THE RATE OF CONVERGENCE OF AUGMENTED LAGRANGE
METHOD FOR A COMPOSITE OPTIMIZATION PROBLEM
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Abstract. In this paper we analyze the rate of local convergence of the augmented Lagrange
method for solving optimization problems with equality constraints and the objective function ex-
pressed as the sum of a convex function and a twice continuously differentiable function. The presence
of the non-smoothness of the convex function in the objective requires extensive tools such as the
second-order variational analysis on the Moreau-Yosida regularization of a convex function and ma-
trix techniques for estimating the generalized Hessian of the dual function defined by the augmented
Lagrange. With two conditions, we prove that, the rate of convergence for the augmented Lagrange
method is linear and the ratio constant is proportional to 1/c, where ¢ is the penalty parameter
that exceeds a threshold ¢ > 0. As an illustrative example, for nonlinear semidefinite programming
problem, we show that the assumptions used in Sun et al. [13], for the rate of convergence of the
augmented Lagrange method, are sufficient to the two conditions adopted in this paper.
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1. Introduction. We consider the following composite optimization problem

" min f(z) + g(z)
st.  h(z) =0,

where f : % — R is proper lower semicontinuous convex function, g : R* — R is
a twice continuously differentiable real-valued function, and A : R — R™ is a twice
continuously differentiable mapping. Optimization model (1) with linear constraints
covers a large number of important practical optimization problems from compressive
sensing and statistical learning. Besides this, any smooth conic optimization problem
can be transformed as a such model. Assume a conic optimization problem is of the
following form:

min  m(z)

st ¢(z) €K,

(2)

where m : RP — R is a smooth function, I C Y is a closed convex cone, Y is a
finite-dimensional Hilbert space and ¢ : R? — Y is a smooth mapping. If we define
x=(z,y) e RP xY, g(z) =m(z), h(z) = q(z) —y and f(x) = dx(y), then Problem
(2) is reformulated as model (1).

The augmented Lagrangian method was initiated by Hestenes [4] and Powell [8] for
solving the smooth equality constrained problem and was generalized by Rockafellar
[9] to the following nonlinear programming problem

(3) min f(z) st. h(z)=0, g(z)>0,
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where f: R" = R, h: R — R g : ™ — RP are twice continuously differentiable.
Problem (3) is a special case of (2) with ¥ := 7 x R and K = {0,} x %

For the equality constrained optimization problem, Powell [8] proved that if the
linear independence constraint qualification and the second-order sufficient condition
are satisfied, then the augmented Lagrangian method can converge locally at a lin-
ear rate proportional to 1/¢ when the penalty parameter ¢ > 0 is large enough. For
convex programming, Rockafellar [9] established a saddle point theorem in terms of
the augmented Lagrangian and Rockafellar [10] proved the global convergence of the
augmented Lagrangian method for any ¢ > 0. In Chapter 2 of [1], Bertsekas demon-
strated the linear rate of convergence of the augmented Lagrangian method for the
equality constrained problem with the ratio constant proportional to 1/¢. In Chapter
3 of [1], Bertsekas explained that the result for equality constrained problem can be
applied to the nonlinear programming problem (3) when the strict complementarity
condition holds. Importantly, without assuming the strict complementarity condition,
Conn et al. [5] derived linear convergence rate of the augmented Lagrangian method
for nonlinear programming problem.

For the nonlinear semidefinite optimization problem

(4) min  f(x) st. h(z)=0, g(z)eSt,

where f: R" = R, h: B" — R9, g : R™ — SP are twice continuously differentiable.
Problem (4) is a special case of (2) with ¥ := R7 x S? and K = {04} x S,. Sun et
al. [13] studied, without assuming the strict complementarity, the rate of convergence
of the augmented Lagrangian method for solving the nonlinear semidefinite program-
ming problem. The analysis in [13] is heavily dependent on the variational properties
of the projection operator in the symmetric matrix space.

In this paper, with the help of Moreau-Yosida regularization of a convex function,
we apply second-order analysis of C'''! functions to analyze the rate of convergence
of the augmented Lagrange method for Problem (1).

The paper is organized as follows. In Section 2, we propose a set of second-order
sufficient optimality conditions for the problem minimizing a C':! function subject
to twice continuously differentiable equalities. In Section 3, we establish a set of
second-order sufficient optimality conditions for Problem (1) and give the so-called
strong second-order sufficient optimality conditions from which properties of the dual
function based on the augmented Lagrangian are developed. Section 4 develops a
general theory on the rate of convergence of the augmented Lagrangian method for
Problem (1). In Section 5, we take the nonlinear semidefinite optimization problem
as an example to show the assumptions used in [13] are sufficient to our conditions
required in the analysis for the rate of convergence, and moreover we draw a conclusion
for this paper as well.

2. Preliminaries. Consider the equality constrained optimization problem

min ()

(5) st.  h(z) =0,

where ¢y : R" — R is an extended real-valued function and h : ®* — R™ is a
mapping. The Lagrangian of Problem (5) is

L. 1) = po(@) + n"h(x).
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Now we give and prove the second-order necessary optimality conditions for Problem
(5) when g is a Ch! function and h is twice differentiable mapping around a local
minimizer.

Let C = {z € ®" : h(x) = 0} be the feasible set of Problem (5). For T € C, define
the critical cone of Problem (5) at T by

C(@) ={deR": Jh(Z)d =0,Veo(T)Td < 0}.

