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Abstract

In this paper, we consider the control problem with the Average-Value-at-Risk
(AVaR) criteria of the possibly unbounded L!-costs in infinite horizon on a Markov
Decision Process (MDP). With a suitable state aggregation and by choosing a priori
a global variable s heuristically, we show that there exist optimal policies for the
infinite horizon problem for possibly unbounded costs.
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1 Introduction

In classical models, the optimization problem has been solved by expected performance
criteria. Beginning with Bellman [6], risk neutral performance evaluation has been used
via dynamic programming techniques. This methodology has seen huge development
both in theory and practice since then (see e.g. [28, 29, 30, 31, 32, 33]). However, in
practice expected values are not appropriate to measure the performance criteria. Due
to that, risk aversive approaches have been begun to forecast the corresponding problem
and its outcomes specifically by utility functions (see e.g. [8, 10]). To put risk-averse
preferences into an axiomatic framework, with the seminal paper of Artzner et al. [2], the
risk assessment gained new aspects for random outcomes. In [2], the concept of coherent



risk measure has been defined and theoretical framework has been established. Deriving
dynamic programming equations for this type of risk-averse operators, risk measures, are
not vast. The reason for it is that the Bellman optimality principle is not necessariliy
true using this type of operators. That is to say the optimization problems are not time
consistent. We refer the reader to [27] for examples verifying this type of inconsistency. A
multistage stochastic decision problem is time-consistent, if resolving the problem at later
stages (i.e., after observing some random outcomes), the original solutions remain optimal
for the later stages. To overcome this difficulty, in [19], one time step Markovian dynamic
risk measures are introduced, hence the operators are only evaluating for one time step
and necessarily time-consistent. Another method, called state aggregation, and relevant
algorithms are developed in [26] relying on a so-called AVaR decomposition theorem.
This approach uses a dual representation of AVaR and hence requires optimization over
a space of probability densities when solving an associated Bellman equation. In [4], a
different approach to state aggregation is applied and for each path w, the information
necessary from the previous time steps is included in the current decision. All these works
are studying bounded costs in L*°, hence whenever they study infinite time horizon, they
verify the existence of optimal policy via a contraction mapping and fixed point argument.
In [34], several weaker conditions and the notion of weak time consistency are introduced.
These are characterized by the existence of dual representations making it easier to solve
dynamic programming equations, but these approaches only hold in L*°. To the best of
our knowledge, there are few papers related to minimizing AVaR or other risk measures
in L” spaces with 1 < p < oo ([35, 36, 37]). This paper is in that direction. We study
the optimal control on MDPs with possibly unbounded costs on L! using coherent risk
measures.

Our contributions are two fold. First, using the state aggregation idea from [4], we
show that in infinite time horizon with possibly unbounded costs that are in L', there
exists an optimal stationary policy. Second, we propose a heuristic algorithm to compute
the optimal values that is applicable both on continuous and discrete probability spaces
that require no technical conditions on the type of distributions as opposed to [4]. We
present our results with a numerical example and show that the simulations are consistent
with original problem and theoretical expected behaviour of this type of operator. We
also present examples in real life scenarios related to insurance and finance and give the
complete recipe to apply our scheme.

The rest of the paper is as follows. In Section 2, we give the preliminary theoretical
framework. In Section 3, we state our main result and derive the dynamic programming

equations for MDP using AVaR criteria for the infinite time horizon. In Section 4 we



present an algorithm using our theoretical results and apply it to the classical L(Q problem
and give the simulation values.

Notation. Given a Borel space, namely a Borel subset of a complete separable metric
space Y, its Borel sigma-algebra is denoted by B(Y) and “measurable” means “Borel-
measurable”. Moreover, L(Y') stands for the family of lower semicontinuous (l.s.c.) func-
tions on Y, bounded from below, and L(Y"), denotes the subclass of nonnegative functions

in L(Y).

2 The Control Model

We take the control model M = {M,,,n € Ny}, where for each n € Ny,
Mn = (X7A7Kn7Q7Fnacn) (2'1)
with the following components:

e X and A denote the state and action (or control) spaces. X and A are assumed to

be Borel spaces.

e For each z, € X, let A(z,) C A be the set of all admissible controls in the state x,,.
Then
K, = A{(xn,a,) : x, € X, a, € A(z)}, (2.2)

stands for the set of feasible state-action pairs at time n, where we assume that K,
is a Borel subset of X x A.

e We assume that K, is a Borel subset of X x A, and that it contains the graph of a
measurable function 7 : X — A (the latter condition ensures that the set F,, defined

below is nonempty)

o We let
Tp+1 = Fn(xTu Qn,, gn)a (23)

for all n = 0,1, ... with 2, € X and a, € A as described above, with independent
random disturbances &,, € S,, having probability distributions p,,, where the S, are
Borel spaces and F), is a given measurable function, system equation, from K,, x .S,
to X.

o (T, an,&) K, x S, — R stands for the deterministic cost-per-stage function at
stage n € Ny with (z,,a,) € K,, and for fixed &,, ¢,(-,-,&,) is assumed to be Ls.c.

and nonnegative.



e The transition law Q(B|z,a), where B € B(X) and (z,a) € K, is a stochastic
kernel on X given K,, ( see [38, 39] for further details). That is, for each pair
(z,a) € K,, Q(:|z,a) is a probability measure on X, and for each B € B(X),
Q(B|-) is a measurable function on K.

