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Abstract We present a new class of decentralized first-order methods for nonsmooth and stochastic optimization
problems defined over multiagent networks. Considering that communication is a major bottleneck in decentralized
optimization, our main goal in this paper is to develop algorithmic frameworks which can significantly reduce the
number of inter-node communications. We first propose a decentralized primal-dual method which can find an e-
solution both in terms of functional optimality gap and feasibility residual in O(1/e) inter-node communication rounds
when the objective functions are convex and the local primal subproblems are solved exactly. Our major contribution
is to present a new class of decentralized primal-dual type algorithms, namely the decentralized communication sliding
(DCS) methods, which can skip the inter-node communications while agents solve the primal subproblems iteratively
through linearizations of their local objective functions. By employing DCS, agents can still find an e-solution in
O(1/¢€) (resp., O(1/+/€)) communication rounds for general convex functions (resp., strongly convex functions), while
maintaining the O(1/€%) (resp., O(1/€)) bound on the total number of intra-node subgradient evaluations. We also
present a stochastic counterpart for these algorithms, denoted by SDCS, for solving stochastic optimization problems
whose objective function cannot be evaluated exactly. In comparison with existing results for decentralized nonsmooth
and stochastic optimization, we can reduce the total number of inter-node communication rounds by orders of magnitude
while still maintaining the optimal complexity bounds on intra-node stochastic subgradient evaluations. The bounds
on the (stochastic) subgradient evaluations are actually comparable to those required for centralized nonsmooth and
stochastic optimization under certain conditions on the target accuracy.
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1 Introduction

Decentralized optimization problems defined over complex multiagent networks are ubiquitous in signal processing,
machine learning, control, and other areas in science and engineering (see e.g. [A7L2TL50LI5]). In this paper, we consider
the following decentralized optimization problem which is cooperatively solved by the network of m agents:

min f(z) i= S fi() (1.1)
st. x€X, X :=nN21X;,
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where f; : X; — R is a convex and possibly nonsmooth objective function of agent ¢ satisfying
2
Sl =yl < filx) = fily) = (fi(y),z —y) < M|z —y|l, Vz,y € X;, (1.2)

for some M, > 0 and f/(y) € 0f;(y), where Of;(y) denotes the subdifferential of f; at y, and X; C R? is a closed
convex constraint set of agent ¢. Note that f; and X; are private and only known to agent i. Throughout the paper,
we assume the feasible set X is nonempty.

In this paper, we also consider the situation where one can only have access to noisy first-order information (function
values and subgradients) of the functions f;, ¢ = 1,...,m (see [41l[23]). This happens, for example, when the function
fi’s are given in the form of expectation, i.e.,

fi(x) = K¢, [Fi(z; )], (1.3)

where the random variable & models a source of uncertainty and the distribution P(;) is not known in advance. As a
special case of (1.3), f; may be given as the summation of many components, i.e.,

file) == S5 f (@), (1.4)

where [ > 1 is some large number. Stochastic optimization problem of this type has great potential of applications in
data analysis, especially in machine learning. In particular, problem corresponds to the minimization of generalized
risk and is particularly useful for dealing with online (streaming) data distributed over a network, while problem
aims at the collaborative minimization of empirical risk. Currently the dominant approach is to collect all agents’
private data on a server (or cluster) and to apply centralized machine learning techniques. However, this centralization
scheme would require agents to submit their private data to the service provider without much control on how the
data will be used, in addition to incurring high setup cost related to the transmission of data to the service provider.
Decentralized optimization provides a viable approach to deal with these data privacy related issues.

In these decentralized and stochastic optimization problems, each network agent i is associated with the local
objective function f;(z) and all agents intend to cooperatively minimize the system objective f(x) as the sum of all
local objective f;’s in the absence of full knowledge about the global problem and network structure. A necessary
feature in decentralized optimization is, therefore, that the agents must communicate with their neighboring agents to
propagate the distributed information to every location in the network.

One of the most well-studied techniques in decentralized optimization are the subgradient based methods (see e.g.,
[39135 57,3714 2752]), where at each step a local subgradient is taken at each node, followed by the communication
with neighboring agents. Although the subgradient computation at each step can be inexpensive, these methods usually
require lots of iterations until convergence. Considering that one iteration in decentralized optimization is equivalent to
one communication round among agents, this can incur a significant latency. CPUs in these days can read and write the
memory at over 10 GB per second whereas communication over TCP/IP is about 10 MB per second. Therefore, the gap
between intra-node computation and inter-node communication is about 3 orders of magnitude. The communication
start-up cost itself is also not negligible as it usually takes a few milliseconds.

Another well-known type of decentralized algorithm relies on dual methods (see e.g., [4[62/[I0]), where at each step
for a fixed dual variable, the primal variables are solved to minimize some local Lagrangian related function, then the
dual variables associated with the consistency constraints are updated accordingly. Although these dual type methods
usually require fewer numbers of iterations (hence, fewer communication rounds) than the subgradient methods until
convergence, one crucial problem of these methods is that the local subproblem associated with each agent cannot be
solved efficiently in many cases.

The main goal of this paper is, therefore, to develop dual based decentralized algorithms for solving that
is communication efficient and has local subproblems easily solved by each agent through the utilization of (noisy)
first-order information of f;. More specifically, we will provide a theoretical understanding on how many numbers of
inter-node communications and intra-node (stochastic) subgradient evaluations of f; are required in order to find a
certain approximate solution of (I.I).



1.1 Notation and Terminologies

Let R denote the set of real numbers. All vectors are viewed as column vectors, and for a vector x € ]Rd, we use

z! to denote its transpose. For a stacked vector of z;’s, we often use (z1,...,Zm) to represent the column vector
[z?, R x,—;}—r We denote by 0 and 1 the vector of all zeros and ones whose dimensions vary from the context. The

cardinality of a set S is denoted by |S|. We use I; to denote the identity matrix in R4 We use A ® B for matrices
A € R™*"2 agnd B € R™*™2 to denote their Kronecker product of size R™™1*"2™2 For g matrix 4 € R™*™, we
use A;; to denote the entry of i-th row and j-th column. For any m > 1, the set of integers {1,...,m} is denoted by
[m].

1.2 Problem Formulation

Consider a multiagent network system whose communication is governed by an undirected graph G = (N, ), where
N = [m] indexes the set of agents, and & C N x A represents the pairs of communicating agents. If there exists an
edge from agent ¢ to j which we denote by (7, j), agent ¢ may send its information to agent j and vice versa. Thus, each
agent i € N can directly receive (resp., send) information only from (resp., to) the agents in its neighborhood

Ny ={j e N'|(i,j) € £} U {i}, (1.5)

where we assume that there always exists a self-loop (i,7) for all agents ¢ € A. Then, the associated Laplacian
L eR™ ™ of Gis L :== D — A where D is the diagonal degree matrix, and A € R™*™ is the adjacency matrix with
the property that A;; =1 if and only if (4,7) € £ and i # j, i.e.,

IN;| -1 ifi=3j
Lij=4 -1 ifi#jand (i,j) € € (1.6)
0 otherwise.

We consider a reformulation of problem (|1.1)) which will be used in the development of our decentralized algorithms.
We introduce an individual copy x; of the decision variable x for each agent ¢ € A/ and impose the constraint z; = x;
for all pairs (i,7) € €. The transformed problem can be written compactly by using the Laplacian matrix L:

min F(x) := > " fi(z;) (1.7)

X

st. Lx=0, z;€X;, foralli=1,...,m,

where x = (#1,...,2m) € X1 X ... X Xm, F: X1 X ... x Xm — R, and L = L® I; € R™¥™4_ The constraint Lx = 0
is a compact way of writing x; = x; for all agents ¢ and j which are connected by an edge. By construction, L is
symmetric positive semidefinite and its null space coincides with the “agreement” subspace, i.e., L1 = 0 and 1'L=o0.
To ensure each node gets information from every other node, we need the following assumption.

Assumption 1 The graph G is connected.

Under Assumption |1} problem and are equivalent. We let Assumption [1| be a blanket assumption for the
rest of the paper.

We next consider a reformulation of the problem as a saddle point problem. By the method of Lagrange
multipliers, problem is equivalent to the following saddle point problem:

min | F(x)+ max (Lx,y)|, (1.8)
xeXm yERmd
where X™ := X1 x...Xx Xmandy = (y1,...,Ym) € R™4 are the Lagrange multipliers associated with the constraints

Lx = 0. We assume that there exists an optimal solution x* € X™ of (1.7) and that there exists y* € R™? such that
(x*,y*) is a saddle point of (1.8]).



1.3 Literature review

Decentralized optimization has been extensively studied in recent years due to the emergence of large-scale networks.
The seminal work on distributed optimization [60L59] has been followed by distributed incremental (sub)gradient
methods and proximal methods [36,48|2l[61], and more recently the incremental aggregated gradient methods and its
proximal variants [I8[3[26]. All of these incremental methods are not fully decentralized in a sense that they require a
special star network topology in which the existence of a central authority is necessary for operation.

To consider a more general network topology, a decentralized subgradient algorithm was first proposed in [39],
and further studied in many other literature (see e.g. [14L[6538538756]). These algorithms are intuitive and simple
but very slow due to the fact that they need to use diminishing stepsize rules. All of these methods require 0(1/62)
inter-node communications and intra-node gradient computations in order to obtain an e-optimal solution. First-order
algorithms by Shi et. al. [52,[53] use constant stepsize rules with backtracking and require O(1/€) communications when
the objective function in is a relatively simple convex function, but require both smoothness and strong convexity
in order to achieve a linear convergence rate. Recently, it has been shown in [45l[38] that the linear rate of convergence
can be obtained for minimizing “unconstrained” smooth and strongly convex problems. These methods do not apply
to general nonsmooth and stochastic optimization problems to be studied in this work.

Another well-known type of decentralized algorithm is based on dual methods including the distributed dual de-
composition [55] and decentralized alternating direction method of multipliers (ADMM) [51L28[62]. The decentralized
ADMM [511[28] has been shown to require O(log 1/€) communications in order to obtain an e-optimal solution under
the no constraint, strong convexity and smoothness assumptions while [62] has been shown to require O(1/€) commu-
nications for relatively simple convex functions f; (see also [20] for the application of mirror-prox method for solving
these problems). These dual-based methods have been further studied via proximal-gradient [98]. However, the local
Lagrangian minimization problem associated with each agent cannot be solved efficiently in many cases, especially
when the problem is constrained. Second-order approximation methods [29,[30] have been studied in order to handle
this issue, but due to the nature of these methods differentiability of the objective function is necessary in this case.

