-
tion algorithms, stochastic dynamic programming, K-approximation sets and functions.

∗Hebrew University of Jerusalem, Israel, E-mail: halman@huji.ac.il
†IBM T. J. Watson, Yorktown Heights, NY, E-mail: nannicini@us.ibm.com



1 Overview of the paper
Newsvendor problem (NV). A fundamental single-period problem in stochastic inventory theory is the
newsvendor problem. A vendor needs to decide upon the quantity x of an item with short life cycle (e.g.
newspapers, fashion items or perishable liquids such as fresh squeezed juice and egg yolk) to order based
on the known demand distribution, the ordering cost, the holding cost, and the lost sales cost. Let the cost
of ordering quantity x of the item in the beginning of the period be c(x), and the cost of having x unsold
amount at the end of the selling period be h(x). Let b(x) be the shortage cost, which is incurred when there
is unfulfilled demand quantity of x. All these functions are nonnegative and nondecreasing. We denote
the stochastic demand by the random variable D. For the sake of simplicity, we assume from now on that
h(x) = b(x) = 0 for all x ≤ 0. Researchers have followed two approaches to solving NV. In the first
approach, the expected cost of overestimating and underestimating demand is minimized. In the second
approach the expected profit is maximized. Both approaches yield the same optimal solution. In this paper
we follow the first approach: at the beginning of the period, the vendor decides upon the amount x to order
so as to minimize the total costs, i.e.

min
x≥0

c(x) + ED[h(x−D) + b(D − x)]. (1)

When all cost functions are linear, the problems collapses to minED[o(x−D)+ + u(D− x)+], where o is
an overage cost per item and u is an underage cost per item. [AHM51] showed that in this case the problem
permits a simple solution policy: Determine a base stock S := arg max Prob(D ≤ S) ≤ u

u+o and order
enough to bring the stock level to S, the so-called base stock policy. u

u+o is called the critical ratio. See also
[Kho99, QWV+11], [SCB14, p. 120] or any standard reference on inventory management. Interest in the
NV has greatly increased over the past 60 years. This interest stems from the fact that the problem serves
as a building block in many inventory and supply chain models as well as its relevance to practice, e.g., in
service industries such as air transportation and hospitality. Moreover, the increase in product variety along
with shrinkage of product lifecycles and relative steadiness of production and transportation leadtimes make
single-period inventory models more relevant than ever [Kho99].

Nonlinear newsvendor problem (NNV). In a more realistic setting the cost functions of NV are not nec-
essarily linear, e.g., when the ordering cost includes quantity discounts (such as truckload discounts and all
units discounts), or setup costs, or increasing unit replenishment costs, see Fig. 1. Unlike its linear counter-
part, the objective function (1) in the NNV is not necessarily convex. During the last half century a large
body of work has been focused on the structure of the optimal policy for NNV as a function of the initial
inventory level, under various assumptions on the cost functions (refer to the excellent extensive survey
of [Por90] and the references therein for more detail). The assumption of arbitrary monotone nondecreas-
ing cost functions is in general too weak to yield a structured optimal policy, so it is interesting to study
approaches to compute approximate solutions [HOSL12].
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Figure 1: Examples of nonlinear ordering costs for NNV.
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Approximation schemes. Given a minimization problem and a bound ε > 0 on the relative error, a
(1 + ε)-approximation algorithm finds a solution in time polynomial in the input size, where the value of
the objective function is at most (1 + ε)-times the optimal value, i.e., with multiplicative error of at most
1 + ε. A common alternative error measure is additive error. Given a bound Σ > 0 on the additive error,
an additive Σ-approximation algorithm finds a solution in time polynomial in the input size, where the
value of the objective function differs from the optimal value by at most Σ. If ε (resp. Σ) are parameters
given explicitly to the algorithm and the running time of the approximation algorithm is also polynomial in
1/ε (resp. log(1/Σ)), then we call it a relative (resp. additive) fully polynomial-time approximation scheme
(FPTAS). For the sake of brevity, whenever we use the term FPTAS without mentioning the type of error,
we refer to relative FPTAS. We implicitly assume that 1

ε ≥ 1 and log(1/Σ) ≥ 0 without loss of generality.

Continuous vs. discrete inventory systems. The linear NV permits a simple solution regardless of whether
the item is of discrete or continuous nature: the base stock policy, and the reorder level S admits the simple
closed-form formula mentioned above. Unlike its linear counterpart, the problem of calculating the ex-
pected optimal cost of the NNV is intractable even for items of discrete nature [Hal16, Prop. A.3], but it
does admit an FPTAS [Hal16, Thm. 1.5]. In this paper we show that in contrast to linear NV, the continuous
variant of NNV is harder to solve than its discrete counterpart: while the discrete NNV admits an FPTAS,
the continuous NNV admits neither relative nor additive approximation in general.

Inventory systems when information is given as an oracle. To the best of our knowledge, all past work
about the NV except for [HOSL12] assumed that either all functions are given to the vendor explicitly
as formulae, or that additional structure about the cost functions is known. This is not always a realistic
assumption: in some cases the supplier does not reveal the order cost function c(·) to the vendor, and instead
gives quotes c(x) for every query x submitted by the vendor. This scenario applies, for example, when the
vendor purchases in the spot market, as well as situations where orders are placed over the Internet. For
instance, suppose the vendor is a tourism agency that books a block of seats in a specific flight. It is not
realistic to assume that the airline provides the vendor with the function c(·). The aforementioned quotes
model is more appropriate in these settings, i.e., the various functions are given to the vendor as “black
boxes”, or oracle functions.

We note that approximation schemes that only require oracle calls are appealing because the correspond-
ing computer implementation is very general: to apply the approximation scheme, the only requirement for
the user is to provide pointers to an implementation of the functions defining the NNV instance. In particu-
lar, the approximation scheme does not require knowledge of the exact mathematical formulation of the cost
functions in analytical form. Another reason to use oracle functions to represent nonlinear cost functions
is that oracle functions do not restrict the nonlinear function to be given in any particular form. Thus, an
FPTAS that relies on an oracle function will be an FPTAS for any function that can be computed in polyno-
mial time. This encompasses the case in which evaluating the oracle requires a nontrivial computation, e.g.
solving a (polynomial-time) mathematical program. Oracle functions also permit strong negative results,
such as proving that an exponential number of steps (i.e. oracle calls) is required to solve a problem.

An alternative inventory control approach. In this paper we show that the optimal expected cost of
the continuous NNV cannot be approximated to within any given relative or additive error. This begs the
question, what can a firm do to identify effective inventory control policies? We propose to focus on two
dimensions when maximizing business performance, combining relative and additive error into a unified and
intuitive two-dimensional error measure that can be arbitrarily small. E.g., instead of trying to find a solution
which lies 1% off the optimum or a given fixed amount apart (e.g. $1,000), which as discussed above may
not be tractable in general, we will efficiently find a solution which is 1% plus $1,000 off the optimum. More
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generally, for a bound Π = 1 + ε > 1 on the multiplicative error and a bound Σ > 0 on the additive error, a
(Σ,Π)-approximation algorithm finds a feasible solution with value at most Πv∗ + Σ, where v∗ ≥ 0 is the
value of an optimal solution. If such a (Σ,Π)-approximation algorithm runs in time polynomial in the input
size, we call it a polynomial-time (Σ,Π)-approximation scheme. If the running time is also polynomial in
1/ε and log(1/Σ), we call it a fully polynomial-time (Σ,Π)-approximation scheme, abbreviated as (Σ,Π)-
FPTAS. We argue that because additive and relative approximations are widely accepted measures of error
in the business world, the same should be true for (Σ,Π)-approximations.

Dynamic Programming (DP). Our negative and positive results generalize to multi-period models via
dynamic programming. Dynamic programming is an algorithmic technique used for solving sequential, or
multi-stage, decision problems and is a fundamental tool in combinatorial optimization (see, e.g., [Hoc97],
[Vaz01, Ch. 8]). We study a discrete-time finite-horizon stochastic dynamic program (DP, to be distinguished
from “dynamic programming” by context), as defined in [Ber05]. The system dynamics are of the form:
It+1 = f(It, xt, Dt) for t = 1, . . . , T , where t is the discrete time index, It ∈ St is the state of the system
at time t (St is the state space at stage t), xt ∈ At(It) is the action or decision to be selected at time t
after observing state It (At(It) is the action space at stage t and state It), Dt is a random variable over the
sample space Dt, and T is the number of time periods. To reduce the complication of the construction of
algorithms, we assume throughout the paper that D is a discrete random variable. (In Section 7 we discuss
how to extend our algorithmic results to continuous random variables.) In the context of this paper, Dt

represents an exogenous information flow. The cost function gt(It, xt, Dt) gives the cost of performing
action xt from state It at time t for each possible realization of the random variable Dt. In our context,
It and xt are one-dimensional, while Dt is a fixed-dimensional vector. The random variables are assumed
independent but not necessarily identically distributed. Costs are accumulated over all time periods: the
total incurred cost is equal to

∑T
t=1 gt(It, xt, Dt) + gT+1(IT+1). In this expression, gT+1(IT+1) is the cost

paid if the system ends in state IT+1, and the sequence of states is defined by the system dynamics. The
problem is that of choosing a sequence of actions x1, . . . , xT that minimizes the expectation of the total
incurred cost. This problem is called a stochastic dynamic program. Formally, we want to determine:

z∗(I1) = min
x1∈At(I1),...,xT∈At(It)

E

[
g1(I1, x1, D1) +

T∑
t=2

gt(ft(It−1, xt−1, Dt−1), xt, Dt) + gT+1(IT+1)

]
,

(2)
where I1 is the initial state of the system and the expectation is taken w.r.t. the joint probability distribution
of the random variables Dt. It is well known that such a problem can be solved through a recursion.

Theorem 1.1 (Bellman optimality equation [BD62]) For every initial state I1, the optimal value z∗(I1)
of the DP is given by z1(I1), where z1 is the function defined by zT+1(IT+1) = gT+1(IT+1) together with
the recursion:

zt(It) = min
xt∈At(It)

EDt {gt(It, xt, Dt) + zt+1(ft(It, xt, Dt))} , t = 1, . . . , T. (3)

The function zt(It) in the recursion above is called the cost-to-go function or value function.
We distinguish between discrete and continuous state and action spaces. In the former case, which we

call discrete DP, the state and action spaces are finite sets of elements, in the latter case, which we call
continuous DP, they are compact intervals on the real line. Combinatorial optimization problems such as
the knapsack problem are naturally cast as discrete DPs. While solving such DPs is intractable, discrete DPs
as defined here admit FPTASs [HKL+14, Thm. 3.2]. In other contexts, e.g., inventory systems, economics
and finance, the state and action may be best represented as continuous variables, for instance when they
represent money; examples are provided in [AC03, Ch. 5], [NP10, Phe62]. This paper deals with continuous
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DPs, and we assume that our goal is that of computing z1(I) for the entire initial state space S1, as is
customary in DP. Several applications of our continuous DP framework are discussed in Section 4, e.g. a
continuous single-item multi-period stochastic inventory control model. We note that computing the value
function at a single point, i.e. z∗(I1), is already computationally intractable: Corollary 2.7 of this paper
shows that even an approximation of z∗(I1) within any constant ratio is not possible in finite time.

Summary of the main results. We start by stating our results regarding NNV and then proceed to DPs.

Theorem 1.2 Let Σ, ε > 0 be given reals. Given an instance of NNV where the demand has only the two re-
alizations 0 and A with equal probabilities, it is not possible in general to find an additive Σ-approximation
(respectively, a multiplicative (1 + ε)-approximation) of the optimal expected cost, or an order quantity that
yields such cost, in time polynomial in the instance size and log 1

Σ (resp. 1
ε ).

A common approach to deal with continuous base stock levels is to discretize them in some meaningful
way, e.g., with stepsize δ > 0, and then solve (or approximate) the resulting discrete problem. A finer
discretization results in smaller accuracy loss. If the multiplicative error introduced by the discretization
could be bounded as a function of δ, and if the corresponding discrete problem admits a K-approximation
algorithm for some constant K > 1, then one could get a KL-approximation for the continuous problem
by approximating the discretized problem, for any constant L > 0. A similar argument works for additive
approximations. In this paper we show that such a scheme may fail:

Theorem 1.3 There does not exist, in general, a discretization of the base stock levels into a subset of
cardinality polynomial in the instance size, with which one can bound either the relative or the absolute
error between the value of an optimum of the continuous NNV and that of the discrete NNV.

Thm. 1.3 follows from the fact that if there were such a polynomial discretization, we could have used
the FPTAS for discrete NNV as given in [Hal16, Thm. 1.5] to get an FPTAS for continuous NNV, thereby
contradicting to Theorem 1.2. The reason for the preceding result is that the relative error bound fails around
zero values, and the additive error is not efficient when values are large.

Of course, a solution methodology based on discretization can be satisfactory in practice, and average-
case analysis could explain its performance. But what if one insists on rigorous worst-case bounds? Possible
approaches to overcome this hardness result include: changing the objective function in a way that reduces
error, imposing additional constraints to simplify the problem, or perturbing the instance. We propose to
work directly on the original problem while extending the error measure to the two dimensions Σ and Π
as explained above. We introduce (Σ,Π)-FPTASs as efficient approximation algorithms that are natural
generalization of “traditional” FPTASs, and show how to construct such an algorithm for continuous NNV.
As a consequence of our result that additive or multiplicative approximations alone may not exist, a (Σ,Π)-
FPTAS is in some sense “best possible” for continuous NNV.

Theorem 1.4 The continuous NNV admits a (Σ,Π)-FPTAS that yields an approximation of the optimal cost
and a corresponding order quantity.

In fact, we show a stronger result and construct a (Σ,Π)-FPTAS for the continuous NNV even if we do not
have direct access to the exact cost functions, but only to (Σ,Π)-FPTASs for them.

We next state our results about DPs. The first is an extension of Thm. 1.3.

Theorem 1.5 There does not exist, in general, a discretization of the state and action spaces of a continuous
DP to subsets of cardinality polynomial in the instance size, with which one can bound either the relative or
the absolute error between the value of an optimum of the continuous DP and that of the discrete DP.
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We study 3 special cases of DPs. In the first case, for every t, the cost function gt is increasing in It
and monotone in xt, while the transition function ft is increasing in It and monotone in xt. We call this the
increasing case. The second case, in which the conditions are analogous to the increasing case, is called
the decreasing case. We refer to these first two cases as the monotone case. In the third case, the transition
function ft is linear in It and xt, while the cost function gt has a convex structure (we give a formal definition
in Section 4), and we call this the convex case. Monotone and convex DPs find many applications, some of
which will be discussed in this paper (see also [HKL+14, HNO15] and the references therein). Our second
main result about DPs is a generalization of Thm. 1.4.

Theorem 1.6 Every stochastic continuous DP satisfying some technical conditions (Conditions 1, 2 and 3
in this paper) admits a fully polynomial-time (Σ,Π)-approximation scheme.

As noted earlier, relative error fails around zero values. But can one design a purely-multiplicative FPTAS
when the cost functions are bounded away from zero? The theorem below shows that the answer is in
the affirmative. As an example, we give in Section 6.2 an FPTAS for the continuous nonlinear knapsack
problem.

Theorem 1.7 Every stochastic continuous DP in which the cost functions are bounded away from zero and
that satisfies some technical conditions (Conditions 1, 3 and 4 in this paper) admits an FPTAS.

It is important to note that the term FPTAS typically refers to the computation of (approximate) solutions to
problems that are NP-hard to compute exactly, but in this paper the approximation is done for problems that
are impossible to solve exactly in any given finite time due to information theoretical considerations. For
the same reason, the hardness results in this paper may be also termed impossibility results.

From a numerical point of view, we provide a preliminary computational evaluation of our approxi-
mation scheme, comparing it to solving or approximating the discretized DP, and to an approximate DP
approach taken from the literature. The results show that our method is superior in terms of running time
and solution quality, indicating that the methodology proposed in this paper has the potential of being suc-
cessful in practice on the class of problems for which it applies. In particular, while discretization works
quite well as a heuristic, working with the continuous problem directly yields better solutions for comparable
computational effort.

Technique used. Our constructive proof methodology is an extension of the technique ofK-approximation
sets and functions [HKM+09] to continuous functions and (Σ,Π)-approximations. We believe that this tech-
nique will be useful for further development of approximation algorithms. The idea behind such approx-
imation sets is to keep a small (i.e. polynomially bounded size) set of points in the domain of a function,
ensuring that some type of interpolation guarantees rigorous error bounds.

Relevance to existing literature. Numerous approaches have been devised to circumvent hardness of
approximation results. A possibility is to forsake worst-case analysis in favor of average-case or smoothed
analysis [ST04]. Alternatives include modifying the objective function or constraints of the instance in some
prescribed way, e.g. [CFN77], or provide performance guarantees that degrade according to properties of
the optimal solution [FIMN13, KPR04].

This paper circumvents a hardness of approximation result by using a two-dimensional error measure.
This idea has been exploited in other contexts, but they all differ from our approach for two fundamental rea-
sons: (a) For the class of problems that we consider, we show that additive or multiplicative approximations
alone may not be possible, therefore a two-dimensional error measure is necessary; (b) Our approximation
scheme allows the error to be arbitrarily close to zero (i.e., each of Σ,Π may be arbitrary close to 0, 1 at the
same time), as one would expect from a generalization of the concept of FPTAS.
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We provide some examples. [KK82] build a (1/ε2, 1+ε)-approximation scheme for the one-dimensional
Bin-Packing problem. In their algorithm relative and additive errors are interdependent. Furthermore,
smaller relative errors result in bigger additive errors. [EP04] construct a spanner of a general graph us-
ing additive and relative approximation, but in their case Σ cannot be arbitrarily close to 0, and (0,Π) and
(Σ, 1) approximations are possible. [DKM+06] study approximate (ε, δ) differential privacy, but (ε, 0) and
(0, δ) approximations are possible. [SS06, SS12] study multi- and two-stage stochastic LPs, giving ran-
domized (Σ,Π)-FPTASs that return a (Σ,Π)-approximated solutions with high probability: not only this
is a randomized scheme (FPRAS), but their parameter Σ, which stems from the absolute error in Chernoff
bound, can be zero under some assumptions. [FSS13] provide a (Σ,Π)-approximation of the sum of the
squared Euclidean distances from the rows of A ∈ Rn×d to any compact set spanned by k vectors in Rd,
but in their case Σ is a constant that depends only on A (i.e., it is not an input parameter), and while it can
be normalized to be arbitrarily small, the running time does not scale up in log 1/Σ.

We now discuss our contributions as compared to frameworks for FPTASs for classes of optimization
problems, few of which have been reported in the literature. The frameworks in [Woe00, PW07, MS13]
deal with deterministic discrete DPs only. The ones in [SS06, SS12] deal with stochastic linear programs
(LPs) and are in fact randomized schemes. The one in [HKL+14] deals with stochastic discrete DPs.
The one in [HNO15] works under the same DP model, but provides a faster FPTAS from both theoreti-
cal and practical standpoints. Our approach draws on the idea of K-approximation sets and functions of
[HKM+09, HKL+14, HNO15], but we deal with continuous domains directly, rather than discretizing and
approximating the discretized problem (which would fail due to Theorem 1.5).

Continuous DP models are frequently employed in several domains, see e.g. [AC03]. Discretization
(possibly with refinement) is a standard solution approach. Typically, error bounds with respect to the
optimal value function are not provided. For example, the well-known approximate linear programming
approach [dFVR03] provides a bound on the approximation error as compared to the best value function
approximation that can be obtained as a linear combination of a given choice of basis functions. This type
of error bound is clearly different in spirit from the natural concepts of additive and multiplicative error with
respect to the optimal solution. We are not aware of any approximate DP (ADP) approach that provides
error bounds of the type discussed in this paper in polynomial time; thus, for space reasons instead of
surveying the abundant ADP literature we refer to the comprehensive references [Ber05, Pow11]. However,
algorithms that asymptotically converge to the optimal value have been proposed in the literature: the most
relevant for this paper are SPAR and CAVE, see [GP01, PRT04, NP13]. In particular, [NP13] studies a
class of continuous DPs very similar to ours, and proposes an algorithm that is shown to converge to the
optimal policy as the number of iterations goes to infinity. It is important to note that the ADP methodologies
discussed above require fewer structural properties than our approach and can be applied to a broader set of
problems. We argue that (Σ,Π)-FPTASs are interesting despite the more limited applicability because they
provide much stronger guarantees on the approximation error and running time than is typically found in
the ADP literature.