To state one of our main assumptions, we give first the following definition.

Definition 2.1. A real valued function v on K,, is said to be inf-compact on K,,, if the
set

{a € A, (2)|v(z,a) < c} (2.4)

is compact for every x € X and c € R. As an example, if the sets A(x) are compact and
v(x,a) is l.s.c. in a € A(z) for every x € X, then v is inf-compact on K,,. Conversely, if

v is inf-compact on K, then v is l.s.c. in a € A(x) for every x € X.

Assumption 2.2. (a) c,(x,a) is non-negative, l.s.c. and inf-compact on K,, for fized

&n-

(b) The transition law Q is weakly continuous; i.e. for any continuous and bounded

function u on X, the map

(2.0) /X u(y)Q(dylz, a) (2.5)

18 continuous on K, .

(¢) The multifunction (or set-valued map) x — A(z) is l.s.c.; i.e. if xp, — x in X as
m — oo and a € A(x), then there are a,, € A(x,,) such that a,, — a as m — 0.

(d) The system function x,1 = F,(x,,an, &) is continuous on K, for every &, € S,.

Remark 2.3. A function v belongs to L(X) if and only if there is a sequence of continuous
and bounded functions u,, on X such that u,, T v. By using this fact, we can restate
Assumption 2.1 (b) as: For any v € L(X), the map (x,a) — [v(y)Q(dy|x,a) is ls.c.
and bounded from below on K,,. We note also that if (z,a) — F(z,a,s) in Equation 2.3
is continuous on K, fir every s € S, then Assumption 2.2 (b) holds. It is also known
that Assumption 2.2. (c) holds, if K,, is convex. ([40], cf. Lemma 3.2). Moreover, the
latter convexity condition holds in many real life scenarios related to control problems like

in inventory/production systems, water resources management, etc. ([41, 42, 43, 39]).



Definition 2.4. We let F denote the family of measurable functions f from X to A
such that f(x) € A(z) for all z € X. We let x,, and a, denote, respectively, the state
of the system and the control action applied at time n = 0,1,.... A rule to choose the
control action a, at time n is called a control policy. More formally, a control policy
7 is a sequence {f,} such that for each n = 0,1,...,m,(-|h,) is a conditional probability
on B(A), given the history hy, = (xg,ag, ..., Tn_1,an_1,%y,), that satisfies the constraint
fulA(x,)|hy) = 1. The class of all policies is denoted by T1. A sequence { f,} of functions
fn € F is called a Markov policy if

fo: X — A (2.6)

A Markov policy {f,} is said to be a stationary policy, if it is of the form f, = f for all
n=0,1,... for some f € F. Furthermore, m = {m,} is said to be

e a deterministic policy, if there is a sequence {f,} of measurable functions f, : H, —
A such that for all h,, € H, and n =0,1,2, ..., we have f, € A(x,) and 7,(-|h,) is

concentrated at f,(hy), i.e.

Tn(Clhn) = Io(fo(hn)), (2.7)
for all C € B(A).

e a deterministic Markov policy, if there is a sequence {f,} of functions f, € F such
that 7, (+|hy) is concentrated at f,(x,) € A(z,) for all h, € H, andn =0,1,2,..,.

e a deterministic stationary policy, if there is a function f € F such that m,(-|h,) is
concentrated at f(x,) € A(z,) for all n € Ny.

Remark 2.5. In this paper, our admissible policies m = {m,} are restricted to determin-

istic policies.

Let (€2, F) be the measurable space consisting of the sample space Q := [[72,(X x A)
and the corresponding Borel o-algebra on (2 is denoted by F. Then, for an arbitrary
policy 7 € II and initial state x € X, by lonescu-Tulcea Theorem [7], there exists a
unique probability measure PT on (2, F), which is concentrated on the set of all sequences
(xo, ag, 1, a1, ...) with (z,,a,) € K, for all n = 0,1,.... Moreover, P satisfies that

PT(xg =x) =1, and for every n = 0,1, ...

PT(ay, € Clhy,) = m,(C|hy) (2.8)
Pr(zp41 € Blhy,a,) = Q(B|zn, ay), (2.9)



for every C' € B(A) and B € B(X). (Q,F, P, {z,}) is called a discrete time Markov

control process. The expectation operator with respect to P is denoted by E7.