There exist some distributed methods that just assume smoothness on the objective functions, but actually require
more communication rounds than gradient computations. For example, the distributed Nesterov’s accelerated gradient
method [22] employs multi-consensus in the inner-loop. Although their method requires O(1/41/€) intra-node gradient
computations, inter-node communications must increase at a rate of O(log(k)) as the iteration k increases. Similarly, the
proximal gradient method with adapt-then-combine (ATC) multi-consensus strategy and Nesterov’s acceleration under
the assumption of bounded and Lipschitz gradients [I1] is shown to have O(1/+/€) intra-node gradient computations,
but inter-node communications must increase at a rate of O(k). Due to the nature of decentralized networked systems,
the time required for inter-node communications is higher by a few orders of magnitude than that for intra-node
computations. Multi-consensus schemes in nested loop algorithms do not account for this feature of networked systems
and hence are less desirable.

Decentralized stochastic optimization methods can be useful when the noisy gradient information of the function
fi,i=1,...,m, in is only available or easier to compute. Stochastic first-order methods for problem are
studied in [14)49,35], all of which require O(1/€?) inter-node communications and intra-node gradient computations to
obtain an e-optimal solution. Multiagent mirror descent method for decentralized stochastic optimization [46] showed
a O(1/e€) complexity bound when the objective functions are strongly convex. An alternative form of mirror descent in
the multiagent setting was proposed by [63] with an asymptotic convergence result. On a broader scale, decentralized
stochastic optimization was also considered in the case of time-varying objective functions in the recent work [541[58].
All these previous works in decentralized stochastic optimization suffered from high communication costs due to the
coupled scheme for stochastic subgradient evaluation and communication, i.e., each evaluation of stochastic subgradient
will incur one round of communication.

1.4 Contribution of the paper

The main interest of this paper is to develop communication efficient decentralized algorithms for solving problem (|1.7))
in which f;’s are convex or strongly convex, but not necessarily smooth, and the local subproblem associated with each
agent is nontrivial to solve. Our contributions in this paper are listed below.



Firstly, we propose a decentralized primal-dual framework which involves only two inter-node communications per
iteration. The proposed method can find an e-optimal solution both in terms of the primal optimality gap and feasibility
residual in O(1/€) communication rounds when the objective functions are convex, and the local proximal projection
subproblems can be solved exactly. This algorithm serves as a benchmark in terms of the communication cost for our
subsequent development.

Secondly, we introduce a new decentralized primal-dual type method, called decentralized communication sliding
(DCS), where the agents can skip communications while solving their local subproblems iteratively through successive
linearizations of their local objective functions. We show that agents can still find an e-optimal solution in O(1/€) (resp.,
O(1/+/€)) communication rounds while maintaining the O(1/€2) (resp., O(1/€)) bound on the total number of intra-
node subgradient evaluations when the objective functions are general convex (resp., strongly convex). The bounds
on the subgradient evaluations are actually comparable to those optimal complexity bounds required for centralized
nonsmooth optimization under certain conditions on the target accuracy, and hence are not improvable in general.

Thirdly, we present a stochastic decentralized communication sliding method, denoted by SDCS, for solving stochas-
tic optimization problems and show complexity bounds similar to those of DCS on the total number of required com-
munication rounds and stochastic subgradient evaluations. In particular, only O(1/¢) (resp., O(1/+/€)) communication
rounds are required while agents perform up to O(1/€2) (resp., O(1/e€)) stochastic subgradient evaluations for general
convex (resp., strongly convex) functions. Only requiring the access to stochastic subgradient at each iteration, SDCS
is particularly efficient for solving problems with f; given in the form of and . In the former case, SDCS
requires only one realization of the random variable at each iteration and provides a communication-efficient way to deal
with streaming data and decentralized machine learning. In the latter case, each iteration of SDCS requires only one
randomly selected component, leading up to a factor of O(l) savings on the total number of subgradient computations
over DCS.

To the best of our knowledge, this is the first time that these communication sliding algorithms, and the aforemen-
tioned separate complexity bounds on communication rounds and (stochastic) subgradient evaluations are presented
in the literature.

1.5 Organization of the paper

This paper is organized as follows. In Section [2} we provide some preliminaries on distance generating functions and
prox-functions, as well as the definition of gap functions, which will be used as termination criteria of our primal-dual
methods. In Section |3] we present a new decentralized primal-dual method for solving problem . In Section
we present the communication sliding algorithms when the exact subgradients of f;’s are available and establish their
convergence properties for the general and strongly convex case. In Section [5| we generalize the algorithms in Section
[ for stochastic problems. The proofs of the lemmas in Section [B}ff] are provided in Section [6} Finally, we provide some
concluding remarks in Section [7]

2 Preliminaries

In this section, we provide a brief review on the prox-function, and define appropriate gap functions which will be used
for the convergence analysis and termination criteria of our primal-dual algorithms.

2.1 Distance Generating Function and Prox-function

In this subsection, we define the concept of prox-function, which is also known as proximity control function or Bregman
distance function [5]. Prox-function has played an important role in the recent development of first-order methods for
convex programming as a substantial generalization of the Euclidean projection. Unlike the standard projection operator

Iy [z] := argmin, ¢ ||z —ul|?, which is inevitably tied to the Euclidean geometry, prox-function can be flexibly tailored
to the geometry of a constraint set U.
For any convex set U equipped with an arbitrary norm | - ||y, we say that a function w : U — R is a distance

generating function with modulus v > 0 with respect to || - ||y, if w is continuously differentiable and strongly convex



with modulus v with respect to || - ||y, i.e.,
(Vw(z) — Vw(u),z —u) > vz —ull¥, Va,ueU. (2.1)
The prox-function, or Bregman distance function, induced by w is given by
V(z,u) = Ve(z,u) :=w(u) — [w(z) + (Vw(z),u — x)]. (2.2)
It then follows from the strong convexity of w that
Vi, u) > Yz —ullfy, Vao,ueU

We now assume that the individual constraint set X; for each agent in problem (|1.1)) are equipped with norm
|- llx,, and their associated prox-functions are given by V;(-,-). Moreover, we assume that each V;(-,-) shares the same
strongly convex modulus v =1, i.e.,

2 .
Vi(x;,ug) > %Hﬂ% —uillx,, Vro,us € Xy, i=1,...,m. (2.3)

We define the norm associated with the primal feasible set X™ = X7 X ... x Xy, of (1.8) as followsﬂ

Il = xl3em = 72 il (24)
where x = (21,...,2m) € X for any z; € X;. Therefore, the corresponding prox-function V(-,-) can be defined as
V(x,u) =Y 0" Vi(wi, wi), Vx,ue X™. (2.5)
Note that by and , it can be easily seen that
V(x,u) > 3x— ul?, vx,ue X™. (2.6)

Throughout the paper, we endow the dual space where the multipliers y of (|1.8)) reside with the standard Euclidean
norm || - ||2, since the feasible region of y is unbounded. For simplicity, we often write ||y|| instead of ||y||2 for a dual
multiplier y € R™%.

2.2 Gap Functions: Termination Criteria

Given a pair of feasible solutions z = (x,y) and z = (X,y) of (1.8), we define the primal-dual gap function Q(z;z) by
Q(z;2) := F(x) + (Lx,y) — [F(x) + (L, y)]. (2.7)

Sometimes we also use the notations Q(z;z) := Q(x,y;X,¥) or Q(z;
that Q(z*;z) < 0 and Q(z;2z*) > 0 for all z € X™ x R™?, where z*
sets X™ C R™? Y c R™?, the gap function

;Z) = Q(x,y;2) = Q(z;X,¥). One can easily see
= (x*,y") is a saddle point of (1.8). For compact

sup  Q(z;z) (2.8)
ze XmxXY
measures the accuracy of the approximate solution z to the saddle point problem .
However, the saddle point formulation of our problem of interest may have an unbounded feasible set.
We adopt the perturbation-based termination criterion by Monteiro and Svaiter [31}[32l[33] and propose a modified
version of the gap function in . More specifically, we define

gy (s,2) := sup Q(z;x",¥) — (s,¥), (2.9)
yey

for any closed set Y C R™? z € X™ x R™? and s € R™. If Y = R™?, we omit the subscript ¥ and simply use the
notation ¢(s, z).

This perturbed gap function allows us to bound the objective function value and the feasibility separately. We first
define the following terminology.

1 We can define the norm associated with X™ in a more general way, e.g., [|x||? := 37 pilzs||%., Vx = (z1,...,2m) € X™,
i

for some p; > 0, ¢ = 1,...,m. Accordingly, the prox-function V(,-) can be defined as V(x,u) := 37" 1 p; Vi(®;, us), Vx,u € X™,
This setting gives us flexibility to choose p;’s based on the information of individual X;’s, and the possibility to further refine the
convergence results.



Definition 1 A point x € X™ is called an (e, §)-solution of (L.7) if
F(x) — F(x*) <eand ||Lx|| <6. (2.10)

We say that x has primal residual € and feasibility residual §.

Similarly, a stochastic (e, §)-solution of can be defined as a point X € X™ s.t. E[F(x)— F(x")] < eand E[||Lx[|] < ¢
for some €, > 0. Note that for problem , the feasibility residual measures the disagreement among the local copies
z;, fori e N.

In the following proposition, we adopt a result from [44] Proposition 2.1] to describe the relationship between the
perturbed gap function and the approximate solutions to problem . Although the proposition was originally
developed for deterministic cases, the extension of this to stochastic cases is straightforward.

Proposition 1 For any Y C R™ such that 0 € Y, if gy (Lx,z) < € < 0o and |[Lx| < 8, where z = (x,y) €
X™ x R™®, then x is an (e, 0)-solution of (L.7)). In particular, when Y = R™?, for any s such that 9(s,2) < e < o0
and ||s]| < 8, we always have s = Lx.

3 Decentralized Primal-Dual

In this section, we describe an algorithmic framework for solving the saddle point problem in a decentralized
fashion. The basic scheme of the decentralized primal-dual method in Algorithm [I]is similar to Chambolle and Pork’s
primal-dual method in [7]. The primal-dual method in [7] is an efficient and simple method for solving saddle point
problems, which can be viewed as a refined version of the primal-dual hybrid gradient method by Arrow et al. [I].
However, its design and analysis is more closely related to a few recent important works which established the O(1/k)
rate of convergence for solving bilinear saddle point problems (e.g., [43}[40,[34)[19]). Recently, Chen, Lan and Ouyang [12]
incorporated Bregman distance into the primal-dual method together with an acceleration step. Dang and Lan [13],
and Chambolle and Pork [6] discussed improved algorithms for problems with strongly convex primal or dual functions.
Randomized versions of the primal-dual method have been discussed by Zhang and Xiao [64], and Dang and Lan [13].
Lan and Zhou [26] revealed some inherent relationship between Nesterov’s accelerated gradient method and the primal-
dual method, and presented an optimal randomized incremental gradient method.