LEMMA 1. If T is a local minimizer of Problem (5), wo is a C function and
h is twice differentiable in a neighborhood of T. Assume that Vg is directionally
differentiable in a neighborhood of T and Jh(x) is of full rank in row. Then there
ezists a unique Lagrange multiplier @ such that

V. L(Z, 7)) = 0.
And for any d € C(T),
Ly(@,p;d, d) >0,

where LY(Z, i d, d) = d” [V o' (T;d) + > d"V2hy(T)d.
i=1
Proof. Since Jh(x) is of full rank in row, we have Te(T) = ker Jh(Z) and

T2(z,d) = {w : Th(Z)w + D*h(z)(d,d) = 0}

for d € Tc(T), where TZ(T, d) is the second-order outer set of C' at T with respect to
d, for its definition, see [2] or [14]. Then

0y (T;d,w) >0, Yw € TA(T; d)

for d € C(Z). Nothing that ¢fj (7;d, w) = Vo(Z)Tw + dT (Vo) (T;d), we have that
the optimal value of the problem

min Vo (Z)"w + d" [V (7; d)

st.  Jh(@)w + D?h(Z)(d,d) =0
is non-negative for each d € C(T). The result follows from the duality theory directly.0

LEMMA 2. LetZ € C and X € R™ satisfy V. L(T,\) = 0. Suppose that, for any
deC(@)\ {0,},

(6) dT[W + ) NV2hi(@)]d > 0, YW € O(Vio)(T).
i=1
Then the second-order growth condition holds at T,namely there exist cog > 0 and
€g > 0 such that
©o(r) > 0o(T) + collz — )%, Vo € C N B, (T).

Proof. By contradiction. Suppose that there are e, \, 0 and 2% — T with h(2*) =
0 such that

po(z") < @o(T) + exllz® — 7%
3



Let t* = ||2* — 7|| and d* = ;' (z* — ), then ¥ = T + t4d*. Suppose that {d*} has
an accumulation point d, namely there exists {k;} C N such that d* — d. It is easy
to prove that ||d|| = 1, Jh(Z)d = 0 and Vo(Z)Td < 0, which implies d € C(Z) \ {0}.
By using the Taylor expansion, we have

12
0= h(a") = h(@ + tr,d") = h(@) + 6o Th(x)d* + LD’h(@)(d",d%) + o(1},)

where D2A(Z)(w, w) = (wTV2hy(Z)w, - - - ,wT VA, (Z)w)T, and

erty, +00(T) > @o(T + tg,d")

= @o(T) + t, Vipo (@) " d* + id’”T[VsDo]'(f; d*) + o(t},).
Therefore, we obtain
2
(7) 0 = t, Jhad" + gDQh(@(dkadki) +o(t2)
and
t2
(8) Ek lfk > tk Vg@o( )Tdk 21 dkiT[VQD()]/(f; dkl) + O(tii).

Premultiplying p” to the both sides of (7) and adding it to both sides of (8),we obtain

o L , ,
Eritr, > ti, Vo L(@; )] " d" + %[dk"T(V@o)’(f; d*)+ > d TV hy (®)d ]+ o(1,).
j=1

Nothing that V;L(Z, 1) = 0, we have from the above that

er. > E[dktT(v i k: Tv? )dkl] + O(tiz)

Noting the continuity d’ — (Vo) (T; d'), taking the limit of the above inequality, one
obtain .
0>d" (Vo) (;d) + > fi;d"V2h;(T)d.
j=1

There exists W € 9(Vpg)(T) satisfying (Vo) (T;d) = Wd, so that

0>d"[W+ > 1, V?h;(@d,
j=1
contradicting with (6). ad

3. Second-order sufficient optimality. Now we focus on the composite op-
timization problem (1) in which f : R — R is proper lower semicontinuous convex
function, and g and h are twice continuously differentiable. We define the Moreau-
Yosida envelope of the function f by

ecf (@)= inf {f(w)+Zlw—a)?},
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and the proximal mapping P.f by
. c
P.f(x) = argmin,,cpn {f(w) + §Hw — x||2} )

Then it follows from Chapter 2 of [14] that e.f is continuously differentiable and
convex, with

Vecf(z) = clx — Pof(x)].

Therefore, we obtain
(9) OVecfl(x) = {cll =V]:V € OPf(x)}.
Let ® be the feasible set for Problem (1), i.e.,
O = {x € R": h(z) =0}).
For T € ®, we define the critical cone of Problem (1) at T by
C(z) = {d € ker TW(T) : f'(T,d) + Vg(@)"d < 0}.

Let T € ® be a given point and g and h be twice continuously differentiable in a

neighborhood of . We propose the following three conditions:

(I) (Stationary Condition) There exists a vector @ € R™ such that 0 € 9f(z) +
Vy(@) + Th(z)" .

(IT) (Second-order Sufficiency Optimality Condition) There exists ¢y > 0 such that

d'leoc™' W + V2g(T) + iﬁjv%(z)}d >0, VW €09(Ve.f)(T— N c)

i=1

when ¢ > ¢p and d € C(Z) \ {0}, where A = Vg(7) + Jh(z)T 1.
(III) (Strong Second-order Sufficiency Optimality Condition) There exists ¢ > 0
such that

dT[coc™'W + V29(Z) + iﬁjVth(f)}d >0, VYW €0(Ve.f)(T—Nc)
i=1

when ¢ > ¢p and d € ker Jh(Z) \ {0}, where A = Vg(z) + Jh(z)T 1.
For d € C(%), noting the definition of A, we have d € ker Jh(Z) and f'(Z, d) A d<o.
Since the epi-derivative of f at 7 along d, denoted by f+(Z,d) (see [2]), satisfies
§*(d|9f (@) = fH(x.d) < f'(z,d),
and 0 € Of(T) + A, we have for d € C(Z) that
0<d*(d|of(@)+ ) <0,

which is equivalent to §*(d|9f(Z) + A) = 0.
LEMMA 3. Let T € R" be a given point. Suppose that Conditions (I) and (II) are
satisfied. Then the second-order growth condition for Problem (1) holds at T.
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Proof. Nothing that 0 € df(%) + X implies that
Ve f(T —Nc)+ Vg(@) + Th(@) 1 =0,

we have that (Z,7z) is the KKT point to the following differentiable optimization
problem

(10) mine.f(z —A/c) +g(z) st. h(z)=0.