Finally, some of our results are related to the stream of research in derivative-free optimization that
is concerned with lower bounds to the number of function evaluations to attain an optimum, such as
[Sha13]. There are however notable differences: [Sha13] studies (only) Σ-approximations of the minimum
of a strongly convex or quadratic d-dimensional function, whereas our paper studies Σ-, Π- and (Σ,Π)-
approximations of general monotone and convex unidimensional functions over their entire domains. For
example, [Sha13, Thm. 7] gives a polynomial lower bound in expectation assuming a possibly random-
ized querying strategy. Our Proposition 2.2 deals with a deterministic polynomial-time algorithm to Σ-
approximate a minimum of a (ordinary) univariate convex function.
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Organization of the paper. The paper is organized as follows. In Section 2 we define our model of com-
putation and establish our hardness results. Then, we introduce (Σ,Π)-approximation sets and functions,
and algorithms to compute them. We demonstrate the usefulness of these concepts and algorithms by de-
signing in Section 3.2 a (Σ,Π)-FPTAS for NNV. In the rest of the paper we lift our algorithmic results to
multi-stage decision making, i.e., to DPs. In Section 4 we state the stochastic continuous DP model to which
our (Σ,Π)-approximation schemes apply, and our main result for DPs that shows how to construct the ap-
proximation scheme. Section 5 builds the link between DP and (Σ,Π)-approximation sets and functions,
and includes the design and analysis of our FPTASs for convex and monotone DPs. We discuss extensions
to (purely-multiplicative) FPTASs for special families of continuous stochastic DPs in Section 6. Section 7
concludes the paper discussing extensions and future directions. The Appendix contains a description of
two specific problems (machine scheduling and inventory control) that fit in our framework, and the com-
putational evaluation.

Notation. Let R,R+,Z,Z+,N denote the set of real numbers, nonnegative real numbers, integers, non-
negative integers and positive integers, respectively. For every a, b ∈ R with a < b, let [a, b] = {x | a ≤
x ≤ b}. Given a compact set D ⊂ R, we denote by Dmin and Dmax the minimum and maximum element
in D, respectively. For every A,B ∈ Z with A < B, let [A, . . . , B] = {A,A + 1, . . . , B}. For simplicity,
we assume throughout that B − A > 1. Let X be a set, and let Y (x) be a set for every x ∈ X . We denote
by X ⊗ Y the set

⋃
x∈X Y (x). We write log z to denote log2 z.

When a function ϕ : D→R over a linearly ordered set D is called either increasing or decreasing,
it is meant in the weak sense. Let ϕmax = supx∈D ϕ(x), ϕmin = infx∈D ϕ(x), and denote by tϕ the
time needed to evaluate ϕ at a single point in its domain. A function is called Lipschitz continuous with a
given Lipschitz constant κ (κ-Lipschitz continuous, in short), if for every pair of points on the graph of this
function, the absolute value of the slope of the line connecting them is not greater than κ. Let D′ ⊆ D ⊂ R
where D′ is a finite set and D is a compact interval. We define the piecewise linear extension of ϕ induced
by D′ as the function obtained by making ϕ linear between successive values on D′. A function ϕ over D
is called convex over D′ if its piecewise linear extension induced by D′ is convex.

2 Hardness results and a new type of approximation

In this paper we face the problem of efficiently constructing a succinct representation for a function ϕ :
D→R+, having access only to a (zero-order, a.k.a. derivative-free) value oracle that for every point x ∈ D
returns ϕ(x). By a representation of a function we mean a way to compute the function values using
information stored on the computer memory, e.g., store its explicit formula. A representation of a function
is succinct if it occupies a “small” space in the computer memory. A succinct representation is often either
not possible or very costly, so an efficient succinct representation for an approximation of ϕ is of interest. In
the context of this paper, examples of functions that we want to approximate efficiently and succinctly are
the value functions zt. To discuss approximation algorithms, we need to define the model of computations
that we use.

2.1 Model of computation and black-box-oriented methods
We use the real arithmetic model as defined in [BN13, Sec. 5.1.1]. In this model, the computations are
carried out by an idealized version of the usual computer that is capable of storing countably many reals
and can perform the standard exact real arithmetic operations. Consider a problem (P) over a function
ϕ : D→R. For example, in [BN13] (P) is the problem of finding the minimum of ϕ over D; in our paper,
it is the construction of a succinct representation of ϕ over D. Let us fix a family F(D) of problems (P)
with D common for all problems from the family, so that the family itself is nothing but a certain family of
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functions over domain D. We define the information-based complexity of F(D) as in [BN13, Sec 5.1.1];
here we provide a brief summary, referring to [BN13] for the details. We use the same notation: δ > 0
is an accuracy parameter to which the problem should be solved according to some accuracy measure, and
B is an algorithm that solves (P) by generating a sequence of search points and calling the oracle to get
the values of ϕ on these points. TB(ϕ,D, δ) denotes the number of steps in which B is capable of solving
within accuracy δ a problem ϕ over D. The complexity of F(D) w.r.t. a solution method B is the function
ComplB(D, δ) = maxϕ∈F(D) TB(ϕ,D, δ). Finally, the information-based complexity of the family F(D)
of problems is defined as Compl(D, δ) = minB ComplB(D, δ), the minimum being taken over all solution
methods.

The real arithmetic model of computation is typically employed in the continuous optimization commu-
nity. Other communities prefer less powerful models that are more similar to real-world computers, such as
finite precision. Our hardness results generalize to the finite precision model (straightforward modifications
in the proofs are sometimes necessary), and all our algorithmic results remain valid under such model if we
query only rational points and add to one of our assumptions (Condition 2) the natural requirement that the
values returned by the oracle of the cost function gt are polynomially bounded by the (binary) size of the
input.

2.2 Representation of random events

Besides the model of computation, it is crucial to establish how the random variables are represented. There
are several possibilities. In this paper, we adopt a natural approach in which the random variables are discrete
and are explicitly given by listing in the input all values in their support and the corresponding probabilities.
That is, for every random variable Dt (in the NNV there is a single random variable, but our DP models
allow one random variable per time period) we are given nt, the number of different values it admits with
positive probability, its support Dt := {dt,1, . . . , dt,nt}, where dt,i < dt,j for i < j, and ordered pairs
(dt,i, pt,i) where pt,i = Prob(Dt = dt,i)), i = 1, . . . , nt. This type of representation is natural but not
necessarily compact. A different model is that in which only the endpoints of the support are given, and
the CDF is accessible via a value oracle. Such an implicit model reduces the size of the input, but makes
computations more difficult. All our hardness results are written under the explicit representation model
and therefore clearly hold under the implicit model as well. We briefly sketch in Section 7 the main ideas
to extend our positive results (i.e. the construction of (Σ,Π)-FPTASs) from the explicit model of this paper
to the implicit case and to continuous random variables. A rigorous development of such extensions is very
involved and is pursued elsewhere [Hal16, HN17].

2.3 Additive and multiplicative approximation functions

We now discuss the limitations of the natural concepts of additive and multiplicative approximation func-
tions in the context of finding succinct approximations of functions over continuous domains. Additive
and multiplicative approximations are defined in the usual way (see Section 1). We remark that we always
consider approximations from above. We write Σ-approximation for additive approximations (Σ ≥ 0) and
Π-approximation for multiplicative approximations (Π ≥ 1), and this notation is used for approximations
of both real values and functions.

Definition 2.1 (Succinct approximations) A Σ-approximation function of ϕ : [A,B]→R+ is called suc-
cinct if it admits a representation in space polynomial in logϕmax + log(B − A) + log(1/Σ). The same
terminology is used for Π-approximations, replacing log(1/Σ) with 1/ε where Π = 1 + ε.

We are concerned with determining which functions ϕ over continuous intervals on the real line one can
approximate efficiently, and with finding approximations for ϕmin. This is because we want to construct
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approximations of the value functions zt, that cannot be computed exactly in polynomial time. We show
that approximating ϕmin can be done efficiently for additive approximations, but not for multiplicative
approximations, and Lipschitz-continuous functions are hard to approximate additively or multiplicatively
in general. We summarize our results regarding convex and monotone functions in Table 1.

Table 1: Summary of complexity results about approximating a Lipschitz continuous function ϕ.
(X: solvable in polynomial time, @: cannot be constructed in polynomial time, (x): see Prop./Cor. x).

Σ-apx. ϕmin succinct Σ-apx. of ϕ Π-apx. ϕmin succinct Π-apx. of ϕ
ϕ is convex X (2.2) @, even if ϕ is monotone (2.3) @ (2.4) @ (2.5)
ϕ is monotone trivial @ even if ϕ is convex (2.3) trivial @ (2.6)

Proposition 2.2 For every positive real numbers Σ, κ > 0 and a κ-Lipschitz continuous convex function
ϕ : [A,B]→R+, the function APXARGMIN (Alg. 1) finds a point D′ such that ϕ(D′) is a Σ-approximation
of ϕmin in O(log κ(B−A)

Σ ) queries to ϕ.

Proof. Using the convexity of ϕ, we first note that throughout its iterations the algorithm keeps track of
an (ever decreasing in size) interval [A′, B′], where A′, B′ are as defined in line 9, in which a minimum of
ϕ is located.

Due to the convexity of ϕ, its minimum lies either (i) not below the intersection of the half plane x ≥ A′
and the half plane above the line lCB , or (ii) not below the intersection of the half plane x ≤ B′ and the
half plane above the line lAC . After step 12, the value of κ′ is an upper bound to the Lipschitz constant on
[A′, B′] because of convexity. Therefore, the maximum difference between the true minimum and ϕ(D′) is
at most κ′(B′ −A′)/2. If this term is less than Σ, the algorithm exits the while loop and reports D′.

The number of queries done throughout the execution of the algorithm derives from the fact that in each
iteration the length of the interval is at most half of the length of its predecessor. 2

Remark 1 The O(log(κ(B − A)/Σ)) term can be tight when ϕ is 2-piecewise linear with slopes −κ, κ.
However, the actual number of queries performed by APXARGMIN may be significantly less when the
series of κ′ generated by the algorithm is strictly monotone decreasing, e.g., when ϕ is nearly flat around its
minimum.

1: Function ApxArgMin(ϕ, [A,B],Σ)
2: Let A′ ← A, B′ ← B, κ′ ← 3Σ/(B′ −A′)
3: while κ′(B′ −A′) > 2Σ do
4: Divide [A′, B′] into 4 equal-size subintervals and perform queries to ϕ on the corresponding 5 endpoints
5: let D′ be an argmin of these values
6: if ϕ is not monotone on these endpoints then let C ′ ← D′

7: elseif ϕ is increasing on these points then let C ′ be the neighbor of A′

8: else let C ′ be the neighbor of B′

9: let A′ be the neighbor of C ′ to the left and B′ be its neighbor to the right
10: Let lAC be the line that passes through (A′, ϕ(A′)) and (C ′, ϕ(C ′)), and let ∆AC be its slope
11: Let lCB be the line that passes through (C ′, ϕ(C ′)) and (B′, ϕ(B′)), and let ∆CB be its slope
12: κ′ ← max{|∆AC |, |∆CB |}
13: end while
14: return D′

Algorithm 1: FUNCTION APXARGMIN(ϕ, [A,B],Σ) returns an argmin of a Σ-approximation for ϕmax of
a convex function ϕ
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Remark 2 In Proposition 2.2, as well as in all subsequent algorithmic results in this paper, the value of κ
need not be given explicitly, even though the running time may depend on it.

Proposition 2.3 Let Σ > 0 be an arbitrary real number, A be an arbitrary positive integer number, and
let κ := 2AΣ. It is necessary, in general, to perform at least A/3 oracle calls to a κ-Lipschitz continuous
monotone convex function ϕ : [0, A]→R+ in order to construct for it a succinct Σ-approximation.

Proof. Let ϕ∗ : [0, A]→R+ be an A-piecewise linear convex function with breakpoints in every integer
number in [0, A], with ϕ∗(0) = 0, ϕ∗(1) = 4Σ and such that in every piece the slope of ϕ∗ increases by
4Σ. Hence, ϕ∗max = ϕ∗(A) = 2A(A+ 1)Σ, ϕ∗ is κ-Lipschitz continuous, and has an exact representation
in A + 1 space. For every i = 1, . . . , A − 1, let ϕi be an (A − 1)-piecewise linear convex function that
coincides with ϕ∗ everywhere excepts for the interval (i−1, i+1), in where the function is linear increasing
from ϕ∗(i− 1) to ϕ∗(i+ 1), so it has an exact representation in A space. Note that the maximum (additive)
difference between ϕi and ϕ∗ is in i and is 2Σ. Let Φ = {ϕ∗, ϕ1, . . . , ϕA−1}. Thus, Φ is a family of convex
monotone functions, in which each pair ϕ∗, ϕi has a difference of at least 2Σ in exactly one integer point in
[0, A], i.e., in i. This implies that every additive Σ-approximation of ϕ∗ and of ϕi must distinguish between
ϕ∗ and ϕi. Note that ϕ∗ and ϕi differ in an interval of length 2, whose endpoints are integers, and which
we call the critical interval i. Note also that any interval of length 3 contains an interval of length 2 whose
endpoints are integers.

We define an adversarial oracle that returns the value ϕ∗(x) for all x ∈ [0, A]. Suppose that the number
of queries to the adversarial oracle is bounded by A/3 − 1, so the size of the representation is bounded by
this number as well. But then there exists an index i′ and at least one interval of length at least 3, which
contains the critical interval i′ in which no queries were made. Therefore, the answers of the adversarial
oracle are compatible with both ϕ∗ and ϕi

′
, so these functions are indistinguishable even though any additive

Σ-approximation must distinguish between them. 2

Propositions 2.2 and 2.3 imply that constructing a succinct additive approximation function is strictly
harder than finding an additive approximation of ϕmin.

Proposition 2.4 Let Π > 1 be an arbitrary real number, and ϕ : [0, 2]→R+ be a 1-Lipschitz continuous
convex function. It is not possible, in general, to find a Π-approximation of ϕmin in any finite number of
queries to ϕ.

Proof. Consider the family Φ consisting of all nonnegative convex functions ϕ : [0, 2]→[0, 1/2] that are
1-Lipschitz continuous with ϕ(0) = ϕ(2) = 1/2. We develop a resisting (adversarial) oracle that imitates a
function ϕ in Φ to which it is hard to decide whether it is strictly positive. The oracle starts from the entire
set Φ and tries to answer each call of the approximation algorithm in what is, in some sense, the “worst”
possible way . Let Φ′ ⊆ Φ be the set of functions compatible with all answers of the oracle so far. The
oracle answers queries so that the property that Φ′ contains at least one function that attains value zero, as
well as at least one strictly positive function remains invariant throughout the entire process of answering
queries.

In order to produce “bad” answers, the oracle keeps record of (i) the set Q consisting of all query points
(x, ϕ(x)) it answered so far (we let QX denote the projection of the set Q on the x-axis), (ii) the largest
interval [B,C] on which the value of at least one function in Φ′ is always zero, (iii) the rightmost query
point L to the left of B, i.e. L = max{x ≤ B | x ∈ QX}, and (iv) the leftmost query point R to the right
of C, i.e., R = min{x ≥ C | x ∈ QX}. At the beginning of the process Q is set to {(0, 1/2); (2, 1/2)}.
Because ϕ is 1-Lipschitz continuous, we get that [B,C] = [1/2, 3/2]. Therefore, L = 0 and R = 2. We
denote by ϕD : [0, L]→[0, 1/2] the piecewise linear function whose breakpoints are {(x, y) ∈ Q | x ≤ L}.
By the construction of Q as explained below, it is easy to see that ϕD is monotone decreasing. Similarly, we
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denote by ϕI : [R, 2]→[0, 1/2] the piecewise linear function whose breakpoints are {(x, y) ∈ Q | x ≥ R}.
By the construction of Q as explained below, it is easy to see that ϕI is monotone increasing.

In subsequent stages, when the oracle gets a query point x ≤ L, it returns the value ϕD(x), so the set
Φ′ does not change. If the oracle gets a query point x ≥ R, it returns the value ϕI(x), so again the set Φ′

does not change. Otherwise, suppose that x ≤ (B + C)/2 (if x > (B + C)/2 we proceed in a similar
way). The oracle returns then the value v of the linear function between (L,ϕ(L)) and ((B + 2C)/3, 0) on
x. The following “bookkeeping” is done. (i) Q← Q∪{(x, v)}, (ii) ϕD is updated by adding to it the linear
piece between (L,ϕ(L)) and (x, ϕ(x)), (iii) B ← (B + 2C)/3, (iv) L ← x, (v) Φ′ is updated to consist
of all nonnegative convex functions ϕ : [0, 2]→[0, 1/2] that are 1-Lipschitz continuous and compatible with
the query points in Q. In this way, the size of the updated interval [B,C] is the third of the size of the old
interval. Note that ϕD concatenated with the linear function between (L,ϕ(L)) and (R,ϕ(R)), and with
ϕI is a strictly positive convex function that belongs to Φ′, while ϕD concatenated with the linear function
between (L,ϕ(L)) and (B, 0), and with the zero function over [B,C], and with ϕI is a convex function
that attains the value 0 and also belongs to Φ′. Therefore, the invariant that Φ′ contains at least one function
that attains value zero, as well as at least one strictly positive function remains valid. Consequently, it is not
possible to find, at any step of the process, a single Π-approximation value to all the minimum values of the
functions in Φ′ for any value of Π, and the process must continue forever. 2

Remark 3 Note that the above proof will fail for functions defined over discrete intervals {0, 1, . . . , 2A}.
In this case the process stops when the interval [B,C] contains exactly one integer point. This will take at
most O(log3 2A), i.e, polynomial in the (binary) input size. This is no surprise as constructing a succinct
Π-approximation of a convex function over a discrete interval can be done in polynomial time [HKL+14,
Prop.4.5-4.6].

Corollary 2.5 Let Π > 1 be an arbitrary real number, and ϕ : [0, 2]→R+ be a 1-Lipschitz continuous
convex function. It is not possible, in general, to construct a succinct Π-approximation for ϕ in any finite
number of queries to ϕ.

Proposition 2.6 Let Π > 1 be an arbitrary real number, and ϕ : [0, 1]→[0, 1] be a 2-Lipschitz continuous
monotone (and not necessarily convex) function. It is not possible, in general, to construct a succinct Π-
approximation for ϕ in any finite number of queries to ϕ.

Proof. Consider the family Φ = {ϕi | i ∈ [0, 1
2)}, where

ϕi(x) =


0 if x < i;
2(x− i) if i ≤ x < 2i;
x otherwise.

Note that all functions in Φ are monotone 2-Lipschitz continuous. Suppose it is possible to build in finite
time a Π-approximation function ϕ̃ for any function in Φ and that x∗ is the smallest query point greater than
zero generated by the algorithm that builds ϕ̃. Since this algorithm is finite, x∗ is well defined. We define
an adversarial oracle that returns ϕ(x) = x for all x ∈ [0, 1]. This oracle is compatible with both ϕ0 and
ϕx∗/2 so ϕ̃ must Π-approximate both these functions at the same time. But since ϕx∗/2(x∗/4) = 0 and
ϕ0(x∗/4) = x∗/4 this cannot hold true. The contradiction arises from our assumption that it is possible to
build ϕ̃ in finite time. 2
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Corollary 2.7 For any fixed multiplicative error Π > 1, it is not possible, in general, to Π-approximate in
finite time a continuous DP, even if the time horizon consists of a single period, the cost function is either
monotone or convex, and the cost function is Lipschitz continuous with a fixed Lipschitz constant.

Using similar arguments to the proofs of Prop. 2.3 and 2.4 we can show the following results establishing
hardness of approximation for the NNV.

Proposition 2.8 Let Σ > 0 be an arbitrary real number, A be an arbitrary positive integer, and consider
a continuous nonlinear newsvendor problem with demand 0 or A with equal probability and cost functions
given by a value oracle. It is not possible, in general, to determine in less than A/3 oracle calls to the
shortage cost function an additive Σ-approximation of the optimal cost, or an order quantity that yields
such cost, even if the holding and shortage costs are monotone 4AΣ-Lipschitz continuous functions and the
ordering cost is identically zero.

Proof. Given that the demand is in {0, A}, only order quantities x ∈ [0, A] should be considered.
Therefore, we want to compute:

arg min
x∈[0,A]

E [b(D − x) + h(x−D)] ,

and by expanding the expected value and noticing that (0− x) and (x−A) are always nonpositive, we can
rewrite the expression as:

arg min
x∈[0,A]

1

2
b(A− x) +

1

2
h(x).

Let ϕ∗(x) and ϕi(x) be as in the proof of Prop. 2.3, and define b(A − x) = 4A(A + 1)Σ − 2ϕi(x),
h(x) = 2ϕ∗(x). Notice that

1

2
b(A− x) +

1

2
h(x) = 2A(A+ 1)Σ + ϕ∗(x)− ϕi(x).

Therefore, the objective function value of the newsvendor problem is 2A(A + 1)Σ for all x except for
i− 1 < x < i+ 1, and its minimum value is 2A(A+ 1)− 2Σ for x = i. In order to find an order quantity
that Σ-approximates the optimal cost, any algorithm must determine the interval (i − 1, i + 1). Using the
same argument as in the proof of Prop. 2.3, this requires at least A/3 queries to the cost functions, implying
a running time that is not polynomial in logA.

2

Proposition 2.9 Let Π > 1 be an arbitrary real number, and consider a continuous nonlinear newsvendor
problem with demand 0 or 2 with equal probability and cost functions given by a value oracle. It is not
possible, in general, to determine in finite time a multiplicative Π-approximation of the optimal cost, or an
order quantity that yields such cost, even if the holding and shortage costs are monotone convex 1-Lipschitz
continuous functions, and the ordering cost is identically zero.

Proof. Consider a continuous NNV problem with possible demand D ∈ {0, 2}, each with probability
1
2 . Similarly to the proof of Prop. 2.8, the optimal order quantity is given by:

arg min
x∈[0,2]

1

2
b(2− x) +

1

2
h(x).