Our main goals here in this section are to: 1) adapt the primal-dual framework for a decentralized setting; and
2) provide complexity results (number of communication rounds and subgradient computations) separately in terms
of primal functional optimality gap and constraint (or consistency) violation. It should be stressed that the main
contributions of this paper exist in the development of decentralized communication sliding algorithms (see Section
and . However, introducing the basic decentralized primal-dual method here will help us better explain these methods
and provide us with a certain benchmark in terms of the communication cost.

Algorithm 1 Decentralized primal-dual

Let x =x~! € X™ and y° € R™9, the nonnegative parameters {ay}, {7} and {n:}, and the weights {03} be given.
fork=1,...,N do
Update z* = (x*,y*) according to

®* = g (xF L - xF 2y L xhd (3.1)
y* = argmingcpma (—L&F,y) + Z(ly —y* 1 (3.2)
xk = argmingg xm (Ly*,x) + FG) + mk VO, %) (3.3)

end for
return zV = (Z{f:l@k)’lzgzﬁkzk-




Algorithm 2 Decentralized primal-dual update for each agent @

Let 2§ = i_l € X; and yY € R? for i € [m], the nonnegative parameters {a}, {7x} and {nx}, and the weights {0} be given.
fork—l,...,N do
Update zF = (2, y¥) according to

= ak(x§71 - 1:?72) +ght (3.4)
of =3 en, Lijh (3.5)
S ©9)
wi =Y en, Lijyh (3.7
rf = argmin, ¢, (wf,xﬁ + fi(z;) + nkVi(xf_l,xi) (3.8)

end for

return zV = (Egzlek)ilszzlekzk

3.1 The Algorithm

The primal-dual algorithm in Algorithm [I] can be decentralized due to the structure of the Laplacian L. Recalling that
x = (x1,...,2m) and y = (y1,...,Ym), each agent i’s local update rule can be separately written as in Algorithm l
Each agent ¢ maintains two local sequences, namely, the primal estimates {a: } and the dual variables {yl }. The element
:ciC can be seen as agent ¢’s estimate of the decision variable x at time k, while yZ is a subvector of all dual variables
yk associated with the agent ¢’s consistency constraints with its neighbors.

More specifically, each primal estimate m? is locally initialized from some arbitrary point in X;, and mi_l is also set
to be the same value. At each time step k > 1, each agent i € N’ computes a local prediction & ~k using the two previous
primal estimates (ref. . and broadcasts this to all of the nodes i 1n its neighborhood, i.e., to all agents j € N;. In
. .7 each agent ¢ calculates the neighborhood disagreement v using the messages received from agents in N;,
and updates the dual subvector yZ . Then, another round of communication occurs in ) to broadcast this updated
dual variables and calculate w . Therefore, each iteration k£ involves two communlcatlon rounds, one for the pr1mal
estimates and the other for the dual variables. Lastly, each agent i solves the proximal projection subproblem (3 .
Note that the description of the algorithm is only conceptual at this moment since we have not specified the parameters
{ar}, {7k}, {nr} and {0} yet. We will later instantiate this generic algorithm when we state its convergence properties.

3.2 Convergence of the Decentralized Primal-dual Method

For the sake of simplicity, we focus only on the case when f;’s are general convex functions in this section. We leave
the discussion about the case when f;’s are strongly convex later in Sections [4] and [5| for decentralized communication
sliding algorithms.

In the following lemma, we present estimates on the gap function defined in together with conditions on the
parameters {ag}, {7x}, {nx} and {0}, which will be used to provide the rate of convergence for the decentralized
primal-dual method. The proof of this lemma can be found in Section [f]

Lemma 1 Let the iterates z* = (Xk7yk), k =1,...,N be generated by Algorithm (1| and zV be defined as zV =
—1
(ZIJCV:le) ng’:lokz’“. Assume that the parameters {ag}, {tr}, {n} and {0} in Algorithm|1| satisfy

ek’r]k) S gk—lnk—lv k:27~~'7N7 (39)
apby =0k—1, k=2,...,N, (3.10)
Qka S kalkalu kIQ,...,N, (3.11)
apLl? < M1, kE=2,...,N, (3.12)
0171 = ONTN, (3.13)
ON|LI? < 017N (3.14)



Then, for any z := (x,y) € X™ x R™ we have

-1
QN2 < (ThLi0k)  [om Ve %) + BRI + (s,)] (3.15)
where Q is defined in (2.7) and s is defined as
s:= HNL(XN XN HroniyN —y0). (3.16)
Furthermore, for any saddle point (x ) of (1.8 ., we have
o (1- L) max{nNan*l =N rlly = yNIPY S Ve, xT) + SRyt 3O (3a7)

In the following theorem, we provide a specific selection of {ay}, {Tr}, {nr} and {0y} satisfying (3.9)-(3.14). Using
Lemma [T] and Proposition [T} we also establish the complexity of the decentralized primal-dual method for computing

an (e, d)-solution of problem (1.7]).
Theorem 1 Let x* be a saddle point of (1.7)), and suppose that {ay}, {71}, {nk} and {0y} are set to

ap =0, =1, np, =2||L||, and 7, = |L||, Vk=1,...,N. (3.18)
Then, for any N > 1, we have
) = Fi) < gk v <) + 41y (3.19)

and

JLx™ ) < 25 [3y/ V6% + 2lly” - y° (3.20)

N _ 1 N k
where X = § Y p_x".

Proof Tt is easy to check that (3.18]) satisfies conditions (3.9)-(3.14]). Therefore, by plugging these values in (3.15)), we
have

=N L
QE"ix"y) < % 211V, x) + By 1] + 4 (s )- (3.21)
Letting sV = NS then from and (| we have
N L N—-1 N * * 0
Is ||§” [nx =N Iy =yl - 5]

"N
||L||
< I [3vave ) + Ty =012 + ly* - °l]

Furthermore, by (3.21) we have
N N 0 02
g™, 7)< I v ) + 150117 -
The results in (3.19) and (3.20]) then immediately follow from Proposition [1| and the above two inequalities.

From (3.19)-(3.20]), we can see that the complexity of decentralized primal-dual method for computing an (e, d)-
solution is O(1/¢) for the primal functional optimality and O(1/d) for the constraint violation. Since each iteration
involves a constant number of communication rounds, the number of inter-node communications required is also in the
same order.

4 Decentralized Communication Sliding

In this section, we present a new decentralized primal-dual type method, namely, the decentralized communication
sliding (DCS) method for the case when the primal subproblem is not easy to solve. We show that one can still
maintain the same number of inter-node communications even when the subproblem is approximately solved
through an iterative subgradient descent procedure, and that the total number of required subgradient evaluations is
comparable to centralized mirror descent methods. Throughout this section, we consider the deterministic case where
exact subgradients of f;’s are available.
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Algorithm 3 Decentralized Communication Sliding (DCS)
—1

Let ¥ = =39 € X;, y9 € R? for i € [m] and the nonnegative parameters {cy }, {7}, {nr} and {T}} be given.
fork=1,...,N do
Update z* = (%%, y*) according to

= on(@f T = e ) ! (4.1)
of = ZjeNiLijj? (42)
yl = argming cpa (—vf,yi) + Hllys —y; P =y 4 ok (4.3)
wf = >jen; Lijyf (4.4)
(@, 25) = CS(fi, X3, Vi, Tyt w1 (4.5)
end for
return z) = (¢;V,yV)
The CS (Communication-Sliding) procedure called at (4.5)) is stated as follows.
procedure: (z,2) = CS(¢, U, V, T, n, w, )
Let u® = 4° = x and the parameters {8:} and {\+} be given.
fort=1,...,T do
Rt=1 = ¢ (ut=1) € Hg(ut~1) (4.6)
u' = argmin, ¢y [(w+ R ) + nV (z,u) + 9BV (w1, u)] (4.7)
end for
Set
-1
al = (Z?:1>‘t) POHRPYLS (4.8)

Set x = uT and & = 4T

end procedure

4.1 The DCS Algorithm

We formally describe our DCS algorithm in Algorithm[3] We say that an outer iteration of the DCS algorithm, which we
call the outer-loop, occurs whenever the index k in Algorithm [3]is incremented by 1. Since the subproblems are solved
inexactly, the outer-loop of the primal-dual algorithm also needs to be modified in order to attain the best possible
rate of convergence. In particular, in addition to the primal estimate {905C }, we let each agent ¢ maintain another primal
sequence {#¥} (cf. the definition of Z¥ in (#1))), which will later play a crucial role in the development and convergence
proof of the algorithm. Observe that the DCS method, in spirit, has been inspired by some of our recent work on gradient
sliding [24]. However, the gradient sliding method in [24] focuses on how to save gradient evaluations for solving certain
structured convex optimization problems, rather than how to save communication rounds for decentralized optimization,
and its algorithmic scheme is also quite different from the DCS method.

The steps (4.1| are similar to those in Algorithm [2| except that the local prediction if in is computed
using the two prev1ous prlmal estimates xk L and ack 1 The CS procedure in , which we call the inner loop,
solves the subproblem (|3.8) iteratively for Tk iterations. Each inner loop iteration consists of the computation of the
subgradient f; (util) in and the solution of the projection subproblem in , which is assumed to be relatively
easy to solve. Note that the description of the algorithm is only conceptual at this moment since we have not specified
the parameters {ag}, {nc}, {7x}, {Tkx} {B¢} and {A\:} yet. We will later instantiate this generic algorithm when we
state its convergence properties.

A few remarks about this algorithm are in order. Firstly, a critical difference of thls routme compared to the exact
version (Algonthm is that one needs to compute a pair of approxmlate solutions x and m . While both x and
can be seen as agent i’s estimate of the d601s10n variable xz at time k, x will be used to define the subproblem (4.7] for
the next call to the CS procedure and Z :v will be used to produce a Welghted sum of all the inner loop iterates. Secondly,
since the same wl has been used throughout the T}, iterations of the CS procedure, no additional communications of
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the dual variables are required when performing the subgradient projection step for T}, times. This differs from the
accelerated gradient methods in [I1,22] where the number of inter-node communications at each iteration k increase
linearly or sublinearly in the order of k.