Obviously, because of the positive semi-definiteness of W, Condition (IT) implies that

m

d"[W + V3g(@) + > 1, V?hi(@))d >0, YW € d(Veof)(T — Nc)

when ¢ > ¢p and d € C(Z) \ {0}. Therefore (II) implies the second-order sufficient
optimality condition, stated in Lemma 2, for Problem (10). It follows from Lemma
2 that the second-order growth condition for Problem (10) holds at Z. There exist
co > 0,9 > 0 satisfying

(11)  ecf(z —Ne) +g(x) > ecf(T — N e) + g(T) + collz — T||?, Vo € D NB(T, &0).

Let ¢ B
Ze = argmin f(2) + 5|z = + A/e]?,

then B
0€0f(Z.) +clzc. — T+ N/d],

and Z. = T is the unique solution to min f(z) + §[|z —Z + A/c||>. Therefore, we obtain

(12) ef (2 X)) = F(7) + 5 I

On the other hand,

ecf(x—=Xfc) =mflf(z)+ 5z =z +X/e|?)
" < fo)+ IR
Combining (12), (13) with (11), we have

1~ 1,—
F@) +9@) + 5 IM* = f@) + 9@) + 5 [IA* + collz = 7, Vo € @ N B(, ),
which is just the second-order growth condition of Problem (1) at T. |
We can rewrite Problem(1) as

(14) s.t. h(z)

The augmented lagrangian for (14) is defined by

Lo, 2, 0) = (@) + 9(2) + (1, h() + (o = 2) + SR + S o = 2|
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Define
O.(p, ) = inf L.(x, z, u, \) = inf inf L.(x, z, u, A),

re(,X) = arg min {Le(e, %, )}
Then we have z.(z, ) = (P.f)(z — A¢). and
Oc(p, A) = min (2, 1, A),

where

- - _ I
(15)  pelz i N) = (ecf)(z = Me) +9(2) = 75

c
+ " h(2) + IR ).
Let us denote y = (11, \) and ¥ = (%, A), then we have the following result.

LEMMA 4. Let Conditions (I) and (II1) be satisfied. Then
(i) For A =Vg(z) + Jh(@)Th, ones has V.. (T, i, \) = 0.

(ii) There exists © > co such that every element in 02¢.(T, %) is positive definite when
c>c.

Proof. From the inclusion 0 € f(%) + Vg(Z) + Jh(z)T or 0 € 0f(T) + A, we
obtain that T € arg min[f(a:)—i—XTx]. Let f(z) = f(ac)—l—XTm, then T € arg min[e. f](z).
Since ~i2
_ M

2¢ ’

ecf(@) = nf[f(z) + 512 = @] = ecfla = Ne) + X
one has that 0 = Ve, f(Z) or
Ve f(T—Nec)+A=0,

which implies V,¢.(Z, 71, \) = 0. Nothing that
02¢c(2,y) = 0(Vecf)(z = AJe) + Vg(2) + i(ﬂi + chi(2))V2hi(2) + cTh(z)" Th(z),
i=1
one has
820.(T,7) = O(Veof)(T — Nc) + V3g(T) + Zuzv hi(@) + cTh(@)T Th().

Noting that each element W € 0%¢.(Z,7) is self-adjoint and positively semi-definite,
we have coc™!W < W for ¢ > ¢g and that the conclusion (ii) comes from condition
(III) by Debru theorem [6]. O

4. Augmented Lagrange method. In this paper, we focus on Problem (1), in
which f : R” — R is a proper Ls.c. convex function, g : R — R is twice continuously
differentiable function and h : R” — R™ is a twice continuously differentiable mapping
around a feasible point T € R". By introducing an auxiliary variable z, we can express
Problem (1) as (14).

The augmented Lagrange method can be described as follows: given ¢ > 0,
choose y* = (%, \%) € R™ x R™, as the initial multiplier. At the k-th interation, solve

(16) min L., (x,z,yk)
7



to obtain (z*, z*). Update y by

(17) YR =k 4 ¢

Update ¢ by
Ck+1 = Cg Or Cpy1 = KCk,
where k > 1 is a positive constant.

Note that L. is convex in x and it is hopeful to be convex in z too when c is large
enough. Especially, for many specific non-smooth functions f, x.(z, u, A) can be easily
obtained (even has an explicit expression) and we only need to minimize p.(z, i, \)
to obtain solution z*. The equivalent expression (14) for the original problem (1)

provides a proper way for using the augmented lagrangian method.
Define

ze(y) = argmin{c(z, p, A) : 2 € R},
where (2, i, A) is defined by (15). Then z.(y) satisfies the equality

(18) Vieef)(ze(y) = Ae) + Vg(2) + Thze)) (p+ h(z(y))) = 0

and 0,p.(z,y) has the expression

m

0:0c(2,y) = 0:-(Veof)(z = M)+ V2g(2) + > (pi +chi(2))Vhi(2) + cTh(z)" Th(z).