We now construct an adversarial oracle for the functions b, h. Given a set of query points Q at which the
value of the functions b, h has already been returned by oracle, let ϕD and ϕI be as in the proof Prop. 2.4,
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and define:

b(2− x) =

{
ϕD(x) if x ≤ L
0 otherwise

h(x) =

{
0 if x < R

ϕI(x) otherwise.

By the construction given in the proof of Prop. 2.4, these are convex 1-Lipschitz continuous function whose
sum is zero in an interval [B,C]. The argument of that proof shows that the adversarial oracle ensures that
the interval [B,C] in which the optimal cost could be zero shrinks indefinitely, but cannot be determined in
finite time by any algorithm. To determine an order quantity that Π-approximates the optimal cost we must
find a point inside [B,C], but this is impossible in finite time. 2

Thm. 1.2 follows directly from the two propositions above.

2.4 (Σ,Π)-approximation functions and their calculus

Let F([A,B]) be the family of either convex or monotone functions ϕ over interval [A,B] that are κ-
Lipschitz continuous. Let (P) be the problem of the construction of a succinct representation for a δ-
approximation of ϕ. The previous subsection shows that Compl([A,B], δ) is not polynomial in log(B −
A) + log(1/δ) (resp. 1/δ), when the measure of approximation is δ-additive (resp. δ-relative) error. In other
words, the notions of efficient additive succinct approximation and efficient multiplicative approximation
are too strong to be used for the family F([A,B]). In this section we introduce a natural measure of approx-
imation for which Compl([A,B], δ) is polynomial in log(B −A) + 1/δ, as will be shown in Section 3.

Definition 2.10 ((Σ,Π)-approximation functions) Let Σ ≥ 0, Π = 1 + ε ≥ 1, and r, r̃ ≥ 0 be arbitrary
real numbers. We say that r̃ is a (Σ,Π)-approximation of r if r ≤ r̃ ≤ Πr + Σ. Let ϕ, ϕ̃ : D→R+ be real-
valued functions over continuous domain D. The function ϕ̃ : D→R+ is said to be a (Σ,Π)-approximation
of ϕ if ϕ(x) ≤ ϕ̃(x) ≤ Πϕ(x) + Σ for all x ∈ D. Let D = [A,B] be an interval on the real line. We
call a function ϕ̃ a succinct (Σ,Π)-approximation of ϕ if it admits a representation in space polynomial in
logϕmax + log(B −A) + log(1/Σ) + 1/ε and is a (Σ,Π)-approximation of ϕ.

(Σ,Π)-approximation generalizes additive and multiplicative approximations in the sense that (Σ, 1)-approximation
is additive Σ-approximation and (0,Π)-approximation is Π-multiplicative approximation. The next propo-
sition tells us that (Σ,Π)-approximation is still a too strong measure of error when dealing with “ordinary”
(as opposed to Lipschitz) continuous functions.

Proposition 2.11 Let 1 > Σ > 0, Π > 1 be arbitrary real numbers, and ϕ : [0, 1]→[0, 1] be a continuous
monotone function. It is not possible, in general, to construct a succinct (Σ,Π)-approximation for ϕ in any
finite number of queries to ϕ.

Proof. Consider the family Φ consisting of all nonnegative monotone increasing functionsϕ : [0, 1]→[0, 1]
with ϕ(0) = 0 and ϕ(1) = 1. Suppose it is possible to build in finite time a (Σ,Π)-approximation function
ϕ̃ for any function in Φ and that x∗ is the smallest query point greater than zero generated by the algorithm
that builds ϕ̃. Since this algorithm is finite, x∗ is well defined. We define an adversarial oracle that returns
ϕ(x) = 1 for all x ∈ (0, 1].

Let ϕ0 be a nonnegative monotone increasing function ϕ0 : [0, 1]→[0, 1] with ϕ0(0) = ϕ0(x∗/2) = 0
and ϕ0(1) = 1. Let ϕ1 be a nonnegative monotone increasing function ϕ1 : [0, 1]→[0, 1] with ϕ1(0) = 0
and ϕ0(x∗/2) = ϕ0(1) = 1. Clearly, ϕ0, ϕ1 ∈ Φ. Moreover, our oracle is compatible with both ϕ0 and
ϕ1, so ϕ̃ must (Σ,Π)-approximate both these functions at the same time. But since ϕ0(x∗/2) = 0 and
ϕ1(x∗/2) = 1 and since Σ < 1 this cannot hold true. The contradiction arises from our assumption that it
is possible to build ϕ̃ in finite time. 2

In view of Proposition 2.11, in the rest of the paper we will limit our discussion to Lipschitz continu-

13



ous functions and show that (Σ,Π)-approximations of such (either convex or monotone) functions can be
computed efficiently.

Definition 2.12 (Efficient (Σ,Π)-approximation functions) Let Σ ≥ 0, Π = 1 + ε ≥ 1, and ϕ :
[A,B]→R+ be a κ-Lipschitz continuous function. Let ϕ̃ be a succinct (Σ,Π)-approximation of ϕ. We call
ϕ̃ efficient if it can be constructed in time polynomial in logϕmax + log(B−A) + log(1/Σ) + 1/ε+ log κ.

The following proposition provides a set of general computational rules of (Σ,Π)-approximation func-
tions. Its validity follows directly from the definition of (Σ,Π)-approximation functions. Our approximation
scheme relies on such rules, that allow us to perform several operations on (Σ,Π)-approximation functions,
while bounding the error.

Proposition 2.13 (Calculus of (Σ,Π)-approximation Functions) For i = 1, 2 let Σi ≥ 0, Πi ≥ 1, let
ϕi : D→R+ be an arbitrary function over continuous domain D, and let ϕ̃i : D→R+ be a (Σi,Πi)-
approximation of ϕi. Let ψ1 : D→D, and let αi ∈ R+. The following properties hold:

1. ϕ1 is a (0,1)-approximation of itself,
2. (linearity of approximation) α1ϕ̃1 + α2 is a (α1Σ1,Π1)-approximation of α1ϕ1 + α2,
3. (summation of approximation) ϕ̃1 + ϕ̃2 is a (Σ1 + Σ2,max{Π1,Π2})-approximation of ϕ1 + ϕ2,
4. (composition of approximation) ϕ̃1(ψ1) is a (Σ1,Π1)-approximation of ϕ1(ψ1),
5. (minimization of approximation) min{ϕ̃1, ϕ̃2} is a (max{Σ1,Σ2},max{Π1,Π2})-approximation of

min{ϕ1, ϕ2},
6. (maximization of approximation) max{ϕ̃1, ϕ̃2} is a (max{Σ1,Σ2},max{Π1,Π2})-approximation of

max{ϕ1, ϕ2},
7. (approximation of approximation) If ϕ2 = ϕ̃1 then ϕ̃2 is a (Σ2 + Π2Σ1,Π1Π2)-approximation of ϕ1.

The following technical proposition is used to bound the Lipschitz constant of a summation of compo-
sitions of Lipschitz continuous functions and will be used in order to show that the Lipschitz constants do
not get too large while using the Bellman optimality equation (3).

Proposition 2.14 (Lipschitz Continuity Invariant) Let [A,B] be a compact interval, and let C(x) =
[Cmin(x), Cmax(x)] be a compact interval for every x ∈ [A,B], where Cmin(·), Cmax(·) are each κC-
Lipschitz continuous functions. Let ϕi : [A,B]→R+ be κϕ-Lipschitz continuous functions over [A,B],
and let ψi : [A,B] ⊗ C→[A,B] be κψ-Lipschitz continuous functions for i = 1, . . . , n. Define function
ϕ : [A,B]→ R+ as

ϕ(x) = min
y∈C(x)

{
n∑
i=1

ϕi(ψi(x, y))

}
. (4)

Then ϕ(·) is an nκϕκψ(1 + κC)-Lipschitz continuous function.

Proof. We show that ϕ is a Lipschitz continuous function with the claimed Lipschitz constant. Let

α(x, y) :=
n∑
i=1

ϕi(ψi(x, y)).

Note that by composition of Lipschitz continuous functions we get that ϕi(ψi(x, y)) is a κϕκψ-Lipschitz
continuous function, i = 1, . . . , n. Note also that due to summation of Lipschitz continuous functions we
have that α(x, y) is a nκϕκψ-Lipschitz continuous function.

Let x′, x′′ ∈ [A,B]. We need to show that |ϕ(x′) − ϕ(x′′)| ≤ κ|x′ − x′′| for κ = nκϕκψ(1 + κC).
Let y′ ∈ C(x′) and y′′ ∈ C(x′′) be argmins of ϕ(x′), ϕ(x′′), respectively, i.e., ϕ(x′) = α(x′, y′), ϕ(x′′) =
α(x′′, y′′).
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Suppose first that y′ ∈ C(x′′). Then we have

ϕ(x′′)− ϕ(x′) = α(x′′, y′′)− α(x′, y′) ≤ α(x′′, y′)− α(x′, y′) ≤ nκϕκψ|x′′ − x′|, (5)

where the first inequality is due to the optimality of y′′ coupled with the fact that y′ ∈ C(x′′), and the second
inequality is due to α being nκϕκψ-Lipschitz continuous.

Suppose now that y′ /∈ C(x′′), say y′ < Cmin(x′′) (we treat the case y′ > Cmax(x′′) in a similar way).
Let y′′′ be the point in C(x′′) nearest to y′, i.e., y′′′ = Cmin(x′′). We get that

|y′′′ − y′| = |Cmin(x′′)− y′| ≤ |Cmin(x′′)− Cmin(x′)| ≤ κC |x′′ − x′|, (6)

where the first inequality is due to the fact that y′ < Cmin(x′′) (and therefore Cmin(x′) ≤ y′ < Cmin(x′′))
and the second inequality follows from Cmin(·) being κC-Lipschitz continuous. We conclude that

α(x′′, y′′) ≤ α(x′′, y′′′) ≤ α(x′′, y′) + nκϕκψ|y′′′ − y′| ≤ α(x′′, y′) + nκϕκψκC |x′′ − x′|, (7)

where the first inequality is due to the optimality of y′′ coupled with the fact that y′′′ ∈ C(x′′), the second
inequality is because of α being nκϕκψ-Lipschitz continuous, and the last inequality is due to (6). Plugging
(7) in the first inequality of (5) we get that the Lipschitz constant of ϕ(·) in this case is at most nκϕκψ(1 +
κC), as needed. 2

Computational rules for (Σ,Π)-approximations specialized to convex functions can be constructed as
well.

Proposition 2.15 (Approximation of summation of composition of convex functions) Let Σi ≥ 0, Πi ≥
1 for i = 1, . . . , n, and let [A,B] be a compact interval. Let C(x) be a compact interval for every
x ∈ [A,B], and suppose that [A,B] ⊗ C is a convex set. Let ϕi : [A,B]→R+ be a convex function over
[A,B], ϕ̆i be a convex (Σi,Πi)-approximation of ϕi, and ψi : [A,B] ⊗ C→[A,B] be an affine function,
i = 1, . . . , n. Define functions ϕ, ϕ̄ : D → R+ as

ϕ(x) = min
y∈C(x)

{
n∑
i=1

ϕi(ψi(x, y))

}
and ϕ̄(x) = min

y∈C(x)

{
n∑
i=1

ϕ̆i(ψi(x, y))

}
. (8)

Then, ϕ is convex over [A,B] and ϕ̄ is a convex (Σ1 + . . .+ Σn,max{Π1, . . . ,Πn})-approximation of ϕ.

Proof. Let us fix x ∈ D. By summation of approximation and composition of approximation (i.e., prop-
erties 3 and 4 of Proposition 2.13),

∑n
i=1 ϕ̆i(ψi)(x, ·) is a (Σ1+. . .+Σn,max{Π1, . . . ,Πn})-approximation

function of
∑n

i=1 ϕi(ψi)(x, ·) for every fixed x.
We now prove the convexity of ϕ(·). The proof of convexity of ϕ̄(·) is similar. It suffices to prove

that for every m,M ∈ D (m < M ) we have 2ϕ(m+M
2 ) ≤ ϕ(m) + ϕ(M). Let ym ∈ C(m) be such

that ϕ(m) =
∑n

i=1 ϕi(ψi(m, ym)). Let yM ∈ C(M) be such that ϕ(M) =
∑n

i=1 ϕi(ψi(M,yM )). For
every i = 1, . . . , n let ai, bi, ci be real numbers such that ψi(x, y) = aix + biy + ci. For every x ∈ D let
fi,x(·) = ϕi(ψi(x, ·)). Note that due to the convexity of ϕi and the fact that ψi is affine in its variables we
get that fi,x(·) is convex in C(x). Note also that

fi,m(ym) = ϕi(aim+ biym + ci)

= ϕi
(
ai(

m+M
2 )− ai(M−m2 ) + biym + ci

)
= ϕi

(
ai(

m+M
2 ) + bi(ym − ai(M−m)

2bi
) + ci

)
= fi,m+M

2

(
ym − ai(M−m)

2bi

)
.

(9)
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Similarly, we have that

fi,M (yM ) = fi,m+M
2

(
yM +

ai(M −m)

2bi

)
. (10)

Using (9)-(10) and summing over i we get that

ϕ(m) + ϕ(M) =
∑n

i=1 fi,m+M
2

(
ym − ai(M−m)

2bi

)
+ fi,m+M

2

(
yM + ai(M−m)

2bi

)
≥ 2

∑n
i=1 fi,m+M

2

(ym+yM
2

)
≥ 2ϕ

(
m+M

2

)
,

where the first inequality is due to the convexity of fi,x(·) and the second inequality holds true because the
convexity of D ⊗ C implies that ym+yM

2 ∈ C(m+M
2 ). This completes the proof of convexity of ϕ(·) over

D. 2

Remark 4 If the set C(x) were a (fixed) compact interval that does not depend on the value of x then we
could get a much shorter proof using the following well-known result.

Proposition 2.16 Let a, b, c : A→R be functions over a convex set A, let b, c be convex over A, and let
f(·, ·) be an affine function over its variables. For all y ∈ A let a(y) = minx∈A{b(x) + c(f(x, y))}. Then
a is a convex function over A.

Note that the ϕ̆i(ψi(x, ·)) are convex and the minimization in (8) is taken over the entire compact interval
C(x). Therefore, by applying function APXARGMIN we can compute efficiently an additive approximation
for ϕ̄(x), for any x ∈ [A,B]. In Proposition 3.4 of the next section we will deal with a similar equation but
with ϕ̆i monotone rather than convex. We will perform the minimization over a certain finite subset of C(x)
of cardinality O(logΠ

εϕmax

Σ ) that we call a (Σ,Π)-approximation set.

3 Computing (Σ,Π)-approximation functions via (Σ,Π)-approximation sets

The basic idea underlying succinct (Σ,Π)-approximation functions is to keep only a number of points in
the domain that is logarithmic (with base Π) in ϕmax

Σ , in what is called a (Σ,Π)-approximation set, and then
interpolate between these points to approximate the original function ϕ. If ϕ is a convex (resp. monotone)
function, we use a piecewise linear function (resp. a step function) for the interpolation. We give some
definitions first (recall that the definition of piecewise linear extension is given at the end of Section 1).

Let ϕ : D→R be a function over a linearly ordered set D and let D′ ⊆ D be a finite set containing
Dmin, Dmax. The convex extension of ϕ induced by D′ is the function defined as the lower envelope of
the convex hull of {(x, ϕ(x)) | x ∈ D′}, which is piecewise linear. (Note that if ϕ is convex over D
then its convex extension induced by D′ is simply its piecewise linear extension induced by D′.) Given
x ∈ [Dmin, Dmax], for x < Dmax let next(x,D′) := min{y ∈ D′ | y > x}, and for x > Dmin let
prev(x,D′) := max{y ∈ D′ | y < x}. The monotone extension of ϕ induced by D′ is

ϕ̂(x) =

{
ϕ(x) if x ∈ D′;
max{ϕ(prev(x,D′)), ϕ(next(x,D′))} otherwise.

We are now ready to give a formal definition of (Σ,Π)-approximation sets.

Definition 3.1 ((Σ,Π)-approximation sets) Let Σ > 0 and Π ≥ 1, let ϕ : [A,B] → R+ be a unimodal
function, and letW ⊆ [A,B] be a finite set containing the endpointsA,B. Denote by ϕ̂ the piecewise linear
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1: Function FuncSearchInc(ϕ, [A,B], low(·), high(·))
2: if ϕ(B) ≤ high(B) then return B
3: while ϕ((A+B)/2) > high((A+B)/2) or ϕ((A+B)/2) < low((A+B)/2) do
4: if ϕ((A+B)/2) > high((A+B)/2) then B ← (A+B)/2 else A← (A+B)/2
5: end while
6: return (A+B)/2

Algorithm 2: FUNCTION FUNCSEARCHINC(ϕ, [A,B], low(·), high(·)) returns a point x ∈ [A,B] that
satisfies low(x) ≤ ϕ(x) ≤ high(x), if such a point exists, and point B otherwise.

(monotone) extension of ϕ induced by W in case ϕ is convex (monotone), respectively. We say that W is a
(Σ,Π)-approximation set of ϕ if ϕ̂ is a (Σ,Π)-approximation function of ϕ. If the set {(x, ϕ(x)) | x ∈W}
is sorted by x, we call it the canonical representation of ϕ̂.

Remark 5 By definition, W is a (0, 1)-approximation set of ϕ̂.

Remark 6 By definition, if ϕ is a κ-Lipschitz continuous convex function, then so is ϕ̂.

The basic routine that we employ to construct (Σ,Π)-approximation sets is essentially a modified binary
search, called FUNCSEARCHINC and given in Algorithm 2. This routine takes as input either a convex or
a monotone increasing Lipschitz continuous function ϕ : [A,B]→R+, and returns a point that is “sand-
wiched” between two given functions low(·), high(·). We define function FUNCSEARCHDEC similarly for
monotone decreasing functions.

Proposition 3.2 Given a κ-Lipschitz continuous function ϕ over the interval [A,B] and functions low(·)
and high(·) such that low(·) < high(·) and ϕ(A) < low(A), suppose that one of the following holds:

(i) ϕ is convex over [A,B] and low(·), high(·) are linear functions;
(ii) ϕ is monotone increasing and low(·), high(·) are constants;

(iii) ϕ is a not necessarily monotone (Σ,Π)-approximation of a monotone increasing function ψ.

Then function FUNCSEARCHINC (Alg. 2) returns in O
(

(1 + tϕ)(log (B−A)κ

high(B)−low(A)
)
)

time a point x that

satisfies low(x) ≤ ϕ(x) ≤ high(x) in cases (i) and (ii), low(x) ≤ ψ(x) ≤ high(x) in case (iii), if such a
point exists, and the point B otherwise.

Proof. Suppose first that the condition on line 2 is satisfied. If ϕ(B) ≥ low(B), we found a point
satisfying the desired condition and we are done. Otherwise, ϕ(A) < low(A), ϕ(B) < low(B), and we
handle cases (i)-(iii) as follows. Regarding cases (i)-(ii), either the convexity or the monotonicity of ϕ
implies that no point x satisfying low(x) ≤ ϕ(x) ≤ high(x) exists, and we are done returning B as the
failure condition. Regarding case (iii), we have that low(B) > ϕ(B) ≥ ψ(B) so the monotonicity of ψ
implies that no point x satisfying low(x) ≤ ψ(x) ≤ high(x) exists, and again we are done by returning B
as the failure condition.

If the condition on line 2 is not satisfied, the algorithm keeps the inequalities ϕ(B) > high(B) and
ϕ(A) < low(A) invariant throughout the execution of the while loop. Because ϕ is κ-Lipschitz continuous,

the minimum size of an interval where such invariants hold is high(B)−low(A)
κ . Therefore, running time is

O(log (B−A)κ

high(B)−low(A)
). Note that ϕ need not be monotone. 2

In the next subsections we design algorithms to construct (Σ,Π)-approximation sets that are specialized
to either monotone or convex functions. Our approach will recursively build such sets using an approxi-
mation for the DP recursion (3) as an approximate oracle for the next-stage value function. We start our
discussion with monotone functions because of their direct connection to the NNV problem.
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3.1 Monotone functions

The construction of (Σ,Π)-approximation sets relies on special structure of the functions to be approxi-
mated. In the monotone case, the approximate oracle obtained from the approximate DP recursion may not
preserve the structure. In other words, even if we know that the underlying value function is monotone, we
may obtain a non-monotone (Σ,Π)-approximation oracle for it, see Prop. 5.2. We first study the case in
which we have direct access to the original structured function, then proceed to the more complicated case
in which we only have access to an unstructured approximation oracle of the original structured function.

3.1.1 Direct access to ϕ

The first building block for our approximation scheme is a procedure that constructs a (Σ,Π)-approximation
set for a monotone increasing function ϕ. We call it APXSETINC, see Alg. 3.

1: Function ApxSetInc(ϕ, [A,B],Σ,Π)
2: x← A, W ← {A,B}
3: while x < B do
4: x← FUNCSEARCHINC(ϕ, [x,B], 1

2 (Π + 1)ϕ(x) + Σ/2,Πϕ(x) + Σ)
5: W ←W ∪ {x}
6: end while
7: return W

Algorithm 3: FUNCTION APXSETINC(ϕ, [A,B],Σ,Π)

We define function APXSETDEC similarly for monotone decreasing functions, and define function
APXSETMON to equal APXSETINC whenever ϕ is increasing and equal APXSETDEC otherwise.