Note that the results of the CS procedure at iteration k for agents i € A collectively generate a pair of approximate
solutions %* = (:i:’f, e ,a%]ﬁ,L) and x* = (x’f, e ,a:lfn) to the proximal projection subproblem . For later convenience,

we refer to the subproblem at iteration k as ¥ (x), i.e.,

argmin, c xm {@k (x) = (Ly", %) + F(x) + i V(x*1, x)} . (4.9)

4.2 Convergence of DCS on General Convex Functions

We now establish the main convergence properties of the DCS algorithm. More specifically, we provide in Lemma
an estimate on the gap function defined in (2.7]) together with stepsize policies which work for the general nonsmooth
convex case with u = 0 (cf. (1.2))). The proof of this lemma can be found in Section @

Lemma 2 Let the iterates (ﬁ(k7yk), k = 1,...,N be generated by Algorithm @ and 2N be defined as 2N o=

—1
(Z,ﬁ’zlak) chvzlak(fck,yk). Assume that the objective f;, i = 1,...,m, are general nonsmooth convex functions,
i.e., ;=0 and M > 0. Let the parameters {ag}, {0k}, {m}, {7x} and {T}} in Algorithm[d satisfy (3.10)-(3-14) and
(Te41) (T 4-2) 1k (Tk—1+1)(Tk—1+2)77k—1 _
T (TeE3) <0_ T 1 (Te153) , k=2 ...,N. (4.10)

Let the parameters {\¢} and {B¢} in the CS procedure of Algorithm[d be set to
AM=t+1, Bi=3%, Vt>1 (4.11)
Then, we have for allz € X™ x R™<,
-1
~N N T +1)(T1+2)6 0 0 2 0
Q™i2) < (Til,0n)  [DHREEBn v a0, ) 1 S5 |y 4 (s ) + 0L, A0 ] (412)

where 8 := ONL(XYN —xN "1 40,11 (yN —y°) and Q is defined in (2.7). Furthermore, for any saddle point (x*,y*) of
(11.8), we have

L? N N-1)2 N2
& (1 L) max{nn %Y =<V TP ey - v V1) (4.13)

NMNTN
(T14+1)(T1+2)61m1 0 _x 0171 (1% _ <012 N 4mM?0,
< T TUTi+3) V(LX) + Sy =y 1T+ e (Tut3) "

In the following theorem, we provide a specific selection of {ay}, {0k}, {nk}, {7k} and {T}} satisfying (3.10)-(3.14)
and (4.10). Using Lemma [2| and Proposition [1} we also establish the complexity of the DCS method for computing an
(e, 0)-solution of problem (|1.7) when the objective functions are general convex.

Theorem 2 Let x* be an optimal solution of (L.7), the parameters {\+} and {B:} in the CS procedure of Algorithm@
be set to (4.11), and suppose that {ag}, {0k}, {nk}, {7} and {Tx} are set to

o, =0 =1, my = 2|Ll|, 7 = L], and T, = | BN vk =1,... N, (4.14)
for some D > 0. Then, for any N > 1, we have
FN) = Py < I [3v (e, x7) + § 1y + 2D (4.15)

and

™| < 15l {3\/ 6V (x0,x*) +4D + 4]ly”" — yo\l} ; (4.16)
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Proof Tt is easy to check that (4.14)) satisfies conditions (3.10))-(3.14) and (4.10). Particularly,

(T +1)(T1+2) _
T1(T1+3) TZ+3T,

Therefore, by plugging in these values to (4.12]), we have

Q(E"sx"y) < gL [V x) + 415°11° + 2D] + £ 5.)- (4.17)
Letting 8V W then from , we have
e R e Ea rare |
< LR [Vt Iy =y 4D+ Iy -5l

Furthermore, by (4.17)), we have

g6V, 2") < Gl [3vx,x) + 1y°)1? + 2]

Applying Proposition [1| to the above two inequalities, the results in (4.15) and (4.16) follow immediately.

We now make some remarks about the results obtained in Theorem [2| Firstly, even though one can choose any
D>0(g,D=1)in , the best selection of D would be V(x",x*) so that the first and third terms in [{.17)
are about the same order. In practice, if there exists an estimate Dxm > 0 s.t.

V(x1,x2) < Dkm, Vx1,x3 € X™, (4.18)

then we can set D = Dg(m.

Secondly, the complexity of the DCS method directly follows from and - For simplicity, let us assume
that X is bounded, D = DXm and y? = 0. We can see that the total number of inter-node communlcatlon rounds and
intra-node subgradient evaluations required by each agent for finding an (¢, §)-solution of ( can be bounded by

2 * 2 2
@) {HLH max (@7 Dmeﬂ‘y”)} and O {mM2 max (DX;” , DX’"HIgQ I )} , (4.19)

respectively. In particular, if € and ¢ satisfy
€ Dim
5 S Dxm Ay (4.20)

then the previous two complexity bounds in (4.19)), respectively, reduce to

O{%} and (9{%}. (4.21)

62
Thirdly, it is interesting to compare DCS with the centralized mirror descent method [42] applied to (1.1)). In the
worst case, the Lipschitz constant of f in (L.1)) can be bounded by M; < mM, and each iteration of the method will

incur m subgradient evaluations. Hence, the total number of subgradient evaluations performed by the mirror descent
method for finding an e-solution of (1.1), i.e., a point € X such that f(Z) — f* <, can be bounded by

O{%} (4.22)

where D% characterizes the diameter of X i.e., D% := maxy, z,ex V (21, 2). Noting that D% /D% m = O(1/m), and
that the second bound in states only the number of subgradient evaluations for each agent in the DCS method,
we conclude that the total number of subgradient evaluations performed by DCS is comparable to the classic mirror
descent method as long as holds and hence not improvable in general.
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4.3 Boundedness of ||y*||

In this subsection, we will provide a bound on the optimal dual multiplier y*. By doing so, we show that the complexity
of DCS algorithm (as well as the stochastic DCS algorithm in Section 5) only depends on the parameters for the
primal problem along with the smallest singular value of L and the initial point yo7 even though these algorithms are
intrinsically primal-dual type methods.

Theorem 3 Let x* be an optimal solution of (1.7). Then there exists an optimal dual multiplier y* for (1.8) s.t.

M
Iyl < 3220, (4.23)

where Gmin(L) denotes the smallest nonzero singular value of L.

Proof Since we only relax the linear constraints in problem (|1.7)) to obtain the Lagrange dual problem (|1.8)), it follows
from the strong Lagrange duality and the existence of x* to ((1.7) that an optimal dual multiplier y* for problem (1.8
must exist. It is clear that

Yy =yN+YC,

where y& and yg denote the projections of y* over the null space and the column space of L7, respectively.

We consider two cases. Case 1) y¢& = 0. Since yj belongs to the null space of LT, LTy* = LTy}‘V = 0, which
implies that for any c € R, cy™ is also an optimal dual multiplier of . Therefore, (4.23]) clearly holds, because we
can scale y* to an arbitrarily small vector.

Case 2) y¢& # 0. Using the fact that LTy* = LTy?J and the definition of a saddle point of (L.8)), we conclude that
v¢ is also an optimal dual multiplier of . Since y¢ is in the column space of L, we have

T 2 T T Ty1T 3 T 2 ~2 2
IL yell” = (yo) LL yo = (yo)' U AUy > Apin(LL7) [ Uye|l” = onin (L) llyell”,
where U is an orthonormal matrix whose rows consist of the eigenvectors of LLT7 A is the diagonal matrix whose

diagonal elements are the corresponding eigenvalues, :\mm(LLT) denotes the smallest nonzero eigenvalue of LLT, and
Gmin (L) denotes the smallest nonzero singular value of L. In particular,

LT *
Iyl < Evel. (4.24)

Moreover, if we denote the saddle point problem defined in as follows:
L(x,y) = F(x) + (Lx,y).
By the definition of a saddle point of (L.8)), we have £(x*,y¢) < L(x,y{), i-e.,
F(x*) - F(x) < (-L"y&, x — x%).

Hence, from the definition of subgradients, we conclude that fLTyEv € JF(x"), which together with the fact that F(-)
is Lipschitz continuous implies that

T * *
IL yel =12, £ < vmM.

Our result in 14.23) follows immediately from the above relation, (4.24) and the fact that y¢ is also an optimal dual
multiplier of (1.8]).

Observe that our bound for the dual multiplier y* in (4.23)) contains only the primal information. Given an initial
dual multiplier yo, this result can be used to provide an upper bound on ||y0 —y"|| in Theorems throughout this
paper. Note also that we can assume y0 = 0 to simplify these complexity bounds.
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4.4 Convergence of DCS on Strongly Convex Functions

In this subsection, we assume that the objective functions f;’s are strongly convex (i.e., 4 > 0 (1.2)). In order to take
advantage of the strong convexity of the objective functions, we assume that the prox-functions V;(-,-), ¢ = 1,...,m,
(cf. (2.2))) are growing quadratically with the quadratic growth constant C, i.e., there exists a constant C > 0 such that

2 .
Vi(zsug) < e —willX,, Veu € Xi, i=1,...,m. (4.25)

By (2.3), we must have C > 1.
We next provide in Lemma an estimate on the gap function defined in ([2.7) together with stepsize policies which
work for the strongly convex case. The proof of this lemma can be found in Section [6]

Lemma 3 Let the iterates (&k,yk), k = 1,...,N be generated by Algorithm @ and 2V be defined as 2V =

-1
(Zg=10k> Zé\;lé)k (&k, yk). Assume the objective f;, i = 1,...,m are strongly convex functions, i.e., u, M > 0. Let
the parameters {oy.}, {0}, {nx} and {7} in Algorithm[3 satisfy (3.10)-(B-14) and

O < Op—1(0/C+mg—1), k=2,...,N. (4.26)
Let the parameters {\¢} and {B¢} in the CS procedure of Algorithm[3 be set to

M=t pF =G Ll > (4.27)

Then, we have for all z € X™ x R™¢

0 0 02 4 2m M0,
OimV (x",x) + S y° ) + (8, y) + s, Tk | To (T4 15 G T =T (4.28)

Q" 2) < (Ziﬁk) -

where § : = GNL(&N — fol) + 601711 (yN — yO) and Q is defined in ([2.7)). Furthermore, for any saddle point (x*,y*) of
(1.8), we have

0 L|? oV N-12 N2
& (1- L) max{ny %"~ x ume*—yn} (4:29)

0 _* 0 * 2mM?320
<OmVE,x") + Ayt — 302+ S 0k 1T:2Tk+1) (t+1)u/C+(t e

In the following theorem, we provide a specific selection of {ay}, {0k}, {nr}, {7x} and {T}%} satisfying —
and . Also, by using Lemma and Proposition [1} we establish the complexity of the DCS method for computing
an (e, d)-solution of problem when the objective functions are strongly convex. The choice of variable stepsizes
rather than using constant stepsizes will accelerate its convergence rate.