i=1

For W € 0(Vecf)(z:(y) — A/c), define

Aoy, W) = WAV2g(ze(9)+ D _[itchi(ze(v))]V?hi(ze () +eTh(ze(y)) " Th(ze(y))-

i=1

In view of Lemma 4, we can easily obtain the following lemma:
LEMMA 5. Let Conditions (I) and (III) be satisfied. Then there exists a positive
constant ¢ > cqo such that the following assertions hold:
(i) when c¢c>¢, A.(y,W) > 0;
(ii) when ¢ is large enough, there exist &1 > 0 such that

Ac(y, W) = ﬂlLVC > [EY/AS E(Sl (y)

The mapping z.(y) is directionally differentiable with
(19)
(Ve (ze(y) = A e zely; Ay) — AN/e) + [V2g(ze(y) + T h(ze(y)) T Th(ze(y))+

m

+ 3 (i + chi(ze(1))) V2 hi(ze ()20 (y; Ay) + Th(ze(y) " Ap = 0.

i=1
There exists an element W € dg(Ve.f)(z.(y) — A/c) such that

(Ve (ze(y) — M e zely; Ay) — A/e) = W(z(y; Ay) — A)/c).
Combing this with (19) we obtain

1
— WA+ Th(ze())" Ap + Acly, w)=(y; Ay) = 0,
8



yielding
, _ 1
(20) 20y Ay) = Acly, W) =T h(ze(y) " A+ ZWAA],

Summarizing the above discussions, we obtain the following proposition.

PROPOSITION 6. Suppose that Conditions (I) and (III) are satisfied and ¢ > C.
Then there are two positive numbers 1 and 0y (depending on ¢) with 61 > dg > 0 and
a locally Lipschitz continuous mapping z.(y) defined on Bs, (v), satisfying

{zc(y)} = argmin{pc(2,y) : 2 € B, (T)}.

And the following properties hold:

(a) The mapping z.(-) is semismooth at each point in Bs, (7).

(b) If V29, V2h;,i = 1,...,m are continuous around T and (Ve.f)(-) is strongly
semismooth everywhere, then z.(-) is strongly semismooth in Bs, (7).

(c) Foreach z € B.(T) and y € Bs, (7), every element of I1,05(Vpc(2,y)) is positive
definite.

(d) For each y € Bs, (7)), 2:(y) is the unique solution to

min p.(z,y) st 2z € B, (T).
Define

(21) Oc: R xR" =R by 0.(y)= min ¢.(z,y).
2€B., (T)

Obviously 0.(y) is concave and for each y € Bs, (),

ﬁc(y) = ro(zc(y)vy)'
For any y € Bs, (§), y = (11, A) € R™ x R”, let z.(y) = (P.f)(ze(y) — Ae),

( pe(y) ) B ( p+ ch(ze(y)) )
Ac(y) A+ clwe(y) — 2:(y)]

PROPOSITION 7. Suppose Conditions (I) and (III) hold and ¢ > ¢. Then Y.(y)
defined by (21), is continuously differentiable over Bs, (7),and

h(z(y))
(22) Vie(y)=| 1 A
——Vecf(ze(y) = A/e) — =
c c
Proof. Let y = (1, A) € Bs, (7). From the definition of ¥.(y), we have from
Theorem 2.6.6 of [3], for any Ay = (A, AX) € R™ x R", that
A(Y)(Ay) = Dzpe(ze(y),y)ze(y; Ay) + (Veef (ze(y) — M), =AN/c))
1
L0 AN + hCzel) A
which implies from D,¢.(z.(y),y) = 0 that
1
00(y)(Ay) = (h(z(y)), An) - —

Therefore, 9.(-) is differentiable of y € Bs,(y) and V9.(y) has the expression (22). O
9
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— Jh(z A
Ve(Ay) = {— ( _W( /C) >A0<y7 W) Th@)T W) [ - ]

(23)
W e 8B(Vecf)(m)\/c)} )

N 0
[ (1/PW —1/cI) AX

PROPOSITION 8. Suppose that Conditions (I) and (III) are satisfied. Let ¢ > €.
Then for any Ay := (Ap, AX) € R™ x R™,

(24) O5(V) (@) (Ay) € Ve(Ay).

Proof.  Let Ay = (Ap, AX) € R™ x R™ be arbitrary. From Proposition 7, we
know that V#.(-) is semismooth at any point y € Bs, (7). Let Dyy, denote the set of
all Fréchet-differentiable points of V. (+) in Bs, (7). Then, for any y = (A, ) € Dyy.,
we have

T h(ze(y))2e(y; Ay)

1 )
C

(25)  VP.y)(Ay) =
B [Vee T (ely) = Mes 2L(y; Ag) - Ar/e) = =2

Differentiating (18) with respect to y, one has
0= [Vecf]'(ze(y) — Mes zi(y; Ay) — AN/e) + Th(ze(y))" A

+ | V2g(ze(y)) + Y (s + chilze(y) V2 hilze(y)) + th(zc(y))Tjh(zc(y))] ze(y; Ay).

i=1

There exists an element W € 0p(Ve,f)(z.(y) — A/c) such that
[Vee ] (ze(y) = M e ze(y; Ay) — AN /) = W (z(y; Ay) — AX/c)

so that 1
2e(y: Ay) = Ay, W) T =T h(ze(y) T Bp+ —WAN.