Sometimes, direct access to a monotone increasing function ϕ : [A,B]→R+ is time-consuming, there-
fore it is beneficial to construct an explicit succinct approximation of that function. We define function
COMPRESSINC for this purpose.

1: Function CompressInc(ϕ, [A,B],Σ,Π)
2: W ← APXSETINC(ϕ, [A,B],Σ,Π)
3: return {(x, ϕ(x)) | x ∈W} as a sorted array

Algorithm 4: FUNCTION COMPRESSINC returns a canonical representation of a step (Σ,Π)-approximation
of an increasing function ϕ.

We similarly define function COMPRESSDEC for decreasing functions and define function COMPRESS-
MON to be COMPRESSINC when ϕ is increasing and to be COMPRESSDEC when ϕ is decreasing. We
are now ready to state our next result. (Recall that the definition of canonical representations is given in
Definition 3.1.)

Proposition 3.3 (Approximation of a monotone function with direct access) Let ϕ : [A,B]→R+ be a
κ-Lipschitz continuous monotone function. Then for every constants Σ > 0, Π = 1 + ε > 1 the follow-
ing holds. (i) APXSETMON(ϕ, [A,B],Σ,Π) and COMPRESSMON(ϕ, [A,B],Σ,Π) construct a (Σ,Π)-
approximation set W for ϕ of cardinality O

(
1
ε log εϕmax

Σ

)
in O

(
(1 + tϕ)(1

ε log εϕmax

Σ ) log (B−A)κ
Σ

)
time.

(ii) COMPRESSMON(ϕ, [A,B],Σ,Π) returns the canonical representation of the monotone extension of ϕ
induced by W , ϕ̂, which is a monotone step (Σ,Π)-approximation function of ϕ. Moreover, the value of
ϕ̂(·) can be determined in O(log |W |) time at any point in [A,B].

Proof. Let ε = Π− 1. We consider first the cardinality of W . By step 4 of the algorithm, the difference
between the values of ϕ(·) on successive values of x is at least Σ/2, so after O(1

ε ) iterations we get that
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ϕ(x) > Σ/ε. By the same step of the algorithm, the ratio between the values of ϕ(·) on successive values
of x is at least 1 + ε/2, so after O(logΠ

εϕmax

Σ ) more iterations we get that the value of ϕ(x) must reach
ϕmax. The bound on the cardinality of W follows from the fact that O(logΠ v) = O( log v

ε ) holds true for all
0 < ε < 1 and v > 0.

We next prove that W is a (Σ,Π)-approximation set of ϕ. We assume w.l.o.g. that ϕ is increasing.
Clearly, A,B ∈ W . Let x ∈ [A,B]. If x ∈ W , then from the definition of the monotone extension
of ϕ induced by W we get ϕ̂(x) = ϕ(x). Otherwise, ϕ̂(x) = max{ϕ(prev(x,W )), ϕ(next(x,W ))} =
ϕ(next(x,W )). By the construction ofW we get thatϕ(next(x,W )) ≤ Πϕ(prev(x,W ))+Σ. By the mono-
tonicity of ϕ we have ϕ(prev(x,W )) ≤ ϕ(x) ≤ ϕ(next(x,W )), so ϕ̂ is indeed a (Σ,Π)-approximation
function of ϕ.

The running time of the algorithm follows from the fact that each call to FUNCSEARCH takes O((1 +

tϕ) log (B−A)κ
Σ ) time.

If ϕ̂ is stored in a sorted array {(x, ϕ(x)) | x ∈ W}, then for every x ∈ [A,B], we can determine the
value of ϕ̂(x) in O(log |W |) time using binary search. 2

In the next section we will show how to use functions APXSETMON and COMPRESSMON with a not
necessarily monotone function ψ that approximates a monotone function ϕ. The key building block is still
function FUNCSEARCHINC from Section 3, that also works on such functions ψ.

3.1.2 Approximate (indirect) access to ϕ

A difficulty that arises when working with continuous DPs is that the minimization over the action space in
(3) may be too time-consuming, i.e. not doable in finite time because of the infinite action space. A further,
more subtle difficulty is that we do not know how to efficiently construct an approximate monotone oracle for
the value function. The next proposition deals with these two difficulties by constructing a not necessarily
monotone oracle, and performing the minimization via an exhaustive search over a polylogarithmic-size
subset of the action space, constructed as the union of a small number of (Σ,Π)-approximation sets.

Proposition 3.4 For i = 1, . . . , n, let Σi,Σ
′
i ≥ 0, Πi,Π

′
i ≥ 1, let ϕi : [A,B] → R+, let ϕ̃i be a (Σi,Πi)-

approximation of ϕi, and let ψi : [A,B] ⊗ C → [A,B] be a function such that for any fixed x ∈ [A,B],
ϕ̃i(ψi(x, ·)) is monotone over a compact interval C(x) = [Cmin(x), Cmax(x)]. Let m be an integer such
that 1 ≤ m ≤ n. For any i = 1, . . . ,m let Wi(x) ⊆ C(x) be a (Σ′i,Π

′
i)-approximation set of ϕ̃i(ψi(x, ·))

over C(x). Let ϕ, ϕ̃ : [A,B]→ R+ be such that

ϕ(x) = min
y∈C(x)

{
n∑
i=1

ϕi(ψi(x, y))

}
and ϕ̃(x) = min

y∈
⋃m

i=1 Wi(x)

{
n∑
i=1

ϕ̃i(ψi(x, y))

}
.

Suppose that function ϕ̃i(ψi(x, ·)) is monotone in one direction (e.g., increasing) for i = 1, . . . ,m and is
monotone in the other direction (e.g., decreasing) for i = m+ 1, . . . , n and any fixed x ∈ [A,B]. Then ϕ̃ is
a
(∑m

i=1(Σ′i + Π′iΣi) +
∑n

i=m+1 Σi,max{Π1Π′1, . . . ,ΠmΠ′m,Πm+1, . . . ,Πn}
)
-approximation of ϕ.

Proof. We prove that ϕ̃ is a (
∑m

i=1 (Σ′i+Π′iΣi)+
∑n

i=m+1 Σi,max{Π′1Π1, . . . ,Π
′
mΠm,Πm+1,Πm+1, . . . ,Πn})-

approximation of ϕ.
Consider any fixed x ∈ [A,B]. Let y@ ∈

⋃m
i=1Wi(x) be a realizer of ϕ̃(x); that is, ϕ̃(x) =

∑n
i=1 ϕ̃i(ψi(x, y

@)).
By composition of approximation (Proposition 2.13), ϕ̃i(ψi(x, ·)) is a (Σi,Πi)-approximation ofϕi(ψi(x, ·))
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for i = 1, . . . , n, and therefore,

ϕ(x) = min
y∈C(x)

{
n∑
i=1

ϕi(ψi(x, y))

}
≤

n∑
i=1

ϕi(ψi(x, y
@)) ≤

n∑
i=1

ϕ̃i(ψi(x, y
@)) = ϕ̃(x).

Let y∗ be the smallest realizer of ϕ(x).
We first consider the scenario where m 6= n and divide the analysis into two cases.

Case 1: ϕ̃1(ψ1(x, ·)) is increasing, and ϕ̃n(ψn(x, ·)) is decreasing. In this case, for i = 1, . . . ,m, define
y′i = y∗ if y∗ ∈ Wi(x), and define y′i = next(y∗,Wi(x)) if y∗ /∈ Wi(x). Because Wi(x) is a (Σ′i,Π

′
i)-

approximation set of ϕ̃i(ψi(x, ·)), we have ϕ̃i(ψi(x, y′i)) ≤ Σ′i + Π′iϕ̃i(ψi(x, y
∗)) for i = 1, . . . ,m. Let

y′ = mini=1,...,m{y′i}. For i = 1, . . . ,m, since ϕ̃i(ψi(x, ·)) is increasing, we have

ϕ̃i(ψi(x, y
′)) ≤ ϕ̃i(ψi(x, y′i)) ≤ Σ′i + Π′iϕ̃i(ψi(x, y

∗)) ≤ Σ′i + Π′i(Σi + Πiϕi(ψi(x, y
∗))), (11)

where the last inequality follows from the fact that ϕ̃i(ψi(x, ·)) is a (Σi,Π
′
i)-approximation of ϕi(ψi(x, ·)).

For i = m+ 1, . . . , n, since ϕ̃i(ψi(x, ·)) is decreasing and y′ ≥ y∗, we have ϕ̃i(ψi(x, y′)) ≤ ϕ̃i(ψi(x, y∗)).
This, together with the fact that ϕ̃i(ψi(x, ·)) is a (Σi,Πi)-approximation of ϕi(ψi(x, ·)), we have

ϕ̃i(ψi(x, y
′)) ≤ Σ′i + Πiϕi(ψi(x, y

∗)) (12)

for i = m+ 1, . . . , n. Because y′ ∈
⋃m
i=1Wi(x), we have

ϕ̃(x) ≤
n∑
i=1

ϕ̃i(ψi(x, y
′)). (13)

From (11), (12), and (13), we have

ϕ̃(x) ≤
m∑
i=1

ϕ̃i(ψi(x, y
′)) +

n∑
i=m+1

ϕ̃i(ψi(x, y
′))

≤
m∑
i=1

(Σ′i + Π′i(Σi + Πiϕi(ψi(x, y
∗)))) +

n∑
i=m+1

(Σi + Πiϕi(ψi(x, y
∗)))

≤
m∑
i=1

(Σ′i + Π′iΣi) +

n∑
i=m+1

Σi + max{Π′1Π1, . . . ,Π
′
mΠm,Πm+1,Πm+1, . . . ,Πn}ϕ(x).

(14)

Case 2: ϕ̃1(ψ1(x, ·)) is decreasing, and ϕ̃n(ψn(x, ·)) is increasing. In this case, for i = 1, . . . ,m, define
y′i = y∗ if y∗ ∈Wi(x), and define y′i = prev(y∗,Wi(x)) if y∗ /∈Wi(x). Letting y′ = maxi=1,...,m{y′i} ≤ y∗
and following the same argument as in Case 1, it is easy to verify that inequality (14) holds.

Next, we consider the scenario where m = n. If ϕ̃i(ψi(x, ·)) is increasing for i = 1, . . . , n, then
inequality (11) holds for i = 1, . . . , n, and therefore (14) remains valid. On the other hand, if ϕ̃i(ψi(x, ·))
is decreasing for i = 1, . . . , n, then inequality (12) holds for i = 1, . . . , n, which implies that ϕ̃(x) ≤∑n

i=1 ϕ̃i(ψi(x, y
′)) ≤

∑n
i=1(Σi+Πiϕi(ψi(x, y

∗))) ≤
∑n

i=1 Σi+max{Π1, . . . ,Πn}ϕi(x) ≤
∑m

i=1 (Σ′i+
Π′iΣi) +

∑n
i=m+1 Σi + max{Π′1Π1, . . . ,Π

′
mΠm,Πm+1,Πm+1, . . . ,Πn}ϕ(x). This completes the proof

of the proposition. 2

Note that ϕ̃ in Prop. 3.4 is not ensured to be monotone. (Σ,Π)-approximation sets for functions that
are neither monotone nor convex are not well defined. However, if the function ϕ that ϕ̃ approximates is
a monotone function, we can still build for ϕ a (Σ,Π)-approximation set having access to ϕ̃ only, as the
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following proposition shows. (See [HKL+14, Sec. 4.2] for a detailed discussion on approximate indirect
access to monotone discrete functions.)

Proposition 3.5 (Approximation of a monotone function via (Σ′,Π′)-approximation oracle) Letϕ : [A,B]→R+

be a κ-Lipschitz continuous monotone function. Let ϕ̄ be a not necessarily monotone (Σ′,Π′)-approximation
function ofϕ. Then for every constants Σ > 0,Π = 1+ε > 1 the following holds (i) APXSETMON(ϕ̄, [A,B],Σ,Π)

and COMPRESSMON(ϕ̄, [A,B],Σ,Π) construct a set W of cardinality O
(

1
ε log εϕmax

Σ

)
in

O
(

(1 + tϕ̄)(1
ε log εϕmax

Σ ) log (B−A)κ
Σ

)
time. (ii) COMPRESSMON(ϕ̄, [A,B],Σ,Π) returns the canonical

representation of the monotone extension of ϕ̄ induced by W , ˆ̄ϕ, which is a monotone step (Σ + ΠΣ′,Π′Π)-
approximation function of ϕ. Moreover, ˆ̄ϕ(·) can be determined in O(log |W |) time at any point in [A,B].

Proof. Let ε = Π − 1. Note that while ϕ̄ is not necessarily monotone over [A,B], by the construction
of W it is monotone over W . The proofs of the bound on the cardinality of W and on the running time of
the algorithm are identical to the ones given in Proposition 3.3.

We next prove that the monotone extension of ϕ̄ induced by W , ˆ̄ϕ is a (Σ + ΠΣ′,Π′Π)-approximation
function of ϕ. Note that A,B ∈ W . Let x ∈ [A,B]. We assume w.l.o.g. that ϕ is increasing. If x ∈ W ,
then from the definition of the monotone extension of ϕ̄ induced byW we get ˆ̄ϕ(x) = ϕ̄(x) ≤ Σ′+Π′ϕ(x).
Otherwise,

ˆ̄ϕ(x) = max{ϕ̄(prev(x,W )), ϕ̄(next(x,W ))} = ϕ̄(next(x,W )). (15)

By the construction of W we get that

ϕ(next(x,W )) ≤ Πϕ(prev(x,W )) + Σ. (16)

We therefore have

ϕ(x) ≤ ϕ(next(x,W )) ≤ ˆ̄ϕ(x) = ϕ̄(next(x,W ))

≤ Πϕ̄(prev(x,W )) + Σ ≤ Π(Σ′ + Π′ϕ(prev(x,W ))) + Σ ≤ Π(Σ′ + Π′ϕ(x)) + Σ,

where the equality is due to (15), the first and fifth inequalities are due to the monotonicity of ϕ, the second
and forth inequalities are because ϕ̄ is a (Σ′,Π′)-approximation of ϕ, and the third inequality is due to (16).
We conclude that ˆ̄ϕ is indeed a (Σ + ΠΣ′,Π′Π)-approximation function of ϕ.

If ˆ̄ϕ is stored in a sorted array {(x, ϕ̄(x)) | x ∈ W}, then for every x ∈ [A,B], we can determine the
value of ˆ̄ϕ(x) in O(log |W |) time using binary search. 2

3.2 A (Σ,Π)-FPTAS for the nonlinear newsvendor

The examples of cost functions given in Fig. 1 are not always Lipschitz continuous or even continuous,
due to presence of setup costs. To deal with certain types of discontinuities, we relax requirements on
the cost functions to piecewise Lipschitz continuity with explicitly-given discontinuity points. We extend
the definition of (Σ,Π)-approximation sets to monotone functions over non-compact intervals, i.e., for ϕ
increasing over (A,B] and for ϕ decreasing over [A,B), in the most natural way. We modify the routine
APXSETINC for functions over non-compact intervals (A,B] by changing step 2 of Algorithm 3 to x← A,
W ← {B}.

Suppose now that ϕ is monotone increasing and α-piecewise Lipschitz continuous over the interval
[A,B], with explicitly-given discontinuity points A1, . . . , Aα−1 and the property that it is Lipschitz contin-
uous over the subintervals [A,A1]; (A1, A2]; . . . (Aα−1, B]. (For ease of notation, we assume Aα = B,
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and if ϕ is Lipschitz continuous over [A,B] we say that it is 1-piecewise Lipschitz continuous.) Using func-
tion APXSETINC we build (Σ,Π)-approximation sets W1, . . . ,Wα of ϕ over these subintervals. It follows
directly from the definition of (Σ,Π)-approximation sets that W := ∪αi=1Wi is a (Σ,Π)-approximation set
of ϕ over the entire interval [A,B].

Similarly, suppose ϕ is monotone decreasing, α-piecewise Lipschitz continuous over the interval [A,B],
and Lipschitz continuous over the subintervals [A,A1); [A1, A2); . . . [Aα−1, B]. If W1, . . . ,Wα are
(Σ,Π)-approximation sets of ϕ over these subintervals, it is easy to verify that W := ∪αi=1Wi is a (Σ,Π)-
approximation set of ϕ over [A,B].

Remark 7 Under the oracle model, the assumption that the discontinuity points are given explicitly cannot
be dropped: if ϕ : [0, 1]→R+ is such that ϕ(x) = 0 for x ≤ a, a ∈ [0, 1], and ϕ(x) = 2 for x ∈ (a, 1],
constructing a (1, 2)-approximation of ϕ may require an infinite number of queries to ϕ in general.

The results presented in the preceding subsection can be directly applied to construct a (Σ,Π)-FPTAS
for the continuous NNV, as is shown next. The following theorem is a generalization of Thm. 1.4.

Theorem 3.6 Consider a continuous newsvendor problem with explicitly given discrete demand D, and
monotone ordering, shortage and holding cost functions accessible via a monotone (Σ,Π)-FPTAS. Suppose
that either the shortage cost or both the ordering and holding costs are piecewise κ-Lipschitz continuous
with explicitly-given discontinuity points. Then for any 0 < ε < 1 and δ > 0, one can compute a (δ, 1 + ε)-
approximation of the optimal cost and a corresponding order quantity in time polynomial in 1

ε , log 1
δ , log κ

and the binary input size.

Proof. Let the demand D take values d1 < · · · < d` with probability p1, . . . , p`. The total cost can be
written as:

min
x

E [b(D − x) + h(x−D)] + c(x).

This can be expanded as:

min
x

∑̀
i=1

pib(di − x) +
∑̀
i=1

pih(x− di) + c(x).

Notice that b(di−x) is monotone decreasing in x, whereas both h(x−di) and c(·) are monotone increasing.
Without loss of generality we assume that b(·) is α-piecewise κ-Lipschitz continuous over [d1, . . . , d`] with
discontinuity points a1, . . . , aα−1. (The case where both h(·) and c(·) are piecewise κ-Lipschitz continuous
can be treated similarly.)

We denote by b̃(·), h̃(·), c̃(·) the monotone ( δ
6(1+ε/4) , 1 + ε/4)-approximations of b(·), h(·), c(·) that are

realized by calling the (Σ,Π)-FPTASs for b(·), h(·), c(·) with parameters set to Σ = δ
6(1+ε/4) , Π = 1 + ε/4.

Using Prop. 3.3, we compute ( δ2 , 1 + ε/4)-approximation sets Sb1, . . . , S
b
α of size O(1

ε log εbmax

δ ) for b̃(x)

over the intervals [d1, a1); . . . ; [aα−2, aα−1); [aα−1, d`] in O(αε log εbmax

δ log κ(d`−d1)
δ ) total time. Note

that W b := ∪αi=1S
b
i is a ( δ2 , 1 + ε/4)-approximation set of b̃(·) over [d1, d`]. By Prop. 2.13 (linearity of

approximation and composition of approximation) we obtain a (piδ2 , 1 + ε/4)-approximation set W b
i for

pib̃(di − x) for all i = 1, . . . , `, by shifting the points in the approximation set.
We now apply Prop. 3.4 with n = 2`+ 1, m = `; for i = 1, . . . , ` we set ϕi(·) = pib(·), ϕ̃i(ψi(x, y)) =

pib̃(di − y), Σi = piδ
6(1+ε/4) , Πi = 1 + ε/4, Wi(x) = W b

i , Σ′i = piδ
2 , Π′i = 1 + ε/4; for i = `+ 1, . . . , 2` we

set ϕi(·) = pi−`h(·), ϕ̃i(ψi(x, y)) = pi−`h̃(y−di−`), Σi =
pi−`δ

6(1+ε/4) , Πi = 1+ε/4. We set ϕ2`+1(·) = c(·),

ϕ̃2`+1(ψ2`+1(x, y)) = c̃(y), Σ2`+1 = δ
6(1+ε/4) and Π2`+1 = 1 + ε/4. We obtain that ϕ̃(0) as defined in
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1: Function ApxSetConvInc(ϕ, [A,B],Σ,Π)
2: x← FUNCSEARCHINC(ϕ, [A,B], ϕ(A) + Σ/3, ϕ(A) + 2Σ/3)

3: ∆ẋ ← x−A, σ̇ϕ(x)← ϕ(x)−ϕ(A)
∆ẋ

, W ← {A, x,B}
4: while x < B do
5: x← FUNCSEARCHINC(ϕ, [x,B], 1

2 (Π + 1)(ϕ(x) + σ̇ϕ(x)(· − x)) + Σ/2,Π(ϕ(x) + σ̇ϕ(x)(· − x)) + Σ)

6: W ←W ∪ {x}, σ̇ϕ(x)← ϕ(x)−ϕ(x−∆ẋ)
∆ẋ

7: end while
8: return W

Algorithm 5: FUNCTION APXSETCONVINC(ϕ, [A,B],Σ,Π)

Prop. 3.4 is a (δ, 1 + ε)-approximation of:

ϕ(0) = min
y∈[d1,d`]

∑̀
i=1

pib(di − y) +
∑̀
i=1

pih(y − di) + c(y).

(In the computation of the approximation factor, remember that 1 + ε/4 ≤
√

1 + ε for all ε ≤ 1.) But this
is exactly the expression of the optimal cost for the newsvendor problem. The y that attains the minimum
is the corresponding order quantity. To compute such minimum we need to build and scan all the sets W b

i ,
which brings the overall time requirement to O(αε log εbmax

δ log κ(d`−d1)
δ + α`

ε log εbmax

δ ). 2

We note that Theorem 3.6 can be generalized to the case in which the cost functions are accessed via not
necessarily monotone (Σ,Π)-FPTASs. In this case we will use Prop. 3.5 instead of Prop. 3.3.