Theorem 4 Let x* be an optimal solution of (L.7), the parameters {\+} and {B:} in the CS procedure of Algorithm@
be set to (4.27) and suppose that {ag}, {0k}, {nk}, {7k} and {T}} are set to

k 4||L||*¢ / /
A = kiﬂ’ Qk:k:—i—l, N = %7 T = (£+!)1L, andi = ’( Qgcj\;{N ma,x{ %%,1}—‘, (430)

Vk = ., N, for some D> 0. Then, for any N > 2, we have
N 0 2||L||?C 02 , 2uD
FEN) = Fx) < sy [V, %) + 2EEC 02 4 26D ], (4.31)
and

L™ <

T [3\/2D+V(x0 x*) + IR g —y0||] , (4.32)

A N
where %V = WZk:l(k + 1)x".
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Proof Tt is easy to check that (4.30] satisfies conditions (3.10))-(3.14)) and (4.26)). Moreover, we have

2mM20,, 2mM?6,C 2
Zk 1Zt 1TZY(LT,€+1) (t+1);L/C+(t Dnn _Zk lT;:r(LTk+1k);LEt 12(t+1)-‘:(t 1)k
2mM=<0,C
<Zk 17T Tk+1k)u( +Zt 2%)

20 (k+1) N 8mM2C(Ty—1) _ 2uD
< TR Tma et ket R T S 2

Therefore, by plugging in these values to (4.28]), we have

AN 0 _* 2||L||%C .02 D
QUNix",y) < wry [BVOCx) + AEEC 02 4 2D 4 2 sy, (4:33)
Furthermore, from (4.29)), we have for N > 2

N N—12
S

A

8C 0 2||L|I2¢ \|c 0 %12 | 2uD
—W[%VX ,X7) + ly” ="l +“T}, (4.34)

N2
[

IN

0 2||IL|]*C.,0 2, 2uD
Iy* —y EV(x x>+%ny -y IR+ 2P

Np
(N-DIL[C |C
Let sV = mé, then by using (4.34)), we have for N > 2

N N 4[| Lj|“C N 4||L||“C * 0
I < sy [N+ DILIIEY = V7 AEEC Ny AIHEC e 0]

8||L = " 2||L||%c? L||C . * 0
< N {3\/2D+V<x°7x ) 2IEE g0 ez 4 LISy ||}

8L ~ 7ILIC (x  0
< N(ll‘\HHB) {3\/ 2D + V(x%,x*) + L#H ly" =y ||]-

From (|4.33)), we further have
N ~N

N 2 C D
9™, 8") < wpdegy BV, x) + 2L 02 4 24D

Applying Proposition [1| to the above two inequalities, the results in (4.31) and (4.32)) follow immediately.

We now make some remarks about the results obtained in Theorem {4 Firstly, similar to the general convex case,
the best choice for D (cf. (#30)) would be V(x?,x*) so that the first and the third terms in are about the same
order. If there exists an estimate Dxm > 0 satisfying , we can set D = Dg(m.

Secondly, the complexity of the DCS method for solving strongly convex problems follows from and ([£.32).
For simplicity, let us assume that X is bounded, D= Dg(m and y0 = 0. We can see that the total number of inter-node
communication rounds and intra-node subgradient evaluations performed by each agent for finding an (e, d)-solution of

(1.7) can be bounded by

D3m L cJIL|||ly* 2 Ljc C|IL|ly*
0 {ma (Ve B (e S40) )| ant © (22 e (1 B (e + ) )} (a3

xm
respectively. In particular, if € and ¢ satisfy

< N2D§(m
= IEIC(uDxm+CILIly=1)’

(4.36)

>

then the complexity bounds in (4.35)), respectively, reduce to

o{\/%} and O {mACY. (4.37)

Thirdly, we compare DCS method with the centralized mirror descent method [42] applied to (L.1)). In the worst
case, the Lipschitz constant and strongly convex modulus of f in (1.1)) can be bounded by My < mM, and uy > mpu,
respectively, and each iteration of the method will incur m subgradient evaluations. Therefore, the total number of
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subgradient evaluations performed by the mirror descent method for finding an e-solution of (1.1)), i.e., a point Z € X
such that f(Z) — f* < ¢, can be bounded by

o { widEC } . (4.38)

Observed that the second bound in (4.37)) states only the number of subgradient evaluations for each agent in the DCS
method, we conclude that the total number of subgradient evaluations performed by DCS is comparable to the classic
mirror descent method as long as (4.36) holds and hence not improvable in general for the nonsmooth strongly convex
case.

5 Stochastic Decentralized Communication Sliding

In this section, we consider the stochastic case where only the noisy subgradient information of the functions f;,
i=1,...,m, is available or easier to compute. This situation happens when the function f;’s are given either in the
form of expectation or as the summation of lots of components. This setting has attracted considerable interest in
recent decades for its applications in a broad spectrum of disciplines including machine learning, signal processing,
and operations research. We present a stochastic communication sliding method, namely the stochastic decentralized
communication sliding (SDCS) method, and show that the similar complexity bounds as in Section [4| can still be
obtained in expectation or with high probability.

5.1 The SDCS Algorithm

The first-order information of the function f;, ¢ = 1,...,m, can be accessed by a stochastic oracle (SO), which, given
a point u! € X, outputs a vector G;(u', &) such that

E[Gi(u', &) = fi(u') € 8f;(u"), (5.1)

E[|Gi(u',&) = fi(u")|3] < 0®, (5:2)

where ff is a random vector which models a source of uncertainty and is independent of the search point u!, and the
distribution P(&;) is not known in advance. We call G;(u', £}) a stochastic subgradient of f; at u'.

The SDCS method can be obtained by simply replacing the exact subgradients in the CS procedure of Algorithm
with the stochastic subgradients obtained from SO. This difference is described in Algorithm [4

Algorithm 4 SDCS
The projection step (4.6)-(4.7) in the CS procedure of Algorithm [3|is replaced by

Bl = @t e, (5.3)
ul = argmin, ¢y [(w+ Ry + WV (x,u) + 0BV (ut ™t u)], (5.4)

where H(ut~1,£t71) is a stochastic subgradient of ¢ at u?~!.

We add a few remarks about the SDCS algorithm. Firstly, as in DCS, no additional communications of the dual
variables are required when the subgradient projection is performed for T} times in the inner loop. This is because
the same wf has been used throughout the T} iterations of the Stochastic CS procedure. Secondly, the problem will
reduce to the deterministic case if there is no stochastic noise associated with the SO, i.e., when ¢ = 0 in .
Therefore, in Section [f} we investigate the convergence analysis for the stochastic case first and then simplify the
analysis for the deterministic case by setting o = 0.
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5.2 Convergence of SDCS on General Convex Functions

We now establish the main convergence properties of the SDCS algorithm. More specifically, we provide in Lemma [4]
an estimate on the gap function defined in (2.7 together with stepsize policies which work for the general convex case
with =0 (cf. (1.2). The proof of this lemma can be found in Section @

Lemma 4 Let the iterates ()Ack,yk) for k = 1,...,N be generated by Algorithm |4 and 2N be defined as 2V o=
-1
(Ei\;ﬁk) Eiv:ﬁk(f(k,yk) Assume the objective f;, i = 1,...,m, are general nonsmooth conver functions, i.e.,

p=0and M > 0. Let the parameters {ay.}, {0x}, {nk}, {m} and {T}} in Algorithm[] satisfy (3.10)-([.14) and (4.10).
Let the parameters {\} and {8} in the CS procedure of Algorithm || be set as (E.11)). Then, for all z € X™ x R™,

Q@"iz) < (Xili0k) {WV( x) + Oy 01 + 5, ¥) (5.5)

20y
+ e S T TS

2 t—1,k 2
(t + 1)(61?—1,k7xi —utTy 4 W] }

where § := GNL(&N — fol) + 601711 (yN — yo) and Q is defined in ([2.7). Furthermore, for any saddle point (x*,y*) of
(1.8), we have

L||2 N N—-1,2 N2
o (1= D) max{w KN = <V mlly” - v V1) (56)

NMNTN
T1+1)(T1+2)6 0 0 012
< OOV (O, x") + O ly" — 3|
t=1k b1y | 445D
+ e i T oy | D e ) ¢ S

In the following theorem, we provide a specific selection of {ay}, {0k}, {nr}, {7} and {T}} satisfying (3.10)-(3.14)
and (4.10)). Also, by using Lemma and Proposition |1} we establish the complexity of the SDCS method for computing
an (e, d)-solution of problem (1.7)) in expectation when the objective functions are general convex.

Theorem 5 Let x* be an optimal solution of (L.7), the parameters {\+} and {B:} in the CS procedure of Algorithm
be set as (4.11), and suppose that {a}, {0k}, {nk}, {1} and {T}} are set to

2 2
o =0 =1, m = 2|Lll, 7% = L], and T, = [“EEELINT vk =1, N, (5.7)
for some D > 0. Then, under Assumptions (5.1) and (5.2), we have for any N > 1
E[F(") - F(x) < I3l [3v e, x) + §Iy°I + 4] (5.8)

and

E[LxN ] < w {3\/6V(x0,x*) +8D +4|y* — y0||] . (5.9)

cN _ 1 N .k
where X = Y 41X

Proof Tt is easy to check that (5.7)) satisfies conditions (3.10))-(3.14)) and (4.10). Moreover, by (2.9)), we can obtain

-1

g6V,2") = max Qi x",y) = (SLi0k) ) (5.10)

y

IN

(Ziion) {‘Tﬁ;fggi;;“mw x") + O |y0) 2

20, t=Lk s t—1y | AM24]6; " R)2)
o Y 1 T (TETD) [(t+1)<6i by =g )+ o ’
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1
where sV = (ij’zlek) §. Particularly, from Assumption (5.1]) and ( .,
E[5i =0, E[l6 )2 <o Vie {1, m}, t 21, k> 1,

and from (5.7))

(DT +2) _

2 3
ntts) — Lt Tren S 3

Therefore, by taking expectation over both sides of (5.10) and plugging in these values into (5.10]), we have

—1
E[g(AN N (Zk 19k) {WV(X ) + 017-1||y H +ZN W} (5.11)

. i
< L5 3V x) + SIy°I2 +4D],

with
~N o IL]| N—l N 0
EfIs™ Il = (sl < B 1% I+ 1™ = 31+l =501l
Note that from (5.6)) and Jensen’s inequality, we have

E[fxY —xV? <E[IxY - xN P < 6V, x*) + ly* - y°|| + 8D,
Ellly* —yV I <Elly* —yV?] < 12V(x%,x*) + 2lly* —y°|| + 16D.

Hence,

EjlsV ] < 1Z1 [3\/6V<x0,x*> 8D+ aly” - y°||} .

