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Abstract The Min-up/min-down Unit Commitment Problem (MUCP) is to find a minimum-cost produc-
tion plan on a discrete time horizon for a set of fossil-fuel units for electricity production. At each time
period, the total production has to meet a forecasted demand. Each unit must satisfy minimum up-time
and down-time constraints besides featuring production and start-up costs. A full polyhedral character-
ization of the MUCP with only one production unit is provided by Rajan and Takriti (2005). In this
article, we analyze polyhedral aspects of the MUCP with n production units. We first translate the classi-
cal extended cover inequalities of the knapsack polytope to obtain the so-called up-set inequalities for the
MUCEP polytope. We introduce the interval up-set inequalities as a new class of valid inequalities, which
generalizes both up-set inequalities and minimum up-time inequalities. We provide a characterization of
the cases when interval up-set inequalities are valid and not dominated by other inequalities. We devise
an efficient Branch & Cut algorithm, using up-set and interval up-set inequalities.

Keywords Unit Commitment Problem (UCP) - Min-up/min-down - Polytope - Facet - Branch & Cut

1 Introduction

Given a discrete time horizon 7 = {1,...,T}, a demand for electric power D; is to be met at each time
period ¢t € 7. Power is provided by a set N of n production units. At each time period, unit i € A is either
down or up, and in the latter case, its production is within [P!. . P! ]. Each unit must satisfy minimum
up-time (resp. down-time) constraints, i.e. each unit i must remain up (resp. down) during at least L’ (resp.
/") periods after start up (resp. shut down). Each unit i has initial conditions (¢!, '), indicating unit i has
commitment status ¢’ before time 1, and it should remain in the same status up to time 7t (if t' = 0, unit

i is free to shut down or start up at time 1). Each unit i also features three different costs: a fixed cost cj},
incurred each time period the unit is up; a start-up cost cf), incurred each time the unit starts up; and a cost
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ci, proportional to its production. The Min-up/min-down Unit Commitment Problem (MUCP) is to find
a production plan minimizing the total cost while satisfying the demand and the minimum up and down
time constraints. As for 7 =1and P., = P. ., i € N, the 0-1 knapsack problem reduces to the MUCP,
it follows that the MUCP is NP-hard (see Tseng (1996)).

Electricité de France (EDF) manages a mix of production units composed of nearly 60 nuclear power
plants, 30 fossil-fuel power plants, and 500 hydropower plants dispatched in 50 valleys. Given the large
number and variety of units, the daily production planning problem is solved at EDF (cf Renaud (1993))
using a Lagrangian relaxation — commonly referred as price decomposition — where coupling demand
constraints are dualized and prices are updated using a subgradient method (see Cohen (1978); Frangioni
(2005)). Each nuclear or fossil-fuel unit (resp. each valley) is treated as a subproblem and is solved using
dynamic programming (resp. linear programming). As this Lagrangian relaxation does not systematically
produce feasible solutions, an augmented Lagrangian relaxation is considered at a second stage in order to
improve feasibility recovery. In the real-world fossil-fuel unit commitment problem, usually called Unit
Commitment Problem (UCP), some more technical constraints have also to be taken into account, e.g.
ramp constraints or reserve requirement constraints, and the start-up costs are an exponential function of
the unit downtime. From a combinatorial point of view, the MUCP is the core structure of the fossil-fuel
problem solved daily at EDF.

As shown by Tahanan et al (2015), several techniques to solve variants of the UCP have been used
in the literature. In order to solve problems on a smaller scale, like subproblems in a decomposition
schema, dynamic programming is often used. This method allows for non-linearity and non-concavity,
and to alleviate the curse of dimensionality, several approximations have been considered (see Tahanan
et al (2015) for references on the different techniques used).

Various Mixed Integer Linear Programming (MILP) formulations for the UCP have also been pro-
posed (see references in the survey by Tahanan et al (2015)). Carrion and Arroyo (2006) formulate the
problem with one set of binary variables, indicating whether a unit is up or down at each time period.
However, using additional binary variables has been proven to be computationally more efficient (Arroyo
and Conejo (2000); Ostrowski et al (2012)). In order to obtain a more realistic cost function, a stairwise
formulation of the start-up cost, depending on how much time a unit has been down, and a linear piece-
wise approximation of non-convex and non-differentiable production costs, are proposed by Arroyo and
Conejo (2000). In Lépez et al (2015), a model for hot and cold start-ups is presented. Frangioni et al
(2009) compare the use of perspective cuts to the classical linear piecewise approximation for quadratic
production costs. Arroyo and Conejo (2004) propose to model the start-up and shut-down trajectories of
production units, drawing a distinction between power and energy, and thus providing a more accurate
description of the actual operating process of production units. In Morales-Espana et al (2013b), a com-
pact model of these trajectories is presented, using up/down variables as well as online/offline variables.
Morales-Espana et al (2015) generalize this model to include quick-start units. In Ostrowski et al (2012),
tighter expressions of ramp constraints are introduced, and in Morales-Espana et al (2013a), the gener-
ation limit constraint is replaced by a tighter inequality which takes into account the minimum-up time
and the ramp constraints. Yang et al (2015) project the generated power of each unit i from [P,"nm,P#ax} to
[0,1] to improve the linear relaxation of the formulation. In Pan et al (2016), the authors introduce valid
inequalities for units with ramp rates greater than the minimum generation limit.

Even though the UCP has been subject to a large research activity (see survey Sheble and Fahd (1994), its
update Padhy (2004) and more recently Tahanan et al (2015)), it still cannot be regarded as a well-solved
problem. In this article, we focus on its combinatorial structure, by investigating polyhedral aspects of the
MUCP.

For each unit i € A" and time period ¢ € T, let us consider three variables: x! € {0, 1} indicates if unit i
is up at time #; u; € {0, 1} indicates whether unit i starts up at time 7; and p} € R is the quantity of power
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produced by unit i at time 7. Without loss of generality we consider that L, ¢/ < T. The MUCP can be
formulated as follows:

min Z Zcfxt —|—cpp, +cout

xX,u,p i=1t=1
t
5. t. Y ou<x VieN,vte{l'.. T} (1)
t'=t—Li+1
t
Y u<1-xl , VieN,Vie{l ..T} )
t'=t—li+1
u >xl -, VieN,Vte{2,..,T} A3)
Zp;' > D, VieT )
Pioxi<p <P X VieN,VteT 5
xul € {0,1} YieN,VieT (6)

Inequalities (1), (2) and (3), are introduced by Rajan and Takriti (2005). Inequality (1) is the minimum
up-time constraint: it states that if unit / is down at time 7, then it cannot have started up during the
L' previous periods. Inequality (2) is the minimum down-time constraint, which is symmetnc to the
minimum up-time constraint. Inequality (3) ensures that if unit 7 starts up at time 7 (i.e. x; —x;_; = 1) then
the start-up variable u, must be 1. Inequality (5) sets bounds to the quantity of power produced by each
unit, and inequality (4) ensures that the demand is satisfied at each time period. For each unit i, initial
conditions can be accounted for by adding the following inequalities:

xi=eé Ve [l,7] and uf>xi—¢ (7

We consider P[jp, the polytope associated to the formulation (1) - (7). In order to study its combina-
torial structure, we will focus on its projection on binary variables x and u:

Lemma 1. The projection of polytope PJjp on variables (x,u) is
2 nooo
P, :Conv{ (x,u) € ({O,I}NXT) s.t. (1), (2), (3), (7) and ZP,’naxx; >DVteT }
i=1

Proof Let Pro Jxu(Pjcp) be the projection of polytope Fyj-p on variables (x,u). Given (X,i) € Py, set
pl="P & Vie N,Vt € T, then (%,ii,p) € PUCP Conversely, consider (X,u) € Projxu( UCP) There
exists p such that (X,u,p) € P -p. Thus YL, pi > D, Vt € T and p < P!, % It follows Y| Pi, X > D,
and thus (x,7) € P7,,.

O

Several articles propose polyhedral studies for the UCP with only one production unit. The min-up and
min-down constraints for one production unit are modeled in Takriti et al (2000) using binary variables x;
to indicate whether the unit is up at time ¢. In Lee et al (2004) the authors provide a complete description
of the 1-unit polytope associated to these min-up/min-down constraints in the x variable space. In case
the unit has a start-up cost, additional binary variables u, are needed to indicate whether the unit starts
up at time ¢. In Rajan and Takriti (2005), the authors study the 1-unit polytope associated to the min-up
and min-down constraints in the (x, u) variable space: this polytope is exactly Px]’u whenD; =0,1 €T —
note that le’u is full-dimensional if and only if D, = 0, V¢ € T. They prove that inequalities (1), (2) and
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(3) completely describe this polytope. In Gentile et al (2016), the polytope of the 1-unit problem with
min-up/down constraints and generation limits (including start-up and shut-down generation limits) is
completely described. The polytope of the same problem with additional start-up and shut-down trajec-
tories is completely described in Morales-Espana et al (2015). In Pan and Guan (2016), the polytope of
the 1-unit problem with min-up/down constraints, generation limits and ramp constraints is completely
described for T = 3, and additional inequalities, that are valid for any 7', are introduced. Knueven et al
(2016) propose a compact extended formulation of this last problem.

In this article, we analyze polyhedral aspects of the MUCP with n production units. In Section 2,
some facial properties of inequalities (1), (2) and (3) are given. In Section 3, the rank of a subset C € A/
at time 7 € T is defined. On this basis, a large family of valid inequalities is described in Section 4, and
facet defining cases are studied in Section 5. The Branch-&-Cut algorithm we devised based on our valid
inequalities is presented in Section 6, along with some experimental results in Section 7.