Therefore, we obtain from (25) that

V20.(y)(Ay)
Th(ze(y))zi(y; Ay) 0
- 1 , AN AN =11 [1 }
_Z (y: Ay) — —=) — == —|=W —=1I|AX
Wize(y; Ay) = =) = — o le
w H
+ Aly, W)~ {—Jh % ] :
1, [AW) O ||
Therefore we obtain (24) from the definition of B-subdifferential. |

For W € 0(Vecf)(z.(y) — A/c), let us define

Bor o(y, W) = /¢ WHV?g(2e(y)+ Y [itchi(2e(y)]V2hi(ze(y)+¢ Th(ze(y))" T h(zc(y))l
=1
10



for ¢y < ¢’ < c. Under Conditions (I) and (III), noting that ¢ ='W € I — 9P, f(z.(y) —
Ac) for W € 9(Ve.f)(zc(y) — A/c), we have from Lemma 5 that we may choose
co > 0 to satisfy

(26) nlld||* < (d, Bey.cy, W)d) < 7lld||*, YW € 95 (Vecf)(zc(y) — A/c), Yy € Bs, ().
where 77 > 7 > 0 are constants. Then we rewrite A.(7, W) as
(27) A, W) = Bey o (5, W) +cc'W +2cAT A
where A = Jh(T), which is assumed to have the SVD as follows
A=U[E 0RT.

For the purpose of estimating the norm of z..(7; Ay), we establish several lemmas as
follows.
LEMMA 9. Let nqy =n—m and

_ [zt oo T _ »=to0
(28) gco,C(y7 W) - |: 0 Inl :| R BCQ,C(y7W)R |: 0 Inl :| .
Then for Yy € Bs, (§) and VW € O(Vecf)(z.(¥) — A/c),
_ oo
gCO,C(y? W) i Q |: O I :| t QQI’H,

and )

¥ 0
gco,c(ya W) j ﬁ j JnIn’
0 I,

-1

Ghi=1,...,m]} and 7 = max{l,max[¥;;",i=1,...,m]}.

where ¢ = min{1, min[¥ PP

LEMMA 10. Let

T
(29) Hey (@ W) = Goy (7, W)~ = [ Hy(W)  Hy(W) ] |

Hy (W) Hz(W)
Then
[H W)z < (@)™ [[Hi (W)~ 2 < a7, | Ho(W) Hi (W) |2 < (an) a7,

where the matriz norm || - ||2 is the spectral norm.
LEMMA 11. With the notations in (29), we have

Lo 07\
[ HiW)(In, +eH (W) *Hy(W)  Hy(W)(Ipp, + cH (W)~ Ho (W)
—c
Ho(W)T (1, + cHy(W))"*Hy (W) Ho(W)T (I, + ¢H (W) 1 Ho(W)

Proof. Tt comes from the Sherman-Morrison-Woodbury formula (cf. Section 2.1
of [7]). |
Now we estimate the norm of z.(7; Ay).
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PROPOSITION 12. Suppose that Conditions (I) and (II1) are satisfied. Then there
exists po > 0 such that

(30)

lze(@; Ay)ll < pollAyll/e, e =22

Proof. From the expression

we obtain

(31)

1
2T Ay) = Ac(@, W) T =ATAp+ —WAN,

(2o Ay), 2L ([T Ay)) < 2(ATAp, Ac(y, W) 2 AT Ap)

2
+§<WA)\7 A7, W) 2WAN).

From the expression

Ac(ya W) = Bm,c(@y W) + /0\071W —+ EATA,

we obtain that

(AT Apt, Ao(7, W) "2 AT Ap)

< (ATAp, [Bey (7, W) + AT A]72AT Ap)
= ||[Beo.c (@, W) + CAT A| AT Ap2
2
= ||[Beo,c (¥, W) + ¢R UTU[Z OJRT]'R UTAp
DI H (W) ' +¢I,)" " 2
_r (H (W) ) _—
0 I | [ H(W)TH (W) (H (W)™ +2Lp) ™
> 1 0 2 I 2
= m HW71+EIm712Aﬂ2-
0 Im] [HZ(W)THI(W)1] [(H1 (W) )HEI A

Then, by defining

we obtain

(32)

o9 = max{lrglizi)sn Y2 11+ (an)~"om)?,

(ATAp, Ac(g, W) AT Ap)

< 00[|e™ i — €N (@, + Hy (W)™ HL (W) (| Apel®

< ool | ApllE e, + Hy (W)™ lallHy (W) 2]l Arel?]
< 008 (1 + [Hy (W) 2| HH (W)12) | Au?

< o[ Aplf?,

where o1 = oo(on~'omn)%

12



Since B, (7, W) satisfies (26), we can easily obtain
(WA A7, W)2WAN)
< (WAN, [Beyo ([, W) 4+ cc ' W] 2WAN)
= [|[Bey.c (5, W) + cc™ ' W] WAX|?
(33) = |1Bay.o(@ W) ™21 + e Bay oG W) ™2 WBey o7, W) 7177
XBeo o (U, W) 2 W Bey o (7, W) ™Y 2Bey (7, W) 2AN|2
< (I + e By o (G, W) TV EW B,y o (5, W) =12 71 x
KBy oI, W)W By o5, W) 2 P [AN].
Noting that ¢~ 'W is positively semi-definite with [|c™1W|| < 1 and B, (7, W) satis-
fies (26), we have that the eigenvalues of ¢~ !By, (7, W)~ V2WB,, (7, W) /2 are all

in [0, p~/27'/2]. Assume that ¢ 1B, (7, W)~ V2WB,, (7, W)~!/? has the following
spectral decomposition

AW), 0
cle,c@,W)1/2WBco,c<y,W>1/2QW{ W)

T
05 :| QW?

where o = {i : \i(¢ ™ Bey (@, W) V2 WBey (5, W)~/2) > 0} and B = {1,...,n}\ q,
and we use A(W); denote the i-th eigenvalue of ¢~ B, (5, W)~ Y2WB,, (g, W)~1/2.