Remark 2.6. If 7 = {f,} is a Markov policy, then the state process {x,} is a Markov

process with transition kernel Q(-|z, f.(x)); that is
P;(«xn—&-l € B‘ﬁoa L1y eeey xn) - P:Z"r('rn—&-l € len) - Q(B|l’n, fn(‘rn»? (210)

for all B € B(X,) and n = 0,1,.... In particular if f € F is a stationary policy, then

{z,} has a time-homogeneous transition kernel Q(B|x,, fn(xy,)).

3 Coherent Risk Measures

Evaluation Criteria. We consider the cost functions denoted by

C™® .= Z Cn (T, an, &), (3.11)
n=0
for the infinite planning horizon and
N
cN .= Z Cn (T, an, &) (3.12)
n=0

for the finite planning horizon for some terminal time N € Ny. We start from the following
two well-studied optimization problems for controlled Markov processes. The first one is
called finite horizon expected value problem, where we want to find a policy 7 = {f,}_,

with the minimization of the expected cost:

N
I7P€11¥Il ]EI [ZO Cn, ($n7 Qn,s gn)]

The second problem is the infinite horizon expected value problem. The objective is to

find a policy m = {f,}5°°, with the minimization of the expected cost:

o0

mmin EZ>  cn(@n, an, &)
n=0

Under some assumptions, the first optimization problem has solution in form of Markov

policies, whereas in infinite case the optimal policy is stationary. In both cases, the

optimal policies can be found by solving corresponding dynamic programming equations.



Our goal is to study the infinite horizon problem, where we use a risk-averse operator p
instead of the expectation operator and look for an optimal policy under some conditions.

We introduce the corresponding risk averse operators that we will be working on
throughout the rest of the paper, which is first defined in [2] on essentially bounded random
variables in L> and later extended to random variables on L' in [17, 19] with a norm on
L' introduced in [28]. Let (€, G,P) be a measurable space and let X € L'(Q,G,P) be a
real-valued random variable. A function p : L' — R is said to be a coherent risk measure
if it satisfies the following axioms:

o (Convexity) p(AX + (1 — A)Y) < Ap(X) + (1 — Np(Y) VA € (0,1), X,Y € LY,
e (Monotonicity) If X <Y P—a.s. then p(X) < p(Y), VX,Y € L!

e (Translation Invariance) p(c+ X) = c+ p(X), Ve € R, X € L

e (Homogeneity) p(8X) = Bp(X), VX € L', 3 > 0.

Remark 3.1. We note that under the fourth property (homogeneity), the first property
(convexity) is equivalent to sub-additivity.

The particular risk averse operator that we will be working with is the AVaR,(X). Let
(22, G,P) be a measurable space and let X € L'(Q2, G, P) be a real-valued random variable
and a € (0,1).

e We define the Value-at-Risk of X at level «, denoted by VaR,(X), by

VaR,(X) =inf{z e R: P(X <z) > a} (3.13)

e We define the coherent risk measure, the Average-Value-at-Risk of X at level «,
denoted by AVaR,(X) as

1 1

AVaR,(X) = 1—/ VaR,(X)dt (3.14)
We will also need the following two alternative representations for AVaR,(X) as shown
in [15].

Lemma 3.2. Let X € L'(Q,G,P) be a real-valued random variable and let o € (0,1).
Then 1t holds that



seR

1
AVaR,(X) = min {s + 7 E[(X — s)+]} ) (3.15)
where the minimum is attained at s = VaR,(X).

o AVaR(X) = sup e B#[X], where M is the set of absolutely continuous probability
measures with densities satisfying 0 < 3—1‘; <1/a.

Remark 3.3. We note from the representations above that the AVaR,(X) is real-valued
for any X € L'(Q,G,P). We further note that

lim AVaR,(X) = E[X] (3.16)
a—
lir% AVaR,(X) = esssup X < oo. (3.17)
a—r

Since we are dealing with dynamic decision process, we should introduce a concept of so
called time consistency. One approach is to define time consistency from the point of view
of optimal policies strategies. In that regard, we cite [44]: “The sequence of optimization
problems is said to be dynamically consistent if the optimal strategies obtained when
solving the original problem at time ¢; remain optimal for all subsequent problems”. A
similar definition is given in [45]: “Optimality of the decision at a state of the process at
time t € 1,...,T1 should not involve states which do not follow that state, i.e., cannot
happen in the future.” [20] describes the concept of time consistency as “if the decision
process is represented by the corresponding scenario tree, this means that if at a time ¢,
we are at a certain node of the tree, then optimality of our future decisions should not
depend on scenarios which do not pass through this node.”