2 Polyhedral study

In this section, we give some first polyhedral results on polytope Py, for any number 7 of units.

For a given unit i € N, the value of u’l can be deduced from i’s initial conditions and the value of
x"l. Then each solution of the MUCP can be fully described without variable u’1 For simplicity purpose,
we will then omit initial conditions, variables u’i , i € N, together with inequalities (1) and (2) involving
variables ;. Thus, polytope P¢, can be restricted to a simpler polytope as follows:

P = cOnv{ (xu) € {0, 13T s {0, VT 5 ¢ (1), (2), (3) and Y Plxi > D, Vi € T}
i=1

Note that, since variables u’l are omitted, inequalities (1) for r = Li,ie N and inequalities (2) for
t =/, i € N are dropped. Without loss of generality, we assume that L', ¢/ < T — 1.

We first introduce some vectors that will be useful in the polyhedral proofs. Note that a solution of P,
is a couple (x,u) € {0, 1> x {0, 1}N*T\{1} resulting in n(2T — 1) coordinates. Given a unit i € A/
and a time period t € T, let y;', (resp. 2, be the vector such that unit i is down (resp. up) on [1, — 1],
starts up (resp. shuts down) at time ¢ and remains up (resp. down) on [¢, T], and such that unit j is up at all
times, for all j # i. Moreover, let o € P}, be the vector in which all units are up at all times. To illustrate,
the coordinates of vector ;7 are the following:

1 to T
Xx= (0, .., 0 1, 1, .., 1) and = (1, .., 1) j#
W= (0, ., 0, 1, 0, ., 0) and w= (0, .. 0) j#i

A simple way to present the “x” coordinates of vector )}, . 1o € T\{1}, is the diagram of Figure 1.
The proofs of the two following theorems are extensions of results for the 1-unit polytope from Rajan

and Takriti (2005).

Theorem 1. The polytope P{,, is full-dimensional if and only if for all i € N and forallt € T, there exists
a solution (X,u) € P, such that X = 0.

Proof First, note that if there is no solution (¥,%) such that X = 0, then the polytope is trivially not full-
dimensional. Now, if the hypothesis holds, i.e. for each time ¢ and each unit i, there exists a solution in
which unit i is down at ¢, then, at each time 7, the units of N \{i} are sufficient to cover the demand,
Vi € N. Thus, given i € N, vectors (xf,, t € T) and vectors 't e T\{1}) are 2T — 1 incident vectors



The Min-up/Min-down Unit Commitment polytope 5

i J
Xt Xt 4

0 - 0
1 f T ! 1 f T

(a) Coordinates x' (b) Coordinates x/, for j # i

Fig. 1: Coordinates x of vector ;7

of solutions in Pycp(x,u). Hence, vectors /', xfft and vectors o constitute a set of n(27 — 1) + 1 affinely

independent vectors of P, , thus P!, is full-dimensional.
O

In the following, we will consider the full-dimensionality condition is satisfied, i.e. n — 1 units are
always sufficient to meet the demand at any time. Note this assumption is required to come up with a
reliable production plan.

Theorem 2. Inequalities (2), (3) and trivial inequalities ul >0, i € N, Vt € T\{1}, describe facets of
P,

Proof Letip € N and 1y € T\{1}.

Vectors (%1, (i,1) € (N x T\{1}) \ {(io,20)}) , vectors (%, (i,) € N'x T), and vector yo are n(2T —
1) affinely independent vectors of Pg,, satisfying u;g = 0. So the trivial inequality defines a facet of PY,,.

Vectors (xf,, (i,1) € N'x T\{1}), vectors (x,, (i,1) € (N x T)\{(io, ) }) and vector xo are n(2T —1)
affinely independent vectors of P, satisfying u:g = x;g —x;gfl. So (3) defines a facet of P,,.

As inequality (2) has been proven to be facet defining for the 1-unit polytope P)C"M (see Rajan and
Takriti (2005)), there exist 27 — 1 affinely independent vectors (x,u’) € P}, satisfying Z;‘): o

. u’ =
to—li041 "1
i . . _ . . to —iy __
1 _x;o— sip- From each vector (x'0,u0) we cor.lstruct a vector (x,u)‘ € P!, satisfying Zt:tr o W =
1 fi:o Jio» BY setting coordinates as follows: () = 1, j#i,t € T), @/ =0, j #i,t € T\{1}), and ¥ = x/,

o fot

i, = uy, Vt. These 2T — 1 vectors of P!, alongside with the (n—1)(27 — 1) vectors (xf,, j #i,t € T\{1}),
(x;{l, Jj #i.t €T), constitute a set of n(2T — 1) affinely independent vectors of Py, satisfying inequality

(2) with equality, which proves that (2) defines a facet of P;,u'
O

Given a face F of P!, a unit i and a time period 7, Property IT;, is as follows:
Solution (x,u) € F satisfies IT,; =~ <= Unitiisdownon [t,f+{] i.e. xi, =0, V' € [t,t +¢/].

Let us consider the transformation ¥/ , such that for any vector p € {0, I}N T 5 {0, 1V T\
¥/, (p) is equal to vector p except for unit i which is down over [fo, 7] and up the rest of the time.
We give a generic technical lemma.

Lemma 2. Let Y jcpr alx + Yien biul <y be a valid inequality for P, distinct from inequality (2). Let
F be the associated face.

(i) IfF is a facet, then for all i € N andt € T, there exists (x,u) € F satisfying property IT;,.
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(ii) For given i€ N, ifforallt e T there exists (x,u); € F satisfying property Il;;, and if neither X' nor
u' variables appear in Y jc nr @'x! + Y jcnr b'u! (ice. a' = b' =0), then for allt € T, F contains the
following solutions:

— Solution ‘¥ t+éf(( u),), where unit i is up on [1,t — 1], down on [t,t + ¢'| and up on [t + €'+ 1,T).
— Solution lPH»l t+W(( u),), where unit i is up on [1,t], down on [t + 1,t+€’:] and up on [t + '+ 1-7T}.
— Solution lPtsz (((x,u),), where unit i is up on [1,t — 1], down on [t,t +¢' — 1] and up on [t + ', T|.

— Solution ¥ 1 ((u)y), for any tg € [1,4/ — 1), where unit i is down on [1,to] and up on [ty +1,T).

Proof (i): Suppose IT;; does not hold for given iy € N and 7y € T Thus, for any given solution (%, ) €

F, if unit iy is down at time g, it must start up before time 1o + £ (if to > T — £ we can consider
t0+f.0

to =T — " w.l.o.g.). Then inequality Y, '\,

0 >1 —x,0 is valid. As inequality (2) holds too, it follows

):ﬁotoef:l ~;° =1- x,o Thus F is included in the face of inequality (2), which contradicts F' is distinct from

the face defined by (2). _ '
(ii): For each r € T, from Property IT;;, 3(x,u); € F such that x;, = 0 V¢’ € [t,r 4 {']. Then vector

‘I’tlt i ((x,u),) is still a solution as unit i remains down for ¢' + 1 periods, thus satisfying the min-down

constraints. Moreover, the demand is satisfied since unit i is up in vector ‘I”t 40 i((x,u),) at least as of-

ten as in solution (x,u). As a' = b' = 0, solution ‘I;’r L0i((x;u),) is a solution of F. Similarly, vectors

¥, i (o)), ‘I;fr+(j71(( u),) and ¥f, ((x,u),), for any 7o € [1,£/ — 1] are solutions of F.

O

We now prove that min-up inequalities (1) are facet defining under a mild condition.

Theorem 3 (Facet defining min-up inequalities) Forie N, fort € {Li+1,...,T}, let F be the face
defined by the min-up inequality (1) Z iU i< )ct1 F is a facet of P, if and only if for any unit
j€N\{i} and time t € T, there exists a Yolutton (x u) € F satisfying IT; .

Proof The direct implication ( =) follows from Lemma 2 (7).
We prove the return implication ( <= ). Suppose that F is included in the face of an inequality

Ejen (Zieralad + i 1y blul ) < 7. The claim s that F = {(x,u) € P2, | Ljen (Zieralx! + Lo g1y blul ) =
v}, which proves that F is a facet of Py,

For any j € NV'\{i}, there are no x/ nor u/ variables appearing in inequality Z;]:tl Ly ul < xﬁl . Since
there exists (x,u), € F satisfying I1;, for any ¢ € 7, it follows from Lemma 2 (ii) that for any 7 € T,

'Pm%, ((x,u),) € F and lPt+1 140 ((x,u),) € F. As these solutions differ only over variable x}, we can con-

clude a! =0,Vj € N'\{i}, Vr € T. Moreover, Lemma 2 (ii) implies that W, p((x,u),) € F, which differs
from ‘I’ T ((x,u),) €F only over x}. and u’y variables. As ai = 0, it follows b} = 0. Then, in the same

way, we can see that b} = b! |, Vje N\{i}, vVt € T\{1,2}, by comparing vector ¥’ ((x,u),) € F,

rr+0—1
vVt € T to vector lI’I’HF[,(( u),) € F, Vt € T, and vector 'PI,I/(( u),) € F, t' €[1,6/ —1], to vector

Wi a((vu))) € F It follows b) = 0,V € N\{i}, Vi € T\{1}.