Since

(I + 60_1860,6(57 W)_1/2WBCO,C(y7 W)_1/2]_1BC(),C(y7 W)_1/2WBCU,C(y7 W)_1/2

_0 (In +eA(W)a)~t 0 cA(W)y 0 or
v 0 Iy 0 05| W
_0 c(In +eAW)o)TAW)y 0 T
v 0 0 | “W°
we obtain
(34)
(1 +EC_IBCO,C@7 W)_l/QWBCO,C(yv W)_1/2]_1860>C(y7 W)_1/2WBCO,C(y7 W)_1/2||
ceA(W); c
< —_— < =<2
ST AW, s

when ¢ > 2¢ > 2¢y. Combining (33) and (34), we obtain for ¢ > 2¢ that

(35) (WAN, Ac(g, W) 2 WAN) < 27 '] AN|?

Let 0 = n~'7 and pg = 2y/max(01,02). Then for ¢ > 2¢, from (31), (32) and (35),
we have .
2@ AY)II* < 20072 Apl® + doac? AN

40’1 402

2
L Apl? + =2 1A < 2 ay)?
H 2 Yy

The proof is completed. 0
PROPOSITION 13. Under Condition(I) and Condition(IIl), there exists o > 0
such that for ¢ > 2¢,

(36) (V(Ay) + ¢ Ay, Ay) € poc?[—1,1]|| Ay|*, YV (Ay) € Ve(Ay).

13



Proof. For YV (Ay) € V.(Ay), there exists an element W € 95(Ve.f)(T — \/c)
such that

V(Ay) = - T Ac(g, W) T @) = W/cAy + ’ :
—Wje (W - 1nAX
So we have
Jh(z) =
Viag) + 22 = [ e ] A W) IR =i ||
2

Noting A.(y, W) = Bz (g, W) + cc W + ¢AT A with A = Jh(Z) and ¢ = ¢ — ¢, we
have

Ay Ap _ Ap
0 W+ 28 = (L aghiany ) G0 vaphieny )

where

~

G, W) = ¢ ' — Ay [Beo(y, W) + CAL, Ay | L AT,

A A
w = _el2yt2 )

Since EW € Rim+n)xn it is impossible be of full row rank. Let ry = rank EW, then
rw > m. Without loss of generality, we assume that the first ry — m columns of
—cY2W1/2 are linearly independent and

and

range [AT  — ¢ V2W/2) = range [AT  Ew],

where Ey denotes the matrix generated by the first ryy —m columns of —¢=1/2W1/2,
Then —c¢ /2W1/2 is expressed as

—c\PW2 = By (AT Ew)Ow]
for some matrix Oy € R *(tm=rw) and 27‘,;/ is expressed as
AT = (AT Ew)ll,, ©Owl

With these notations, we have
(38)
Gc(ya W) = Cil[ - [ITW 6VV}T(‘AT EW)T[& E(ga W)+

+e(A" Ew)(Iry +OwOR (AT Ew)T]THAT Ew)[l,, Ow]

=c ' [l Ow|" (I, +OwOL) V21, +OwOL)V2(AT  Ey)Tx
X[Bea(@ W) + (AT Bw)(I,, +OwOR) (A" Ew)"|™'x
X(AT Ew)(Lny +OwOL) (I, +OwOh,) V(L Ow]

= ' — PLAw[Be (7, W) + AL, Aw ] L AL, Fiy,

where
Fw = (I, + OwOL) 2., Ow]and Ay = (I, + OwOL)/2(AT Ey)T.
14



For the singular value decomposition Ay = Uy [Syw 0|RE,, define
2500 1

ﬁzc@, W) = gac(g’ W)71 . [ ﬁl(W) ﬁ2(W)T ‘|
| | Hy(W)  Hy(W)

RYV{/BE,C (ya W)RW

- aje;
gE,C (ya W) - [
0 Inl (W)

where n1 (W) =n — ry. Let

and
s =i (i, )
c W2 AN

Then we obtain

Ayiy Aw [Be (5, W) + eAfy Aw ]~ Aly Ayw

—1

o) (e
= (UL Ayw, (Hy (W) — Hy (W) (L, + CH (W)™ Hy (W)U Ayw)
= (UE Ayw, (Hy (W)~ + 2, ) "L UR Ayw)

= (Ul Ayw, (67 — & HU(W) 75 (@ + Hi(W) ™) T HL(W) ™ %) U Ayw)
=Y Aywl? — (UL Ayw, &L H (W)~ 2 (€, + Hi(W) ™Y Hy (W)~ 2UL Ayw)
= Y Aywl2 = (Hi (W)~ 2UL Ayw, & (€l + Hy (W)Y H (W) 2 UL Ayw)

= <AyW7 UW [ITW 0] (gc,c(% W) +c

Suppose H TH(W) has the following spectral decomposition
ﬁl(W)_l = Qdiag(§17 T agTW)QTaal = diag(gla T 7§TW)’

then we obtain

(Hy\(W)~V2UE Ayw, & @,y + Hi(W)) ™ Hy (W) 2 U Ayw)
= (2} QUL Ayw &\ (e, +E1) 712 QUL Ayw)

1
ey = QU Ay TR, +2) 12 QUG Ay

_ TyUT A —1 & . frw TyT A
(Q"Uy, Ayw, ¢ 'diag (CJF& ¥ Q" Uy Ayw)

~ fl frw :l 2
€cl == Ayw 1%,
|t e Al

which implies

Aw (B 2,E ).,.gg%gw]—lg%AyW
1 1 frw & 9
(40) ( { c+£rw & D (B

] | Aywl2.