3.3 Convex functions

The difficulties stated in Sect. 3.1.2 can be easily overcome in the convex case because we can use APXARGMIN

to approximately minimize over the action space, and the APXARGMIN operator applied to a convex value
function preserves convexity.

Algorithm 5 (called APXSETCONVINC) constructs a (Σ,Π)-approximation set for a convex function
ϕ that decreases by at most Σ/3 before being monotone increasing. We briefly overview the algorithm.
Step 2 finds a point x such that ϕ is ensured to be monotone increasing over [x,B]. We then iteratively
apply FUNCSEARCHINC to find additional points to be added to the approximation set. The values of the
parameters low(·) and high(·) in the call to FUNCSEARCHINC in step 5 ensure the following properties at
each iteration: (i) the value of ϕ increases by at least Σ/2 and at most Σ; (ii) the value of ϕ increases by
an additional multiplicative factor of at least 1 + ε/2 and at most 1 + ε; (iii) the slope of ϕ increases by a
multiplicative factor of at least 1+ε/2 and at most 1+ε. Properties (i)-(ii) ensure that we construct a (Σ,Π)-
approximation set of ϕ, property (iii) accelerates the algorithm. In the first iterations of the while loop, if the
slope and the value of ϕ are both very close to 0, the additive increase of Σ/2 is the main workhorse. After
at most 2/ε iterations, the value of ϕ is at least Σ/ε, so the multiplicative increase (ii) becomes dominant
over the additive increase (i).

We define function APXSETCONVDEC similarly for convex decreasing functions that increase by at
most Σ/3 after their arg min , and define function APXSETCONV that constructs a (Σ,Π)-approximation
sets for convex functions, see Algorithm 6. Similar to the monotone case, we define a function COM-
PRESSCONV to construct an explicit succinct approximation of a function that is too expensive to access
directly.

Let x̃ be the value computed in step 2 of Algorithm 6. Let ẋ (resp. ẍ) be the value of x computed in
step 2 of Algorithm 5 (resp. of function APXSETCONVDEC) when called by step 3 of Algorithm 6. Let
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1: Function ApxSetConv(ϕ, [A,B],Σ,Π)
2: x̃← APXARGMIN(ϕ, [A,B],Σ/3)
3: return APXSETCONVDEC(ϕ, [A, x̃],Σ,Π) ∪ APXSETCONVINC(ϕ, [x̃, B],Σ,Π)

Algorithm 6: FUNCTION APXSETCONV(ϕ, [A,B],Σ,Π)

1: Function CompressConv(ϕ, [A,B],Σ,Π)
2: W ← APXSETCONV(ϕ, [A,B],Σ,Π)
3: return {(x, ϕ(x)) | x ∈W} as a sorted array

Algorithm 7: FUNCTION COMPRESSCOV returns a canonical representation of a piecewise linear convex
(Σ,Π)-approximation function of a convex function ϕ.

∆ẋ := ẋ − x̃ and ∆ẍ := x̃ − ẍ. Let σ̇ϕ(x) := ϕ(x)−ϕ(x−∆ẋ)
∆ẋ

be a lower bound on the slope of ϕ at x for

any x ≥ ẋ. Let σ̈ϕ(x) := ϕ(x)−ϕ(x+∆ẍ)
∆ẍ

be a lower bound on the absolute value of the slope of ϕ at x for
any x ≤ ẍ. Let ẋ′ be ẋ if ϕ(ẋ) > Σ/ε and otherwise be arg minx>ẋ ϕ(x) = Σ/ε. Similarly, let ẍ′ be ẍ if
ϕ(ẍ) > Σ/ε and otherwise be arg maxx<ẍ ϕ(x) = Σ/ε. (Thus, note that A ≤ ẍ′ ≤ ẍ < x̃ < ẋ ≤ ẋ′ ≤ B
holds.) Let σmax

ϕ := max{σ̈ϕ(A), σ̇ϕ(B)}. Let σmin
ϕ := min{σ̈ϕ(ẍ′), σ̇ϕ(ẋ′)} be a lower bound on the

absolute value of σϕ over [A, ẍ′] ∪ [ẋ′, B]. We are now ready to state our next result. (Recall that the
definition of canonical representations is given in Definition 3.1.)

Proposition 3.7 (Approximation of a convex function with direct access) Let ϕ : [A,B]→R+ be a κ-
Lipschitz continuous convex function. Then for every constants Σ > 0 and Π = 1 + ε > 1 the follow-
ing holds. (i) APXSETCONV(ϕ, [A,B],Σ,Π) and COMPRESSCONV(ϕ, [A,B],Σ,Π) construct a (Σ,Π)-
approximation set W for ϕ of cardinality O

(
1
ε log min{σ

max
ϕ

σmin
ϕ

, εϕ
max

Σ }
)

in

O
(

(1 + tϕ)(1
ε log min{σ

max
ϕ

σmin
ϕ

, εϕ
max

Σ }) log κ(B−A)
Σ

)
time. (ii) COMPRESSCONV(ϕ, [A,B],Σ,Π) returns the

canonical representation of the piecewise linear extension ofϕ induced byW , ϕ̂, which is a convex piecewise
linear κ-Lipschitz (Σ,Π)-approximation of ϕ. Moreover, the value of ϕ̂(·) can be determined inO(log |W |)
time at any point in [A,B].

Proof. Let x̃, ẋ, ẋ′, ẍ, ẍ′ be as defined in Section 3.3. By Proposition 2.2, ϕ(x̃) is an additive Σ/3-
approximation of ϕmin. Therefore, ϕ : [A, x̃]→R+ increases by at most Σ/3 after its true argmin over
[A, x̃], and ϕ : [x̃, B]→R+ decreases by at most Σ/3 between x̃ and its true argmin. Thus, the calls to
APXSETCONVINC and APXSETCONVDEC are well defined. We next prove (i) and (ii) for the restriction of
ϕ over [x̃, B]. The proof for the restriction of ϕ over [A, x̃] is similar. Considering APXSETCONVINC, after
the first call to FUNCSEARCHINC (step 2), ϕ is ensured to be monotone increasing and convex over [ẋ, B].
Moreover, ϕ(ẋ) −min{ϕ(x) | x̃ ≤ x ≤ ẋ} ≤ Σ, so {x̃, ẋ} is a (Σ, 1)-approximation set of ϕ over [x̃, ẋ].
If ẋ 6= ẋ′ (i.e., if ϕ(ẋ) < Σ/ε), due to the parameters with which FUNCSEARCHINC is called in step 5, it
takes O(1/ε) iterations of the while loop until finding an x with ϕ(x) ≥ Σ/ε. It takes O(logΠ min{σ

max
ϕ

σmin
ϕ

,

εϕmax

Σ }) more iterations until the while loop is exhausted. The proof that the while-loop computes a (Σ,Π)-
approximation set of ϕ over [ẋ, B] follows from [HNO15, Thm. 3.2] coupled with the fact that ϕ(x) ≥ Σ/ε
over this interval. The bound on the running time follows from the fact that O(logΠ v) = O( log v

ε ) holds
true for all 0 < ε < 1 and v > 0.

Regarding the Lipschitz constant of ϕ̂, i.e., the slope of its rightmost linear piece, we note that due to
the convexity of ϕ, it is bounded by the slope of ϕ at B. 2

Whenever we access ϕ indirectly via a convex approximation ϕ̆ of it, Proposition 2.13(7) coupled with
Proposition 3.7 yields the following result.
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Proposition 3.8 Let Π,Π′ ≥ 1, Σ,Σ′ ≥ 0 be real numbers, and let ϕ : [A,B] be a convex function
over [A,B]. Let ϕ̆ be a κ-Lipschitz continuous convex (Σ′,Π′)-approximation function of ϕ. Then func-

tion COMPRESSCONV(ϕ̆, [A,B],Σ,Π) returns inO
(

(1 + tϕ̆)(1
ε log min{σ

max
ϕ̆

σmin
ϕ̆

, εϕ̆
max

Σ }) log κ(B−A)
Σ

)
time

a (Σ,Π)-approximation setW of ϕ̆, together with the canonical representation of the piecewise linear exten-
sion of ϕ̆ induced by W , ˆ̆ϕ. Moreover, ˆ̆ϕ is a κ-Lipschitz continuous convex (Σ + ΠΣ′,Π′Π)-approximation
of ϕ.

Proof. By property (ii) of Proposition 3.7, the piecewise linear extension of ϕ̆ induced by W is a
convex (Σ,Π)-approximation of ϕ̆, and by approximation of approximation (Proposition 2.13), it is a (Σ +
ΠΣ′,Π′Π)-approximation of ϕ. The rest of the proof follows from Proposition 3.7 2

4 DP model statement

We now describe the DP models that we consider in this paper, and in subsequent sections we will construct
approximation algorithms for them using the machinery developed so far. We consider a discrete-time finite-
horizon stochastic DP with continuous state and action spaces as described in Section 1. Then the expression
in (3) can be rewritten as:

EDt {gt(It, xt, Dt) + zt+1(ft(It, xt, Dt))} =

nt∑
j=1

pt,j

[
gt(It, xt, dt,j) + zt+1(ft(It, xt, dt,j))

]
. (17)

In our analysis, the following notation will be used.

nt = |Dt| : maximum number of different values that Dt can take;

n∗ = maxt nt : maximum number of different values that Dt can take over the entire time horizon;

US = maxt=1,...,T+1(Smax
t − Smin

t ) : maximum length of the state space;

UA = maxt maxIt∈St(Amax
t (It)−Amin

t (It)) : maximum length of the action space;

gmax
t = maxI∈St, x∈At(I), d∈Dt

gt(I, x, d) : maximum cost value in time period t, t = 1, . . . , T ;

gmax
T+1 = maxI∈ST+1

gT+1(I);

Ug = maxt=1,...,T+1 g
max
t : maximum cost value in a time period;

κ : largest Lipschitz constant among all the functions mentioned in Condition 2 below.

To derive a (Σ,Π)-FPTAS for the DP, the following conditions are needed (recall that the definition of
the operator ⊗ is given at the end of Section 1):

Condition 1 ST+1,St,At(It) are compact intervals on the real line, for It ∈ St and t = 1, . . . , T . For
every t = 1, . . . , T , the number of different values the random variable Dt admits with positive probability
is a given integer nt, and its probability distribution function is given as nt ordered pairs (dt,i, pti), where
pt,i = Prob(Dt = dt,i) for i = 1, . . . , nt.

Condition 2 For every t = 1, . . . , T + 1, the functions ft, gt are either given explicitly (i.e., as explicit
formulae) or accessed via value oracles; ft, gt and the lower and upper envelopes of ∪It∈StAt(It) (i.e.,
functions Amin

t (·),Amax
t (·)) are all Lipschitz continuous functions; gt is nonnegative.
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Condition 3 At least one of the following properties holds:

(i) (Increasing DP) Function gT+1 is increasing. For t = 1, . . . , T , function ft is increasing in its first
variable and monotone in its second variable, and gt is monotone in its second variable. For each
t = 1, . . . , T , either zt is increasing, or gt is increasing in its first variable and At(I) ⊆ At(I ′) for
all I, I ′ ∈ St with I ≥ I ′.

(ii) (Decreasing DP) Function gT+1 is decreasing. For t = 1, . . . , T , function ft is increasing in its first
variable and monotone in its second variable, and gt is monotone in its second variable. For each
t = 1, . . . , T , either zt is decreasing, or gt is decreasing in its first variable and At(I) ⊆ At(I ′) for
all I, I ′ ∈ St with I ≤ I ′.

(iii) (Convex DP) The function gT+1 is convex over ST+1. For t = 1, . . . , T , the set St ⊗ At is con-
vex. The function gt can be expressed as gt(I, x, d) = gIt (I, d) + gxt (x, d) + gut (ft(I, x, d)), where
gIt (·, d), gxt (·, d), gut (·) are univariate nonnegative Lipschitz continuous convex functions and ft is
linear and separable in its variables.

The input data of the problem includes the number of time periods T , the initial state I1, the constants
Ug, US , UA and the explicit description of the random variables as described in Condition 1. Our algo-
rithms run in time polynomial in the (binary enconding of the) input size. While our algorithms do not
require the values of the Lipschitz constants to be given, the running time depends polylogarithmically on
them, therefore we think of the Lipschitz constants as part of the input. We call a DP formulation (3)
monotone whenever it satisfies either Condition 3(i) or Condition 3(ii), and convex whenever it satisfies
Condition 3(iii).

We briefly highlight the main differences between the stochastic continuous DP model discussed in this
paper and the stochastic discrete DP model of [HKL+14, HNO15], besides the model of computation as
discussed in Sec. 2.1. Due to Proposition 2.11, in this paper we require that the functions ft and gt be
Lipschitz continuous. Furthermore, we include the maximum length of the state and action spaces as part
of the input data of the problem; in the discrete model this is not necessary, because [HKL+14, Condition
1] implies that these values are polynomially bounded by the input size. Finally, the convex case of the
discrete model requires the coefficients of x in the transition functions to be in {−1, 0, 1}, see [HKL+14,
Thm. 9.2]. In the present paper, this can be relaxed while preserving convexity of the value functions: we
require instead that the transition functions are linear functions that are separable in their variables.

Our main result (Theorem 1.6) is that every stochastic DP satisfying Conditions 1, 2 and 3 admits a
(Σ,Π)-FPTAS. Moreover, the approximation scheme succinctly (Σ,Π)-approximates z1 and returns an ap-
proximate policy. [HKL+14] presented seven stochastic problems that fit into their FPTAS framework.
Six of these problems (single-item inventory control, single-item batch dispatch, single-resource revenue
management, growth models, lifetime consumption of risky capital and cash management) seem to be more
naturally cast in a framework with continuous state and action spaces. It is easy to verify that these problems,
as described in [HKL+14], satisfy Conditions 1, 2 and 3, and therefore admit a (Σ,Π)-FPTAS as a conse-
quence of Theorem 1.6. In this sense we argue that the technical conditions 1-3 are not more restrictive than
the ones required for the FPTAS for the discrete DP model. In the Appendix we provide specific examples
of problems fitting in our framework: in Appendix B we discuss a continuous time-cost trade-off machine
scheduling problem and formulate it as a monotone DP that satisfies Conditions 1, 2 and 3. In Appendix C
we discuss an inventory control problem and formulate it as a convex DP that satisfies Conditions 1, 2 and 3.
In Appendix D we perform a computational evaluation of the proposed approximation scheme on instances
of the inventory control problem.

We prove Theorem 1.6 by efficiently constructing succinct (Σ,Π)-approximations of the value functions
zt by backward induction. Proposition 2.3 tells us that it is not possible in general to build a succinct
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additive Σ-approximation to zt. Corollary 2.5 tells us that it is not possible in general to build a succinct
multiplicative Π-approximation for zt. This implies that the proof approach of Theorem 1.6 cannot yield
additive or multiplicative approximations to stochastic continuous DPs. In fact, such approximations cannot
be obtained in general, as is stated below. The proof of the next result also implies Theorem 1.5.

Theorem 4.1 A stochastic continuous DP satisfying Conditions 1, 2 and 3 does not necessarily admit an
additive or a multiplicative approximation, regardless of the scheme used to build the approximation.

Proof. Consider first multiplicative approximations with the following deterministic convex single-
period DP. Let A be an arbitrary positive integer number, T = 1, S1 = S2 = [0, 2], A1(I) = [0, 2], ∀I ∈
S1, D1 ≡ 0, f1(I, x,D) ≡ 0, g2(I) ≡ 0 and g1(I, x, d) = ϕ(x), where ϕ ∈ Φ is a family of 1-Lipschitz
continuous convex functions over [0, 2] as defined in the proof of Proposition 2.4. It is easy to verify that
Conditions 1 and 2 are satisfied. By defining gI1 = gu1 ≡ 0 and gx1 (x) = ϕ(x) we get that Condition 3(iii) is
also satisfied, so we get indeed a continuous DP which fits into our model. Note that z1(I) = 0 if and only
if ϕmin = 0 for all I ∈ [0, 2]. Since any multiplicative approximation of z1(I) is 0 if and only if z1(I) = 0,
this cannot be computed in finite time due to Proposition 2.4. As each call to the oracle described in the
proof of Proposition 2.4 can be identified with a discretization point, Theorem 1.5 follows with relative
errors.

We next consider additive approximations with the following deterministic monotone DP. Let A be
an arbitrary positive integer number, T = 1, S1 = S2 = [0, A], A1(I) = [0, A], ∀I ∈ S1, D1 ≡
0, f1(I, x,D) = x, g2(I) = A + ϕ∗(I) and g1(I, x, d) = A − ϕ(x), where ϕ∗ and ϕ ∈ Φ are Lipschitz
continuous nonnegative monotone functions as defined in the proof of Proposition 2.3. It is easy to verify
that Conditions 1 and 2 are satisfied. Moreover, g1 is monotone decreasing in its second variable and g2 is
monotone increasing so Condition 3(i) is also satisfied, so we get indeed a continuous increasing DP. Note
that z1(I) = 2A if ϕ ≡ ϕ∗ and z1(I) = 2A − 2Σ if ϕ = ϕi as defined in the proof of Proposition 2.3 by
choosing action x = i. Since any additive Σ-approximation value of z1(I) is at most 2A − Σ if z1(I) =
2A − 2Σ, and is at least 2A if z1(I) = 2A we get a separation between these two cases. But due to
Proposition 2.3 this cannot be computed in time polynomial in logA. As each point in the representation
described in Proposition 2.3 can be identified with a discretization point, Theorem 1.5 follows with additive
errors.

2

5 From (Σ,Π)-approximation sets and functions to DP

The remainder of this paper concerns the construction of approximation schemes for DPs using the concept
of (Σ,Π)-approximation sets. Because the convex case (Condition 3(iii)) is considerably easier than the two
monotone cases, we always discuss it first to give an intuition of the main ideas.

Our first step is to state two propositions that link the notions of (Σ,Π)-approximation sets and functions
to DP. The first proposition deals with convex DPs and is applied when both gt and zt+1 are known to be
convex. Note that the minimization in equation (18), which is taken over the entire action space At(It), can
be performed efficiently by exploiting convexity of EDt{g̃t(It, ·, Dt)} and EDt{z̃t+1(ft(It, ·, Dt))}.

Proposition 5.1 Suppose the DP formulation (3) is convex, i.e. Condition 3(iii) is satisfied. Let (Σz,Πz), (Σg,Πg),
t, and It be fixed values, where Σz,Σg ≥ 0, Πz ≥ Πg ≥ 1, It ∈ St, and t ∈ [1, . . . , T ]. Let ğt(It, ·, dt,i) be
a κg-Lipschitz continuous convex (Σg,Πg)-approximation function of gt(It, ·, dt,i) for every i = 1, . . . , nt.
Let z̆t+1 be a κz-Lipschitz continuous convex (Σz,Πz)-approximation function of zt+1. Let κf be a bound
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on the Lipschitz constant of ft, and let κA be a bound on the Lipschitz constants of Amin
t (·),Amax

t (·). Let

z̄t(It) = min
xt∈At(It)

EDt

{
ğt(It, xt, Dt) + z̆t+1(ft(It, xt, Dt))

}
. (18)

Then, z̄t(·) is a convex (Σg + Σz,Πz)-approximation function of zt(·) over St. Moreover, for every It ∈
St, Σ > 0 an additive Σ-approximation value of z̄t(It), which is a (Σ + Σg + Σz,Πz)-approximation value

of zt(It), can be determined in O
(
nt(tğt + tft + tz̆t+1) log

(κg+κfκz)(1+κA)(Amax
t (It)−Amin

t (It))
Σ

)
time.

Proof. We apply Proposition 2.15 with the following parameter setting: Let [A,B] = St, C(·) =
At(·), n = 2nt, x = It, y = xt, and ϕ(·) = zt(·). For i = 1, . . . , nt, let ϕi(·) = pt,igt(It, ·, dt,i),
ϕ̆i(·) = pt,iğt(It, ·, dt,i), ψi(x, y) = y, and (Σi,Πi) = (pt,iΣ

g,Πg). For i = nt + 1, . . . , 2nt, let
ϕi(·) = pt,i−ntzt+1(·), ϕ̆i(·) = pt,i−nt z̆t+1(·), ψi(x, y) = ft(x, y, dt,i−nt), and (Σi,Πi) = (pt,i−ntΣ

z,Πz).
Because ğt(It, ·, dt,i) is a (Σg,Πg)-approximation of gt(It, ·, dt,i), by linearity of approximation (Proposi-
tion 2.13), ϕ̆i(·) is a (pt,iΣ

g,Πg)-approximation (i.e., (Σi,Πi)-approximation) of ϕi(·) for i = 1, . . . , nt.
Similarly, ϕ̆i(·) is a (pt,i−ntΣ

z,Πz)-approximation (i.e., (Σi,Πi)-approximation) of ϕi(·) for i = nt +
1, . . . , 2nt. Hence, by Proposition 2.15, ϕ̆ is a convex (Σg + Σz,max{Πg,Πz})-approximation of ϕ; that
is, z̄t is a (Σg + Σz,Πz)-approximation of zt.