Vectors xf{,l € F and xi‘f”i] € F differ only over variable xf] _1- Thus aﬁli] = 0. Then, from vectors
xft € F,t €[l,...,11], we can iteratively see that a! = 0 for all t < #; — 1. We introduce vectors @t € Py
such that 7 starts up at time ¢, stays up until ¢’ and shuts down at time ¢’ + 1 (all other units are up at all
times). As P}, is full-dimensional, note that n — 1 units are always sufficient to meet the demand at any

i i i .
time, thus for any t > t1, vectors @ i1, € F. Moreover, vectors @ L, i and @ Iy differ only

over variable xt, which implies a, 0 for any ¢ > t;. Moreover, Vector X 1€ F and for any t>1n—L+1,
' > t and variable b}, b} = —a;,

vector X}, € F. Since vector /', differs from vector xl | over variables x/,,
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for any t € [t — L'+ 1,#1], and b} = 0 for any ¢ > ¢;. Finally, for any t < t; — L', vectors @t’;tlfl € F,and
©/,,, differs from x| over variables x/,, ¢’ € [t,1; — 1] and variable b/, it follows that for any r <# — L',
bi = 0.

The remaining inequality is then:

1)
i ioi
—ay Xy, + Z ap Uy =Y.
t:tlfLiﬁLl

Since X,-dl € F, y=0, which proves that F is a facet of P{!,,. O

3 Rank of unit subsets

In order to introduce new valid inequalities for the MUCP polytope, we define the rank of a unit subset.
For each subset of units M C N, its rank o (M) is the smallest number of units that must be up in

M at time ¢ in a feasible solution. Since this rank is hard to compute, we will also consider an alternative

definition which will be useful in practice. For each subset of units M C N, its static rank is the smallest

number of units that must be up in M at time ¢ in order to satisfy the remaining demand D; — Y M Pl
As all feasible solutions meet the demand at time ¢, it is clear that:

(M) >0 (M) Vi€ TVM C N.

Consider an illustrative example of the MUCP with T =5, D = [50, 55, 35, 55, 35] and six units such
that P} . =20, Pjax =12, j € {2,...,5}, P8, =8and ¢/ =2, j € {2,...,5}. Let M = {1,2}. Even if units
3,4, 5 and 6 are up, their production is not sufficient to meet the demand at time 1. Indeed the remaining
demand to be satisfied is D = D — Z?:3 PJ.ax = 6. One unit in M must then necessarily be up to cover
the demand. Thus & (M) > 1. Since only one unit of M is enough to cover the remaining demand D
(here for example unit 1 is enough), &; (M) = 1. As there exists a feasible solution in which only one unit
of M is up at time 1 (for example the solution in which unit 2 is down at time 1 and starts up at time 2,
while every other units are up at all times), o (M) = 1. Let us now consider M’ = {2,3,4,5}. The static
rank of M’ at time 3 is equal to 1: &3(M’) = 1, since one unit of M’ is necessary and sufficient to satisfy
the remaining demand D3 = D3 — P}, — PS,. = 7. However, in this example, &3(M’) # o3(M’). Indeed,
there is no feasible solution in which only one unit of M’ is up at time 3. First note 0ix(M’) =04 (M') =3
as at least three units of M’ must be up up at times 2 and 4. Let us now assume there exists a feasible
solution in which only one unit of M’ is up at time 3. Thus, two units of M’ must shut down at time 3.
Since the minimum down time of each unit of M’ is 2, the two units which shut down at time 3 cannot
start up again at time 4. Yet there must be at least three units up in M’ at time 4 to meet the demand, but
only the two units which did not shut down at time 3 are available in M’, which leads to a contradiction.
As there exists a feasible solution with two units of M’ up at time 3, oz3(M’) = 2.

Note that computing the rank of a unit subset is an optimization problem. It is to find the smallest number
of units that must be up in M at time ¢ in a feasible solution. In order to state the problem’s complexity,
let us consider its decision version: given an instance of the MUCP, a time period 7y, a unit subset M and
an integer K, the question is whether there exists a feasible solution in which at most K units of M are up
at time f, i.e. 0y (M) < K.

Theorem 4. Computing the rank of a unit subset is NP-hard for T > 3.
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Proof Let us consider an instance of the partition problem, with a set S of n positive integers ay,...,a,.
The question is whether S can be partitioned into two subsets Sy and S such that Y ;c5, a; = Yics, @i

First note that if such a partition exists, then Y ;cs, a; = Ycs, @i = A where A = %2,-6 sa;. Consider
now the following instance of the rank decision problem: let T = 3 with D = [A, 0, A], and n units such
that Pi,,, = P.. =a' and ' =2, i € {1,...,n}. The other characteristics are fixed arbitrarily. Set o = 2,
M ={1,...,n} and K = 0. Let us suppose there exists a solution to the latter instance. Let S| be the set of
units up at time 1, and S, be the set of units up at time 3. We claim (S, S>) is a solution to the partition
problem. Indeed, S; and S, are disjoint, as all units up at time 1 shut down at time 2, and stay down
for a minimum of two time periods. Thus, all units up at time 1 are down at time 3. Moreover, the units
in §; satisfy the demand at time 1, so ZieSl a; > A. Similarly, ZieSz a; > A. As §1 and S, are disjoint,
2A < ZiGSl a; +Zi€5~2 a; < ZieSai =2A, we get ZiESl a; =A, Ziesz a,=Aand S; US> =S.

Conversely, any solution to the partition problem can similarly be used to construct a solution to this
instance of the rank computation problem.

O

Given this complexity result, we will use in practice the static rank instead of the rank. Indeed, the
static rank can be computed in linear time (provided the units are sorted by decreasing order according to
P}.0) using Algorithm 1.

Algorithm 1 Computation of the static rank of set M at time ¢

Compute the remaining demand at time ¢: D;=D;-Y, M P,{m
Sort units in M by decreasing order according to Py
p=0and x=0
while p < D, do

p += Mla]

o++
end while
return o

For a given subset of units M, the definition of the rank at a given time ¢ is extended to a given interval
Z = {1, ..., t1}. We denote by oz (M) the maximum rank of M over Z, i.e. az(M) = max,;ez o&(M).
Similarly, the definition of the static rank at a given time ¢ is extended to Z. We denote by &z (M) the
maximum static rank of M over Z.

Let #,,,4x be the time period at which the demand is maximum on Z.

Lemma 3. o, (C) = az(C).

max (

Proof By definition of the rank of C at time #,,4, there exists a solution (x,u) € P, such that exactly
04, (C) units in C are up at time f,4y. Let Gy be the set of units in C which are up at time 4, in
solution (x,u). Using (x,u), we will iteratively construct a solution (¥,#) such that any unit in C\GCy is
down on the whole interval Z and any unit in Cpgy is up on the whole interval Z: we first set (%, ) equal
to (x,u), and we slightly modify the behavior of the units in C as follows:

— First, for any j € Cyax, V1 € T, we set &/ = 1.

— For any j € C\Cpay, if j starts up at ¢ € Z in solution (x,u), we update coordinates (¥/,i/) of (%,ii)
such that j is down from time ¢ to #;, starts up at time #; + 1 and remains up until time 7. Indeed, as
the units in subset G4, meet the maximum demand D;,, on Z, for any ¢ € Z, the demand at time # is
also met by units in Cy,,,. For any ¢ ¢ Z, the units up at time ¢ in (¥, i) are exactly the units up at time
t in solution (x,u). Thus, in solution (¥, i), the demand is indeed satisfied at time ¢. Furthermore, by
delaying the start-up of unit j, we respect its minimum down time, and since j remains up until the
end of the time horizon, its minimum up time is satisfied.
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— Similarly, for any j € C\Cpay such that j shuts down at time ¢ € Z, we set (#/,i/) such that j is
up from time 1 to #p — 1 and shuts down at time #y. Similar arguments can prove that (%, i) remains
feasible.

Consequently, (%,#) is a solution such that any unit in C\Cq, is down on the whole interval Z and
any unit in Gy, is up on the whole interval Z.
It follows o (C) < o, (C).Vt € L.
O

Let, for any i € M, the static i-rank a!(M) be the smallest number of units that must be up in M at
time 7 in order to satisfy the remaining demand D; —} P}, given that unit i is down at . By Theorem
1, if Ptep(x,u) is full dimensional then the definition of @ (M) makes sense, as there exists a solution in
which unit i is down at time ¢.

For example, by referring to the instance previously presented in this section, now consider unit subset
M" = {1,2,3,4}. The remaining demand at time 5 is D5 = Ds — P, — PS,. = 15. Unit 1 is enough to
meet the remaining demand, thus @s(M”) = 1. However, if unit 1 is down at time 5, there must be at least
two units of M" up at time 5 to satisfy the remaining demand. It follows that @2 (M") = 2.

4 Valid inequalities

In this section, we first define the up-set inequalities, which account for some of the combinatorial aspects
induced by the knapsack structure of the MUCP. We will then introduce the interval up-set inequalities,
as a generalization of the up-set inequalities. As they capture both knapsack constraints and minimum up
and down times, they are more dedicated to the MUCP.

4.1 Up-set inequalities

By definition of the rank, for any subset M C N and time ¢t € T, the up-set inequality, defined as follows,
is valid:

Y x> o (M) (®)
JjeM
This inequality is difficult to produce given that the rank oy (M) is hard to compute. Thus, we also
consider the static up-set inequality, a weaker version of inequality (8), defined as follows:

Y x> (M) ©)
JjeM
In practice, if a lower bound & of @, (M) such that o < 04 (M) is known, the corresponding inequality
Y jemX > o can be used instead of (9).

These static up-set inequalities directly correspond to the extended cover inequalities for the knapsack
polytope. We transpose the results of Balas (1975) into the MUCP.

For a given 1 € T, a subset C of \V is called an up-ser if @;(C) > 1. In other words, C is an up-set if
and only if the units in A"\C are not sufficient to meet the demand at time .