Remark 3.4. Given (Q,F,{F.})_,,P) be the measurable space with {F,}_, being the
filtration, F = o(UN_F,) being the o-algebra, and Q and P being the probability space
and the probability measure respectively, if the probability space is atomless, it is shown

in [20] and [14] that the only law invariant coherent risk measure operators p on i.e.
XLy = p(X)=p(Y) (3.18)
satisfying the “telescoping property”

p(Z) = p(pi7 (--p7y 1 )(Z)), (3.19)

for all random variables Z measurable on ((Q2, F,P)) are esssup(Z) and expectation E(Z)
operators. We refer the reader to [20] to further investigate the expression in Equation
3.19. This suggests that optimization problems with most of the coherent risk measures

are not time consistent.



4 Main Result

We are interested in solving the following optimization problem in the infinite horizon.

mell

min AVaRZ(Z Cn (T, any &), (4.20)
n=0

Remark 4.1. In [}/, the infinite horizon with bounded costs with a discount factor of
0 < r <1 are studied and the existence of optimal strategy is obtained via a fived point
argument through contraction mapping. Here, since we deal with cost functions that are

in L', this scheme does not work.

Assumption 4.2. There exists a policy mg € Il such that for the risk neutral case the

optimization problem is finite for any x € X. Namely,

Ego(ch(m‘n,an,fn)) < 0. (4.21)

n=0

Remark 4.3. By Lemma 3.2 above, this immediately necessitates that for that policy mg

AVaR?° <Z n (2, an)) < 00, (4.22)

n=0
since AVaR,(X) < 2E(X) for any random variable X € L*(Q,G,P).

To solve 4.20, we first rewrite the infinite horizon problem as follows:

1 u 0 — — 3 ; ; ™ oo +
117}1“ AVaR] (C*| X, = x) —;Iellf[ ;Ielﬂfk {3 +t1o aEx[(C s) ]} (4.23)
. . 1 T © _ N\t
_;gﬂf{;g[ {3 +1 aEx[(C' s) ]} (4.24)
: 1 : i 0o +
—;gﬂg {s +— TlrrellfIE’”[(C s) ]} (4.25)

Based on this representation, we investigate the inner optimization problem for finite time
N asin [4]. Let n =10,1,2,..., N. We define

wyx(7,5) = EI[(CN —s8)F], € X, scRrell, (4.26)
wy(x,s) = inng,r(x, s), v€X, seR, (4.27)
TE

We work with the Markov Decision Model with a 2-dimensional state space X2 X xR.
The second component of the state (z,,s,) € X, s, gives the relevant information of the
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history of the process, hence we aggregate the state. We take that there is no running cost
and we assume that the terminal cost function is given by V_1.(z,s) := V_1(x,s) := s™.
Further, we take the decision rules f, : X — A such that f,(z,s) € A(z) and denote by
I1PM the set of pseudo-Markovian policies m = (fo, f1,..., ), where f, are decision rules.
Here, by pseudo-Markovian, we mean that the decision at time n depends only on the
current state x, and as well as on the variable s,, € R, where s,, is also updated at each
time episode n as to be seen in the proof of Theorem 4.4 below. We denote for

veM(X):={v: X - R, : measurable} (4.28)

the operators, for n € Ny and for fixed s, we denote

To(xp,s,a) == /v(an,s—cn(wnH,a))@(dmnﬂlmn,s,a), (zn, ) € )?,a € A,(z) (4.29)
The minimal cost operator of the Markov Decision Model is given by

Tv(x) = inf T,(x,s,a). (4.30)
acA(x)

For a policy ™ = (fo, f1, f2,...) € [P, We denote by & = (f1, f2,...) the shifted policy.
We define for 7 € [P and n = —1,0,1,..., N:

Vn+1,7r = Tfov'mra
Vn—i—l = H;f Vn+17r

=TV,.

A decision rule f;; with the property that V,, = T}.V,,_; is called the minimizer of V,,. The
necessary information at time n of the history h,, = (zo, ag, 21, ..., an_1,x,) are the state
z,, and the necessary information s, = sg — ¢y — ¢1 — ... — ¢,—1. This dependence of the
past and the optimality of the pseudo Markovian policy is shown in Theorem 4.4. For
convenience, we denote

Vo(z) = inf EZ[(CY — 5)*]

mell

Voroo () == inf BI[(C™ — s)7],

well
which corresponds to the optimal value starting at state x in finite and infinite time

horizon, respectively.