We next turn to analyzing the running time. We note first that by Proposition 2.14 the Lipschitz con-
stant of z̄t is bounded by (κfκz)(1 + κA). We also note that for any fixed dt, function ft(It, ·, dt) is
linear. Thus, z̆t+1(ft(It, ·, dt)) is a convex function over A(It). Because a conical combination (i.e., linear
combination with nonnegative coefficients) of convex functions is convex, z̄t(It, ·) := EDt{ğt(It, ·, Dt) +
z̆t+1(ft(It, ·, Dt))} is a convex function over At(It), and therefore by Proposition 2.2 we can compute an
additive Σ-approximated minimum ˜̄zt(It) inO(log((κfκz)(1+κA)|At(It)|/Σ)) steps by performing binary
search over the interval At(It). As each of these steps involves nt queries to ğt, ft, and z̆t+1, the claimed
running time follows.

We conclude that ˜̄zt(It) is a (Σ + Σg + Σz,Πz)-approximation value of z̄t(It) due to approximation
of approximation (i.e., property 7 of Proposition 2.13 applied with parameters set to n = 2, ϕ1(·) =
z̄t(·), ϕ2(·) = ˜̄zt(·), (Σ1,Π1) = (Σg + Σz,Πz); (Σ2,Π2) = (Σ, 1)). 2

The second proposition deals with monotone DPs and is applied when function zt+1 is guaranteed to
be monotone. In equation (19) below, the function EDt{g̃t(It, ·, Dt)} + EDt{z̃t+1(ft(It, ·, Dt))} is not
necessarily convex, and therefore we cannot use binary search to determine its minimum point. To find an
efficient approximation, the minimization in equation (19) is over an approximation set. The proposition is
split into two cases. The first case is somewhat weaker, because it assumes that an inverse of the transition
function is available, which is actually the case in all of the applications in [HKL+14]. This allows us
to perform the minimization faster. The second case requires approximation sets for g̃t(It, ·, Dt,i), i =
1, . . . , nt, which results in a slower running time, but on the other hand does not require to have oracle
access to the inverse of the transition function ft(I, ·, Dt).

Proposition 5.2 Suppose the DP formulation (3) is monotone, i.e. Condition 3(i) or Condition 3(ii) are sat-
isfied. Let (Σz,Πz), (Σg,Πg), (ΣW ,ΠW ), t, and It be fixed values, where Σz,Σg,ΣW ≥ 0, Πz,ΠW ,Πg ≥
1, It ∈ St, t ∈ [1, . . . , T ], and ΠWΠg ≤ Πz . Let gt be as stated in Conditions 3(i) and 3(ii). Let z̃t+1 be
a monotone (Σz,Πz)-approximation of zt+1, and let g̃t(It, ·, Dt) be a monotone (Σg,Πg)-approximation of
gt(It, ·, Dt).

(i) For every fixed It and D, assume that we are given a value oracle to calculate the inverse of ft in its
second variable, f−1

t (It, w,D) = {arg minx∈At(It) ft(It, x,D) = w, arg maxx∈At(It) ft(It, x,D) =

w}. Let W be a (ΣW ,ΠW )-approximation set of z̃t+1, let f−1
t,i (It,W ) =

⋃
w∈W f−1

t (It, w, dt,i) and
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let W−1(It) =
(⋃nt

i=1 f
−1
t,i (It,W )

)
∪ {Amin

t (It),Amax
t (It)}. Let

z̄t(It) = min
xt∈W−1(It)

EDt

{
g̃t(It, xt, Dt) + z̃t+1(ft(It, xt, Dt))

}
. (19)

Then z̄t(It) is a (ΣW + ΠWΣz + Σg,ΠzΠW )-approximation value of zt(It).

(ii) Let Wi be a (ΣW ,ΠW )-approximation set of g̃t(It, ·, dt,i) over At(It), and let W−1(It) =
⋃nt
i=1Wi.

Then z̄t(It) as defined in (19) is a (ΣW + ΠWΣg + Σz,Πz)-approximation value of zt(It).

In both cases, z̄t(·) is not necessarily monotone and its value on any It can be determined in O(nt(tg̃t +
tft + tz̃t+1)|W−1(It)|) time if the elements of W−1(It) are given.

Proof. Since ft is monotone in its second variable and z̃t+1 is monotone, the function EDt z̃t+1(ft(It, ·, Dt))
is monotone. Also, since g̃t is monotone in its second variable, the function EDt g̃t(It, ·, Dt) is monotone.
We consider two different cases.

Case 1: EDt g̃t(It, ·, Dt) and EDt z̃t+1(ft(It, ·, Dt)) are monotone in the same direction. We consider the
situation where these two functions are increasing (the analysis for the decreasing case follows from a similar
argument). Under this situation, the minimum of the expression EDt{g̃t(It, ·, Dt) + z̃t+1(ft(It, ·, Dt))} is
attained when xt is the smallest element in At(It) (which is also an element of W−1(It)). By composition
of approximation (Proposition 2.13), z̃t+1(ft(It, ·, Dt)) is a (Σz,Πz)-approximation of zt+1(ft(It, ·, Dt)).
By linearity of approximation and summation of approximation (Proposition 2.13), EDt{g̃t(It, ·, Dt) +
z̃t+1(ft(It, ·, Dt))} is a (Σz+Σg,max{Πz,Πg})-approximation of EDt{gt(It, ·, Dt)+zt+1(ft(It, ·, Dt))}.
Hence, due to the inequality ΠWΠg ≤ Πz , we get that z̄t(It) is a (Σz + Σg,Πz)-approximation of zt(It).
In both cases, z̄t(It) can be determined in O(nt(tg̃t + tft + tz̃t+1)) time.

Case 2: EDt g̃t(It, ·, Dt) and EDt z̃t+1(ft(It, ·, Dt)) are monotone in opposite directions. We split this
case according to cases (i) and (ii) as stated in the proposition assertion.

Case 2(i): We apply Proposition 3.4 with the following parameter setting (similarly to the proof of
Proposition 5.1, we use here linearity of approximation (Proposition 2.13)): Let [A,B] = St, C(·) = At(·),
n = 2nt, m = nt, x = It, y = xt, ϕ(·) = zt(·), and ϕ̃(·) = z̄t(·). For i = 1, . . . , nt, let ϕi(·) =
pt,izt+1(·), ϕ̃i(·) = pt,iz̃t+1(·), ψi(x, y) = ft(x, y, dt,i), Σ′i = pt,iΣ

W , Π′i = ΠW , Σi = pt,iΣ
z, Πi =

Πz , and Wi(x) = f−1
t,i (x,W ). For i = nt + 1, . . . , 2nt, let ϕi(·) = pt,i−ntgt(It, ·, dt,i−nt), ϕ̃i(·) =

pt,i−nt g̃t(It, ·, dt,i−nt), ψi(x, y) = y, and Σi = pt,iΣ
g, Πi = Πg.

Because g̃t(It, ·, dt,i), z̃t+1, and ψi(It, ·) are monotone, the function ϕ̃i(ψi(It, ·)) is monotone for i =
1, . . . , 2nt. In addition, ϕ̃i(ψi(It, ·)) is monotone in one direction for i = 1, . . . , nt and is monotone in
the other direction for i = nt + 1, . . . , 2nt. Because ft(It, xt, dt,i) is monotone in xt, and because W is a
(ΣW ,ΠW )-approximation set of z̃t+1, f−1

t,i (It,W ) ∪ {Amin
t (It),Amax

t (It)} is a (ΣW ,ΠW )-approximation
set of z̃t+1(ft(It, ·, dt,i)) over At(It), for i = 1, . . . , nt, and f−1

t,i (It,W ) ∪ {Amin
t (It),Amax

t (It)} is a
(ΣW ,ΠW )-approximation set of ϕ̃i(ψi(It, ·)) over At(It), for i = 1, . . . , nt. Thus, by Proposition 3.4, ϕ̃ is
a (
∑m

i=1(Σ′i+Π′iΣi)+
∑n

i=m+1 Σi,max{Π1Π′1, . . . ,ΠmΠ′m,Πm+1, . . . ,Πn})-approximation of ϕ. Hence,
z̄t is a (ΣW + ΠWΣz + Σg,max{ΠWΠz,Πg})-approximation of zt (i.e., a (ΣW + ΠWΣz + Σg,ΠWΠz)-
approximation of zt).

Case 2(ii): We apply Proposition 3.4 with the following parameter setting: Let [A,B] = St, C(·) =
At(·), n = 2nt, m = nt, x = It, y = xt, ϕ(·) = zt(·), and ϕ̃(·) = z̄t(·). For i = 1, . . . , nt, let ϕi(·) =
pt,igt(It, ·, dt,i), ϕ̃i(·) = pt,ig̃t(It, ·, dt,i), ψi(x, y) = y, Σ′i = pt,iΣ

W , Π′i = ΠW , Σi = pt,iΣ
g, Πi =

Πg, and Wi(x) = Wi(It). For i = nt + 1, . . . , 2nt, let ϕi(·) = pt,i−ntzt+1(·), ϕ̃i(·) = pt,i−nt z̃t+1(·),
ψi(x, y) = ft(x, y, dt,i−nt), and Σi = pt,i−ntΣ

z, Πi = Πz .
Because g̃t(It, ·, dt,i), z̃t+1, and ψi(It, ·) are monotone, the function ϕ̃i(ψi(It, ·)) is monotone for

i = 1, . . . , 2nt. In addition, ϕ̃i(ψi(It, ·)) is monotone in one direction for i = 1, . . . , nt and is mono-
tone in the other direction for i = nt + 1, . . . , 2nt. Thus, by Proposition 3.4, ϕ̃ is a (

∑m
i=1(Σ′i + Π′iΣi) +
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∑n
i=m+1 Σi,max{Π1Π′1, . . . ,ΠmΠ′m,Πm+1, . . . ,Πn})-approximation ofϕ. Hence, z̄t is a (ΣW+ΠWΣg+

Σz,max{ΠWΠg,Πz})-approximation of zt (i.e., a (ΣW + ΠWΣg + Σz,Πz)-approximation of zt).
The running time analysis for both cases 2(i) and 2(ii) is identical: In equation (19), the minimum of the

function can be obtained in |W−1(It)| steps by scanning all the elements of W−1(It). Each of these steps
involves nt queries to g̃t, ft, and z̃t+1, and requires O(nt(tg̃t + tft + tz̃t+1)) time. 2

Remark 8 As will be shown in Proposition 5.4, function zt in the DP formulation (3) is guaranteed to be
monotone. But z̄t is not necessarily so. In Section 5.2 we will build from z̄t a monotone approximation for
zt, by using Proposition 3.5

Remark 9 From Propositions 5.1 and 5.2, we can see that approximating the stochastic DP recursion (3)
is essentially as hard as approximating the deterministic counterpart of the problem (i.e., when the random
variable is constant with probability 1), except for an additional complexity factor of nt (i.e., the size of the
support of the random variable). This situation is substantially different from the determination of an exact
solution for the problem. For example, the single-item stochastic inventory control problem with discrete
demand is #P-hard [HKM+09, Thm. 4.2], but it is known that the deterministic counterpart of this problem
can be solved in polynomial time as a minimum convex cost network flow problem or as a linear program
[FLR80, Sec. 4].

5.1 A (Σ,Π)-FPTAS for convex DP

We now develop an FPTAS for convex DPs. Our FPTAS is stated as Algorithm 8. The main result of this
section is stated in the next theorem.

1: Procedure FPTASConvDP(δ, ε)
2: Σ← δ

2(T+1)(1+ε) , Π← T+1
√

1 + ε, (WT+1, z̆T+1)← COMPRESSCONV(gT+1,ST+1,Σ,Π)
3: for t := T downto 1 do
4: (Wt, z̆t)← COMPRESSCONV(z̄t,St,Σ,Π) /* z̄t is as defined in (18); see details in the text */
5: end for

Algorithm 8: FPTAS for convex DP

Theorem 5.3 (FPTAS for convex DP) Consider a DP that satisfies Conditions 1, 2, and 3(iii). For any
0 < ε < 1 and δ > 0, z̆1(·) that is generated by step 4 in the last iteration of Algorithm 8 is a convex
(δ, 1 + ε)-approximation function of the optimal cost z∗(·). Moreover, Algorithm 8 runs in time polynomial
in 1

ε , log 1
δ and the (binary) input size.

Proof. Note first that Proposition 5.1 ensures that the z̄t’s are all convex functions. Hence, all calls to
function COMPRESSCONV in step 4 are valid.

Next, we prove that Algorithm 8 returns a (δ, 1 + ε)-approximation solution. To do so, we first show
by induction that z̆t is a convex (−Σ + 2

∑T+2−t
i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt that is

given explicitly. By Proposition 3.7, in step 2 we compute a set WT+1 so that z̆T+1 is the piecewise linear
extension of zT+1 induced by WT+1 and is a convex (Σ,Π)-approximation of zT+1. Thus, the base case of
t = T + 1 is valid. (Note that by Remark 5, WT+1 is a (0, 1)-approximation set of z̆T+1.) The induction
hypothesis is that function COMPRESSCONV computes a set Wt+1 so that z̆t+1 is the piecewise linear
extension of z̄t+1 induced by Wt+1 which is a convex (−Σ + 2

∑T+1−t
i=1 Πi−1Σ,ΠT+1−t)-approximation

function of zt+1. Again, by Remark 5, Wt+1 is a (0, 1)-approximation set of z̆t+1. We will show that z̆t is a
convex (−Σ + 2

∑T+2−t
i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt.
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We apply Proposition 5.1 with parameters set to ğt = gt, Σg = 0,Πg = 1 (since ğt ≡ gt), Σz =
−Σ + 2

∑T+1−t
i=1 Πi−1Σ and Πz = ΠT+1−t (since z̆t+1 is a convex (−Σ + 2

∑T+1−t
i=1 Πi−1Σ,ΠT+1−t)-

approximation of zt+1). It follows that z̄t is a convex (2
∑T+1−t

i=1 Πi−1Σ,ΠT+1−t)-approximation function
of zt. Applying Proposition 3.8 with ϕ = zt, ϕ̆ = z̄t, Σ′ = 2

∑T+1−t
i=1 Πi−1Σ, Π′ = ΠT+1−t, and

[A,B] = St, we obtain a set Wt so that z̆t is the piecewise linear extension of z̄t induced by Wt and is
a convex (−Σ + 2

∑T+2−t
i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt. This completes the proof by

induction, and the result implies that z̃1 is a (−Σ + 2
∑T+1

i=1 Πi−1Σ,ΠT+1)-approximation of z1. By the
choice of Σ,Π, it follows that z̃1 is a (δ, 1 + ε)-approximation of z1 as claimed.

It remains to prove that the running time of Algorithm 8 is polynomial in both the input size and 1
ε log 1

δ .
Recall that logUS , logUA, and logUg are all part of the input size and that κ is the largest Lipschitz
constant among all the functions mentioned in Condition 2. For ease of exposition, we assume that (i) the
values of US , UA, and Ug are at least 2 (so that their logarithmic values are at least 1); and (ii) the error
parameters satisfy ε < 1 (multiplicative error less than 2) and δ < TUg (additive error less than maximal
possible value of a feasible solution); and (iii) in step 2 we replace Π by an even smaller parameter Π∗, i.e.
Π∗ ← 1 + ε

2(T+1) . (Because the inequality (1 + x
n)n ≤ 1 + 2x holds for every 0 ≤ x ≤ 1 and n ∈ N, we

have indeed that Π∗ = 1 + ε
2(T+1) ≤

T+1
√

1 + ε = Π). This, of course, decreases the approximation factor
and increases the running time.

The running time of Algorithm 8 is dominated by the for-loop, which has T iterations. Each iteration
consists of a single call to function COMPRESSCONV. By Proposition 3.8, each execution of function
COMPRESSCONV takes O(tz̄t |Wt| log

κz̄tUS
Σ ) time, where |Wt| = O(Tε log min{σ

max
z̄t

σmin
z̄t

,
εUg

Σ }). (Note that

(i) here, and anywhere in the rest of the proof, we use the modified parameter Π∗; and (ii) the maximum
possible value of z̄t is bounded from above by ΠT+2−t(T + 2 − t)Ug + (T + 2 − t)Σ ∼ O(TUg), as
ΠT+1 ≤ 1 + ε < 2 and δ < TUg.)

By Proposition 5.1, evaluating z̄t takes O
(
nt(tgt + tft + tz̆t+1) log

κz̄tκUA
Σ

)
time. Note also that z̆t+1

(which is obtained from the previous iteration of the for-loop) is stored succinctly in a sorted array of size
|Wt+1|. Hence, tz̆t+1 = O(log |Wt+1|). It follows that

tz̄t = O

(
nt
(
tgt + tft + log(

T

ε
log min{

σmax
z̄t+1

σmin
z̄t+1

,
εUg
Σ
})
)

log
κz̄tκUA

Σ
)

)
.

This in turn implies that each execution of function COMPRESSCONV takes

O

(
nt
(
tgt + tft + log(

T

ε
log min{

σmax
z̄t+1

σmin
z̄t+1

,
εUg
Σ
})
)T
ε

log min{
σmax
z̄t

σmin
z̄t

,
εUg
Σ
} log

κz̄tUS
Σ

log
κz̄tκUA

Σ

)

time. Therefore, substituting Σ with O( δT ), we conclude that the running time of the entire algorithm is

O

(
T 2n∗

ε

[
tgt + tft + log(

T

ε
log min{σ

max
z̄

σmin
z̄

,
εTUg
δ
})
]

log min{σ
max
z̄

σmin
z̄

,
εTUg
δ
} log

κz1TUS
δ

log
κz1κTUA

δ

)
,

(20)
where σmax

z̄

σmin
z̄

:= maxt=1,...,T+1
σmax
z̄

σmin
z̄

. We conclude by noting that the term in (20) is polynomial in 1
ε log 1

δ

and the input size. 2

Remark 10 The dependency of the running time of the algorithm on T is at most T 2 log4 T log log T , on ε
is at most 1

ε log 1
ε , and on δ is at most log3 1

δ log log 1
δ .
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5.2 A (Σ,Π)-FPTAS for monotone DP

It is now possible to develop an FPTAS for monotone DPs. Our FPTAS is summarized in Algorithm 9.

1: Procedure FPTASMonDP(δ, ε)
2: Σ← δ

(T+1)(1+ε) , Π← T+1
√

1 + ε, (WT+1, z̃T+1)← COMPRESSMON(gT+1,ST+1,Σ,Π)
3: for t := T downto 1 do
4: (Wt, z̃t)← COMPRESSMON(z̄t,St,Σ,Π) /* z̄t is as defined in (19); see details in the text */
5: end for

Algorithm 9: FPTAS for monotone DP

For brevity, in the remaining of this section we deal only with increasing DPs. Performing an analysis
for decreasing DPs is similar. To prove that Algorithm 9 is indeed a (Σ,Π)-FPTAS, we look for invariant
properties throughout the execution of the algorithm. Such a property is stated in the next proposition.

Proposition 5.4 (Monotone Invariant) If Condition 3(i) is satisfied, then for every t = 1, . . . , T + 1,
function zt in the DP formulation (3) is increasing over St.

Prop. 5.4 can be shown by backward induction, and the proof follows the same steps as the proof of the
Monotone Invariant for discrete monotone DPs, see [HKL+14, Prop. 8.1]. For the sake of completeness we
give a proof in the Appendix. The main result of this section is stated in the next theorem.

Theorem 5.5 (FPTAS for monotone DP) Consider a DP that satisfies Conditions 1, 2, and 3(i). For any
0 < ε < 1 and δ > 0, z̃1(·) that is generated by step 4 in the last iteration of the for-loop in Algorithm 9
is a (δ, 1 + ε)-approximation of the optimal cost z∗(·). Moreover, Algorithm 9 runs in time polynomial in
1
ε , log 1

δ and the (binary) input size.