An up-set C is called minimal if for all subset Q C C, &;(Q) = 0. For any minimal up-set C, we define
E(C) =CUC as the extension of C to N, where

C'={jeN\C,P, > Pl } where j; = argmac)(P,{;ax.
je
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A minimal up-set C is called strong if for any minimal up-set A such that |A| = |C| and A # C,
E(C) ¢ E(A). For example, by referring to the MUCP instance defined in Section 3, if we consider the
time period ¢ = 2, subset M = {1,2} is a minimal up-set as neither {1} nor {2} is an up-set. Since M
contains the most powerful unit of N (unit 1), E (M) = M. However, subset M is not strong. Indeed, subset
A ={2,3} is a minimal up-set such that |A| = |M|, and E(A) = {1,2,3,4,5} implying that E(M) C E(A).

A subset M of N is said to be a strong up-set extension if there exists a strong up-set C such that:

(i) M=E(C)
(if) |Cl = M| —a;(M)+1 _
(iii) 0 (A) =0 where A = C\{ji,j2} U{1} and j, = argmax cc\ (,} Prax-

Let P" = Conv{x; € {0,1}", ¥jen Placx! > D;} be the polytope of the MUCP considered at time
period ¢ only. We derive the following result from Balas (1975). The proof is given in the Appendix.

Theorem 5. For any M C N, the static up-set inequality (9) is facet defining for P" if and only if M is a
strong up-set extension.

4.2 Interval Up-Set inequalities

Let C C NV be a subset of units, with i € C, and let Z = {1, ...,t;} C T be a time interval of length less
than or equal to L', i.e. t; —ty < L. For all A € N we define the interval up-set inequality as follows:

1] . . . Il .
A+ Y u<x+ Y (x,f0+ Y u,’) (10)

t=ty+1 jeC\{i} t'=tp+1

We first give a technical lemma:
Lemmad. ForallCCN,Z={t,....ti} CT and k € Z, the following holds:

EE ) CR )

jec jec t=tp+1

Proof For all j € C, the sum of inequalities (3) x,’ —xtjf] < u,’ from 7o+ 1 to k yields xﬁ < x{o —i—Zf:,O 11 u,’ .
Hence, summing over all j € C and using u,j >0Vt €T, we obtain ):jecxi <Yjec (x{o + Z?:to-&-l u,’)

O

Recall f,,,, denotes the time period at which the demand is maximum on Z, and by Lemma 3,
atmax (C) = aI (C)

Theorem 6. ForallCC N, ic C, T ={ty,...,t1} such that t; —ty < L,

(i) If A < 0z(C) — L, the interval up-set inequality is valid for Py,

(ii) If A > az(C), the interval up-set inequality is not valid for Py,

Proof (i): As the length of T is less than or equal to L/, from the min-up inequality (1) we have
’] ’]

Zufg Z uﬁﬁxﬁl.

t=1p+1 t=t;—Li+1
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The up-set inequality for C\{i} at time 7y, alongside with Lemma 4 applied to C\{i} and k = 5,4,
yields:

ar(€)~1=0,(C)-1<a, ()< ¥ x.< ¥ <x,{,+ y )

JeC\{i} jeC\{i} 1=to+1

Thus, summing up these two inequalities, we directly obtain the interval up-set inequality (10) with
A<az(C)—1.

(ii): By definition of the rank of C at time #,,,, note that there exists a solution (x,u) € P;fu such that
exactly oy, (C) units in C are up at time fy,,45. Let Cyqx be the set of units in C which are up at time #qx
in solution (x,u). As in the proof of Lemma 3, a solution (¥, ) can be constructed from (x,u): solution
(%,4) is such that any unit in C\C,,4y is down on the whole interval Z and any unit in Cp,y is up on the
whole interval 7.

Thus, there exists a solution (¥,#) such that any unit in C\Cy,y is down on the whole interval Z and

any unit in Gy, is up on the whole interval Z. So the following holds:

il . . . 7| .
oaz(C)+ Y @m=x+ ) (}?{0—1— Y ﬁ{).

r=to+1 jeC\{i} t=to+1
Soif A > az(C), the interval up-set inequality is violated by (%, ). O

The proof of Theorem 6 (i) shows that in the case A < az(C) — 1, the interval up-set inequality is
valid, but above all is dominated by up-set inequalities (8), min-up inequalities (1) and inequalities (3).

As the interval up-set inequality is dominated when A < oz (C) and is not valid when A > a7 (C), we
will consider from now on A = az(C), the interval up-set inequality becoming:

N . . . I .
oz(C)+ Z up < xp, + Z (xtjo—k Z u,’) (11)

t=ty+1 JjeC\{i} t'=tp+1

The following result provides a characterization of validity for the interval up-set inequality. For any
interval Z = {to,...,t; } C T and for any i € \, we define the subdivision Y: = (y;, > 1) of interval Z as
follows:

{yo =1l
Virl = argmax,/e{yﬁlw,min(yﬁ[i?tl)}D,/ Vt>0
Recall that for each subset of units C C A, for each time period ¢ € T and for each unit i € C, the

static i-rank a;' (C) is the smallest number of units that must be up in M at time ¢ in order to satisfy the
remaining demand D; — ). ;o P}ax, given that unit i is down at 7.

Theorem 7 (Validity characterization). Let C C N, for any i € C, for any interval T = {ty,....ti} C T
such that ty —to < L', the interval up-set inequality is valid for P, if and only if:
Vy € YE, ifﬁ;(C) < az(C), then there is no solution (x,u) € Py, such that

x; =0
and ' . (12)
Yjec\{i} (X{O +Z§1:10+1 Mf) <az(C)
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Proof Suppose there exists y € Y} such that there is a solution (x,u) satisfying (12). As unit i is down at
time y, if xj = 1then Y, ., uf =1=xj. Also, by the min-up inequality, if ¥}, =0then};', . uj=0=
xj,. So as x}, = 0, we have Zz{lzto-&-l u; = x;,. Moreover, as ¥ jec\ (1} (xtj(‘) + Z§1=to+1 u,’) < az(C), the interval
up-set inequality is violated by solution (x, u). So the interval up-set inequality is not valid in this case.

Now suppose for all y € Y7 such that H;,(C) < az(C), there is no solution satisfying (12). Thus, for
all y € Y7 such that @ (C) < az(C), each solution (x,u) is such that:

i
xy—l
or

Yjec\fi} (tho +X '4) > az(C)
Let (x,u) be a solution.

— Case 1: there exists y € Y such that E;(C) < az(C)and x, = 0.

In this case we have } jcc\ 1y (x,jo + Z;‘: 0+ u,j ) > oz(C) so the interval up-set inequality is valid.

— Case 2: there exists y € Y such that @} (C) > az(C) and x| = 0. By definition of @}(C), we know
there are at least ﬁ;(C ) units up in C at time y since unit i is down. Thus by Lemma 4, we get:

: . . dl .
aE< Y U< Y <x{0+ Y u{)
jeC\{i} jeC\{it t=ty+1

Since az(C) < E;(C) we can conclude that the interval up-set inequality is also valid in this case.
— Case 3: unit i is up on the whole interval Z. By definition, there are at least oz (C) units in C up at
time #qy. Thus there are at least oz (C) — 1 units in C\{i} up at time #,,,,. By Lemma 4,

. . ’] .
SCRER S W CR )
jeC\{i} JjeC\{i} t=tp+1

3

tet+1 u! = 0 so the interval up-set inequality is also valid in this

AsunitiisuponZ,x; =1 and ¥,
case.

— Note that there are no cases left. Indeed, if x; =1forallye Y} then i is up on the whole interval Z. If
i shuts down at some time ¢ € Z, it remains down at least for ¢ time periods. But the distance between

two elements y of Y7 is at most ¢/, by construction of the subdivision Y.

O

Note that the validity condition for the whole polytope from Theorem 7 may be hard to check. Let us
consider the supporting instance restricted to interval Z, denoted by Inst(Z). As opposite to the general
case, where oz (C) is hard to compute, the computation of the maximum rank over interval Z for instance
Inst(T) is much easier. Indeed, oz (C) = @z(C), as the solution such that the 0z (C) most powerful units
of C are up on Z, alongside with all units in A'\C, is a solution to Inst(Z).

Let us define P}, (Z) the polytope associated to Inst(Z). If there exists y, € Y2 such that ﬁ;f C) <
az(C), then we can easily construct a solution (x,u) € P!, (Z) satisfying inequalities (12), if condition
az(C\{i}) < az(C) holds. It suffices to set unit i down on interval [y, + 1,y;_1 +¢] and up at all other
times, and to set the @7z (C) — 1 most powerful units of C\{i} up on Z, alongside with all units in N'\C.
Consequently, the following result holds, thus providing the necessary and sufficient validity condition
for the interval up-set inequality in polytope P, (Z).
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Theorem 8 (Validity characterization in Py, (Z)). Let C C N, for any i € C, for any interval T =
{to,....t1} C T such that t) — 1o < L' and oz(C\{i}) < az(C), the interval up-set inequality is valid
for P)ﬁu(I) if and only ifVy € Y, ﬁ;(C) > oz(C).

We will see in Theorem 9.2 that in the particular case az(C\{i}) = az(C), the interval up-set in-
equality is dominated by another valid inequality.