Theorem 4.4. [}] For a given policy 7, the only necessary information at time n of the
history h, = (xo, ap, x1,..., Gn_1, Tpn) are the followings
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e the state z,

e the value s, ;= s —cy—c1 — ... —Cp_1 forn=1,2,...,N.
Moreover, it holds forn =0,1,..., N that

® W, = V. form e IIPM,

o w, =V,

If there exist minimizers [ of Vi, on all stages, then the Markov policy 7 = (f§, ..., fx)
is optimal for the problem
inf ET[(CN — )] (4.31)

mell

Proof. For brevity, suppressing the arguments for cost function ¢,(z,a), and for n = 0,

we obtain
%w(mu S) = T‘fo‘/_l(l’7 S)
— /Vl(y,s — co)Q(dylz, fo(z,s))
_ / (s — c0)~Q(dyl, fo(x,5))
_ / (co — 5)"Q(dylz, fo(x, 5))
= ET[(Co — 5) 1] = wor(, 5)
Next, by induction argument and denoting fo(z, s)) = a, we have
Vn+17r<x7 8) = ,‘TfOVt’”—‘:(a’:7 S)
_ / V(4,5 — ) QUdyl, 5. )
= /Ei[(C" - (5 - Cn+1>>+]@(dy‘x7 S, CL)
= /Eg[(cnﬂ +C" — 3)+]@(dy|l‘, S, CL)
= Eg[(CnJrl — S)Jr] = wn+17r(x7 8)

We note that the history of the Markov Decision Process ﬁn = (20, S0, A0, T1, S1, A1 -, Tpy Sp)
contains history h,, = (o, ag, 1, a1, ..., x,). We denote by II the history dependent policies
of the Markov Decision Process. By ([5], Theorem 2.2.3), we get

inf V,o(z,s) = inf V,z(z, s).

nellPM 7ell
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Hence, we obtain

inf w,; > inf w,; > inf w,z = inf V,, = inf w,,
rellPM mell 7ell nelPM rellPM
We conclude the proof. O

Theorem 4.5. [}] Under the conditions of the Assumptions 2.1, there exists an optimal
Markov policy, in the sense introduced above, o* € 11 for any finite horizon N € Ny with

inf ET[(CN — s)T] = E7 [(CN — s)7] (4.32)

well
Now, we are ready to state our main result.

Theorem 4.6. Under Assumptions 2.1, there exists an optimal Markov policy 7 for the
infinite horizon problem 2.15.

Proof. For the policy 7 € II stated in the Assumption 2.1, we have
Weo r = EZ[(C™ — 3)+]

=E[(C"+ ) Ci—s)']
< EJ[(C" =)+ EX[ Y Cil,
k=n+1

< ET[(C™ — s)*] + M(n), (4.33)

— xT

where M(n) — 0 as n — oo due to the Assumption 2.1. Taking the infimum over all
m € II, we get

Weo (T, 8) < wp, + M(n) (4.34)
Hence we get
Wy, < Weolzy8) < wp, + M(n) (4.35)
Letting n — oo, we get
lim w, = we (4.36)
n—oo

Moreover, by Theorem 4.4, there exists 7* = { f,}7_o € II such that V¥ (z) = Vi y (). By
the nonnegativity of the cost functions ¢,, > 0, we have that N — V{fy () is nondecreasing
and Vy'y(z) < Vi () for all 2 € X. Denote

u(z) = sup Vg y(2). (4.37)

N>0
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Letting N — oo, we have u(z) < Vi (7). O

We recall that our optimization problem is

inf AVaR[( Zc Ty Oy &) (4.38)
n=0

mell

which is equivalent to

e s s oo +
inf AVaR7( 7; ¢(an, a,)) = inf {s + 1 inf BT[(C™ = ) ]} (4.39)
Hence, we fix the global variable a priori s as
s = VaRl°(C™), (4.40)

where VaR[°(C™) is decided using the reference probability measure Py.

Remark 4.7. It is claimed in [4] that by fizing global variable s, the resulting optimiza-
tion problem would turn out to be over AVaRg(C™), where possibly o # [, under some
assumptions. But, it is not clear to us, what these conditions would be for that to hold and
why it should be necessarily case. Since for each fixed s, the inner optimization problem
in Equation 4.23 has an optimal policy m(s) depending on s. Hence, as in [4], we focus
on the inner optimization problem but by fizing the global variable s heuristically a priori
VaR™ (C™) with respect to reference probability measure P and then solve the optimization
problem for each path w conditionally with respect to filtration F, at each time n € Ny
namely by taking into account whether for that path s, < 0 or s, > 0. Hence, by denot-
ing s, = C™ — s, the optimization problem reduces to classical risk neutral optimization
problem for that path w whenever s, < 0.

5 s,(w) <0 case for that particular realization w

In this section, we are going to solve the case, after time n, when the risk averse problem
reduces to risk neutral problem in that particular realization path w. Recall that the
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inner optimization problem is

Vi(a) = —— inf EZ[(C™ — 5)*].