Applying Proposition [1| to the above inequality and (5.11)), the results in (5.8]) and (5.9) follow immediately.

We now make some observations about the results obtained in Theorem I Firstly, one can choose any D > O (e g.,
D=1)in ., however, the best selection of D would be V(x x*) so that the first and third terms in are
about the same order. In practice, if there exists an estimate Dxm > 0 satisfying , we can set D = Dggm.

Secondly, the complexity of SDCS method immediately follows from ) and ( . Under the above assumption,
with D = Dxm and y’ = 0, we can see that the total number of inter- node communication rounds and intra-node
subgradient evaluations required by each agent for finding a stochastic (e, §)-solution of ( . can be bounded by

2 * 2 2
0 {\|L|| max (DXJ Dxfﬂlﬂ')} and O {m(M2 + 02) max (DE . DXW*"gZ I )} , (5.12)

respectively. In particular, if € and § satisfy (4.20]), the above complexity bounds, respectively, reduce to
2 2 2 2
O{”LH#} and @{%}. (5.13)

In particular, we can show that the total number stochastic subgradients that SDCS requires is comparable to the
mirror-descent stochastic approximation in [4I]. This implies that the sample complexity for decentralized stochastic
optimization are still optimal (as the centralized one), even after we skip many communication rounds.
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5.3 Convergence of SDCS on Strongly Convex Functions

We now provide in Lemma [5( an estimate on the gap function defined in together with stepsize policies which
work for the strongly convex case with p > 0 (cf. ) The proof of this lemma can be found in Section @

Note that throughout this subsection, we assume that the prox-functions V;(-,-),i =1,...,m, (cf. ) are growing
quadratically with the quadratic growth constant C, i.e., holds.

Lemma 5 Let the iterates (ﬁk,yk), k = 1,...,N be generated by Algorithm || and 2V be defined as 2V o=
-1
(ZkN:10k) Zszﬁk(ﬁk,yk). Assume the objective f;, i = 1,...,m are strongly convez functions, i.e., u, M > 0.

Let the parameters {ay}, {0}, {nx} and {73} in Algorithm[]] satisfy (3.10)-([3.14) and ([E.26)). Let the parameters {A\¢}
and {Bt} in the CS procedure of Algorithm be set as ([4.27). Then, for allz € X™ x R™4,

-1
Q@":2) < (Tiliok) {61771V<x0,x>+91;1|y°||2+<é7y> (514)

N T, «—m 20 t—1,k t—1y o, 2(MPH]5 )2
+Zk:12til i:lTk(Tkk+1) [t<5i y Ty — Uy >+(t+1)p,/c+(t—1)nk ’

where § := GNL(fiN — fol) + 601711 (yN — yo) and Q is defined in ([2.7). Furthermore, for any saddle point (x*,y*) of
(1.8), we have

L|? N N-12 N2
o (1= 2T max{n 1KY =<V P mlly” - v V1) (5.15)

NMNTN
<O V", x*) + 4yt - y0)”?

N T —m 20, t—1k s i1y, 2t(M2H[6EF )
et i mnan MO E —w )+ e e,

In the following theorem, we provide a specific selection of {ay}, {0k}, {nk}, {7x} and {T}} satisfying —
and . Also, by using Lemma and Proposition we establish the complexity of the SDCS method for computing
an (e, d)-solution of problem in expectation when the objective functions are strongly convex. Similar to the
deterministic case, we choose variable stepsizes rather than constant stepsizes.

Theorem 6 Let x* be an optimal solution of (L.7), the parameters {\+} and {B:} in the CS procedure of Algorithm
be set as (4.27), and suppose that {ay}, {0k}, {nx}, {7k} and {T}} are set to

k 4||L||*c
ap = TL7 0, =k+1, n, = %, T = (]!4"1‘)!’«’ and (516)

T, = {szxcmax{\/@icl}“ Vk=1,...,N,

for some D > 0. Then, under Assumptions (5.1) and (5.2), we have for any N > 2

2 _
E[FY) - F(x") < wpay [V x7) + HEEC|y0)2 4 26D ] (5.17)

3/2D + V(x0, x*) + HLIE |1y —y0|l], (5.18)

and

~ L
EILxN]) < oy

'LUhe're )A(N = ngzl(k + l)ﬁk

Proof Tt is easy to check that (5.16) satisfies conditions (3.10))-(3.14) and (4.26)). Similarly, by (2.9]), Assumption (5.1
and (5.2), we can obtain

-1 2 2
~N N N * T N T, m 2t(M~“+4o
ElgsV,2")) < (S0l10) {omwx“,x>+9121|y°||2+zk_12tf1 B iie=y [wfﬁ/cf(t_ﬁm}},

(5.19)
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—1
where sV = (Eé\;lel@) §. Particularly, from (5.16]), we have

Ty, 4m(M?*452)0 N 4am(M3+c%)Co
Zk 12042 mTk(Tk—H) . (t+1),u/Ct+(t—1)17k =2 k=1 mTk(Tk+1)p th 12(t+1)+(t Dk

N 4m( M3+o )cek K t
< Dk= 14:@ Tt i (* + Zt=24t71)(k+17))

2m(M?40%)C(k+1 N 16m(M34+062)C(Tx—1 D
< S, R el < 2

Ti(Ti+1)p Ti(Ti+1)p = C

Therefore, by plugging in these values into ([5.19)), we have

* 2 D
Elg(sV,2™)) < wieay [V %) + HEEE 02 4 26D ] (5:20)
with
Ells™ Il = wdraBllsl < ikl E [0V + DIy =N+ AN -y 4 gy - 1) -

Note that from (5.15), we have, for any N > 2,

0

_ 22
El%" -5 < grreyy [VOCx) + S

y? —y*|I? +2f)} :

N2 N 0 2||L||2C . 0 2, 2uD
Eflly* —y™ |l ]SW[%V(X,X*)+%”}, . +MT]

Hence, in view of the above three relations and Jensen’s inequality, we obtain

A\

AN 8||L = « 2||L||%¢c? [ 0
E[IsV1] < wirsy {3\/2D+V(x0,x )4 2EEC oy 4 ITIC =y ”}

31/2D + V(x0,x) + TEIC g~ 30

Applying Proposition |1| to the above inequality and (5.20)), the results in (5.17)) and (5.18) follow immediately.

8||L|]
N(N+3)

IN

We now make some observations about the results obtained in Theorem @ Firstly, similar to the general convex
case, the best choice for D (ct. ) would be V(xo, x*) so that the first and the third terms in are about the
same order. If there exists an estimate Dxm > 0 satisfying (£.18)), we can set D = D% .

Secondly, the complexity of SDCS method for solv1ng strongly convex problems follows from and (| -
Under the above assumption, with D = DXm and y = 0, the total number of inter-node communlcatlon rounds
and intra-node subgradient evaluations performed by each agent for finding a stochastic (e, §)-solution of can be
bounded by

Dim c * 2+ C C C
o{max<«/“g; \/@ (DXML Iy u))} and O{m(M:-U) max(l IL| (D}m n Hlyu”))}’

(5.21)

respectively. In particular, if € and § satisfy (4.36]), the above complexity bounds, respectively, reduce to

o {\/@} and O {7”1“”“?’2)6 } (5.22)

We can see that the total number of stochastic subgradient computations is comparable to the optimal complexity
bound obtained in [T6L[17] for stochastic strongly convex case in the centralized case.
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5.4 High Probability Results

All of the results stated in Section [5.2)[5.3] are established in terms of expectation. In order to provide high probability
results for SDCS method, we additionally need the following “light-tail” assumption:

2, 2
Elexp{[|G;(u', &) — fi(u")|/0°}] < exp{1}. (5.23)
Note that (5.23) is stronger than (5.2]), since it implies (5.2) by Jensen’s inequality. Moreover, we also assume that

there exists V(x*) s.t.
V(x%) =300 Vila]) = 3000 maxg ex, Vi(@], ). (5.24)

The following theorem provides a large deviation result for the gap function g(éN , 2V ) when our objective functions
fi,i=1,...,m are general nonsmooth convex functions.

Theorem 7 Assume the objective f;, i = 1,...,m are general nonsmooth convex functions, i.e., p = 0 and M > 0.

Let Assumptions (5.1), (5.2) and (5.23) hold, the parameters {aw}, {0k}, {nx}, {71} and {T}} in Algom'thm satisfy
3.10)-(3.14), and (4.10), and the parameters {\¢} and {B:} in the CS procedure of Algorithm be set as (4.11)). In
addition, if X;’s are compact, then for any ¢ > 0 and N > 1, we have

Prob {g(s"V,2") 2 Ba(N) + (By(N) } < exp{~C*/3} + exp{~}, (5.25)

where

-1 * T m 2 0'2
Ny = (S010) [Wwﬂx )+ Iy + oL, B (5.26)
and
o7 1/2
—1
=(2N 6, o |2VHLN S [ A 43N STy A 8 (5.27)
( k=1 ) k=14Z4t=1 Z?HA k=144t=1 I(kal/\t)nkﬁt

In the next corollary, we establish the rate of convergence of SDCS in terms of both primal and feasibility (or
consistency) residuals are of order O(1/N) with high probability when the objective functions are nonsmooth and
convex.

Corollary 1 Let x* be an optimal solution of , the parameters {\¢+} and {B¢} in the cs procedure of Algo-

rithm be set as (4.11), and suppose that {ay}, {Hk} {ne}, {tr} and {T}} are set to with D = V(x*). Under
Assumptions (5.1), (5.2) and (5.23)), we have for any N > 1 and ¢ >0

Prob { F(&N) = F(x*) 2 I (74 80V (x) + §ly°I1°] } < exp{~¢/3} + exp{~C}. (5.28)
and
Prob { |L&Y|” = {5 [(7 480V (x") + 3lly" = y°I°] } < exp{—¢?/3} + exp{~¢}. (5:29)

Proof Observe that by the definition of A; in (4.11),

2

2

=1 |:27]Sk t)\t:| - (Tk(T?k+3)) 2= (1)
t=1

_< 2 )(Tk+1)(Tk+2)(2Tk+3) 8
Ty (

Tk +3) 3Tk

which together with (5.27)) then imply that

Bp(N) < % {J [QV(X*)Zszl 3%@} Zk 1 |\Lﬁwﬂ+3) }
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< 4zl {, /)b +D} < SILIVES).