5 Facial study for interval up-set inequalities

We now explore the cases in which interval up-set inequalities are facet defining for P¢,,. In the following,
for given C C N, i€ Cand Z = {19, ...,t } C T such that ; —#yp < L' and validity conditions from Theorem
7 are satisfied, we denote by F' the face defined by the interval up-set inequality:

il ) . . 1] .
F—{(x,u)eP;fu|aI(C)+ Z w =X, + Z <x,’0+ Z u,’)}

r=to+1 jeC\{i} t=ig+1

5.1 Necessary facet conditions

The necessary facet conditions are presented with a series of Theorems 9.1 to 9.4.

Theorem 9.1. If F is a facet of P!, then:
vy € Yz, 0y(C) < 0z (C) (13)

Proof Suppose there exists y € Y7 such that o (C) > oz (C).
Let us define the following inequality

1 13!
oar(C)+Bi(1—x)+ Y u<x + ¥ <x,{)+ Y u{> (14)
1=1p+1 jeC\{it t=1g+1
where B} = a/(C) — az(C) > 0.
We prove that this inequality is valid. Indeed, if xj, = 1 then inequality (14) transforms to the interval
up-set inequality, so it is valid. If xj, = 0, i.e. i is down at time y, there are at least ot (C) units up in C\ {i}
at time y. Hence

. . . 4 .
oar(C)+Bi=a(C)< ) <x,]0 + ) u,’) .
Jjec\{i}
So inequality (14) is valid.
Thus there exists a valid inequality that dominates the interval up-set inequality. O

Theorem 9.2. If F is a facet of P, then:
oz (C\{i}) < oz(C) (15)
Proof If az(C\{i}) = az(C) then by Lemma 4, we get the following inequality by summing inequalities

(3) and up-set inequalities (8):

az(C)=az(C\{i}) < ), <x,{)+ Zl u{)

JeC\{i}
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Summing this inequality to the min-up inequality Zi‘:to 4 Ul < xﬁl we get the interval up-set inequality.
The interval up-set inequality is then dominated by up-set inequalities (8), min-up inequalities (1) and
inequalities (3).
O
For any j € C\{i}, let ng_l be the set of the az(C) — 1 most powerful units of C\{i, j}. Theorem 9.3
states that if F is a facet, then, for any j € C\{i}, unit i, units in C; ; and units in A"\C are enough to
meet to the demand at time #;.

Theorem 9.3. If F is a facet of P, then:

Pt Y Prwt+ Y Phy>Dyy, VieC\{i} (16)
kec;j,] keN\C

Proof Let us define the following inequality:

n . . . n
oar(C)+ Y ui<x +x+ ) <x5;+ Y ui‘) (17)

t=to+1 keC\{i,j} t=tp+1

We claim that this inequality is valid for P¢,, in case condition (16) is not satisfied.
Consider (x,u) € Py,

— Case 1: x{l =1
In this case, inequality (17) transforms to

n . . n
or(C)—1+ Y w<x+ Y (xﬁ)—k Y uf) (18)

t=tp+1 keC\{i,j}

Unit j is up at time #; in solution (x, ) but may be down at another time of Z. Thus we define solution
(x,%) as equal to solution (x,u), except unit j is up at all times in solution (X,%). Solution (X,%)
remains feasible, and since (18) does not depend on j, if (x,u) violates inequality (18), so does (X,%).
However j is up at all times in (¥,) so X, + ¥, i1 u = 1. It follows:

oz(C) + i u>% 4y (xfo+ i uf)

t=tp+1 keC\{i} t=ty+1
which is a contradiction, as the interval up-set inequality was supposed to be valid.
- Case2:x/, =0
As unit j is down at time 71, there are at least 0z (C) units up in C\{i, j} since we assumed that the
oz (C) — 1 most powerful units of C\{i, j} do not suffice to meet the demand at ¢;, even if unit i and

units in M\C are up. So az(C) < Yiec\(i} (Xf‘o +Z;1:t0 41 ﬁf) With the min-up inequality (4.2) we
can conclude that (17) is valid.

O

Theorem 9.4. If F is a facet of P, then:
3(x,u) € F such that u* =1 (19a)
Vk e N\{i}, Vi € T\{1},{ 3(x,u) € F such that xt | —xF =1 (19b)

3(x,u) € F such that x~ = 0, Vi’ € [t,1 4+ £¥] (19¢)
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First note that condition (19b) means that unit k& shuts down at time ¢ in solution (x,u), and that
condition (19c¢) states that for any k € M\{i} and V¢ € T, there exists a solution (x,u) € F satisfying
property I ;.

Proof If for given time 7 and unit k, condition (19a) is not satisfied then all solutions (x,u) € F are such
that uf = 0. Thus the dimension of F is less than dim(Py,) — 1. Similarly, if condition (19b) does not hold
then F C {uf =xF —x* |} so F is not a facet. It has been proven in Lemma 2 that condition (19¢) holds
for any facet F.

O

If one of the conditions of the series of Theorems 9.1, 9.2, 9.3 and 9.4 does not hold, a valid inequality
dominating the interval up-set inequality can be deduced. Note that conditions of Theorems 9.1, 9.2 and
9.3 are easy to check. The inequalities they produce can then be used as cuts in a Branch & Cut algorithm.
Moreover, the inequality deduced from Theorem 9.1 can be extended to the following larger family of
inequalities:

oz(C)+ B (1 —x,) + tZl, (4B <xp + Y (xt’ﬁ i uf)

t=tg+1 jeC\{i} t=ig+1

where 8] = MAX; ¢ [max (y— i 10) y—1] (0 (C) —az(C)) > 0. As the f coefficients depend on subset C, it would
make the separation procedure hard to manage. Therefore we do not separate these inequalities in the
Branch & Cut algorithm presented in Section 6.

5.2 Facet characterization in P}, (Z)

Theorem 9 provides necessary facet conditions for . We now discuss in which cases these conditions
are necessary and sufficient. First, we give a technical lemma stating that, in any solution (x,u) € F, each
unit j € C\{i} starts at most once on interval Z.

Lemma 5. Let (x,u) € F. For all j € C\{i}, x, +X ul < 1.

Proof Suppose there exists jo € C\{i} such that x{o +Z§‘:[0 4 u,’ > 2. We define solution (X, %) to be equal

to (x,u), except that unit jo is up at all times in (¥,u). Obviously (x,u) € P{,. However, the following
holds:

nooo . noo
az(C)+ Y u —X;, = ) <x{0 + ) u{) >2 (20)
r=to+1 jeC\{ijo} 1=tp+1
As (%,%) is equal to (x,u) except on (x/,u/) coordinates, we can replace (¥,%) by (x,u) in inequality
(20). Moreover, as jo is up at all times in (X,%), we have xtJO +yh

‘it 1 u] = 1. Adding this equality to
inequality (20) we get:

1] ) . . /] .
oar(O)+ Y u>x + Y (x,'o—i— ) u{)

t=tp+1 jeC\{i} t=ty+1

which means (X,%) violates the interval up-set inequality. As it was assumed to be valid for P, we
have here a contradiction.
O
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Now recall P!, (Z), the polytope associated to the supporting instance Inst(Z) of interval Z. We denote
by Fr the face of P, (Z) associated to the interval up-set inequality.

Theorem 10. F7 is a facet of P)ZM(I) if and only if necessary facet conditions of Theorems 9.1, 9.2, 9.3
and 9.4 hold.

Proof The direct implication has been proven in Theorems 9.1, 9.2, 9.3 and 9.4. We now prove the return
implication.

First, for any subset C,, C C\{i} and 1,t' € Z, let v(Cy, [t,1']) be the vector such that units in subset
Cyp are up at all times of Z, units in C\(C,, U{i}) are down at all times of Z, unit i is up on interval [t,#’]
and down at all other times, and units in A/ \C are up at all times.

Now suppose

Frc{(xu)eP @)Y (Za{x{+ Yy b,fu{):y(*)}

JEN \t€Z teZ\{to}

where Yy € R, and Vj € N, Vt GI,a{ GR,b',i eR.

We claim that Fz = {(x,u) € P{,(Z) |Ljen (ZIGI alx! + Yier (1) b{u{) = v}, which proves that F
is a facet of P,

Let k € N'\C. There are neither x* nor «* variables appearing in the interval up-set inequality, and
by condition (19¢), for all r € T, there exists a solution (x,u) € F such that IT;, is satisfied. So by
Lemma 2 (ii), vectors 'PX‘HH (x,u) and qﬁl.ﬁfi (x,u) are solutions of Fr. It follows a* = 0, t > 1. Fur-
thermore, by condition (19a), for any ¢ > f9 + 1 there is a solution x,‘:t(FI) € F7 such that unit & starts up
at time 7. We define J;',(F7) to be equal to x;,(F7) except that unit k is up at all times. As ¥}, (Fz) € Fz,
it follows bf = 0,1 >ty + 1. A ‘ '

By construction of the subdivision Y, we must have #,,, € Y. Thus, by condition (13), E;mx <
az(C). So, if we denote by Ci, the set of the az(C) most powerful units of C\{i}, the units in C,
are sufficient to satisfy the demand at time 7,4, (provided that units in N \C are all up), thus, they are
sufficient to satisfy the demand at any time ¢ € 7. Therefore vector v(Cy, @) € Fr. Moreover, for any
t <t1,v(Cy, [to,1]) € Fr. It follows a; = 0,1 € [to,t; — 1]. For any ¢ > to, we also have v(Cy, [t,11]) € Fr.
We thus get by = bj = —ay ,t € [to+ 1,11].