15
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Now we estimate ||Ayw||. Obviously we have that Fy can be expressed as
(41) Fyw = (I, Ow)(Lry ©Ow)") (L, OWw)

where (I, ©w) is a matrix in full row rank. Assume that (I,.,, ©yw ) has the following
SVD: o R
(I, ©w) =Uw([Ew O0]R{y

then we have from (41) that Fy can be expressed as
(42) Fw = Uwl[I,,, OJRY.

Therefore, we have from the equality (42) that (the spectral norm) ||Fy |2 = 1 and
in turn,

(13) 1A |2 < 1Al + /2w /2 A2
Therefore, for ¢ > 2¢, we have from (37), (40) and (43) that
1 1 1 1

(10) (Vg + L A e |2

- - = Ap|? + ||V 2w 2 AN 7).
¢TI e Tre. (IAu]+ e 11°]

Since
(AT — V2wV = (AT Ew)(I., Ow)

we have

(ATA+c'W) = (AT Ew)(I,, + 0w (AT Ew)T
and so that
(I + OwOR,)1/2
= [(ATA+ EwEL) (AT Ew)T(ATA+ ¢ 'W)(AT  Ew)(ATA+ EwEL)~1]"2.

Therefore the matrix EW = (Ipy, + @W@%)l/Q(AT Ew)T is a uniform bounded
matrix with respect to W and the singular value matrix ¥y is uniformly bounded
with respect to W. From the expression

Sw 0 ]

- Yw 0
’Hac@, W) =

and noting that B, (7, W) satisfies (26), we have that & and &, in (44) satisfy

0<& <&y <o

for some constant 75, > 0. Obviously we have ||c~'/2W1/2A)\|| < ||AX|| and in turn,

Ry B: (5. W) 'Ry

O Inl(W)

(45) 1AL + e 2WH2AN2 < Ayl
Therefore, we have from (45), (44) and the fact 0 < & <&, <7, , that
Ay 1 11 1
V(Ay) + —,A El-—=0——,-— = Ayl|?
Van+ L e |t- e
1 11 1
(46) Clo—=-—=—=1lAyl?
c c¢cc ct+7nm
_|=¢ Mo—c 2
| s 1w
which implies that there exists pg > 0 such that (36) is satisfied when for ¢ > 2¢. The
proof is completed. 0
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Now we are in a position to state our main result on the rate of convergence of
the augmented Lagrangian method for the composite optimization problem.

THEOREM 14. Suppose that Conditions (I) and (III) hold at T. Define p1 = 2pg
and pa = 4pg (where pg is defined by Proposition 12 and g is defined by Proposition
13). Then for any ¢ > 2¢, there exist two positive numbers e and 6 (both depending
on ¢) such that for any y € Bs(y), the problem

min  L.(z, z,y)

47
(47) st.  (x,2) € B.(%,T)

has a unique solution denoted (x.(y), zc(y)). And the function (z.(y),z:(y)) is locally
Lipschitz continuous on Bs(y) and is semismooth at any point in Bs(y), and for any
y € Bs(y), we have

(48) l2¢(y) = | < pally —7ll/c
and
(49) ([ (e (), Ae(w)) = (7, M| < p2lly =7l /e

Proof. Let ¢ > 2¢. It follows from Proposition 6 that there exist two positive
numbers €1 > 0 and &y > 0 (both depending on ¢) and a locally Lipschitz continuous
mapping z.(-) defined on Bs,(7), z.(y) is the unique solution to

min  @.(z,y) : s.t. z € B, (T).

Define z.(y) = (P.f)(ze(y) — A/c¢), then z.(y) is well-defined on Bs, () and it’s a
semismooth mapping on Bs, (7). Let

€ = min {51, max ||z.(y) — J:||} ,

y€Bs, (7)

then for any y € Bs, (7), (x.(y), 2.(y))) is the unique solution to Problem (47).
Since z.(-) is locally Lipschitz continuous on By, () and it is directionally differ-
entiable at 7, namely

lim Hzc(y) - zc(?) B (Zc)/(y;y - y)”

1 — =0.
Y=Yy lly — 7l

By Proposition 6 and Proposition 7, Vd.(-) is semismooth at 7, and thus is also
Bouligand-differentiable at . Then there exists 6 € (0, dg] such that for any y € B;(7),

(50) 2c(y) = 2e(m) — (z) @y — DI < polly — 7l /¢
and
(51) VO y) = VI(7) — (VI) @y — D)l < polly —Fll/c.

Let y = (1, A) € Bs(¥) be an arbitrary point. For ¢ > 2¢, from (30),(50) and the fact
2.(g) = T, we have

Ize(y) =2l < llze@ v = D + polly = Fll/e = prlly = 7l /<,
17



which shows the validity of (48).

Since VU.(+) is semismooth at 7, there exists an element V' € 95(Vd.)(y) such
that (V3.) (7;y—7) = V(¥; y — ). Nothing that V is self-adjoint, we know from (36)
and (24) in Proposition 7 that

(52) V(=5 + ¢y =Dl < 3uolly —7l/e*.
Therefore, we have from (51) and (52)

ly + cVide(y) — 7l

= ||V (y) — VI(H) — (VI) @y —7) + (VI Wy —7) + ¢ Ly =)
= c|[VOc(y) = VI(T) — (VI) Gy =D + V(Y —7) + ¢y -7l

< polly = 7ll/e+3polly = Fll/c = p2lly — 7l /e,

which, together with (22) and the definition of u.(y) and A.(y), proves (49). The
proof is completed. 0

5. Discussions and conclusions. In this section, we explain that the assump-
tions, (nlsdp-A1)(the constraint nondegeneracy condition) and (nlsdp-A2) (the strong
second-order sufficiency optimality condition) in [13] required by the augmented La-
grange method for nonlinear semi-definite optimization problem, are sufficient condi-
tions for Condition (III). This shows that the result of the rate of convergence in this
paper is consistent with the main result in [13]. For notation convenience, we consider
the following nonlinear semi-definite optimization problem:

min  m(z)
(53) st. q(z) =0,
p(z) €L,
where m : " — R, ¢ : R" — R, p: R" — SP are twice continuously differentiable.