Proof. We prove first that Algorithm 9 returns a (δ, 1 + ε)-approximation solution. To do so, we first
show by induction that z̃t is an increasing (

∑T+2−t
i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt that is

given explicitly. By Proposition 3.3, in step 2 we get a set WT+1 so that z̃T+1 is the monotone extension of
zT+1 induced by WT+1, and is therefore an increasing (Σ,Π)-approximation of zT+1. Thus, the base case
of t = T + 1 is valid. (Note that by Remark 5, WT+1 is a (0, 1)-approximation set of z̃T+1.) The induction
hypothesis is that function COMPRESSMON computes a set Wt+1 so that z̃t+1 is the monotone extension of
z̄t+1 induced by Wt+1 and is therefore an increasing (

∑T+1−t
i=1 Πi−1Σ,ΠT+1−t)-approximation function of

zt+1. Again, by Remark 5, Wt+1 is a (0, 1)-approximation set of z̃t+1. We will show that z̃t is an increasing
(
∑T+2−t

i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt.
We first consider the case where oracles for f−1

t are given (i.e., in Proposition 5.2, case (i) holds). In the
for-loop we iteratively call function COMPRESSMON where the value of z̄t is calculated via (19) with the
exact value of gt and with the set Wt+1 that was already computed in previous iterations. Specifically, the
evaluation of z̄t in step 4 of Algorithm 9 is performed by applying Proposition 5.2(i) with parameters set to
W = Wt+1, g̃t = gt, Σg = ΣW = 0, Πg = ΠW = 1, Σz =

∑T+1−t
i=1 Πi−1Σ, and Πz = ΠT+1−t. This

way we get that z̄t is a not necessarily monotone (
∑T+1−t

i=1 Πi−1Σ,ΠT+1−t)-approximation of zt
Note that by the Monotone Invariant, zt is a monotone increasing function. Therefore, by applying

Proposition 3.5 with ϕ = zt, ϕ̄ = z̄t, Σ′ =
∑T+1−t

i=1 Πi−1Σ, Π′ = ΠT+1−t, and [A,B] = St, we have
that in step 4 we get a set Wt so that z̃t is the monotone extension of z̄t induced by Wt and is an increasing
(
∑T+2−t

i=1 Πi−1Σ,ΠT+2−t)-approximation function of zt. This completes the proof by induction, and the
result implies that z̃1 is a (

∑T+1
i=1 Πi−1Σ,ΠT+1)-approximation of z1. By the choice of Σ,Π we get that z̃1

is a (δ, 1 + ε)-approximation of z1 as claimed.
In the case where oracles for f−1

t are not given (i.e., in Proposition 5.2, case (ii) holds), we slightly
change the algorithm so that the value of the parameter Σ is reduced by half to δ

2(T+1)(1+ε) , and where
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in each iteration we also calculate (Σ/Π,ΠT+1−t)-approximation sets Vi for gt(It, ·, dt,i), i = 1, . . . , nt.
In this case the induction hypothesis is that function COMPRESSMON computes a set Wt+1 so that z̃t+1

is the monotone extension of z̄t+1 induced by Wt+1 and is an increasing (2
∑T+1−t

i=1 Πi−1Σ,ΠT+1−t)-
approximation function of zt+1. We will show that z̃t is a an increasing ((1+Π(1/Π+2

∑T+1−t
i=1 Πi−1))Σ,ΠT+2−t)-

approximation function of zt, i.e., z̃t is a an increasing (2
∑T+2−t

i=1 Πi−1Σ,ΠT+2−t)-approximation function
of zt.

In the for-loop we iteratively call function COMPRESSMON where the value of z̄t is calculated via (19)
with the exact value of gt and the sets Vi that were calculated in the current iteration. Specifically, the
evaluation of z̄t in step 4 of Algorithm 9 is performed by applying Proposition 5.2(ii) with parameters set to
Σg = Σ/Π, Wi = Vi, ΠW = 1, ΣW = 0, Πg = ΠT+1−t, Σz = 2

∑T+1−t
i=1 Πi−1Σ, and Πz = ΠT+1−t.

This way we get that z̄t is a not necessarily monotone ((1/Π + 2
∑T+1−t

i=1 Πi−1)Σ,ΠT+1−t)-approximation
of zt

Note that by the Monotone Invariant, zt is a monotone increasing function. Therefore, by applying
Proposition 3.5 with ϕ = zt, ϕ̄ = z̄t, Σ′ = (1/Π + 2

∑T+1−t
i=1 Πi−1)Σ, Π′ = ΠT+1−t, and [A,B] = St,

we have that in step 4 we get a set Wt so that z̃t is the monotone extension of z̄t induced by Wt and is an
increasing ((1 + Π(1/Π + 2

∑T+1−t
i=1 Πi−1))Σ,ΠT+2−t)-approximation function of zt. This completes the

proof by induction, and the result implies that z̃1 is a (2
∑T+1

i=1 Πi−1Σ,ΠT+1)-approximation of z1. By the
choice of Σ,Π we get that z̃1 is a (δ, 1 + ε)-approximation of z1 as claimed.

It remains to prove that the running time of Algorithm 9 is polynomial in both the input size and 1
ε log 1

δ .
Recall that logUS , logUA, and logUg are all part of the input size. For ease of exposition, we assume that
(i) the values of US , UA, and Ug are at least 2 (so that their logarithmic values are at least 1); and (ii) the
error parameters make sense, e.g., ε < 1 (multiplicative error less than 2) and δ < TUg (additive error
less than maximal possible value of a feasible solution); and (iii) in step 2 we set Π to be even smaller, i.e.
Π← 1+ ε

2(T+1) . (Because the inequality (1+ x
n)n ≤ 1+2x holds for every 0 ≤ x ≤ 1 and n ∈ N, we have

indeed that 1 + ε
2(T+1) ≤

T+1
√

1 + ε). This, of course, decreases the approximation factor and increases the

running time. We will first consider the case where oracles for f−1
t are given (so that in Proposition 5.2,

case (i) holds). We then explain in short why essentially the same bound holds for the other case.
The running time of Algorithm 9 is dominated by the for-loop, which has T iterations. Each itera-

tion consists of a single call to function COMPRESSMON. By Proposition 3.5, each execution of func-
tion COMPRESSMON takes O(tz̄t

T
ε log

εUg

Σ log
κz̄tUS

Σ ) time. (Note that (i) here, and anywhere in the rest
of the proof, we use the modified relative ratio of ε

2T ; and (ii) the maximum possible value of z̄t is
bounded from above by ΠT+2−t(T + 2 − t)Ug + (T + 2 − t)Σ ∼ O(TUg), as ΠT+1 ≤ 1 + ε < 2
and δ < TUg.) By Proposition 5.2(i), evaluating z̄t takes O(nt(tgt + tft + tz̃t+1)|W−1(It)|) time once
W−1(It) is given. The time needed to construct W−1(It) is O(nt|W |tf−1

t
), once W is given. Thus,

tz̄t = O
(
nt(tgt + tft + tf−1

t
+ tz̃t+1)|W−1(It)|

)
. By Proposition 3.5, |W | = O(Tε log

εUg

Σ ). Note also
that z̃t+1 (which is obtained from the previous iteration of the for-loop) is stored succinctly in a sorted ar-
ray of size |Wt+1|. Hence, tz̃t+1 = O(log |Wt+1|) = O(log(Tε log

εUg

Σ )). This implies that (we use here
|W−1(It)| = O(nt|W |))

tz̄t = O
(
n2
t (tgt + tft + tf−1

t
+ log(

T

ε
log

εUg
Σ

))(
T

ε
log

εUg
Σ

))
)
.

This in turn implies that each execution of function COMPRESSMON takes

O
(
n2
t (tgt + tft + tf−1

t
+ log(

T

ε
log

εUg
Σ

))(
T

ε
log

εUg
Σ

)(
T

ε
log

εUg
Σ

log
κz̄tUS

Σ
)
)
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time. Therefore, the running time of the entire algorithm is

O

(
T 3(n∗)2

ε2

[
tg + tf + tf−1 + log(

T

ε
log

εUg
Σ

)

]
log2 εUg

Σ
log

κz1US
Σ

)
.

Substituting Σ with O( δT ), we conclude that the running time of the entire algorithm is

O

(
T 3(n∗)2

ε2

[
tg + tf + tf−1 + log(

T

ε
log

εTUg
δ

)

]
log2 εTUg

δ
log

κz1TUS
δ

)
. (21)

which is polynomial in 1
ε log 1

δ and the input size.
It remains to consider the case where oracles for f−1

t are not given (so that in Proposition 5.2, case (ii)
holds). In this case for every iteration of the for-loop an extra computational cost of computing the various nt
approximation sets of gt(It, ·, dt,i) is added, which by Proposition 3.3 isO

(
nt(1 + tgt)

T
ε log

εTUg

δ log κTUA
δ

)
(recall that κ is the largest Lipschitz constant among all the functions mentioned in Condition 2). 2

Remark 11 The dependency of the running time of the algorithm on T is at most T 3 log4 T log log T , on ε
is at most 1

ε2
log 1

ε , and on δ is at most log3 1
δ log log 1

δ .

6 Purely-multiplicative FPTASs

In this section we prove Theorem 1.7. We begin by stating more precisely a condition under which a
continuous DP admits a (purely multiplicative) FPTAS, assuming that Conditions 1 and 3 are also satisfied.

Condition 4 For every t = 1, . . . , T + 1, the functions gt, ft are either given explicitly (i.e., as explicit
formulae) or accessed via value oracles. Moreover, ft, gt and the lower and upper envelopes of∪It∈StAt(It)
(i.e., functions Amin

t (·),Amax
t (·)) are all Lipschitz continuous functions and gt is nonnegative. Moreover,

function gT+1 is bounded away from zero and a lower bound zmin > 0 on the value of zT+1 is given.

Remark. We distinguish between the actual minimum value of a function ϕ, denoted by ϕmin, and a
given lower bound to such a value, denoted by ϕmin.

Next, we show what modifications are needed in the algorithms stated in Sections 2.3 and 3 in order to
construct an FPTAS for convex DPs. The modifications needed to build an FPTAS for monotone DPs are
similar and are therefore omitted.

6.1 An FPTAS for convex DP

To obtain an FPTAS for convex DPs, we modify function APXARGMIN to find an approximate arg min for
a given function ϕ : [A,B]→R+ that has a multiplicative error of at most Π as follows. The parameters
given to the modified algorithm are ϕ,A,B, ϕmin,Π. We change steps 2 and 3 to:
Let A′ ← A, B′ ← B, κ′ ← 3(Π− 1)ϕmin/(B′ −A′)
while κ′(B′ −A′) > 2(Π− 1)ϕmin do

Following the analysis in the proof Proposition 2.2, we obtain that the modified function finds a point x′

for which ϕ(x′) is a (multiplicative) Π-approximation of ϕmin in O(log(κ(B −A)/ϕmin)) queries to ϕ.
We modify function APXSETCONVINC as follows. The parameters given to the modified algorithm are

the same as the modified APXARGMIN. We change step 2 to:
x← FUNCSEARCHINC(ϕ, [x,B], 1

2(Π + 1)ϕ(A),Πϕ(A)), W ← {A, x,B}
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We change step 5 to:
x← FUNCSEARCHINC(ϕ, [x,B], 1

2(Π + 1)(ϕ(x) + σ̇ϕ(x)(· − x)),Π(ϕ(x) + σ̇ϕ(x)(· − x)))
Following the analysis in the proof of Proposition 3.7, the modified APXSETCONVINC constructs a Π-

approximation set W for ϕ in O
(

(1 + tϕ)(1
ε log min{σ

max
ϕ

σmin
ϕ

, ϕ
max

ϕmin }) log κ(B−A)
ϕmin

)
time. The cardinality of

W is O
(

1
ε log min{σ

max
ϕ

σmin
ϕ

, ϕ
max

ϕmin }
)

. We now state the modified version of the remaining algorithms, leading
to a purely multiplicative FPTAS.

1: Function ApxSetConv(ϕ, [A,B], ϕmin,Π)
2: x̃← APXARGMIN(ϕ, [A,B], ϕmin, (Π + 2)/3)

3: return APXSETCONVDEC(ϕ, [A, x̃], ϕmin,Π) ∪ APXSETCONVINC(ϕ, [x̃, B], ϕmin,Π)

Algorithm 10: A modified function APXSETCONV used for purely-multiplicative FPTASs

1: Function CompressConv(ϕ, [A,B], ϕmin,Π)
2: W ← APXSETCONV(ϕ, [A,B], ϕmin,Π)
3: return {(x, ϕ(x)) | x ∈W} as a sorted array

Algorithm 11: A modified function COMPRESSCOV used for purely-multiplicative FPTASs

We are ready to present our modified FPTAS. It is easy to verify that the running time of the modified
FPTAS is O(T

2

ε ), up to log terms.

1: Procedure FPTASConvDP(δ, ε, zmin)
2: Π← T+1

√
1 + ε, (WT+1, z̆T+1)← COMPRESSCONV(gT+1,ST+1, z

min,Π)
3: for t := T downto 1 do
4: (Wt, z̆t)← COMPRESSCONV(z̄t,St, zmin,Π) /* z̄t is as defined in (18) */
5: end for

Algorithm 12: A purely-multiplicative FPTAS for convex DP

6.2 A purely-multiplicative FPTAS for nonlinear knapsack

In this section we demonstrate the use of our technique to improve the FPTAS of [CER+05] for a minimiza-
tion version of the continuous nonlinear knapsack problem (called “supply scheduling” in that paper, but we
find “nonlinear knapsack” to be a more recognizable name). The problem is formulated as:

minimize
∑n

i=1 ci(xi)
subject to

∑n
i=1 xi ≥ B

xi ∈ {0} ∪ [`i, ui], i = 1, . . . , n
(22)

The values B, `i, ui, for i = 1, . . . , n are given positive integers. We assume without loss of generality that∑
i ui ≥ B, so that there always exists a feasible solution. The decision variables xi are semi-continuous.

The cost functions ci(·) are assumed strictly positive and (not necessarily Lipschitz) continuous increasing
over [`i, ui], and they are accessed via oracles as described below. We assume w.l.o.g. that ci(0) = 0.
(Otherwise, we can define a modified problem with cost function c̃i(·) = ci(·) − ci(0). The value of the
optimal solution of the modified problem is reduced by ci(0) relatively to the original problem. Therefore,
a (1 + ε)-approximation for the modified problem is a (1 + ε)-approximation for the original problem.)

[CER+05, Def. 1.1] assumes that every cost function ct(·) can be accessed via an oracle that answers
the following queries in constant time:
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Q1: For a given real y, evaluate ci(y).

Q2: For a given real t, determine the supremum yt of all numbers y in [`i, ui] with ci(y) ≤ t.
[CER+05, Sect. 3] shows that the availability of an FPTAS for Q2 queries, instead of exact supremums, is
already sufficient. We next show that one can tradeoff the assumption about the availability of (an FPTAS
for) Q2 queries with the assumption that the cost functions are Lipschitz continuous (as opposed to ordinary
continuous). In fact, the only place where the FPTAS of [CER+05] uses Q2 queries is for the construction
of Π-approximation sets (called threshold sets in their paper) for the cost functions [CER+05, Lem. 2.1].
We outline a different approach that uses Q1 queries only.

Suppose ϕ : [A,B]→R+ has a single discontinuity jump at x@, so that ϕ(x) ≡ 0 for x < x@. We first
slightly change the definition of the monotone extension of ϕ induced by a setW , provided that the smallest
two elements in W are A, x@:

ϕ̂(x) =


ϕ(x) if x ∈W ;
0 if x < x@;
max{ϕ(prev(x,W )), ϕ(next(x,W ))} otherwise.

(23)

Second, we change the definition of ϕmin to be the minimum strictly positive value of ϕ. We can then
construct a Π-approximation set for ϕ by modifying function APXSETINC as follows: in addition to getting
an interval [A,B] as an input parameter, the algorithm gets the discontinuity point x@ and the minimum
strictly positive value of the function.

1: Function ApxSetInc(ϕ, [A, x@, B], ϕmin,Π)
2: x← x@, W ← {A, x@, B}
3: if ϕ(x@) = 0 then x← FUNCSEARCHINC(ϕ, [x,B], 1

2 (Π + 1)ϕmin,Πϕmin); W ←W ∪ {x}
4: while x < B do
5: x← FUNCSEARCHINC(ϕ, [x,B], 1

2 (Π + 1)ϕ(x),Πϕ(x))
6: W ←W ∪ {x}
7: end while
8: return W

Algorithm 13: A modified function APXSETINC used for purely-multiplicative FPTASs

We briefly explain the differences between Algorithm 3 and Algorithm 13. Clearly, there is no need
for parameter Σ when dealing with purely multiplicative approximations. We require instead the discon-
tinuity point x@ and ϕmin, the minimum strictly positive value of ϕ. Because we deal with multiplica-
tive approximation, for step 5 to be well defined we must have a point x such that ϕ(x) > 0 (otherwise
1
2(Π + 1)ϕ(x) = Πϕ(x) = 0). Step 3 finds such a point x. (Note that if ϕ(x@) = 0 then the function
ϕ is Lipschitz continuous in the non-compact interval (x@, B].) Due to the definition of ϕmin, the value
of ϕ over (x@, B] is never below ϕmin, so adding to W the point x as defined in step 3, as well as the
points as defined in step 5, ensures that the monotone extension of ϕ induced by W , as defined in (23) gives
a (0,Π)-approximation of ϕ. Following the proof of Proposition 3.3, we get that the modified function
APXSETMON (Algorithm 13) constructs a (0,Π)-approximation set W for ϕ of cardinality O(1

ε log ϕmax

ϕmin )

in O
(
(1 + tϕ)(1

ε log ϕmax

ϕmin ) log (x@−A)κ
εϕmin

)
time. We conclude that the approximation set can be computed in

time polynomially bounded in the size of the problem and in 1
ε , and using Q1 queries only. To compute

approximation sets for the original cost functions ci, we note that we can easily ensure that they all have
a discontinuity jump at x@ = 0 by extending the definition of ci over the entire interval [0, ui], setting
ci(x) = ci(`i) for 0 < x < `i. Once the approximation sets for the cost functions are computed applying
APXSETMON as described above, we proceed with the algorithm of [CER+05] and obtain an FPTAS for
problem (22).
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[CER+05, Sec. 3] states that the requirement for Q2 queries “is not so natural”, but is justified by an ex-
ample in which it “seems hard to do without” such queries. As discussed above, our approach does not need
such queries and in fact deals with the example in [CER+05, Sec. 3] with a single call of FUNCSEARCHINC

(more specifically, it is easy to check that FUNCSEARCHINC(c1, [1, 2], 2, 4) finds a point in what is called
“hidden interval”). The key reason for our ability to do so is the fact that the example in [CER+05, Sec. 3]
consists of an infinite family of Lipschitz continuous functions, and our routine FUNCSEARCHINC can deal
with each one of them, even if the Lipschitz constant is not known a priori. We can strengthen their example
by providing a non-Lipschitz cost function that cannot be dealt with in finite time by any algorithm without
Q2 queries: such a function is the adversarial oracle given in the proof of Prop. 2.11.

To conclude, whenever the cost functions are known to be Lipschitz continuous, using our technique
one can have an FPTAS to the problem while assuming the availability of Q1 queries only.

7 Extensions and concluding remarks

Our framework for designing FPTASs for stochastic DPs can be extended well beyond the results stated in
Theorems 1.4, 1.6 and 1.7. However, there is a tradeoff between the level of generalization of a framework
for designing FPTASs and the complication of its construction and analysis. The goal of this paper, in this
respect, is to develop a “reasonable” sufficient set of conditions that guarantees the existence of an FPTAS,
and to provide such an FPTAS. The conditions are satisfied by some basic problems in logistics, operations
management, economics, and finance, as we demonstrate in Appendices B and C. In this section we briefly
discuss an extension of the framework that requires numerous additional analytical results, and is therefore
not presented in full in this paper.

Until now we have assumed thatD1, . . . , DT are explicitly described as a lists of ordered pairs (dt,i,Prob(Dt =
dt,i)). The limitation of explicitly listing the support of the random variables as problem input can be quite
severe in practice and does not allow to effectively handle problems with a very rich uncertainty model, e.g.,
problems for which computing expectations by looping over the support is impractical.

An alternative model is that in which we have access to an oracle for the CDF of Dt. This model was
studied in the context of approximation algorithms for DPs in [HOSL12, Hal16]. Using tools from these
two papers, we can extend the algorithmic results of the current paper to DPs (with continuous state and
action spaces) where the random variables are weighted sums of discrete or continuous random variables
defined implicitly, i.e., via an oracle to their CDFs, over a bounded domain. We refer the reader to [HN17]
for details. Intuitively, the idea is to define a finite sum (over a K-approximation set of the CDF) that
approximates the composition of functions involving a discrete or continuous random variable.

To conclude, this paper shows hardness of the continuous version of the nonlinear newsvendor problem
under several settings, but provides an efficient approximate solution approach by introducing the concept
of (Σ,Π)-FPTAS. Such an approximation scheme allows both absolute and relative approximation at the
same time. We show that it can be constructed for single-period nonlinear newsvendor problems, as well
as for three classes of multi-period stochastic dynamic programs with continuous state and action spaces,
under some conditions. Our scheme is “best possible” in the sense that under our setting, impossibility
results shown in this paper prevent the construction of approximation schemes that rely on either absolute
or relative approximation only. The paper therefore provides a constructive way to overcome hardness of
approximation for an important class of problems that finds several applications in operations management.
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A Proof of Proposition 5.4

(The proof is taken from [HKL+14, Prop. 8.1])
Proof. We use backward induction. We first consider the base case of t = T+1. Because zT+1 ≡ gT+1

and gT+1 is increasing, zT+1 is increasing. Now, consider any t = 1, . . . , T , and assume that zt+1 is increas-
ing. By condition 3(i), either zt is increasing or At(I) ⊆ At(I ′) for all I, I ′ ∈ St with I ≥ I ′. Thus, it suf-
fices to show that ifAt(I) ⊆ At(I ′) for all I, I ′ ∈ St with I ≥ I ′, then zt is increasing. Because ft(·, xt, Dt)
is increasing, so is the composition function zt+1(ft(·, xt, Dt)). Because gt(·, xt, Dt) is increasing, so is the
sum gt(·, xt, Dt) + zt+1(ft(·, xt, Dt)). This implies that EDt{gt(·, xt, Dt) + zt+1(ft(·, xt, Dt))} is increas-
ing. If At(I) ⊆ At(I ′) for all I, I ′ ∈ St with I ≥ I ′, then At(·) is decreasing (by set containment) over St,
which implies that the minimization minxt∈At(·) EDt{gt(·, xt, Dt) + zt+1(ft(·, xt, Dt))} is increasing over
St. Hence, zt is increasing. 2

B An example: Time-cost trade-off machine scheduling

In this section we give an example for a specific deterministic DP that illustrates the additional complexity
incurred when dealing with continuous state and action spaces, and show how this problem fits into our
framework.