Hence, (5.28) follows from the above relation, (5.25) and Proposition [T} Note that from (5.6) and plugging in (5.7) with
D = V(x*), we obtain

-2
~IN (12 N All2
18817 = (R10k) lsl
-2
N ~ _
< (o) BORILIPIEY xR 430t (1Y -y Dyt - yO0?) )
2
< {18V<x°,x*> T+ aly* -yl

N T 126 t—1k s t—1y  AM24]6;F2)
3 k1 1 i T (T ST [(t+1)<5i o —ug ) nk :
Hence, similarly, we have
. 18||L||? Cr ok *
Prob { 1" > 2L [(7+ 80V ) + Iy — ¥0I7] } < exp{—¢*/8} + exp{~¢},

which in view of Proposition [1| immediately implies (5.29).

6 Convergence Analysis

This section is devoted to prove the main lemmas in Section [3] [4] and [B} which establish the convergence results of
the decentralized primal-dual method, the deterministic and stochastic decentralized communication sliding methods,
respectively. After introducing some general results about these algorithms, we provide the proofs for Lemma and
Theorem

The following lemma below characterizes the solution of the primal and dual projection steps , (also ,
(3-8)) as well as the projection in inner loop . The proof of this result can be found in Lemma 2 of [16].

Lemma 6 Let the convex function q : U — R, the points Z,y € U and the scalars pu1, 2 € R be given. Let w : U — R
be a differentiable convez function and V(x,z) be defined in (2.2)). If

u* € argmin {q(u) + 1 V(z,u) + poV(g,u) : u € U},
then for any uw € U, we have
q(u”) + p V(Z,u") + p2V (g, u”) < q(u) + pa V(& u) + p2V (g, u) — (u1 + p2)V(u*, u).

We are now ready to provide a proof for Lemma which establishes the convergence property for the decentralized
primal-dual method. Note that this result also builds up the basic recursion for the outer loop of the DCS and SDCS
methods.

Proof of Lemma [1; Note that applying Lemma@to (13.6) and (3.8)), we have
k k k—1)2 k2 k—1 k2 d
wF,y =y < % [l — w77 =ty — 017 — I = oFIP] s vy € RY,
k _k k k— k k— k
(wis i —xi) + filag) — filws) < g [Vz’(% L) = Vi(el, w) — Vi 1’%‘)} » Vo € Xy,
which in view of the definition of @ and V(-,-) in (2.7) and (2.5)), respectively, we can obtain

Q" y" 2) = F(x") — F(x) + (Lx",y) — (Lx,y")
< e =),y =) o [V 30 = V0 - Vit )|
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k—1)2 k)2 k—1 k)2 d
+ % [y =y = ly =M - 1 - IR va e X R
Multiplying both sides of the above inequality by 6}, and summing the resulted inequality from k& = 1 to N, we obtain
N N
Zk:lokQ(xk7 yk7 Z) S Zk:lek‘Ak‘? (61)

where

Ap = (L =5,y =y b [V 00 - Vit x) - VTR (6.2)

T, k—1,2 k2 k—1 k2
+ % [y =y = Dy =M1 - Iy -y
Observe that from the definition of x* in (.1), (3.9) and (3.11)), we have
N N — _ _ _
o106 =4 [%(L(xk —xF)y — P — g (L(xMT - X2y — yF 1>] (6.3)
N — — — — . _
= Y0k [ar (L = xE72) R k) b VT xR+ R - R
N (e — 0 V(xk-1 01m V(x%,x) — Oy V(xY
+ > Ok — O 1mp—1) V(X" x) + 1m V(x7,x) — vy V(X' x)
N O _ _
D I (e ey | i o e [ R e e
N _ _ _ _
<Y een [9k<L(Xk —x",y —y") - apf (L(xFT - X2 y — R 1)}
N - _ _ _ ke
=Y 516k {ak@(xk Lo xP2) yh k) 4o ViR xP) + TeflyR Tt - y’“\lﬂ
+0m V(" x) — Onn V(x™, x) + B ly — yO |7 — Gy — N2
a)
<ONLEY —xN Ty —yY) = Oy VYT xY)
N _ _ _ _ _ _
) D {Gkak@(xk Voxb =2y yh =l yky 0y g V(P72 x4 GeTe kot ykllﬂ
+0mV(x’,x) — Oy V(Y x) + Oy — 0|2 = Oy — y )2
b)
<ONLEY =XV y =y oy VN T XY

2
i Z]IC\TZ2 (919—120‘712“1‘” _ 0;‘-71277;@71) xF=2 = xk=1)2

0 N 02 N2
+0mV(x",x) — Oy V(x" x) + Bty = yO7 = Sy -y

(c) - _
<ONLEY =XV y =y oy VN T XY

0 N 0,2 N2
+0mV(x",x) — Onnn V(x",x) + 87ty — y02 — 7y — |

d)
<on(y™ LN T xM)) — oy VT XN - Gy )2

+0imV(x%,%x) + A7 ly° ) + (v, OnL(x™ = xV ) o (v — y0)),

(e) 9 L2
N2 0 02 N N-1 N 0
< (ZhHE — o)y NP+ um V%) + S YOI + Gy OLY =X T  m (Y - y0)),
where (a) follows from (3.10) and the fact that x =t = x°, (b) follows from the simple relation that b(u, v) — al|v||?/2 <
b?||ul|?/(2a),Va > 0, B.10) and (2.6)), (c) follows from (B.12), (d) follows from (B3-13), [ly —y°[I* = ly =y I*> = |ly°[1* -
ly™ 12 —2(y,y" —y") and arranging the terms accordingly, () follows from (2.6) and the relation b(u, v) — al|v||?/2 <
b?||ul|?/(2a),Va > 0. The desired result in (3.15) then follows from this relation, ([3.14), (6.1) and the convexity of Q.
Furthermore, from (6.3)(c), (2.6) and the fact that ZszlekQ(xk,yk;z*) > 0, if we fix z = z* = (x*,y") in the
above relation, we have
N-1 N2 N _ _N—1y _x N * N2 0 _x* * 02
O 3N —xMP < ON (LY =Ty =y ) = By =y P+ 0im V(T xT) + Bty -y
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<

OnIIL|I? . N— N
O V=1 N2 g V(x©, x7) + By — 3012,

Similarly, we obtain

%) N 9 L N 2 0 %) 0p2
Oy — y N2 < OISyt N2 gy VK, x) + Gy -y 0%,
from which the desired result in (3.17) follows. O

Before we provide proofs for the remaining lemmas, we first need to present a result which summarizes an important
convergence property of the CS procedure. It needs to be mentioned that the following proposition states a general
result holds for CS procedure performed by individual agent i € N. For notation convenience, we use the notations
defined in CS procedure (cf. Algorithm .

Proposition 2 If {8:} and { ¢} in the CS procedure satisfy

At+1(MBryr — 1/C) < Ae(1+ Be)n, VE = 1. (6.4)
then, fort > 1 and u € U,
(Cimho) ™! [n(l + BV w) + S M0 u =] 4+ 2@ - @) (6:5)
< (207 081 — eV (w4 ST, B
where @ is defined as
P(u) == (w,u) + ¢(u) + nV(z,u) (6.6)

and 6 := ¢’ (ut) — ht.
Proof Noticing that ¢ := f; in the CS procedure, we have by (1.2)

Gu') < d(u' ™) + (¢ (W, —u T 4 M’ — '
= o(u' ™) + (') — T (@ (), ) M -
< o(u) = llu— '+ (@@ ), - u) + M’ =,

where ¢’ (u!™1) € 8p(u'~1) and d¢p(u' 1) denotes the subdifferential of ¢ at u'~!. By applying Lemma@to , we
obtain

(w BTl =) gV ut) = 0V (e, w) < BV (' ) (L BV (' u) = 0BV (u' T ), Vue U
Combining the above two relations together with (4.25)) EL we conclude that

(w,u’ —u) + $(u') = ¢(u) + (6" u—u' ) 4V (2, u') = nV (2, u) (6.7)
< (nB: — ,u/C)V(ut_l,u) —n(l+ ﬂt)V(ut,u) + (5t_1,ut — ut_l) + M||ut — ut_1|| — nﬂtV(ut_l,ut), Yu € U.

Moreover, by Cauchy-Schwarz inequality, , and the simple fact that —at? /24 bt < b2 /(2a) for any a > 0, we have
(01t =t 4 Mt — T = BV () < (165 e+ M)t — ! Y| - Tt — 2 < LY
From the above relation and the definition of ®(u) in , we can rewrite as,

P(u) — B(u) + (6" — ™) < 0By — p/OOV (u T ) — (1 + BV (ufu) + LIHIETLE gy c

Multiplying both sides by At and summing up the resulting inequalities from ¢t = 1 to 7', we obtain

Z?:1At [@(ut) — &(u) + <(5t_1,u — ut_1>] < Z?:1 [(nﬁt — ,u/C))\tV(ut_l7 u) — (1 + Be) AV ( ulu } + Z W

2 Observed that we only need condition ([#.25) when p > 0, in other words, the objective functions f;’s are strongly convex.



25

Hence, in view of (6.4)), the convexity of ® and the definition of @ in (&.8), we have

B(a") — () (X 2) T A0 T - Wt

< (S 81— w/OMV (@, w) = (1 + Br)ArV (uTu) + S ML

which implies (6.5) immediately.

As a matter of fact, the SDCS method covers the DCS method as a special case when §° = 0, V¢ > 0. Therefore,
we investigate the proofs for Lemma [d] and [f] first and then simplify the proofs for Lemma [2] and [3]

We now provide a proof for Lemma [ which establishes the convergence property of SDCS method for solving
general convex problems.