1 — a =

- owE[( T c(:cman)—(s—CN>)+]

1 — « ncnn
- n=N-+1

— 1 inf E;r _( Z C(flfm an) — Sn)+:| (541)

1 — « ncna
- n=N-+1

_ 1 ianE;;:E;;[( i c(xman)_sn)+|_7-"n” (5.42)

1 — «a wcla
n=N-+1

_ 1 inng:]Eg{( i c(:cn,an)—sn)+|{xmsn}H (5.43)

1 — « ncla
n=N-+1

Hence, whenever s,(w) < 0, we have obviously a risk neutral optimization problem in

that realization path w. Namely,

(3 fhpatame) - an)

i=n+1 o

= Z 7 i aci(a:i,m-)(w) — ! sn(w)

where n = min{m € Ny : s,,(w) < 0} in that realization path w. To further proceed, we

need the following two technical lemmas.

Lemma 5.1. Fiz an arbitrary n € Ny. Let K,, be as in Assumption 2.2, and let u : K, —

R be a given measurable function. Define

u*(z) = aeijlf(x)u(x, a), forallz € X,,. (5.44)

o [f u is nonnegative, l.s.c. and inf-compact on K,,, then there exists m, € F, such
that
u*(x) = u(z,m,), forallxz € X (5.45)

and u* s measurable.

e [fin addition the multifunction x — A, (x) satisfies the Assumption 2.1, then u* is
l.s.c.

Proof. See [25]. O
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Lemma 5.2. For every N > n > 0, let w, and w, n be functions on K,,, which are
nonnegative, l.s.c. and inf-compact on K,,. If w, n T wy, as N — 00, then

lim min w,y(z,a) = min w,(z,a) (5.46)
N—oo acAy(x) a€Ay(z)

forallx € X.

Proof. See [13] page 47. O
For n = min{m € Ny : s,,(w) < 0}, taking the beginning state as z,(w) and calculat-
ing the minimal cost from that state z,(w) onwards, by nonnegativity of cost functions

c(x;, a4, &) for all i € Ny, we have obviously

Von(@n(w)) = TlrfellfI/ (ﬁ;c(%%fi) - Sn(w)>+<@(d17,|l’,f0($a 5))
Von(@n(w)) = }%ﬁ/ (ZZ]:V;C(%ai,&))@(dfmfo(x,S)) — sn(w)

and similarly for the infinite horizon problem, we have

V*(zy(w)) := inf <Zc(xi,a,-,§i) — sn(w)) Q(da'|z, fo(z, s))

Vi) = inf (icmai,@))@(dafx,fo<sc, 5)) = 5u(w)

Definition 5.3. A sequence of functions u,, : X — R on a realization path w at time n

15 called a solution to the optimality equations if

up(2)(w) = aeigfz){cn(l“a a, &) (W) + Elun 1 [Fa(z, a, &)1} (5.47)
where
Eltuni1[Fo(z,a,&)]] = / Uny1[Fn(z, 0, 8)|pn(ds). (5.48)

n

We introduce the following notation for simplicity.

Pou(@)(w) = min feu(w,)(w) + EltnalFale 0.6}, (5.49)

for all x € X, and for every n € Ny. Let L,(X,) be the family of l.s.c. non-negative

functions on X,,.

Lemma 5.4. Under the Assumption 2.2, the followings hold.
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e P, maps L,1(X) into L,(X).

e For every u,.1 € Ln1(X), there exists an optimal action af € A(x) attaining the

minimum in 5.47, i.e.
Pou(z)(w) == {en (2, an, &) (W) + Eltn 1 [Fo (2, an, &)]} (5.50)

Proof. Let uny1 € Lyi1(X). Then by Assumption 2.2, for fixed w, we have that the
function
(x,a,w) = cp(z,a,w) + Elupi1 [Fn(x, an, &) (5.51)

is non-negative and l.s.c. and by Lemma 5.1, there exists 7, € [F,, that satisfies Equation
5.49 and P,u is l.s.c. So we conclude the proof. O

By dynamic programming principle, we express the optimality equations in 5.47 as
Vi = PaViia, (5.52)
for all m > n. We continue with the following lemma.

Lemma 5.5. Using the Assumption 2.1, consider a sequence {uy,} of functions u, €
L (X) for m € Ny, then the following is true. If u, > Puyu,y1 for all m > n, then
Uy, > V5 for all m > n.

Proof. By Lemma 5.4, there exists a policy m = { fin }m>n such that for all m > n

um(x) Z Cm(xmy Qs fl) + um—‘rl(xm—&-l)‘ (553)
By iterating, we have
N-1
Z & xz» i, gz + Um-i-N(xm-i-N)a (554)
Hence we have
Um(l’) Z Vm7N(x7 7T)7 (555)

for all N > 0. By letting N — oo, we have u,,(z) > V,,,(x, ) and so u,, > V*. Hence,
we conclude the proof. O

Theorem 5.6. (Value Iteration) Suppose that assumptions hold, then for every m > n
and r € X,

a () TV (), (5.56)

as N — oo.
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Proof. We justify the statement by appealing to dynamic programming algorithm, we
have Jy(z) := 0 for all z € Xy, and by going backwards for t = N — 1, N — 2, ..., n, and
let