Consider the following machine scheduling problem: There are one single machine and n jobs J1, . . . , Jn.
Job Jj has a given due date dj ∈ R+, a late penalty wj ∈ R+, a “normal” processing time p̄j ∈ R+, and
a decreasing resource consumption function ρj : R+→R+ with ρj(x) = 0 for any x ≥ p̄j . The processing
time of Jj , denoted as xj , is a nonnegative decision variable, and a cost of ρj(xj) is incurred if xj is chosen
to be less than p̄j . All jobs are available for processing at time 0, and job preemption is not allowed. The
objective is to determine the job processing times and to schedule the jobs on the machine so that the total
cost,

∑n
j=1[wjδCj>dj + ρj(xj)], is minimized, where Cj is the completion time of processing of Jj . Here,

δCj>dj = 1 if Jj is a late job, and δCj>dj = 0 if Jj is an on-time job. Note that in reality a job processing
time xj cannot be smaller than some lower limit p

j
> 0, no matter the amount of resources we allocate to

the job. In such a case, we define ρj(xj) = M for xj < p
j
, where M is a large number. The input data

consists of (i) the number of jobs n, (ii) the parameters dj , wj , and p̄j for every job j = 1, . . . , n, and (iii) an
oracle that computes function ρj (for each job j).

Note that the special case in which all job compressions are prohibitively expensive (denoted as 1||
∑
wjUj

in the machine scheduling literature) and due dates and late penalties are nonnegative integer numbers is al-
ready NP-hard [LLKS93]. Thus, our problem is also NP-hard. [CCLL98] considers a special case of this
problem in which due dates, late penalties and processing times are nonnegative integers and ρj is a linear
function: this special case is converted into a profit maximization problem, and an FPTAS for it is developed.
However, the existence of an FPTAS for the profit maximization problem does not imply the existence of
an FPTAS for the original cost minimization problem. [HKL+14] presents an FPTAS for the original min-
imization problem and considers a general increasing integer-valued resource consumption function. For
every ε > 0, the FPTAS constructs a succinct (1 + ε)-approximation function of the value function z1(I),
where I is an upper bound on the total processing time of the on-time jobs.

We next show that we can substitute the integrality assumption with the assumption that the resource
consumption functions are κ-Lipschitz continuous and get a fully polynomial time (Σ,Π)-approximation
scheme. We will later show that this is best possible in the sense that achieving an FPTAS in this setting
is not possible. We use the same formulation of our problem as a pseudo-polynomial time DP given in
[HKL+14]. For the sake of completeness we give below this formulation. First, we permute the jobs so that
d1 ≥ d2 ≥ · · · ≥ dn. Note that there exists an optimal schedule in which all on-time jobs are arranged in
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increasing order of due dates and all late jobs are scheduled behind the on-time jobs. Hence, it suffices to
consider the job list Jn, . . . , J1, decide which jobs in this list are designated as late jobs (removing them
from the list), and decide the amount of resources are allocated to the on-time jobs (retaining them in the
list).

Let zt(It) be the minimum total cost of a partial schedule containing Jt, . . . , Jn, given that the total
processing time of the on-time jobs in this partial schedule is no greater than It. For notational convenience,
we denote dn+1 = 0. The recurrence relation is

zt(It) = min

{
min

xt∈[0,It]

{
zt+1(min{It − xt, dt+1}) + ρt(xt)

}
, zt+1(min{It, dt+1}) + wt

}
, (24)

for t = 1, . . . , n and It ∈ [0, dt]. Here, “zt+1(min{It−xt, dt+1})+ρt(xt)” is the cost of the partial schedule
if Jt is made on-time and is assigned xt units of processing time, while “zt+1(min{It, dt+1}) + wt” is the
cost of the partial schedule if Jt is selected to be a late job. The boundary condition is zn+1(0) = 0. The
optimal solution value is z1(d1). It is easy to see that equation (24) can be rewritten as

zt(It) = min
xt∈[0,It]

{
zt+1(min{It − xt, dt+1}) + min{ρt(xt), wt}

}
. (25)

Next, we show that the above DP with recurrence relation (25) is a increasing DP that fits into our framework.
For simplicity, we assume that wmax > 0, where wmax = max{w1, . . . , wn} (otherwise there is an optimal
solution where all jobs are late). Define T = n, gT+1 ≡ 0, and ST+1 = {0}. For t = 1, . . . , T , we
define St = [0, dt], At(It) = [0, It], Dt = dt+1 with probability 1, gt(It, xt, Dt) = min{ρt(xt), wt}, and
ft(It, xt, Dt) = min{It − xt, Dt}. Note that ST+1, St, and At(It) are all compact intervals on the real
line for any It ∈ St and t = 1, . . . , T . Thus, Condition 1 holds. Obviously, Condition 2 also holds. As
for Condition 3(ii), we notice that for t = 1, . . . , T , function ft is increasing in It and decreasing in xt,
and function gt is decreasing in It and xt. Furthermore, At(I) ⊆ At(I ′) for all I, I ′ ∈ St with I ≤ I ′.
Therefore, Condition 3(ii) is also satisfied and by Theorem 1.6 we get a (Σ,Π)-FPTAS for the value function
z1(I).

We conclude this section by observing that the time-cost trade-off machine scheduling problem with
continuous time does not admit an FPTAS of the value function.

Proposition B.1 The time-cost trade-off machine scheduling problem with continuous time and costs does
not admit a succinct constant-factor approximation.

Proof. There is n = 1 job with due date d1 = 0, late penalty w1 = 2, and normal processing time p̄1 = 1.
The resource consumption function is ρ1(x) := ϕi(1− x), where ϕi belong to the family Φ as in the proof
of Proposition 2.6. Because the late penalty is always greater than the resource consumption function, it
follows that it is always optimal to consume the resource, i.e., z1(I) = ϕi(1 − I). We conclude the proof
by noting that the proof of Proposition 2.6 implies that ϕi(1− I) does not admit a succinct constant-factor
approximation. 2

C A continuous single-item inventory control problem

In this section we formally define a classical single-item inventory control problem and formulate it as a
continuous DP satisfying Conditions 1-3. Our exposition is mostly based upon [HKL+14, Sec. A.5]. In the
next section we provide a preliminary computational evaluation of the proposed approximation scheme on
randomly generated instances for this problem.
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Consider the following single-item stochastic inventory control problem with time-varying demand
[HKM+09]: The planning horizon is divided into T time periods. At the beginning of a time period t,
the inventory level It is observed, and then a replenishment decision is made. Let xt ≥ 0 denote the replen-
ishment quantity in period t. We assume that the replenishment lead time is zero; that is, the xt units will
arrive in period t. After that, a demand Dt of the item occurs, where Dt is a nonnegative random variable.
The ending inventory level of period t equals It+1 = It + xt −Dt. Backlogging is allowed, which implies
that the inventory level It+1 can be negative. If It+1 > 0, then a holding cost is charged; if It+1 < 0, then a
backlogging cost is incurred. For ease of discussion, we refer to both components as the holding cost. Thus,
our objective is

min
x1,...,xT

E

T∑
t=1

[
ct(xt) + ht(It + xt −Dt)

]
,

subject to the system dynamics It+1 = It + xt −Dt for t = 1, . . . , T , where ct(xt) is the procurement cost
in period t when the order size is xt, ht(y) is the holding cost in period t when the inventory level at the end
of the period is y (y can be positive, zero, or negative), and the expectation is taken with respect to the joint
distribution of the random variables involved. We assume that I1 = 0 (i.e., we start with zero inventory).
We assume that the procurement and holding costs are convex for all time periods. The input data for the
problem consists of (i) the number of time periods T , and (ii) an oracle that computes functions ct and ht
and an explicit representation of the demand distributionDt as order pairs of a value and the probability that
the demand realizes as this value (for each period t).

We consider first the discrete version of this problem, where all demand, procurement, and inventory
levels are integral and functions ct and ht are nonnegative integer-valued, for every t = 1, . . . , T . When the
demand is deterministic and the cost functions are linear, the problem is reduced to the classical Wagner-
Whitin model, which is solvable in polynomial time [WW58]. However, with general cost functions, the
problem becomes computationally intractable (see, e.g., [FLR80]). A number of authors have developed
FPTASs for various NP-hard deterministic inventory control problems with time-varying demand [Van01,
CKP06]. In a previous work of ours [HKM+09], we show that the single-item stochastic inventory control
problem with discrete demand is #P-hard, and we give an FPTAS for it. The FPTAS presented in [HKM+09]
is an ad-hoc algorithm tailored to the specific problem studied. In [HKL+14] we showed that this problem
can be cast into the FPTAS framework for convex DP developed in that paper.

We now consider a continuous version of this problem where the cost functions are Lipschitz continuous,
and the random variables are with finite support contained in an interval on the real line as described in
Section 4. The continuous version of the problem is interesting in cases where we are managing, e.g.,
gasoline, liquid nitrogen, or other liquid goods. Let D∗ denote the maximal total demand accumulated over
the entire time horizon, i.e., D∗ =

∑T
t=1D

max
t . To formulate the problem as a convex continuous DP,

we define ST+1 = [−D∗, D∗] and gT+1 ≡ 0. For t = 1, . . . , T , we define St = [−D∗, D∗], At(It) =
[0,min{D∗ − It, D∗}], gt(It, xt, Dt) = ct(xt) + ht(It + xt − Dt), and ft(It, xt, Dt) = It + xt − Dt.
Then, our problem can be solved as a DP as presented in Theorem 1.1. Note that ST+1, St, and At(It)
are all intervals on the real line for any It ∈ St and t = 1, . . . , T . Thus, Condition 1 holds. Obviously,
Condition 2 also holds. As for Condition 3(iii), we note that St ⊗ At is a trapezoid with extreme points
(−D∗, 0); (−D∗, D∗); (0, D∗); (D∗, 0) which is a convex set. Let gIt (I, d) ≡ 0, gxt (x, d) = ct(x), and
gut (·) = ht(·). Then, function gt can be expressed as gt(I, x, d) = gIt (I, d) + gxt (x, d) + gut (ft(I, x, d)). We
note that gIt (·, d), gxt (·, d) and gut (·) are all univariate convex functions and ft is linear and separable in its
variables. Therefore, Condition 3(iii) is also satisfied.

It is easy to see that the three variants of the single-item stochastic inventory control problem with dis-
crete demand stated in [HKM+09], namely the capacitated version, the discounted version, and the version
which allows disposal at a cost, can be formulated as convex DPs in a similar fashion.
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D Computational experiments

We provide a computational evaluation of the proposed approximation scheme, as compared to three other
algorithms: an EXACT DP solution to the discretized problem, the discrete FPTAS (called DFPTAS from
now on) of [HNO15] applied to the discretized problem, and to our implementation of the CAVE algorithm
of [NP13]. Recall by Theorem 1.5 that discretization could in theory induce a large relative or absolute error,
though in practice this is typically not the case. We remark that the convergence proof of [NP13] relies on
knowing the minimum distance between breakpoints of the value function; in our case, this distance is
unknown, and we resort to applying CAVE approximately, using a small value for the minimum distance
between breakpoints. This forsakes convergence in theory, but it is a commonly used approach in practice.
Despite being a value iteration algorithm, CAVE converges to the optimal policy, but not necessarily to the
optimal objective value: it computes the value functions up to a constant, and therefore it does not provide an
approximation of the objective value at termination. We use the number of iterations without improvement
as a stopping criterion; notice that if this number is set too small, it is possible that sample paths with low
probability are never explored and the algorithm exits with a relatively low quality policy. Finally, we remark
that CAVE is more general than our algorithm as it can be applied to problems with large-dimensional
action spaces, as long as some linearity conditions are satisfied. CAVE converges asymptotically but does
not provide an approximation guarantee in finite time. We implemented CAVE as described in [NP13],
without additional fine-tuning.

Our comparison takes into account the total CPU time and the value of the policies computed by the
algorithms, i.e. the cost of the sequence of actions implicitly defined by the value functions zt for t =
1, . . . , T via the arg min operator, rather than the approximation of the objective function value z∗(I1) of
equation (2). This is because CAVE tries to approximate the value functions up to a constant (i.e. it tries to
approximate their slopes only, not their values), therefore it does not provide any approximation of z∗(I1),
but it yields a policy. Note that to compute the value of a policy, we would have to explore all sample
paths and determine a sequence of actions for each of them. If this is computationally infeasible, i.e. there
are more than 10000 possible realizations of the vector of random variables (D1, . . . , DT ), we estimate the
value of a policy through Monte Carlo simulation over 10000 sample paths (we use the same samples for all
algorithms, to reduce variance).

All algorithms are implemented in Python 3 using SciPy when appropriate, and tested on a cluster
of identical machines equipped with Intel Xeon E5410 clocked at 2.33Ghz and 32GB of RAM. The time
limit is set to 1000 seconds per instance, and if an algorithm does not converge before the time limit, that
particular run is considered a failure; however, since CAVE returns a policy even when it does not converge,
we consider the corresponding policy when comparing policy values.

We test the algorithms on randomly generated instances of a continuous single-item inventory control
problem, as described in Section C. The instances are generated similarly to [HNO15], but the inventory is
assumed to take continuous values and the demand is allowed to be fractional. An instance of the stochastic
single-item inventory control problem is defined by the number of time periods T , the maximum demand in
each period M , and the type of cost functions. At each time period t, the set Dt of the N demand values is
generated as follows: first we draw the maximum demand wt at stage t uniformly at random in [bM/2c,M ],
then we draw the remaining N − 1 values in [1, wt]. This method ensures that none of the instances we gen-
erate is too easy and that the difficulty scales with M . The probabilities with which demands occur are
randomly assigned by generating N integers qi, i = 1, . . . , N in [1, . . . , 10], and computing the probability
of the k-th value of the demands as qk/(

∑N
i=1 qi). We must also define the cost functions, namely: pro-

curement, storage and backlogging costs. For each of these functions, we select a coefficient c uniformly
at random in [1, . . . , 20] for unit procurement cost, in [1, . . . , 10] for storage costs, in [10, . . . , 50] for back-
logging costs. Then we consider three different types of cost functions: linear (f(x) = cx), quadratic
(f(x) = cx2) and cubic (f(x) = cx3/1000).

44



 0

 0.2

 0.4

 0.6

 0.8

 1

 1  10  100

(a) CPU time.

 0

 0.2

 0.4

 0.6

 0.8

 1

 1  1.1  1.2  1.3  1.4  1.5

D-0.01-0.001
D-0.01-0.01

D-0.01-0.1
D-0.1-0.001

D-0.1-0.01
D-0.1-0.1

F-10-0.001
F-10-0.01

F-10-0.1
F-1000-0.001

F-1000-0.01
F-1000-0.1

(b) Policy value.

Figure 2: Performance profile of the running time (left) and policy value (right) for different algorithms.
The x-axis of the left graph is a on a log scale. The algorithms are labeled according to the scheme D-δ-ε,
F-Σ-ε, where δ is the discretization step, ε is the relative error (Π = 1 + ε), and Σ is the absolute error.

In our experiments, the number of stages is T ∈ {5, 10, 20}, the maximum demand isM ∈ {100, 1000, 10000}
(the size of the state and action spaces is proportional to M ), the number of possible demand values is
N ∈ {10, 100, 1000}, and the cost functions are convex mononomials of degree d ∈ {1, 2, 3} as described
above. We generate 20 instances for each combination of the parameters T,M,N, d, for a total of 1620
instances.

D.1 Discrete versus continuous
We first compare the performance of DFPTAS (label “D”) as described in [HNO15] to the (Σ,Π)-FPTAS
(label “F”) proposed in this paper. We test several values for Σ,Π and the discretization step δ.

We compare the algorithms in terms of CPU time and quality of the computed policies using perfor-
mance profiles [DM02], see Fig. 2. A performance profile reports the fraction (y axis) of instances for which
an algorithm is at most k times (x axis) worse than the best performing algorithm on that instance. Fig. 2 in-
dicates that the fastest algorithm is generally “D-0.1-0.1”, i.e. DFPTAS with discretization step δ = 0.1 and
multiplicative error Π = 1.1’ this particular parametrization also achieves excellent performance in terms
of policy values, being very close to optimal on the vast majority on the instances. We remark that DFPTAS
does not give guarantee the relative error ε because it is applied on the discretized problem, see Thm. 1.5.
Comparable performance is obtained by “F-1000.0-0.1”, which is up to a factor 5 slower in some cases,
but solves almost the same number of instances yielding near optimal policies. The quality of the policies
appears to be hardly affected by the approximation factor: while smaller approximation factors sometimes
achieve better policies, the difference is so small that it barely shows in the graphs. Fig. 2 shows that the
speed of the FPTAS is affected by both Σ and Π, but the relative approximation factor Π has much larger
impact: the performance of algorithm parametrizations that differ only in Σ is quite close, whereas changing
Π has a dramatic effect on the computing time.

From our discussion, we conclude that the best parametrizations of each algorithm are “F-1000” for the
(Σ,Π)-FPTAS, whereas the best version of DFPTAS is “D-0.1”; we will only report these in the following.

We take a closer look at how the algorithms perform on different instance classes. To this end, in Fig. 3
we give a plot of the CPU times for different classes of instances, grouped by the degree of the cost function.
We do not report the graph for d = 3 because it is similar to d = 2. Fig. 3 shows that “F-0.1” is faster than
any other algorithm on instances with linear costs, whereas “D-0.1” is the fastest algorithm on instances with
quadratic or cubic costs. This can be explained in light of the fact that when the nonlinearities become more
pronounced, building a precise (Σ,Π)-approximation of the continuous problem may require more points
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(a) CPU time for instances with d = 1.
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(b) CPU time for instances with d = 2.

Figure 3: Figures (a)-(c) report the running time of different algorithms for instances with d ∈ {1, 2}; the
x-axis indicates the number of time periods T , the size of the state space M , and the size of the support of
the random variables N . Each point on the graph represents the average solution time for solved instances
over a group of 20 instances; if more than 10 instances out of 20 hit the time limit, it is considered a failure
and the corresponding point is not reported. The algorithms are labeled according to the scheme D-ε, F-ε,
where ε is the relative error (Π = 1 + ε). In these graphs, the discretization step δ for “D” is fixed at 0.1,
and the absolute error Σ for “F” is fixed at 1000.

in the approximation set; at the same time, DFTPAS works on a discretized problem and necessarily builds
a coarse approximation, so it is not as negatively affected by the nonlinearities. On small linear instances
(T = 5, d = 1) even “F-0.001” is faster than “D-0.1”, but the situation changes as the instance size grows.
The running times for both “F” and “D” scale essentially linearly with the size of the support of the random
variables N , consistently with the observations in [HNO15].

D.2 Comparison with other algorithms
We now evaluate the performance of the implicit FPTAS and DFPTAS as compared to EXACT (label “X”)
and CAVE (label “C”). As in the previous section, in Fig. 4 we report performance profiles of the computa-
tion time and policy value, and in Fig. 5 we give a plot of the CPU times for different classes of instances,
grouped by the size of the support of the random variables.

Fig. 4 indicates that “C-20” is the fastest algorithm, by a large margin, followed by “C-50”. However
the quality of the policies computed by these two algorithms is visibly inferior to the other algorithms: the
policy returned by CAVE has cost comparable to EXACT only on less than 20% of the instances. As noted in
the previous section, “D-0.1” is slightly faster than “F-0.1” on average and these two algorithms find policies
of comparable quality, with a small advantage for “D-0.1”. The EXACT algorithm applied to the discretized
problem is clearly too slow on these problems: even with a very coarse discretization step of δ = 10, only
75% of the instances can be solved within the time limit, whereas the three parametrizations of CAVE solve
all of them.

Fig. 5 explains the advantage of CAVE in terms of speed: Fig. 5 (a) shows that for problem instances
with small support of the random variables, the (Σ,Π)-FPTAS “F-0.1” is actually the fastest algorithm
and we know from Fig. 4 that it finds optimal or nearly optimal policies in essentially all cases. However,
when the size of the support of the random variables becomes large (N = 1000), CAVE has a tremendous
speed advantage, because it does not compute expectations explicitly looping over the support of the random
variable, but relies on samples instead to approximate the computations. We remark once again that CAVE
does not offer an approximation guarantee in finite time. “D-0.1” shows comparable performance to “F-0.1”
irrespective of N .
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Figure 4: Performance profile of the running time (left) and policy value (right) for different algorithms.
The x-axis of the left graph is a on a log scale. The algorithms are labeled according to the scheme C-η,
D-ε, X-δ, I-ε, where η is the number of iterations without improvement before the algorithm is stopped, δ is
the discretization step, and ε is the relative error (Π = 1 + ε). The discretization step for “D” is fixed at 0.1,
and the value of Σ for “F” is fixed at 1000.
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(a) CPU time for instances with N = 10.
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(b) CPU time for instances with N = 1000.

Figure 5: Figures (a)-(b) report the running time of different algorithms for instances with linear costs; the
x-axis indicats the number of time periods T and the size of the state space M . Each point on the graph
represents the average solution time for solved instances over a group of 20 instances; if more than 10
instances out of 20 hit the time limit, it is considered a failure and the corresponding point is not reported.
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