Proof of Lemma [4]

When f;,i=1,...,m, are general convex functions, we have p = 0 and M > 0 (cf. (1.2))). Therefore, in view of ¢ := f;,
and At and B¢ defined in (4.11) satisfying condition (6.4) in the CS procedure, equation (6.5) can be rewritten as the
following

(A0 ™ [0+ B Vil ) + S A6 w — ul )] + @4(al) - @i(wy)
- M8 )?A
< (S0 [ Viud, i) + S PG v, €

In view of the above relation, the definition of oF in (4.9), and the input and output settings in the CS procedure, it
is not difficult to see that, for any £ > 1

F (&) = () + (ST AT [t + Brodn, Vi, x) + S ST A0 s - a7

iy - - T M8 % )1.)20
< (X! {nk,ﬁlAlV(xk Ux) + 7k ;’;1%} , VxEX™,

By plugging into the above relation the values of Ay and 8¢ in (@.11)), together with the definition of ®* in (4.9) and
rearranging the terms, we have,

LE = x),y%) + PEF) = Fo < BphEane vt x) - vk, x)] - m v, %)

9 7 t—1,k =1y, 2(M+|si )2
+ T E) Lt i |:(t+1)<5i i)+ T VX e X

Moreover, applying Lemma |§| to , we have, for k > 1,
F,u =) < % [l — ol 707 =l — 017 — I = o] vy € RY (6.8)
which in view of the definition of @ in and the above two relations, then implies that, for k > 1, z € X™ x ]Rmd,
Q" y"2) = F") — F(x) + (Lx",y) — (Lx,y")
< (LEF - &0,y =y o B [V (T x) - Vx|
R Lt R e e e e el

2 T t—1,k t—1 2(M+]|57 b F ]2
+ T8 ot i [(H‘l)@' e N

3 We added the subscript i to emphasize that this inequality holds for any agent i € N with ¢ = f;. More specifically,
Di(ui) = (wi, us) + fi(ui) +nVi(xi, ug).
4 'We added the superscript k in 6271’16 to emphasize that this error is generated at the k-th outer loop.
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Multiplying both sides of the above inequality by 6}, and summing up the resulting inequalities from & = 1 to N, we
obtain, for all z € X™ x R™¢,

N —1,k - 2(M ]8T F]4)?
ZkZIOkQ( 7y \Z <Zk 19/€A7€+Zk 12 i 1% |:(t+1)<§f 1, ,xi—uz 1>+% ,
(6.9)
where
A =(LE =P,y —yh) + W {V(xk_17x) - V(xk,x)} (6.10)

k-1 sk k—1,2 k2 k—1 k2
(B e e e e el
Since Ay, in shares a similar structure with Ay in (6.2) (with xP in the first and the fourth terms being replaced

by %P ), we can follow the procedure in ) to simplify the RHS of . The only difference is in the coefficient of
the term [V(x"71, x) — V(x*,x)]. Hence by using condition in place of (3.9), we obtain

0 t—1,k - 2(MA4||8571F],)2
PIARUNAICIBUEIES AWV DD Drie) Dris 1% [(t—i—l)(é T — U 1>+%]

(6.11)
< DI v (0 ) + AR y0) P + (5, y)
+ e i e Ty [(t+ I L %}:_M”z)} , Vz € X™ x R™,
where
§:= HNL(ch — xN_l) + 601711 (yN — yO). (6.12)

Our result in (5.5 immediately follows from the convexity of Q.
Furthermore, in view of (6.3)(c) and (6.9), we can obtain the following similar result (with xV in the first and the
second terms of the RHS being replaced with %N ),

S 05Q(xE, i 2) <o (LEN —xN Yy —yY) — oy VN RN

T1+1)(T142)6 0 Tn+1)(Tn+2)6 (2 02 (4 N2
+ PRV, x) — B v (N ) + B ly — y O Sy — )

04 t—1,k t—1 O (Ll 9)
+ e T i Ty |G DO )+ T

Therefore, in view of the fact that Zgzlé?kQ(f(k,yk; z*) > 0 for any saddle point z* = (x*,y") of (1.8), and (2.6)), by
fixing z = z* and rearranging terms, we obtain

[ N N—1)2 N N—-1 N N2

PN — M < on (LEY - XNy -y ) - By | (6.13)

4 DADTAD0m (0 oy | b

Ty (T1+3) y
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+Zk 1Zt 12 1Wk+3)

2 t—1,k |2
(t+ 1)1k 2 —uth) + w]

Nk
< 9N||LH HAN N—1||2 + (T1+%3é;"ii-§§91n1 V(XO,X*) + %Hy* _ y0||2
+ Zk 1Zt 121 1Tk(21?7k+3) (t+ 1)<5t b kvfﬁ - u:f_1> + —4(M2+Hn§£71,k“i)] ,
where the second inequality follows from the relation b(u,v) — al|v||?/2 < b%||u||?/(2a), Va > 0.
Similarly, we obtain
gy —y V| < SRyt -y NP+ EEREE RV L ) 4 By -y (6.14)
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from which the desired result in (5.6) follows.

The following proof of Lemma [f] establishes the convergence of SDCS method for solving strongly convex problems.

Proof of Lemma [5]

When f;, i = 1,...,m, are strongly convex functions, we have u, M > 0 (cf. ) Therefore, in view of Proposition
with A\¢+ and (; defined in satisfying condition , the definition of @* in , and the input and output
settings in the CS procedure, we have for all £ > 1

F (&) = 08 (x) + (ST M) i1+ B Vi %) + D78 ST Aol -l )] (6.15)
t—1,k 2
< (k! [(%ﬁ% — p/OMV (xR x) + Sk S W] , ¥x e X™.

By plugging into the above relation the values of A; and ﬂt(k) in [@.27), together with the definition of ®* in (.9 and
rearranging the terms, we have

(LE" - %),y + FE") - F(x) <mV(x"1 %) = (/€ +mi) V(X" x) — i V(x" 1, %5

t—1,k t— (M7~ *)1.)? m
+Tk(Tk+1)Zt 121 1{5 » Tj — Uy >+W},VXGX , B> 1.

In view of . the above relation and the definition of Q in , and following the same trick that we used to obtain
, we have, for all z € X™ x R™4,

POMBUNSIC NI RS DA WA VLD DAY Drish i 1% [twfil’kvl’i —uih) + %} , (6.16)
where
A =L —%5),y —y") 4 e VT %) = (0/C 4+ m) V", x) — VTR (6.17)
+ % [y = * 7 = Dy =y - it - NP

Since Ay, in shares a similar structure with A~k in 0 (also Ak in ) we can follow similar procedure as in
. ) to sunphfy the RHS of - Note that the only dlfference of and - also ) is in the coefficient

of the terms V(x*71 x), and V(x*, x). Hence, by using condition in place of ( - also (3-9)) , we obtain
Vz € X™ x R™¢
Yo OeQEF y¥i2) < Om VG %) + By + (5.) (6.18)
20, t—1,k -1y 26(M2+]|5;VF|I2)
S DMED Dty Dl lm[t<6i T =)+ e =T |

where § is defined in (6.12). Our result in ([5.14) immediately follows from the convexity of Q.
Following the same procedure as we obtain (6.13]), for any saddle point z* = (x*,y*) of (1.8, we have

0 ~N N—1,2 On|IL|I%Z . N N—1,2 0 02
Onn N N2 < OB N N2 4 g VO, xT) 4+ By -y (6.19)
20, =1k« t— 20(M2 |51 1F)12)
+Zk 12 i= lTk(TkJrl) [t<5' Jxf —up ) G+ D) u/C+E—T)ny | °
N 0 L N 2 0 02
O |y — y N2 < Oyl I+ 0rm V(x",x*) + B ly* -y

20 t-1k a1y 26(M2H]6 12
+Zk 12 i= lTk(Tkk—i-l) [t<5 o —uy )+ +Dp/CHE—D)m, |
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from which the desired result in (5.15) follows.

We are ready to provide proofs for Lemma [2] and [3] which demonstrates the convergence properties of the deter-
ministic communication sliding method.

Proof of Lemma 2]
When f;, i =1,...,m are general nonsmooth convex functions, we have §f =0, p =0 and M > 0. Therefore, in view
of (6.11)), we have, Vz € X™ x R4,

N ok k. Ty +1)(Ty+2)8 0 9 02 4mM2
Y19k Qx", ¥y z) < WV(X %)+ By )17 + (8, y) + S VT

where § is defined in (6.12). Our result in 2|) immediately follows from the convexity of ). Moreover, our result in
(4.13) follows from setting 5;71’16 0 in and (6-14).

Proof of Lemma 3]
When f;, i =1,...,m are strongly convex functions, we have 5 =0 and p, M > 0. Therefore, in view of -, we
obtain, Vz € Xm X Rmd

N ok k. 0 6 02 4 2mM*>9
Y10k QE y*2) <Om V%) + B y0 17 + 38, y) + Thl Tt | T DRI

where § is defined in (6.12)). Our result in (£.28) immediately follows from the convexity of Q. Also, the result in ([4.29)
follows by setting 5t 1 k =01in (6.19).

Proof of Theorem [T
Observe that by Assumption (5.1), (5.2) and (5.23) on the SO and the definition of uﬁ’k, the sequence {(52_1’]6,@‘ —
uffl’k>}1§i§m71§t§q~k7k21 is a martingale-difference sequence. Denoting
O Ay
T )
Ztil/\t

and using the large-deviation theorem for martingale-difference sequence (e.g. Lemma 2 of [25]) and the fact that
gLk t—1,k\2 2 5 2
Elexp{vi (0; "% 2] —ui” M2/ (2% 1 Vi(a))o?)}]

< Elexp{||6! |12, o —ul =12/ (2Vi(2])o D)}
< Elexp{[|6}"*|/0%}] < exp{1},

Vet =

we conclude that, V¢ > 0,

Prob {zlezﬁlzzim,t<af*”ﬂ u Mt —af) > caﬁ\‘f(x*)ZiLlZ?;nét} < exp{—¢*/3}. (6.20)

Now let -
: kAt
Tt = (Zt 1 )’ikﬁt’

and S := Zgzlzfilzﬁﬁk,t- By the convexity of exponential function, we have

Elexp{ § Y500 ks iy Skel8F12/0% ) < ELE Y00 502 S Seeexp{l16, M 12/0%)] < exp{1},
where the last inequality follows from Assumption . Therefore, by Markov’s inequality, for all ¢ > 0,
1 Skallo) T2 > (14 Ot TR S S | (6.21)
= Prob {exp { §30L, S0 S0 Siallal T FIZ/0? | > exp{l + () | < exp{~C).

Combing (6.20)), (6.21)), (5.5) and (2.9), our result in (5.25) immediately follows.

Prob {
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7 Concluding Remarks

In this paper, we present a new class of decentralized primal-dual methods which can significantly reduce the number
of inter-node communications required to solve the distributed optimization problem in . More specifically, we
show that by using these algorithms, the total number of communication rounds can be significantly reduced to O(1/¢)
when the objective functions f;’s are convex and not necessarily smooth. By properly designing the communication
sliding algorithms, we demonstrate that the O(1/€) number of communications can still be maintained for general
convex objective functions (and it can be further reduced to O(1/+/€) for strongly convex objective functions) even
if the local subproblems are solved inexactly through iterative procedure (cf. CS procedure) by the network agents.
In this case, the number of intra-node subgradient computations that we need will be bounded by O(1/€?) (resp.,
O(1/¢€)) when the objective functions f;’s are convex (resp., strongly convex), which is comparable to that required in
centralized nonsmooth optimization and not improvable in general. We also establish similar complexity bounds for
solving stochastic decentralized optimization counterpart by developing the stochastic communication sliding methods,
which can provide communication-efficient ways to deal with streaming data and decentralized statistical inference. All
these decentralized communication sliding algorithms have the potential to significantly increase the performance of
multiagent systems, where the bottleneck exists in the communication.
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