Ji(z) = aei&f(w){ct(x, a) + Ji1[Fi(z,a,8)]}. (5.57)

By backward iteration, for t = N —1, ..., n, there exists m; € F,, such that m,,(z) € A,,(z)
attains the minimum in the Equation 5.57, and {7mx_1,my_2, ..., T, } is an optimal policy.
Moreover, J,, is the optimal cost for

In(x) ==V y (7)), (5.58)
Hence, we have
) = min (st ) + Vi P, ans )]} (5.59
By Lemma 5.2, we have
Vi) = min {en(w.a) + VialFa(r.a €))) (5.60)

Moreover, cost functions ¢, (zn, a,,&,) being nonnegative, we have u(z) < V*(z). But by
definition, we have V*(z) < u(z). Hence, we conclude the proof. O

6 Examples and Applications

In the examples below, we emphasize that we do not find the optimal solution verified
theoretically above. Using that the variable s is the indicator to apply dynamic program-
ming or not, we divide the problem into two sub-problems. Until dynamic programming
can be applied, we confine ourselves to greedy algorithm and solve the optimization prob-
lem at that time step n. After, we are allowed to apply dynamic programming we switch

to that scheme and accumulate the total cost for the problem.

6.1 LQR Problem

We treat the classical LQ-problem using risk sensitive AVaR operator to illustrate our
results below and give a heuristic algorithm that specifies the decision rule at each time
episode n based on our results above. We solve the classical linear system with a quadratic
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one-stage cost problem with AVaR Criteria. Suppose we take X = R with a linear system

equation

F(l’n, G, £n> =Tn+ap+ Zn (661)
Tyl = Tp + @y + 2y, (6.62)

with zy = 0, Z,, is i.i.d. standard normal i.e. Z, ~ N(0,1). We take one stage cost
functions as c(x,, an, &) = 22 + a2 for n =0,1,..., N — 1, hence it is continuous in both
a, and z,, and nonnegative satisfying the Assumption 2.2. We also assume that the
control constraint sets A(z) with € X are all equal to A = [0, 1], where X = R. Thus,
under the above assumptions , we wish to find a policy that minimizes the performance
criterion

N-1

J(m, x) := AVaR?" ( > (a2 + ai)> : (6.63)

n=0
It is well known that in risk neutral case using dynamic programming, the optimal policy
™ ={fo, -, fu_1, fn} and the value function J, satisfy the following dynamics.

Ky =0 (6.64)
Kn == ll — (1 + Kn+1>1Kn+1:| Kn+1 + 1’ fOI‘ n — O7 7]\[ — 1

fa(@) = =14 Kpp1) ' Kppa

N-1
Jo(2) = Kp2® + Z K;, forn=0,...N —1
i=n+1
for every x € X. (see e.g. [13]). When we use AVaR operator, we proceed as follows.
First, we choose the global variable sg a-priori and fix it. Our scheme suggests that when
so < 0, then the problem reduces to risk neutral model. Hence, the variable sq determines

our risk avereness level. Ideally,

P

Sp = VaRZ*( c(xn,an)),

n

Il
=)

for an optimal policy 7*. Instead, heuristically, we take that
N—-1
sozinf{xeR;P(Zzg>}, (6.65)
n=0

where Z, «~ N(0,1) as above. We note that our initial s, is positive and 3.0 Z2 has

x? distribution with n — 1 degrees of freedom. We start at time n = 0. If sq > 0,
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then we choose a, = 0 at time n. This means c¢(z,,a,) = x2 + a2 is minimal for

that time n in a greedy way. Then, we update global variable s with s — ¢, (z,, a,),

2
n

namely, s — x2. Next, we simulate the random variable ,(w) and get x,.; = x, +
&n(w). If s <0, then our problem reduces to risk neutral case. We repeat the procedure
until end horizon N. We simulated our algorithm for M = 10000 and find that our
scheme preserves the monotonicity property of AVAR,(X) operator, namely we have
AVaR,(X) < AVaR,(Y), whenever X <Y. Moreover, we also see that with respect to
risk aversion the corresponding value functions increase as well, namely AVaR,, (X) <
AVaR,, (YY) whenever a; < ay. That is to say, increasing our initial risk aversion level s
a priori, we see that the value function is increasing correspondingly, as expected. Our
algorithm also soatisfies that for a« = 0, we have the risk neutral value functions which
is consistent with lim,—,0 AVaR,(X) = E[X]. We give the pseudocode of this algorithm

below and present our simulation results afterwards.