Let j € C\{i}. By condition (19b), there exists a solution x.;{fo +1(Fz) € F7 such that unit j shuts
down at time 7+ 1. By Lemma 53, if j shuts down at time #y + 1, it remains down on [ty + 1,#;] (otherwise
we would have x; +):§1:,0+1 u] > 1). Thus we can define x;"t (Fr) € Fr,t € [to+ 1,11 + 1], as equal to
x;l_lo +1(F) except that j shuts down at time ¢ instead of time 7o + 1 (if # = ¢ + 1 then j is up at all times).
Thus we get a,j = 0,1 > 19. Similarly, by condition (19a), there exists a solution 7, (Fr) € Fz such that
unit j starts up at time #;. By Lemma 5, unit j is down on interval [to,#; — 1] in solution xj, (F). So we
can define solutions xj,(Fz) € Fz, t € [to+ 1,11}, as equal to %}, (F) € F except that j starts up earlier

(at time ¢ instead of time #1). With these vectors we get a{o = b,j] = b,j St >+ 1.
Now equality (%) is proven to be of the form

t t
red ¥ =di+ ¥ o (xfw ) )

r=1p+1 jeC\{i} t=ig+1

We prove that a’ = a/, j € C.

Let j € Cfx and r > to+ 1. By condition (19a), there exists a solution in F' such that unit j starts up
at time ¢. Thus, in this solution, j is down at time ¢ — 1, and there cannot be more than ¢z (C) — 1 units
of C\{i, j} up at time # — 1 (otherwise the interval up-set inequality would not be satisfied at equality).
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This means that at time 7 — 1, the demand can be satisfied by units of C;ﬂ |» unit 7 and units of N \C.
Moreover, if ¢ = ¢, the demand at time can also be satisfied by phose_units, as condition (16) holds. So
v(Cy . [to.11]) € Fr. Considering vector v(Cl,, @) € Fr, we geta/ = d'.

Let j € C\(C,U{i}). Recall vector x;j,lﬂ (Fr) € Fr, in which unit j is up at all times. In the solution
defined by x;{tlﬂ (Fr), there? are at most oz (C) — 1 units of C\{i, j} up on Z (otherwise x;{tlﬂ (Fr) € Fr).
So there exists a unit k € Cy, which is down at all times of Z in solution x}{tl +1(Fz). We define solution
Z;d,zﬁrl (Fr) € F as equal to x,/d,tﬁl
k — 4!, this concludes the proof.

(Fr) except that unit j is down at all times, and unit k is up at all times.

It follows @/ = a*. Since a
O

Theorem 10 states that the interval up-set inequality is facet defining for Py, (Z), provided that neces-
sary facet conditions of Theorems 9.1, 9.2, 9.3 and 9.4 hold.

An interesting problem is to extend this result to the whole polytope P;,. The difficulty is induced
by some side effects happening at the outer edges of interval Z. However, we can provide some insights
into how the result of Theorem 10 could be extended to P!',,. Indeed, in most cases, any vector (x,u) € Fp
introduced in the proof of Theorem 10 can be extended to a vector of F. By defining Cy,,,, as the set of
units in C which are down over interval Z in solution (x,u), we can extend vector (x,u) to the whole time
horizon T by gradually shutting down the units in Cy,,,, before time #(, and then gradually start them up
after 1, so that their minimum-down time is satisfied and the demand is met. If such a kind of extension is
possible for all the vectors introduced, then it proves that the considered interval up-set inequality defines
also a facet of P}, provided that additional vectors of F' can be found, using condition of Theorem 9.4,
to show that there are no variables x; or u; outside Z defining F.

For example, let us consider 7 = 4, with D = [20, 10, 10, 20], and three units such that P}, = 10,
L'=1, #" =2, i¢c{1,2,3}. The interval up-set inequality corresponding to C = {1,2,3}, i = 1 and
T = {2,3} defines a facet of P!, (Z), from Theorem 10. This inequality also defines a facet of P}/, as the
vectors introduced in Theorem 10 can be extended to vectors of P, (Z).

However, in some singular cases, there may be no way to satisfy the demand outside interval Z while
satisfying the minimum-down times of units in Cy,,,. In these cases, it is likely that interval up-set
inequalities are dominated by some stronger inequalities taking into account the demand outside Z which
is higher than the demand inside 7.

6 Branch-&-Cut algorithm

In this section, we study the separation of up-set and interval up-set inequalities, in order to come up with
a cutting plane generation procedure to be used in a Branch & Cut algorithm.

6.1 Separation of up-set inequalities

We first consider the separation problem of static up-set inequalities, defined as follows: given a set
of units A/ with maximum power output Pl j € N, a time horizon 7, a demand D;, t € T, and a
fractionnal solution (¥,%), the question is whether there exists a set C C N and a time period ¢ € 7 such
that ;% < o4(C).

The static up-set inequalities where @;(C) = 1 correspond, in the context of the 0-1 knapsack prob-
lem, to the cover inequalities, which are known to be NP-complete to separate. The general static up-set
inequalities correspond to the extended cover inequalities, whose separation problem’s complexity is an
open question (see Kaparis and Letchford (2010)). The following theorem states that the separation prob-
lem of static up-set inequalities is NP-complete.
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Theorem 11. The separation problem of static up-set inequalities is NP-complete.

Proof The separation problem of up-set inequalities is obviously in NP, so we prove that the knapsack
problem reduces to the separation problem.

Consider an instance of the knapsack problem with 1 objects associated with weights w' and values
0<a <1,i€{l,...,n}. Let W be the capacity of the knapsack and let K < Yic{l,.n} a', the question is
whether there exists a subset S of objects such that the total weight of S is less than W, and the total value
of S is greater than K.

Let us consider the following instance of the separation problem, where A = Y.;c(y . ) a,
a=mingepy ,yd',a@=maxieq,  ,ya and A = 6(AQ—K):

N={1,.,n+1}

T=1landD, =W

Vie{l,..,n}, Pi, =w and PIt] =D,
Vie{l,..,n}, ¥ =Ad and¥*' =1-ga/a

Note that i’i € [0, 1] for any i because it can be supposed w.l.o.g. that K < A — a (otherwise the only
possible solution to the knapsack instance would be to include all objects in the knapsack).

Any subset C € N of this instance has rank o (C) at most 1: indeed, if unit 7+ 1 is in C then the
demand is satisfied with one unit in C (unit n 4 1), and thus the corresponding rank is at most 1. If unit
n—+1 is not in C then the rank of C is zero since no unit in C is needed to meet the demand. Here,
the separation problem of static up-set inequalities is to find a subset C (containing unit n+ 1) such
that 0 (C) = 1 and ¥ jecX{ < 1. It amounts to finding a subset C = N'\C such that ¥, Py, < D and
YiccH > (Zje/\/x{) —lie AY;cal >AA +x e Y jcca’ > K. A solution to this separation
problem is a solution to the knapsack instance, where the elements chosen in the knapsack would be
exactly the elements in C. Conversely a solution to the above knapsack instance is a solution to this

separation problem.
O

In order to show that the separation of extended cover inequalities for the knapsack polytope (cf. Balas
(1975)) is also NP-complete, it suffices to see that any instance of the knapsack problem can be trans-
formed to an extended cover separation problem for instances with n objects, such that objects {2,...,n}
fit in the knapsack. Thus any cover C will contain object 1, and it follows E(C) = C.

We will see in Section 7 that, in practice, these inequalities are very effective. Classically, static
up-set inequalities, or extended cover inequalities, are generated by a procedure that searches for cover
inequalities and lifts them to stronger inequalities (Balas (1975)). Note that Kaparis and Letchford (2010)
propose a heuristic for which the search is based on the construction of a cover set.

We propose an alternate separation algorithm for static up-set inequalities, taking advantage of the
facet defining conditions we presented in Section 4.1.

Separation algorithm for up-set inequalities
Given a fractionnal solution (x,u), for a given time period ¢, we first sort the units in non-decreasing
x-;
Piax
until the corresponding up-set inequality is violated. Hence, we first define the set S which contains the
|C| — 0 (C) + 1 less powerful units of C, i.e. units with smallest P,,,,. Finally we remove units from S one
by one until obtaining a minimal up-set, and then we swap elements in and out of S to obtain a strong set.
Finally, the separation procedure returns the extension of S.

order of

and store them in a list L. We then construct a set C by iteratively appending units of L,
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6.2 Separation of interval up-set inequalities

In our Branch & Cut algorithm, we consider the following static interval up-set inequalities:

f . 13 .
az(C)+ Y u<x+ ) (x{o + Y u{) .
t=to+1 JEC\{i} t'=ty+1

From Theorem 7, if validity condition y € Y%, ﬁ;(C ) > @z (C) holds, these inequalities are valid for
P!,. Note that by Theorem 8, these inequalities correspond exactly to every valid interval up-set inequality
for restricted polytope P, (Z).

Static up-set inequalities are particular cases of static interval up-set inequalities where 7o = 7. Since
from Theorem 11 the separation of static up-set inequalities is an NP-hard problem, we have the following
result.

Theorem 12. The separation of static interval up-set inequalities is an NP-hard problem.

We propose the following separation algorithm for static interval up-set inequality, which is an extension
of our algorithm to separate up-set inequalities.

Separation algorithm for interval up-set inequalities
Given a fractionnal solution (¥,%), a time interval [fo,7;] and a unit i such that L' > o — #;, we first sort
iyl 7

X +):t:10+1 uy

the units in non-decreasing order of — 7 and store them in a list L. We then construct a set C

by iteratively adding units of L in it, until the corresponding interval up-set inequality is violated. In this
case, the separation procedure returns the corresponding set C.