Let (7,(,Z) € R™ x R™ x SP be a Kuhn-Tucker point for Problem (53), namely

VZL(27 Z7 E) = O’
(54) _
qz)=0, 0=p(z) LE=0,

where L(z,(, Z) is the standard Lagrangian for Problem (53):
L(2,¢,E) = m(2) + (Tq(2) — (E.p(2))-

Using our notations, we modify Proposition 4 in [13] as follows
PROPOSITION 15. Suppose that Assumptions (nlsdp-A1) and (nlsdp-A2) are sat-
isfied. Then there exists a positive number ¢y such that for any ¢ > cog and W €

lley (5 — ep(3)),
(d, Ac(C.E,W)d) = (d, Bey. (¢, Z,W)d) > 0
for any d € KerJq(z) \ {0}, where
By (¢, 5, W) = V3,L(Z,(,5) + coAT DeA + 2¢0CF, ) (0¢)(a7)Cla)

and A, D., C(qo ) and (Oc)(a,) are defined in [13, p.369-370].
18



By introducing an artificial variable Y € SP Problem (53) can be reformulated as

min m(z) + 6Sgr(Y)

q(2)
Y —p(2)

Let o = (,Y), g(x) = m(2), f(x) = 8z (Y) and

q(z)
h(z) = l Y p(2) 1 7

then Problem (55) takes the form of (1). It is easy to calculate

Vm(z) ] o) = [ 0

(55)

s.t. =0.

Jq(z) 0

Vy(z) = _Dp(x) T

)

0 Nz (Y)

. Dh() = l

where 7 : S — SP is the identity operator. Let p = ((;Z). We have from (54) that

0€df(@) +Vg@) +Th(@ '

namely Condition (I) holds.
It is obvious that e.f(x) = gHY — Igr (Y)||? and

0

Ve f(x) = I (V)

From the definition A = Vg(z) + Jh(z)T T, we have

o X z
E c vy - =
c
A _o E .
Then W € 0(Ve.f) <x - ) = 0(Ve.f) <Z,Y - c> satisfies
c
0 0 , _ =
(56) W = 0V with V € 0llgr Y_E .

When ¢ > ¢ and d € ker Jh(Z) \ {0}, one has that
Jq(Z)d, =0, dy = Dp(z)d,.

Thus YW € (Ve f)(T — \/c),

(d,coc™Wd) + V2 ( T) + 301 Ay V2 hi(T)]d)
2) + 2711 ¢ V?,(2) — D*p(2)E)d.
o (%) (I e
= (d=, V2. L(Z,¢,E)dz) + co(Dp(2)d., V(Dp(2)d.)),
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where V and W satisfy (56). Let E = Z — p(Z) have the spectral decomposition
E = PAPT with A = Diag(A1,--+, \p). Let

a={i: >0}, ={i:A=0}, ~v={i: )\ <0}

Then F can be expressed as the following form:

A, 0 O
E=P| 0 03 0 |PT
0 0 A,
and p(z) — = has the following spectral decomposition
¢
1
= Ao 00
_, & c
pE-Z=-P| 0 o, o [P
0 0 A,

Therefore, we have from Proposition 4 of [15] or [16], for any H € SP, that

PTHP, PT'HP; Q% oPIHP,
(58) V(H)=P P{HP, Vi(P§ H Pg) 0 pT
Qo PTHP, 0 0

with

Vs € 0l 5 (0), QF = —
ﬁ S S|ﬂ|( )) iJ )\Z+C|>\J|,

From the definition of (©.)(q,) in [13], we have Qf,. = (O.)
from (57), any d € KerJh(z) \ {0}, that

1€ a,] €n.

(a,y)- Therefore we obtain

(d, coc™'Wd) + (d, [V2g(T) + S0 7, V2hi(T))d)
= (dz, Bey,o((E,W)dz) >0

in which the last inequality comes from Proposition 15 and d, € KerJ¢(z) \ {0}.
The above analysis shows that Condition (III) is satisfied when the constraint nonde-
generacy condition the strong second-order sufficiency optimality condition hold for
Problem (53).

At the end of this section, we give a short conclusion about the results in this
paper. We consider an important class of composite optimization problems in which
objective function is a summation of a proper lower semi-continuous convex function
and a twice continuously differentiable function, and constraint set is defined by a
set of equalities of twice continuously differentiable functions. The main difficulty is
the non-smoothness of the convex function in the objective. Noticing that, even for
some non-smooth convex functions, Moreau-Yosida regularization is C*! and we are
able to characterize its generalized Hessian. This observation helps us to establish a
set of second-order sufficiency optimality conditions in terms of generalized Hessian
of Moreau-Yosida regularization of a convex function. By expressing the objective in
a separable way, we find that proximal mapping (or the gradient of Moreau-Yosida
regularization) can be used to develop an implementable augmented Lagrange method.
Using the proposed strong second-order sufficiency optimality condition as a main
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condition, we establish the rate of convergence of the augmented Lagrange method
based on the second-order variational analysis of Moreau-Yosida regularization. As
an example, we check that the assumptions used in [13] are sufficient to the strong
second-order sufficiency optimality condition adopted in this paper, and this shows
that we may us the analysis to obtain the same result for nonlinear semi-definite
optimization problems.
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