1: procedure LQ-AVAR ALGORITHM

2 s=VaRy' (¥, Z7)

3 x=0

4: Vv = ()

5: V(z)=0

6 for eachne N —1 do

7 if s <0 then

8 apply Dynamic Programming from state x,, onwards as in Equation 6.64
9 Update Vn

10: else

11: Choose a,, =0

12: Update s = s — 22

13: Update ¢, = 22 +a?

14: Update 41 = T, + a, + &p(w)
15: Update V(z) = V(z) + ¢,

16: end if

17: end for
18: return V(z) + V&n
19: end procedure



6.2 Simulation Results
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a N Value a N Value
0.8 5 14.4071662 0.9 5 14.5457655
0.8 10 37.4974225 0.9 10 40.7872526
0.8 15 57.3475455 0.9 15 61.4048039
0.8 20 75.7915348 0.9 20 82.3070707
0.8 25 92.5621339 0.9 25 97.6919741
0.8 30 109.284529 0.9 30 115.164378
0.8 35 123.941457 0.9 35 128.772272
0.8 40 147.458903 0.9 40 146.842669
0.8 45 160.066665 0.9 45 163.259278
0.8 50 174394 0.9 50 178.658011

a N Value
1 5 19.5096313
1 10 54.9595218
1 15 119.689535
1 20 210.271252
1 25 287.815856
1 30 417.29921
1
1
1
1

35 603.178852
40 912.998288
45 839.972665
50 1108.49149

6.3 Inventory-Production System

Consider an inventory-production system, in which x,, is the stock level at time n, a,, the
quantity ordered (or produced) at time n and &, stands for the demand at time n. The
“disturbance” or “exogenous” variable £, is the demand during that period. We assume
&, to be i.i.d. random variables. We take that A = X = R. Hence, we allow “negative”
stock levels by assuming that excess demand is backlogged and filled when additional
inventory becomes available. Thus, the system equation is of the form

Tpa1 = Tp + @y — &p, (6.66)
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for n = 0,1,,.... We note that F(z,,a,,&,) is continuous on K, as required in the
Assumption 2.2 for our framework. We wish to minimize the operation cost and use our

scheme for that. Suppose one-stage cost function is of the form
c(xp,an, &) =b-a, + h-max(0, z,41) + p - max(0, —,41), (6.67)

where b stands for the unit production cost, h is the unit handling cost for excess inventory,
and p stands for the penalty for unfilled demand with p > b, where these unit costs are
all positive, where we note that for fixed &, the cost functions ¢(z,, a,,&,) is continuous
and inf-compact, hence necessarily satisfy the Assumption 2.2. Furthermore, we take
that the demand variables &, are non-negative, i.i.d. random variables, independent
of the initial stock Xy; their probability distribution function is denoted by v, that is,
v(s) := P(§ < s), for every s € R with v(s) = 0, if s < 0. We also assume that the
mean demand E(&) is finite. Moreover, ¢(z,a, &) is continuous in (z,a) for fixed £ and
non-negative, hence satisfy the requirements in Assumption 2.2. It is well known that in

risk neutral case the minimization problem

N
Errlelﬁl]E$ [z%c(atn,an,fn)], (6.68)

has an optimal Markovian policy # = {f,}22, which satisfies the following optimality
equations

0 ifz > K
() =4 =n 6.69
Jal@) {Kn—x, if x < K, ( )

for some threshold constant K, updated at each time n retrieved from the corresponding
dynamic programming equations and value functions. We refer the reader to [13] for fur-
ther details. In the risk averse case, we are interested in solving the following optimization
problem.

mell

N
min AVaR” [Z (L, gn)} : (6.70)

n=0
we use our scheme. Namely, as in our previous example of LQR problem, we choose the
positive variable sg a priori, first. Depending on our risk avereness level, as we increase

So, the risk avereness increases.
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Next, we determine ag as

ap = argmin (b- a, + h - max(0,z,11) + p - (0, —Tpi1 — S0) 7). (6.71)
an€
Then, we calculate ¢y and update s; = sg — ¢g. If 57 < 0 apply dynamic programming
onwards. Otherwise, simulate &;. Update x; and solve the one step optimization problem
as in Equation 6.71. Update ¢; and let s; = s; — ¢; and check whether s, is negative or
not and repeat the procedure. We give the algorithm of this scheme below.

1: procedure INVENTORY-ALGORITHM

2 Choose sy > 0 heuristically based on the risk avereness level.

3 To >0

4 Vayn =

5: V(z)=0

6 for eachn € N —1 do

7 if s <0 then

8 apply Dynamic Programming from x,, onwards with the as in Equation 6.69
9 Update V#n

10: else

11: Determine a,, by Equation 6.71.
12: Update ¢, as in Equation 6.67.
13: Update s,11 = 55, — Cp.

14: Simulate &,.

15: Update z,11 = x,, + ap, — &p(w)
16: Update V(z) = V(x) + ¢,

17: end if

18: end for

19: return V(z) + V"
20: end procedure
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