7 Experimentation

In this section, some computational results relative to formulation (1) - (7) are presented. To evaluate the
effectiveness of up-set and interval up-set inequalities, we separate them throughout a Branch & Cut tree,
using Cplex 12.6.1 with default settings. All experiments were performed using one thread of a PC with
a 64 bits Intel(R) Core(TM) i7-2600K processor running at 3.4GHz, and 16 GB of RAM memory. The
problems are solved until optimality (defined within 107° of relative optimality tolerance) or until the
time limit of 3600 seconds is reached.

We compared three methods to solve the MUCP:

— Cplex: Default Cplex used by its C++ APIL. In order to obtain non-biaised comparisons, we include
an empty Branch & Cut instruction in the implementation.

— UP: Branch & Cut algorithm using only up-set cuts, separated with the algorithm given in Section
6.1. The cut generation is stopped whenever 300 inequalities have been produced.

— UP+IUP: Branch & Cut algorithm using up-set inequalities as described previously, and interval up-
set inequalities. Interval up-set inequalities are separated with the algorithm given in Section 6.2 only
at the root node when both Cplex and UP algorithm produce no more cuts.

7.1 Instances

For each instance, we generate a ‘“2-peak per day” type demand with a large variation between peak and
off-peak values: during one day, the typical demand in energy during one day has two peak periods, one
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in the morning and one in the evening. The amplitudes between peak and off-peak periods have similar
characteristics to those in the dataset from Carrion and Arroyo (2006).

For all instances we randomly generate initial conditions e’ and set 7' = 0, for each unit i.

Note that many parameters are required to define an MUCP instance. Therefore, preliminary experi-
ments were performed to emphasize which parameters affect the performances the most. The time horizon
T has low impact on the computation time, as opposed to the number of units n. A fixed time horizon
is thus considered for each instance while the number of units n varies depending on the instance class.
We set the time horizon to T = 96 as it corresponds to the standard value of 7 in the short term UCP
solved at EDF. The number of units 7 is chosen in the range [10,50]. Moreover, the tightness of the pro-
duction range [P!. . PL..] for each unit i deeply affects the computation time of the MUCP. We use this
observation to generate a particular class of instances.

We generate the following classes of instances:

— R : The realistic (R) instances are generated using data for real EDF units. We partitioned the units
into three types, depending on their fuel: coal, gas and fuel oil. For each fuel type, we consider the
characteristics (Ppin, Pnax, L, £, ¢y, co, ¢pp) of each real EDF unit, and we draw a correlation matrix
between their characteristics. Moreover there is a typical range for each characteristic depending on
the fuel. Thus, for each instance, we generate % units with the characteristics based on the correlations
and ranges of each fuel.

— L : The literature (L) instances are similarly generated, using the unit characteristics from the dataset
presented in Carrion and Arroyo (2006). Note that in this class only one type of unit is considered,
as the units characteristics appear to be similar to each other in the dataset from Carrion and Arroyo
(2006).

— TPR : The “tight production range” (TPR) instances are generated as literature instances in which,
for each unit i, we set P,;'”»n as a percent of P,jqux, namely 50 %, 75 % and 100 %. These classes are
respectively denoted by TPR-50, TPR-75 and TPR-100. In these instances, P,,;;, is closer to P, than
in the first two classes. As a basis for comparison, in the literature class, P,;, is around 25 % of P,
and varies from to 25 to 70% in the realistic class. Note that operating rules applying to the UCP lead
to restrict the unit production range considered in the MUCP. A real-world fossil fuel unit must operate
on a discrete set of productions instead of a continuous domain of production. Furthermore once a
unit reaches a definite production, it must satisfy a minimum operation time constraint, i.e. the unit
production must be constant or within a restricted range for a given time. Roughly speaking units in
the UCP could be seen as units with a tight production range in the MUCP. Therefore, TPR instances
are designed to give us an insight into the potential effectiveness of the interval up-set inequalities for
the UCP.

It is well known that symmetries in the MUCP also deeply affect the computation time. In the dataset
from Carrion and Arroyo (2006), symmetries are introduced by duplicating production units. We thus
generate instances with symmetries (S) and instances without symmetries (NS) for each class R, L, TPR-
50, TPR-75 and TPR-100. Units of NS instances are randomly generated according to the procedures
previously described. Units of S instances are generated as follows: some units are randomly generated
and then are duplicated d times, where d is randomly selected in [1, 1”—0} for each unit, in order to obtain a
total of » units.

7.2 Computational results

The result are presented with respect to instances partitioned into categories defined as the triplets (class,
symmetries, size): classes R, L, TPR-50, TPR-75 or TPR-100; symmetry type NS or S; and size n = 10,
n =20 or n = 50. For each class and size considered, we generated 50 instances with symmetries (S) and
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50 instances without symmetries (NS). For each class, we generated instances of various sizes: R and L
classes of size n =20 and n = 50 and TPR classes of size n = 10 and n = 20

As all R and L (resp. TPR-100) instances with n = 20 are already very well solved (resp. intractable)
with Cplex, we generated instances with n = 50 (resp. n = 10). Note that size n = 20 has been considered
for all instance classes.

As some instances are already very quickly solved by Cplex, adding new cuts for this kind of instances
cannot compensate for the separation time it takes. Thus we want to discriminate between easy instances
and hard instances. Then, inside a given instance category, an instance is said to be hard if it belongs to
the 50% most difficult instances with respect to Cplex computation time, whenever this time exceeds 10
seconds.

The experimental results are presented in two tables as follows.

Table 1 displays a comparison between Cplex and UP+IUP for each category of instances. For this
purpose, Table 1 indicates #H, the number of hard instances, and for each method:

Nodes (N): number of nodes in the Branch & Cut tree.

Av. average number
Min: minimum number
Max: maximum number

CPU: CPU time (in seconds)
Av,: average value for all instances

Avy:  average value for hard instances
Min: minimum value
Ming: minimum value for hard instances
Max: maximum value
User cuts (only for UP+IUP): number of user cuts, totalizing up-set and interval up-set cuts
Av.: average number
Min: minimum number

Max: maximum number.

Note that R and L instances of size n = 20 were all solved in less than 10 seconds, with an average
CPU time less than 1 second. Similarly, R and L instances of size n = 50 without symmetries are easy
instances, with an average CPU time of 5 seconds, a maximum CPU time of 41 seconds, and only eight
instances with a CPU time exceeding 10 seconds. Another class of instance which is solved easily is
TPR-50, with very few hard instances and a maximum CPU time of 30 seconds.

When the tightness of the production range increases to 75%, the instances are much harder than
instances with a larger production range (like instances of classes R and L), but they remain tractable
for n = 20. The TPR-100 instances appear to be very difficult to solve. For each instance of size n = 20,
Cplex reaches the time limit of one hour. Instances of size n = 10 are already very hard, as the average
CPU time is around 1000 seconds.

Note that for n = 10, symmetries do not seem to impact the resolution. However, for n = 20, and even
more for n = 50, symmetries deeply affect the computation time.

Table 2 provides more details for the comparison of the three methods. As shown in Table 1, there
is an important variability in the computation time within a given instance category. We then introduce
the improvement score, which is a performance ratio comparing Cplex to one of our methods (UP or
UP+IUP) denoted by B&C. The improvement scores relative to the number of nodes (N), the CPU time
(CPU) and the linear relaxation value at the root (LR) are defined as follows.

N(Cplex)—N(B&C)

_ CPU(Cplex)—CPU (B&C)
Iy = N(Cplex)+N(B&C) Icry =2

LR(B&C)—LR(Cplex)
CPU(Cplex)+CPU (B&C) Iir =2

LR(Cplex)+LR(B&C)
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Table 2: Average improvement score for various indicators

UP UP+IUP
IN [ ILR [ ICPU(all) [ ]pr(hard) IN [ ILR [ ]pr(all) [ Ich(hard)

[R)n=50] (S [[623% [ 83% | 341% | 445% [ 618% | 84% | 190% | 424% |

[M)n=50T] (S [ 423% [ 55% | 189% [ 257% || 404% [ 5.6% | 95% | 229% |
TPR-75 | (NS) [ 21.6% | 4.0% 7.9% 17.2% 46.1% | 9.3% 6.4% 19.9%
n=10 ® || 251% | -0.9% 6.4% 9.3% 44.6% | 66% | 14.9% 30.5%
TPR-75 | (NS) [ 162% | -0.8% 5.1% 6.7% 276% | -1.9% | 7.0% 9.9%
n=20 ) | 25.0% | 02% 83% 6.3% 277% | 24% 6.4% 14.6%
TPR-100 [ (NS) [[ 97% [ 0.07% | -37% 62 % 29% | 20% [ -12% 0.6%
n=10 ® || 74% | 007% | -23% -7.9% 262% | 2.0% 2.7% 9.3%

Note that the reference used is the average between the value from Cplex performance and the value from
UP or UP+IUP performance. As we consider a minimization problem, the higher the linear relaxation, the
better the lower bound on the optimal solution. Hence for any indicator (N, CPU or LR), the improvement
score is positive whenever our method B&C outperforms Cplex with respect to the considered indicator.

Tables 2 presents, for both UP and UP+IUP and for various instance categories, the average improvement
scores:

Iy: average improvement score relative to the number of nodes in the Branch & Cut tree.
I r: average improvement score relative to the linear relaxation at the root.

Icpy (all): average improvement score relative to the CPU time, for all instances.

Icpy (hard) : average improvement score relative to the CPU time, for the hard instances.

This table only displays values for the instance categories on which a comparison makes sense, i.e.
instances which are not too easy, but still tractable within the time limit.

Observe that both UP and UP+IUP perform very well on L and R instances with symmetries and
size n = 50. However, as opposed to the TPR instances where interval up-set inequalities dramatically
improves the performance of UP, the improvement for L and R instances appears to come from the
separation of up-set inequalities. This may seem weird as Cplex and our UP algorithm can produce
similar inequalities. This shows that even though the cut generation integrated in Cplex is supposed to be
able to produce up-set cuts, our heuristic clearly performs better, as it finds useful cuts Cplex does not.

Finally note that both our methods, UP and UP+IUP, globally outperfom Cplex for these hard cate-
gories. One objective of this article is to solve TPR-75 and TPR-100 instances. Interestingly, the TPR-75
instances are solved more efficiently with UP, and even more with UP+IUP. This remark is also true for
TPR-100 instances with respect to the relaxation value and the number of nodes, even though it does not
show on the CPU time. There may be too many user cuts generated for TPR-100 instances of size n = 10:
a more dedicated implementation of our Branch&Cut method for this category would be useful.

8 Conclusion

In this article, we propose a first polyhedral study of the MUCP with n production units. We first trans-
late the classical extended cover inequalities of the knapsack polytope to obtain the up-set inequalities.
We generalize these up-set inequalities to obtain the inferval up-set inequalities. This new class of valid
inequalities captures both knapsack constraints and min-up/min-down constraints, thus being more dedi-
cated to the MUCP.
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We completely describe the cases in which these inequalities are valid, and we also characterize
the facet defining cases in a restricted polytope. We devise a Branch & Cut algorithm in which up-
set and interval up-set inequalities are separated. Compared to default Cplex, up-set and interval up-
set inequalities used as cuts are particularly efficient for the difficult categories of instances, namely
realistic and literature instances with symmetries and a large number of units, and also instances where
the production range is tighter.

A possible future work would be to consider a problem including additional technical constraints,
such as ramp and minimum operation time constraints. This problem would be close, in its structure, to
the TPR instances of the MUCP. Since interval up-set inequalities are particularly effective on the TPR-
75 instances and to a lesser extent on the TPR-100, we hope that they will be also useful to solve the
real-world UCP.

Our experiments also highlight how symmetries dramatically affect the computation time. Thus, fu-
ture works could explore how to break symmetries in the UCP, using orbital branching as in Ostrowski
et al (2015). Another promising perspective to deal with symmetries in the UCP would be to use a de-
composition scheme where interval up-set structures would play an important role.
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Appendix

Let N and all of its subsets to be considered below be ordered so that P,',’;ax > P,{Jxl ,j€{l,...,n—1}. As
we place ourselves here at a given time period 7 € T, for simplicity, we drop the index 7 from all variables
and quantities.

For any subset M C N, we denote by Up-Set(M) the corresponding inequality (9).

8.1 Proof of theorem 5

Lemma 6. For any up-set C € N:
a(E(C)) = [E(C)\C|+1.
Furthermore, if C is minimal, then (E(C)) = |E(C)\C| + 1.

Proof Consider a vector X such that ¥ ;) ¥/ < |[E(C)\C| = p. In order to maximize the power produc-
tion in solution X, we need the p most powerful units in E(C) to be up. The other units in E(C) will be
down, as ¥ jcg(c) X/ < p. Thus, the units up in E(C) are exactly those in |E(C)\C|. But as C is an up-set,
the demand will not be met. So there is no vector X such that ¥ ) ¥ < |[E(C)\C| in P".

Lemma 7. A minimal up-set C is strong if and only if the set R = C\{j1 } U {i| } is not an up-set, where
i1 is the most powerful unit of N\E(C).
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Proof (=) If R is an up-set, then, following from the minimality of C, R is also minimal. Furthermore,
|R|=|C|,R#Cand E(C) C E(R) since i; < jj. So C is not strong.

(<) If C is not strong, there exists a minimal up-set A such that |A| = |C|,A # C and E(C) C E(A). We
can write A = (C\Cs) UAc, where C4 = C\A and Ac = A\C. It follows from |A| = |C| and E(C) C E(A)
that |C4| = |Ac| and j; € Cy.

A is an up-set so A = CUC4\Ac does not suffice to meet the demand by itself. As every unit in C4
is more powerful than each unit in A¢ (or else we would not have E(C) C E(A)), we can deduce that
CU{j1}\{i1} does not suffice either to meet the demand. So R is an up-set.

O

For any M C N, we define E~! (M) the set of the |M| — (M) + 1 less powerful units of M.

Lemma 8. For any M C N, M is a strong up-set extension if and only if E~' (M) is a strong up-set which
satisfies (iii) and such that E(E~'(M)) = M.

Proof The set of the [M| — o (M) + 1 less powerful units of M is the only set that can possibly satisfy (i),
(if) and (iii). Hence the direct implication. The return implication follows from the definition of a strong

up-set extension.
O

Lemma9. Let M C N IfE-'(M) is an up-set, then either M = E(E~'(M)) (and in that case ¥ jcpy X/ >
0(M) is exactly Up-Set(E(E~'(M)))) or the inequality ¥ jepy x> G(M) is dominated by Up-Set(E(E~(M))).

Proof First, it is clear that M C E(E~!(M)). Indeed, if there was j € M such that j ¢ E(E~'(M)), we
would have j < ji, otherwise j € E(E~!(M)). But j < j; contradicts the definition of E~!(M).
Up-Set(E(E~!(M))) can be written:

Y+ Y > E(ET (M)\M|+ M|~ |E (M) + 1.
JEE(E~!(M))\M jeM

Summed up to the trivial inequality

[E(E™ (M))\M] = X/
JEE(ET(M)\M

we directly obtain ¥ jcpx/ > 0(M).
O

Proof of Theorem 5 (=) Let suppose M is not a strong up-set extension, i.e. E ’1(M) is not a strong
up-set, or does not satisfy the condition E(E~!(M)) = M, or does not satisfy condition (iii).

Let first suppose E~! (M) is not an up-set. Then E~1(M) is enough to meet the demand, and |M N
E-1(M)| =0(M)—150 ¥ jepx’ > 0(M) is not valid.

Let now suppose E ! (M) is an up-set, but is not minimal. There exists a unit i such that E~!(M)\ {i}
is still an up-set. Then, either E(E~'(M)\{i}) = E(E~'(M)) or E(E~'(M)\{i}) = E(E~'(M))\{i}. In
both cases, Up-Set(E (Cys\{i})) dominates Up-Set(E(~!(M))). By Lemma 9, we can conclude that (8) is
not a facet of P”".

Let suppose now that E~!(M) is not strong. By Proposition 7, R = E~'(M)\{j1} U {i1} is an up-
set. As iy < ji, E(E"'(M))U{i1} C E(R). It can be easily checked that Up-Set(E(R)) dominates Up-
Set(E(E~!'(M))). By Lemma 9, we can conclude that (8) is not a facet of P".

Let now suppose that M # E(E~!(M)). By Lemma 9, we can conclude that (8) is not a facet of P".
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Let now suppose E~! (M) does not satisfy condition (iii), which is to say T = E~'(M)\{j1, ja} U{1}
is an up-set. If j; = 1 then it means that T = E~!(M)\{j»} is an up-set so E~!(M) is not minimal. We
have seen that in this case, (8) cannot be a facet of P". Otherwise, j; # 1. Then we have:

T = (N\M)U{2,3,75(M) - 1,j17j2}.

We consider a vector X satisfying (8) to equality: Y, jeMij = ®(M). We show that if X' = 0 then X is not
feasible. Indeed, if the @(M) units of M which are up in ¥ are the o/(M) most powerful units of M\ {1},
ie. {2,3,....,a(M)—1,j1, j2}, then, even if all units in N\M are up, the demand cannot be met, as T is
an up-set. So each vector x € P satisfying ) jeij = ®(M) is such that x' = 1, so there are less than n
linearly independant vertices satisfying ). jeij =o(M). Thus, (8) is not a facet of P".

(<) Let suppose M is a strong up-set extension. We will prove constructively that the hyperplane
defined by (8) contains n linearly independant vertices of P". Let ¢ = |[E~!(M)| and m = |M]|.

Consider the n X n matrix:

U Bl Cn—m
X=|U I. U
Cu_eBy U

where B and B, are (n—m) X ¢ and (m — ¢) X c respectively, each of them having identical rows of
the form
by =(1,0,0,...,0), b, = (1,1,0,...,0).

I.. is the identity matrix of order ¢, U stands for matrices of ones of appropriate dimension. C, is the p X p
matrix such that C contains zeros on the diagonal, and ones everywhere else.

Each row of X corresponds to a vertex of P. The first m — ¢ columns of X correspond to the units
in M\E~!(M), the following ¢ columns correspond to the units in £~!(M) and the last n — m columns
correspond to the units in N\ M. Each row satisfies (8) to equality: among its first m entries, each row has
exactly @(M) entries equal to 1.

We now prove that each row is a feasible solutions, i.e. belongs to P".

As E~'(M) is strong, E~'(M)\{j1 }U{i1 } is not an up-set, so the units in £~ (M) U {j; }\{i1 } suffice
to meet the demand. In particular, for any i € AN'\M, the units in E~1(M) U {j; }\{i} suffice to meet the
demand. Hence the feasibility of the first n — m rows.

As E~'(M) is minimal, for all i € E~!(M), E~'(M)\{i} is not an up-set, so the units in E~1(M)U{i}
suffice to cover the demand. Hence the feasibility of the following ¢ rows.

By condition (iii), A = E~'(M)\{j1,j2} U {1} is not an up-set. Thus A = E-1(M) U {1, jo}\{1}
is enough to cover the demand by itself. In particular, for all i € M\E~!(M), the units in E~!(M)U
{j1,J2}\{i} suffice to meet the demand. Hence the feasibility of the last m — ¢ rows.

O



